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Context: continuous optimization problems in learning

ming f(z) = mingern f(2) = 3| F(2)? = 5 X7 Fil2)?

Large scale problems

F:R" - R™

e F has a large number of components: large m (ex: classification of
large datasets)

e F has a large number of unknowns: large n (ex: deep learning)

Common objective

Exploit objective function approximations to reduce computational
cost of the solution



http://riccietti.perso.enseeiht.fr/doc/large_LM.pdf
http://riccietti.perso.enseeiht.fr/doc/large_LM.pdf

Context: continuous optimization problems in learning

ming f(z) = mingern f(2) = 3| F(2)? = 5 X7 Fil2)?

Large scale problems

F:R" - R™
e F has a large number of components: large m (ex: classification of

large datasets) = subsampled methods

Bellavia, S. and Gratton, S. and Riccietti, E.. A Levenberg-Marquardt method for large nonlinear least-
squares problems with noisy functions and gradients. Numer. Math. (2018).

e F' has a large number of unknowns: large n (ex: deep learning) =
multilevel methods

Common objective

Exploit objective function approximations to reduce computational
cost of the solution



http://riccietti.perso.enseeiht.fr/doc/large_LM.pdf
http://riccietti.perso.enseeiht.fr/doc/large_LM.pdf

e Part I
o high-order optimization methods

o their multilevel extension

o Part II:

o second order multilevel training methods for artificial neural networks
o Application to the solution of PDEs

3/37 Second-order optimization methods Elisa Riccietti



High-order optimization
methods




We consider large-scale nonlinear unconstrained optimization
problems:

min f ()
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The optimization methods

We consider large-scale nonlinear unconstrained optimization
problems:

min f(x)
x
Classical iterative optimization methods:

f(xk + 5) =~ To p(xg, 5)

with T j(z, s) Taylor model of order 2.
At each iteration we compute a step s; to update the iterate:

min my(zx, s) = Tog(zk, s) + (), A >0

r(Ak) regularization term.



Classical examples

e Trust region (TR) method:
T L o0 Ak 2
M2k, 5) = flar) + 57V f(ar) + 557V fzr)s + 7 lls]
e Adaptive Cubic Regularization (ARC) method:

1 Ak s
mi (i, 8) = fax) + 5TV (r) + 58T an)s + s

@ Cubic regularization of Newton method and its global performance,
Y. Nesterov and B. Polyak, 2006

El Adaptive cubic regularization methods for unconstrained
optimization, C. Cartis, N. Gould, Ph. Toint, 2009



Classical examples

® Trust region (TR) method: Complexity: O(¢~?)
T 1 T2 Ak 2
i, 5) = Fa) + 57V () + 357V f(ar)s + ]
e Adaptive Cubic Regularization (ARC) method: Complexity: O(e=%/2)

(i) = flon) + 5TV H () + 55TV fon)s o)

@ Cubic regularization of Newton method and its global performance,
Y. Nesterov and B. Polyak, 2006

El Adaptive cubic regularization methods for unconstrained
optimization, C. Cartis, N. Gould, Ph. Toint, 2009

Worst case complexity

Given € > 0, compute the number of iterations required to achieve an
iterate z such that |V f(zg)|| <e: k= O0(¢)




Family of higher-order methods generalizing ARC

Model of order ¢ = Complexity: O(e~(@+1)/a)

Ak
mg g (TE, 8) = Ty p(xh, s) + 5|9t A >0
o(@,8) = Tyalon,s) + 25 s ‘
q 1 4 times
Tyr(we, s) = Z; ﬂwf(g;k)(’—s, —..9)
1=

Unifying framework for global convergence and worst-case complexity
is presented = ARC ¢ = 2.

@ Worst-case evaluation complexity for unconstrained nonlinear
optimization using high-order regularized models, E. G. Birgin, J. L.
Gardenghi, J. M. Martinez, S. A. Santos and Ph. L. Toint, 2017



ARq(I'Ov )\07 6)

1: Given 0 <n <1,setk=0
2: while ||V, f(xr)|| > € do

3:
4:

10:
11:

eI

e Initialization: Define my i (g, s) = Ty r(xk, ) + %HSHqH
e Model minimization: Find a step sj that sufficiently reduces
the model my x

e Acceptance of the trial point: Compute

f(zk) = f(xp + si)
Ty k(xk,0) — Ty p(zk, Sk)

Pk =

if p > m then
Tkl = Tk + Sk, decrease A,
else
Tkl = Tk, iNCrease Ag.
end if
k=k+1

12: end while




Bottleneck: Subproblem solution

Solving

A
B st
qg+1

represents greatest cost per iteration, which depends on the size of
the problem.

min Tq,k(xk, 8) +
s

Our proposition: family of multilevel methods using high-order
models

Calandra, H. and Gratton, S. and Riccietti, E. and Vasseur, X.. On high-order
multilevel optimization strategies. Submitted to SIAM J. Optim. (2019).


http://riccietti.perso.enseeiht.fr/doc/multilevel.pdf
http://riccietti.perso.enseeiht.fr/doc/multilevel.pdf

Multilevel strategy

Hierarchy of problems
o {ff(a")}, ot e R™

e 1y 1 < ny = f'=1is cheaper to optimize compared with f*
e 1~ model for f¢1

¢
L,
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Multilevel strategy

Hierarchy of problems
o {ff(a")}, ot e R™

e 1y 1 < ny = f'=1is cheaper to optimize compared with f*
e 1~ model for f¢1

/ y4 _ L Y4
Ty, Ty = T+ S,
¢ _ ply -1 -1
R’ sp =P (v, —a,)
: -1
min, u“ ' (x)
—1 . pl. 1 z -1
Top = Rz, Ty g

The procedure is recursive: more levels can be used



MARq(I’Oa )\Oa 6)

1: Given0<m <1,set k=0
2: while |V, f(z)|| > € do

3:

4:

CORIRS)

9:
10:
11:

e Initialization: Define the model mgy i (zk,s) = Ty r(zk,s) + %HSH‘I“
and the lower level model

e Model minimization: Choose wether to use Taylor model or to recursively
minimize the lower level model to get si

e Acceptance of the trial point: Compute

flxr) — fxr + s5)
Ty (xk,0) — To .k (Tk, Sk)

pr =

if pr > m1 then
Tk41 = Tk + Sk, decrease A,
else
Tkt1 = Tk, iNCrease Ag.
end if
k=k+1

12: end while




Lower level model

When to use the lower level model?

e Choose lower level model pf~1 if
o if | Ve (o)l = ||R€Vf€($k)|| > K|V ()], & >0
o if |Vaig 1! (@G )| > €

e Minimize regularized Taylor model otherwise.

How to define the lower level model?

Modify ¢! to ensure coherence among levels




Coherence between levels, ¢ =1

Let :co k = R:ck, Model with first order correction:
i (@ s = T g s ARV S ) =V )T
This ensures that

v/’qk(%k) szfe( k)

— first-order behaviours of f* and p‘~! are coherent in a

neighbourhood of the current approximation. If s¢ = Pfsf—1

vfﬁ(xi)TSK :vfﬁ(xi)Tpfsﬁ 1 vulk (xf)kl)T l— 1



Coherence between levels, ¢ = 2

Let *730 k = Ra:k We define Mg k as

{—1 - l— /-1 {—
Ngk(w()ka 1):f 1(3707k +s 1)
¢ %) 0— L—1I\\T £—
+ (R (ay,) = VT @) s
1 7 i 9 ) % 2 ol /—1 /
=+ 5(31 I)T((R()Tvzf(’(l’[k)]ﬂ o VZ]L 1(;1% l))s(, 1
— We can generalize this up to order ¢ to have the behaviours of f*
and ,uf;_kl to be coherent up to order ¢ in a neighbourhood of the
current approximation.



We define

qu (xé kl’sf—l) :fe—l(xf);cl + S£—1)+

2 times

where R (V' f(x})) is such that for all i =1,...,q and
s{ 1,..., (=1 ¢ Rru-1

ROV @Iy sp 1) = VO, PsTH L Plsih),

where V'’ f¢ denotes the i-th order tensor of f*.
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Theoretical results: Assumptions

Assumption 1

Let us assume that for all ¢ the g-th derivative tensors of f¢ are
Lipschitz continuous.

Assumption 2

There exist strictly positive scalars kgp, p > 0 such that
dist(z, X) < kpp||Vaf(2)|l, VzeN(X,p),

where X is the set of second-order critical points of f, dist(x, X)
denotes the distance of x to X and NV (X, p) = {z | dist(z, X) < p}.

(4 On the Quadratic Convergence of the Cubic Regularization Method
under a Local Error Bound Condition, M.C. Yue, Z. Zhou, and A.M.C.

So, 2018



Theoretical results: global convergence

Let Assumption 1 hold. Then, the sequence of iterates generated by
the algorithm converges globally to a first-order stationary point:

IVf(zr)l =0

lim
k—o00




Theoretical results: global convergence

Let Assumption 1 hold. Then, the sequence of iterates generated by
the algorithm converges globally to a first-order stationary point:

IVf(zr)l =0

lim
k—o00

[4 E.G. Birgin, J. L. Gardenghi, J. M. Martinez, S. A. Santos and
Ph. L. Toint, 2017: generalized to multilevel framework

[s S. Gratton, A. Sartenaer and Ph. L. Toint, 2008: extended to
higher-order models and simplified



Theoretical results: complexity

Let Assumption 1 hold. Let f;,,, be a lower bound on f. Then, the
method requires at most

Kg(f(xmflow><1+|logm>+ ! 10g<xmax>

e log 3 log 3 Ao

€ 4d

iterations to achieve an iterate x, such that ||V f(xy)| < ¢, where

q+1

AT - ri/e
m v

K3 =

[4 E.G. Birgin, J. L. Gardenghi J M. Martinez, S. A. Santos and

Ph. L. Toint, 2017: k£ = O(e ) Complexity of standard method
is maintained



Theoretical result: local convergence

Theorem

Let Assumptions 1 and 2 hold. Assume that £(f(zx)) is bounded for
some k£ > 0 and that it exists an accumulation point z* such that

x* € X. Then, the whole sequence {z} converges to z* and it exist
strictly positive constants ¢ € R and k € N such that:

Tk — 2]

<e, Vk>k.
|k — 2*||?




Theoretical result: local convergence

Theorem

Let Assumptions 1 and 2 hold. Assume that £(f(zx)) is bounded for
some k£ > 0 and that it exists an accumulation point z* such that

x* € X. Then, the whole sequence {z} converges to z* and it exist
strictly positive constants ¢ € R and k € N such that:

Tk — 2]

<e, Vk>k.
|k — 2*||?

[4 E. G. Birgin, J. L. Gardenghi, J. M. Martinez, S. A. Santos and
Ph. L. Toint, 2017: local convergence not proved

[W S. Gratton, A. Sartenaer and Ph. L. Toint, 2008: local
convergence not proved

[4 M.C. Yue, Z. Zhou, and A.M.C. So, 2018: generalized to ¢ > 2



Numerical results on the solution of PDEs

—Au(z) +e"?) = g(z) inQCRY,
u(z) =0 on 01},
The following nonlinear minimization problem is then solved:
1
min ~u? Au + ||e/?]|2 - gTu,
u€Rn? 2

which is equivalent to the system Au + e* = g.

e Coarse approximations: coarser discretization of the problem (2d

times lower dimension).



4 levels methods of order ¢ = 2, d = 2

1
min —u’ Au + ||e“?||> — g"u,

ueR™
d=2,q= n = 256 n =512
AR2 MAR2 AR2 MAR2
U1 ity /ity 11/11 7/2 23/23 15/4
save 2.2 4.1
U9 ity /ity 27/27 13/4 56/56 22/6
save 3.9 6.1

u;: strating point

it7/ity: total iterations/fine iterations

save: save in CPU time




4 levels methods of order ¢ =3, d =1

. Lop w/2)(2 T
min u’ Au+ [[e?|? — g"u,
d=1,¢=3 n = 1024 n = 4096
AR3 MAR3 AR3 MAR3
U itT/itf 7/7 9/2 18/18 15/2
save 2.5 4.3
o ity /ity 23/23 14/1 34/34 20/5
save 4.1 4.4

u;: strating point
it7/ity: total iterations/fine iterations
save: save in CPU time




Multilevel training methods




How to exploit multilevel method for training of ANNs?
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How to exploit multilevel method for training of ANNs?

Large-scale problem

e How to build the hierarchy of
problems? The variables to be
optimized are the network'’s
weights:

NO evident geometrical
structure to exploit!

e The network possesses a purely

algebraic structure: can we
exploit it?




How do we select the hierarchy of variables?

Algebraic multigrid (AMG): C/F splitting

Ruge and Stueben C'/F splitting for Ax = b

e Two variables 4, j are said to be coupled if a; ; # 0.

e \We say that a variable 7 is strongly coupled to another variable j, if
—a;j > emaxg, , <ola; k| for a fixed 0 < e < 1, usually € = 0.25.

Prolongation-Restriction operators

P=[I;A], R=PT.




Which matrix should we use?

Assume to use a second-order model (By ~ V2f(x1)):

1 A
mi (. 8) = fwe) + 5TV (@) + 55" Brs + 5 s’

At each iteration we have to solve a linear system of the form:
(Bp + MI)s = =V f(zp), A > 0.

As in AMG for linear systems, we use information contained in matrix
Bl{"



Which matrix should we use?

Remark
Variables are
coupled!

{w;, bi, v; }

We do not use the full matrix B, and we define A as:

fv,v fv,v fw,w fb,b

+ +
va,vHoo ”fw,wHoo ”fb,b”OO

fow | A=
fob

We define the coarse/fine splitting based on the auxiliary matrix A.

By =

Calandra, H. and Gratton, S. and Riccietti, E. and Vasseur, X.. On a multilevel Levenberg-Marquardt
method for the training of artificial neural networks and its application to the solution of partial differential

equations. Optim. Methods Softw. (2020).


http://riccietti.perso.enseeiht.fr/doc/pde.pdf
http://riccietti.perso.enseeiht.fr/doc/pde.pdf
http://riccietti.perso.enseeiht.fr/doc/pde.pdf

Application: solution of PDEs with ANNs

@ Overcoming the curse of dimensionality in the numerical approximation of
high-dimensional semilinear parabolic partial differential equations (2020).

@ The Deep Ritz method: A deep learning-based numerical algorithm for
solving variational problems (2018)

@ A proof that deep artificial neural networks overcome the curse of
dimensionality in the numerical approximation of Kolmogorov partial differential
equations with constant diffusion and nonlinear drift coefficients (2018).

@ Analysis of the generalization error: Empirical risk minimization over deep
artificial neural networks overcomes the curse of dimensionality in the numerical
approximation of Black-Scholes partial differential equations (2019).

@ Solving stochastic differential equations and Kolmogorov equations by means
of deep learning (2018).

@ Deep Neural Networks motivated by Partial Differential Equations (2019).



Why try to solve PDEs with ANNs?

Compared with classical approaches (FDM, FEM), approaches using
ANNs present the following advantages.

Advantages of ANNs over classical approaches

e Natural approach for nonlinear equations

e Provides analytical expression of the approximate solution which is
continuously differentiable

e The solution is meshless, well suited for problems with complex
geometries

e The training is highly parallelizable on GPU

e Allows to alleviate the effect of the curse of dimensionality (highly
effective for more than 4 dimensions)




1D case: D(z,u(z)) = g(2), z € (a,b) wu(a) = A, u(b) =B

Input Hidden Hidden Output
layer ayer ayer layer

w vector of
weights and bi-
ases
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Our approach: express the solution as a neural network
1D case: D(z,u(z)) = g(2), z € (a,b) u(a) =A, u(b) =B

Input Hidden Hidden Output
layer ayer ayer layer

w vector of
weights and bi-
ases

Training problem: find the network weights w by minimizing
T
min — Z (D(z,u(w, 2)) — g(z) )2 + A ((U(w,a) — A)? + (G(w, b) — B)?)

~
Equation residual Boundary conditions

Least-squares problem — multilevel Levenberg-Marquardt method



Classical Levenberg-Marquardt method

min f(z) = || F(z)]
e Given z; € R™ and A\ > 0, find the step s € R™ minimizing
LM 1 2, 1 2
mi™ (@, 8) = SIE (@r) + I (zr)s]” + 5 Axlls]
1 1
= f(xg) + Vf(zp) s+ §STB,§5 + 5A,g||s||2
By, = J(wp)" I (xr) ~ V f (1)
e Compute
fzg) — fzg + i)

Pr(sk) = :
méM('xk‘a 0) - miM(xka sk)

e Step acceptance. Given n € (0,1):

o If p < m reject the step: xxy1 = X% and increase \y.
o If pp > n accept the step: xx411 = xk + Sk



Solution of PDEs: Numerical example

Poisson’s equation

Method |ADAM 1 level

(2D, n = 4096) Iterations | 10000 200
10t - —— ADAM
— LM

100 4

5

2 10

w
1072 4
103

(’) 5(’)0 10’00 15’00 20’00

32/37
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Solution of PDEs: Numerical example

Poisson’s equation Method ‘ ADAM 1 level 2 levels
(2D, n = 4096) Iterations \ 10000 200 200
104 —— ADAM
— M
—— Multilevel LM

500 1000 1500 2000
Temps (s)

o

Calandra, H. and Gratton, S. and Riccietti, E. and Vasseur, X.. On a multilevel Levenberg-Marquardt
method for the training of artificial neural networks and its application to the solution of partial differential
equations. Optim. Methods Softw. (2020).
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Numerical results on difficult domains (n = 4096)

Left: —Au+ v?u = g1, u(z,y) =sin(v(z +y)) v =3
Right: —Au+vu’ = g1, u(z,y) = (22 +y?) +sin(v(2® +52)), v = 3

2
i:\ . | &
iter  RMSE savings iter  RMSE savings
min avg max min avg max
1level | 395 107* 1408 1073
2levels | 110 107* 13 56 1001|1301 1073 12 19 24
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Conclusion




Conclusion

e Theoretical contribution: We have presented a class of multilevel
high-order methods for optimization and proved their global and
local convergence and complexity.

e Practical contribution: We have got further insight on the methods
proposing a AMG strategy to build coarse representations of the
problem to use some methods in the family for the training of
artificial neural networks.



Perspectives

e Hessian-free variant. Make it a competitive training method: the
method needs to compute and store the Hessian matrix (for step
computation and to build transfer operators): too expensive for
large-scale problems.



Thank you for your attention!

Slides and papers available here

bit.ly/elisaIRIT

Calandra, H. and Gratton, S. and Riccietti, E. and Vasseur, X.. On high-order
multilevel optimization strategies. Submitted to SIAM J. Optim. (2019).

Calandra, H. and Gratton, S. and Riccietti, E. and Vasseur, X.. On a multilevel
Levenberg-Marquardt method for the training of artificial neural networks and
its application to the solution of partial differential equations. Optim. Methods
Softw. (2020).

Calandra, H. and Gratton, S. and Riccietti, E. and Vasseur, X.. On the iterative
solution of the extended normal equations. Submitted to SIAM J. Matrix Anal.
Appl. (2019).


http://bit.ly/elisaIRIT
http://riccietti.perso.enseeiht.fr/doc/multilevel.pdf
http://riccietti.perso.enseeiht.fr/doc/multilevel.pdf
http://riccietti.perso.enseeiht.fr/doc/pde.pdf
http://riccietti.perso.enseeiht.fr/doc/pde.pdf
http://riccietti.perso.enseeiht.fr/doc/pde.pdf
http://riccietti.perso.enseeiht.fr/doc/linear.pdf
http://riccietti.perso.enseeiht.fr/doc/linear.pdf

Backup slides
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Tensor of order 3

Let T € R"', and u,v,w € R™. Then T(u,v,w) € R, T(v,w) € R

T(u,v,w) = ZZ T(i, j, k)u(i)v(i)w(k),




Tensor of order ¢

Let i € Nand T € R", and u € R™. Then T(u,...,u) € R,

S
1times
T(u,...,u) € R™ and
1—1 times
n
T(u,...,u):2~~~ZT]1, L dou() - u(),
i times J1=1 Ji=1
n

T(u,...,u)(jl):Z-.-ZTJI,...,ﬁ u(ja), ... u(j), j=1,...,n.

i—1 times J2=1 Ji=1




Mg k(s Sk Ak) < Mgk (Trs 05 M), [|[Vemg (@, S5 Ak)|| < 05k,
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Hessian approximation in least squares

The Hessian of f is given by

V2 f(x) = J(x)"J(2) + S(z) = J(2)TJ(z) + Y Fi(z)V>Fi(x).

=1

Notice that term S(z) contains the second derivatives V2F} of R. lts
norm depends both on the nonlinear residual F'(z) and on the
magnitude of such derivatives.



Prolongation operator for PDE problem without network

P: standard interpolation operator for d = 1 and on the nine-point
111
. 1%
interpolation scheme defined by the stencil 515 ford =2,
111
421

R; = 57 P full weighting operators



Prolongation operator for PDE problem with network

H . .
x! if ieC
el = (Pzf); =1 0o
> wep, Oikry if i€ F,
with
. _ - +
5, = —agai/ai; if ke P, o — > jen, i o Djen; iy
ik = : i = — b= T
—Biaip/ai; if k€ P > kep, Qi > kep, T

where a; = max{a; j,0}, a;; = min{a; ;,0}, N; is the set of

variables connected to i (i.e. all j such that a; ; # 0), P; the set of
coarse variables strongly connected to ¢, which is partitioned in P,
(negative couplings) and P;" (positive couplings).



The multilevel LM method fits in the family

e If ¢ =1, the regularized model is defined as

Ak
mi(wk,8) = flax) + V f@n)"s + T lls]?,
e |east-squares problems:

1 1
m (zp, 5) = SI1F(e) + T (@e)s|® + S Aells])®

1 1 1
= §|!F(33k)Hz + 8T T ()T F () + §8TBk8 + 5/\kHSHQ
1 1
= fzr) + Vf(zr)"s + §5TBk5 + §>\k\|8H2

o Let M = 25 41 = 2 ||s||2, = 157 Bys + 2]

o mEM (zy,5) = f(ar) + VF(zr)Ts + 2 s]3,.

*For a positive definite matrix M € R"*" and z € R", ||z||xm = 27 M.



e Step computation in classical methods:
min my(xg, s)
S
which is equivalent to the solution of the normal equations:

(J(xp)T T () + M d)s = —J(x) T F(z) = CGLS

46/37 Second-order optimization methods Elisa Riccietti



Model minimization at level ¢

e Step computation in classical methods:
min my(xg, s)
S

which is equivalent to the solution of the normal equations:

(J(zp) T T(xr) + Med)s = —J(xp) T F(z,) = CGLS

e Multilevel method:

min mf;*l (z1,8) + s,

c!'s ensures coherence among levels.

This model leads to extended normal equations:

(J(@i) T (x) + Med)s = =J(xp) T F(xp) +¢ = ?

46 /37 Second-order optimization methods Elisa Riccietti



e CGLS cannot be used, due to the presence of term +c

e CG is not stable on normal equations A7 Az = AT

CGLS
CG
Tk =b— A.’L‘k,
rp = AT (b — Axy,).
F ( k) Sk :ATTk.
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Stable solution of extended normal equations

= We propose (CGLSI), a modification of CGLS, suitable for our
problem and more stable than CG

llz—a"]|
T

Performance profile, measure:

1

CGLS CGLSI jjﬁ

0.6

r. =b— Axy, 1 =b— Axy, 05
0.4
sp =ATr. sp =ATr, + c. o
0.2
- —ca
' —CGLs!
(:o" 102 10 108 10®

Calandra, H. and Gratton, S. and Riccietti, E. and Vasseur, X.. On the iterative
solution of the extended normal equations. Submitted to SIAM J. Matrix Anal.
Appl. (2019).
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