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Chapter 1

Introduction

The main aim in numerical optimization is to develop reliable algorithms to optimize (that is minimize
or maximize) a function. A general problem in optimization can be stated as follows.
Let A be a subset of some space and let

f: A — R

with ¢ € N, we want to solve

min f(z),

where f is called the objective function. Generally ¢ = 1, if ¢ > 1 the problem is a multi-objective
problem, that is we want to find a point that provides the best compromise among the different
functions.

In this course we will focus on the following setting, that is the most common one.

Let A be an open set of R™ and let

e ACR"

x = (z1,...,2,

R
f(x)

Il

)T

be a nonlinear and differentiable function.
We consider first unconstrained optimization problems, that is problems of the form:

min f(x),

and then constrained problems, in which x is not free to vary in R™ but needs to satisfy some (possibly
nonlinear) relations called constrains:

f(X)7

min
xER™,h(x)>0,9(x)=0

with h: R®" - R™, g: R — R, with p,m € N.

Examples Optimization problems are ubiquitous in real-life:
e Production: determine how many products of each type to assemble from certain parts to
maximize profits while not exceeding available parts inventory;

allocate production of a product to different machines, with different capacities, startup cost
and operating cost, to meet production target at minimum cost;
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determine which raw materials from different sources to blend to produce a substance with
certain desired qualities at minimum cost

Distribution: determine how many products to ship from each factory to each warehouse, or
from each factory to each warehouse and direct to each end customer, to minimize shipping cost
while meeting warehouse demands and not exceeding factory supplies

Loading: Decide which sizes or types of products to load into a vehicle, given its size limits, to
best meet demand or to minimize wasted space

Flights: determine which aircraft to fly on each route, and the sequence of segments flown by
each aircraft;

assign crews to different airline flight segments to minimize total cost while ensuring that a crew
”rotation” begins and ends in the same city or to maximize employees happiness;

for different classes of tickets, determine how many seats to sell or hold back as flight date
approaches

Gas: with forecasted but uncertain demand for gas or electricity, determine which contracts to
buy, and how much gas or electricity to store at different times while not exceeding the capacity

Agriculture: given forecasted crop prices and growing conditions, determine how much of each
crop to plant;

Diet: given the nutritional requirements for feed animals or humans and the price of available
feeds, find the blend of feed ingredients that will minimize total cost

Electric Power: given forecasted demand by period and operating cost for each generator, de-
termine which generators should be run in each time interval

Machine learning: training of neural networks

We will see more detailed examples in the following lessons.

1.0.1 What do we look for?

Ideally, we would like to obtain the global minimizer of the function, that is a point in which the
function reaches the lowest possible value (assuming f is bounded from below). In practice it is really
hard to reach such a point, and the usual methods used in optimization rather reach a stationary point,
a point in which the gradient is zero. In most cases this stationary point will be a local minimizer, a
point such that in its neighbourhood the function does not increase, but it is usually not possible to
exclude it to be a saddle point.

Definition 1.0.1. Let x* € A.

x* is a local minimizer or a local minimum point for f if it exists a neighbourhood 2 of x* such
that
f(x*) < f(x) Vx € .

f(@*) is a local minimum of f.
x* is a global minimizer or a global minimum point for f if
fx") < f(x) Vx € A.

f(x*) is a global minimum of f.
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e X" is a stationary point for [ if
Vfix*)=0.

gelobal maximum
\

1] Tocal ||\|;'.t|:||.| -

."/J\\ \\‘
U /7
/ i

local minims

=
global minimnm

Figure 1.1: Stationary points

1.1 Essential information for the optimization: derivatives
Most optimization methods require the access to derivative information to reach a minimum:

1. If f is differentiable in x (i.e. if there exist all the partial derivatives of f in x), the gradient of
finxis Vf(x) € R™
0f(x)
61‘1

0f(x)
oxy,

2. If f is two times differentiable in x, the Hessian matrix of f in = is H(x) € R™*"

Pix) ) (VW)T

0x10x1 0x10x, 0z,
H(x) = Hy(x) = : : = :

At (GRS (vﬁf(X))T

0x, 01 0x, 0, ox,

If f € C*(x) then H(x) is a symmetric matrix.

Based on the information they use, the optimization methods can be divided into two large classes:

1. first order methods: they use only information coming from first order derivatives, i.e. the

gradient. They are usually cheap, but slow in reaching a stationary point

2. second order methods: they use the gradient information and also the second-order informations
contained in the Hessian matrix. They are rather expensive and memory demanding, but can

reach a stationary point much faster.
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Remark 1.1.1. It exists also another class of optimization methods, called derivative free methods,
because they do mot use any derivative information. Not having any information of the decrease or
decrease of the objective function, these are methods that explore the space along random directions,
evaluate the objective function and move towards the point in which the function decreases. Examples
are direct-search methods, particle swarm, genetic algorithms. They need however a lot of function
evaluations and it is not suggested to use them if derivatives are available. Sometimes this is however
not the case, for example when the function is the result of a black-box computation. In this case
derivative-free optimization is the only possibility. We will not study these methods in this course.

1.1.1 Approximate the function using derivatives: Taylor’s theorem

Most optimization methods employs approximations of the nonlinear objective functions built with
polynomials. The theoretical foundation comes from the Taylor’s theorem. Let’s consider first the
simple case of a scalar function f: R — R.

Theorem 1.1.1. Taylor’s theorem (scalar version) Let k > 1 be an integer and let the function
f:R =R be k times differentiable at the point a € R. Then there exists a function hy : R — R such
that

am ) (g
1@) = s+ @) )+ E 0 —ap 1 oy e -,
and
;ilghk(x) =0.

This is called the Peano form of the remainder.
The polynomial appearing in Taylor’s theorem is the k-th order Taylor polynomial:

f"(a)
2!

7!

*) (g k) (g ,
f ()(x_a)kzzf ()(x_a)z

Py(z) = f(a) + f'(a)(z — a) + (z—a)?+ -+

=0

of the function f at the point a. The Taylor polynomial is the unique ”asymptotic best fit” polynomial
in the sense that if there exists a function hy and a k-th order polynomial p such that

F(@) = p(e) + (@)@ — a)F, L by () =0,

then p = Pg.
Taylor’s theorem describes the asymptotic behavior of the remainder term

Ry(z) = f(z) = Pr(x),

which is the approximation error when approximating f with its Taylor polynomial. Using the little-o
notation, the statement in Taylor’s theorem reads as

Ri(z) = o(|z — al¥), z —a.

Lemma 1.1.1. Lagrange form of the remainder Let f : R — R be k + 1 times differentiable on the
open interval with f(k) continuous on the closed interval between a and x. Then

£ (6)
(k+ 1)!

k+1

Ry(z) = (z —a)

for some real number & between a and x.
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If fis (k + 1)-times continuously differentiable on an interval I = (a — r,a + r) with some r > 0
and |f*+Y) (2)] < M in T, it holds
|1. _ a|k+1 Tk+1

(@)l < MG < MG

Exercise

e Find an approximation of the function f(z) = e® on the interval [—1, 1] ensuring that the error
in the approximation is no more than 107°.

e Plot the function in the interval and the Taylor polynomials of order 1 to 5. Observe how the ap-
proximation improves (cf. https://en.wikipedia.org/wiki/Taylor_series#/media/File:
Exp_series.gif oralsohttps://en.wikipedia.org/wiki/Taylor_series#/media/File:Logarithm_
GIF.gif).

Solution: The k-th order Taylor polynomial of f at 0 and its remainder term in the Lagrange form

are given by

P =1ta+ S bt D Ra) = g

T) = T+ =4+ — )= ——=x
» 2! K » (k+D1"
where £ is some number between 0 and z. Since e” is an increasing function, we can simply use e* < e
for x € [—1,1] to estimate the remainder.
We then see that

e|z|F+! e
(k+1)! ~ (k+1)" -T =7

so the required precision is certainly reached, when

| Ry ()] <

e
<1077 = e 10°<(k+1) = k>0
(k+1)! ¢ (k+1) =
(It holds 9! = 362880 and 10! = 3628800.) As a conclusion, Taylor’s theorem leads to the approxi-

mation )

9
ex:1+aj+%+..-+%+R9(]})7 |Ro ()| < 1077, —1<z<1.

For instance, this approximation provides a decimal expression e ~ 2.71828, correct up to five decimal
places.

1.1.2 Taylor’s theorem in n dimensions

This can be generalized to functions defined in R™. Assume f: R" — R.
Taylor polynomials in R™:

1. First-order Taylor polynomial: the best linear approximation of f in a neighbourhood of x. Let
feCYA) and let x,x + h € A with h # 0, we define

Ti(x,h) = f(x) + Vf(x)"h. (1.1)

2. Second-order Taylor polynomial the best quadratic approximation of f in a neighbourhood of
z. Let f € C?(A) and x,x +h € A with h # 0, we define

Tr(x,h) = f(x) + Vf(x)"h + %hTH(x)h. (1.2)


https://en.wikipedia.org/wiki/Taylor_series#/media/File:Exp_series.gif
https://en.wikipedia.org/wiki/Taylor_series#/media/File:Exp_series.gif
https://en.wikipedia.org/wiki/Taylor_series#/media/File:Logarithm_GIF.gif
https://en.wikipedia.org/wiki/Taylor_series#/media/File:Logarithm_GIF.gif
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Usually in R™ we stop at order two: higher order derivatives are difficult or expensive to evaluate and
are not used in practice.
In some proofs we will use the following formula related to the Taylor polynomials:

1. Zero-th-order Taylor formula with Lagrange form of the remainder. Let f € C'(A). Let
x,X +h € A with h # 0 such that the segment {x + th | ¢ € [0,1]} whose endpoints are x and
x + h is contained in A. Then it exists ¢t € (0,1), depending on x and h, such that

f(x+h) = f(x) + Vf(x+th) h.

2. First-order Taylor formula with Lagrange form of the remainder. Let f € C%(A). Let x,x+h €
A with h # 0 such that the segment {x + th | ¢t € [0,1]} whose endpoints are x and x + h is
contained in A. Then it exists ¢ € (0, 1), depending on x and h, such that

f(x+h)=f(x) +Vf(x)"h+ %hTH(x + th)h.

3. Third-order Taylor formula Let f € C3(A). Let x,x+h € A with h # 0 such that the segment
{x+th|te[0,1]} whose endpoints are x and x + h is contained in A. Then it exists ¢ € (0, 1),
depending on x and h, such that

f(x+h)~ f(x)+ Vf(x)Th+ %hTH(x)h

the rest depends on the 3rd order tensor

1.2 How do we recognise a minimum?

In order to practically implement an algorithm to find a minimum, we need to have some conditions
to be aware that we have reached the desired point. In this section we give necessary and sufficient
conditions for a point to be a minimum point. These conditions can be first or second order, depending
if they use only first order information (coming from first order derivatives, i.e. the gradient) or second
order ones (coming from second order derivatives, i.e. the Hessian matrix).

1.2.1 Necessary conditions

Necessary conditions are conditions that need to be satisfied in order to have a minimum.

Theorem 1.2.1. First order necessary condition
Let f € C*(Q) in a neighbourhood Q of x*.

x* is a minimizer for f (in Q) = Vf(x*) =0, i.e. X" is a stationary point for f.
Proof. We prove it by contradiction. Let us assume that V f(x*) # 0. Let
p=-Vfx)
the antigradient of f in x*, clearly p # 0. The function

9(x) =Vf(x)"p
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is such that
g(x*) = Vf(x)'p=-Vfx)Vf(x*)=—|Vfx)|* <0.

Then, as f € C’l(Q) and so g is continuous in €, it will remain negative in a neighbourhood of z*,
ie., it exists T € R,T > 0 such that Vt € [0, 7]

0> g(x* +1tp) = Vf(x* +1tp)"p. (1.3)
From (L.1)), V7 € (0,T), it exists ¢ € (0,1) such that
fx+7p) = f(x)+VIx'+ tr, p)lrp=fx)+rVix +tp)p < f(x)
=t'€(0,T) < 0 from
Then x* cannot be a minimum point for f, which leads us to a contradiction. O

This is just a necessary conditions, all minimizers are stationary points but not all stationary
points are minimizers, they may be maximizers or saddle points.

Theorem 1.2.2. Second order necessary condition
Let f € C%*(Q) for a neighbourhood Q of x*.

x* is a minimum point for [ (in Q) =  H(x") is positive semidefinite.

Proof. We do the proof by contradiction. Let us assume that H(x*) is not positive semidefinite, i.e.
that it exists p € R", p # 0 such that pTH(x*)p < 0. Let us define
9(x) == p" H(x)p,

it holds g(x*) < 0. Then, as f € C*(Q) and so g is continuous in €, it exists T' € R,T > 0 such that
vt € [0,T]
0> g(x* +tp) = p" H(x" +tp)p. (1.4)

From (1.2), V7 € (0,T), it exists ¢t € (0,1) such that
1
Jx'+mp)=f(x)+ V)T rp+o(p) H(X + T p)p =

’
= 0 from Theorem [[.2.1] =t'€(0,T)

* 1 * *
= f(x )+§7'2pTH(X +t'p)p < f(xY).
—_—
< 0 from (1.4))

Then x* cannot be a minimum point for f, which leads us to a contradiction. O

1.2.2 Sufficient conditions

In the following theorem we show a sufficient condition: if this condition is satisfied, we are sure to
have a minimum point. This is a second order condition: first order derivatives are not enough to
establish a sufficient condition.

Theorem 1.2.3. Sufficient second-order condition
Let f € C%(Q) for a neighbourhood Q of x*.

Vix") =0
H(x") is positive definite

= X" is a minimum point for f.
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Proof. As H(x") is positive definite, it exists a neighbourhood B = Br(x*) of x* such that ¥x € B
the matrix H(x) remains positive definite. Then for every p € R", V7 € (0,T) it exists t € (0,1) such
that

1
fx*+71p) = f(x)+Vfx) p+=(rp)TH(x*+ 1, p)7p =
———— 2
=0 =t'€(0,T)
* 1 2T * / *
= [X)+zrp Hx" +tpp > f(x%),
——
eB
| ——
>0

[\]

ie. f(x") is the minimum value taken by f in B, so x* is a minimum point for f. O

Remark 1.2.1. [t is in general expensive to establish if H(x*) is positive definite, as this requires the
computation of the eigenvalues of the matrixz. This condition is then usually not employed.

1.3 How do we find the minimum

In unconstrained optimization iterative algorithms are usually used to find a minimizer of f, that is
algorithms such that, starting from an initial guess xg € A, builds a sequence {xj }ren of points of A
converging to a stationary point x* € A.

in the hope of reaching a minimum, the optimization methods employs a sequence of descent
directions.

Definition 1.3.1. Directional derivatives
Let p € R™ and f differentiable in a neighbourhood of x. The directional derivative of f in x with
respect to the direction p is defined as

of fox +hp) = ()

o2 (3 = Jim P (1.5)
It holds 5
£<x> — Vf(x)"p.

Definition 1.3.2. Descent directions
A direction p € R™ is a descent direction for f in x if

of

() = V£9"p <0,

i.e., if the angle ¥ between p and V f(x) is such that 9 € (g,ﬂ'} .

If Vf(x) # 0, we can always find a descent direction: that of the antigradient —V f(x). From
(1.5) it follows that if p is a descent direction, then it exists h > 0 such that
f(x+hp)— f(x) <0 VYhe(0,h).

The sequence built will then satisfy the simple decrease property:

F(xk41) < f(xx)

(or, as it happens in nonmonotone algorithms, that satisfies a condition such as f(xx+m) < f(xx) for
m > 2 fix). In this way x* will surely not be a maximum point, but in unfortunate cases it may be a
saddle point, there is usually no guarantee of convergence to a minimum, as the sufficient condition
is usually not checked.
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f(z)

tf (w1) + (1 =) f (x2) <
fltzr + (1 —t)wg) >

T try + (1 - t).’Eg T2

Figure 1.2: Convex function

1.4 A special class of functions: convex functions

Convex functions are function with very desirable properties, which make minimizing them easier.
Let A be a convex subset of a real vector space and let f: A — Rf : X — R be a function.

e fis conver in Aif Vx,y € A
flx+ (1 =t)y) <tf(x)+ (1 -)f(y), Vte[01].
o fis strictly convexr in AifVx,y € A, x#y
fiax+ (1 -t)y) <tf(x)+ (1 -1 f(y), V¥te(0,1).
o fis strongly convex with parameter m > 0 if the following inequality holds for all points x,y € A

F(9) 2 () + V()T (v =) + 5 ly = x|

The concept of strong convexity extends and parametrizes the notion of strict convexity. A strongly
convex function is also strictly convex, but not vice versa. Intuitively speaking, strong convexity
means that there exists a quadratic lower bound on the growth of the function.

Lemma 1.4.1. Let A be a convex subset of R™. Suppose the function f : A — R is twice differentiable
over A. Then, the followings are equivalent:

(i) f is convex.
(ii) f(y) = f(x) + Vf(x)"(y = x), for all x,y € A.
(i4i) V2f(x) = 0, for all x € A.

Lemma 1.4.2. Let A be a convex subset of R™. Suppose the function f : A — R is twice differentiable
over A. Then:
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Convex Non-convex

Figure 1.3: Minima of convex functions

(i) f is strictly convex if and only if f(y) > f(x) + Vf(x)T(y —x), forallx,y € A, x #y.
(i) V2f(x) = 0, for all x € A implies f strictly convez.

Remark 1.4.1. The converse of condition (ii) in Lemma is not true: for example, the function
f:R =R given by f(z) = xt is strictly convex but has zero second derivative at x = 0.

Theorem 1.4.1 (Convexity along lines). A function f : R™ — R is convez if and only if the function
g:R — R given by g(t) = f(x+ty) is conver (as a univariate function) for all x in the domain of
f and ally € R™.

Let’s prove some properties of convex functions, that do not hold for generic non-convex functions.

Lemma 1.4.3. Minima of convex functions. If f is convex, then every local minimum point for f is
a global minimum point.

Proof. Let x be a local minimum point for f and let us proceed by contradiction. Assume that x is
not a global minimum, i.e. that it exists y € A such that f(y) < f(x). Then, Vt € [0, 1)

flx+ (1 =t)y) <tf(x) + (1 =) f(y) <tf(x)+ (1 -1)f(x) = f(x).

Then f has lower values in the points of the segment that connects x with y (except the point x)
than in x, so x cannot be a local minimum point for f. [

Lemma 1.4.4. Minima of strictly convex functions. If f is strictly convex it has just one minimum
point.

Proof. Let x be a minimum point for f and assume, by contradiction, that it exists another minimum
point y. From Lemma all the minima points of f are global minima, so f(x) = f(y). Then
vt e (0,1)

flx+ (1 =t)y) <tf(x)+ 1 -1)f(y) =tf(x) + 1 = 1)f(x) = f(x).

Then f has lower values in the points of the segment that connects x with y (except for the endpoints)
than in x. Thus x cannot be a minimum point for f. O

Notice that if the function is convex but not strictly convex, it can have multiple minima, cf.

Figure [[.3]
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1.5 Quadratic functions

A quadratic function is a function of the form
g: R — R X . .
x — q(x)= ixTAx ~bTx = 3 121 LT — ;biwi,

with A € R™*" symmetric, b € R".
Remark 1.5.1. We can easily compute the gradient and Hessian for a quadratic function:

e Vg(x) = Ax —b.

e H(x)=A.
Definition 1.5.1. ¢(x) is positive definite if A is positive definite.
Theorem 1.5.1. A quadratic function that is positive definite is a strictly convex function.

Theorem 1.5.2. A positive definite quadratic function q(x) has a unique minimizer x*, that is the
unique solution of the problem

Ax = b.

Proof. As q(x) is strictly convex, ¢(x) has at most one minimizer. The Hessain matrix of ¢(x) is A
and it is positive definite, so from Theorem [1.2.3| and Theorem it holds

x* is a minimizer of ¢(x) <= x" is a solution of V¢(x) = 0,

ie.
x* is a minimizer of ¢(x) <= x" is a solution of Ax = b.

A is positive definite and therefore invertible, so the problem Ax = b has a unique solution. O

Practice time

Along all the course we will implement and the test the methods we study on practical problems. Our
first test problem will be the Rosenbrock function. In mathematical optimization, the Rosenbrock
function is a non-convex function, introduced by Howard H. Rosenbrock in 1960, which is used as a
performance test problem for optimization algorithms. The global minimum is inside a long, narrow,
parabolic shaped flat valley. To find the valley is trivial. To converge to the global minimum, however,
is difficult.

The n-dimensional function is defined by

which in 2 dimension becomes

flz,y) = (a—x)* + by — 2*).

Usually these parameters are set such that « = 1 and b = 100, in this case it has a global minimum
at x =[1,..., 1], where f(x) = 0. Only in the trivial case where a = 0 the function is symmetric and
the minimum is at the origin.

Let’s get the code of this test problem ready for the next times:
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a) For generic n, write some functions to compute the value of the function, the gradient and the
Hessian matrix.

b) For n = 2, write a function to plot the function and its level curves.



Chapter 2

Iterative methods

In unconstrained optimization iterative algorithms are usually used to find a minimizer of f, that is
algorithms such that, starting from an initial guess xg € A, builds a sequence {xj }ren of points of A
converging to a stationary point x* € A. To reach a minimum, the optimization methods employs a
sequence of descent directions di and define at each iteration k

Xp41 = Xp + apdy

where «y, is called the step length.
If « is small enough, we have that from Taylor’s theorem that the simple decrease property is
satisfied:
f(Xry1) < f(xx)-

The simple decrease property ensures x* not to be a maximum point, but in unfortunate cases it
may be a saddle point, there is usually no guarantee of convergence to a minimum, as the sufficient
condition is usually not checked.

2.0.1 Examples of descent directions

Direction of steepest descent

The steepest descent direction for f in xj is

Pt = —Vf(xk).

The direction pr = —V f(xx) is called of steepest descent for f in x; because it is the direction in
which, starting from xj, the values of f decrease the fastest. Indeed the direction of steepest descent
is the one that minimizes the directional derivative of f in xj:

of T
—(xx) =V f(x = V£f(x cos 1Y,
8p( k) =Vfxk)'p = IV f(xi)ll[pll
9 € [0, 7] is the angle
between V f(xy) and p
If we assume, without loss of generality, that ||p|| = 1, the direction that maximises the decrease is
the one that minimizes cos ¥, so it must be such that ¥ = 7 and so
o= —Vf(xk)
IV.f (i)l
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An advantage of the steepest descent method (the one that uses this direction) is that it requires
just the computation of the gradient of f at each iteration, and not that of the second order derivatives.
However the convergence is generally really slow (it requires a large number of iterations to reach a
stationary point).

Gradient or steepest descent method
Given xg, toll > 0, set £k = 0.

While ||V f(xg)]| > toll
1. Compute the search direction pp = —V f(xx).
2. Choose ay.

3. Set X141 = X + Pk

4. Set k=k+1

Newton’s direction

Let us consider the quadratic model of f in x, deriving from the second order Taylor’s polynomial:

i (p) = £ (i) + V() "B+ 5p7 H(x0)p,

and let us assume H(xy) to be positive definite.

Newton’s direction py is the minimizer of my(p), i.e., being my(p) a positive definite quadratic
function, it is the solution of Newton’s system

H(xp)p = =V f(xp). (2.1)
The analytic expression of Newton’s direction is then
P = —H(xx) 'V f(x).

Remark 2.0.1. Note that in practice H(xy) is never explicitly inverted to compute such a direction,
Newton’s system is rather solved, because linear equation solution is faster and produces less round-
off error than inversion and multiplication. This is particularly evident when the dimension of the
problem is large.

Thanks to the fact that H(xy) is positive definite, we have not only that H(xy) is invertible, so
Newton’s system has one and just one solution, but it also holds that p{cv is a descent direction, as

VI B = V)™ (= Hxe) TV Fxk)) = = (x0)TH (1) 7V F () < 0,

because H(xy)~! is positive definite.

If H(x}) is not positive definite, not only p) may not be well-defined (H(x;) may not be invertible
and so may not have a unique solution), but even if p}' is well-defined, py may not be a descent
direction.

Methods based on Newton’s direction are usually characterized by fast local convergence (they require
few iterations to converge), but they are expensive as they require not only the computation of H(xy)
at each step, but also the solution of the linear system that may be expensive if the size of the
problem is large.



23

Newton’s method
Given xg, toll > 0, set £k = 0.

While ||V f(xg)]| > toll
1. Compute the search direction solving Hypr = —V f(xg)-
2. Choose oy

3. Set Xp41 = X, + Pk

4. Set k=k+1

Quasi-Newton directions

Let us consider a quadratic model for f:

mi(p) = f() + VI (x0) D + 507 Bip,

where By, =~ H(xy) is a SPD ( symmetric positive definite) matrix.
Quasi-Newton direction py is the minimizer of my(p), i.e. is the solution of quasi-Newton system

Bip = =V f(x);
the analytical expression of the quasi-Newton direction is

peY = —B 'V f(xy).

Quasi Newton method .
Given X, toll > 0, inverse Hessian approximation By, set k = 0.

While ||V f(xx)|| > toll
1. Compute the search direction pj, = —BV f(xz).
2. Choose oy

3. Update the Hessian approximation: choose Bk+1

4. Set k=k+1

2.0.2 What do we expect from an optimization method?

What we usually expect from an optimization method is its convergence:
lim |V f(xi)l| = 0. (2.2)
k—o0

A critical choice for optimization algorithm is the starting guess: usually such algorithms have
problems to converge when the starting point is far from the true solution and often there are not
a-priori information available to choose a starting point. A very desirable property is then the global
convergence. An algorithm is said to be globally convergent, if is guaranteed for any initial guess
Xg, independently of the proximity of xg to x*.

Remark 2.0.2. Very important! Global convergence does not mean convergence to a global minimum!!
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Ideally we would also like to prove convergence of the generated sequence:

lim x = x",

k—o0
this is usually difficult to prove and it is a result established only for initial guesses close enough to
the true solution. Methods that are convergent just for initial guesses close enough to a minimum are
said locally convergent.

2.0.3 Practical choices

The stopping criterion In practice the algorithm is stopped when a suitable stopping criterion
is met. The stopping criterion is usually based on the norm of the gradient. As we want to reach
a stationary point, we want to be satisfied, so, given a positive tolerance € > 0, the method is
stopped as soon as ||V f(xk)|| < €. The magnitude of the tolerance depends on the specific applica-
tion. Usually in classical applications this can be 107¢,1078, in machine learning applications higher
tolerances are used (107%,107%).

The step length The choice of the step length is critical for local optimization methods. If the
step-length is too large the method may not be able to converge. On the other hand, if the step length
is too short the method may take a large number of iterations to reach a solution. When the Newton
method converges, it is desirable to choose aj = 1, usually lower step-length are necessary to ensure
convergence of the gradient method. There exist some strategies to make a wise choice, which can
for instance make a local method globally convergent: line-search and trust-region strategies. These
guarantee a step length that is not fixed, but is dynamically adapted through the iterations. In the
following we will focus on line-search strategies.

2.1 How fast can we reach the solution? Rates of convergence

Let {xj}ren be a sequence of elements of R"™ converging to x*. The speed at which a convergent
sequence approaches its limit is represented by its order of convergence and by its rate of convergence.
The sequence is said to have order of convergence ¢ > 1 and rate of convergence p if

B e e

1 _—
oo g —arle F

e The sequence is said to converge linearly if it exists r € (0, 1) such that

_ *
lim Xkt — %7 —

k—+o00 ||Xk — X*H

e The sequence is said to converge superlinearly (faster than linearly) if

_ *
m =X
k—+o0 kafx*H

e The sequence is said to converge sublinearly (slower than linearly) if

_ *
i X =X

k—too ||xi — x*||
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e The convergence is said to be quadratic if it exists M > 0 such that

_ *
ks —x"N
k—+o0 ||Xk — X*”2
e In general, given p > 1, the sequence is said to converge with order p if it exists M > 0 such
that .
i P =X
k—too ||xp — x*||P

In particular, convergence with order

— p =1 is called linear convergence,
— p = 2 is called quadratic convergence,

— p = 3 is called cubic convergence.
If the convergence is linear it means that
Xk = x| < rllxp — X7

for all k large enough. This means that (asymptotically) the distance of the solution approximation
from the solution at step k + 1 (||xx4+1 — x*||) is lower than a fraction of the distance of the solution
approximation from the solution at the previous step (r||xx — x*||): at each iteration this distance is
decreased and the rate at which it is decreased depends on r, if r is close to one the decrease is really
slow.

Usually the cost of a method is directly proportional to the speed of convergence: generally an
expensive method (for which a single iteration is expensive to compute) has a higher rate of convergence
and requires less iterations to converge. For example methods based on Newton’s directions enjoy a
quadratic local rate of convergence. Quasi-Newton methods are less expensive then Newton’s method,
but this is paid with a slower superlinear convergence.

2.2 Convergence of gradient method

Many results can be established about the convergence of gradient method, depending on the assump-
tions we make on the function. We report here a result for smooth-strongly convex functions.
A function f:R"™ — R is said to be

1. L-smooth if V f is Lipschitz continuous with Lipschitz constant L:

IVix) =Vl < Lix—yl
for all x,y € R".
2. u-strongly convex if
1) = F() = V()T (x = y) + Sl =y (2.3)
x,y € R".

In many convergence results the function is assumed to have a Lipschitz gradient. This is a
smoothness assumption: if f is Lipschitz continuous it means that the gradient is bounded from
above, so the slope of the function cannot change abruptly. If the gradient is Lipschitz continuous
the Hessian is bounded in norm from above by some L, which is typically a reasonable assumption to
make.
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Lemma 2.2.1. Let f : R® — R a twice differentiable function. If f is L-smooth, then the two
following relations hold for all x,y € R™:

F) < F3) + VI~ y) + 2 Ix — v, (24)

F) — Fx) < 5 197 (25)

Proof. Using the first order Taylor expansion of f(x) we have that
69 = f0) + | iy ik ) (- ) de
=)+ VI x-y)+ /Ol[Vf(y +ix—y) - V)] (x—y)dt
< F3)+ VIO -+ [ ISy + b - 3)) ~ VIl - ]
<F0)+ VI x -y + L [ Sl yP d
= F3) + VI (= y) + 2 Ix v
To prove the second point we use on x — %v f(x), obtaining

F(x £9760) < 760 - 1976079760 + 5 £ 9760

= 60 = 5 IVFGII

The result follows by considering that f(x*) < f(x) for any x.
O
Theorem 2.2.1. Let f : R" — R a twice differentiable function, L-smooth and p-strongly convez.
1
Let x* be the global minimum of f. Given xo € R"™ and 7 > a > 0, the iterates

Xk+1 = Xk — OtVf(Xk) (26)

converge according to
k1 — %) < (1 —ap)*Hxo — x|

Proof. From ([2.6) we have that

%41 = X2 = [Jxp, = x* = aV f(xp)]]?

= flxk = x"[1? = 20V £ (x)7 (1 = x*) + 02|V £ ()2
—~
<
(1 - ap)llx, — %717 — 2a(F(xi) — F(x)) + 202L(f(xx) — F(x7))

= (1= ap)llx, = x*|* = 2a(1 = aL)(f(xx) — f(x7)).

[

(1= ap)llxi — x| = 2a(f (xi) = f(x)) + o®[|V f (x2)|®

B
(%1l
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1
Since I > « we have that —2a(1 — «L) is negative, and thus can be dropped to give

st — 7 < (1= ap)x, — x|

The thesis can be obtained unrolling the recurrence.

2.3 Convergence of Newton’s method

What is usually called the "pure Newton’s method” is based on the following iterative scheme:

Given xg
Xpt+1 = Xk + Ph
As shown in the following theorem it is a locally convergent method, and the local rate of convergence

is quadratic. This is not a globally convergent method and it can be made so by coupling it with a
line-search strategy, as we will see in the next chapter.

Theorem 2.3.1. Local convergence of Newton’s method. Let x* be a minimizer for f, Q be a neigh-

bourhood of x*, f € C*(Q), H(x*) positive definite and H(x) Lipschitz continuous in Q with Lipschitz

constant L.

It exists p > 0 such that if xo € B,(x™) then the sequence {x;} built by Newton’s method is well-defined
converges to X* quadratically and |V f(xx)|| converges to 0 quadratically.

Proof. By assumption it exists r > 0 such that Vx € B,(x*) H(x) is positive definite (so invertible)
and it holds (see TD2)
1 () 7| < 2[1H (x) 7. (2.7)

We can assume B,.(x") C Q.
If x; € B,(x*) then

X1 =X = X+ PR =X =X =% — H(x) V() = H () (H ) e = x7) = VFxe))
=0

—
= Hx) ™ (Hx) (0 = x°) + T () =V f(x1) )
Because
VH) = V0 = [V " =xu))] ) = [ Bkt = w0 =)
we have

Xpp1 — X* = H(xp) ™! (H(xk)(xk —x") —|—/0 H(xp +t(x* — xx))(x" — xx) dt)

— ) (B —x) - [ " H (s 416" — 30 3k — ) )

does not depend on t

— H(xp)"! /01 (H(xk) — Hi(xp + t(x" — xk))> (xp, — x*) dt.

We can build it because H(x}) is positive definite for each k € N.



28 CHAPTER 2. ITERATIVE METHODS

Passing to norms we obtain that

Xpp1 — X7 < || H (x) 7! / X +H(x* —x )X—X*dt <
sy ' < [ (xe) ||H Hie + 1" —x0))) (e = x) | <
&
< 2HE) H / HG 10 =) o = ) |
< 2H(x 1||/ HH x) = H(xi, + t(x" = x1))| Ik = x| dt
= 2 H(x) Il — x| / | oxk) = H (x4 (x" = x0)) | at
0
1
< 2||H(x*)_1||ka—x*||/ Lk = e+ tx” = ) | at
0
1
*\—1 * *
= 2LHE) T = [ =t =) at
—_————
we call this L
~ 1 ~
= 2L|x; — x*|? / tdt = Llx, — x*||
0
=[],=4
We have proved that if x; € B,.(x*) then
I s1 — x| < Lfjxi = x| (2.8)
1)
Let p=min<r, — ;.
2L
Let us assume that xg € B,(x"). Because xo € B,(x") C B,(x"), it follows
p<r
Ixi—x < Llxo-x"IP < Lp? < 1
>~ 0 = = ) )
p<E=1Ip<}
1
ie., x1 € B,(x"). Because x; € B,(x*) C B,(x"), analogously it holds ||x; — x*| < PIZ ie.,
~

p<T
X2 € B,(x"), and so on. Then by induction we have that

X € B,(x) Vk € N.

This ensures that the sequence {x;} built by Newton’s method is well-defined because the matrices
H (xy,) are all positive definite from (2.7)). Moreover, from (2.8)

ki1 — x*|| < Lljxp — x*||>  VkeN. (2.9)
Then Vk € N

e = x| < Lo = x| < Lpllxy —x7|

<
N 2

M
hz"“
™
A~}
IA
Wl
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i.e. 1
s = %0 < ke — x| vk eN

and so

2 k
1 1 1
—x*| < = —x* < (= —-x*| < ... - —-x*| —
=< < gl =1 < (5) e =xl << (5) Xl g o

The sequence {xj} converges then to x* and from (2.9) we have that the convergence is quadratic.
As 2* is a stationary point by assumption, the sequence {||Vf(xx)||} converges to 0 by continuity.
We remark that

IVF i)l = IV F (rsr) = (Hx)p + V) | = 1V (xks1) = V() — H(xi)py |-

Because

t= t= 1
Vf0) = Vi) = [VH 0+ s =) ) = [VHGs+ 0] = [ ol a
we have
1 1
197G = | [ oo miot - mopd | = | [ (0 i) - 00 ol at
0 S—— 0

does not depend on t

1 1
< / | H(x + tpl) — Hexo) o] dt = o] / | H (x, + tpl) — H (x| dt

IN

1 1
o8 [ e+ tpY =l at = Lo | [ end | a
1 1 1
Ll [ tde = SLlp P = SLIHG) SOl
N

-2,
2 0 2

1 n—
S LA RV )
&7
= 2L VG = MV xo)]

IA

S EIH G PV £ e P

Because M does not depend on k, we have proved that it exists M > 0 such that Vk € N
2
IVFxea) | =0 | < M| IVF(xx)] -0,

i.e. the convergence of {||Vf(xx)||} to 0 is quadratic. O

Practice time

Implement the steepest descent and the Newton’s method. Use them to minimize the Rosenbrock and
the Rastrigin functions. First try the initial point xq = [1.2, 1.2}T and then the more difficult point
xo = [-1.2,1]%.
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Plot the relative error

CHAPTER 2. ITERATIVE METHODS

e — x|

|||

with x, the computed solution and x*the true solution), the

objective function, the norm of the gradient vs the number of iterations.

How many iterations does Newton’s method require if a, = 17 And if a; = 0.57 Can you
explain this?

Does the gradient method converge?
Generalize now to the n-dimensional case, n > 2. Does Newton’s method still converge? Why?
Compare the computational time for the two methods.

For Newton’s method, compare the computational time for x=x-linalg.solve(H,g) and x=x-
np.matmul(np.linalg.inv(H),g) (take n > 1000)
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Line-search strategies

In this chapter we will introduce and analyse the line-search methods for nonlinear optimization
problems.

In line-search methods first of all a descent direction pg is chosen, it may be the gradient, newton’s
or quasi-Newton direction, for instance. Then, the iterative scheme is as follows:

Xk+1 = Xk + QkPk,

a step is taken in the selected direction from the current point x; whose length is a, > 0. We call apy
the step, pr the step direction and ayj the step length. The crucial operation in line-search methods
is then the computation of the step-length, for which we have to face a tradeoff. We would like to
choose aj, to have a substantial reduction of f, but at the same time we do not want to spend too
much time making this choice. Ideally, one should choose ay > 0 that minimizes p(a) = f(xx + apk),
but to do that a minimization problem in R has to be solved at each iteration (find the points « such
that ¢'(a) = 0). This would make the algorithm too expensive, except in some exceptional cases, as
the one introduced in the following section. Different strategies are then used to make this choice in
the general case, as we will see later.

3.1 Steepest descent method for quadratic functions

When using line-search strategies it is in general too expensive to choose oy, solving the minimization
problem
i 3.1

min p(a) (3.1)
with p(a) = f(zr + apk), given the current iterate z; and a descent direction py. In particular cases
the solution of this minimization problem can be computed analytically, and so the optimal value can
be employed in a cheap way. This is the case when the steepest descent direction is used for quadratic
functions. In case the exact minimizer of (3.1) is used, the line-search is said to be ezact, it is said to
be inezxact if an approximation is used instead.

Let us consider the positive definite quadratic function

qg: R* — R

1
x — gq(x)= ixTAx —b’x.

31
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We know that x* is a minimizer for ¢(x) if and only if V¢(x*) = 0.
We choose the steepest descent direction

pr = —Vq(xi) = —(Ax, — b) := —gy,
and we use the line-search method
Xk+1 = Xk + 0Py = Xk — k8-
In this particular case it is possible to choose aj € R that exactly minimizes
1
pla) = q(xx + apr) = q(xi — agr) = 5(x, — agr)T A(xy, — agr) — (xk — agr)"b.

The minimizer can indeed be analytically computed. Performing the computations and by remarking
that

x; Agr = (xi Agr)” = gi ATxy, = giAxy,
——— ~~
R A is symmetric
we obtain that
1 1
pla) = SeiAgea’ —xj Agra + bl gia + oxAx, — x(b =

1 1
= gerAge’ —glgka + X Axg —x;b,

1
i.e., p(«a) is a parabola with branches pointing up, since iggAgk > 0, as A is positive definite. Then

the minimizer of ¢(«) is « such that

0=¢'(a) =gl Agra — g} g,
that is . )
ge8r _ [Vats)l
g Agr  [[Va(xe)l%’

having defined Vy € R", VA € R™*"™ SPD the energy norm ||y||% = y” Ay. Remark that a;, > 0: that
means that we will go along the direction pg, and not in the opposite one.

Qp =

We derive then the following algorithm for the steepest descent method or gradient method.

Algorithm for gradient method (first version)
0. Given xg, 4, b, toll

1. Compute gog = Axg — b

2. For k=0,1,...

8 8k

gl Agr
2. Set Xp+1 = Xgp — QL8

1. Compute a =

3. Compute gr+1 = Axx41 — b
4. Tf ||gr+1]| < toll return x4 and stop.
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At each iteration two matrix-vector products are performed: Agj and Axy41. The algorithm can
be improved to require just one matrix vector product at each iteration, thanks to the fact that

gr+1 = AXk+1 —b= A(Xk - akgk) —b= AX]€ - O(kAgk —b= gr — OzkAgk.

We derive then the following optimized version of the algorithm.

Algorithm for gradient method (optimized version)

0. Given xq, 4, b, toll

1. Compute go = Axg — b

2. For k=0,1,...
1. Compute ry = Agy
T
2. Compute ap = g,;gk
8i Ik

w

. Set Xp41 = X — A8k

=~

. Compute gi1 = gr — ATk

Ut

. If ||gr+1]] < toll return xj41 and stop

This algorithm has then a really low per-iteration cost. The memory consumption is also low: at
each iteration it requires to memorize the vector g, and no matrices.
The convergence is on the contrary slow: we can prove the following results, which state the linear
convergence of the method.

Theorem 3.1.1. When the steepest descent method with exact line searches is applied to the strongly
conver quadratic function (3.2)), the error norm satisfies
s — x4 _ ha(4) — 1
Ixk = x*[la T k2(A)+ 17

where ko(A) is the condition number of A in the 2-norm. E|

Theorem 3.1.2. Suppose that f : R™ — R is twice continuously differentiable, and that the iterates
generated by the steepest descent method with exact line searches converge to a point x* where the
Hessian matriz H(x") is positive definite. Then

o) = 10 < (2T ) (o) = )

1ko(A) = ||A]j2]]A1||2. Being A SPD, if o(A) = {A1,..., A} is the spectre of A with 0 < A\; < Xg < ... < Ay, it
A
holds k2(A) = /\—" Indeed

1
lal: = VeATa) = e =z =g =

definition A is symmetric An>0

1
The 2-norm of a SPD matrix is equal to its largest eigenvalue, so ||A71||2 =50 and then
1

- An
ka(4) = | All2ll A~ l2 = T
1
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This second result tell us that the rate-of-convergence behavior of the steepest descent method is
essentially the same on general nonlinear objective functions. Note however that in the theorem it is
assumed that the step length is the global minimizer along the search direction, which may be not
easy to compute as in the case of quadratic functions.

If a method converges linearly it exists r € (0,1) such that

(X1 — x|
x5 — x|

for each k sufficiently large. The more the constant r is close to 0 the faster the method converges.
ka(A) —
ka(A) +1
1, i.e. if A is well-conditioned.
Methods with linear convergence are in general not well suited for problems in which a high accuracy
(low toll) is required, because they will need a large number of iterations to find the desired solution
approximation.

Figureshows possible sequences of iterations generated by the steepest descent method (or gradient
method) applied to an elliptic quadratic function ¢(x) = ¢(z1,22) (a quadratic function that has
ellipses as level curves). The convergence depends on the choice of the starting guess and of the step
length. This is particularly evident when the ellipses have the two focal points that are far from each
other. In general, as the condition number of A increases, the contours of the quadratic become more
elongated, the zigzagging in Figure becomes more pronounced, and the theorem’s result implies
that the convergence degrades. If on the contrary the level curves are circles, the minimizer x* is
easily obtained in just one iteration: x; = x*.

In this case, the closer is to 0, the faster the method converges, i.e., the closer ko(A) is to

worst initial guess

best initial guess

Figure 3.1: Sequence of iterations generated by the steepest descent method applied to a quadratic
function. The convergence depends on the choice of the starting guess and of the step length.

3.2 Armijo and Wolfe conditions

Asking the simple decrease of f is not a sufficient condition to get a convergent method. We will
require some other conditions on the step-length to avoid too small or too long steps. Let’s see why
these are needed by some examples.
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Example 1 (Too long steps)

k+1 (

Let us consider f(z) = 22, zg = 2, pr = (—1) these are descent directions), ax = 2 + The

2k+1°
sequence xj, built iteratively starting from x¢ setting xx4+1 = zr + arpx is

zp = (=1)" <1+21k>, k €N.
We can prove this by induction on k.
x1 =0+ aopo =2+ (2—|—3> (-1) = —§.
If the thesis holds for k,
Tpt1 = T + appr = (—1)* <1 + 21k> + <2 + 25’“> (—1)F =

1 3 3—-2 1
— k+1 _ k+1 _ k+1

The simple decrease condition is satisfied because

2 2
1 1
f(apg) =i, = (1 + 2k+1> < (1 + 2k> =i = f(an),

but zj does not converge to the minimizer of f(z), 2* = 0, because

1 1
=145 ——1 =—(14+5—] —— -1
T2k + o k—too T2kl ( + 22’€+1> k— o0

The simple decrease condition is not sufficient to guarantee a convergence of {zj} to * = 0 because
we have chosen a sequence of «y with too large values.

Example 2 (Too short steps)

1
Let us consider f(z) = x?, zo = 2, px = —1 (these are descent directions), oy, = SR The sequence
x built iteratively starting from zq setting 11 = =g + arpg is
1
=1+ 277 ke N.

We can prove it by induction on k:

1 1

X1 :.’L‘o-i-aopO:Q—I—*(—l) =1+ —.

2 2

If the thesis holds for k,
1 1 1 2—-1 1
(Ek+1:.Tk“r‘akpk:l‘f'?“r‘ﬁ(—l):lﬂ-?— 2k+1 :1+ 2k+1 :1—’_%

The simple decrease condition is satisfied as

1 2 2
F(eran) = 2, = (1 ; W) < (1 + 2k> — 22 = flan),
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Figure 3.2: Parameters « that satisfy (A)

but z;, does not converge to * = 0 minimizer of f(x) because

1
Ik:1+ﬁm1

The simple decrease condition is not sufficient to guarantee a convergence of {z;} to 2™ = 0 because
we have chosen a sequence of «y with too small values.

We need then additional conditions.
Armijo rule

Armijo rule (A) requires that

f(xk + arpr) < f(xk) + arer Vf(xp) P, 1 € (0,1), (A)
usually ¢; = 107%. (A) is stronger than just asking the simple decrease f(xpi1) < f(xx) because
Vf(x) pr < 0.

Let

p(a) = f(xk + apy),
U(a) = f(xk) + ac1V f(xk)" Pk,
Armijo rule requires p(«) to be below the line ¢(a), i.e., that p(a) < ().

o
The slope of (o) is ¢ (a) = Vf(xx + api)? Pk, for aj = 0 this is Vf(xx)? pr < 0. The slope of
{(a) is 1 Vf(xx)Tpr = c1¢'(0) < 0. Because ¢; < 1 and the two terms are negative, it follows

a V() pr > Vf(xe) Pk
that is the line () lies above the graph of ¢ for small positive values of («).
Choosing «y, according to (A) avoids choosing «j too large, as in Example 1. However, this

condition alone is not sufficient to ensure the algorithm to make reasonable progress, because too
small steps may be taken. We then introduce also the following condition, to rule out unacceptably
small steps.
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1 ¢|"(x}:fr’xk+(xpk}
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| ° VN
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lmbu‘: f . \’ IIII /’ o
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acceptable acceptable
Figure 3.3: Parameters « that satisfy (W)
‘Wolfe rule
Wolfe rule requires that
VfGxn+ arpr) ' Pr > 2V F(xp) P 2 € (c1,1). (W)

The first term V f(xy, +axpr)” Pr = ¢ (ax) is the slope of p(a). The condition requires this slope

to be greater than the negative slope CQVf(Xk)Tpk that in Figure is labelled as the desired slope.
This ensures that the slope has been reduced sufficiently. Indeed, if the slope of p(ay) is strongly

negative, it means that we can reduce f significantly by moving further along the chosen direction.
On the other hand, if the slope is only slightly negative we cannot expect much more decrease in f in

this direction and we can accept the a value. Usually co = 0.9, for example when pj, is the Newton or
quasi-Newton direction.

Because ¢; < ¢3 < 1 and Vf(xk)Tpk is negative it holds

aVIxe) ' pr > eV f(xk) e > VI(xk) pr,
i.e. the desired slope is between those of () and p(«).
Choosing ay, satisfying (W) avoids choosing ay too small, as it happens in Example 2.
Lemma 3.2.1. Wolfe’s Lemma

Let f : R™ — R continuously differentiable and bounded below in {x; + apy | @ > 0}, with px a
descent direction for f in xi, and let c1,co: 0 < cp < co < 1.

It exists I C (0,+00) non empty such that every o € I satisfies (4) + (W).
Proof. Let g(a) = p(a) — ¢(a). (A) requires that

g(a) <0.
Because

9(0) = p(0) — £(0) = f(xx) — f(xx) =0
and
g'(0) = ¢'(0) = (0) = V(xp) ' pr — 1 Vf(xi) ' pr = (1 — 1) VF(xx) ' pr <0,
———

>0 <0
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exists a right neighbourhood of 0 where g(«) < 0. Let @ be the smallest positive zero of g(a){| It
holds g(«) <0, Va € [0, @], that is all the a € [0, @] satisfy (A). In particular, in @ (A) is satisfied and
it is an equality because g(@) = 0. From this it follows

it means that the value of ¢ in zero is zero, and then g decreases. As g € C° (because f € Cll%l, it

J(xx +apr) — f(xx) = Clavf(xk)TPk~ (3.3)

For the mean value theorem applied to ¢(«) in [0, @], E| it exists & € (0, @) such that

that is

avf(xk +apr) pr = f(xi +@p) — f(xi) = c1aVf(xe)'pr > caVf(xk) pe.
(3-3) <0 0<ci<cs
Deleting @ we obtain
Vf(x,+ apr) pr > 2V F(xi) P,

that is & satisfies (W) without equality, so it exists a neighbourhood Iy of & where (W) is satisfied.
Given that & < @, in Iyy N[0, @] # @ both criterion (A) e (W) are satisfied. O

[ ¢(u):f{xk+apk)

M- 3
\ T Ve \ line of sufficient
I". N T I; _— \‘.\ . decrease /
\ . RS 1))
1~ desired | | T/
. —slope Il - fi - -
. \ | /i
~ | /o

acceptable

acceptable

Figure 3.4: Parameters « that satisfy (A) e (W)

3.3 Convergence of line-search methods

To obtain global convergence, we must not only have well-chosen step lengths but also well- chosen
search directions py . We discuss requirements on the search direction in this section, focusing on one
key property: the angle 05 between py and the steepest descent direction —V f(xy).

2By assumption f is lower bounded in {x; + apy | a > 0}, i.e., p(a) = f(x + apy) is lower bounded; then (see
also Figure [3.3) it exists o > 0, point in which ¢(«) intersect the line £(c). So g(«) surely has a positive zero.

3By assumption f € C! in {x 4+ ap | @ > 0}, i.e., p(a) € CH([0,+00)), s0 ¢’ () is continuous in [0, +00), and we
can apply the mean value theorem to ¢’(a) in [0,@].
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Theorem 3.3.1. Zoutendijk’s theorem

Let Q= {x € R" | f(x) < f(x0)}, f € CHQ) and lower bounded on 2, py, a descent direction for
f, and assume that «y satisfies (A) and (W) and that V f(x) is Lipschitz continuous in Q.
Let 9y be the angle between —V f(xy) and py, i.e. the angle such that

Vf(xi)" pi

cos(Uy) = IVl

The numerical series

ZCOS DIV

18 convergent.

Proof. Adding —V f(x;,)” pi. to both members of (W) we obtain
Vf(xk + axpr) ' Pr = V(1) P > 2V f(x1) P — V. (x1) Pr,
that is

(c2 — 1)Vf(Xk)TPk < (Vf(x;c + appr) — Vf(xk))TPk: <V f(xe + arpr) — VI (xe) ||| P
< Ll (xk + cxpi) — xk||pell = Lak|prll?,

which gives

(c2 = D)V f(xx) P
(07 P , 3.4
k L. P 4
which is a positive quantity because c; — 1 < 0 and Vf(xx)" pi < 0.
Note that
T (c2 = Ve (VS (xx)"pr)?
fxer1) <0 fxe) tarer Vi) pe < flxk)+ T THE
‘ 69

(A) <0

(Vf(xk) k)’ 2 _ — ccos? )12

-1
where ¢ = —u > 0. This holds for each a; that satisfies the assumptions, so it holds Vj < &:

Flxjp1) < f(x5) — ccos®(0;) [V f(x)]1*.
We can then use it recursively

f(@rg1) < f(xk) = ccos®(0) ||V f (xi) |17
< f(xp-1) — CCOSQ(ﬂk DIV f(xx-1) 1> = ccos®(0) |V f (xx)[|* <

xO—c§:am DIV FE)P
7=0
We then have
f(xr41) < fxo —CZCOS RINZIE]

7=0
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that is

c

Zcos DIVEE)? <

It holds

Zcos DV F(x)|? = hm Zcos DV F(x)|? < hm
f(XO) 1

= ———— 1 .
o o f(xe) = (ex)
For the simple decrease condition (which is implied by (A)) and from the definition of € it holds
x; € 0 Vk € N. This together with the assumption that f is lower bounded in €2, implies that
lim f(xg41) # —00, then

k——+
(x%)  # 4o0.
+oo
This implies that Z0052(15‘j)||Vf(xj)||2 is not divergent. As the series has positive terms it must
7=0
converge. O
“+o0
The fact that the series Z cos?(9,)||V £(x;)||* converges implies that
7=0

. 2 2 __
kgxfoocos W)V =

If the sequence {cos(¥y)}x is bounded away from zero, we can deduce that

lim Vf(xg)=0.

k— 400

In this case every accumulation point of {x;} (if it exists) is a stationary point. Indeed, let X be an
accumulation point of {x3}, i.e., let X be the limit point of a subsequence {xy,} of {x}. Then

Vf(x):Vf(k grﬁooxk>—kl_1gloon(xk) = | 0.
limka«l»oo Vf(xk =0

However it can happen that lim cos(¥%) = 0. This happens if
k——+oco

lim Vf(xx)'pr =0,

k— 400

that is if Vf(xy) and py tend to be orthogonal. Formally Vf(x)T py is negative, and pj remains
a descent direction, but actually for k large Vf(xk)Tpk is close to 0, i.e., pg is a "poor” descent
direction and along this direction the values of f are almost constant. This is a situation that can be
avoided, choosing a descent direction py such that cos(d;) > M for some M > 0 and for all k.

With the steepest descent method, as pr, = —V f(x}), we have

cos(9y) = IR Pr_ VI)TVfG)

IVFGe)llpell IV ) TV f (r)
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Then, under the assumptions of Zoutendijk’s Theorem, it holds . lim Vf(xx) =0, as the possibility
—+o0

(ii) is excluded.
With Newton’s and quasi-Newton methods, because py = —Bk_1Vf(xk) (with By = H(xy) in New-
ton’s method or By ~ H(xy) for quasi-Newton method) it holds

cos(0) = — Vi) pe _ VIe) BV (k) V)T BV ()
IVFGR el VGl 1B VG~ IV )28
— —

< NIB IV £ el
To bound this we need the following definition.

Definition 3.3.1. The Rayleigh quotient. Given A € R™*" a symmetric matriz and v € R™ we call
Rayleigh quotient associated to them the scalar

vT Av
ralv) =R

Notably, it holds that Vv € R"
>\min(A) S TA(V) S )\max(A)7

with Amin(A4) and Amax(A) respectively the smallest and the largest eigenvalues of A.
Being By, SPD we have that (cf. footnote at page 19) || Bx|| = Amax(Bx) and || B || = Amax (B 1) =

————. We then have that
)\min(Bk:)

cos(Vx) = rp—1(Vf(xx)) H(VF (%)) =751 (Vf (%)) Amin (Bk)

— = 7‘ - —
1Bt P Amax(By; )

_ )\min(Bk) 1
> Amin(Bye Dmin(Br) = T 5 = o

Then, if it exists M such that ko(By) < M, we have cos(dx) > 1/M and under the assumptions
of Zoutendijk’s Theorem, it holds klir+n Vf(xr) = 0, being again excluded the situation (ii). This
—+o00

condition means that the approximations of the Hessian matrix have a uniformly bounded condition
number (the bound is the same for any k).

3.4 Step-length selection algorithm: backtracking strategy

The algorithm for a generic line-search method can be sketched as follows:

0. Given xq, f,toll
1. For k=0,1,...

1.1 Choose pi descent direction (may be the steepest descent direction,
Newton’s direction, quasi-Newton direction..)
1.2 Find «ay that satisfies (A) and (W)

1.3 Set xg41 = X, + axPk

1.4 If |V f(xx41)|| < toll return xp41 (approximation of x*) and stop
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This algorithm is well-defined because the sequence V f(xy) converges to 0 for Zoutendijk’s Theo-
rem and because from Wolfe’s Lemma it exists ay, that satisfies (A) and (W), as required at step 1.2.
The question is how to compute such an «;? We can use the backtracking technique. Even if we have
seen that both (A) and (W) conditions are necessary for the convergence, this technique just checks
the (A) condition, we will see later why.

The backtracking strategy is described in the following algorithm:

0. Given Xk, 00, Pk, bmaxacl € (Oa 1)77 € (O’ 1)
1. ap =g
2. Forb:0,17~-~,bmax

1. If f(xp + appr) < f(xp) + arer V(%) Py, i.e. if ay satisfies (A), then
set IND = 1 and stop,
otherwise set ay = yag

3. Set IND = —1

This can be used at each iteration of the line-search algorithm (at step 1.2).

The backtracking algorithm works as follows: if a; = ap does not satisfy (A), we reduce oy by
multiplication with « and this is repeated until the new «y satisfies (A) (the name backtracking is
due to the fact that «y if progressively reduced). In the proof of Wolfe’s Lemma we have seen that it
exists @ > 0 such that each « € [0,@] satisfies (A). Then we check if ap = ay < @, if not we reduce
ay, by multiplication with + until the new aj < @. After a finite number of reductions we will obtain
a ai in [0, @], so the backtracking technique never fails. However in the algorithm we decide to do at
most byax backtracking steps. If after by,.x iterations ay < @ has not been found, it means that @ is
too small, so that we will have to do really small steps in the line-search, which will lead to a really
slow convergence.

It is then clear why in the algorithm we check just (A) and not (W): if @ is large, we get an «y
of the same order because while looking for ay we go inside [0,@] from above. If we have refused oy
because it does not satisfy (A) it means that the step is too long, then if oy is accepted it cannot
be too small (it is just a factor « smaller than «y). If @ is small, after by.x backtracking steps we
will not find o < @. It never happens to have a too small o and it would therefore be redundant to
check (W).

The backtracking algorithm has the flag IND in output: if IND = 0 it means that an ay that satisfies
both (A) and (W) has been found, otherwise if IND = —1 it means that after by backtracking steps
ag has not been found and so the backtracking has failed.

Each iteration of backtracking algorithm costs a function evaluation, so the algorithm costs at
most byax function evaluations. Usually byax = 20.

In the backtracking algorithm one of the inputs is g, which can be chosen in various ways,
depending on which directions are used in the line-search algorithm within which the backtracking is
used.

If in the line-search the steepest descent direction is chosen, a popular choice is to choose ag by
assuming that the first-order change in the function at iteration k£ will be the same as that obtained
at the previous iteration. We then impose aOVf(xk)Tpk = ak_1Vf(xk_1)Tpk_1 so that

B Vf(xk-1)" Pr—1
Q) = Qg — ol
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(ag—1 is the value used at the previous iteration). Another popular choice is the Barzilai-Borwein
(BB) choice

T
Sk—15k—1

T : Sk—1 =Xk —Xk—1, Yi-1=V[(xx) = Vf(xx_1),
Sp_1Yk—1

ag =

that takes inspiration from the quasi-Newton methods, as we will see.

If in the line-search the Newton’s or quasi-Newton’s direction is chosen, we choose ap = 1 (computing
a Newton’s step is expensive, we try to use it, if possible, to benefit from the quadratic convergence
of pure Newton method).

We deduce then the algorithm for a line-search with backtracking technique:

0. Given X, f, kmax, t0ll, byax, c1 € (0,1),v € (0,1)
1. For k=0,1,..., knax

1. Choose py, descent direction for f in xj
2. Use the backtracking algorithm to find oy

3. If in the backtracking algorithm IND = 0 then set x;41 = X, + % Prk,
otherwise stop and set FLAG = —1 (failure)

4. If ||V f(xg+1)] < toll then stop, return xj41 and FLAG =1

2. Set FLAG = —2 (failure)

We could put the last xj + axpr and f(xi + axpx) in output of the backtracking algorithm, to
save a function evaluation.
Assume that the line-search algorithm has been equipped with a proper stopping criterion (based on
a tolerance toll and on a maximum number of iterations ky,ax). The line-search algorithm outputs the
flag IND:

e FLAG =1 an approximation has been computed with the desired accuracy;
e FLAG = —1 the backtracking technique failed;

e FLAG = —2 the stopping criterion was not satisfied within the maximum number of iterations
(failure of line-search method)

3.5 Newton’s method

With the expression ”"Newton’s method” we usually refer to the pure Newton’s method (described in
Section plus a line-search procedure to select the step length. The resulting method is globally
convergent thanks to the line-search, and in a neighbourhood of x* has a quadratic rate of convergence
for the following reason: thanks to the global convergence property, the sequence ||V f(xy)|| converges
to zero. Then all the accumulation points of {x;} are stationary points for f. If it exists an accumu-
lation point 2* of {x;} which is a minimizer for f, then it exists k& > 0 such that for each k > k, x;,
enters in the ball B,(x™), region in which we have the quadratic convergence of Newton’s method. We
can also prove that it exists k such that aj = 1 satisfies Armijo’s condition (A) for each k > k; i.e.,
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starting from the iterate k, Newton’s method with line-search corresponds to pure Newton’s method
and it then inherits its local quadratic convergence (see Theorem in the following section).

3.6 Quasi-Newton methods with line search

Let us now suppose that the search direction has the form

pr = —B; 'V f(x)

where the symmetric and positive definite matrix By is updated at every iteration by a quasi- Newton
updating formula. We assume here that the step length «y will be computed by an inexact line search
that satisfies (A) and (W) starting with oy = 1 (the method will then accept will accept ap = 1
if this value if it satisfies the two conditions). This turns out to be crucial in obtaining a fast rate
of convergence. The following result shows that if the search direction of a quasi-Newton method
approximates the Newton direction well enough, then the unit step length will satisfy the conditions
as the iterates converge to the solution. It also specifies a condition that the search direction must
satisfy in order to give rise to a superlinearly convergent iteration.

Theorem 3.6.1. Let f : R™ — R be twice continuously differentiable in an open convex set D and
assume that H(x) is Lipschitz continuous in D with constant L. Consider a sequence {xy} generated
by Xp41 = X + ayPr, where V f(x;)"
and (W). If {xx} converges to a point x* € D at which H(x") is positive definite, and if

li WV Gk) + H ()Pl _
k—o0 [Pl

Pr < 0 for all k and «y is chosen to satisfy (A) with ¢y < 3

0, (3.5)

then
a) there is an index ko > 0 such that for all k > ko, o, = 1 is admissible,
b) if ay =1 for all k > ko, Vf(x*) =0 and {xx} converges superlinearly to x*.
For the proof cf. Theorem 6.3.4 in the book of Dennis and Schnabel.

1
It is easy to see that if ¢; > 3 then the line search would exclude the minimizer of a quadratic and

unit step lengths may not be admissible. Notice that is always satisfied for Newton’s method.
So, when the Newton’s direction is employed, the (A) and (W) conditions will accept the step length
ag = 1 for all large k.

If pi is a quasi-Newton search direction, then is equivalent to

o 1B = HOpel] _

k=00 Pl

0. (3.6)

Hence, we have the surprising (and delightful) result that a superlinear convergence rate can be
attained even if the sequence of quasi-Newton matrices By does not converge to H(x™), it suffices
that the By become increasingly accurate approximations to H(x*) along the search directions py

An important remark is that condition is both necessary and sufficient for the superlinear
convergence of quasi-Newton methods.

Theorem 3.6.2. Let f : R™ — R be twice continuously differentiable in an open convex set D and
assume that H(x) is Lipschitz continuous in D with constant L. Consider the iteration Xgp+1 = Xi+Pk
(that is, the step length oy, is uniformly 1) and that py is given by ka_1Vf(xk). Let us also assume
that {xx} converges to a point x* such that Vf(x*) = 0 and H(x") is positive definite. Then {xy}
converges superlinearly if and only if holds.
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Practice time

Implement the steepest descent and the Newton’s method with backtracking line-search. Use them to
minimize the Rosenbrock and the Rastrigin functions. First try the initial point xo = [1.2,1.2]7 and
then the more difficult point xq = [-1.2,1]7.

a) How does the results change from the case without linesearch? Can you explain why?

b) Plot the value of the step length along the iterations, is it often reduced? Count the total number
of function values and compare it to the case without linesearch.

c¢) Try to use the different values of ag reported in the notes for the gradient descent.
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Chapter 4

Quasi-Newton methods

Quasi-Newton methods are based on the same model of Newton’s method but instead of the exact
Hessian H(xx) we use an SPD approximation By. These can be built in various ways and each choice
corresponds to a different sequence of quasi-Newton directions and so to a different quasi-Newton
method.

A generic quasi-Newton method is based on the following iterative scheme:

Given xg

X1 =X+ agpPr |’
where py, is such that Biypr = —V f(xx), for some approximation By SPD of the Hessian matrix. It is
a locally convergent method that can be coupled with a line-search to become a globally convergent

method and has a superlinear local rate of convergence (this is the price to be paid to avoid compu-
tation of second order derivatives). How to compute By?

4.1 Finite differences

We could approximate the Hessian of f by finite differences. Let us introduce the finite differences in
the easy case f : R — R. We know that by definition

) — tim TN @)

h—0 h

Af _ fla+h) - f(z)

so we can expect that for h small enough — := —————= will be a good approximation to the

first order derivative. These are called the forward finite differences. We can show (see TD 4) that

7'y - 22| = om).

To get a good approximation in practice it is however crucial to select a good value of h: for too large

values this approximation error will be large, but for too small values we will have rounding errors that

can lead to numerical cancellation, cf. https://nhigham.com/2020/10/06/what-is-the-complex-step-approximat
As the total error on our approximation will be

r@-1(5)]
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where fl(z) is the floating point representation of z, we then need to find a good balance between
two sources of errors that have opposite behaviour with respect to h:

A
fl(x) — Tf’ that increases with h,

e the approximation error

A A
e the rounding error ’fl <hf> — Tf’ that decreases with h.

We will prove in TD 4 that a good compromise between this two sources of errors is given by h ~ v/u
where u is the machine precision. In order to improve this approximation we can use central finite

differences:
O f@hy2) — fa—h/2)
h h

f'(=)
and it holds 5f
/(@)= = = o).

This technique can be used for n-dimensional functions to approximate the gradient:

ﬁ(x) f(x+hei) — f(x)

8371 h

Vi) =| 1 |~ s
af f(x + hen) - f(X)
E(X) h

where e; is the i-th vector of the canonical basis (e;(i) = 1, e;(j) = 0 for j # i). Notice that this
approximation requires n+1 function evaluations, it can therefore be expensive for n large (the central
differences give a more accurate expression but they require 2n function evaluations).

Repeating the above procedure the Hessian also can be approximated in this way:

9 f *f 0 T (Vf(x+he) - Vf(x)"

0x10x1 x)o 0x10x, N %(Vf(x) ) ;L

He=| = z ~ z
0% f o%f g T (Vf(x+he,) — V)T

02,011 x)o 0x, 0z, (%) Tn (VIG7) h

Notice that this approximation is quite expensive: it requires n+ 1 gradient evaluations, each of which
requires n+ 1 function evaluations, so the cost is O(n2) function evaluations, which may be prohibitive
for large n.

It is then too expensive to build a new B} at each iteration: we need to exploit the informations
obtained in the previous iterations. Assuming to have finished iteration k& and to have computed By
and Xp41, the idea of quasi-Newton methods is to avoid building an approximation Bjy; ex-novo
and to rather obtain Bjy4i from an update of By which preserves the symmetry and the positive
definiteness.

4.2 How to update B;

Let us assume to be at the end of iteration k, i.e. to have computed xi, By, ai, px = —B,;1Vf(xk),
Xg4+1 = Xk + appg. We need to compute By .



4.2. HOW TO UPDATE By 49

The idea of Quasi-Newton method is to impose the so-called secant equation:

Bry1Sk = Y.

where
Sk 1= Xpi1 — Xk, Vi = Vf(xpt1) — VI(xk).

This condition can be seen as the extension to the n-dimensional case of the finite difference approx-
imation of the second order derivative. For f : R — R, using backward differences, it holds:

R EY (C2T)

so that

(o) ~ TS0,

Replacing the second order derivative with the matrix Byy1 and the first order derivatives with the
gradients, we understand where our secant condition comes from.
Anyway this equation only gives n conditions, which are not sufficient to univocally determine

(n—1)
2

n
the n? coefficients of By, (actually By, is symmetric, so it has just degrees of freedom,

because the coefficients of the upper triangular part are equal to those of the lower triangular part).
We need to impose other conditions: we ask that By, is SPD.

Remark 4.2.1. If it exists Biy1 SPD that satisfies the secant equation

Brt1sk = Yk,

then the curvature condition is also satisfied
ygsk > 0.

Proof. By contradiction, let y%s;C < 0, then

0>yisk _=_  (Brtisk) s, =s} Bl sk = si Biy1Sk,
~— +

Yre=Bkt1sk
which is impossible because By is positive definite by assumption. O

The curvature condition is not always satisfied for nonconvex functions, but it can be enforced
imposing restrictions on the line-search, for example this is implied by the Wolfe condition:

Remark 4.2.2. If oy, satisfies the Wolfe condition
Vf(xk+apr) pr = 2V f(xx)" pr
for some co € (0,1), then the curvature condition ygsk > 0 is satisfied.

Proof. The proof is given in TD4. O
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From Remark if the curvature condition is not satisfied, it cannot exist Byi1; SPD that
satisfies the secant equation. In a practical implementation of the algorithm is then advisable to
verify if the curvature condition is verified. From Remark [£:2.2] we could check this condition by
verifying that (W) is satisfied. However in line-search algorithm with backtrackinging technique (W)
is not checked so usually we directly check the curvature condition.

These conditions are still not enough: asking that By, is SPD imposes n additional inequalities (all
leading principal minors must be positiveEI); there are still some degrees of freedom left.

To determine By univocally, we choose Bj41 as the matrix, among all the symmetric matrices that
satisfy the secant equation, closer (in some sense) to By: we ask that

Byy1 = argmin{||B — By| | B = B”, Bsy, = y1},

where we know that Bj is SPD and that the curvature condition ygsk > 0 is satisfied.
To solve this problem we can choose various matrix norms, and each of them leads to a different
quasi-Newton method. The norm that makes the solution easier is the weighted Frobenius norm (cf.
with weight W SPD such that Wy = si. For example we can choose, assuming H(x) to be
positive definite in [xg,x; + axpr], W = G‘,;l, where G, is the average Hessian matrix

1
G :/ H(xy + tagpy) dt. (4.1)
0

W is such that Wy, = s; because G‘;lyk = Sp as
t=1

Y= V(1) = VI 0x0) = [V 0k + tx1 = x0)]

t=0

1 1
= / H(Xk + t(Xk_H — Xk))(xk—H — Xk) dt = / H(Xk + tozkpk) dt Sk — Gksk.
0 0

With this choice, the unique solution of the problem is (see TD4)
1

yfsk

Brs1 = (I — prywst)Be(I — prseyr) + pkYryi, pr = > 0. (DFP)

We can prove that if By is SPD then also By is SPD (see TD4).

This formula is called DFP because it was discovered empirically by physician Davidon in 1959, and in
1963 the mathematicians Fletcher and Powell explained rigorously why this update technique works:
they understood that Bj; was the solution of this minimum problem.

DFP is an update formula, because it allows to build Byyi from By, Vf(xg41) and Vf(xg): the
basic idea of quasi-Newton methods is indeed that of avoiding building ex-novo a matrix Bjyi to
approximate H(xx+1), and rather to obtain Byy; updating By (preserving the symmetry and the
positive definiteness) by using the informations V f(xy11) and V f(xz).

It is possible to show that

Byi1 = Br + ’yuuT + ovvT

LA minor of A of order k is principal if it is obtained by deleting n — k rows and the n — k columns with the same
numbers. For instance, in a principal minor where you have deleted row 1 and 3, you should also delete column 1 and
3. The leading principal minor of A of order k is the minor of order k obtained by deleting the last n — k rows and
columns. We denote Dy, the determinant of the leading principal minor of order k. There are n leading principal minors

and Z principal minors of order k. Let A be a symmetric n X n matrix. Then we have: A is positive definite <=

Dy, > 0 for all leading principal minors.
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for
1
Y= ygska u =Yg,
5 = —71 vV = BkSk.
sszsk’

Then By is obtained from By by adding two rank 1 matrices (globally we obtain then Bji1 by a
rank 2 modification of By). We can then use the Sherman-Morrison-Woodbury formula E| to compute
Bk__&l from Bk_ls

B,;lyknygl sks{

yiB; vk yisk

-1 _ p-1
Bk+1_Bk -

If we build the sequence By, starting from a matrix By of which the inverse B !is known, then using
the prevoius formula, we can compute all the Bk_1 by performing just matrix-vector products, and we
can also compute pi by a matrix-vector product py = —B;lv f(xx) and we do not need to solve the
linear system Byipr = —V f(xx).

The DFP updating formula is quite effective, but it was soon superseded by the BFGS formula,
which is presently considered to be the most effective of all quasi-Newton updating formulae. It was
proposed by Broyden, Fletcher, Goldfarb, Shanno. The BFGS update formula instead of approxi-
mating the Hessian matrix, imposes analogous conditions on approximations By, of the inverse of the
Hessian matrix.

Let us assume to be at the and of iteration k, we have computed xj, Bi, ok, Pr = —Bka(xk),
Xp+1 = Xi + appr. We need to compute Bk+1- To determine Bk+1 univocally, we ask Bk+1 to be,
among all the symmetric matrices that satisfy the equation By = sy, the closest matrix to By:

Bk-+1 = argmin{HB — Bk” ‘ B = BT,Byk = S/f}7

where we know that By is SPD and the curvature condition y}s; > 0 holds.
We choose again the Frobenius norm with weight W such that Wsy = yj. Also in this case we can
choose W = G (it holds Ws;, = y;). With this choice, the unique solution of the minimization
problem is .

T
Yi Sk

Bjy1 = (I - pkskyg)Bk(I — PEYESE) + prskst,  pr = > 0. (BFGS)

We can prove that if By is SPD then also Bk.+1 is SPD. We will then have a positive definite matrix,
even if this has not been explicitly imposed in the problem’s formulation.

We can derive a version of the BFGS algorithm that works with the Hessian approximation By
rather than its inverse By. The update formula for By, is obtained by simply applying the Sherman-
Morrison-Woodbury formula to obtain

Bisisi B . yrYi

Biy1 = By — . (4.2)
sI Bysy, Yi Sk
2Let A € R™*™ be invertible. Let A a matrix obtained from A by addition of a rank 1 matrix
A=A+ab”
with a,b € R™. If A is invertible, then we can compute Z_l from A~! and by doing just some matrix-vector products:
T4t A~ lapT A1

T 14+bTA-1a”
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Table 4.1: Gradient descent, BEFGS and Newton methods applied to the Rosenbrock function, values
of ||xx — x*|| at last iterations.
GD ‘ BFGS ‘ Newton
1.827 e-4 | 1.70 e-3 | 3.48e-2
1.826 e-4 | 1.17 e-3 | 1.44e-2
1.824 e-4 | 1.34 e-4 | 1.82e-4
1.823 e-4 | 1.01 e-6 | 1.17e-8

The last question is how to choose By? Unlucky there is not a general formula that works well

T
Yo So

ngO

in all cases. Usually we choose By = I,, or By = ~vI, with v = , Or By = Bal after having

computed an approximation By of H(x() by finite differences.

Each iteration of quasi-Newton methods can be performed at a cost of O(n?) arithmetic operations
(plus the cost of function and gradient evaluations); there are no O(n®) operations such as linear
system solves or matrix-matrix operations. The algorithm is robust, and its rate of convergence is
superlinear, which is fast enough for most practical purposes. Even though Newton’s method converges
more rapidly (that is, quadratically), its cost per iteration is higher because it requires the solution
of a linear system. A more important advantage for BFGS is, of course, that it does not require
calculation of second derivatives.

We describe the algorithm of the BFGS method.

Given xg, toll > 0, inverse Hessian approximation BO, set k= 0.

While |V f(xg)]| > toll
1. Compute the search direction pj, = —BV f(xz).

2. Set xp41 = X+ apr where oy, is computed from a line search procedure
to satisfy (A)+(W)

3. Define sy = xp+1 — X and yx = Vf(xx11) — Vf(xk)
4. Compute Bjy1 by means of (BFGS)

5. Set k=k+1

We provide here and example of the application of the methods we have seen (Gradient descent,
BFGS and Newton) to have an idea of their different rate of convergence. We consider the Rosenbrock
functimﬂ, the starting point (—1.2,1) and we choose the stopping criterion ||V f(xy)|| < toll = 107°.
We report in Table [4.2] the values of the error ||x; — x*|| in the final iterations of each method.

According to the theory, close to the solution the Newton’s method exhibits a fast quadratic
convergence (||[xpr1 — X*| ~ ||xr — x*||?), the gradient method has a slow linear convergence while
BFGS is a good compromise between the two other methods.

4.3 Global convergence of the BFGS method

We study the global convergence of BFGS, with a practical line search, when applied to a smooth
convex function from an arbitrary starting point x¢ and from any initial Hessian approximation By

Shttps://en.wikipedia.org/wiki/Rosenbrock_function
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that is symmetric and positive definite.
We make the following assumption.

Assumption 4.3.1. We assume that
1. The objective function f is twice continuously differentiable.

2. The level set L ={x € R" : f(x) < f(x0)} is convex, and there exist positive constants m and
M such that
mllal? < 27 H(x)s < Ml[a| (13)

forallz e R™ and x € L.

The second part of this assumption implies that H(x) is positive definite on £ and that f has a
unique minimizer x*. We have seen that y, = Ggsy, where G, is the average Hessian defined in (4.1).
From this and (4.3]) we obtain

T T/
S s; Gis
ML T (4.4)
S;. Sk S;. Sk
From the assumption G}, is positive definite, so its square root is well-defined. Therefore, we have by
defining z;, = Gi/st that yx = Grs, = @,16/2@,16/2% = Gi/QZk and

T T A
YeYe 2, Grzg
T. — T
Yi Sk Z) Z

< M. (4.5)

We are now ready to present the global convergence result for the BFGS method.

Theorem 4.3.1. Let By be any symmetric positive definite initial matriz, and let xo be a starting
point for which Assumption is satisfied. Then the sequence {xi} generated by BFGS Algorithm
converges to the minimizer x* of f .

Proof. Some points of the proof (marked by ”see TD") are treated in TD 4.
Let us define

T
WLk:y’;Sk7 Mk:y]%yk (46)
S Sk Yi Sk
and note from (4.4]) and (4.5)) that
my = m, My <M. (4.7)

By computing the trace of the BFGS approximation (4.2)), we obtain that (see TD)

CIBisill® | llyl?
sEBksk ygsk

trace(Byy1) = trace(By)

Let us also define . "
S BkSk Si Bksk
cos(0)) = bORSE g, Sk DkSk
ISkl Brskl| Sk Sk
so that 0 is the angle between s, and Bysi. We then obtain that

|Bsil|?> || Brsil?|Iskl|? sf Brsk qx

si Bysi (s} Bsi)?  lskll?  cos?(6k)
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and
trace(By41) = trace(By) — ﬁl({ek) + M. (4.9)
We can also show (see TD) that
YESk

det(Byt1) = det(By) STBesy’ (4.10)

In addition, we have from and that
det(Bys1) :det(Bk)yéiT'Sk ;55’“ — det(By) ™. (4.11)

Sj. Sk Sj, Brsi K

We now combine the trace and determinant by introducing the following function of a positive definite
matrix B:

¥(B) = trace(B) — In(det(B)) (4.12)

where In(-) denotes the natural logarithm. It is not difficult to show that (B) > 0 (see TD). By

using (4.6 and (4.9)-(4.12]), we have that

Y(By+1) =trace(Bg4+1) — In(det(Bg41))

—trace(By) + Mj, — Cosg% — In(det(By)) — Inmy + In g
=1)(Bg) + (M} — In(my) — 1)
4k qk )
"o () T (COSQ(gk)ﬂ + In(cos™(6)) (4.13)

Now, since the function h(t) =1 — ¢+ In(¢) < 0 is nonpositive for all ¢ > 0 (see TD), the term inside
the square brackets is nonpositive, and thus from (4.7)) and (4.13]) we have, defining ¢ = M —In(m)—1,
that

0 < (Bii1) < (Bg) + ¢+ In(cos?(0x)) < ¥(Br_1) + 2¢ + In(cos?(0_1)) + In(cos?(6))
k
< < Y(By) 4 ck+ Y In(cos®(6))), (4.14)

j=1

and we can assume the constant ¢ to be positive, without loss of generality. We now relate these
expressions to the results given in Chapter 3. Note that because s = —osz,;lVf(xk) and Bysy =
—aV f(xk), Ok results to be the angle between the search direction and the steepest descent direction.
From the result of Zoutendijk’s theorem we know that the sequence ||V f(xx)|| generated by the line
search algorithm converges to zero if {cos6} is bounded away from 0. Let us then proceed by
contradiction and assume that cosf; — 0. Then there exists k1 > 0 such that for all j > k1, we have

In(cos?(6;)) < —2¢,

where c is the constant defined above. Using this inequality in (4.14)) we find the following relations
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to be true for all k& > kq:

k1 k
0<¥(B1)+ck+» In(cos’(0;)) + > (—2c)
j=1 Jj=k1+1
k1 k1
=¢(B1) + Y _In(cos®(0;)) — 2c(k — k1) = ¥(B1) + Y _ In(cos?(6;)) + 2cky — ck.

The right-hand-side is negative for large k, giving a contradiction. Therefore, there exists a sub-
sequence of indices {ji} such that {cos(f;,)} > 6 > 0. By Zoutendijk’s theorem this implies that
liminf ||V f(xg)|| — 0. Since the problem is strongly convex, the latter limit is enough to prove that
T — . O

Practice time

a) Implement the BFGS method and test it on our test problems. Compare the results with
Newton’s and gradient methods and comment on them.

b) In gradient method replace the analytical expression of the gradient by finite differences. Solve
the test problems. Does the accuracy change? Does the rate of convergence change? Does the
computational time change (choose large n!)?

c¢) Optional: compute the Hessian approximation by finite differences using first the gradient an-
alytical expression and then the gradient approximated by finite differences. How does the
computational time change?
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Chapter 5

Nonlinear least-squares problems

5.1 Background: modelling, regression

Nonlinear least-squares problems often arise when we want to fit a model to some data, i.e., when we
solve a regression problem.
Assume to have some experimental measurements

(t’i7yi)a i = 1a"'am'

The measurements are some (usually noisy) realisations of a function y : R — R of the variable ¢ that
describes the observed phenomenon (y; = y(t;) + 0, with ¢ the noise). We want to approximate this

function by a model m(x;t), where x = (z1,...,2,)7 are some parameters to be determined. We can
choose the value of these parameters to adapt the model to the data at best (we want m(x;t) ~ y(t)
for all ¢). E]

The true variables of the model are then the parameters x, the variable t of the original function will
take the measured values.

To find the best parameters we try to minimize the distance of the model from the measurements,
i.e., we look for x € R™ that minimizes the quantity

2

= %Z (m(x; t;) — yi)Q.

m(x;t1) — y1

DN | =

m(X, tm) — Ym

This is a nonlinear (if m is nonlinear with respect to x) least-squares problem.

5.2 General concepts
Let
F: R" — R™
I Fl(X)
x=|: — F((x) = :
T, F,.(x)

1 Usually we choose a family of functions to which the model belongs, which is parametrized by some parameters. For
example we can have an exponential model m(x;t) = z1e®2t with x = (xl,xg)T or a linear model m(x;t) = z1 + xat.

o7
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19 e o data s
— fit L

6 8 10

Figure 5.1: Example of data and model fitting them.

and
f: R — R

1
x = f(x)=SIF&)I° =3 > Fix)?*
The general form of a nonlinear least-squares problem is
: 1 2
min f(x) = 5|[F (o]
In the following we will assume, as it is common in applications, that m > n.

Let x € R". If F is differentiable in x (i.e., if Fy,..., F,, are differentiable in x), the Jacobain
matrix of F in x is J(x) € R™*"

— G0 e

Jo= =] s
VFm(X)T aF1m aFm x
) e S

Let x* be a solution of the least-squares problem. The residual is the following quantity:
* 1 *\ (|2
r=fx7) = SIFED
If it exists a solution for which r = 0 we say that the problem is a zero residual problem.

Remark 5.2.1. It holds

(a) Vf(x)=J(x)"F(x),

m

(b) H(x) = J)T T + D" Filx) Hor (x).
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Proof. (a) Vj=1,...,n
(7160), = g, 100 = g3 D Rt = 5 3 2500 = 32 00
= (70) (F), = 3 (7097) (F0)), = (70" F).
=1 =1
(b) Vi, k=1,...,n
2 X X
() - 2 28 2 (o) -
R B e
_ f (J(x))ik(J(x))U +§:Fi(x) (HFL(X))M
Because
5 (v00), (101, =3 (007) (9), — (00900, (o)
it holds .
(H(x))jk _ (J(x)TJ(x>jk n ; Fy(x) (HF (x))jk.

Remark that r» = 0 means F(x*) = 0, i.e., x* is the solution of the nonlinear system
F(x) =0.

If » =0, then

H(x*) = J(x)TJ(x*) + ZFZ(X*) Hp, (x*) = J(x)TJ(x*).
P T
In many situations the term J(x)”J(x) is a good approximation of the Hessian matrix H(x), for
example when the residuals are small (F;(x) = 0) or when the model is almost linear (Hp, (x) ~ 0).

In such cases, for x close to x*, we can use the following approximation:

m
H(x) = J(x)"J(x) + > _ Fi(x)Hr,(x) ~ J(x)" J(x).
i=1
This is convenient because it allows us to get a reliable approximation to the second order derivatives
by employing just first order derivatives, that can also be used to compute V f(z).
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5.3 Linear least-squares problems

In the special case in which each function F; is linear, we have F(x) = Ax — b, the Jacobian A is
constant, and we can write

1
760) = 31 4x — bl
We also have
Vf(x) = AT(Ax — b) H(x) = AT A.

The second term in (b) disappears as the function is linear so Hg, = 0 for all i. Function f is always
convex and any solution must satisfy V f(x) = AT (Ax —b) = 0, which leads to the normal equations:

AT Ax = ATb.

5.3.1 Geometric interpretation
Define
R(A) ={z € R™|z = Ax, x € R"},
N(AT) = {y e R"|ATy = 0},

the range of A and the nullspace of AT, respectively. These two spaces are orthogonal. Define the
residual r = b — Ax. If x is a solution of the linear least-squares problem, it holds

0=ATAx — ATb = AT(Ax —b) = — AT,

thenr € N/ (AT). Hence any least squares solution x uniquely decomposes the right-hand side into
two orthogonal components:

b= r + Ax .
— =~

eEN(AT) €R(A)
The least-squares problem

1
min §HAX — b||?

can be interpreted as the minimization of the distance of b from the range of A. The solution is then
obtained when Ax is the projection of b onto R(A), which has an explicit expression:

Pray(b) = A(ATA)"'ATb = AATD

where AT is the pseudoinverse of A (cf. Appendix ) and the last expression is valid only if m > n
and rank(A) = n. Then in this case Ax = AA'b and x = A'b because A has full rank. This is
coherent with the fact that x must satisfy the normal equations: x = (A7 A)"'ATb = A'b.

5.3.2 How to solve a linear least-squares problem?

We outline briefly three major algorithms for the linear least-squares problem. We assume that m > n
and that A has full column rank.
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b— Ax
R(A)

[

Figure 5.2: Illustration of the geometric property

1. The first and most obvious algorithm is simply to form and solve the normal equations, by
computing the Cholesky factorization of the symmetric matrix AT A, cf. Appendix This
method is frequently used in practice and is often effective, but it has one significant disadvan-
tage, namely, that the condition number of AT A is the square of the condition number of A
. Since the relative error in the computed solution of any problem is usually proportional to
the condition number, the solution obtained by the Cholesky-based method may be much less
accurate than solutions obtained from algorithms that work directly with the least-squares for-
mulation. The Cholesky-based algorithm is particularly useful when m < n and it is practical
to store AT A but not A itself.

2. A second approach is based on a QR factorization of the matrix A, that is we write A = QR
where Q € R™*™ is an orthogonal matrix and R € R™*" is an upper triangular matrix. Let us
write

Q=(Q1Q2), R= <]31>

for Q; € R™*", Q; € R™*™™ " Ry € R™™. Since the Euclidean norm of any vector is not
affected by orthogonal transformations, we have

T
||Ax+b||2 _ ||QT(AX+b)H2 _ ||QTAX+ QTbH2 _ H (Rl) X + (Q%pbl) HQ
0 Qg b2

= |Rix + QT by|” + Q3 ba.

No choice of x has any effect on the second term of this last expression, but we can minimize
| Ax + b|| by driving the first term to zero, that is, by setting x* = —R; QT b;.

This QR-based approach does not degrade the conditioning of the problem unnecessarily. The
relative error in the final computed solution is usually proportional to the condition number of
A, not its square, and this method is usually reliable. The computation of the QR factorization
costs 2mn? flops. The QR method is then more expensive in term of flops than the solution of
the normal equations, cf. Appendix [B.6.1]

3. Some situations, however, call for greater robustness or more information about the sensitivity
of the solution to perturbations in the data (A or b). A third approach, based on the singular-
value decomposition (SVD) of A = USV?T, can be used in these circumstances, cf. Appendix
m Following a similar reasoning to the one presented in the previous item (cf. TD5), we get
that the optimal solution is given by
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where u;, v; are the singular vectors of A (the columns of U,V respectively. Note that for U
we take just the first n columns) and o; are the singular values of A.

This formula yields useful information about the sensitivity of x . When o; is small, x is
particularly sensitive to perturbations in the data. Information such as this is particularly useful
when A is nearly rank-deficient, that is, when ¢,,/01 < 1. This information is not generally
available when the QR algorithm is used, and it is sometimes worth the extra cost of the SVD
algorithm to obtain it. This approach is the most robust and reliable one for ill-conditioned
problems. When A is actually rank-deficient, some of the singular values o; are exactly zero,
and any vector x* of the form

. ulb
X = E Vi + E TiVi
o

0. #0 g o;=0

(for arbitrary coefficients 7; ) is a minimizer. Frequently, the solution with smallest norm is most
desirable, and we obtain this by setting each 7; = 0 in the previous expression, cf. TD5. When
A has full rank but is ill conditioned, the last few singular values are small. The coefficients
uin/ o; are then particularly sensitive to perturbations in ul-Tb when o; is small, so a robust
approximate solution is sometimes obtained by omitting these terms from the summation.

5.4 Algorithms for nonlinear least-squares problems

5.4.1 Gauss-Newton method

Let us assume that r = 0, that J(xj) € R™*"™ with m > n, and that J(xy) is a full rank matrix, i.e.,
rank(J(x;)) = n. The Gauss-Newton direction p$?™ is the quasi-Newton direction obtained choosing

Bk = J(Xk)TJ(Xk),

i.e., the step pqu is selected as the minimizer of the following model:

™ (B) = SIF0x)|? + T (60) E G + 507 (52T ()

= <)+ V() P+ 5p7 T x6) " (x6)p,

which can be computed by solving the quasi-Newton system

J(x) T J(xp)p = —J (xx) T F(xz). (5.1)
The matrix J(x;)? J(x}) is SPD when J(x;) has full rank (all the eigenvalues are nonzero). Indeed
vYveR" v#0
T
vIJ(xp)T T (xp)v = (J(x)v) J(xp)v = | J(x)v[|* > 0.
GN

Pk

is a descent direction for f in x; because

V) Y = (706 P x0) B = (T T IxpEY )
= —EFM)"T(x) T ee)pE™ = — |1 (x)PEN | <0,

where this last inequality follows from the fact that J(x;)” J(x},) is positive definite.
If J(x}) is not full rank, then J(x;)?J(xy) is still symmetric but it is just positive semidefinite. In
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this case a possibility is to choose By = J(xk)TJ(xk) + eI, with € > 0 small, so that By, is SP]jﬂ and
it approximates well J(x;)7 J(x},) (because € is small). We will discuss this in Section

The Gauss-Newton method can be also derived by approximating the objective function F' by a
linear model at each iteration: F(x; + p) ~ F(xx) + J(xx)p. Using as a model for f the squared
norm of the linear model of F, we obtain exactly the quadratic approximation mkGN (p) to f with
approximated Hessian:

1 1 1
3P Gek) + T0ek)pll* = S Ger) 1 + T (o) TF (k) + 5077 (k)T (1) -
To get the step at each iteration we minimize the model, which amounts to solve a linear least-

squares problem, whose normal equations are exactly (5.1). By using the SVD decomposition of
J(xx) = USVT, we can write (see TD 5) the solution of this problem as

no..T
p= Z i Vi
=1
Gauss-Newton method is then based on the following iterative scheme:
{ Given xg }
Xpr1 =%k +pg" [

The convergence of the method clearly depends on how important is the term we have discarded in

the Hessian approximation. As shown in the following theorem, the method is locally convergent with
m

> ) Hi (x)
i=1

is small with respect to the smallest eigenvalue of J(z*)*J(x*), then the convergence is linear. Oth-

erwise, there is no guarantee of convergence for the method.

quadratic local convergence in case of zero residual. If the residual is nonzero, if

1
Theorem 5.4.1. Let F: R" — R™ and let f(z) = §||F(x)||2 be twice continuously differentiable in

an open convex set D C R™. Assume that J(x) is Lipschitz continuous in D with Lipschitz constant
v and that ||J(x)|| < « for all x € D. Assume that there exists x* € D such that J(x*)TF(x*) = 0.
Let X\ be the smallest eigenvalue of J(x*)T J(x*) and assume that

1(J(x) = J(x))'F(x)|| < ollx — x|
for some constant o > 0 and for all x € D. If 0 < X then for any ¢ € (1, \/o) there exists € > 0 such

that for all xg € B.(x*) the sequence {xy} generated by the Gauss-Newton method is well-defined,
converges to x* and obeys

co cary
kg =[] < ==l = x|+ 3 [ — x|,

co+ A
[xp 41 —x7|| < [Ixr — x| < [lx = x7.
2\
2If A € R™*™ is positive semidefinite, then Ve > 0 A + eI, is positive definite.
Indeed, let A1,..., An be the eigenvalues of A and vi,..., vy, the relative eigenvectors. Vi =1,...,n

(A+elp)v, =Av;+evi =\iv; +evy = (N +e)vi,

i.e., v; is an eigenvector of A+ eI, with eigenvalue \; +¢. Then the eigenvalues of A+¢l,, are A\1 +¢,..., \n +¢, which
are all positive because A1,..., A > 0 as A is positive semidefinite.
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Corollary 5.4.1. Let the assumptions of Theorem hold. If F(x*) = 0, then there exists € > 0
such that for all xg € B.(x") the sequence {xy} generated by the Gauss-Newton method is well-defined
and converges quadratically to x*.

Theorem [5.4:1] shows that Gauss-Newton method may not be quickly locally convergent and that
(when S(x*) is too large) it may not be convergent at all. The constant o plays a crucial role in the
convergence. It may be seen as an absolute combined measure of linearity and residual size of the
problem because it holds:

(J(x) = J(x")TF(x") = S(x") (x — x.),
if F' is linear or F(x*) = 0 then 0 = 0. For the convergence we must look at the ratio g, which must

be less than 1. This can be interpreted as a relative combined measure of linearity and residual size
of the problem.

Gauss-Newton method with line-search consists of choosing the Gauss-Newton direction in the
line-search algorithm. In this way the method becomes globally convergent and close to x* it has
quadratic convergence in case 7 = 0.

5.5 Levenberg-Marquardt method

The Levenberg-Marquardt method is a modification of Gauss-Newton method that avoids one of the
weaknesses of Gauss-Newton, namely, its behavior when the Jacobian is rank-deficient, or nearly so.

The Levenberg-Marquardt method is derived by modifying the Gauss-Newton model, by adding a
regularization term that depends on a strictly positive regularization parameter Ag:

A
Elp)2. (5.2)

miM (p) = %H'](Xk)P ~Fa)| + 3

The minimizer of this model satisfies a modification of the normal equations:
(J(xk)" T (xk) + A D)p = —J (x) T F(xy).

These are indeed the normal equations of the following linear least-squares problem:
J(xi)]  [F(xx)
VoI P 0

min mt (p) (5.3)

where mE™ is defined in (5.2). The term that is added ensures that J(x;)” J(xx) is positive definite.
By using the SVD of J(xy), we can write the solution of this problem as

2
1

2

)

min
p

which is equivalent to

n

ul'r
* = J . 5.4
P =) P (5.4)

=1

Remark that when A\ — 0, p* tends to the solution of the Gauss-Newton system. The Levenberg-
Marquardt model is then

1 1 A
mEY (p) = SIF G2 + T (i) TR Gx)p + 5p7 7 ()T ()b + S o
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In the original version of the Levenberg-Marquardt method the parameter A, is updated at each
iteration, similarly to the trust-region radius in trust-region methods and this choice directly affects
the step length (cf. ) So in LM method the step-length is automatically selected and the iterate
is simply updated as xg11 = Xx + Pk-

The regularization parameter is increased or decreased by a certain factor according to whether
or not the previous trial step was effective in decreasing f . If py # 0 it means that méM (XK, Pr) <
mEM (x4, 0), otherwise the null step would have been selected in the minimization. However, it may
not hold f(xx + pr) < f(xx). If this happens it means that the model is not a good approximation
of f(x) and we need to regularize more to enforce a smaller step (this is like setting a larger weight in
front of ||p||?, which penalizes steps with large norm). We then choose A\;;1 > Ay and we solve again
the minimization problem.

Otherwise we accept the step, i.e. we set

Xg+1 = Xk + Pk

and we may decrease the regularization parameter to encourage larger steps in subsequent iterations.
It is possible to show that after a finite number of steps f(xx + px) < f(xx). The practical criterion
to update A\ and to accept the step is the following one: if

f(xk +pr) — f(xx)

Pk = Z m,
mg™ (x4 pr) — mpM(x)

with 71 > 0 (usually 7; = 0.25) we accept the step.
The second-order Hessian component in (b) is still ignored, so the local convergence properties of
the two methods are similar.
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Chapter 6

Constrained optimization

We are interested in the minimizer x* of
f: R — R
x +— f(x)
subject to some constraints on the variables, that is we assume that for some
h: R — RP g: R — R™
x +— h(x), x — gx)’
it holds
h(x)=0, g(x)>o0[]
that is we have p equality constraints and m inequality constraints.

We look for a solution x* of the problem

nin f(x)

h(x) =0,
g(x) > 0.

The set
Q={xeR"|h(x)=0, g(x) >0}

is called feasible set for the problem. We can then state the problem as
min f (x).

We say that an inequality constraint i € {1,..., m} is active in x if g;(x) = 0, and inactive if g;(x) > 0.
We denote
Ax)={ie{1,...,m} | gi(x) =0}
the set of active constraints in x.
Moreover,

e x* € Q) is a local minimizer for f if it exists a neighbourhood N of x* such that
F(x*) < f(x) Vx e QNN.

e x* is an isolated minimizer for f if it exists a neighbourhood N of x* such that z* is the only
minimizer in Q NN

1F0rv,w€]RN,v2wmeansvi2wi Vi=1,...,N.

67



68 CHAPTER 6. CONSTRAINED OPTIMIZATION

6.1 One equality constraint

Let us consider the problem

min x1 + o
x€R?

2— a3 —a3 =0,

i.e., we look for the minimizer of f(x) on the boundary of the circle centred at (0,0)” and of radius
V2. From Figure in which level curves of f(x) are plotted, it is clear that x* = (—1,—1)7.

We remark that
Vf(x) = G) . Vh(x)=-2 (i;) .

Then for each x on the boundary of the circle VA(x) is orthogonal to the circle and points towards
its interior.

Starting from a point on the circle it is easy to see how to move to remain on the constraint and
at the same time to decrease the values of f(x). For example, starting from x = (v/2,0)7, we can
move on the circle clockwise, i.e. following the direction that is tangent to the circle and orthogonal
to Vh(x) and that is of descent for f in x, i.e. we have to follow the direction d such that

{ Vh(x)Td =0,
Vf(x)Td <o0.

We remark that at the solution, the gradient of the constraint is parallel to the gradient of the
function, that is Iu* € R s.t.
Vi(x*) = p" Vh(x");

1
in particular it holds p* = 3

Let us assume to have just one equality constraint:

Jnin f(x)
h(x) =0

If we are at a feasible point x : h(x) = 0, and we approximate h(x + ad) with the first order Taylor
series, we get:

h(x + ad) ~ h(x) + aVh(x)'d = aVh(x)"d,

and to decrease f(x) it is necessary that d is a descent direction for f in x, Then, at first order, we
have to move along a direction d such that

{ Vh(x)'d =0, (EC)

Vfx)Td <o.

If we are at a feasible point x : A(x) = 0 and it exists a direction d that satisfies (EC), we can move
along that direction and find a point on the constraint in which f has a lower value, then x is not x*.
We can then infer the following necessary condition to have that x is a solution: if x is a solution,
then it cannot exist d € R™ that satisfies (EC).

The only way that d € R™ that satisfies (EC) cannot exist is if Vf(x) is parallel to Vhi(x). The
necessary condition becomes then:

x" is a solution = Iu* € Rs.t. Vf(x*) = p"Vh(x").
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/'K{ i f"\({! = Conk,

4’

Figure 6.1: Problem of the example, showing constraint and function gradients at various feasible
points.

We introduce the Lagrangian function

L(x, p) = f(x) = ph(x),

where (1 is called Lagrange multiplier of the equality constraint, and by Vi £L(x, 1) = V f(x) — pVh(x),
the necessary condition becomes

x* is a solution = Ju* € Rs.t. VL(x",1*) =0. (NC)

This necessary condition is not sufficient. Indeed, in the previous example, if x = (1, 1)T, du €
R s.t. Vf(X) = pVA(X), but X is not a solution of the problem (this is a maximizer).
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6.2 One inequality constraint

Let us consider again the previous problem, in which we replace the equality constraint by an
inequality constraint:

min x1 + T2
x€ER?

222 —22>0

We look for the minimizer of f(x) in the close ball of centre (0,0)” and radius v2. From Figure
it is clear that the solution is still x* = (=1, —1)7, point in which the constraint is active, i.e.,
g(x*) = 0. Remark that

then for each x on the boundary of the circle of the ball Vg(x) is orthogonal to it and points
towards the inside.
The gradient of f is parallel to the gradient of g in x*, that is IA* € R s.t.

V(") = A" Vg(x);

1
in particular it holds \* = 3

Suppose to have just one inequality constraint:

nin f(x)

g(x) > 0.

If x : g(x) > 0, we have to move along a direction d remaining on the constraint and at the same time
decreasing f; using a first order approximation to g, to remain on the constraint is necessary to have

0 < g(x+ad) ~g(x) +aVg(x)Td,
and to decrease f(x) it is necessary that d is a descent direction for f in x. Then, at first order, we

have to move along d such that

{ g(x) + Vg(X)Td >0 (10)

Vi(x)Td <0

If x : g(x) > 0 and it exists a direction d that satisfies (IC), then we can move along that direction
and find a point on the constraint where f has a lower value, then x is not x*. We infer then the
following necessary condition for x to be a solution: if x is a solution, then it does not exist d € R"
that satisfies (IC).

o If the constraint is inactive in x, i.e. g(x) > 0, then the first condition in (IC) is always satisfied,
if we choose d of sufficiently small length, so (IC) becomes

Vix)Td <o.

It does not exist d € R" that satisfies this condition if and only if Vf(x) = 0. Then the
necessary condition becomes

x" is a solution = Vf(x*)=0.
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e If the constraint is active in x, that is g(x) = 0, then (IC) becomes

Vg(x)Td >0
{ Vix)Td<0

The first of these two conditions defines a closed semispace of R", while the second one an open
semispace. It does not exist d € R" that satisfies the condition if and only if such semispaces
have void intersection, i.e., if and only if Vf(x) and Vg(x) are parallel and point towards the
same direction (see Figure[6.2). Then the necessary condition becomes

Figure 6.2: The light blue region is the open semispace of the vectors d such that VfTd < 0; the
green region is the closed semispace of the vectors d such that Vg7'd > 0.

x" is asolution = 3IN* >0s.t. Vf(x")=N"Vg(x").

The global necessary condition becomes
x* is a solution = IN\* >0s.t. Vf(x*) =N Vg(x*), \g(x*)=0.

The condition A\*g(x*) = 0 is called complementarity condition.

If the constraint is inactive in x*, that is g(x*) > 0, then the complementarity condition requires that
A* =0, and so the necessary condition becomes the one we use in unconstrained optimization.

If in x* the constraint is inactive, i.e., g(x*) = 0, then the complementarity condition does not impose
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a condition on \*.
Introducing the Lagrangian function

L(x,A) = f(x) = Ag(x),

where A is called Lagrange multiplier of the inequality constraint, and by Vi £(x, A) = V f(x)—AVg(x),
the necessary condition becomes

x* is a solution == 3JAN* > 0s.t. VL(x",A") =0, Ng(x*)=0.

6.3 First order optimality conditions

In general, the Lagrangian function of the problem is defined as

p m

Lx,p,A) = f(x) - Zﬂihi(x) - Z Aigi(x),

i=1 i=1
where p = (ul,...,,up)T is the vector of Lagrange multipliers for equality constraints and A =
(A, Am)T is the vector of Lagrange multipliers for inequality constraints.

Generalizing what we have seen in the examples, if x : h(x) = 0,g(x) > 0, and we want to move
along a direction d remaining on the constraint, at first order we have to move along a direction d
such that

Vhix)'d=0 Vi=1,...,p
{ Va(x)Td>0  Vie Ax).

We define
Fi(x)={deR" | Vhi(x)Td=0 Vi=1,...,p, Vgi(x)Td >0 Viec A(x)}

set of feasible directions in x. Remark that Fj(x) is a coneﬂ

However, this is just a first order approximation (this is exact only if the constraints are linear): in
general we have to move along an arc. An arc « parametrized by a parameter 9 > 0 and such that
a(0) = x is said admissible arc in x if

{ hf(a(ﬁ))

for ¢ small enough (i.e., for ¥ € [0, 9] for some ¥ > 0). The set
T(x) ={d € R" | d = &'(0) for some a(?)) admissible arc in x}

of tangent directions to the admissible arcs in x is a cone and it is called tangent cone in x.

Observation 1 T(x) C Fy(x).

Proof. Let d € T(x). From the definition of tangent cone, d = a’(0) for some a(9)) admissible arc in
x. ItholdsVi=1,...,p

~~ do

0 = hi(a(ﬁ))} = Vhi(a(0))"a/(0) = Vhi(x)"d
hi(a(9)) =0 Vo€[0,9]

2C CR"™, C # @is a cone if Vd € C it holds ad € C Va >0
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and Vi € A(x)

<
—~
gi(a(0)
gi(a(9))

) =0 and
>0 V9€(0,9]

Remark 2 T(x) 2 Fi(x).
Let’s show this with two examples.

(1) Let us consider the problem

min x1 + To
x€R2

2-a?—ad)?=0

(22— 2] —23)(—271)) _ o o711
We notice that Q = {x € R? | (2 — 2?7 —22)? =0} = {x € R? | 2 — 2 — 2% = 0} is the boundary
of the circle of centre 0 and radius v2. Let x € Q. It is clear that the tangent directions and

feasible arcs in x are just two, then T'(x) contains just two elements. However, because x € €, it
holds 2 — 22 — 23 = 0, and then Vh(x) = 0. Then

Remark that

Fi(x)={d e R?*| Vh(x)" d =0} = R

=0

(2) Let us counsider the problem

min f(x)

(r1 —1)2+22 -1=0,
(r1 +1)2 +25 -1=0.

Vhy(x) = 2 <m1$; 1) . Vhe(x) =2 <‘”1 N 1) .

Remark that
T2

The feasible set Q@ = {x € R? | (z; —1)*+ 25 —1 =0, (x;+1)> 423 — 1 = 0} is the intersection
of two circles that pass from 0 but the first one belongs to the right part of the plane while the
second one to the left part of the plane R? so Q = {0}.

There does not exist any admissible arc in 0, then there does not exist any tangent direction to
an admissible arc in 0 and T'(0) = @. On the other hand, because

F1(0) = {d € R? | Vh;(0)Td =0, Vhy(0)Td =0} ={decR?|(-2,0)d=0, (2,0)d =0},
it holds d € F1(0) Vd = (0,dy) : da # 0; then F;(0) # @.

Definition 6.3.1. We say that in x the LICQ (Linear Indipendence Constrains Qualification) holds
if the set
{Vh;(x) i=1,...,p, Vygi(x) i € A(x)}

1s formed by linearly independent vectors.
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Examples In example (1) the LICQ does not hold in x because Vh(x) = 0. In example (2) the
LICQ does not hold in 0 because Vh1(0) || Vha(0).

Lemma 6.3.1. If LICQ holds in x, then T'(x) = F1(x).

When the LICQ holds to find T(x) we can rather compute Fj(x), whose computation is much
more simple.

Example Let us consider the problem

min x1 + x2
xER™

2 -2 —23>0
xro Z 0

Ve =-2(2). Ve = ().

Let x = (0,v2)7. Tt holds A(x) = {1}, Vg1 (x) = (0, —2v2)T. The LICQ holds in x, so

We know that

T(x) = Fi(x) = {d € R? | Vg, (x)7d > 0} = {(2) e | (0,-2v9) (j;) > o}

- {(2) GRQ‘ —2\/§d2>0}:{(§;) eRz‘d2<0}.

Let now x = (—v/2,0)T. Tt holds A(x) = {1,2}, Vg1 (x) = (2v2,0)T, Vga(x) = (0,1)T, then the
LICQ holds in x and

T(x) = Fi(x) ={d € R* | Vg1 (x)"d > 0, Vga(x)"d >0}

{(0) <= evan () =0 00 (G) 20}
_ {(Z;) ER | dy 2 0,ds >0}.

Remark 6.3.1. If in x the LICQ does not hold, we cannot derive a necessary condition of the form
(NC). For example we can analyse the problem

{(jl) € R? \ 2/2dy >0, dy > 0}

2

min x1 + To
x€R2

(2—27 —z2)? =0.

For each x € Q, the LICQ does not hold in x because Vh(x) = 0. This makes it impossible to proceed
as in the case of just one equality constraint to obtain (NC).

Lemma 6.3.2.

x* local minimum point = Ad € T(x*) s.t. Vf(x*)Td <0
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Proof. Let d € T(x"), ie., d = &(0) for some a(¥) admissible arc in x*. Because «a(?) is an
admissible arc in x* and because x* is the constrained minimum point, moving from x* = a(0) along
a(¥) we will find larger values of f:

{W} = V@) 0) = Vi),

0 <
- d?d

Theorem 6.3.1. First order necessary condition

—  Ade F(x*) s.t. Vi(x)Td <0.

{ x* is a local minimum point

in X* LICQ holds

The necessary condition is not sufficient. Let’s see this with an example. Let us consider the
problem

min xo
x€R?

x%—l—xz > 0.

It holds
Q={xecR? |2y > 23}

Remark that f is not lower bounded in 2, then the problem does not admit a solution.
Let us consider the point x* = (0,0)”. In x* the LICQ holds because

saer -] =[] () o

Because in x* the constraint is active, it holds

Fi(x*) ={d e R? | Vg(x*)Td > 0} = {(2) € R? ‘ (0 1) (2) > 0} = {(2) € R? ‘ dy > 0}.

Remark that Vd € Fj(x¥)

but x* is not a solution.

6.3.1 Farkas Lemma

Theorem 6.3.2. Farkas Lemma. Let A € R™*™ and b € R™. Then exactly one of the following sets
must be empty:

(i) {z | Az =b, x > 0},

(i) {y | ATy <0, by > 0}.

Remark:

e Systems (i) and (ii) are called strong alternatives, meaning that exactly one of them can be
feasible.
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e This theorem will be used also in Chapter 8 for proving infeasibility of a linear programming
problem via an explicit and easily-verifiable certificate.

The proof of the theorem is in TDG6.

Geometric interpretation of the Farkas lemma. For the geometric interpretation of the Farkas
lemma we need some ingredients.

Theorem 6.3.3. Separating hyperplane theorem. Let C and D be two convex sets in R™ that do not
intersect (i.e., C N D = (). Then, there existsa € R", a# 0, b € R, such that a’x < b for all x € C
and aTx > b for allx € D.

o' 1¢h 17, b

Figure 6.3: Illustration of the separating hyperplane theorem. The two convex sets are separated by
the hyperplane a’x — b = 0.

Definition 6.3.2. Cone. A set K C R" is a cone if x € K implies ax € K for any scalar o > 0.

Definition 6.3.3. Conic hull. Given a set of points S = {X1,...,Xp}, the conic hull of S, denoted
by cone(S), is the set of all conic combinations of the points in S':

cone(S) = {iamﬂai >0,x; € S}.
i=1

The geometric interpretation of Farkas lemma is then the following. Let S = {ai,...,a,} be the set
of the columns of A and let cone(S) be the cone of all their nonnegative combinations. If
b ¢ cone(.S), then we can separate it from the cone with a hyperplane.

We consider an equivalent alternative formulation of Farkas lemma, that will be useful in the
following. See TD6 for the proof.

Lemma 6.3.3. Farkas Lemma
Given C € R"*P B € R™M we consider the following cone of R":

K ={Cw+ By |weRP,y cRM y >0}
For each g € R™ exactly one of the following sentences is true:
(a) g€ K

gfd<0 (b.1)
(b)) AdeR™ s.t. § CTd=0  (b.2)
BTd>0  (b.3)

(a) and (b) are each other opposite: (b) <= —(a).
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Figure 6.4: Left: conic hull. Right: geometrical interpretation of the Farkas lemma. The separating
hyperplane is y'x — ¢ = 0, for some constant c.

6.3.2 KKT conditions

Theorem 6.3.4. KKT, first order necessary conditions
If x* is a solution in which the LICQ holds, then there exist u* € RP, X* € R™ such that

Vi L(x*, p*,A") =0,
h(x*) =0,

g(x*) =0,

A* > 07

X Tg(x*) = 0.

In this case we say that (xX*,pu*,A*) satisfies the Karush-Kuhn-Tucker conditions, usually called
KKT conditions. The last condition is the complementarity condition, which can be written also
as Afg(x*); =0 for alli =1,...,n, because of the positivity of the vectors.

Proof. Let x* be a solution in which the LICQ holds.

Let
g = V/f({x),
C= (Vhl(x*) |- |Vhp(x*)) € R™*?,
B = (Vg (') | -+ | Vgiy, (x)) € RN {ir,iag} = AXY)
and
K ={Cw+By|wecR’ycRM y>o0} (6.1)

With this notation it holds
Fi(x*) = {deR"|Vh(x*)'d=0Vi=1,...,p, Vgi(x)Td >0 Viec A(x*)}
= {deR"|Vh(xx*)"d=0Vi=1,...,p, Vg;,(x*)'d>0Vj=1,...,M}
= {deR"|(Ce)Td=0Vi=1,...,p, (Be;)’'d>0Vj=1,...,M}
= {deR"|e/C"d=0Vi=1,...,p, e B'd>0Vj=1,...,M}
= {deR"|(CTd);=0Vi=1,...,p, (B¥d); >0 Vj=1,...,M}
= {deR"|cTd=0, B'd >o0}.
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By the first order necessary condition in Theorem 6.3.1, being x* a solution in which the LICQ holds,
Ad € Fi(x*) st. gfd <0,

that is
gfd <0
Ad € R" s.t. ctd=o0
BTd>o0

Condition (b) of Farkas Lemma does not hold, then (a) must hold and

g e K.
Yiy
This means that Vf(x*) € K, that is there exist w* € R, y* = e RM, y* > 0 such that
Yine
VI(x') = Ow + By = (Vhi(x') | -+ | Vhy(x) )w" + (Vi () | -+ | Vgiy, (") )y"

P M P
— ZVhi(x*)w;‘ + Z Vi, (x")y;, = waVhi(x*) + Z yiVgi(x¥).
i=1 j=1 i=1

1€ A(x*)

Set
S « [yl itie A(x")
AT = )\:* A { 0  otherwise

There exist p* € RP, A" € R™ : A* >0,/ g;(x*) =0 Vi=1,...,m such that

Zuzw +ZA Vgi(x"),

that is, (because A* > 0 and g(x*) > 0) there exist p* € R, A* € R™ : A* > 0, \*Tg(x*) = 0 such

that
Zulw ZA Vgi(x") =

Because
m

Vi L(x, p, A) = Zth Z AiVgi(x

there exist u* € RP, A* € R™ : A* > 0, \*T'g(x*) = 0 such that

VR L(x*, p*,A") =0
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Remark 6.3.2. This necessary condition is not sufficient. Let’s see this with an example. We
consider again the problem
min xo

x€R?
x% + 29 > 0.
We have seen that in x* = (0,0)T the LICQ holds. Because
L(x,\) = f(x) — Ag(x) = x5 — A\aT — Ay,

ViL(x,A) = (f_AT) ,

e =, 7).

VL(x",A\)=0 <<= A=1,

then (x*, \*) with \* = 1 that satisfies the KKT because in x* the constraint is active. But x* is not
a solution.

it holds

Lemma 6.3.4. Let x* be a solution in which the LICQ is satisfied. The first order necessary condition
and the KKT conditions are equivalent:

Ad € Fi(x*) st. Vfx)Td <0 < Iu* € RP X" € R™ s.t. (x*,u*, \*) satisfies the KKT.

Proof. (=) is the prof of the previous theorem.
(<) Because (x*, u*, A") satisfies KKT conditions it holds

VR L(X* A", ") =

that is
Z i Vhi(x") + Z A Vgi(x"),
and then
p m m
=D Vhi(x)+ D> ANVa )+ Y AS Vgi(x*)
i=1 i=1 i—1 ~
i€ A(x") IgA(X*) =0 for

complementary

m

p
gulvh + > AL Vo).

i=1
. wy >0
EAT)

So V f(x™) belongs to the cone defined in (6.1]) and Farkas Lemma guarantees that there do not exist
directions d € Fy(x*) s.t. Vf(x*)'d <0, O
6.4 Second order optimality conditions

Let us assume that (x*, u*, A*) satisfies the KKT conditions. Then Vf(x*)'d > 0 vd € Fy(x*). If
V£(x*)Td = 0, with just first order informations we are not able to establish if along the direction d
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the values of f increase or decrease: we need second order informations. Then the directions in the
set

{d e Fi(x*) | Vf(x*)"d =0}
are called critical directions; this set is a cone. If i € A(x¥), i.e., g;(x*) = 0, and A} = 0 then the i-th

inequality constraint is said to be degenerate.
Remark that, given d € F (x*),

Vix)Td=0 <«

I

A\ Vgi(x")Td =0

proof of Ca=1
prev. thm. ieA(x")
m m
— SN Vax)Td + > N Vg (x)Td=0
1=1 =1 Y
€Ay =0 ieAx) >0 >0
i degenerate i non degenerate deF(x")

Vgi(x*)'d =0 Vi € A(x*) : i non degenerate

—
—  VgE)Td=0 Vic Ax*): A} > 0.

ie.,
{de Ai(x") | Vfx)Td=0}={d € Fi(x*) | Vgi(x)Td =0 Vi € Ax*): \I >0} :=C(x*,\*).

This last set is the critical cone in (x*, \*).

Theorem 6.4.1. Second order necessary condition

Let x* a solution in which LICQ holds. By the first order necessary condition we know that there
exist p* € RP.A* € R™ such that (x*, u*, X*) satisfies the KKT. Then

dTHp o (x*, ", A)d >0 Vd € C(x*, \%),
i.e., the matriz

oL oL

8x18x1(x’”’>‘) 8x18xn(x’“”\)

Hex (X, p", A%) = :
a‘c * * * 8[’ * * *
axnaxl(xvu?A) 8$na$n(X7“’A)

is the Hessian of L(x, p, X) with respect to x in (X*, u*, A¥) is semipositive definite with respect to the
vectors of the critical cone C(x*, X*).

Theorem 6.4.2. Second order sufficient condition
Let x* € Q for which there exist p* € RP, A" € R™ such that (x*, u*, X*) satisfies the KKT. If

dTHp o (x*, p*,A")d >0  Vd e€C(x*,A%),d #0,

ie. if He (X", ", X") is positive definite with respect to the vectors of the critical cone C(x*,X"),
then X* is a solution.

Remark 6.4.1. In the unconstrained case, i.e. in the case in which Q =R", it holds L = f and the
set of admissible directions and the critical cone both are R™, then these conditions are equivalent to
those we have seen in the first part of the course.
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Example 1

Let us consider again problem
min xo
x€R? .
x% + x5 >0

We have seen that in x* = (0,0) the LICQ holds and that (x*, \*) with \* = 1 satisfies the KKT.

We have also seen that
Fl(X*) = {(Zih) S RZ ‘ dg > 0},
2

C(x*,\%) = {d € Fi(x") | Vg(x*)"d = 0} — {(3;) e® [ 20,0 1) (2) - o}
() ew oo} () len)

We have seen that
—2)\1‘1
1-X)°

—2X 0
HE’X(X7 )\) = ( O 0)

HE,X(X,A)Z(O O).

Remark that Vd € C(x*, A), that is for each d = (%1> for some d; € R, it holds

then

Vi L(x, \)

then

and

T * )k -2 0 dl 2
A7 Hp o (x* A )d = (d 0) ( 2OV~ (@ o) (-2 0) =2 <,
then the second order necessary condition does not hold, and x* is not a solution.

Example 2

Let us consider problem
1
o —4 2 2
miy 7@ 4+ o
2?23 —1>0.
After computing

£0x,A) = £(<) = Ag(x) = —0 (o — 4 + 28 — Aat + 23— 1),

and

—(1/5)(x1 — 4) — 2Ax;
VXE(X,A)<21§2(/1)_()\1) ) >
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VxL(x,A) =0
{ 9(x) =0
A>0

it is easy to solve the KKT system

and to see that the solutions are

and
4/11 4/11

(’;3) = | 105/121 | , <§4> = | —/105/121
3 4
1 1

Let us consider (x*,\*). Because

1

) W
Hﬁ,x(x7 )\) = 5 P
0 2 -2\

we have that

4
20
Hﬂ,x(X*v)‘*) = 5 71>
O 3

which is an indefinite matrix. But d” Hz x(x*,\*)d > 0, Vd € C(x*,\*) = {d € R? | d; = 0}. Then,
for the second order sufficient condition, x* is a solution.

On the contrary, in (x5, A3) the constraint is inactive, and as the Hessian matrix of the Lagrangian
function in (x5, A3) is indefinite, the point is not a minimum point.

6.5 Solution methods

6.5.1 Projected gradient method
If Q is the feasible set of the constrained problem, a step of the projected gradient method is:

X1 = PQ(Xk - aka(X}g)),

that is, a step of the gradient method is taken, followed by the projection of the new iterate onto the
feasible set. In this way all the iterates are feasible. This method can be applied only if the projection
onto the feasible set is easy to compute and not too expensive, because it needs to be computed at
each iteration.

Some important examples of known projection operators are:

e the projection of z onto R(A): Pra)(z) = A(ATA) 'ATz = AATz, where the last expression
is valid only if m > n and rank(A) = n.

e the projection of z onto the nullspace N'(A) of A : Pyray(z) = (I — Prear))(F)

e the projection of z onto the affine subspace S = {x | Ax = b} with A € R™*" with rank m and
b € R™: Pg(z) = (I — AT(AAT) "1 A)z + AT (AAT) b,
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Figure 1: At z;, the convex function f is differentiable, and g; (which is the
derivative of f at z) is the unique subgradient at z;. At the point zo, f is not
differentiable. At this point, f has many subgradients: two subgradients, g, and g3,
are shown.

Figure 6.5: Subgradients

Variant for non-smooth functions In many problems the objective function f may be non-
smooth, for example when a sparsity condition is imposed through an ¢; norm (cf. TD 7). This
situation is often encountered in machine learning applications. In such cases the gradient cannot
be computed. There exists however a variant of gradient methods, that is called subgradient method,
which employs subgradients of a nondifferentiable functiorﬁ

We say a vector g € R" is a subgradient of f: ACR" - Ratxe Aifforallze A

f(z) > f(x) + " (z — x).

If f is convex and differentiable, then its gradient at x is a subgradient. But a subgradient can exist
even when f is not differentiable at x, as illustrated in the following figure. The same example shows
that there can be more than one subgradient of a function f at a point x.

A function f is called subdifferentiable at x if there exists at least one subgradient at x. The set
of subgradients of f at the point x is called the subdifferential of f at x, and is denoted 9f(x). A
function f is called subdifferentiable if it is subdifferentiable at all x € A.

Example 1. Absolute value. Consider z € R and f(z) = |z|. For x < 0 the subgradient is
unique: Jf(x) = —1. Similarly, for z > 0 we have df(z) = 1. At = 0 the subdifferential is defined
by the inequality |z| > gz for all z, which is satisfied if and only if g € [—1,1]. Therefore we have

af(0) =[-1,1].

Example 2. The ¢;-norm f(x) = ||x||1 = |z1] + - -+ + |z»]| is a nondifferentiable convex function
of x. Tts subdifferential is given by sign(x).

If f(x) = f1(x) + fa(x) is given by the sum of a differentiable function f; and a nondifferentiable
function fs, as it is typically the case when a regularization term in the ¢; norm is added to the
objective function to enforce sparsity of the solution, the subgradient of f is simply the sum of the
gradient of f; and the subgradient of fs.

3Reference: https://see.stanford.edu/materials/lsocoee364b/01-subgradients_notes.pdf
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The subgradient method is used to solve problems of the form
min f(x)

with f nondifferentiable. Step & of this method is simply defined as looking for a gy € 9f(xx) and by
the update x;4+1 = X — axgr. If the problem also has constraints
min f(x)

and the projection operator onto €2 is known, we can use a projected subgradient method, whose k-th
step is defined as looking for a gy, € df(x)) and by the update x;11 = Po(xr — aigk)-

6.5.2 Penalty function methods

The general idea of penalty function methods is to transform a constrained problem into an uncon-
strained one, by adding the contraints to the objective function, as a penalty term. The simplest
penalty function of this type is the quadratic penalty function, in which the penalty terms are the
squares of the constraint violations:

: 1 ¢ 1 & _
Q(x, 1) = min f(x) + 5= > hi(x)* + o= > ([g9:(x)]7)”
x 2u i=1 2p i=1
where [y]” = max(—y,0) and p > 0 is a penalty parameter that balances the contribution of the

objective function and of the constraints. If p is too large, the constraints are not penalized with
enough severity and the resulting solution may be unfeasible (x ¢ Q). If on the other hand u is too
small, the contribution of the constraints may be too important with respect to the objective function
and the resulting solution may not be optimal for the original problem. The penalty function may
be less smooth than the objective and constraint functions. For instance, if one of the inequality
constraints is #; > 0, then the function min(0,2;)? has a discontinuous second derivative.

The idea of quadratic penalty function methods is to consider a sequence of values {u} with
e 4 0 as k — oo and to seek the approximate minimizer x; of Q(x;u) for each k. We can prove
that if each xy, is the exact global minimizer of Q(x;ux) and if py | 0, then every limit point of the
sequence {xj} is a solution of the original problem. Convergence results can be proved also when we
allow inexact (but increasingly accurate) minimizations of Q(x; ).

Another class of penalty functions is those of the exact penalty functions. These are functions
with the property that for certain choices of the parameter u, a single minimization yields the exact
solution of the nonlinear programming problem. An example is given by the ¢; penalty function:

m

(3.0 = min ) + - S| (0] + 3 YLl

i=1
It is possible to show that the ¢; function is an exact penalty function for all u < v*, with
v =max{|uf|,i=1,...,p, \[,i=1,...,m},

the Lagrangian multipliers at the solution. For all sufficiently small, positive values of y, one mini-
mization of this unconstrained function will yield the solution of the nonlinear program. It is however
difficult to determine p a priori in most practical applications; rules for adjusting this parameter
during the course of the computation are then usually devised. Minimization of ®; is moreover made
difficult by the fact that it is nonsmooth.
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6.5.3 Sequential programming methods

The idea of sequential programming methods is to model the original constrained problem at the
current iterate x; by a linear or quadratic programming subproblem and to use the minimizer of this
subproblem to define a new iterate xj1.

In the subproblems the constraints are linearized:

hi(x) + Vhi(x)Tp =0,
9i(x) + Vgi(x)"p >0

and the objective function is approximated by a linear or quadratic approximation:

%pTWkp +Vf(xe)'p
where W}, = 0 in sequential linear programming (SLP) methods and Wj, is the Hessian of the La-
grangian function with respect to x in sequential quadratic programming methods (SQP). The simplest
derivation of SQP methods views them as an application of Newton’s method to the KKT optimality
conditions for the constrained problem, that’s why the arising matrix Wy, is defined in this way (cf.
chapter 18 of the book). Efficient solvers exist for the solution of such subproblems.



86

CHAPTER 6. CONSTRAINED OPTIMIZATION



Chapter 7

Optimization methods for Machine
Learning

The reference for this part is Optimization Methods for Large-Scale Machine Learning, by Leon Bottou,
Frank E. Curtis, Jorge Nocedal, STAM Review, Vol. 60, No. 2, pp. 223-311.

The most part of machine learning problems require the solution of a large-scale optimization
problem, in the so-called training phase. This is the case for example of regression and classification
problems, that are based on a collection of couples {(w;,v;)}, @ = 1,...,m where w; are called
samples and y; are called labels. In regression problems y; € R, while in classification problems
yi € {1,..., M}, where M is the number of classes into which the data can be divided, usually binary
classification problems are considered in which M = 2 and y; € {0,1} (cf. Figure . The set
{(wi,yi)}, i = 1,...,m is called a training set and it can be considered as a set of m realizations
of the couple of random variables w,y that obeys to a hidden probability law P(w,y). The aim of
supervised learning is to use the available data to build a model h capable of predicting the labels for
unseen examples (fit the data in regression problems, assign them to the correct class for classification
problems). To do so, a loss function ¢ is chosen that measures a cost for predicting h(x; w;) when the
true label is y; (x € R™ are the variables of the model). A famous example is given by the least-squares
loss function: £(h(x;w;) —y;) = [h(x; W;) — y;]* that we have studied in Chapter 5. To find the best
parameters we can solve an optimization problem that is usually formulated as

min f,,(x) = % Z fi(x), (7.1)

where f; = £(h(x;w;) — y;). This is the training phase and f,, is usually called the empirical risk.

Problem can be seen as a discrete version of the true objective function. Ideally indeed,
one would like to chose the parameter vector x to minimize the expected loss that would be incurred
from any input-output pair (w;,y;). To state this idea formally, we consider the unknown probability
distribution P(w,y) representing the true relationship between inputs and outputs. The objective
function we wish to minimize is the expected risk

flx)= /Z(h(x; w),y)dP(w,y) = E[{(h(x; W), y)].
While it may be desirable to minimize f, such a goal is untenable when one does not have complete

87
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h(x)=0

h(x)=1

Figure 7.1: Binary classification problem where the samples x are separated by a hyperplane h(x) =
z7x + b, that depends on the parameters (z,b) € R"*1,

information about P. Thus, in practice, one seeks the solution of problem that involves the
empirical risk as an estimate of the expected risk.

Given such a set-up, one has to be careful in the minimization of f,,. In particular finding an
exact minimizer should be avoided because the risk is to do an overtraining: the model is adapted
too well to the training set and is not well suited to generalize to unseen samples. That’s why when
employing an algorithm for minimizing f,,, an early stopping criterion is used, which means that the
algorithm is stopped before an actual minimizer is found. This is explained in Figure

Prior to the training phase the available data are divided into three sets: the training set, the
validation set and the test set. The validation set is used to choose the hyperparameters of the
method (additional parameters than the training parameters, that helps defining the ”structure” of
the model, for example the number of layers for a neural network, the number of neurons in the neural
network, the degree of a polynomial model, and that help to balance the model complexity. A complex
model adapts better to the data but will have less predictive power, cf. Figure . Over the training
set, one minimizes an empirical risk measure f,, for various values of the hyperparameters. This
results in a handful of candidate functions. The validation set is then used to estimate the expected
risk corresponding to each candidate solution, after which one chooses the function yielding the lowest
estimated risk value. The testing set is a set of samples that are not used during the training and
are then used to estimate the prediction capacity of the model. The empirical risk computed on the
testing set gives a better estimation of f than the value of f,, computed using the training samples.
What we would like to have is a measure of the error expected in the prediction of unseen samples
and from Figure it is clear that we cannot employ the error achieved during training as a measure
of this prediction error.

Being m usually very large, the simple evaluation of the objective function f,, becomes very
expensive, not to mention the computation of the derivatives. In many problems, for example when
neural networks are used, also the dimension of the problem n may be really large. For this reason
classical optimization methods are not well-suited for these applications and new methods have been
proposed. Consider for example Newton’s method. We have not only to compute first and second
order derivatives for m functions, but also to solve a linear system of size n at each iteration. This
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Stopping the optimization
here achieves better
expected risk R(w).

Risk

Observed expected risk R(w)

Observed empirical risk R (w)

Training time

Figure 7.2: Motivation for early stopping. Comparison between the empirical risk f;,, and the expected
risk f.

Modéle linéaire; R2=0.11 Modéle cubique; R2=0.95

Degré 10; R2=1

Figure 7.3: Models of increasing complexity (polynomial models of increasing degree). Polynomials
with higher degree fit better the data, but will not be good in predicting unseen data.
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may be impractical for large problems. We will see in the following some approaches to make the
solution of (|7.1)) practical.

7.1 Stochastic gradient (SG)

The stochastic gradient method is a variant of the classical gradient method. It is an iterative method
that starts from a given point x¢. Its general iterative scheme is as follows:

X1 = Xk — oV fi, (Xp),

where «y, is a given step-length, 75 is an index among {1,...,m} that is randomly chosen at each
iteration. Each iteration of this method is thus very cheap, involving only the computation of the
gradient V f;, (xx), corresponding to one sample. This is a stochastic algorithm (as opposed to the
algorithms that we have studied until now that are deterministic), meaning that the generated sequence
is not uniquely determined from the starting point xq, but depends on the random sequence of indexes
{ir}. Note that each direction —V f;, (x)) might not be one of descent for f,, (in the sense of yielding
a negative directional derivative), but we can show that if it is a descent direction in expectation (the
expected value of the scalar product with V f(xy) is negative), then the sequence {x;} can be guided
toward a minimizer of f,,.
Here is the algorithm of the Stochastic gradient method (SG):

Stochastic Gradient (SG) Method
1. Given an initial iterate xq.

2. For k =0,1,2,...do
(a) choose randomly iy in {1,...,m}.

(b) compute py = =V f;, (x)
(c) choose a stepsize oy > 0
)

(d) set Xgt1 = Xk + QxPk

The coefficients ay, are usually chosen heuristically, often a small constant value is fixed for which
the method is convergent. This is a difficult choice that affects the speed of convergence of the method.
Moreover, the performance of the stochastic gradient method worsens when the conditioning of the
problem increases and this method is usually more suitable (and more studied) for convex problems.

The step computed by the standard gradient method is of course more expensive than that com-
puted by SG, but one may expect that a better step is computed when all the samples are considered in
an iteration, for more information is used. Stochastic and full approaches offer then different trade-offs
in terms of per-iteration costs and expected per-iteration improvement in minimizing the empirical
risk. Moreover, due to the sum structure of the objective function, the full method can easily benefit
from parallelization.

There are however several reasons for which the stochastic gradient can be preferred to the full
gradient method.

e In many large-scale applications the data does involve a good deal of (approximate) redundancy.
This suggests that using all of the sample data in every optimization iteration is not necessary
and therefore inefficient.
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e Stochastic gradient method usually shows a fast convergence at the beginning of the procedure
and then tends to stagnate. If high accuracy is not required (which is the case in many machine
learning applications) stochastic gradient can be a good option. If on the contrary we were
to consider a larger number of iterations, then one would see the gradient approach eventually
overtake the method and yield a lower training error.

o If f,, is strongly convex the gradient method converges linearly:

fm(xk) = [, <O(0%), pe(0,1),

where f denotes the minimal value of f,,,. The total number of iterations in which the training
error can be above a given threshold ¢ > 0 is proportional to log(1/e). This means that, with
a per-iteration cost proportional to m (due to the need to compute the full gradient) the total
work required to obtain accuracy e for a full gradient method is proportional to mlog(1/e). The
rate of convergence of a basic stochastic method is slower than for a batch gradient method. If
fm is strictly convex, each iy is drawn uniformly from {1,...,m}, and ap = O(1/k), then the
stochastic gradient has a sublinear convergence in expectation:

E(fm(xk) = frm) = O(1/F).

However, it is crucial to note that neither the per-iteration cost nor the right-hand side depends
on the sample set size m. This means that the total work required to obtain accuracy e for SG
is proportional to 1/e. Admittedly, this can be larger than mlog(1/¢) for moderate values of m
and €, but the comparison favours SG when one moves to the big data regime where m is large.

Between full gradient method and stochastic gradient method we find the mini-batch methods.
Using all the samples to compute the gradient is too expensive, so we use just some of them and we
change the chosen indexes at each iteration. In stochastic methods we take the minimum possible,
just one sample, in mini-batch approaches we take a small subset Z;, C {1,...,m} of the samples at
each iteration:

Qg

Xpp1 =Xp — = > Vfi(xn),

‘Ik | i€Ty,

This allows some degree of parallelization to be exploited in the computation of mini-batch gradients.
In addition, one often finds that, due to the reduced variance of the stochastic gradient estimates, the
method is easier to tune in terms of choosing the stepsizes.

7.2 Noise reduction methods

These methods aim to improve the rate of convergence from sublinear to linear by dynamically replac-
ing or incorporating new gradient information in order to construct a more reliable step with smaller
variance than an SG step. These are particularly beneficial when the gradient estimates are noisy.
This prevents the SG from converging to the solution when fixed stepsizes are used and leads to a
slow, sublinear rate of convergence when a diminishing stepsize sequence is employed. Noise reduction
methods possess a linear rate of convergence to the optimal value using a fixed stepsize. It is possible
to establish a result that stipulates that for strongly convex objectives if the variance of the stochastic
vectors V f;, (xi) decreases geometrically, i.e. it exist M > 0 and £ € (0,1) such that

var = E[(||V fi, () | = E(IV £, (xu)[1))°] < ME",

an SG-type method can converge at a linear rate.
Methods that belong to this family are dynamic sample size and gradient aggregation methods
(such as SVRG, SAGA).
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7.2.1 Dynamic sampling methods

These methods achieve noise reduction by gradually increasing the mini-batch size used in the gradi-
ent computation, thus employing increasingly more accurate gradient estimates as the optimization
process proceeds:

6]
Xpt1 = X — il EZI: V fi(xk),
i€Ty

where |Z;,| = ng, = [7"7!] for some 7 > 1. For this method we can prove that it exists M > 0 such

that
M
var < —.
ng
In practice one needs to find a good value of the parameter 7 that guarantees good performance for
the application at hand. In addition, one may want to avoid having too large values, to prevent the full
sample set from being employed too soon (or at all). Then sometimes an adaptive sampling algorithm
is rather used, which considers mechanisms for choosing the sample sizes not according to a prescribed
sequence, but adaptively according to information gathered during the optimization process. To do
so, usually the following condition is tested: var < C||V fz, (xx)||* for a positive constant C' > 0. If
this is not satisfied the size of the set is increased.

7.2.2 Gradient aggregation methods

The dynamic sample size methods described in the previous subsection require a careful balance
in order to achieve the desired linear rate of convergence without jeopardizing per-iteration costs.
Alternatively, one can attempt to achieve an improved rate by asking a different question: rather than
computing new stochastic gradient information (increasingly accurate) in each iteration, is it possible
to achieve a lower variance by reusing and/or revising previously computed information? After all,
if the current iterate has not been displaced too far from previous iterates, then stochastic gradient
information from previous iterates may still be useful. In addition, if one maintains indexed gradient
estimates in storage, then one can revise specific estimates as new information is collected. These
methods are able to achieve a linear rate of convergence on strongly convex problems. This improved
rate is achieved primarily by either an increase in computation or an increase in storage.

SVRG The first method we consider operates in cycles. At the beginning of each cycle, an iterate
X}, is available at which the algorithm computes a full (or batch) gradient

V) = - D0 Vi)
=1

Then, after initializing X; = xj, a set of N inner iterations indexed by j with an update x;11 = X;—ag;
are performed, where

g = Vi, (%) — (Vfi,(xx) = Vi (xx))

0fi,(%;) afi, (xx) Of1(xx) T O fn (X1)
8;101 6951 1 8;101 81'1
= : - : T :
0fi,(%;) Ofi,(xk) 0fi(xk) |, Ofm(xk)

oz, Ox,, ox, oxy,
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and i; € {1,...,m} is chosen at random.

This formula can be seen as the result of the application of a variance reduction technique to the
stochastic gradient. Variance reduction is a statistical technique that is used to reduce the variance
of a random variable X by using another random variable Y, which is positively correlated with X.
A new variable Z,, is defined as

Za = Oé(X - Y) + E(Y),
which has reduced variance.

Since the expected value of V f;, (xx) over all possible i; is equal to V f,,(xx), one can view g; as
the result of the application of this technique to the stochastic gradient V f; (X;), choosing o = 1.

In every iteration, the algorithm randomly draws a stochastic gradient V f;,(X;) evaluated at the
current inner iterate X; and corrects it based on a perceived bias. Overall, g; represents an unbiased
estimator of V f,,(X;), but with a smaller variance than the one of V f; (X;) (that is used in simple

SG). This is the reason that the method is referred to as the stochastic variance reduced gradient
(SVRG) method.

SVRG method
1. Given an initial iterate xq, stepsize a > 0 and positive integer N.
2. For k =0,1,2,...do
(a) Compute the batch gradient V fp, (xx)
(b) Initialize X3 = x,
(c) forj=1,...,N do
i. Chose i; uniformly from {1,...,m}.
ii. Set gj = szj (5(]) - (szJ (Xk) - me(xk))
iii. Set )NCjJrl == 5(] - Oégj.
(d) Update xp41

i. Option 1: Set Xp4+1 = Xn41-
1N
ii. Option 2: Set xg41 = N jz_;fcj_,_l

iii. Option 3: Choose j uniformly from {1,..., N} and set Xj41 = Xj41.

SAGA The second method we consider is also based on the idea of variance reduction as SVRG, but
differs from it as it does not operate in cycles, and computes batch gradients only at the initial point.
At the beginning of the optimization process the gradient of all the m components of the objective
function are computed and stored in a n X m table. This table is updated along the optimization
process: at each iteration k a random index 4, is chosen and the corresponding gradient V f;, (xx) is
computed at the current solution approximation. This is used to update the table: the column iy is
updated with this new value.

The table is used to compute the new step. In iteration k, the integer i, € 1,...,m is chosen at
random and the step direction is set by

gk = Vi, (xx) = Vfi, (X[i) + %Z V fi(x))
=1
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where x; represents the latest iterate at which V f; was evaluated. This vectors are stored in the
table.

Taking the expectation of gi with respect to all choices of j € {1,...,m}, one again has that
Elgr] = Vfm(xk). Thus, the method employs unbiased gradient estimates, but with variances that
are expected to be less than the stochastic gradients that would be employed in a basic SG routine.
The algorithm of SAGA is given in the following. Notice that, as opposed to SVRG, SAGA needs to
store all the gradients.

SAGA method
1. Given an initial iterate xq, stepsize a > 0.
2. Fori=1,...,m do

(a) Compute V f;(x1).
(b) Store V fi(xp;)) = V fi(x1) (create the table).

3. For k=1,2,... do
(a) Choose j uniformly in {1,...,m}.
(b) Compute V f;(xx).
1 m
(c) Set gr = Vf;(xx) = VF;(x) + — > Vfilxp)
i=1

(d) Store V f;(xy;) = Vf;j(xx) (update the table).

(e) Set Xpt+1 = Xk — ALk

7.3 Accelerated gradient methods

The idea of accelerated gradient method is to decrease the number of iterations instead of the cost of
each of them.

7.3.1 Gradient method with momentum

The problem with gradient descent is that the parameters update at an iteration k is governed by
the learning rate and the gradient at that iteration only. It doesn’t take into account the past steps
taken. This leads to the following problemﬂ

1. The gradient of the objective function at saddle points (in a plateau) is negligible or zero, which
in turn leads to small or no parameters updates (very small steps). Hence, the optimization
process may stop before reaching an optimal point

2. The path followed by gradient descent is very jittery, also when operating with mini-batch mode.

Consider the below surface.
Let’s assume the starting guess corresponds to point A. With gradient descent, the objective
function decreases rapidly along the slope AB as the gradient along this slope is high. But as soon as

1ht‘.tps ://towardsdatascience.com/gradient-descent-with-momentum-59420£626c8f
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Figure 7.4: Surface corresponding to an objective function.

it reaches point B the gradient becomes very low. The step around B is very small. Even after many
iterations, the sequence moves very slowly before getting stuck at a point in the plateau where the
gradient eventually becomes zero.

In this case, ideally, the sequence should have moved to the global minima point C, but because
the gradient disappears at point B, we are stuck with a sub-optimal solution.

How can momentum fix this? Now, imagine you have a ball rolling from point A. The ball starts
rolling down slowly and gathers some momentum across the slope AB. When the ball reaches point B,
it has accumulated enough momentum to push itself across the plateau region B and finally following
slope BC to land at the global minima C.

How can this be used and applied to Gradient descent? To account for the momentum, we can
keep memory of past gradients. In regions where the gradient is high like AB, the step will be large.
Thus, in a way we are gathering momentum by keeping memory of these gradients. Thus, we could
define the step as the average of past gradients instead of the gradient at the current iteration. But
there is a problem with this method, it considers all the gradients over iterations with equal weightage.
The gradient at k = 0 has equal weightage as that of the gradient at current iteration k. We need to
use some sort of weighted average of the past gradients such that the recent gradients are given more
weightage.

This can be done by using an Exponential Moving Average (EMA /ﬂ Exponentially weighed av-
erages deal with sequences of numbers. Suppose, we have some sequence y which is noisy. See for
example in Figure (left) the cosine function to which some Gaussian noise has been added. What
we want to do with this data is, instead of using it, we want some kind of "moving” average which
would ”denoise” the data and bring it closer to the original function. Exponentially weighed averages
can do this. An exponential moving average is an average that assigns a greater weight on the most
recent values.

The EMA s(t) for a series y(t) may be calculated recursively as:

S(t) = y(1) ift=1,
Bs(t—1)+(1—PB)y) ift>1

where the coefficient 5 represents the degree of weighting increase, a constant smoothing factor between
0 and 1. A lower S discounts older observations faster; y(¢) is the value at the instant ¢; s(¢) is the

2ht‘.tps ://towardsdatascience.com/stochastic-gradient-descent-with-momentum-a84097641a5d
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value of the EMA at t.
Figure (right) reproduces the EMA for the cosine function.

L[] ® noisy data : .

e ® noisy data
—— original function
0.75 ° \P.. 9
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Figure 7.5: Left: data coming from noisy cosine function. Right: Exponential Moving Average.

In our case of a sequence of gradients, the new weight update equation at iteration k becomes

sk = PBsk—1+ (1 — B)gw

where s is the new update done at iteration k, that is xx41 — Xx, @ is the momentum constant,
and gy is the gradient approximation at iteration k (it may be the full gradient, or a mini-batch or
stochastic gradient).

Often the term (1 — ) is replaced with the learning rate, and a dynamically adjusted parameter
B may be used instead of a fixed 3, so the general update for gradient method with momentum is:

Xp1 = X — oV f(Xk) + Br(Xk — Xx—1), (7.2)

where also the scalar sequence {«y, } is either predetermined or set dynamically. The term Sy (X —Xx—1)
is referred to as the momentum term, which, recursively, maintains the algorithm’s movement along
previous search directions.
Of course, when 8, = 0 for all £ € N, it reduces to the steepest descent method. When o = «
and By = [ for some constants a > 0 and 8 > 0 for all k € N, it is referred to as the heavy ball method.
An alternative view of the heavy ball method is obtained by expanding the update:

k
Xpp1 =Xk —a»_ BFIVE(x)

j=1

thus, each step can be viewed as an exponentially decaying average of past gradients.

Let’s analyse the contribution of 8. Assume a = 1.

What if 8 = 0.17 At k = 3; the gradient gz will contribute 100% of its value, the gradient go will
contribute 10% of its value, and gradient g; will only contribute 1% of its value, so contribution from
earlier gradients decreases rapidly.

What if 8 = 0.97 At k = 3; the gradient g3 will contribute 100% of its value, go will contribute
90% of its value, and gradient g; will contribute 81% of its value.

We can deduce that higher § will accommodate more gradients from the past. Hence, generally,
B is kept around 0.9 in most of the cases. Note however that the actual contribution of each gradient
in the step will be further subjected to the learning rate.

See Figure for the case of the cosine function.
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Figure 7.6: Values of 8 in the momentum term for the cosine function.

This addresses our first point where we said when the gradient at the current moment is negligible
or zero the learning becomes zero. Using momentum with gradient descent, gradients from the past
will push the sequence further to move around a saddle point.

In the cost surface shown earlier let’s zoom into point C.

Fx

Small Leaming Rate: Slow Convergence N Large Leaming Rate: Oscillations

Figure 7.7: Gradient steps for large and small learning rate.

With gradient descent, if the learning rate is too small, the steps will also be small, hence conver-
gence takes a lot of time even when the gradient is high. This is shown in the left side image below.
If the learning rate is too high the sequence oscillates around the minima as shown in the right side
image below.

How does momentum fix this? Let’s look at the last summation equation of the momentum again.

1. Case 1: When all the past gradients have the same sign

The summation term will become large and we will take large steps while updating the param-
eters. Along the curve BC, even if the learning rate is low, all the gradients along the curve will
have the same direction (sign) thus increasing the momentum and accelerating the descent.

2. Case 2: when some of the gradients have + sign whereas others have — sign
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The summation term will become small and the steps will be small. If the learning rate is high,
the gradient at each iteration around the valley C will alter its sign between + and — and after
few oscillations, the sum of past gradients will become small. Thus, making small steps from
there on and damping the oscillations.

This to some amount addresses our second problem. Gradient descent with momentum takes small
steps in directions where the gradients oscillate and take large steps along the direction where the
past gradients have the same direction (same sign). See the effect of the momentum term on the 2D

example in Figure

Figure 7.8: Gradient steps without (left) and with (right) momentum term.

The heavy ball method is known to yield a superior rate of convergence as compared to steepest
descent with a fixed stepsize for certain functions of interest. For example, when f is a strictly convex
quadratic with minimum and maximum eigenvalues given by Ay, > 0 and Apax > Amin, respectively,
steepest descent and the heavy ball method each yield a linear rate of convergence (in terms of the
distance to the solution converging to zero) with contraction constants respectively given by

nol and Vi1 with kK = Amax > 1.
k+1 VE+1 Amin

Choosing («, ) to achieve these rates requires knowledge of (Amin, Amax ), which might be unavailable.
Still, even without this knowledge, the heavy ball method often outperforms steepest descent.

Even though momentum with gradient descent converges better and faster, it still doesn’t resolve
all the problems. First, the hyperparameter a (learning rate) still has to be tuned manually. Second,
in some cases, where, even if the learning rate is low, the momentum term and the current gradient
can alone drive and cause oscillations.

7.3.2 Nesterov accelerated gradient

This is an accelerated gradient method that was proposed by Nesterov. The core idea behind Nesterov

momentum is that if the current parameter vector is x, then the momentum term alone (i.e. ignoring

the term with the gradient) is about to nudge the parameter vector by Bx(xx —xx—1). Therefore, if we

are about to compute the gradient, we can treat the future approximate position xx + Bi(Xr — Xg—1)

as a "lookahead” - this is a point in the vicinity of where we are soon going to end up. Hence, it makes

sense to compute the gradient at xi + O (X — Xxi—1) instead of at the old position xj, see Figure
Written as a two-step procedure, the Nesterov update is then

X = Xg + Bre(xp — Xp—1) and Xp 41 = X — axV f(Xp),
which leads to the condensed form
X1 = X — 0V (X + B (X — Xp—1)) + Br(Xe — Xp—1). (7.3)

In this manner, it is easy to compare this approach with the momentum one. In particular, one can
describe their difference as being a reversal in the order of computation. In ([7.2), one can imagine
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Momentum update Nesterov momentum update

“lookahead” gradient
step (bit different than
original)

momentum
step

momentum
step
actual step

actual step

gradient
step

Nesterov momentum. Instead of evaluating gradient at the current position (red circle), we know that our momentum is about to
carry us to the tip of the green arrow. With Nesterov momentum we therefore instead evaluate the gradient at this "looked-
ahead" position.

Figure 7.9: Momentum vs Nesterov update.

taking the steepest descent step and then applying the momentum term, whereas results when
one follows the momentum term first, then applies a steepest descent step (with the gradient evaluated
at X, not at xj).

While this difference may appear to be minor, it is well known that with appropriately chosen
ar =a>0forall k € Nand {f;} 1 leads to an optimal iteration complexity when f is convex and
continuously differentiable with a Lipschitz continuous gradient. Specifically, while in such cases a
steepest descent method converges with a distance to the optimal value decaying with a rate O(1/k),
the iteration converges with a rate O(1/ k2), which is provably the best rate that can be achieved
by a gradient method. Unfortunately, no intuitive explanation as to how Nesterov’s method achieves
this optimal rate has been widely accepted. Still, one cannot deny the analysis and the practical gains
that the technique has offered.

7.3.3 Coordinate descent

Coordinate descent (CD) methods are among the oldest in the optimization literature. As their name
suggests, they operate by taking steps along coordinate directions: one attempts to minimize the
objective with respect to a single variable while all others are kept fixed, then other variables are
updated similarly in an iterative manner. Such a simple idea is easy to implement. Their limitations
have been documented and well understood for many years, but one can argue that their advantages
were not fully recognized until recent work in machine learning and statistics demonstrated their
ability to take advantage of certain structures commonly arising in practice. The iteration of CD
method is given by

X1 = Xp — gV fi, (Xk)e;,., where Vf; (xx) := (Xk),

6a:ik

and x;, represents the ii-th element of the parameter vector, and e;, represents the ix-th coordinate
vector for some iy, € {1,...,n}. In other words, the solution estimates x;1 and x, differ only in their
1,-th element.

Contrary to what intuition might suggest, a CD method is not guaranteed to converge when
applied to minimize any given continuously differentiable function, counterexamples with nonconvex
functions have been built. On the other hand, if the objective is strongly convex, the CD method will
not fail and one can establish a linear rate of convergence.
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7.4 Second-order methods

Due to its ability to achieve a quadratic rate of convergence in the neighborhood of a strong local
minimizer, Newton’s method represents an ideal in terms of optimization algorithms. It does not
scale well with the dimension n of the optimization problem, but there are variants that can scale well
while also being able to deal with nonconvexity and that can be preferable to first order methods.
Gradient-based methods may exhibit a slow convergence rate, it may be difficult to properly tune the
learning rate and they are generally more efficient in the solution of convex problems.

When minimizing our twice-continuously differentiable function f,,, a Newton iteration is

X1 = Xk + P, Hp(Xp)Pr = =V fin(x1)

This iteration demands much in terms of computation and storage when n is large. This is the case
for example in the training of deep neural networks. To approximate highly nonlinear functions, a
network with a large number of weights may be necessary to obtain a sufficient accuracy. However,
some techniques exist to make second order methods less expensive.

7.4.1 Hessian-Free Inexact Newton Methods

Rather than solve the Newton system exactly through matrix factorization techniques, one can instead
only solve it inexactly through an iterative approach such as the conjugate gradient (CG) method (see
chapter 5 of the book). By ensuring that the linear solves are accurate enough, such an inexact
Newton-CG method can enjoy a superlinear rate of convergenceﬁ In fact, the computational benefits
of inexact Newton-CG go beyond its ability to maintain classical convergence rate guarantees. Like
many iterative linear system techniques, CG applied to the Newton’s system does not require access
to the Hessian itself, only Hessian-vector products. It is in this sense that such a method may be
called Hessian-free. This is ideal when such products can be coded directly without having to form
an explicit Hessian, as Example below demonstrates. Each product is at least as expensive as a
gradient evaluation, but as long as the number of products (one per CG iteration) is not too large, the
improved rate of convergence can compensate for the extra per-iteration work required over a simple
full gradient method.

Example 7.4.1. Consider the function f(x) = e®®2. Let us define, for any d € R? the function
d(x;d) = VF(x)'d = z0e™1%2d; +216"%2dy. Computing the gradient of ® with respect to x, we have

2 xT1x2 T1T2 T1T2
o _|z5e™™2dy + (e + z120€71%2)dy
V(I)x(xa d) = Hf (X)d = (emlmQ + x1x2er1r2)d1 + .’Ij‘%emlrz d2

with Hy(x) the Hessian matriz of f.

We have thus obtained, for any d € R? a formula for computing H #(x)d that does not require
H¢(x) explicitly. Note that by storing the scalars xq,z2 and e”'*? from the evaluation of f, the
additional costs of computing the gradient-vector and Hessian-vector products are small. The idea
illustrated in this example can be applied in general. For a smooth objective function f, one can
compute Hy¢(x)d at a cost that is a small multiple of the cost of evaluating V f(x), and without
forming the Hessian, which would require O(nz) storage.

In machine learning applications Hessian-vector products can be computed in this manner, and
an inexact Newton-CG method can be applied. A concern is that, in certain cases, the cost of the

3R. S. Dembo, Eisenstat S. C., and T. Steihaug. Inexact Newton Methods. SIAM Journal on Numerical Analysis,
19(2):400-408, 1982.
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CG iterations may render such a method uncompetitive with alternative approaches. Interestingly,
however, the structure of the objective function can be exploited so that the resulting method has
lighter computational overheads, as described next.

7.4.2 Subsampled Hessian-Free Newton Methods

The motivation for the method we now describe stems from the observation that, in inexact Newton
methods, the Hessian matrix need not be as accurate as the gradient to yield an effective iteration.
Translated to the context of large-scale machine learning applications, this means that the iteration
is more tolerant to noise in the Hessian estimate than it is to noise in the gradient estimate. Based
on this idea, the technique we state here employs a smaller sample for defining the Hessian than for
the stochastic gradient estimate.

Given Z, C {1,...,m} and Z}'  {1,...,m}, the stochastic gradient estimate is

‘I | val Xk

i€Ty,

V fr. (xk)

and the stochastic Hessian estimate is

Hr, (

ka ZHf@ Xk

e

where Z¢ is uncorrelated with Z and |Z}’| < |Z,|. If one chooses the subsample size |Zj| small enough,
then the cost of each product involving the Hessian approximation can be reduced significantly, thus
reducing the cost of each CG iteration. On the other hand, one should choose |Z;| large enough
so that the curvature information captured through the Hessian-vector products is productive. If
done appropriately, Hessian subsampling is robust and effective. An inexact Newton method that
incorporates this techniques is outlined in Algorithm 6.1. The algorithm is stated with a backtracking
line search, though other stepsize-selection techniques could be considered as well.

Subsampled Hessian-Free Inexact Newton Method
1. Given an initial iterate xq, p € (0,1), and maxcg € N.
2. For k=0,1,2,... do

(a) Choose randomly Z;, and Z}7.

(b) Compute pj applying Hessian-free CG to solve Hr, (xx)pr =
—V fz, (x) until maxcq iterations have been performed or a trial
solution yields

[kl == [1Hz, (%) Px + V fz, (%) | < pllV fr, ()

(c) Set xgi11 = Xk + apPr, Where oy, satisfies (A)+(W)

The rate of convergence of the method can be controlled through the accuracy with which the
systems are solved. Defining ry := Hz, (X;)pr + V [z, (xx) for all & € N| the iteration can enjoy a
linear, superlinear, or quadratic rate of convergence by controlling ||rx||, where for the superlinear

rates one must have
sl

IVf(xn)l

— 0.
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Figure 7.10: Basic idea of multilevel method.

To quantify the step computation cost in an inexact Newton-CG framework, let g..s¢ be the cost
of computing a gradient estimate V fz, (xx) and factor X g..s: denote the cost of one Hessian-vector
product. If the maximum number of CG iterations, maxcq, is performed for every outer iteration,
then the step computation cost is

maxcg X factor X geost + Geost-

In a deterministic inexact Newton-CG method for minimizing the empirical risk f,,, i.e., when |I,f[ | =
|Z| = n for all k € N, the factor is at least 1 and maxcq would typically be chosen as 5, 20, or
more, leading to an iteration that is many times the cost of an SG iteration. However, in a stochastic
framework using Hessian sub-sampling, the factor can be chosen to be sufficiently small such that
maxcg X factor ~ 1, leading to a per-iteration cost proportional to that of SG.

7.4.3 Multilevel second order training methods

A different approach suitable when n is large are multilevel methods, which are inspired to classical
multigrid methods, well-known for their efficiency in solving large scale linear systems arising from the
discretization of linear or nonlinear elliptic partial differential equations (cf. W. Briggs, V. Henson,
and S. McCormick, A Multigrid Tutorial).

The main idea on which multilevel methods are based is the exploitation of a hierarchy of problems,
approximating the original one. The use of more levels is beneficial, as the coarse problems will
generally be cheaper to solve than the original one.

We describe here a multilevel Levenberg-Marquardt training methocﬂ

At each iteration of the standard method, the objective function is approximated by the regularized
Taylor model. The minimization of the model represents the major cost per iteration of the methods,
which crucially depends on the dimension n of the problem. We want to reduce this cost by exploiting
the knowledge of alternative simplified expressions of the objective function. More specifically, we
assume that we know a collection of functions { ff}fggx such that each f! is a twice-continuously
differentiable function from R™ — R and f‘®(z) = f(z) for all z € R". We will also assume that,
for each i = 1,..., fmax, f* is more costly to minimize than f¢~!, for example because it has a larger
number of variables.

The basic idea of the method is illustrated in Figure [7.10

We assume to have at disposal two operators (a restriction R and a prolongation P, R : R™ —
R™-1 and P : R™-! — R™) that allows us to move vectors from a level to another. (See for example
in Figure how the operators R and P are defined when the coarse problems arise from different
levels of discretization of an infinite dimensional problems, such as a PDE for example).

At a generic level /£, classical LM method minimizes the Taylor model to go from iterate xi to
Xi 41 finding the step pf;. The multilevel method instead uses the projection operator P to project

“https://perso.ens-1lyon.fr/elisa.riccietti/doc/pde.pdfihttps://perso.ens-1lyon.fr/elisa.riccietti/doc/
multilevel.pdf
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Figure 3.4: Restriction by full weighting of a fine-grid vector to the coarse grid
Figure 7.11: Interpolation and weighting operators.

the current iterate to the lower level £ — 1 and exploits the function approximation fe*1 to find a
coarse step (the vector in red in the picture). The coarse step is prolongated back to fine level, to get
an approximation to pf; that is used to update the iterate.

The advantage of the procedure is that function f*~! has less variables and is therefore cheaper
to optimize. Moreover, the procedure is recursive, so even at level £ — 1 we can choose to use an even
cheaper approximation, if it is available.

The method can be employed for the training of artificial neural networks, if a hierarchy of networks
with less and less neurons is built, as in Figure [7.12] and if suitable operators P, R are defined.



104 CHAPTER 7. OPTIMIZATION METHODS FOR MACHINE LEARNING

Figure 7.12: Hierarchy of neural networks.
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Appendix A

Stages opportunities

Give a look at https://perso.ens-lyon.fr/elisa.riccietti/teaching.php for the internships
subjects.

e Solution of ill-posed inverse problems in partial differential equations by neural
networks In collaboration with Stefania Bellavia, University of Florence, Italy, https://www.
unifi.it/p-doc2-2015-0-A-2b333b313b27-1.html.

e Multilevel derivative free optimization In collaboration with Margherita Porcelli, Univer-
sity of Bologna, Italy, https://sites.google.com/view/margherita-porcelli/.
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Appendix B

Elements of linear algebra

A good reference book for this part is ”Matrix Computations” by Golub and Van Loan.

B.1 Matrix norm (I)

Suppose a vector norm || - || on R™ is given. Any m x n matrix A induces a linear operator from R" to
R™ with respect to the standard basis, and one defines the corresponding induced norm or operator
norm on the space R™*™ of all m x n matrices as follows:

Al = sup{|| Az : = € R with [lz]) = 1}
A
—sup{'Hx|| cx € R” withx#()}.
x
In particular, if the p-norm for vectors (1 < p < o0) is used for both spaces R" and R™, then the
corresponding induced operator norm is:

A
1A, = sup 142l
S Tl

In the notes, when not otherwise specified, we use the Euclidean norm, i.e., p = 2. We give more
details on matrix norms in Section [B.5.5]

B.2 The condition number (I)
The condition number of an invertible matrix A is defined as:
K(A) == A A7

The condition number depends on the chosen norm, and generally the values do not coincide for the
same matrix but different norms. Notice that

K(A) = [JAATH > |AATH = 1.

The condition number gives for example a measure of how the accuracy of the solution z of a
linear system Az = b will be affected by the presence of errors in the right hand side . Roughly, if b

109
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is perturbed and the condition number is large, even a small error in b may cause a large error in x.
On the other hand, if the condition number is small, then the error in x will not be much bigger than
the error in b.

More precisely, assume that we have an error on b, and consider the solution & of the perturbed
system Az = b. We want to know how the relative error ||b — b||/[|b]| influences the relative error
| — || /||z||, that is we want to study the so-called error propagation. We have A(& —x) = b— b and
therefore

|2 — ] = A" (b= 0)ll < IATH1[16 — ]

On the other hand we have
6] = [|Az]| < | A[[[|]|-

Combining the two we obtain

i — 2 b=t =
<A =k(A .
e < A =g = =5,

As the condition number of A is always larger than one, this determines how much the relative error
of the right hand side vector can be amplified.
We give other details on the condition number in Section

B.3 Eigenvalues and eigenvectors of a matrix

Given a matrix A € R™*", a vector v € R"™, v # 0, is an eigenvector of A if it exists A\ € R, called an

eigenvalue of A, such that
Av = Mo,

or equivalently (A — Al)v = 0, meaning that (A — M) must be a singular matrix. So p(}\) :=
det(A— AI) = 0, where p is called the characteristic polynomial and the eigenvalues of A are the roots
of p.

If A\1,..., A\, are the eigenvalues of A the following properties hold:

e The trace of A, defined as the sum of its diagonal elements, is also the sum of all eigenvalues:

tr(A) = ai = Z/\ =X+ A

=1 i=1

e The determinant of A is the product of all its eigenvalues:

det(A) = TN = Mz M.

B.3.1 Eigenvalue decomposition

A square n x n matrix A is called diagonalizable or nondefective if there exists an n X n invertible
matrix P, such that P~'AP is a diagonal matrix (i.e., if A is similar to a diagonal matrix).

An n x n matrix A is diagonalizable if it has n distinct eigenvalues, i.e., if its characteristic
polynomial has n distinct roots. However, the converse may be false.

Real symmetric matrices are diagonalizable by orthogonal matrices, i.e., if A is symmetric it always
exists Q orthogonal such that A = QDQT.

If A is diagonalizable, we write the eigenvalue decomposition of A as: A = PDP~! where D is a
diagonal matrix with the eigenvalues of A on the diagonal.



B.4. POSITIVE DEFINITE MATRICES 111

B.4 Positive definite matrices

A symmetric matrix A with real entries is positive-definite if the real number 27 Az > 0 for every
nonzero vector z. A symmetric matrix A with real entries is positive-semidefinite if the real number
2T Az > 0 for every vector z. Negative-definite and negative semi-definite matrices are defined analo-
gously. A matrix that is not positive semi-definite and not negative semi-definite is sometimes called
indefinite.

Positive-definite and positive-semidefinite matrices can be characterized in many ways. A matrix
A is positive-definite if and only if it satisfies any of the following equivalent conditions.

e A is congruent with a diagonal matrix with positive real entries D, that is there exists an
invertible matrix P such that PT AP = D.

e A is symmetric and all its eigenvalues are real and positive.
e A is symmetric and all its leading principal minors are positive.
e There exists an invertible matrix B with such that A = BT B.

A matrix A is positive-semidefinite if and only if it satisfies any of the following equivalent condi-
tions.

e A is congruent with a diagonal matrix with nonnegative real entries D, that is there exists an
invertible matrix P such that PTAP = D.

e A is symmetric and all its eigenvalues are real and nonnegaive.
e A is symmetric and all its principal minors are nonnegative.
e There exists a matrix B with such that A = BT B.

Let A be an n X n symmetric matrix. For each k = 1,...,n the k-th order principal minors Dj of
A are the determinants of the k x k matrices obtained by deleting n — k rows and the corresponding

n — k columns of A (with the same index number). There are principal minors of order k. The

n
k
leading principal minor of A of order k is the minor of order k obtained by deleting the last n — k
rows and columns.

Example : Let

1 4 6
A=14 2 1
6 1 6
. - . . . 1 4
The leading principal minors are: Dy = 1 (coefficient (1,1) of the matrix), Dy = 4 9 = —14
1 4 6
(removing the third row and column) and D3 = |4 2 1| = —109, thus the matrix is indefinite.
6 1 6

The other principal minors are: D; = 2,6 (the other elements on the diagonal, obtained removing
the first and third rows and columns and the first and second rows and columns respectively), Dy =
1 6
‘6 6

(removing the second row and column) and Dy = (removing the first row and column).

1
1 6
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B.5 Singular values decomposition

Let A € R™™ m > n. The singular value decomposition of A is a factorization of the form UXVT
where

e U is an m X m orthogonal matrix
e 3 is an m X n rectangular diagonal matrix with non-negative real numbers on the diagonal
e V is an n X n orthogonal matrix.

The diagonal entries o; = 3;; of ¥ are known as the singular values of A. The number of non-zero
singular values is equal to the rank of A. The columns of U and the columns of V' are called the
left-singular vectors and right-singular vectors of A, respectively.

The SVD is not unique. It is always possible to choose the decomposition so that the singular
values are in descending order.

When the matrix has not full-rank, we can construct the compact SVD: A = UTZTVTT in which
Y, is square diagonal of size r x r where r < min{m,n} is the rank of A, and has only the non-
zero singular values. In this variant, U, is an m X r matrix and V,. is an n x r matrix, such that
Uru, =vrv, =1,.

The cost of computing the SVD is O(mn min{m,n}). For the compact SVD of rank r the cost is
O(mnr).

Mathematical applications of the SVD include computing the pseudoinverse, matrix approxima-
tion, determining the rank, range, and null space of a matrix, cf. sections below.

B.5.1 Relation to eigenvalue decomposition

The singular value decomposition is very general in the sense that it can be applied to any m xn matrix,
whereas eigenvalue decomposition can only be applied to diagonalizable matrices. Nevertheless, the
two decompositions are related.

Given an SVD of A the following two relations hold:

ATA=vyTuTusv? =v(ETs)v?
AAT = uxvTveTuT = uxxTu”™

The right-hand sides of these relations describe the eigenvalue decompositions of the left-hand sides.
Consequently:

e The columns of V (right-singular vectors) are eigenvectors of A7 A.
e The columns of U (left-singular vectors) are eigenvectors of AAT.

e The non-zero elements of ¥ (non-zero singular values) are the square roots of the non-zero
eigenvalues of ATA or AAT.

In the special case that A is a symmetric matrix (A = AT), which by definition must be square,
the spectral theorem says that it can be diagonalized using a basis of eigenvectors, so that it can be
written as A = UDU?T for a orthogonal matrix U and a diagonal matrix D with elements \; along
the diagonal. When A is positive semi-definite, A; will be non-negative real numbers so that the
decomposition A = UDU7 is also a singular value decomposition.
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Thus, except for positive semi-definite matrices, the eigenvalue decomposition and SVD of A, while
related, differ: the eigenvalue decomposition is A = UDU ™!, where U is not necessarily orthogonal
and D is not necessarily positive semi-definite, while the SVD is A = UXV7T, where ¥ is diagonal
and positive semi-definite, and U and V are unitary matrices that are not necessarily related except
through the matrix A. While only non-defective square matrices have an eigenvalue decomposition,
any m X n matrix has a SVD.

B.5.2 Information on a matrix

Computing the SVD of the matrix and counting the number of non-zero singular values we can
determine the rank of the matrix. Moreover, the SVD provides an explicit representation of the range
and null space of a matrix A. The right-singular vectors corresponding to vanishing singular values
of A (that is the columns of V' from r+1 to n) span the null space of A and the left-singular vectors

corresponding to the non-zero singular values of A (that is the first » columns of U) span the range
of A:

span{V D) VY = Ker(A), (B.1)
span{UW, ... UM} = Im(A), (B.2)

where for a matrix A, A®) denotes its i-th column.

B.5.3 Pseudoinverse

Given A € R™" A" € R™™ is the pseudoinverse of A, which is defined as the unique matrix
satisfying all of the following four criteria, known as the Moore-Penrose conditions:

1. AATA=A

2. AtAAT = A
3. (AADT = AAf
4. (ATA)T = ATA.

When A has full rank (that is, the rank of A is min{m,n}), then A" can be expressed as a simple
algebraic formula.

e When A has linearly independent columns (and thus matrix AT A is invertible), it holds
Al = (ATA)~1AT,
This particular pseudoinverse constitutes a left inverse, since, in this case,

ATA=1T.

e When A has linearly independent rows (matrix AAT is invertible), AT can be computed as

AT = AT(AAT)L,
This is a right inverse, as
AAT =1

The pseudoinverse can be computed from the singular value decomposition: AT = VETU”, where
> € R™™ is the pseudoinverse of ¥, which is formed by replacing every non-zero diagonal entry by
its reciprocal and transposing the resulting matrix. The pseudoinverse is one way to solve linear least
squares problems.
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B.5.4 Low rank matrix approximation

Consider the problem of approximating a matrix A with another matrix A which has a specific rank
r. In the case that the approximation is based on minimizing the Frobenius norm of the difference
between A and A under the constraint that rank(ﬁ) = r, it turns out that the solution can be obtained
from the SVD of A, namely

A=UxVv7,
where 3 is the same matrix as ¥ except that it contains only the r largest singular values (the other
singular values are replaced by zero). This is known as the Eckart-Young theorem.

B.5.5 Matrix norm (II)

In the special case of p = 2 (the Euclidean norm), the induced matrix norm is the spectral norm. The
spectral norm of a matrix A is oymax(A4), the largest singular value of A (i.e., the square root of the
largest eigenvalue of the matrix ATA):

[A]l2 = 1/ Amax (AT A) = omax(A4).
Indeed, for an orthogonal matrix @) and any vector x it holds
1Qz|* = " QT Qu = 2" Tz = ||z||*.
So for an orthogonal matrix @ and any matrix A, it holds
|QA|l = sup{||QAz| : 2 € R™ with ||z|| = 1} = sup{[| Az : & € R" with [lz| = 1} = [[A]].
Then, considering the SVD decomposition of A and from the orthogonality of U,V we have:
1Al =TSV = [2VT]| = sup{||ZV "] : « € R™ with [|z]| = 1}
=sup{[|Zy[| : y € R" with [ly[| = 1} = [[X]],

where we have set y = V' z. Computing ||3|| from the definition we can see that ||X|| = oumax. Again
from the SVD of A we have that

IATAll2 = [AAT 2 = || AlI3

since

IAT All2 = 0max(AT A) = omax(4)* = || All3

and similarl
’ IAAT |2 = [ A3

There is another important inequality:

min(m,n)
[A]l2 = omax(4) < [|Allr = Y oR(A) = /trace(ATA),
k=1
where ||A|| is the Frobenius norm (o1, ..., 0, are the singular values of A). Given W € R"*"™ SPD,
we know that
A1
W =0TAO for some O € R™*™ orthogonal, A = s A, A >0,
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and so we can define

VL
VW =0TVAO, VA= :

Vn

VIWVW = 0TVAOOTVAO = OTVAVAO = OTAO = W.
Given W € R™*"™ SPD, the weighted Frobenius of A with weight W is defined as

[Allw = [VWAVW||F.

and it holds

Both the 2-norm and the Frobenius norm are unitarily invariant: https://nhigham.com/2021/
02/02/what-is-a-unitarily-invariant-norm/. In linear algebra, a complex square matrix U is
unitary if its conjugate transpose U™ is also its inverse, that is, if

UU=UU* =1,

where [ is the identity matrix. The equivalent of the unitary matrix in real numbers is the orthogonal
matrix:

Ut =vuT =1.

B.5.6 The condition number (II)

The singular values can be used to compute the condition number of a matrix:

—1 Omax(A)
K(A) = [[AA™ ] = E—Y]
where oax(A) and opin(A) are maximal and minimal singular values of A respectively.
We have defined the condition number for a square invertible matrix as x(A) := ||A|||A™"||. Using
the singular values, this definition can be generalized to non-square matrices as k(A4) = %
where o, is the smallest nonzero singular value. This amounts to definex(A) := ||A||||AT||,mxlArflhere

Af is the pseudoinverse of A, see section
If A is normal (AT A = AAT), then

[Amax (A)]

H(A) B |>‘min (A> |

where Apax and Apin are maximal and minimal (by moduli) eigenvalues of A respectively. If A is
orthogonal, then x(A) = 1.

B.6 Solution of linear systems

Let A € R™™", b € R", consider the numerical solution of the linear system Ax = b. Assume that
the solution of the system exists and is unique. We distinguish two type of methods for the solution:
direct methods that are based on a factorization of the matrix and find the solution in a finite number
of steps, and iterative methods.


https://nhigham.com/2021/02/02/what-is-a-unitarily-invariant-norm/
https://nhigham.com/2021/02/02/what-is-a-unitarily-invariant-norm/
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B.6.1 Direct methods

Direct methods are based on a factorization that makes the solution of the linear system easier. Among
such factorizations we mention:

e LU factorization: factorization of A into two factors, a lower triangular matrix L and an
upper triangular matrix U: A = LU. In the lower triangular matrix all elements in the diagonal
are ones. This factorization is issued from the Gauss elimination process. The advantage of this
factorization is that it allows to reduce the solution of the linear system to the solution of two
triangular systems:

Ly =b;

Ux=y
that can be done by forward and backward distribution. The cost of computing the LU fac-
torization is O <§n‘3> If A is invertible, then it admits an LU factorization if and only if all

its leading principal minors are nonzero. If A is a singular matrix of rank 7, then it admits an
LU factorization if the first r leading principal minors are nonzero, although the converse is not
true. It turns out however that a proper permutation in rows (or columns) is sufficient for the
existance of the LU factorization. LU factorization with partial pivoting (LUP) refers often to
LU factorization with row permutations only: PA = LU where P is a permutation matrix. Any
square matrix A admits such a factorization.

e Cholesky factorization: if A is SPD we can factorize it as A = LLT, with L lower triangular,
3

the cost of building this factorization is O (7;) The Cholesky decomposition always exists

and is unique, its construction is is more efficient and numerically more stable than computing
the LU decomposition.

B.6.2 Iterative methods

The main disadvantage of the direct methods is their cost: when n is large it may become prohibitive,
also considering that the matrix needs to be stored in memory. The advantage of iterative methods
is that they don’t need to have access to the full matrix, but just on the action of the matrix on
a vector. If the matrix-vector products involving the matrix A can be expressed analytically, cf.
Example 7.4.1., then the iterative methods can approximate the solution of the linear system with
no need of storing A. Moreover in many applications (for instance the step computation in Newton’s
method) an approximate solution is sufficient (that is solution for which ||x —x*||/||x*|| = tol with tol
not necessarily very small). As iterative methods can be stopped after any number of iterations, they
are particularly suitable to provide approximate solutions at a reasonable cost.

We mention as an example the Conjugate Gradient (CG) method, that can be used when A is
SPD. This method updates the solution approximation as

Xpt1 = Xg — ap(b — Axy),

with «y appropriately chosen (for more details cf. https://en.wikipedia.org/wiki/Conjugate_
gradient_method). Both the step-length and the direction require a matrix-vector product involving
A: if this is coded as a function, the algorithm does not need A as an input. The convergence rate of
the method depends on the condition number of the matrix A (cf. section below):

k
e —xfa <2 [ YEA LY e
VE(A)+1


https://en.wikipedia.org/wiki/Conjugate_gradient_method
https://en.wikipedia.org/wiki/Conjugate_gradient_method
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having defined Vy € R", VA € R™*"™ SPD the energy norm ||y||4 = y’ Ay. Then the condition

VE(A) =1

number of the matrix has a strong influence on the convergence of the method: the closer \/%1
K +

is to 0, the faster the method converges. So if k(A) is to 1, i.e. if A is well-conditioned. On the

contrary if A is ill-conditioned (i.e., k(A) is large) the factor will be close to one and the convergence

very slow, i.e., it will take a lot of iterations to reach the solution.

B.6.3 Solving a linear system

Assume that A is square and invertible matrix, the SVD approximation can be used to compute the
solution of a linear system Ax = b, by considering ULV x = b, and by solving Xy = U”b and
setting x = Vy.
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