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Abstract In this paper we address the stable numerical solution of nonlinear ill-posed
systems by a trust-region method. We show that an appropriate choice of the trust-
region radius gives rise to a procedure that has the potential to approach a solution of the
unperturbed system. This regularizing property is shown theoretically and validated
numerically.
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1 Introduction

Nonlinear systems modeling inverse problems are typically ill-posed, in the sense that
their solutions do not depend continuously on the data and their data are affected by
noise [6,16,26]. In this work we focus on the stable approximation of a solution of
these problems. Procedures in the classes of Levenberg—Marquardt and trust-region
methods are discussed, and a suitable version of trust-region algorithm is shown to have
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2 S. Bellavia et al.

regularizing properties both theoretically and numerically. The underlying motivation
for our study is twofold: most of the practical methods in the literature have been
designed for well-posed systems, see e.g., [5,23], and thus are unsuited in the context
of inverse problems; adaptation of existing procedures for handling ill-posed problems,
carried out in the seminal papers [10, 12,13,15,25,27], deserves further theoretical and
numerical insights.

Let

Fx)=y, (1.1)

with F : R" — R” continuously differentiable, be obtained from the discretization of
a problem modeling an inverse problem. It is realistic to have noisy data y® at disposal,
satisfying

Iy =y’ <8, (12)
for some positive §. Thus, in practice it is necessary to solve a problem of the form
F(x) =y, (1.3)

and, due to ill-posedeness, possible solutions may be arbitrarily far from those of the
original problem. To approximate solutions of the unperturbed problem (1.1), iterative
regularizing methods can be applied where both the construction of the iterates x,‘z and
the stopping criterion act as a regularization, see e.g., [16]. Such methods are expected
to have the following properties: if iterations are stopped at index k*(§), then

° x,‘f*(g) is an approximation to a solution of (1.1);

° x,f*(s) converges to a solution of (1.1) as § tends to zero;
e in the noise-free case, convergence to a solution of (1.1) occurs.

These properties are supposed to hold even if there are no finite bounds on the inverse
of the Jacobian of F around a solution of (1.1).

In[12,13], Hanke supposed that an initial guess, close enough to some solution x of
(1.1), is available. Then, he proposed a regularizing Levenberg—Marquardt procedure
which is able to compute a stable approximation x,f* @ to xT or to some other solution

of the unperturbed problem (1.1) close to x . This task is achieved through an implicit
stepsize control in the Levenberg—Marquardt procedure and the discrepancy principle
as the stopping criterion, so that the iterative process is stopped at the iteration k. (§)
satisfying

= F ()|, s < = F (D], 0sk<k®, (4
with T > 1 appropriately chosen [22]. Remarkably the procedure satisfies the regular-
izing properties listed above and local convergence properties are established under

conditions weaker than the so-called local error-bound condition used in the literature
when the Jacobian J of F is singular at the solution approached, see e.g. [1,3,17].

@ Springer
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Further regularizing iterative methods have been proposed, including first-order
methods and Newton-type methods. Analogously to the Levenberg—Marquardt pro-
cedure proposed by Hanke, instead of promoting convergence to a solution of (1.3),
they form approximations of increasing accuracy to some solution of the unperturbed
problem (1.1) until the discrepancy principle (1.4) is met. We refer to [6,16] for the
description and analysis of such methods.

The above mentioned regularizing Levenberg—Marquardt method belongs to the
unifying framework of nonlinear stepsize control algorithms for unconstrained opti-
mization developed by Toint [24] and including trust-region methods [5]. Therefore,
elaborating on original ideas by Hanke, we introduce and analyze a regularizing vari-
ant of the trust-region method based on a specific rule for selecting the trust-region
radius. The resulting method shares the same regularizing properties as the method by
Hanke and, as for standard trust-region procedures, it enforces a monotonic decrease
of the value of the function

1
D(x) = §||y“ — F(x)13, (1.5)

at the iterates x,‘z . Convergence properties are enhanced with respect to the regularizing
Levenberg—Marquardt procedure in the following respects. With exact data, if there
exists an accumulation point of the iterates which solves (1.1), then any accumulation
point of the sequence solves (1.1). With noisy data, the method has the potential to
satisfy the discrepancy principle (1.4). As for standard trust-region methods, these
properties can be enhanced independently of the closeness of the initial guess to a
solution of (1.1).

Our contribution covers theoretical and practical aspects of the method proposed.
From a theoretical point of view, we propose the use of a trust-region radius converging
to zero as § tends to zero. Trust-region methods with this distinguishing feature have
been proposed in several papers, see [7-9,29], but none of such works was either
devised for ill-posed problems or applied to them; thus, our study offers new insights
on the potential of this choice for the trust-region radius. Moreover, we have made an
attempt toward globally convergent methods for ill-posed problems; to our knowledge,
this topic has been considered only in a multilevel approach proposed by Kaltenbacher
[15]. Finally, local convergence analysis has been carried out without making two
common assumptions in the literature: neither the invertibility of the Jacobian J of F
and boundness of the inverse, nor the fulfillment of the local error-bound condition
(see e.g., [7-9,19,29]) have been used. In fact, such conditions may not be satisfied
in the presence of ill-posedeness. Therefore, our results may represent a progress
in the theoretical investigation of convergence. Concerning numerical aspects, we
discuss an implementation of the regularizing trust-region method, and test its ability
to approximate a solution of (1.1) in the presence of noise. Comparison with a standard
trust-region scheme highlights the impact of the proposed trust-region radius choice
on regularization.

The paper is organized as follows. In Sect. 2 we describe the main features of
the regularizing Levenberg—Marquardt method proposed by Hanke. In Sect. 3 we
introduce our regularizing version of trust-region methods and in Sect. 4 we study the
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local convergence properties. A comparative numerical analysis of all the procedures
studied is done in Sect. 5.

Notations We indicate the iterates of the procedures analyzed as x,‘z; if the data are
exact, x; may be used as an alternative to x,‘z. By xg = xo we denote an initial guess
which may incorporate a-priori knowledge of an exact solution. The symbol | - ||
indicates the Euclidean norm. A closed ball of radius p around a vector x is denoted
as B, (x). The Jacobian matrix of F' is denoted as J.

2 Regularizing Levenberg—Marquardt method for ill-posed problems

We describe the regularizing version of the Levenberg—Marquardt method proposed
in [12] for solving (1.3), and analyze some issues for its practical implementation.
At k-th iteration of the Levenberg—Marquardt, given x,f € R" and A > 0, let

1 2 1
mM(p) = 3 |Fd) =y +aadp|” + Exknpuz, (2.1)

be a quadratic model around x,‘j for the function @ in (1.5), see [18,20]. The step px

taken minimizes m%M, and x,‘z = x,f + pr. We observe that, if p(}) is the solution

of
(B + 2D p(A) = —gk, (2.2)

with By = J(x))T J(x}) and gk = J(x)T (F(x}) — y°), then

—1
pr=p0w) == (JeDTIGD +md) (VDT (Fah —37)). @3

If problem (1.3) is ill-posed, and the scalars A, are limited to promote convergence
of the procedure, see [20], then the solution of (1.1) may be significantly misinter-
preted [11,16,26]. The regularizing Levenberg—Marquardt method [12] attempts to
approximate solutions of (1.1) by choosing A; as the solution AZ of the nonlinear
scalar equation

[FG) =y +aaDHpi)|| =g |Fed) - »°

, 2.4)

for some fixed ¢ € (0, 1). Under suitable assumptions discussed below, AZ is uniquely
determined from (2.4).
To analyze (2.4), it is useful to establish relations between A, || p(A)|| and | F (x,f) —

Y+ TGP

Lemma 2.1 [2, Lemma 4.2] Suppose ||gi|| # O and let p(L) be the minimum norm
solution of (2.2) with A > 0. Suppose furthermore that J (x,f) is of rank £ and its
singular-value decomposition is given by Uy X VkT where Xy is the diagonal matrix

with entries {1, ..., ¢, on the diagonal. Then, denoting r = (r1,r2, ..., r,,)T =
UL (F(x}) — y°), we have that
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2 ¢ §2r2
IpOII? = ; m (2.5)
4 2.2 n
2 A r;
[F G =y + 76D =3 R >R o
i=l1 i i=0+1

Using this result, the solution of (2.4) is characterized as follows.

Lemma 2.2 Suppose ||gk|| # 0. Let p(L) be the minimum norm solution of (2.2) with
A >0 R (x,f))J- be the orthogonal complement of the range R(J (x,f)) of J (x,f),
and P,f be the orthogonal projector onto R(J (x,’z))l. Then

(i) Equation (2.4) is not solvable if | P} (F (x}) — y®)|| > ql|F (x}) — y°|.
(i) If

HF(x,f) RS (xT - x,f) H < g—k PGy — 50 2.7

for some 6y > 1, and x" is a solution of (1.1), then Eq. (2.4) has a unique solution
AZ such that

M e (o, quann] 28)

Proof (i) Equation (2.6) implies

)

lim [FOe) =3 + 70D p@)| = [P (F&) =)

lim |F(xp) =y + ) pM)| = IFG) =yl
A—00

Thus, since || F (x,f) — y‘s +J (x,f) p ()| is monotonically increasing as a function of A,
we conclude that (2.4) does not admit solution if || P2 (F (x{) —y®)|| > gl F (x))—y°|.

(ii) Trivially || PO (F (x2) — )| < IIF (x) —y° +J (x{) (x —x?)||, for any x. Hence,
for the monotonicity of || F (x,‘f) 7 (x,‘z) p)|l,if (2.7) holds, then Eq. (2.4) admits
a solution which is positive and unique. Finally, observing that for a positive A it holds
DT + D7 IE)HT = Te)HT T T)HT + D71, Eq. (2.3) can be
written as

pe=p0w) = —=JDTUEHITEHT + DN F @) — D), 2.9)
and consequently
F(xp) =y + T () pOu)
—1
_ (1 —JaHIEHT (J(x;i)f(x;j)T 4 Akl) ) (Fd) — %)

= (J(x,f)J(x,f)T T Akl)_l (Fdy — %), (2.10)
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6 S. Bellavia et al.

Then (2.4) gives

—1
g |Fed =y = | (FaDIaDT +201)  (Fd) =)

)

q
S Emd [LCOR
| Bell + 4]

which yields (2.8). O

In [12], the analysis of the regularizing properties of the Levenberg—Marquardt
method was made under the subsequent assumptions on the solvability of problem
(1.1), the Taylor remainder of F, and the vicinity of the initial guess xo to some
solution xT of (1.1).

Assumption 2.1 Given an initial guess xo, there exist positive p and ¢ such that system
(1.1) is solvable in B, (xp), and

1F(x) — F@&) —J@) & =0 <cllx =X 1F(x) = F&I, x,X € Bap(xo).
@2.11)

Assumption 2.2 Let xq, ¢ and p as in Assumption 2.1, x* be a solution of (1.1) and
xo satisfy

%0 — xT|| < min {% p}, if 5=0, (2.12)
— gt -1 if §>0 213
Ilxo x||<m1n<c(1+r),p], if §>0, (2.13)

where T > 1/gq.

Note that, whenever x,‘f belongs to By, (xp) and ||x,’z — x| < |lxo—xT|, Assumption
2.1 implies that inequality (2.7) is satisfied for some 6; > 1, and consequently there
exists a solution to (2.4).

Under Assumptions 2.1 and 2.2, the Levenberg—Marquardt method generates an
approximation x,‘z* ®) satisfying (1.4) and the sequence {x,‘f* ( 5)} converges to a solution
of (1.1) as & tends to zero.

Theorem 2.3 Let Assumptions 2.1 and 2.2 hold and x,‘z be the Levenberg—Marquardt
iterates determined by using (2.4). For noisy data, suppose k < k. (8) where k() is
definedin (1.4). Then, any iterate x,‘z belongs to Ba, (xo). With exact data, the sequence
{xx} converges to a solution of (1.1). With noisy data, the stopping criterion (1.4) is
satisfied after a finite number k. (8) of iterations and {x,‘z* (5)} converges to a solution
of (1.1) as 6 tends to zero.

Proof See [12], Theorems 2.2 and 2.3. |
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On an adaptive regularization for ill-posed nonlinear systems... 7

Let us focus on a specific issue concerning the implementation of the method
which, to our knowledge, has not been addressed either in [12] or in related papers.
The numerical solution of (2.4) requires the application of a root-finder method and
Newton’s method is the most efficient procedure, though in general it requires the
knowledge of an accurate approximation to the solution. On the other hand, nonlinear
equations which are monotone and convex (or concave) on some interval containing
the root are particularly suited to an application of Newton’s method, see e.g. [14,
Theorem 4.8]. Equation (2.4) does not have such properties but it can be replaced
by an equivalent equation with strictly decreasing and concave function in [A{, 00);
thus, Newton’s method applied to the reformulated equation converges globally to AZ
whenever the initial guess overestimates such a root.

Lemma 2.4 Suppose | F (x,‘z) — 3| # 0, and that (2.4) has positive solution )LZ. Let

A A

)\' = - =
e |Fa) =y +IGaDHpM] q|FG) -

0. (2.14)

Then, Newton’s method applied to (2.14) converges monotonically and globally to the
root AZ of (2.4) for any initial guess in the interval [1!, o0).

Proof Trivially, solving (2.4) is equivalent to finding the positive root of Eq. (2.14).
We now show that (1) is strictly decreasing in (A, 00) and concave on (0, 00). By
(2.6),

I PR
A ri ri\2
= z ; - , (215
|F &) = y3+TG)pG)| (§i2+x) 2 (x) 2.15)

i=1 i=Il+1

and this function is concave on (0, 00), cfr. [4, Lemma 2.1]. Thus,  is concave on
(0, 00) and trivially ¥'()) is strictly decreasing.

Now we show that v’ (AZ) is negative; thus, using the monotonicity of v¥'(1), we
get that 1/ (A) is strictly decreasing in (A, 00). Differentiation of Y (A) and (2.4) give

()’
|Fed) — v+ T6hp ()]

! r.2 n r.2 1
X -t 4 i _
(E (¢ +)“Z)3 i:lz+l (12)3) q [Fe) =y
2
_ )
|Fedy =y + 7 6chp ()]
!

2,4 n \2 Sy 8 5 qy |2
<> Ak +Z(;—%)—HF(X]‘) Y +Iepp ()|

i=1 (5524‘)\2)3 i=l+1 ()“Z)2

v =
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8 S. Bellavia et al.

Moreover, using (2.15), it holds

)2 ! 2,4 ! 2
N (A) T Ti
v (M) = 3 ; 2 3 ;(512"‘)”2)

[FO) =y + I @op (1) (& +Aq)

(1)’ ! Z

CIFGD — P+ TG pD|

(¢? +A‘1)

ie. W’(AZ) is negative.
The claimed convergence of Newton’s method follows from results on univariate
concave functions given in [14, Theorem 4.8]. O

For the practical evaluation of ¥ (1) and ¥'()) we refer to [5,21].
In [12, Remark p. 6] Hanke observed that (2.4) may be replaced with

(2.16)

|F () = + 7 () pe| = a | F (x7)

later denoted as the g-condition, but this criterion was not analyzed or employed in
numerical computation. Since (2.4) may not have a solution and our aim is to tune A
in view of global convergence, while preserving regularizing properties, in the next
section we allow more flexibility in its selection and design a trust-region method
based on condition (2.16).

3 A regularizing trust-region method

Trust-region methods are globally convergent approaches where the stepsize between
two successive iterates is determined via a nonlinear stepsize control mechanism [5].
At a generic iteration k of a trust-region method, the step py solves

mI;nmk (p) — HF(x,f)—
st [pll = Ak,

3.1)

where Ay is a given positive trust-region radius. If ||gx|| 7% O then pi solves (3.1) if
and only if it satisfies (2.2) for some nonnegative A; such that

Ml pell — Ag) = 0. (3.2)
Therefore, whenever the minimum norm solution p™ of
Bip = —gk.
satisfies | pT|| < Ay, the scalar A; is null and p; = p(0) solves (3.1). Otherwise,

the step py takes the form (2.3), and therefore it is a Levenberg—Marquardt step. If
lpxll = Ak, then the trust-region is said to be active.
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On an adaptive regularization for ill-posed nonlinear systems... 9

Starting from an arbitrary initial guess, trust-region methods generate a sequence of
iterates such that the value of @ in (1.5) is monotonically decreasing and this feature is
enforced by an adaptive choice of the radius A. Specifically, let py be the trust-region
step and

ared(pi)

—_—, 3.3
pred(po) G

e (pr) =

be the ratio between the achieved ared(py) and predicted pred(py) reductions given
by

ared(py) = @ (xf) — @ (x) + pi), (3.4)
pred(pe) = @ (x)) — mi (pp). (3.5)

Then, the trust region radius is reduced if 7; (py) is below some small positive thresh-
old; otherwise it is left unchanged or enlarged [5].

Since trust-region steps and Levenberg—Marquardt steps have the same form (2.2),
trust-region and Levenberg—Marquardt methods fall into a single unifying framework
which can be used for their description and theoretical analysis [4,21,24]. Due to such
a strict connection, we elaborate on the regularizing Levenberg—Marquardt described
in the previous section, and introduce a regularizing variant of trust-region methods
for solving ill-posed problems.

The standard trust-region strategy is modified so that the nonlinear stepsize control
enforces both the monotonic reduction of ® and the g-condition (2.16). To this end,
we first characterize the parameters A such that p()) satisfies (2.16).

Lemma 3.1 Assume |[gk|| # 0. Let p(A) be the minimum norm solution of (2.2)

with A > 0 and P,f be the orthogonal projector onto R(J (x,f))i. Then, Eq. (2.16) is
satisfied for any A > 0 whenever

|7 (FOd) =) z a [ Fed =] (3.6)
Otherwise, it is satisfied for any ). > AZ where AZ satisfies (2.8).
Proof The claims easily follow from Lemma 2.2. O

Now we are ready to characterize the size of the trust-region radius guaranteeing
(2.16).

Lemma 3.2 Let pi solve the trust-region problem (3.1). If

A< 20 3.7)
k= —— 18kl .
X

then py. satisfies the q-condition (2.16).
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10 S. Bellavia et al.

Proof By Lemma 3.1 we know that the g-condition is satisfied either for A > 0, or for
any A > AZ. In the former case, the claim trivially holds. In the latter case, by (2.2) it
follows

ll gl

lp )] = B +271]

and by (2.8) it holds

||Bk||

1Bk + AL 1| <
By construction || px|| < A, and if (3.7) holds then we obtain

gl g
— A < — < A .
Ipell = PG < ”B ” gl < B+ = 1P 01

Since || p(A)|| is monotonically decreasing, it follows A; > AZ and condition (2.16) is
satisfied. O

We stress that the bound (3.7) provides a practical rule for choosing the trust-region
radius and enforcing the g-condition (2.16). Conversely, in papers [27,29], where trust-
region methods for ill-posed problems are studied, such a condition is respectively
assumed to be satisfied, and explicitly enforced rejecting the step whenever it does not
hold.

The result in Lemma 3.2 suggests the trust-region iteration described in
Algorithm 3.1. We distinguish between the parameters needed in the case of exact
data and the parameters required with noisy data.

Algorithm 3.1: k-th iteration of the regularizing Trust-Region method for problem (1.3)

Givenxf, 7 € (0, 1), 7 € (0.1),0 < Crnin < Cax.
Exact data: given y, g € (0, 1).
Noisy data: given ya, qe0,1),7>1/q.

1. Compute By = J(x)T J(x}) and g = J(x,f)T(F(x,f) —y%).

2. Choose Ay € |:Cmin||gk||s min [CmaXy 1Bl ] Hgk”]

3. Repeat
3.1 Compute the solution py of the trust-region problem (3.1).
3.2 Compute i (pg) given in (3.3)—(3.5).
3.3 If mp(pg) < n, then set Ay = y Ag.
Until 7 (p) = 1.
4. Set Xpy1 =X + Pk

Algorithm 3.1 is well-defined, provided that the following assumption is met.
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On an adaptive regularization for ill-posed nonlinear systems... 11

Assumption 3.1 There exists a positive constant «; such that
TGOl < xy,

for any x belonging to the level set £ = {x € R" s.t. ®(x) < P(xg)}.

First, Step 2 is well deﬁlned for suitable choices of Cpin; in fact, as long as Cpin <
—4q
; I Bl
trust-region methods, Assumption 3.1 guarantees that the step py is found within a
finite number of attempts, whenever || g | # O [S].
Global convergence of the trust-region method is stated in the following theorem;
we refer to [23, Theorem 11.9] for the proof.

1—
—zq, it holds Cpin < for all k. Second, due to well-known properties of
K

Theorem 3.3 Suppose that Assumption 3.1 holds and J is Lipschitz continuous on
R". Then, the sequence {x,f} generated by Algorithm 3.1 satisfies
lim Vo () = tim |76 (Fad) =) =0. (3.8)
k—o00 k— 00
We observe that assumption on Lipschitz continuity of J is made in [15], too.

By construction, the sequence {|| F (x,f) — y%||} is monotonically decreasing and
bounded below by zero; hence it is convergent. Equation (3.8) implies that any accu-
mulation point of the sequence {x,f} is a stationary point of ®. As for exact data, we
conclude that if there exists an accumulation point of {x;} solving (1.1), then any
accumulation point of the sequence solves (1.1). In the case of noisy data, if the value
of ® at some accumulation point of {x,’z} is below the scalar 7§, then there exists an
iterate x,i ©) such that the discrepancy principle is met.

It remains to show the behaviour of the iterates generated by Algorithm 3.1 when,
forsomek, x,‘f is sufficiently close to a solution xTof (1.1). For instance, this occurs with
exact data when the accumulation points of {x;} solve (1.1) and k is sufficiently large.
In the next section we show that the trust-region method described in Algorithm 3.1
shares the same local regularizing properties as the regularizing Levenberg—Marquardt
method.

4 Local behaviour of the trust-region method

We analyze the local properties of the trust-region method under the same assumptions
made for the Levenberg—Marquardt method. Hence, we suppose that there exists an
iteration index k such that the iterate xg satisfies the following assumptions that are
the counterpart of Assumptions 2.1 and 2.2 for the Levenberg—Marquardt method.

Assumption 4.1 Suppose that for some iteration index k there exist positive p and ¢
such that system (1.1) is solvable in B, (xg), and

IF) = F@ = J @) = D < cllx = FIIFE) = FOI, x5 € By (x2).
.1
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12 S. Bellavia et al.

with k < k.(8) if the data are noisy, where k. (§) is defined in (1.4). Moreover, letting
xT be a solution of (1.1), suppose that xl‘g satisfies

g = xf1 < min £, 0}, i 5 =0, 4.2)
c
. —1
||x§_x'|| < min qr—,p s if §>0. (4.3)
k c(l1+1)

where T > 1/gq.

Typically in the literature assumptions stronger than (4.1) have been made. To
our knowledge, except for papers [7-9,27-29], local convergence properties of trust-
region strategies have been analyzed under assumptions which involve the inverse
of J and its upper bound in a neighbourhood of a solution. In papers [7-9,29] the
convergence analysis is carried out assuming a local error-bound condition and a
Lipschitz condition on the Jacobian in a neighbourhood of x 7.

The following theorems show the local behaviour of the regularizing trust-region
method. We prove that locally the trust-region is active, the iterates x,‘z with k > k
remain into the ball B, (xT) and the resulting algorithm is regularizing. We remark that
in standard trust-region methods, the trust-region becomes eventually inactive. On the
other hand, regularization requires strictly positive scalars 1x, and consequently an
active trust-region in all iterations. First, we give a technical result that will be useful
in the subsequent analysis. Then, we focus on the noise-free case and we show that
the error ||x; — x| decreases in a monotonic way for k > k, and the sequence {x;}
converges to a solution of (1.1).

Lemma 4.1 Assume that Eq. (2.7) is fulfilled for some 0y > 1 and x" being a solution
of (1.1). Let xp41 = xr + px with pr = p(A) satisfying (2.2) and (2.16). Then it
holds

20 — 1) 2
é—M | F () ="+ 7 () pe|”- 44

|12 12
Jot = = Jstea ="~
Proof The proof parallels that of [16, Proposition 4.1], in which it is shown that

T

fetir =] = ot =
<G =+ I ) e (sz) —y" 40 () (' =) |
—HF () =y +J (x,f) pkH).

From (2.7) and (2.16) it follows that

1
|7 () =5+ () (7 =) | = o 17 (D) =2+ 7 o) el
which yields the thesis. O
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On an adaptive regularization for ill-posed nonlinear systems... 13

Lemma 4.2 Suppose that Assumptions 3.1 and 4.1 hold and § = 0. Then, Algorithm
3.1 generates a sequence {xy} such that, for k > k,
(i) the trust-region is active, i.e. Ay > 0, and xi belongs to By, (xp) and to B, (xN);
(i) [lxegr —x7) < flxe — x7; i
(iii) there exists a constant A > 0 such that A, < .
Proof (1)—(ii) From the choice of Ay at Step 2 of Algorithm 3.1 and Lemma 3.2

it follows that the step py computed at Step 3 satisfies condition (2.16). Moreover,

from Assumption 4.1, it follows that condition (2.7) is satisfied at k = k with O =
q

cllxg — xT||
Lemma 3.1 yields that the trust-region is active as A; > )\z. Since Lemma 4.1 holds

> 1. Consequently, Lemma 2.2 gives that )»z is strictly positive, while

fork = k, (4.4) implies Xz —xT| < llxz — x| and, as a consequence, X1 belongs
to By, (xg) and to B, . Repeatiqg the above arguments, by induction we can prove
that condition (2.7) holds for k > k, with

o= —21 o, (4.5)
cllx™ — xll

and this implies that Ay is strictly positive. Thus, Lemma 4.1 holds for all k > k and
by induction, the sequence {||xx — x| }:‘i i is monotonic decreasing and the sequence
{Gk};’i i is monotonic increasing.

(iii) Since the trust-region is active, by (2.2)

A= llprll = Bk + D)™ gell < (4.6)

gl

A
Thus our claim follows if Ay/||gkll is larger than a suitable threshold, independent
from k. Let us provide such a bound by estimating the value of Ay which guarantees
condition 7 (pr) > n. If this condition is fulfilled for the value of Ay fixed in Step 2
of Algorithm 3.1, then Ar/||gk|l = Cmin; otherwise, the trust-region radius is progres-
sively reduced, and we provide a bound for the value of Ay at termination of Step 3 of
Algorithm 3.1 in the case where ® (x; + pi) > mER( pi)- This occurrence represents
the most adverse case; in fact if ® (xx + pr) < mER(pk) then 7 (pr) > 1 > n and
the repeat loop terminates for a trust-region radius greater than or equal to the one
estimated below. Trivially,

O (xx + pr) — miR(px)

T g ) — R (o) “r
and
TR 1 2
D (xk + pr) —my - (pr) < E“F(xk + pr) — F () — J ) prell
HIF (xx + pr) — F () — J ) prel
I FCex) =y + J ) prel (4.8)
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14 S. Bellavia et al.

By (4.1) and the mean value Theorem [23, Theorem 11.1], it holds

IF G4 pr) — F ) — J o pill < el pell 1F (e + pr) — F o)l
< exyllprll®. (4.9)

Consequently, as Ay < Crnax|lgx |l

1
@i+ po) = m{R(pr) = 5 AFIF (o) = ¥l (e} Crag I F (o) = y1l +2)

Theorem 6.3.1 in [5] shows that

1 ) gkl
O (x) — miR(pr) > 5 ekl mmIA =t

k?
Il Brll
Then,
TR 1
D (xg) —my (Pk)EEAk”gk”, (4.10)
Il gl o
whenever Ay < —— and this implies
K
J
ck g Ap || F(x0) — ck3C2 || F(x0) — yll +2
| — (o) < kIl F (x0) = yII (e Crax | F (x0) — vl )

(43

Namely, termination of the repeat loop occurs with

Ak = lgkllow,
and
Sl 1 —n
w =min| —, 35 . 4.11)
K7 ek || F(xo) — yll (cx) Cax I F (x0) — ¥l +2)

Taking into account Step 2 and the updating rule at Step 3.3, we can conclude that, at
termination of Step 3, the trust-region radius Ay satisfies

Ag = min {Cpin, Yo} I8kl

Finally, by (4.6) A < X as

o1
< @ < max [— ] . (4.12)
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On an adaptive regularization for ill-posed nonlinear systems... 15

Theorem 4.3 Suppose that Assumptions 3.1 and 4.1 hold and § = 0. Then, the
sequence {xy} generated by Algorithm 3.1 converges to a solution x* of (1.1) such
that | x* — xt|| < p.

Proof Let k as in Assumption 4.1 and k > k. In Lemma 4.2 we showed that (4.4)
holds with 6 given in (4.5) and monotonically increasing. Then, an adaptation of the
proof of Theorem 4.2 in [16] gives that {x;} is convergent; the proof is repeated for
sake of clarity. Set o = c||xz —xT. Clearly, from Lemma 4.2 we have o > c||x; —xT
for all i > k. Moreover, using (4.1) we obtain

1T e Ok = x DI < (14 50) 1 (xi) = I, (4.13)

forall k > i > k. Letting ¢; = x; — x, from (2.9), (2.10) and (4.13) we obtain that
fork > j > k:

k—1
e = e )l = | D (@I + D7) = FGi), I (ke
i=j
k—1
ST 0D + 1D~ (5 = F@ I el

i=j

IA

k—1
1
<(1+50)> o IF @) =y 4 T O G = X [HILF () = yll-
i=j !

Thus, (2.16) and (4.4) yield

k—1 1
| <ej—exen>| =1 +5")ZE”F(’”) — ¥+ () (i — x|
. . 1
1=J
_ 2 2
< a(llejI* = llexl). (4.14)
_ (1+350)6;

where o =
2q(0; — 1)
function /(60 — 1) is monotonic decreasing. Then

and we have used 6 /(0 — 1) < 6;/(0; — 1) since the

2 2 2 2 2
ek —xjl° =2 < ex —ej, e > Flle;[I” — llexll” = Qog + DllejI” — llexl”).

Since the sequence {|| e ||} is bounded from below and monotonic decreasing, hence
convergent, it follows that {x;} is a Cauchy sequence, i.e. {x;} converges to a limit
point x*. By x; € Bp(xT) for k > k, it follows [x* — x| < p.

Finally, from Lemma 4.2 we know that A; < X and (6, — 1) /6 = (6 — 1)/6, for
k > k since the function (9 — 1)/ is monotonic increasing. Then, by (4.4) and (2.16)

2(6; — Dg?
12> 2 1 F ) — 1>

12—
9];)\

llxe — x [Xk41 —x
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16 S. Bellavia et al.

Thus we conclude that ||F(x;) — y|| tends to zero and the limit x* of x
solves (1.1). O

A similar result can be given for the noisy case. In the following lemma we prove
that for k < k < k4 (8), where k4 (8) is defined in (1.4), the trust region is active and the
scalars A; > 0 are bounded above. Successively, we prove that the stopping criterion
(1.4) is satisfied after a finite number of iterations and the method is regularizing as
the error decreases monotonically and the sequence {x,f* ( 5)} converges to a solution of
(1.1) as 8 tends to zero.

Lemma 4.4 Suppose that § > 0 and Assumptions 3.1 and 4.1 hold. Then, Algorithm
3.1 generates a sequence x,f such that, for k < k < k. (5),

i) the trust-region is active, i.e. iy > 0 and x° belongs 10 Ba,(x%) and to B, (x");
8 k 8 o\ Xp o
- ) ¥ B -
(i) flxpy —xTl < llxp — )_ﬂ II; )
(iii) there exists a constant A > 0 such that A, < .

Proof (1)—(ii) By (4.1) and (1.2) we get

b= r () = () (=)= o o= P () =7 () (=)

=otelp—sf] |y-rep

%t —xl‘—j”)S

il 8 8 )
relet s o - r ()]

5(1+c

Then, at iteration k, condition (1.4) gives

o)l o)

=\ el )l - r ()
- k)Y k

9

qt
Le(+ o)l = x|
2.2and Lemma 3.2 yield A > Ag with AZ > O strictly positive. Further, by Lemma 4.1

and (4.3) yields (2.7) atk = k with O =

> 1. Then, Lemma

condition (4.4) is satisfied with 6y = 6, and this implies ||)c]‘§+1 x| < ||x]‘zS —xT|land
consequently x1§+1 belongs to B, (xl‘g) andto B, (xT). Repeating the above arguments,
by induction we can prove that, for k < k < k,(8), condition (2.7) holds, A > 0, and
(4.4) is satisfied with 6, = ar

.Thus [|x8, , — xT|| < [xf — x|
L4+ )t — x| 1 k

and 61 > 6 fork < k < ky(8).
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On an adaptive regularization for ill-posed nonlinear systems... 17

(iii) Proceeding as in the proof of point (iii) of Theorem 4.2, just replacing x; with
x,‘z, we get that for k < k < k.(8), Ax < A with

_ { 1 1 ]
A <max{—, .
Y@ Cuin

where w is obtained replacing y with y® in (4.11). O

Theorem 4.5 Suppose that Assumptions 3.1 and 4.1 hold for § > 0. Then, for § > 0,
the iterates generated by Algorithm 3.1 satisfy the stopping criterion (1.4) after a finite
number k. (8) of iterations.

Moreover, suppose that the sequence {xi} generated with the exact data y satisfies
T (Xk1 — Xk) # n, for all k. Then the sequence {x,‘f* (5)} converges to a solution of
(1.1) whenever § tends to zero.

Proof Summing up from ktoky(8) — 1, by (2.16) and (4.4) it follows
ky (8)—1

he(®) -2 < > [Fad)

k=k

2

0z
k ﬂ” .

< 56 g |-

Thus, k. (6) is finite for 6> 0.

Convergence of xk 5 toasolution of (1.1) as § tends to zero is obtained by adapting
the proof of [12, Theorem 2. 3]. Specifically, let x* be the limit of the sequence {x}
corresponding to the exact data y and let {5, } be a sequence of values of § converging
to zero as n — oo. Denote by y% a corresponding sequence of perturbed data, and
by k, = k«(5,) the stopping index determined from the discrepancy principle (1.4)
applied with § = §,,. Assume first that k is a finite accumulation point of {k, }. Without
loss of generality, for the monotonicity of (1.5), we can assume that k, = k for all
n € N. Thus, from the definition of k,, it follows that

Hya" —F (x;j) H <15, (4.15)

By assumption, 7y (xg+1 — Xx) 7 7, for all k, it follows that for the fixed index k, the
iterate x]iz depends continuously on §. Then

W F (xi) — F(xp)  as8, — 0. (4.16)

Therefore, by (4.15), it follows that the k-th iterate With exact data y is a solution
of F(x) = y,i.e x* = = xj, and we can conclude that xk — x*as d, — 0.

It remains to consider the case where k, — 0o as n — 00. As {x;} converges to a
solution x* of (1.1) by Theorem 4.3, there exists k > 0 such that

1 -
g — x*|| < 7P forall k> k,
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18 S. Bellavia et al.

qr — 1
cl+1)’
zero and k. (8,) — oo, there exists §, sufficiently small such that k¥ < k,(6,) and

where p < min [ p]. Then, as x,‘z depends continuously on §, §, tends to

l_
Then, for §, sufficiently small
[ =) = | = x| + e - 2] = 5. 4.17)

Now, from item (i) of Lemma 4.4, it holds xl‘.j” € By, (x;-z”), while from (4.3) and

Theorem 4.3 it holds x* € By, (xg") as

*

o Ut R L

”xg” —X <2p.

Repeating arguments in Lemma 4.4, we use (4.1), (1.2) and (1.4) and get

b= r () = () (=)
<5+ Hy _F (xlf) —J (x;:) (x* _xgn)

* Sn _ S
< 8o+l =2 |y F (1))

|

* Sn * Sn Sn _ Sn
§(l+c‘x — X )S—i—c‘x xr Hy F<XIE)H
l—i—c‘x* —xis"‘
< k —i—c‘x*—x‘}" Hy‘s"—F(xis”)‘.
T k k
-1
Thus, by (4.17) and p < min [ %, 0 ] , it follows that the following counterpart
c T

of (2.7)
[Fad =+ 76D (=) = - [Fed =

qt
l+c(l+1)p
||x]‘§:’r T x*| < ||x]‘§” — x*|| and repeating the above arguments, by induction we obtain
monotonicity of the error ||x," — x*|| for k < k < k. Then

is satisfied at k = k with O = > 1. Replacing x with x*, (4.4) gives

*

< 5. (4.18)

Sn
[ —

@ Springer



On an adaptive regularization for ill-posed nonlinear systems... 19

Finally, since the previous arguments can be repeated for any positive € < p, provided
that §,, is small enough, we obtain that

x,f;’ — x* as 8, — 0.

O

We underline that the trust-region radius Ay selected in Algorithm 3.1 depends
continuously on § in a right interval of the origin whenever my (xg+1 — Xx) # 1,
for all k > 0. Under this assumption, the scalar A, implicitly defined by the trust-
region problem, depends continuously on § and this feature is crucial for proving that
the sequence {x,‘f* (5)} tends to a solution of (1.1) as § tends to zero. In the following
corollary, we show that, whenever the initial guess x is sufficiently close to a solution
of (1.1), it holds my (xx+1 — xx) > n and therefore the regularizing properties of our
trust-region method are valid under Assumptions 2.1 and 2.2. Then, the proposed
trust-region approach shows the same local regularizing properties of the regularizing
Levenberg—Marquardt method.

Corollary 4.6 Suppose that Assumptions 2.1 and 2.2 hold and § > 0. For § > 0, let
k«(8) be defined in (1.4).

If xq is sufficiently close to a solution of (1.1), then the sequence {x,i( 8)} converges
to a solution of (1.1) whenever § tends to zero.

Proof Theorem 4.3 implies that {x;} converges to a solution of (1.1). Using (4.7)-
(4.10) and || p || < Ak, it follows

1 2 2
56Ky B (CKJAk+||F(xk) - y||) ciey Ak (e g A} + | F(x) — yll)
B gl

1 —mp(pr) <

’

1
gAY
5 Allgll

while Ay < Cax [l g« || implies

L= m(pr) = 0y Cmax (cs A7+ 1F () = 1) -

By the convergence of {x;} to a solution of (1.1), the right-hand side of the above
inequality tends to zero. Hence, if x is close enough to a solution of (1.1) to ensure
1 — mx(pr) > n, for k > 0, Theorem 4.5 gives the thesis. |

5 Numerical results

In this section we report on the performance of the regularizing trust-region method
and make comparisons with the regularizing Levenberg—Marquardt method and a
standard version of the trust-region method. The test problems are ill-posed and with
noisy data, and arise from the discretization of nonlinear Fredholm integral equations
of the first kind
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20 S. Bellavia et al.

1
/ k(t,s,x(s))ds = y(t), tel0,]1]. 5.D
0

The integral equations considered model inverse problems from groundwater
hydrology and geophysics. Their kernel is of the form

_ (1t —s5)* +H’
k(t,s, x(s)) = log ((t o T (H x(s))z) , 5.2)
see [25, Sect. 3], or
Kt 5, x(5) = : 5.3)

JI+ (=92 +x(5)2

see [15, Sect. 6]. The interval [0, 1] was discretized with n = 64 equidistant grid
pointst; = (i — D)h,h =1/(n —1),i =1, ..., n. Function x(s) was approximated
from the n-dimensional subspace of H(} (0, 1) spanned by standard piecewise linear
functions. Specifically, welets; = (j —1)h,h =1/(n—1), j =1,..., n,and looked

for an approximation X(s) = >i_; £;¢,(s) where

§2 =5 . §—S8p—-1 .
— if 51 <5 <45 —— if 5,1 <s<s
P1(s)=1 h . . Pu(s) = h " ",
0 otherwise otherwise
and
sS—Sji-1 .
S AL sji—1 <s <sj,
h y .
. = Sji+1 — S . | — —
@;(s) j+ if sj<s<sjt1. j=2,...n—1.

0 otherwise

Finally, the integrals fol k(t,s, X(s))ds, 1 <i < n, were approximated by the com-
posite trapezoidal rule on the points s;, 1 < j < n. The resulting discrete problems
are square nonlinear systems (1.1) with unknown x = (xy, ..., 20T . We observe that
X(s;) = Xj; thus, the j-th component of x approximates a solution of (5.1) at s;.

Two problems with kernel (5.2) and two problems with kernel (5.3) were considered
and built so that solutions (later denoted as true solutions) are known. Concerning
kernel (5.2), the first problem is given in [25, p. 46]; it admits as true continuous
solutions the functions x4 (s) = c1e? (s+p1)? +cre® (s=p2)? +c34cq and X0 (s) =
2H — cledl(”"’l)2 - czedZ(S_”?)2 —c3 —cg where H = 0.2,¢c; = —0.1,¢p =
—0.075,d, = —40,d>, = —60, p; = 0.4, p» = 0.67, ¢3 and c4 are chosen such that
Xtrue(0) = X440 (1) = 0. The second problem was given in [27, p. 835] and it has true
continuous solutions X, (s) = 1.3s(1 —s) + 0.2 and x4 (s) = 1.35(s — 1).

The third and fourth problems have kernel (5.3); the former has solutions x4 (s) =
land x40 (s) = —1, s € [0, 1], see [15, p. 660], while the latter has the discontinuous
functions
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1 1

1 ifo0<s<-— —1 ifo0<s < -
Xtrue(s) = 1 2 y Xerue(s) = 1 2 (5.4)
0 if§<s§1 0 if§<s§1

as the true solutions, [15, p. 662].

The nonlinear systems arising from the discretization of the four problems are
denoted as P1, P2, P3 and P4 respectively, while xT € R" denotes a solution of
the discretized problems. Given the error level §, the exact data y was perturbed by
normally distributed values with mean 0 and variance § using the MATLAB function
randn.

All procedures were implemented in MATLAB and run using MATLAB 2014b on
an Intel Core(TM) i7-4510U 2.6 GHz, 8§ GB RAM; the machine precision is €,, ~
2x 10710, The Jacobian of the nonlinear function F was computed by finite differences.
The parameter g used in (2.4) and in (2.16) was set equal to 1.1/t and the discrepancy
principle (1.4) with T = 1.5 was used as the stopping criterion. A maximum number
of 300 iterations was allowed and a failure was declared when this limit was exceeded.

In the implementation of the regularizing trust-region method, Step 3 in Algorithm

1
3.1 was performed setting n = 7 y = 3 Then, in Step 2 the trust-region radius was
updated as follows

Ao = o |[Fxo) =y nmo=107", (5.5)
1
Mk ifgr <gq
Mgt = pirt |F (xf0) =% s = dur  ifqr >vg 50

Ik otherwise

IF () = ¥° + T ) el
IF ) = ol

ues for Ay were set t0 Apax = 10* and Ay, = 10712, This updating strategy turned
out to be efficient in practice and was based on the following considerations. Clearly,
A is cheaper to compute than the upper bound in (3.7) and preserves convergence to
zero as § tends to zero and a solution of problem (1.3) is approached. Further, Ay is
adjusted taking into account the g-condition and by monitoring the value gy ; therefore,
if the g-condition was not satisfied at the last computed iterate x,‘z, it is reasonable to
take a smaller radius than in the case where the g-condition was fulfilled.

The computation of the parameter A; was performed applying Newton’s method to
the equation

with g = ,and v = 1.1. The maximum and minimum val-

1 1
AN)=——— — =0, 5.7
YO =l T & 67

and each Newton’s iteration requires the Cholesky factorization of a shifted matrix
of the form By + Al [5]. Typically high accuracy in the solution of the above scalar
equations is not needed [2,5] and this fact was experimentally verified also for our
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test problems. Hence, after extensive numerical experience, we decided to terminate
the Newton’s process as soon as |Ax — [|[p(M)||] < 1072 Ay.

In our implementation of the standard trust-region method, we chose the trust-
region radius accordingly to technicalities well-known in the literature, see e.g. [5,
Sect. 6.1] and [23, Sect. 11.2]. In particular, we set Ay = 1,

1
M’ if me(pr) < —,
Agt1 = Ag, ifé—1 = m(pi) = r

min{2Ag, Amax}, otherwise,

with Apax = 10* and chose Apmin = 10712 as the minimum values for Ag.

Finally the Levenberg—Marquardt approach was implemented imposing condition
(2.4) and solving (2.14) by Newton’s method. In order to find an accurate solution for
(2.4) it was necessary to use a tighter tolerance, equal to 107>, than that used in the
trust-region algorithm.

Our experiments were made varying the noise level § on the data y®. Tables 1
and 2 display the results obtained by the regularizing trust-region algorithm with
noise § = 10™* and § = 1072 respectively. Runs for four different initial guesses
xo are reported in the tables. For problems P1 and P2 the initial guesses are
xo = 0e, —0.5¢, —e, —2¢ and xo = Oe, 0.5¢, e, 2e respectively, where e denotes

Table 1 Results obtained by the regularizing trust-region method and the regularizing Levenberg—
Marquardt method with noise § = 10~%* and varying initial guesses

Problem  xg RTR RLM
it |F —yll nf cf er er er er
Pl Oe 43 1.3e—4 44 5 55e—3 55e—3 4.5e-3 4.5e-3
—0.5¢ 63 1.2e—4 71 5 32e—2  79e—2  3.0e-2 7.le-2
—le 82  l.4e—4 9 4 34e—2  84e—2 4.0e—2 T7.2e-2
—2e 115 1.5e—4 138 4 34e—2  8.6e—2 29e—2  6.le—2
P2 Oe 54 1.2e—4 55 5 T4e—3  Tde-3 * *
0.5¢ 56  l.4e—4 59 5 l.le—2 1.3e—=2 * *
le 73 1.4e—4 84 4 1.0e—2 1.3e—2  7.3e—3  8.3e—3
2e 118 1.4e—4 138 4 9.3e—3 l.le=2 4.8e—3 4.8e—3
P3 x0(1.25) 35 l.4e—4 36 3 1.2e—2 1.2e—2  3.le—-3  3.le-3
x0(1.5) 43 1.4e—4 44 3 S5.1e—-2 5.1le—2 6.2e—2 6.2e-2
x0(1.75) 45 1.3e—4 46 3 3.2e—1 3.2e—1 3.1e—1 3.le—1
x0(2) 65 1.4e—4 71 3 4.6e—1  4.6e—1 38e—1 3.8e—1
P4 xo(1, 1) 68 1.5e—4 82 3 4.8¢—1 4.8e—1 * *
x0(0.5,0) 64 1.5e—4 75 3 4.9e—1 4.9e—1 4.7e—1 4.7e—1
x0(1.5,1) 69  1.5e—4 78 3 S.1e—1 S.le—=1 48e—1 4.8e—1
x0(1.5,0) 68 1.5e—4 78 4 5.2e—1 7.1e—1 5.1e—1  6.3e—1
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Table 2 Results obtained by the regularizing trust-region method and the regularizing Levenberg—
Marquardt method with noise § = 1072 and varying initial guesses

Problem  xq RTR RLM
it JF—yll nof cf e er er er
Pl Oe 20 1.5e—-2 21 6 1.9e—2 1.9e—-2 1.8e—2 1.8e—2
—0.5e 29 1.0e—2 30 6 2.2e—2 3.1e—1 2.1e—2 3.1e—1
—le 35 1.4e—2 36 5 3.6e—2 6.1e—1 3.3e—2 6.1e—1
—2e 40 13e—2 41 5 49e—2  1.2e+0  4.5e—2  1.2e+0
P2 Oe 30 1.4e—2 31 5 6.9¢e—3  13e—2 * *
05e 25 1.4e—2 26 5 1.7e-2 2.1e—1 * *
le 29 1.4e—2 30 5 3.8e—2 5.4e—1 1.3e—1 5.2e—1
2e 37 1.4e—2 39 5 5.5e—2 1.2e+0 2.2e—1 1.1e+0
P3 x0(1.25) 15 1.2e-2 16 4 1.5e—1 1.5e—1 1.5e—1 1.5e—1
x0(1.5) 17 1.4e—2 18 4 3.2e—1 3.2e—1 3.2e—1 3.2e—1
x0(1.75) 19 1.4e—2 20 4 5.0e—1 5.0e—1 5.1e—1 5.1e—1
x0(2) 22 1.5e—2 23 4 6.9e—1 6.9e—1 7.0e—1 7.0e—1
P4 xo(1,1) 17 1.4e—2 18 5 57e—1  57e—1 5.4e—1  5.4e—1
x0(0.5,0) 20 13e—2 21 4 55e—1  5.5e—1  * *
x0(1.5,1) 22 1.4e—2 23 4 5.1le—1 5.1le—1 5.0e—1 5.0e—1
x0(1.5,0) 26 1.5e—2 27 4 5.2e—1 8.8e—1 * *
the vectore = (1, ..., l)T. For problem P3 the initial guess was chosen as the vector

xo(a) with j-th component given by (xo(a)); = gu(s;) for j = 1,...,n, where
gu(s) = (4o + 4)s? + (4o — 4)s + 1, and sj being the grid points in [0, 1]. We
have used the following values of o, « = 1.25, 1.5, 1.75, 2. For problem P4 the ini-
tial guess xo(B, x) has components (xo(8, x)); = gg,(s;) for j = 1,..., n with
gsx = B — xsand (B, x) = (1,1),(0.5,0), (1.5,1), (1.5,0). In the tables we
report: the initial guesses (for increasing distance from the true solutions); the num-
ber of iterations it performed; the final nonlinear residual; the number of function
evaluations nf performed; the rounded average number cf of Cholesky factoriza-
tions per iteration. To assess the quality of the results obtained, we measured the
distance between the final iterate x,f* (5) and the true solution approached; in particu-
lar er = maxo<j<p—1 [Xrrue(s;) — (x,f*(a)) 71 is the maximum absolute value of the
difference between the components associated to internal points s; € (0, 1), while
er = maxi<j<pn [Xrrue(s;) — (x,f* (5)) ;1 is the maximum absolute value of the differ-
ence between the components associated to points s; including the end-points of the
interval [0, 1]. The symbol “x” indicates that either the procedure failed to satisfy the
discrepancy principle within the prescribed maximum number of iteration, or the final
x,f*( 5) Was not an approximation of one of the true solutions described above.

Tables 1 and 2 show that the regularizing trust-region method solves all the tests. By
Step 3 of our Algorithm 3.1, the difference between the number of function evaluations
and the number of trust-region iterations, if greater than one, indicates the number of
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Fig. 3 Regularizing trust-region (left) and regularizing Levenberg—Marquardt (right), true solution (solid
line) and approximate solutions (dotted line). Upper part P1,§ = 10*2, xg = Oe; lower part P3,8 = 10*2,
x0 = xp(a) = x0(1.25)

trial iterates that were rejected because a sufficient reduction on ® was not achieved.
We observe that in 20 out of 32 runs, all the iterates generated were accepted; this
occurrence seems to indicate that the trust-region updating rule works well in practice.

Further insight on the trust-region updating rule (5.5) and (5.6) can be gained
analyzing the regularizing properties of the implemented trust-region strategy. First,
we verified numerically that, though not explicitly enforced, the g-condition is satisfied
in most of the iterations. As an illustrative example, we consider problem P2 with
8 = 107* and xo = Oe and, in the left plot in Fig. 1, we display the values g; =
IF G = ° + T @) pell

IFGDH =3I

the value ¢ = 1.1/t =~ 0.733 fixed in our experiments, depicted by a solid line. We
observe that, even if we have not imposed the g-condition, it is satisfied at most of
the iterations. The plot on the right of Fig. 1 shows a monotone decay of the error
between x,f and x¥ through the iterations, which results to be in accordance with the
theoretical results in Theorem 4.4. The regularizing properties of the implemented
trust-region scheme are also shown in Fig. 2 where, for each test problem we plot the

at the trust-region iterations, marked by an asterisk, and
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Fig. 4 True solution (solid line) and approximate solutions (dotted line) computed by the regularizing
trust-region method (on the left) and the regularizing Levenberg—Marquardt method (on the right). Upper
part problem P2, § = 1072, xq = Oe; lower part problem P4, § = 1072, xg = xo(8, x) = x0(0.5, 0)

error ||x,f* @~ x| for decreasing noise levels; it is evident that, in accordance with
the theory, the error decays as the noise level decreases.

Let now compare the regularizing trust-region and Levenberg—Marquardt proce-
dures. On successful runs for both methods, the two methods provide solutions of
similar accuracy and such an accuracy increases with the vicinity of the initial guess
to the true solution; as an example Fig. 3 shows the solutions computed by the two
methods for problems P1 and P3 for § = 1072, On the other hand, for large noise
8 and initial guesses farther from the true solution, for both methods the accuracy
at the endpoints of the interval [0, 1] may deteriorate; for this occurrence we refer
to Table 2 and runs on problems P1 and P2. Concerning failures, in 7 runs out of
32 the Levenberg—Marquardt algorithm does not act as a regularizing method as the
generated sequence approaches a solution of the noisy problem. In Fig. 4 we illustrate
two unsuccessful runs of the Levenberg—Marquardt method; approximated solution
computed by the regularizing trust-region and Levenberg—Marquardt procedures are
shown for runs on problems P2 and P4.

The overall experience on the Levenberg—Marquardt algorithm seems to indicate
that the use of the g-condition is more flexible than condition (2.4) and provides
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Fig. 5 Problem P4, § = 1072, xo0 = x0(B, x) x0(1.5,0): true solution (solid line) and approx-
imate solution (dotted line) computed by the regularizing Levenberg—Marquardt method for values of
q = 0.67, 0.70, 0.73, 0.87

stronger regularizing properties. In order to support this claim, in Fig. 5 we report
four solution approximations computed by the Levenberg—Marquardt algorithm for
varying values of ¢, i.e. ¢ = 0.67,0.70,0.73,0.87. It is evident that the method
is highly sensitive to the choice of the parameter ¢ and the quality of the solution
approximation does not steadily improves as g increases.

We conclude this section considering the standard trust-region strategy. It is well-
known that the standard updating rule promotes the use of inactive trust-regions, at
least in the late stage of the procedure. Clearly, this can adversely affect the solution of
our test problems and our experiments confirmed this fact. In particular, for § = 1072
and problems P1 and P2, the sequences computed by the standard trust-region method
approach solutions of the noisy problem. The same behaviour occurs in most of the runs
with P1 and P2 and noise level § = 10~*. Conversely, the approximations provided by
the regularizing trust-region procedure are accurate approximations of true solutions
in all the tests. The approximations computed by the standard trust-region applied to
problems P3 and P4 are less accurate than those computed by the regularizing trust-
region although they do not show the strong oscillatory behaviour arising in problems
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Fig. 6 True solution (solid line) and approximate solutions (dotted line) computed by the regularizing
trust-region method (on the left) and the standard trust-region method (on the right). a, b problem P1,
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P1 and P2. In problem P4, this behaviour is evident when the second, third and fourth
starting guesses are used, while the approximation computed starting from the first
initial guess is as accurate as the one computed by the regularizing trust-region. This
good result of the standard trust-region on problem P4 with xo = xo(1, 1) is due
to the fact that the trust-region is active in all iterations and therefore a regularizing
behaviour is implicitly provided. As an example in Fig. 6 we compare some solution
approximations computed by the regularizing trust-region (left) and by the standard
trust-region (right) with § = 1072 applied to problem P1 (figures (a), (b)), P2 (figures
(c), (d)), P3 (figures (e), (f)) and P4 (figures (g), (h)).

6 Conclusions

We have presented a trust-region method for nonlinear ill-posed systems, possibly
with noisy data, where the regularizing behaviour is guaranteed by a suitable choice
of the trust-region radius. The proposed approach shares the same local convergence
properties as the regularizing Levenberg—Marquardt method proposed by Hanke in
[12] butitis more likely to satisfy the discrepancy principle irrespective of the closeness
of the initial guess to a solution of (1.1). The numerical experience presented confirms
the effectiveness of the trust-region radius adopted and the regularizing properties of
the resulting trust-region method. It also enlights that the new approach is less sensitive
than the regularizing Levenberg—Marquardt method to the choice of the parameter ¢
involved in the regularizations (2.4) and (2.16). Finally, numerical experience confirms
that the solution of the noisy problems may be misinterpreted by the standard trust-
region method.

Acknowledgments Work partially supported by INAAM-GNCS, under the 2015 Project “Metodi di
regolarizzazione per problemi di ottimizzazione e applicazioni”.

References

1. Behling, R., Fischer, A.: A unified local convergence analysis of inexact constrained Levenberg—
Marquardt methods. Optim. Lett. 6, 927-940 (2012)

2. Bellavia, S., Cartis, C., Gould, N.I.M., Morini, B., Toint, Ph.L.: Convergence of a regularized euclidean
residual algorithm for nonlinear least-squares. SIAM J. Numer. Anal. 48, 1-29 (2010)

3. Bellavia, S., Morini, B.: Strong local convergence properties of adaptive regularized methods for
nonlinear least-squares. IMA J. Numer. Anal. 35, 947-968 (2015)

4. Cartis, C., Gould, N.LM., Toint, Ph.L.: Trust-region and other regularizations of linear least-squares
problems. BIT 49, 21-53 (2009)

5. Conn, A.R., Gould, N.LM., Toint, Ph.L.: Trust-Region Methods. SMPS/SIAM Series on Optimization.
SIAM, Philadelphia (2000)

6. de Sturler, E., Kilmer, M.: A regularized Gauss—Newton trust-region approach to imaging in diffuse
optical tomography. SIAM J. Sci. Comput. 34, 3057-3086 (2011)

7. Fan, J.Y.: Convergence rate of the trust-region method for nonlinear equations under local error bound
condition. Comput. Optim. Appl. 34, 215-227 (2005)

8. Fan, J.Y,, Pan, J.Y.: A modified trust-region algorithm for nonlinear equations with updating rule for
trust-region radius. Int. J. Comput. Math. 87, 3186-3195 (2010)

9. Fan,].Y., Pan, J.Y.: Animproved trust-region algorithm for nonlinear equations. Comput. Optim. Appl.
48, 59-70 (2011)

@ Springer



30

S. Bellavia et al.

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Gasparo, M.G., Papini, A., Pasquali, A.: A two-stage method for nonlinear inverse problems. J. Comput.
Appl. Math. 198, 471482 (2007)

Groetsch, C.V.: The Theory of Tikhonov Regularization for Fredholm Equations of the First Kind.
Pitman Advanced Publishing Program, Boston (1984)

Hanke, M.: Regularizing Levenberg—Marquardt scheme, with applications to inverse groundwater
filtration problems. Inverse Prob. 13, 79-95 (1997)

Hanke, M.: The regularizing Levenberg—Marquardt scheme is of optimal order. J. Integral Equ. Appl.
22,259-283 (2010)

Henrici, P.: Elements of Numerical Analysis. Wiley, Chicester (1964)

Kaltenbacher, B.: Toward global convergence for strongly nonlinear ill-posed problems via a regular-
izing multilevel approach. Numer. Funct. Anal. Optim. 27, 637-665 (2006)

Kaltenbacher, B., Neubauer, A., Scherzer, O.: Iterative Regularization Methods for Nonlinear I11-Posed
Problems. Walter de Gruyter, Berlin (2008)

Kanzow, C., Yamashita, N., Fukushima, M.: Levenberg—Marquardt methods with strong local conver-
gence properties for solving nonlinear equations with convex constraints. J. Comput. Appl. Math. 172,
375-397 (2004)

Levenberg, K.: A method for the solution of certain nonlinear problems in least-squares. Q. Appl.
Math. 2, 164-168 (1944)

Macconi, M., Morini, B., Porcelli, M.: Trust-region quadratic methods for nonlinear systems of mixed
equalities and inequalities. Appl. Numer. Math. 59(5), 859-876 (2009)

Marquardt, D.: An algorithm for least-squares estimation of nonlinear parameters. SIAM J. Appl.
Math. 11, 431-441 (1963)

Moré, J.J.: The Levenberg—Marquardt Algorithm: Implementation and Theory. In: Proceedings of 7th
Biennial Conference, University of Dundee, Dundee, 1977, Lecture Notes in Mathematics, vol. 630,
pp. 105-116. Springer, Berlin (1978)

Morozov, V.A.: On the solution of functional equations by the method of regularization. Sov. Math.
Dokl. 7, 414417 (1996)

Nocedal, J., Wright, S.J.: Numerical Optimization. Springer Series in Operations Research. Springer,
New York (1999)

Toint, Ph.L.: Nonlinear stepsize control, trust regions and regularizations for unconstrained optimiza-
tion. Optim. Methods Softw. 28, 82-95 (2013)

Vogel, C.R.: A constrained least squares regularization method for nonlinear ill-posed problems. SIAM
J. Control Optim. 28, 34-49 (1990)

Vogel, C.R.: Computational Methods for Inverse Problems. Frontiers in Applied Mathematics. SIAM,
Providence, RI (2002)

Wang, Y., Yuan, Y.: Convergence and regularity of trust region methods for nonlinear ill-posed prob-
lems. Inverse Prob. 21, 821-838 (2005)

Wang, Y., Yuan, Y.: On the regularity of trust region-CG algorithm for nonlinear ill-posed inverse
problems with application to image deconvolution problem. Sci. China Ser. A 46, 312-325 (2003)
Zhang, J.L., Wang, Y.: A new trust region method for nonlinear equations. Math. Methods Oper. Res.
58, 283-298 (2003)

@ Springer



	On an adaptive regularization for ill-posed nonlinear systems and its trust-region implementation
	Abstract
	1 Introduction
	2 Regularizing Levenberg--Marquardt method for ill-posed problems
	3 A regularizing trust-region method
	4 Local behaviour of the trust-region method
	5 Numerical results
	6 Conclusions
	Acknowledgments
	References




