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Protective branching

Non degrading contribution
Local cardinality constraint graph problems
Max and min (k, n − k)-cut

Local cardinality constraint (lcc) graph problem: find a set V ′
of k vertices to optimize f (δ(V ′), |N(V ′)|, |E (V ′)|) where f is
a linear function.

k-sparsest, k-densest, max (k,n-k)-cut, min (k,n-k)-cut, max
k-dominating set, min k-dominating set. . .
W[1]-hard w.r.t k: O(g(k)nc) algorithms (FPT) are very
unlikely.
What about O(g(k,∆)nc) algorithms?
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Local cardinality constraint graph problems
Max and min (k, n − k)-cut

Yes

but. . .

Random separation: a new method for solving fixed-cardinality
optimization problems [L. Cai, S. M. Chan, S. O. Chan ’06]

V ′ N(V ′)

g(k,∆) ≈ 2(∆+1)k
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É. Bonnet, B. Escoffier, V. Th. Paschos, É. Tourniaire Using greediness for parameterization



Definitions
Protective branching

Non degrading contribution
Local cardinality constraint graph problems
Max and min (k, n − k)-cut

Yes

but. . .

Random separation: a new method for solving fixed-cardinality
optimization problems [L. Cai, S. M. Chan, S. O. Chan ’06]

V ′ N(V ′)

g(k,∆) ≈ 2(∆+1)k
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Max (k, n − k)-cut
Input: a graph G = (V ,E ) and two integers p, k
Output: Is there V ′ ⊆ V such that

|V ′| = k
val(V ′) = δ(V ′) = |E (V ′,V \ V ′)| > p
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Non degrading contribution
Local cardinality constraint graph problems
Max and min (k, n − k)-cut

Min (k, n − k)-cut
Input: a graph G = (V ,E ) and two integers p, k
Output: Is there V ′ ⊆ V such that

|V ′| = k
val(V ′) = δ(V ′) = |E (V ′,V \ V ′)| 6 p
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Example

k=4, p=5
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V ′
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Definitions
Protective branching

Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

Theorem
Max (k, n − k)-cut can be solved in O∗((∆ + 1)k).
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Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

Ingredients

A marking and branching algorithm with a tree of size f (∆, k).

Maintain U (unmarked,plain),T (taken,filled) two lists of
vertices partitioning V .
Greedy choice for the branching.
Hybridation technique to prove the optimality.
Contribution: cT (v) = |N(v) ∩ U|.
Degrading contribution: T ⊆ T ′ ⇒ cT (v) 6 cT ′(v).
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Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

The algorithm
Set U = V ,T = ∅.
mkc(G ,U,T , k, p):
if k > 0 then

Pick a vertex v ∈ U maximizing
δU,T (v) = |N(v) ∩ U| − |N(v) ∩ T |.
N(v) ∩ U = {v1, . . . , vl} with l 6 ∆.
mkc(G ,U \ {v},T ∪ {v}, k − 1, p),
mkc(G ,U \ {v1},T ∪ {v1}, k − 1, p), . . . ,
mkc(G ,U \ {vl},T ∪ {vl}, k − 1, p)

else output (T , val(T ) > p)
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É. Bonnet, B. Escoffier, V. Th. Paschos, É. Tourniaire Using greediness for parameterization



Definitions
Protective branching

Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

The algorithm
Set U = V ,T = ∅.
mkc(G ,U,T , k, p):
if k > 0 then

Pick a vertex v ∈ U maximizing
δU,T (v) = |N(v) ∩ U| − |N(v) ∩ T |.
N(v) ∩ U = {v1, . . . , vl} with l 6 ∆.
mkc(G ,U \ {v},T ∪ {v}, k − 1, p),
mkc(G ,U \ {v1},T ∪ {v1}, k − 1, p), . . . ,
mkc(G ,U \ {vl},T ∪ {vl}, k − 1, p)

else output (T , val(T ) > p)
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Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

Complexity
The branching tree has:

Arity ∆ + 1 (at most).
Depth k.
O((∆ + 1)k) leaves.
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Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

Soundness

Vopt an optimal solution.

Consider in the branching tree the deviating point.

v v

z

val(Vopt \ {z} ∪ {v}) > val(Vopt).
Iterate this principle at most k times.
Uses degrading contribution.
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É. Bonnet, B. Escoffier, V. Th. Paschos, É. Tourniaire Using greediness for parameterization



Definitions
Protective branching

Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

Soundness

Vopt an optimal solution.
Consider in the branching tree the deviating point.

v v
z

val(Vopt \ {z} ∪ {v}) > val(Vopt).
Iterate this principle at most k times.
Uses degrading contribution.

É. Bonnet, B. Escoffier, V. Th. Paschos, É. Tourniaire Using greediness for parameterization



Definitions
Protective branching

Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

Soundness

Vopt an optimal solution.
Consider in the branching tree the deviating point.

v v
z

val(Vopt \ {z} ∪ {v}) > val(Vopt).

Iterate this principle at most k times.
Uses degrading contribution.
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Protective branching

Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

Here, branching is not an end in itself but protects greediness.
Close to Greedy Localization technique.
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Non degrading contribution
An O∗((∆+1)k ) algorithm for degrading contribution problems
An interesting consequence for max (k,n-k)-cut

Corollary
Max (k, n − k)-cut w.r.t p is FPT

n
2 nk n − kp

∆

p > ∆

p > k
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p > min(rk, n − k) > k

V1 V2

v′

?
?

v
Swap

(a) Vertices v ∈ V2 and v′ ∈ V1
(that has at least one neighbor in
V1) will be swapped.

V1 V2

v

?
?

v′

(b) With the swapping the cut size
increases.

Figure 1: Illustration of a swapping

2 Standard parameterization
2.1 Max (k, n− k)-cut
In the sequel, we denote by N(v) the set of neighbors of v in G = (V,E), namely {w ∈ V :
{v, w} ∈ E} and define N [v] = N(v) ∪ {v}. We also use the standard notation G[U ] for any
U ⊆ V to denote the subgraph induced by the vertices of U . In this section, we show that max
(k, n − k)-cut parameterized by the standard parameter, i.e., by the value p of the solution, is
FPT. Using an idea of bounding above the value of an optimal solution by a swapping process
(see Figure ??), we show that the non trivial case satisfies p > k. We also show that p > ∆
holds for non trivial instances and get the situation depicted by Figure ??. The rest of the proof
(see Theorem ??) shows that max (k, n− k)-cut parameterized by k + ∆ is FPT, by designing a
particular branching algorithm. This branching algorithm is based on the following intuitive idea.
Consider a vertex v of maximum degree in the graph. If an optimal solution E(V ′, V \ V ′) is such
that no vertex of N(v) is in V ′, then it is always interesting to take v in V ′ (this provides ∆ edges
to the cut, which is the best we can do). This leads to a branching rule with ∆+1 branches, where
in each branch we take in V ′ one vertex from N [v].

Lemma 1. In a graph with minimum degree r, the optimal value opt of a max (k, n − k)-cut
satisfies opt > min{n− k, rk}.

Proof. We divide arbitrarily the vertices of a graph G = (V,E) into two subsets V1 and V2 of size k
and n−k, respectively. Then, for every vertex v ∈ V2, we check if v has a neighbor in V1. If not, we
try to swap v and a vertex v′ ∈ V1 which has strictly less than r neighbors in V2 (see Figure ??). If
there is no such vertex, then every vertex in V1 has at least r neighbors in V2, so determining a cut
of value at least rk. When swapping is possible, as the minimum degree is r and the neighborhood
of v is entirely contained in V2, moving v from V2 to V1 will increase the value of the cut by at
least r. On the other hand, moving v′ from V1 to V2 will reduce the value of the cut by at most
r − 1. In this way, the value of the cut increases by at least 1.

Finally, either the process has reached a cut of value rk (if no more swap is possible), or every
vertex in V2 has increased the value of the cut by at least 1 (either immediately, or after a swapping
process), which results in a cut of value at least n−k, and the proof of the lemma is completed.

Corollary 2. In a graph with no isolated vertices, the optimal value for max (k, n− k)-cut is at
least min{n− k, k}.

Theorem 3. The max (k, n−k)-cut problem parameterized by the standard parameter p is FPT.

3
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Theorem
Min (k, n − k)-cut can be solved in O∗((∆k)2k).
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What can we do without degrading
contribution ?

Problem: We can not build the solution vertex by vertex anymore.

G ′

Solution: Consider connected induced subgraph of size up to k.
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É. Bonnet, B. Escoffier, V. Th. Paschos, É. Tourniaire Using greediness for parameterization



Definitions
Protective branching

Non degrading contribution
An O∗((∆k)2k ) algorithm
Other results

What can we do without degrading
contribution ?

Problem: We can not build the solution vertex by vertex anymore.

G ′

Solution: Consider connected induced subgraph of size up to k.
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Good news

Lemma
One can enumerate the connected induced subgraphs of size k in
O∗(∆2k).

Idea: there is an injective function from those connected subgraphs
to the binary trees with kdlog ∆e nodes.
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Bad news
Informally: an optimal solution is not necessarily a greedily chosen
combination of connected components.

É. Bonnet, B. Escoffier, V. Th. Paschos, É. Tourniaire Using greediness for parameterization



Definitions
Protective branching

Non degrading contribution
An O∗((∆k)2k ) algorithm
Other results

Outline of the algorithm

Compute S1, . . . ,Sk where Si is a set of i vertices inducing a
connected component, and minimizes δ(.) .

Branch on each vertex of each Si : the branching tree has size
k2k .
Overall complexity: O∗((∆k)2k).
Soundness: For each size of maximal connected component in
Vopt , one can hybridate with a connected component of the
same size.
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É. Bonnet, B. Escoffier, V. Th. Paschos, É. Tourniaire Using greediness for parameterization



Definitions
Protective branching

Non degrading contribution
An O∗((∆k)2k ) algorithm
Other results

Outline of the algorithm

Compute S1, . . . ,Sk where Si is a set of i vertices inducing a
connected component, and minimizes δ(.) .
Branch on each vertex of each Si : the branching tree has size
k2k .
Overall complexity: O∗((∆k)2k).
Soundness: For each size of maximal connected component in
Vopt , one can hybridate with a connected component of the
same size.
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Theorem
Max (k,n-k)-cut has a fpt approximation schema.

V ′ = {v1, . . . , vk} the k largest-degree vertices d1, . . . , dk . Let
B = Σi=1...kdi .
SOL > B − k2, OPT 6 B.
So, r > 1− k2

B > 1− k2

∆ .
either ε > k2

∆ ,  (1− ε)-approximation.
either ε 6 k2

∆ , then ∆ 6 k2

ε  fpt algorithm in k.
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Theorem
Min (k,n-k)-cut has a randomized fpt approximation schema.

[Feige, Krauthgamer, Nissim ’03] If k < log n, there is a
randomized polytime (1 + ε)-approximation.
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Conclusion and open questions

Branching to protect local choices.
Fear the worst to hybridate.
An O∗((c1∆)c2k) algorithm for all local cardinality constraint
problems?
...at least for min (k,n-k)-cut?
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