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The context: image restoration problems
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More generally

min £(x) + g(x)

» f differentiable with Lipschitz gradient

» g possibly non-smooth and often non-proximable



Focus on large-scale problems

Prohibitive cost for large-scale problems: how to reduce this cost?



Existing acceleration strategies

» FISTA [Beck & Teboulle, 2009] [Chambolle & Dossal, 2015],
» Preconditioning [Donatelli, 2019][Repetti et al., 2014],

» Blocks methods [Liu, 1996] [Chouzenoux et al., 2016]
[Salzo, Villa 2022],

Alternative: Exploit the problem structure with a multiresolution
strategy



The multilevel paradigm

Standard solver
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Our contribution

IML FISTA: inexact multilevel FISTA

» A general multilevel algorithm with state-of-the-art
convergence guarantees for image restoration that handles
state-of-the-art non-proximable a-priori (TV, NLTV)

» Adaptation of IML FISTA to multiple image restoration
contexts with state-of-the art practical performance

» Adaptation of IML FISTA to radio-interferometric imaging
with state-of-the art practical performance



Our context

The problem:
min F(x) := f(x) + ¢(Lx)

X

The method: inexact FISTA [Aujol, Dossal, 2015]

Xk+1 Rey ProXeor (Vi — TVF (1))

Yi+1 = Xi41 + o (Xu1 — Xi)

_ _ d
where oy = ttkkHl and t, = (%) )

Contribution: update y, through a multilevel step
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The multilevel step

The ingredients of the multilevel scheme
The transfer operators
The coarse model

Numerical experiments
Hyperspectral images
Radio-interferometric imaging
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The multilevel step

» Classical proximal methods:

Xkt1 = ProX, o (Xk — TVF(xk))
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» The multilevel paradigm:

1 iteration
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|dea of the multilevel (ML) step

Exploit different resolutions of the problem and alternate iterations
between fine and coarse levels.
Example: two-levels case - (h) fine level (H) coarse level




The multilevel step - two level case
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The multilevel step - two level case

min Fj,
zp €ERNA

Th=an + Ik (THm — TH0)

m descent steps on Fy

IH 10 Fy?
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The ingredients of the multilevel scheme
The transfer operators
The coarse model



A hierarchy of images: I/, I},
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Example: the wavelet transform




Example: the wavelet transform




Example: the wavelet transform
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Example: the wavelet transform




Coarse model definition Fy

Filx) = F() = 2]1Ax — 2] + o(Lx)

1
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Coarse model definition Fy

1
Fn(x) = F(x) = EHAX — 2|3 + (LX)
1
Fr(x) = §||AHXH — 2|5 + o (Lrxn)

Is this model useful in minimizing F?



Design of Fp in smooth context: First order coherence

Coarse level H
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Design of Fp in smooth context: First order coherence

Coarse level H
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Coarse model definition
Assume ¢ o L smooth. We define:
1 2
Fx) = 5 lAx = zll3 + (Lx)

1
Fr(xn) = EHAHXH — 2|3 + @(Lexu) + < Vi, xy >

J/

Fr
where, given x, iterate at fine level, we define:
v = IV F(xp) — VEu (1] %)
This implies the first-order coherence:

IV F(xp) = VFu(1 )



Coarse model definition
Assume ¢ o L smooth. We define:
1 2
Fx) = 5 lAx = zll3 + (Lx)

1
Fr(xn) = EHAHXH — 2|3 + @(Lexu) + < Vi, xy >

J/

Fi
where, given x, iterate at fine level, we define:
vir = I F(xi) — VFu (I xp)
This implies the first-order coherence:
I F(xn) = VFu(I{ xn)

What to do in the non-smooth case?



Smoothing

Nonsmooth case — smoothing!

The Moreau envelope:

1
Yo = inf . —yll2
g ylgHg(y) + 2,yH 1l

llustration: Moreau envelope of /;-norm for v = 0.1 and



Coarse model for the non-smooth case

Coarse model Fy for non-smooth functions
Fru=fu+ ("onoLly)+(vy,-)
where

VH :I/:-IV’YhF(Xh) - VFH(IA-IX;,)
= I (VHn(xn) + V("on 0 Ly)(x0))
— (V' xp) + V("o 0 L) (15 xn))

Theoretical results
If XH,m — XH,0 is a descent direction for Fpy, then

Fi(xn + T (Xm0 — xH.0)) < Fn(xn) + O(7n)




IML FISTA

» The steps:

Xk+1 %Eh,k prOXTcpoL (Yk - va()_/k))

Yik+1 = Xk+1 + 0k (Xk41 — Xk)

» FISTA: vk = vk
> IML FISTA: yx = ML(yx) (i.e., min Fy)

» IML FISTA recovers state-of-the-art convergence guarantees:

X1 Rey e PrOXrgor, (Y& — TV (7K) + € k)

Multilevel steps= bounded errors on the gradient

If 220:1 k2d€h7k < 00, then
> The sequence k2¢(Fu(xnk — F(x*)))ken belongs to £o(N)

» The sequence (xh «)ken converges to a minimizer of F
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Numerical experiments
Hyperspectral images
Radio-interferometric imaging



Hyperspectral images
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How to build the coarse approximations?

Spatial resolution
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How to build the coarse approximations?

Di ion reducti : spectral r
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Objective function evolution

F_ evolution with CPU time
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Reconstruction

X FISTA
IML
Y FISTA
Spectral

R iterations end of optimization
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Radio-interferometric imaging

Fourier measurements (mask) M31

Reconstruction

Dimension bottleneck: number of observations

Collaboration with Audrey Repetti and Yves Wiaux



Radio-interferometric imaging

Selection

Coarse measurements



Radio-interferometric imaging




Radio-interferometric imaging
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IML FISTA

Reconstruction in log-scale of a region of the M31 galaxy



Radio-interferometric imaging
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Conclusions and perspectives

Conclusions:

» We have proposed a general multilevel framework for image
restoration with state-of-the-art convergence guarantees

> We have specialised the method in various contexts with really
good practical performance

Perspectives:

» Extend the multilevel framework to scientific machine learning:
multilevel Plug-and-Play methods, unrolled multilevel methods

» Extend the multilevel framework to second-oder methods:
proximal Gauss-Newton methods



Thank you for your attention!
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