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Context: Numerical solution of PDEs

D(z,u(z)) =g1(2), ze QcR™;
u(z) = g»(z), z €.

Classical approaches

» Finite differences methods

Alternative approach by Artificial Neural Networks

> Natural approach for nonlinear equations,
» Provides analytical expression of the solution,

> Provides approximation of the solution in all the points of the
domain,
> Allows to alleviate the effect of the curse of dimensionality
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Hot topic

Many recent papers on the use of Artificial Neural Networks to
deal with Partial Differential Equations, both direct and inverse
problems:
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Hidden Fluid Mechanics: A Navier-Stokes Informed Deep Learning Framework
for Assimilating Flow Visualization Data (2018)

The Deep Ritz method: A deep learning-based numerical algorithm for solving
variational problems (2017)

A proof that deep artificial neural networks overcome the curse of dimensionality
in the numerical approximation of Kolmogorov partial differential equations with
constant diffusion and nonlinear drift coefficients (2018).

Analysis of the generalization error: Empirical risk minimization over deep
artificial neural networks overcomes the curse of dimensionality in the numerical
approximation of Black-Scholes partial differential equations (2018).

Overcoming the curse of dimensionality in the numerical approximation of
semilinear parabolic partial differential equations (2018).

Solving stochastic differential equations and Kolmogorov equations by means of
deep learning (2018).

Deep Neural Networks motivated by Partial Differential Equations (2018).
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Drawbacks

» The approximation of highly oscillatory solutions may require
a large number of neurons.

» Gradient training methods depend on free parameters, they
may be slow and better suited for convex problems
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» Gradient training methods depend on free parameters, they
may be slow and better suited for convex problems

New trend in machine learning

» Second order methods

Optimization Methods for Large-Scale Machine Learning, L. Bottou, F. E.
Curtis, J. Nocedal (2018)

Second-Order Optimization for Non-Convex Machine Learning: An
Empirical Study, P. Xu, F. Roosta-Khorasani, M.W. Mahoney (2018)
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Drawbacks

» The approximation of highly oscillatory solutions may require
a large number of neurons.

» Gradient training methods depend on free parameters, they
may be slow and better suited for convex problems

New trend in machine learning

» Second order methods

@ Optimization Methods for Large-Scale Machine Learning, L. Bottou, F. E.
Curtis, J. Nocedal (2018)

@ Second-Order Optimization for Non-Convex Machine Learning: An
Empirical Study, P. Xu, F. Roosta-Khorasani, M.W. Mahoney (2018)

Our approach

» Use of a ANN to approximate PDEs solution trained by a
Multilevel Levenberg-Marquardt method
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Our approach: Atrtificial neural networks (1D case)

D(z,u(z))=g(z), ze(a,b) u(a)=A, u(b)=8B

Input Hidden Output
layer layer layer
b - b,d]T
pP= [V7 w, D, ]
i(p,z) ~ u(z)
by
X s
P
W2 b@3\ d
w3 v3 A r
z—> (1 ” @ ®au(p,z):z,-zlv,-a(w,'z+b;)+d
4 b V&
4
% ©
bs Activation funct. o,
sigmoid: o(z) = & &
tanh: o(z) = 22 :}
logit: 0(z) = &7, soft-

plus: o(z) = Iog(e +1).
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Our approach: training problem
Training problem:

minL(d(p,z),p;z), ze€T
p
a(p,z) =Y vio(wjz+b;) +d

i=1
where L is the loss function, 7T training set.
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Our approach: training problem
Training problem:

minL(d(p,z),p;z), ze€T
p
a(p,z) =Y vio(wjz+b;) +d
i=1

where L is the loss function, 7T training set.
We select a training set 7 s.t. |T|=t:

zr=[z1,...,z:]", a<z<--<z<b
We define
£((p,2), pi2) =5 (1D(z7, 6(p.27)) - g2
+p(a(p. @) ~ Al? + [ a(p, b) - BI*))

for ii(p,z7) € RY, where u(a) = A and u(b) = B are the boundary
conditions.

Nonlinear least-squares problem
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Our approach: the training method
We consider large-scale nonlinear least-squares problems:

min £(x) = S| F(0)I?

with F:R" > R™, m>nand x e D cR" and n large.
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Our approach: the training method

We consider large-scale nonlinear least-squares problems:
. 1 2
min f(x) = S|1F(x)]

with F:R" > R™, m>nand x e D cR" and n large.

We propose a Multilevel extension of classical
Levenberg-Marquardt method.
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Classical Levenberg-Marquardt

Iterative method for nonlinear least-squares problems:
. 1 2
minf(x) = =|F(x)]*.
X 2
Classical Levenberg-Marquardt optimization method:
f(xk +5) = To(x,$)
with To(xk,s) Taylor model of order 2 with approximated Hessian
matrix. At each iteration we compute a step s, to update the

iterate:

A
min my (xk, ) = Ta(xk, 5) + ;nsu% Ak > 0.
S
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Bottelneck: Subproblem solution

Solving
A
min To(xk,s) + —k||sH2
s 2

represents greatest cost per iteration, which depends on the size of
the problem.

U

[§ S. Gratton, A. Sartenaer, PH. Toint, 'Multilevel trust region
method’ 2008

— IDEA: extend multigrid strategies to nonlinear optimization
Hierarchy of problems

> {filx)}, x €Dy

> |Di| < |Dpal

> f; is cheaper to optimize compared to f,1
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Multilevel setting

» At each level /, x e R™. |,ax finest level, O coarsest level.

level lmax
level /+1

level /

level O

Rn

R"IH
RI+1 U ﬂ PI+1

R™

R™

Imax I|T|EX = lmax =
X f f u f

XI+1 f’+1 'ul+1
Xl f’ N/
XO fO /~L0

» f! represents f on the coarse spaces (it is e.g. the
discretization of f on a coarse space)

» The functions 1/ are modifications of the f/ to ensure

inter-level coherence.
» R'=a(P")T, for some a > 0.
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One level strategy

At level [ = Ihax, let x,/( be the current approximation. We look for

a correction s, to define the new approximation x; ,; = x;, +5,.

/
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One level strategy

At level [ = Ihax, let x,/( be the current approximation. We look for

a correction s, to define the new approximation x; ,; = x;, +5,.

/
x! —>T2 xl . =x] +s
k kel = Xp S
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Multilevel strategy

Two choices:
1. minimize regularized Taylor model, get s,I(,

2. choose lower level model uf(‘lz

/
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Multilevel strategy

Two choices:
1. minimize regularized Taylor model, get SL,

2. choose lower level model i 1:

/
XI T2 XI _XI +SI
k * Xpr1 = Xie Sk
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Multilevel strategy

Two choices:
1. minimize regularized Taylor model, get s,l(,

2. choose lower level model uﬁ:l:

/ ool
Xk Xir1 = X TS
I _plgol-1 -1
R" sk =P (x. = x0 %)
-1
Hy
Il -1 -1
R'xy =Xk T Xuk
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Multilevel strategy

Two choices:
1. minimize regularized Taylor model, get s,'(,

2. choose lower level model [LL_li

ool
X1 = X+ Sg

/
X

I _pli -1 -1
h s, =P (X*,k - Xo,k)

Rl
I, ._ -1
RXk-—XOk —_—> X k

) )

> The lower level model is cheaper to optimize.

» The procedure is recursive: more levels can be used.
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Coherence between levels
Lower level modeI'
> Let x0 k = ka Model with first order correction:
= g+ + (RIVF () = v g 1)) Ts™
This ensures that
Vg (Xo ) =RV ()

— first-order behaviours of f/ and u/~1 are coherent in a
neighbourhood of the current approximation. If s/ = P/s/~!

VA (xi) s =Vl (x)TP's'™ = vl (XOk Tsl7t,
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Theoretical results

Global convergence

The sequence of iterates generated by the algorithm converges
globally to a first-order stationary point.

Complexity
The method requires at most O(e¢?) iterations to achieve an
iterate xi such that || Vf(xx)| <e.
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Theoretical results

Global convergence

The sequence of iterates generated by the algorithm converges
globally to a first-order stationary point.

Complexity
The method requires at most O(e¢?) iterations to achieve an
iterate xi such that || Vf(xx)| <e.

Contribution:

Generalized convergence theory from single level optimization to
multilevel optimization for LM methods, much simpler proofs than
for previously proposed trust-region method.
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Exploit multilevel method for training of ANNs

Training problem:
min £(d(p,z),p;z),  ze€T
P

a(p,z) = Y vio(wjz+b;) +d
i=1

where L is the loss function, 7T training set.
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Exploit multilevel method for training of ANNs

Training problem:

min £(d(p,z),p;z),  ze€T
P
r
a(p,z) = Y vio(wjz+b;) +d
i=1
where L is the loss function, 7T training set.

Large-scale problem: can we exploit multilevel methods for the
training?

» How to build the coarse problem? The variables to be
optimized are the network’s weights:
NO evident geometrical structure to exploit!
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Exploit multilevel method for training of ANNs
Training problem:

min £(d(p,z),p;z),  ze€T
P

r
a(p,z) = Y vio(wjz+b;) +d
i-1
where L is the loss function, 7T training set.
Large-scale problem: can we exploit multilevel methods for the
training?

» How to build the coarse problem? The variables to be
optimized are the network’s weights:
NO evident geometrical structure to exploit!

» The network possesses a purely algebraic structure: can we
exploit it?
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Exploit multilevel method for training of ANNs

Fi:R¥1 SR
g(p,z) = Yiep, vio(wjz + b;) +d
|hl=n

F:R¥*2 R
g(p,z) = Tie, vio(wiz + bj) +d
12 c /1, |/2| =n<n

F3:R¥m SR
g(p,z) = Lie, vio(wijz + bj) +d
I3 c /2, |/3| =r<n
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How do we select the hierarchy of variables?

Algebraic multigrid: C/F splitting

Ruge and Stueben C/F splitting for Ax = b

» Two variables i, j are said to be coupled if a;; # 0.

> We say that a variable i is strongly coupled to another

variable j, if —a;j > emax,, ,<0|aj | for a fixed 0 <e <1,

usually € = 0.25.

Prolongation-Restriction operators
P=[I;A], R=PT.
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Which matrix should we use?

We use a second-order model:

m(xk,5) = Fx) + 5T VF () + 57 Bys + 25 o

where By = J(xx)"J(xk). At each iteration we have to solve a
linear system of the form:

(Bk+)\kI)S:—Vf(Xk), )\k>0.

As in AMG for linear systems, we use information contained in
matrix By.
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Which matrix should we use?

Remark

Variables are

coupled! N
{w;, bi, vi}

We do not use the full matrix B, and we define A as:

fV,V .. .e ) fv7v fW’W fb7b
Ifovle MHwwlo  [fobl o

fb.b

We define the coarse/fine splitting based on the auxiliary matrix A.
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Numerical tests: Choice of the true solution

D(z,u(z))=g(z), zeQcR", n=1,2
u(z) =go(z) ze 9Q

» We choose g to have true solution ut(z,~) depending on v/

Remark
> As v increases the function becomes more oscillatory and it is
harder to approximate.
» The size of the problem increases with the number of nodes.
» T: equispaced points in (0,1) with h = 3% (Shannon’s
criterion).
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Preliminary results: Poisson’s equation 10 runs

1D v =20 r=2° v=25 =210
Solver | iter RMSE save iter RMSE save
LM 869 1le4 1439  1.e-3
MLM | 507 le4 1.1-26-43| 1325 1.e3 1.2-1.7-2.8

Table: 1D Poisson's equation, ut(z,v) = cos(vz), 10 runs

2D v=5 r=210 v=6 r=21
Solver | iter RMSE save iter RMSE save
LM 633 1.3 1213 1.3
MLM | 643 1e3 1.1-15-2.1 | 1016 1l.e-3 1.2-1.9-2.4

Table: 2D Poisson’s equation, ut(z,v) = cos(vz), 10 runs

save(min,average,max)=ratio between total number of flops required for
matrix-vector products
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Helmholtz's and nonlinear equations, 10 runs

v=>5 r=210

Solver | iter RMSE save

LM 1159 1.e-3
MLM | 1250 1.e-3 1.2-1.9-3.1

Table: Helmholtz's equations. Au(z) +12u(z) =0,

ur(z,v) =sin(vz) + cos(vz)

v =20 r=29 v=1 r=29
Method | iter RMSE save iter RMSE save
LM 950 107 270 1073
MLM | 1444 10> 0.8-2.9-53 1 320 103 1.2-1.7-1.8

Table: Left: Au+sinu=g; (1D) ur(z,v) =0.1cos(vz). Right:

Au+e' =g (2D), ur(z,v) = Iog(

v
Zl+22+10
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2D Helmholtz's equation

A 27y 2
i “‘(c<z>) e
v=1 r=29 v=2 r=29
Method | iter RMSE save iter RMSE save
LM 200 1073 200 107°
MLM | 200 1073 1.7-18-19| 200 102 1.7-1.8-1.9
v=2 r=29 v=2 r=29
Method | iter RMSE save iter RMSE save
LM 200 1072 200 51073
MLM | 200 1072 1.7-1.8-1.8| 200 51073 1.7-1.8-1.9

Table: In all the tests g1([z1,22]) = (0.25 < z; < 0.75)(0.25 < z < 0.75),
and c(z) has been chosen as: & ([z1,22]) =40 (up, left);
¢ ([z1,2])=20(0<z <0.5) +40(0.5< z; < 1) (up right);
52([21,22]) =20 (0 <z < 025) +40 (025 <2z < 05) + 60 (05 <zz3 <
0.75) + 80 (0.75 < z4 < 1) (bottom, left); &([z1,22]) = 0.1sin(z + 22)
(bottom, right).
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Difficult domain

2D v=3 r=2°
Solver | iter RMSE save
LM 395 3e4
MLM | 110 2.e4 1.3-5.6-10.0

Table: 2D Screened Poisson’s equation, Au — v2u=—f,
ur(x,y,v) =sin(v(x+y)), 10 runs

save(min,average,max)=ratio between total number of flops required for

matrix-vector products

100 100 100 100
075 075 0715
050 050 050
025
025 025
000
000 000
—025
-025 -025
-0.50
_os0 -050 075
-075 -075 100
-1.00 -1.00 125

~100-075 -050 025 000 025 050 075 100 ~100 075 -050 025 000 025 D50 075 100
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Future work

> Design a Hessian-free variant of the method for large scale
problems. The method needs to compute and store the
Hessian matrix (for step computation and to build transfer
operators): too expensive for large-scale problems.

» Extend to deep neural networks

» Tests on more physical /industrial /larger problems (problems
in seismology)
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Thank you for your attention!
For more details:

[@ H. Calandra, S. Gratton, E. Riccietti X. Vasseur, On the
approximation of the solution of partial differential equations
by artificial neural networks trained by a multilevel
Levenberg-Marquardt method, submitted.

@ H. Calandra, S. Gratton, E. Riccietti X. Vasseur, On
high-order multilevel optimization strategies , submitted.

@ H. Calandra, S. Gratton, E. Riccietti X. Vasseur, On the
solution of systems of the form AT Ax = AT b+ c , submitted.
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When to use the lower level model?

The lower level model is not always useful, we can use it if
> if | Vug kO ) = IRV ()| > 6|V ) &> 0,
> if [RVFI(x))] > €
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Future work 1: Extend the method to multilayer networks.

» Extend the method as it is: use a sparse network

~
B

4,

Y AN
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Future work 1: Extend the method to multilayer networks.

» Extend the method as it is: use a sparse network.

» Change strategy to build coarse problems: compress variables
in a layer to exploit the structure of the multilayer network.
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Coherence between levels, g =2

Lower level model: Let x(i = ka We define ,u2 k as
#2 k(XOk +s' ) =" l(XOk +s' ™)+ (RIVFI () - v ) T

+§(S"1) (RN ()P = V217 g 7h))s™™
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Prolongation operator

b H x} if ieC,
Xi = (PX )i = H ¢ -
Ykep; Oikxy if i€F,
with

. _ — +

5 L= —a,-a,-7k/a,-7,- if ke P,- R o = stN,— af,j o ZjeN,- ai,j
ik = . = - e +
—Biajk/aii if keP;, 2keP; 9 k LkeP; 3] g

where af; = max{a; ;,0}, a;; = min{a; ;,0}, N; is the set of
variables connected to i (i.e. all j such that a;;j # 0), P; the set of
coarse variables strongly connected to i, which is partitioned in P;
(negative couplings) and P;" (positive couplings). The
interpolation operator, assuming to have regrouped and ordered
the variables to have all those corresponding to indexes in C at the
beginning, is then defined as P = [/; A] where | is the identity

matrix of size |C| and A is the matrix such that A;; = 0; ;.
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Classical multigrid methods

> Consider a linear elliptic PDE: D(z,u(z)) =f(z) zeQ + b.c.
> Discretize on grid h. Get a large-scale linear system Apxp, = by,.

Consider the discretization of the same PDE problem on a coarser
grid: Agyxy = by, H> h.

» Relaxation methods fails to eliminate smooth components of
the error efficiently.

» Smooth components projected on a coarser grid appear more

oscillatory.
o 1 2 v 78 w:

k= dwaveonn = 12grid
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Coarse problem construction

Define transfer grid operators: P prolongation and R restriction to
project vectors from a grid to another: xy = Rxn, x5 = Pxy, such

that R=aPT.

Geometry exploitation

The geometrical structure of the problem is exploited to build R

and P.

Figure 3.4: Restriction by full weighting of a fine-grid vector to the coarse grid.
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