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—— Abstract

We present a quasipolynomial-time approximation scheme (QPTAS) for the MAXIMUM INDEPENDENT
SET (MWIS) in graphs with a bounded number of pairwise vertex-disjoint and non-adjacent long
induced cycles. More formally, for every fixed s and ¢, we show a QPTAS for MWIS in graphs that
exclude sC; as an induced minor. Combining this with known results, we obtain a QPTAS for the

problem of finding a largest induced subgraph of bounded treewidth with given hereditary property
definable in Counting Monadic Second Order Logic, in the same classes of graphs.

This is a step towards a conjecture of Gartland and Lokshtanov which asserts that for any planar
graph H, graphs that exclude H as an induced minor admit a polynomial-time algorithm for the
latter problem. This conjecture is notoriously open and even its weaker variants are confirmed only
for very restricted graphs H.
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1 Introduction

In the MAX INDEPENDENT SET (MIS) problem, one is asked, given a graph G, for a largest
independent set, i.e., a set of pairwise nonadjacent vertices in G. In the weighted variant
of the problem, MAX WEIGHT INDEPENDENT SET (MWIS), the input graph has vertex
weights and we ask for an independent set of maximum weight. MIS (and thus MWIS)
is a “canonical” hard problem—it is one of Karp’s 21 NP-hard problems [21], W[1]-hard
(with respect to the solution size) [12] and notoriously hard to approximate [20], even in the
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parameterized setting [8,22]. Thus, a natural question to ask when dealing with such a hard
problem is as follows: For what classes of input graphs is the MWIS problem tractable?

Typically, this question is studied for hereditary graph classes, i.e., classes closed under
vertex deletion. Each such class can be equivalently characterized by specifying minimal
induced subgraphs that do not belong to the class. For graphs G and H, we say that G is
H -free if it does not contain H as an induced subgraph.

The complexity study of MIS and MWIS in restricted graph classes is among the most
active research directions in algorithmic graph theory. Let us list some relevant results,
focusing on the case of H-free graphs, for a single graph H. Already in the early 1980s,
Alekseev [2] observed that classic NP-hardness reductions imply that MIS remains NP-hard
in H-free graphs for many graphs H. First, MIS is NP-hard in subcubic graphs, and thus in
H-free graphs whenever H has a vertex of degree at least 4 [14]. The second reduction involves
the so-called Poljak’s subdivision trick [30]: subdividing an edge of a graph twice yields a new
graph where the size of a maximum independent set increases by exactly one. Consequently,
for a fixed graph H, we can start with an arbitrary instance of MIS and subdivide each edge
2|V (H)| times. This way we obtain an equivalent instance that is H-free, whenever H has a
cycle or two vertices of degree at least three in the same connected component.

Combining these two observations, we obtain that MIS (and thus, MWIS) remains
NP-hard in H-free graphs, unless every component of H is a subcubic tree with at most one
vertex of degree 3; let us call the family of such forests S. Let us highlight that in particular
S contains all paths and, more generally, linear forests (i.e., forests of paths).

We do not know any NP-hardness result for MWIS in H-free graphs when H € S.
On the other hand, polynomial-time algorithms are known only for small graphs H €
S [3,7,19,23-25,31]. However, general belief in the community is that all cases not excluded
by standard NP-hardness reductions mentioned above MWIS is polynomial-time-solvable.
This belief is supported by the existence of a quasipolynomial-time algorithm. Indeed, for
every H € §, the MWIS problem restricted to n-vertex H-free graphs can be solved in time
n®Uos'*n) [17]. Note that this is a strong indication that no H € S defines an NP-hard case
of MWIS, as otherwise every problem in NP can be solved in quasipolynomial time.

Let us have a closer look at the case of P;-free graphs, i.e., graphs that exclude a t-vertex
path as an induced subgraph. It turns out that in these classes we cannot only solve MWIS
in quasipolynomial time [16,29] (and in polynomial time for ¢ < 6 [19,23]), but the algorithms
can actually be extended to a rich family of problems defined as follows [1,10,18]. For an
integer 7 and a CMSO, sentence! v, we define the (tw < 7,%)-MWIS problem as follows
(here, MWIS stands for mazimum-weight induced subgraph).

(tw < 7, 9)-MWIS

Input: A graph G equipped with a weight function w: V(G) — Rxo.
Task: Find a set S C V(G), such that
GIST = 4,

tw(G[S]) < r, and

S is of maximum weight subject to the conditions above,
or conclude that no such set exists.

1 CMSO:3 is a logic where one can use vertex, edge, and (vertex or edge) set variables, check vertex-edge
incidence, quantify over variables, and apply counting predicates modulo fixed integers. See [12] for a
formal introduction.
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Notable special cases of the (tw < r,¢)-MWIS problem are MWIS, FEEDBACK VERTEX
SET (equivalently, MAX INDUCED FOREST), and EVEN CYCLE TRANSVERSAL (equivalently,
Max INDUCED ODD CACTUS).

Interestingly, the quasipolynomial-time algorithm for (tw < r,1)-MWIS in P;-free graphs
can be extended to the class of C;-free graphs: ones that do not contain an induced cycle
with at least ¢ vertices. Note that every P;-free graph is Cs441-free. We emphasize that
Cs-free graphs form the class defined by an infinite minimal family of forbidden induced
subgraphs. Furthermore, we cannot hope for tractability of (tw < r,9)-MWIS in H-free
graphs, when H is a single graph other than a linear forest. Indeed, recall that if H ¢ S,
then already MWIS (r = 0) is NP-hard in H-free graphs. On the other hand, if H € S but
is not a linear forest, then it must contain the claw—the three-leaf star, and MAX INDUCED
FOREST (r = 1) is NP-hard in the class of claw-free graphs [26].

This bring us to a question: What is the crucial property of P;-free graphs that also
extends to C>¢-free graphs, but not to H-free graphs for any fixed H that is not a linear
forest, and allows us to solve (tw < r,¢)-MWIS efficiently?

It occurs that we should be looking at these classes from a different angle. For graph G
and H, we say that H is an induced minor of G if it can be obtained from G by deleting
vertices and contracting edges. Equivalently, this means that there is an induced minor
model of H in G: a collection of |V (H)| pairwise disjoint subsets of V(G), each inducing
a connected graph, and a bijection that maps these sets the vertices of H so that there is
an edge between two sets if and only if their corresponding vertices are adjacent in H. We
say that G is H -induced-minor-free if it does not contain H as an induced minor. Note that
every H-induced-minor-free graph is in particular H-free. However, if H is a linear forest,
then H-free graphs and H-induced-minor-free graphs coincide. Furthermore, C;-free graphs
are precisely Ci-induced-minor-free graphs.

The following conjecture asserts that the tractability of (tw < r,¢)-MWIS actually
extends to all classes excluding a fixed planar graph as an induced minor.

» Conjecture A (Gartland, Lokshtanov [15]). For every planar graph H, every problem
expressible as (tw < r,v)-MWIS is polynomial-time-solvable in H -induced-minor-free graphs.

Let us emphasize that the assumption that we exclude a planar graph is crucial in
Conjecture A. Indeed, the class of planar graphs excludes any non-planar graph as an induced
minor and MWIS is NP-hard in planar graphs [14].

We are still very far from confirming Conjecture A in full generality. Indeed, even its
weakening asking for a quasipolynomial-time algorithm, or even a quasipolynomial-time
approximation scheme (QPTAS) seems challenging. Still, in recent years some special cases
of Conjecture A were shown [5,6,13]. In the context of the current paper, the most relevant
one seems to be the result of Bonnet et al. [6] that MWIS can be solved in quasipolynomial
time in the class of (C4 + sCj3)-induced-minor-free graphs, for every fixed s. Here, by “+”
we mean disjoint union and multiplication by s means s-fold disjoint union. Thus, Cy + sC3
is the graph with s + 1 components: one being a C; and the remaining ones being triangles.

Thus, in quasipolynomial time we can solve MWIS (and even (tw < r,1)-MWIS) in
graphs that exclude long induced cycles (i.e., Cs4-free) and in graphs that exclude many
induced and pairwise non-adjacent cycles (i.e., (Cy + sC3)-induced-minor-free graphs). In this
paper, we are interested in the common generalization of these classes: graphs that exclude
many induced pairwise non-adjacent long cycles, i.e., the class of sC;-induced-minor-free
graphs, for fixed s and t¢.

While we are not able to prove Conjecture A for sCj-induced-minor-free graphs, we
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provide a major step towards such a result. As the main technical contribution, we show
a QPTAS for MWIS in the considered classes of graphs.

» Theorem 1. Let s,t be positive integers and € € (0,1) be a real. There is an algorithm
that, given a vertex-weighted graph G, in quasipolynomial time returns either:

an induced minor model of sCy in G, or

an independent set of weight at least (1 — €) times the mazimum possible weight of an

independent set in G.

The aforementioned quasipolynomial-time algorithm for MWIS in H-free graphs for
H € S [17] was preceded by a QPTAS in the same graph classes [11]. A recent similar result
is a QPTAS for MWIS in graphs excluding a fixed wheel as an induced minor [9].

Next, combining Theorem 1 with known results concerning approximation schemes [18],
we obtain a QPTAS for the unweighted variant of (tw < r,v)-MWIS under an additional
mild assumption that ¢ is a hereditary CMSOq formula: (i) if G |= 9, then G’ |= 9 for every
induced subgraph G’ of G, and (ii) if Gy = ¥ and G5 |= ¥, then G + G5 = ¥. We note
that many natural graph properties, like e.g., planarity, bounded degeneracy, or excluding a
fixed graph as a minor, can be defined by hereditary CMSQO, formulas.

» Theorem 2. Letr > 0, let s,t be positive integers, € € (0,1) be a real, and 1 be a hereditary
CMSOs formula. There is an algorithm that, given a graph G, in quasipolynomial time
returns one of the following outputs:

an induced minor model of sCy in G, or

a solution to (tw < r,v¢)-MWIS of size at least (1 — €) times the optimum one, or,

a correct conclusion that no solution to (tw < r,1)-MWIS exists.

2 Preliminaries

For integers k, ¢, the set {k,k + 1,...,¢} is denoted as [k, ¢] and we shorten [1, k] to [k].

We consider here (vertex-)weighted graphs (G, w), where w is a function V(G) — Rxo.
For a subset X of vertices, we define its weight as w(X) = >y w(v). For a weighted graph
(G,w), by a(G,w) we denote the weight of a maximum-weight independent set in G. We
assume that all computations on weights are performed in constant time.

The open neighborhood of a vertex v in G, denoted by Ng(v), is the set of vertices
adjacent to v. The closed neighborhood of v is the set Ng[v] = Ng(v) U {v}. For a subset
X of vertices of G, its open neighborhood (resp., closed neighborhood) we mean the set
Ng(X) =Uyex Na(v) \ X (resp., Ng[X] = U,cx Nelv]. If G is clear from the context, we
omit the subscript and simply write N(-) and N[-.

We say that two disjoint sets X,Y C V(G) are non-adjacent if there is no edge with one
endpoint in X and the other in Y. Since all subgraphs in the paper are induced, we often
identify such a subgraph with its vertex set.

For a connected graph G and a set A C V(G), the BFS-layering of G from A is the
partition of V(@) into sets Lo, L1, ..., Ly called layers, where Lo = A and for all i > 1, we
have L; = N(L;—1) \ Uj<i—1 L;, and h is the largest possible so that L, # 0.

A hole in the graph is an induced cycle with at least 4 vertices. The following easy
observation allows us to look for holes of certain length.

» Lemma 3. Given a graph G and an integer t > 4, one can in time O(|V(G)|t - ([V(G)| +
|E(G)|)) find a shortest hole in G of length at least t, or conclude that no such hole exists.
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Proof. First, in time O(|V (G)|*) we exhaustively check whether G has an induced cycle with
exactly t vertices. If such a cycle exists, we return it as it is clearly shortest possible.

Next, for every tuple 7 of ¢ distinct vertices of G we check whether 7 induces a path.
Suppose this is the case and let z,y the endvertices of this path. We remove from G the
closed neighborhood of all internal vertices of the path, except for x and y. Finally, we search
for a shortest path connecting x and y in the obtained graph; together with the vertices
from 7 it forms an induced cycle with at least ¢ vertices. We return the shortest of all cycles
found in this process, or report that no cycle was found. |

Finally, let us recall a result that is particularly useful for constructing QPTASes for
MWIS. A vertex v of a weighted graph (G, w) is y-heavy with respect to a set I C V(G) if
w(Ngv]NI) =~ -w(I).

» Lemma 4 ([11, Lemma 4.1]). Let (G,w) be a weighted graph on n vertices and v € (0,1) be
a real number. In time n©1°8™/7) we can enumerate a family T' of n®1°€"/Y) independent
sets in G, each of size at most [y~ tlogn], such that for every independent set I there exists
I' € T such that I' C I and every y-heavy vertex with respect to I belongs to N[I'].

Intuitively, Lemma 4 is a quasipolynomial approximation-preserving reduction to instances
without 7-heavy vertices: we can exhaustively guess I’ € 7’ and delete N[I'] from the graph.

3 QPTAS for MWIS: Proof of Theorem 1

In this section, we present a QPTAS for MWIS in graphs excluding sC; as an induced minor.

» Theorem 1. Let s,t be positive integers and € € (0,1) be a real. There is an algorithm
that, given a vertex-weighted graph G, in quasipolynomial time returns either:
an induced minor model of sCy in G, or
an independent set of weight at least (1 — €) times the maximum possible weight of an
independent set in G.

Proof. Fix s and t. Since the value of ¢ will be fixed throughout the whole proof, by a long
hole we mean an induced cycle with at least ¢ vertices. We denote such a long hole shortly
by O;t.

Let (G,w) be a weighted graph on n vertices. Let € > 0 be the desired precision, i.e., we
aim for an (1 — €)-approximation or for finding an induced subgraph isomorphic to sCx;.

Strategy. The algorithm is a typical recursive branching algorithm. Each recursive call is
invoked for an induced subgraph G’ of G and an integer s’ < s; the goal is to either exhibit
an induced s'Cs; subgraph of G’ or an independent set I’ of weight close to a(G’,w) (the
actual error analysis is made formally later; it is not just merely an (1 — ¢)-approximation to
a(G’,w)). The initial call is to G’ = G and §' = s.
We set
€ B3

= and 4= .
b s+i+loggsn 0 T 1000t

The computation of one recursive call is embedded in the following claim.

> Claim 5. Given an induced subgraph G’ of G and an integer 1 < s’ < s, in time n@°87/7)
one can either report an induced s’Cs¢ subgraph in G’ or enumerate a family X of pairs
(X, J) such that:
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1. for every (X,J) € X, we have X C V(G’) and J is an independent set in G’ with
N[J] C X;

2. for every (X, J) € X, every connected component D of G’ — X satisfies one of the following
conditions:
a. there is a C5 in G’ which is disjoint and nonadjacent to D; or
b. D has at most 2|V (G')| vertices.

3. for every independent set I’ in G’ of weight a(G’, w), there exists (X, J) € X with J C I’
and w((X \ J)NT") < Ba(G',w);

4. the size of X is bounded by n®(egn/7),

We now argue how Claim 5 yields Theorem 1. Consider a recursive call with parameters
(G',§"). If ' =0, then we return @ as an induced s'Cx,. If V(G’) = @, we return the empty
(independent) set.

Otherwise, we apply Claim 5 to G’ and s'. If an induced s'Cs; is returned, we return
it and conclude. Otherwise, we iterate over the obtained family X. For every (X,J) € X,
let Dx be the set of connected components of G’ — X. For every D € Dx, we recurse on

'» = G'[D] and either s}, :== s’ if |D| < 2|V(G’)| (Property 2b) or s}, := s’ — 1 otherwise.
If an induced s,C; is returned in G';, we augment it with a C>4 non-adjacent to D in G’
if s/, =" — 1 (such a long hole can be found using Lemma 3) and return. Otherwise, if
an independent set I7, is returned, we compute an independent set I(x ) = [J pepy L HUJ
(Note that this is an independent set due to condition N[J] C X.) Finally, if no s'Cs,
was returned for any (X, J) € X', we return I(x ;) of maximum weight among all options
(X,J) € X. This completes the description of the algorithm.

Complexity analysis. Let us move to the analysis. For a recursive call (G’,s), let
(G, s) =+ logas V(G| -

Observe that every recursive subcall (G', s'y) satisfies p(G'p, s'p) < u(G',s') — 1. Hence,
the depth of the recursion is bounded by s + [logg /5 n|. Since every recursive call results in
n@0ogn/7) subcalls, the overall running time is as follows:

n@(log2 n/"/) _ n(’)(log2 n/ﬁs) _ n@(log‘r’ n/53)’
i.e., quasipolynomial in n (we hide terms depending on s and ¢ in the O(-)-notation).

Correctness and approximation guarantee. Clearly, if any recursive call (G’, s’) finds an
induced s'Cs, it is propagated up in the recursion tree and results in exhibiting an induced
sC>; in the root call. Assume then that every recursive call (G, s’) returned an independent
set, which we denote I 5.

Consider a recursive call (G’,s’) and let I’ be an independent set in G’ of weight (G, w).
By the promise of Claim 5, there exists (X, J) € X in this recursive call with J C I’ and
w((X\J)NI') < pa(G',w) = Bw(I’). In particular, a(G' — X,w) > (1 — B)a(G’,w). By
a standard induction on the depth of the subtree of the recursion tree, we obtain that if
the depth of the recursion tree of a call (G',s') is h, then w(Ig ) = (1 — B)"a (G, w). In
particular, since the recursion depth at the root is bounded by s + |log /5 n|, the root call
returns an independent set of weight at least

(1 — B)stlose/s Ml (G w) > (1 — B(s + |logg 5 n )) a(G,w) = (1 —¢)a(G,w).

Thus, it remains to prove Claim 5.
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Proof of Claim 5. Let I’ be an independent set in G’ of weight a(G’,w).

We start with a standard application of Lemma 4. We enumerate the family Z; of
nOUogn/7) independent sets in G’ such that there exists Iy € Zy such that Iy C I’ and every
~-heavy vertex with respect to I’ belongs to N[Iy]. Henceforth, we will refer to this choice of
Iy as the correct choice of Ij.

Initiate X = @. We iterate over the elements of Zy. For every Iy € Iy we proceed as
follows. Let Xy := Ng/[Iy] and Gy = G’ — X.

We find a shortest long hole in Gy by Lemma 3. If Lemma 3 reports that Gy is Cs-free,
we invoke the exact quasipolynomial-time algorithm of [18] that finds in time nOUog* n) ap
independent set J of maximum weight in Gy. We insert (V(G’), Io U J) into X and conclude
computation for Iy. Note that for the correct choice of Iy, we have w(ly U J) = a(G’, w).

Assume then that Lemma 3 returns a long hole H. If |V (H)| < 2t + 8, then, assuming
the correct choice of Iy, we have

W(Ne, [V(H)]NT') < (2t +8)y - w(I') < w(I').

Hence, we can insert (X := XU Ng, [V (H)], Ip) into X and conclude the computation for
the current I, as then G’ — X is non-adjacent to H, so every connected component of G/ — X
satisfies Property 2a.

Therefore, from now on, we assume that |V (H)| > 2t + 8.

> Claim 6. Every vertex v € V(Gp) \ V(H) has its neighbors in V(H) included in a 3-vertex
subpath of H, or has a neighbor in every subpath of H at least ¢ — 1 vertices.

Proof. Assume v fails at realizing the latter condition. Then there is a (¢ — 1)-vertex subpath
P of H, disjoint from the neighborhood of v. Let u # u' € V(H) be such that u and v’
are neighbors of v, and delimit a subpath P’ of H containing P and containing only two
neighbors of v (its endpoints w and u’). Observe that if v has at most one neighbor in V(H),
it readily satisfies the first condition of the claim. For V(P") U {v} not to contradict that H
is a shortest long hole of G, vertices u and u’ have to be at distance at most 2 in H (along
the other subpath of H delimited by u and v’), and so v satisfies the first condition. <

We first get rid of the vertices satisfying the second condition of Claim 6. Let P be
a subpath of H with t —1 vertices. We set X1 := Ng,(P)\V(H) and let G; be the connected
component of Gy \ X; that contains H.

We will insert XU X7 into any output set X in what follows, so one may think of this
step as deleting the vertices of X;. Every connected component of Gy \ X; except for Gy
satisfies Property 2a, so we need only to focus on G;.

As |V(P)| =t — 1, assuming the correct choice of Iy, we have

w(X; NI < (t—1)yw(I') < gW(I/).
Note that every vertex satisfying the second condition of Claim 6 lies in Xj.

Let us now consider BFS layering from H in G; with layers V(H) = Lo, L1, Lo,..., L.
If h < [%1, we set b/ := h + 1, and otherwise we iterate over all options of 1 < b’ < [%1 In
both cases, there exists a choice of A’ with w(I' N Ly/) < gw(I/); we call it henceforth the
correct choice of /. For fixed h', we set X5 := Ly, and G5 == Gy [U?;Bl L;]. Note that Gz is
connected and every connected component of Gy — X distinct from G lies in J; ), L; and,
consequently, is non-adjacent to H and therefore satisfies point 2a. Hence, in what follows
we will insert X5 into any returned set X and we focus on Gs.
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Note that £ :== Lo, Ly, ..., Ly/_1 is the BFS layering in G5 from H. The following claims
and definitions refer to Gs.

For ¢ < j, a vertical path between u € L; and v € L; with respect to £ is a path P such
that V(P) intersects exactly once every layer Ly such that k € [4, j], and no other layer. The
cone of a vertex v € V(G3) (still with respect to £) is the set of vertices

{x € V(H) | there is a vertical path between z and v}.

> Claim 7. In Gy, let x € Ly, y € Ly, with p < ¢ such that there exists a path P C U@p L;
with ¢ vertices, connecting  and y which inner vertices are non-adjacent to H. Let x; and
11 be two vertices in the cones of x and y, respectively. Then, the distance between z; and
y1 along H is at most p+ g + £.

Proof. Let x, y, Ly, Lq, €, x1, y1 and P be as in the claim statement.

Let @, and @, be two vertical paths from = and y to x1 and y1, respectively. Let z2 and
y2 be the penultimate vertices of ), and @, respectively. Note that z2,y2 € Ly and if p =1,
then 2o = = and y» = y. Let R be the shortest path in Go[V(P)UV(Q,)UV(Qy) \ {z1,y1}]
connecting o and 2. Note that R is non-adjacent to H except for the endpoints. Furthermore,
E(R)<(p-1)+@—-1)+¢

Let A and B be the two subpaths of H connecting x; and y;. Without loss of generality,
we assume that |E(A)| > |E(B)|. As |[V(H)| > 2t + 8, we have |E(A)| >t + 5.

Let x3 and y3 be the neighbors of x5 and yo on A, respectively, such that no vertex of A
between 3 and y3 is adjacent to neither xo nor yo. Let A’ be the subpath of A from z3 to
ys. Since the neighborhood in H of a vertex from L; is contained in a subpath of at most
three consecutive vertices (by Claim 6), we have |E(A4")| > |E(A)| —4 > t.

We now consider a cycle H' that is a concatenation of xoxs, A, y3yo, and R. Note that
H’ is an induced cycle in Gy. As |E(A")| > t, H' is a long hole. As H is the shortest hole of
length at least t, we have

|E(A)| + |E(B)| = |[EH)| < |E(H")| =2+ |E(A)| + |E(R)| < |[E(A)| +p+q+L
Hence, |E(B)| < p+ ¢+ ¢. This completes the proof. <

> Claim 8. In Gy, let x € Ly, y € Ly, with p < ¢ such that there exists a path P C Ui>p L;
with ¢ vertices connecting x and y which is disjoint and non-adjacent to H. Then the union
of cones of z and y is contained in a subpath of H with at most 2(p + g + £) vertices.

Proof. Let Z be the union of the cones of z and y. By Claim 7, any two vertices, one
belonging to the cone of z and another to the cone of y respectively, in Z lie within distance
at most p+ ¢ + ¢ along H. Hence, Z lies in the subpath of H with at most 2(p + g + ¢)
vertices. <

In the further proof, we use the following two corollaries of Claim 8:

> Claim 9. For any p, the cone of any vertex v € L,, is contained in a subpath of H with at
most 4p vertices.

> Claim 10. Let vy € L, and vy € (Lp—1 U Lp) N N(v1). Then the union of the cones of v;
and wvs is contained in a subpath of H with at most 4p + 1 vertices.
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For every u € V(H), let D(u) C V(G2) be the vertices whose cone contains u. Let

U, U1, -+ -, Uy (H)|—1 be a numbering of the vertices of H along the hole H. We set
5
Dovi= U Dltwmavan) andv=1|5| 41
k€la,a+b—1]

Asp<h' < {%_‘, so 4p < b. The following claim is a direct consequence of Claim 9.
> Claim 11. Two sets Dy, and D,/ are disjoint if |a — a’| mod |V (H)| > 2b.
The removal of D, U Dy p, disconnects G, provided D, and Dy p are disjoint.

> Claim 12. Let a,a’ € [0, |V(H)| — 1] be such that |a — a’| mod |V(H)| > 2b. Then the
removal of D U Dy p disconnects G. In particular gy mod |v(#)| @0d Ua/ 4 mod |V (H)| are
in distinct connected components of G — (Dgp U Dy p)-

Proof. Let G3 :== G2 — (Dgp U Dy p), and assume without loss of generality that a < a’. We
want to argue that G is disconnected. By Claim 10, no vertex of V/(Gs) NU¢(q16,0r—1 D (u;)
can be adjacent to a vertex of V/(G3) NU;e(0,.a—1jufar45,/v (1)) —1] P(u3). Thus in particular
Uqtb and Ugs4p mod [V (£ are in distinct connected components of G”. <

Let ng == |V(G2)|. Fix 0 < a1 < ag < |V(H)| — 1 minimizing as — ay subject to

U D)l (1)

j€la1,az]

Observe that a; = as or

U D(U]) <

j€lai,az]

We set d .= 2b - {%w, and distinguish two cases: as —a; < d or as —aj > d.

Case: as — a1 < d. Let us consider the family of sets

F3 :={Da,—db, Day—d+26,6 Day—d+abps - - - s Day—abby Day—26,0 -

By Claim 11, the [%] sets of F3 are pairwise disjoint, thus there exists X3 € F3 such that

w(XsNI') < gw(l’). For the same reason, there exists

X4 € Fa = {Dayt1,6s Dagt1426,6s Dagt144b,s - - s Dagrdr1—ab,ps Dag+dr1—20,0}

such that w(XyNI') < %W(I "). We iterate over all choices of X3 and X4. Finally, we exploit
the fact that as — a4 is small by adding X5 = Uje[ahaﬂ N(u;) to the set of vertices to remove.

Asd- -~y < g, for the correct choices of Iy and h’ we have w(X5 N1') < %W(I’). We define
X = XoUX1UXoUX3UX,UX5 and insert (X, Ip) into X'. We have w(XN(I'\ 1)) < pw(I’).

We already argued that the connected components of G/ — X disjoint from V(Gs) satisfy
Property 2a. By Claim 12, G — (X3 U X4 U X5) has two sets of connected components:
those intersecting (;¢(4, 4, P(1;), and those not. The former kind are not adjacent to H,
so satisfy Property 2a. The latter kind has at most 5ns/6 < 5|V (G’)|/6 vertices, by design
of the interval [a;, as] using (1), so satisfy Property 2b.
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Case: az — a1 > d. Recall that by (2) we have |U;¢c(,, 4, D())] < n2/3. Then
Ujerar—dyar—1) P(ty) and U, 11,05+ P (1) contains each less than ny /6 vertices, by the
minimality of ag —a;. Hence | Uje[ard’aﬁd] D(u;)| < 2n2/3. By the pigeonhole principle, as
d = 2b- f%}, thereisa € {a1—d,a1—d+2b, ..., a;—2b} (resp., a’ € {az+2b,as+4b, ..., as+d})
such that w(Dgp NI < gw(l’) (resp., w(Dg p NI') < gw(l’)). We iterate over all choices
of a and @' and set X3 := Dy, X4 = Dy p. We take X = Xy U X; U Xo U X3 U X, and
insert (X, Ip) into X'. For the correct choice of Iy, b/, a, a’ we have w(X N (I'\ Ip)) < pw(I’).

Observe finally that Ga — (X35UX4) has no connected component of size larger than 2ns /3,
hence larger than 5|V (G")|/6. This completes the proof of Claim 5 and thus, of Theorem 1. <

4 QPTAS for (tw < r,1)-MWIS: Proof of Theorem 2

The proof of Theorem 2 is based on the approach introduced by Gartland et al. [18, Section 4].
For a graph G, we define its blob graph G° as follows:

V(G®°) ={X C V(G) | G|X] is connected}
E(G°) ={XY | GIX UY] is connected}.

Equivalently, edges join sets that are either non-disjoint, or there is an edge from one set to
another. Gartland et al. [18] proved that for every ¢ > 4, a graph G is Cs,-free if and only if
G° is Csy-free. First, let us extend this result to the setting of H-induced-minor-free graphs,
where every component of H is a hole. The proof closely follows the proof of Paesani et al.
for the case if H is a linear forest [28].

» Theorem 13. Let H be a graph whose every component is a hole. The graph G contains
H as an induced minor if and only if G° contains H as an induced minor.

Proof. As G is an induced subgraph of G°, the forward implication is immediate. We prove
the backward implication by induction on the number s of connected components of H.
The case s = 1 was shown by Gartland et al. [18]. Thus, assume that s > 1 and let C be
a connected component of H. Let H' = H — C.

Suppose that G° contains H as an induced minor. Fix one induced minor model of H in
G and let X be the set of vertices of the model. This means that G°[X] has s components,
each of which is a cycle, and there is a one-to-one mapping from the components of G°[X]
and components of H, so that each cycle is mapped to a cycle of at most its own length.

Let Y C X be the vertices of G° that form the cycle mapped to C’; each element of ) is a
subset of V(G). Let Y C V(G) be the union of all sets in V. Note that G°[Y] is an induced
subgraph of (G[Y])°. Thus, by the inductive assumption, G[Y] contains an induced cycle
with at least |V (C)| vertices.

Now let X C V(G) be the union of sets in X \ Y. Since Y is the vertex set of one
component of G°[X], there are no edges between X \ ) and ). Consequently, there are no
edges in G between X and Y, and thus G°[X \ Y] is an induced subgraph of (G — N[Y])°.

Since G°[X'\ V], and thus (G — N[Y])°, contains H' as an induced minor, by the inductive
assumption we know that G — N[Y] contains H' as an induced minor. Combining its model
with the model of C' in G[Y], we obtain an induced minor model of H in G. <

Let H be a class of graphs. An induced H-packing in a graph G is a set S C V(G)
such that every component of G[S] belongs to H. For example, if H = {K7}, then induced
‘H-packing in G if and only if it is an independent set.
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The construction of blob graphs allows us to reduce the problem of finding an induced
‘H-packing of maximum size (or weight) in G to solving the MWIS problem in an appropriate
induced subgraph of G°. This is expressed in the following lemma whose proof is immediate,
see e.g., [18, Section 4].

» Lemma 14. Let G be a graph, w: V(G) — Rx¢ be a weight function, and H be any class
of graphs. Let X = {X CV(G) | G[X] € H and is connected}. Let w® : X — Ry be defined
as w°(X) = >, cx W(v). Then the mazimum weight of an induced H-packing in G is equal
to a(G°[X], w®).

The problem with using Lemma 14 is that X might be very large, so the running time
of the algorithm solving MWIS on (G°[X],w°®) is not bounded by a moderate function of
V(G)I

A class H of graphs is weakly hyperfinite if for every § > 0 there exists ¢s € N such
that for any G € H there exists a set S C |V(G)| of size at most ¢ - |[V(G)| so that every
component of G — S has at most cs vertices [27, Section 16.2]. The following theorem follows
the result of Gartland et al. [18]. Again, we include the proof for completeness.

» Theorem 15. Let H be a non-empty hereditary weakly hyperfinite class of graphs. Let s,t
be positive integers and € € (0,1) be a real. There is an algorithm that, given a graph G, in
quasipolynomial time returns one of the following outputs:

an induced minor model of sCy in G, or

an induced H-packing of size at least (1 — ) times the size of a largest induced H-packing

in G.

Proof. Without loss of generality assume that ¢t > 4. Let § = /2 and let ¢s be the constant
witnessing that H is weakly hyperfinite. Let G be an n-vertex instance instance of the
problem. Let

X ={X CV(G) | |X]| < ¢s and G[X] is a connected graph from H}.

Consider the graph G°[X]; note that it has O(n®) vertices and can be constructed in time
polynomial in n as ¢; is a constant. We call the algorithm from Theorem 1 for G°[X], weigths
w® defined as in Lemma 14, and precision £/2. It running time is quasipolynomial in O(n*)
and thus in n.

If an induced minor of sC} is reported, we report an induced minor of sC; in G. Indeed,
recall that G°[X] is an induced subgraph of G°. Consequently, by Theorem 13, if G°[X]
contains sC; as an induced minor, so does G.

Thus, suppose that the algorithm from Theorem 1 returns an induced H-packing S in
G°[X]. Tt is straightforward to verify that S = JS is an induced H-packing in G. Let us
argue how its size compares to the optimum one.

Let S* be an optimum induced H-packing in G. Let us construct another induced H-
packing S’ as follows. We consider every component of G[S*] separately, let C be the vertex
set of one such component. If |C] < ¢5, we set C = C and include this set in S’. Otherwise,
since G[C] is weakly hyperfinite, there is a set Q¢ C C of size at most §|C| =¢/2-|C|, such
that every component of G[C'\ Q¢] has at most ¢s vertices. We set C/ = C'\ Q¢ and include
it into S’. Since H is hereditary, it holds that G[C'] € H. Note that in both cases we have
|IC'] = (1 =96)|C| = (1 —¢/2)|C|. Consequently, we obtain

* e 15
1571 = > < > 022 (-2

C': component of G[S*] C': component of G[S*]

11
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Now, by Lemma 14 notice that the size of S’ is equal to the weight of a largest-weight
independent set in G°[X]. Thus, by Theorem 1, we have |S| > (1 — ¢/2)|5’|. Summarizing,
it holds that

S| > (1—¢/2)|8"| > (1 —¢/2)(1 —¢/2)|8*| = (1 —e +)[S*] = (1 - ¢)[57].
This completes the proof. |

Now let us argue how Theorem 15 implies Theorem 2.

» Theorem 2. Letr > 0, let s,t be positive integers, € € (0,1) be a real, and 1 be a hereditary
CMSOs formula. There is an algorithm that, given a graph G, in quasipolynomial time
returns one of the following outputs:

an induced minor model of sCy in G, or

a solution to (tw < r,v)-MWIS of size at least (1 — €) times the optimum one, or,

a correct conclusion that no solution to (tw < r,1)-MWIS exists.

Proof. Note that if ¢ is consistent, i.e., if there is any graph H such that H = 1, then, since
1) is hereditary, we have K7 C 1. Consequently, in such a case, every non-empty instance of
(tw < r,9)-MWIS has a solution (for example, a single vertex). Since v is a fixed formula,
we can verify if it is consistent in constant time. If not, we return the third outcome.

So from now on let us assume that some solution exists. It is known that graphs of
treewidth at most r, for any fixed r, form a weakly hyperfinite class of graphs [27, Theorem
16.5]. Furthermore, this class is closed under vertex deletion and disjoint unions. Consequently,
graphs of treewidth at most r satisfying ¢ form a non-empty class closed under vertex deletion
and disjoint unions. Thus, we obtain Theorem 2 as an immediate corollary of Theorem 15. <«

5 Conclusion

Let us conclude the paper with pointing out two specific problems for further research. First,
it would be interesting to strengthen our Theorem 1 by solving the problem exactly without
significantly increasing the running time.

» Problem P1. Show that for every fized s,t, MWIS can be solved in quasipolynomial time
in sCy-induced-minor-free graphs.

Second, let us suggest the following possible extension of our Theorem 1. Our starting
point was a quasipolynomial-time algorithm for H-induced-minor-free graphs and we aimed
to extend this result for H’-induced-minor-free graphs, where every component of H is
isomorphic to H. Perhaps this can be done in a more general setting?

» Problem P2. Suppose that Hy and Hs are graphs such that MWIS is (quasi)polynomial-
time solvable in H;-induced-minor-free graphs for i € {1,2}. Show a quasipolynomial-time
algorithm (or at least a QPTAS) for MWIS in (Hy + Hs)-induced-minor-free graphs.

We remark that the solution to Problem P2 is known if instead of forbidding certain
graphs as induced minors, we forbid them as induced subgraphs [16]. However, the approach
relies on the fact that induced subgraphs are constant-size objects, while an induced minor
model of a constant-size graph might be arbitrarily large.
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