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Antoine Gonon, Nicolas Brisebarre, Rémi Gribonval, Elisa Riccietti

Abstract

We consider general approximation families encompassing ReL U neural networks.

On the one hand, we introduce a new property, that we call co-encodability, which lays a framework
that we use (i) to guarantee that ReLU networks can be uniformly quantized and still have approximation
speeds comparable to unquantized ones, and (ii) to prove that ReLU networks share a common limitation
with many other approximation families: the approximation speed of a set C is bounded from above by an
encoding complexity of C (a complexity well-known for many C’s). The property of co-encodability allows
us to unify and generalize known results in which it was implicitly used.

On the other hand, we give lower and upper bounds on the Lipschitz constant of the mapping that
associates the weights of a network to the function they represent in L. It is given in terms of the width,
the depth of the network and a bound on the weight’s norm, and it is based on well-known upper bounds
on the Lipschitz constants of the functions represented by ReLLU networks. This allows us to recover known
results, to establish new bounds on covering numbers, and to characterize the accuracy of naive uniform

quantization of ReLU networks.

Index Terms

Approximation speed, encoding speed, ReLU neural networks, quantization, Lipschitz parameterization,

covering numbers.

I. INTRODUCTION

Neural networks are used with success in many applications to approximate functions. In line with the
works [5], [9], [11], we are interested in understanding their approximation power in practice and in theory.

Regarding practical applications, a key question is to be able to compare approximation properties of
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quantized versus unquantized neural networks. Another important question is to better understand non-
trivial situations where neural networks can be expected (or not) to have better approximation properties
than the best known approximation families, quantized or not.

We address these questions by quantitatively characterizing the optimal polynomial speed ~**PPr*(C|¥)
at which all functions of a metric space C can be approximated by a sequence ¥ = (Xp7)pren+ (with
N* = {1,2,...}) of sets Xp; of "simpler" functions, such as polynomials of degree M, or ReLU neural
networks with M non-zero parameters.

Notion of oco-encodability. We introduce a new property of the sequence ¥, called oco-encodability,
which builds a bridge between approximation and encoding speeds. This property forbids degenerate cases
and notably holds for sets ¥,; of linear combinations from a basis in a Banach space, under standard
assumptions limiting the growth with M of the coefficients’ magnitude and the number of combined basis

functions. We show that:

(i) if ¥ is oc-encodable, then y**PPr*(C|Y) is bounded from above by the Kolmogorov-Donoho complexity
y*encod () which measures the best polynomial speed at which C can be encoded as binary sequences,
and which is known for many classical functions sets such as balls of Sobolev spaces;

(ii) many sequences ¥ = (Xp7)aren+ are oo-encodable: when Xj; contains M-terms linear combinations of
the first poly(M) elements! of a bounded dictionary, with boundedness conditions on the coefficients,
or when X, is Lipschitz-parameterized by some (polynomially) bounded set in finite dimension, (i.e., ,
it is the image of such a set by a Lipschitz map). The latter includes the case of ReLU neural networks
for which we identify "simple" sufficient conditions on the considered architectures for it to hold;

(iii) sequences X = (Xp7)men+ of Lipschitz-parameterized sets X as above are not only oo-encodable: they
can be uniformly quantized, in the sense that they can be covered with balls centered on a uniform
grid, into sequences that reach comparable approximation speeds on every set C to their unquantized

version.

Point (i) is concisely expressed by the following bound on the optimal polynomial approximation speed:
,y*approx(c|2) < ’Y*enCOd(C). (1)

In light of point (ii), this bound unifies and generalizes previous results such as [9, Thm. V.3, Thm. VI.4|[11,
Thm. 5.24] thanks to the notion of co-encodability. Inequality (1) is of particular interest in order to bound
the approximation speed y**PP*°*(C|X) from above without looking at all at the approximation properties
of the set C by the sequence X. Instead, we can study separately ¥ and establish at which speed it can be
encoded. This inequality happens to be an equality in various cases, see Example 11. Another consequence
of this inequality is that approximation families based on an oo-encodable sequence ¥ defined with ReLU
neural networks share a common upper bound on approximation rates with other classical approximation

families that we prove to be co-encodable. In particular, given C, if an oo-encodable sequence ¥ is known

Ipoly(M) denotes a positive function that grows at most polynomially in M



such that y*2PProX(C|%) = y*enced(C) then no improved approximation rate can be hoped for by using ReL.U
networks.

The case of ReLU networks. Given a function Ry represented by a ReLU neural network with
parameters 6, our results show how 6 can be quantized into Q(6) such that ||Ry — Rgs)llp is small in
a given LP-space. This bounds one of the components of the error that is committed when approximating
a function f by a neural network in practice. Indeed, the error committed can be decomposed into (at
least) three terms: the approzimation error (related to the question of finding 6 such that Ry, a ReLU
neural network with continuous real parameters, approximates well f), the quantization error (related to
the need of using an approximation Rgg) of Ry, for instance the representation of the ReL.U neural network
with floating-point parameters Q(6)) and the evaluation error (due to finite-precision computations and
propagation of the errors when evaluating Rqg)(z)).

In light of (iii), in order to analyze the quantization error, we use the fact that (as already noticed in the
literature [5, Rmk. 9.1]) the set of functions represented by ReLU neural networks is Lipschitz-parameterized
under conditions on the sparsity, the depth and the weight’s magnitude.

Lipschitz parameterization of ReLU networks. We give an explicit new upper bound for the Lipschitz
constant of this parameterization § € © — Ry in Proposition 36, for some bounded set © in finite dimension.
The bound is based on the Lipschitz constant of the functions Ry themselves. For instance, for real-valued
functions with input in RY, d € N*, given a width W € N*, a depth L € N* and a bound » > 1 on
the Euclidean norm of the matrices and biases vectors of the considered parameters, the associated ReLU
networks define a parameterization 6 — Ry € LP([0,1]%), p > 1, such that for every parameters 6, ¢’ satisfying
the above conditions:

HR@ — RQ’HLP < CpWLQTL_lHe — 9/”007

where the only term that depends on LP is the constant cp, defined as the LP-norm of the function x €
[0,1] +— ||lz|l2 + 1. Conversely, denoting by ¢, the LP-norm of the function z € [0,1]? — ||z[|2, then for
every € > 0, we can exhibit parameters 6,0’ satisfying the above conditions and such that ||Rg — R/ ||, >
(L—e)e, LrE 1|0 — 0] .

This Lipschitz property, combined with (i), (ii) and (iii), yields guarantees on the approximation power
of families of quantized ReLU networks, see Proposition 49. For instance, let p > 1 and d € N*, and define
(Xar)aren= such that Y3, € LP([0,1]9) is the set of functions represented by ReLU networks with at most
O —s00 (M) non-zero parameters, at most? Oy oo (polylog(M)) layers and with weights bounded in absolute
value by Ops_ 0 (poly(M)). Then for every set C C LP([0, 1]), and for every v > 7**PP*%(C|%), the networks
representing the functions in ¥3; can be uniformly quantized with a step size of order Qs oo (M 108 M)
for some ¢ = ¢(7y) > 0 that does not depend on M (so that Q0 ((log M)?) bits are enough to store each

parameter), and still achieve the same polynomial rate as their unquantized version, see Example 51.

2polylog(M) denotes any positive function of M that grows at most polynomially in log M



We further use this upper bound on the Lipschitz constant of 8 — Ry to bound from above the covering
numbers of sets of functions represented by ReLU networks, and to characterize the minimax accuracy of
uniformly quantized ReLLU networks, see Corollary 39 and Section V-C.

Organization of the paper. The definition of ReLU neural networks is recalled in section II-A. The
definitions of the approximation speed y**PP'*(C|%)) and the encoding speed 7*"°d(C) are recalled in
section II-B. The notion of oco-encodability is introduced in section III, it is then proven that being oco-
encodable implies Inequality (1). Examples of co-encodable sequences ¥ are then given in section IV. Some
sequences X Lipschitz-parameterized discussed in section I'V are not only co-encodable: they can be uniformly
quantized, in the sense that they can be covered with balls centered on a uniform grid, into sequences that
reach comparable approximation speeds on every set C to their unquantized version, see Proposition 24.
In Section V, ReLU neural networks are shown to be Lipschitz-parameterized. As a consequence, results
of section IV apply: explicit conditions on the considered ReLU networks yield sequences ¥ that are oco-
encodable and even uniformly quantizable into sequences that reach approximation speeds comparable to
their unquantized version, see Proposition 49. We recall our main contributions and give some perspectives

in section VI. Some useful definitions, technical results and their proofs are gathered in appendix.

II. PRELIMINARIES

We recall the definition of ReLLU neural networks in section II-A. Then, in section II-B we recall the definitions
of (i) the optimal polynomial speed y*#PP*(C|¥) at which all functions of a set C, subset of a metric space F,
can be approximated by a sequence ¥, (ii) the Kolmogorov-Donoho complexity 7*"<°4(C), which measures

the best polynomial asymptotic speed at which C can be encoded into binary sequences.

A. Neural networks

A ReLU neural network is a parametric description of the alternate composition of affine maps between
finite-dimensional spaces and of a non-linear function. The non-linearity consists of the so-called Rectified

Linear Unit (ReLU) applied coordinate-wise.

Definition 1 (ReLU: Rectified Linear Unit). — The ReLU function p is defined by [2]:
Vz € R, p(x) := max(0, x).
For d € N*, its d-dimensional version consists of applying it coordinate-wise:

Vo € RY p(z) := (p(24))iz1...q.

Definition 2 (Architecture of a neural network). — An architecture of a neural network consists of
a tuple (L,N), with L € N* and N = (Np,...,Nr) € (N )+ We then say that L is the depth of the
network. A network with such an architecture has L + 1 layers of neurons, indexed from £ = 0 to £ = L.

Layer ¢ has Ny neurons, we call Ny the width of layer £. Layer 0 is the input layer while layer L is the output



Input

layer 0 layer 1 layer 2 layer L-1 layer L

Figure 1. A neural network architecture can be seen as a directed graph. Neurons are represented by vertices, grouped by layers.
For each neuron, there are edges going from this neuron to each neuron of the following layer. Coefficient (¢, ) of W, can be
seen as the weight of the edge going from neuron j of layer £ — 1 to neuron % of layer £. Coefficient ¢ of by can be seen as the

weight of neuron i of layer £.

layer. Such an architecture can be represented as a graph, with a vertex for each neuron, and an arrow
between every pair of neurons within consecutive layers, see Figure 1 (thus, in this work, a layer consists of

a set of neurons, not a set of edges).

Definition 3 (Parameters associated to a network architecture). — Let (L, N) be an architecture.
A parameter associated to this architecture consists of a vector 8 = (Wy,..., Wy, by,...,br), with W, €
RNexNe—1 and b, € RN, Tt can be represented graphically: if neurons on layer ¢ are numbered from 1 to Ny,
then (W;), ; is the weight on the arrow going from neuron j of layer £ — 1 to neuron ¢ of layer ¢, while (b,);

is the weight bias on neuron i of layer £, see Figure 1. Such a parameter 6 lives in the parameter space

_ pd
Op N =Rz,

L (2)
dip,Ny = ZNZ(NZ—l +1).
=1
Definition 4 (ReLU neural network and its function representation). — A ReLU neural network
consists of an architecture (L,N) and an associated parameter 8 = (Wq,... , Wy, b1,...,b). It represents

the function denoted Ry : RV — RNz given by:
Yz € RN Ry(z) := . (x)
with functions y, and g, defined by induction on £ =1,..., L:
Yo(z) = =,
Jer1(z) = Wepr1o + by,

Yer1(x) = p(Ge(z)).



In words, the input = goes through each layer sequentially, and when it goes from layer ¢ to £ + 1, it first
goes through an affine transformation, of linear part Wy, and constant part by41, then it goes through the

ReLU function p applied coordinate-wise (except on the last layer where the ReLU function is not applied).

B. Approzimation and encoding speeds

In the following, all subsets are non-empty by default. Let ¥ := (Xp/)amen+ be a sequence of subsets of a
metric space (F,d) (for example the set of all real-valued continuous functions on [0, 1], with d the uniform
distance). Generally speaking, ¥ is chosen so that ¥, approximates functions of F better and better as
M grows, and a typical example consists of a nested sequence 31 C Yo C ..., where X); is a function set
parameterized by Ops_oo(M) parameters (for example the set of all polynomial functions of degree M).
However, since quantizing the parameters associated to each X, yields a new sequence that has no reason
to remain nested, it is indeed important to deal with arbitrary sequences ¥. Considering a subset C of F (for
example the set of 1-Lipschitz functions on [0,1]) one can wonder at which polynomial speed the sequence
3 approximates all functions of C. This is captured by the notion of optimal polynomial speed y**PPr*(C|3])

defined as follows [9, Def. V.2, Def. VI.1].

Definition 5 (Approximation theoretic complexity y**PP**(C|X)). — Let ¥ := (Xp7)men+ be an
arbitrary sequence of (non-empty) subsets of F. For any (non-empty) class of functions C C F, we can

define the error e,,(C) of approximation of C by ¥, as follows [9, Def. V.2, Def. VI.1]:

em(C) = ;1;13 <I)1611sz d(f,®) € [0, +o0].

Then, we define y**PP™*(C|%) to be the supremum of the polynomial speeds at which all functions of C are

approximated by 3 [9, Def. V.2, Def. VI.1]:
A HPPIOX(C|8) == sup{y € R,ep(C) = Onrsoe (M77)} € [—00, +00].

with the convention ~**PP*(C|%) = —oo if the supremum is over an empty set.

Remark 6. — In the following, the considered C will have bounded diameter sup; ¢ d(f,g) < oo (when
(F,d) is a normed vector space, this is equivalent to assuming that C is bounded) ensuring that e3;(C) is
finite for every M. In the classical case of nested sets Xy, the error €3,(C) is non-increasing with M hence
~*PPrOX((C|53) > 0. This also holds as soon as the error remains bounded, but examples with v*2PP*(C|¥) < 0

can be built.

Remark 7. — In [11, Def. 5.23], the following quantity is considered
¥ (C|Z) :==sup{y € R,Vf € C,3c > 0,YM € N*,d(f,Ep) <cM™ 7},

which satisfies v*(C|X) > ~**PPr*(C|X) but generally differs from ~**PP**(C|X) since in the definition of

~*aPPIOX((C|33) | the implicit constant ¢ > 0 is not allowed to depend on f € C. However, when C is relatively



compact (that is, its closure is compact), then ¢ > 0 can be chosen independently of f [11, Proof of Thm

5.24] so that the two quantities coincide.

The speed y**PPro*(C|X) is known in some cases, see Example 11. We shall give a general framework
under which «**PPr*(C|X) can be bounded from above by another measure of complexity of the set C, which
measures the best polynomial asymptotic speed at which C can be encoded into binary sequences. We first

begin by recalling the notion of covering numbers and metric entropy [8].

Definition 8 (Covering, covering numbers and metric entropy). — Let (C,d) be a metric space.

Consider € > 0. A finite subset X C C is called an e-covering of C if C C | By(z,¢e), where By(x,¢)

reX
denotes the closed ball of C, with respect to the metric d, centered in x and with radius €. The covering
number N(C,d, ) is the minimal size of an e-covering of C, with the convention that N(C,d,e) = 400 if

there is no such covering. The metric entropy is defined by H(C,d,¢) :=log,(N(C,d,¢)).
Definition 9 (Information theoretic complexity 7*¢7°94(C)). — Consider F a set equipped with a
metric d and C C F. The Kolmogorov-Donoho complexity is defined [9, Def. IV.1] as:
~rencod (Y . — gup {7 > 0,H(C,d,¢) = oﬁo(afl/v)} .

with the convention that y*"°°4(C) = 0 if the supremum is over an empty set.
Remark 10. — The quantity 7*°"°d(C) can also be defined in terms of encoder-decoder pairs. Define the
optimal coding length [9, Def. IV.1] of C with accuracy ¢ by:

L(C,d,e) := inf {e eN,3E:C - {0,1}%,3D : {0,1}¢ — F,supd (f, D(E(f))) < 5} ENU{+c} (3)

fec

with the convention that L(C,d,e) = +oo if the infimum is over an empty set. The metric entropy and the
coding length satifies [8]:
H(C,d,e) < L(C,d,e) < H(C,d,e) + 1, (4)

but they are not equal in general since the coding length is an integer. Inequality (4) shows that the metric
entropy and the coding length have essentially the same behaviour when € — 0. Thus, the encoding speed
y*enced(C) can also be defined as the supremum over v > 0 such that L(C,d, &) = O._,o (¢71/7) as it is done

in [9, Def. TV.1].

Example 11. — It is known [9, Table 1] that:

C := unit ball of by *APPIOX (|37} = Arencod ()
a-Holder C([0,1]) | Wavelet basis a
LP-Sobolev® W([0,1]%) | Wavelet frame o
Besov? B ([0,1]%) | Wavelet frame o

®where p € [1,00],m > dmax(1/p —1/2,0).
bwhere p, q € (0, 00],m > dmax(1/p — 1/2,0).



III. ENCODING SPEEDS VS APPROXIMATION SPEEDS

We start by a definition that captures, as shown in Proposition 16 below, the essence of several known results

([9, Thm. V.3, Thm. VIL4][11, Thm. 5.24][13, Prop. 11]).

A. The notion of y-encodability

Let ¥ := (Xar)amen+ be a sequence of non-empty subsets of a metric space (F,d). Let C C F and € > 0. If
Y*APPIOX(C|33) > 0, since ¥ approximates C at speed y**PPr*((|X), there exists a positive integer M large
enough such that every element f € C can be e-approximated (with respect to d) by an element of ;.
But 3 can be e-covered (with respect to the metric d) with N(Xjs,d, e) elements. Hence, C can be 2e-
covered with N (X, d, e) elements. Instances of this simple reasoning can be found in [9, Thm. V.3, Thm.
VI.4][11, Thm. 5.24][13, Prop. 11]. This suggests the existence of a relation between the approximation
speed **PPrX(C|%)) and the encoding speed y*"°°4(C) that depends on the growth with M of the covering
numbers of X,;.

We claim that a "reasonable' growth of the covering numbers of 3, consists in a situation where, for

some v > 0, the set ¥, can be M ~7-covered with "roughly" 2 log M

elements. Indeed, this covers the case
where each element of ¥, can be described by M parameters that can be stored with a number of bits per
parameter that grows logarithmically in M. For instance if ¥, is a bounded set in dimension M then it can
be uniformly quantized along each dimension with a size step of order M ~7, so that log M bits is roughly
enough to encode each of the M coordinates. This "reasonable' growth for the covering numbers of ¥j; is

formalized in Definition 13, and yields the simple relation min(y*2PP*oX(C|%), ) < vy*ene°d(C) for every set

C C F, as shown in Proposition 16.

Definition 12 ((v, h)-encoding). — Let (F,d) be a metric space. Let £ := (Xp7)men+ be an arbitrary
sequence of (non-empty) subsets of F. Let v > 0 and h > 0. A sequence (X(v,h)ar)amren+ is said to be a
(v, h)-encoding of X if there exists constants ci,co > 0 such that for every M € N*, the set (v, h)ps is a
¢y M ~7-covering of ), (recall Definition 8, in particular ¥(v, h)as must be a subset of Xs) of size satisfying

logy (13 (v, h)ml) < coM M,
The following definition captures a "reasonable" growth for the covering numbers of ¥ ;.

Definition 13 (vy-encodable ¥ in (F,d)). — Let (F,d) be a metric space. Let ¥ := (Xp)men+ be an
arbitrary sequence of (by default, non-empty) subsets of F. Let v > 0. We say that ¥ is y-encodable in
(F,d) if for every h > 0, there exists a (v, h)-encoding of ¥. We say that X is co-encodable in (F,d) if it is
~v-encodable in (F,d) for all v > 0. When the context is clear, we will omit the mention to (F,d).

Remark 14. — If ¥ is y-encodable then it is v'-encodable for every 7/ < ~.

Example 15. — Several examples of oco-encodable sequences are given in section IV. In particular, consider

sequences (dpr)pren= of positive integers, (ras)ar of real numbers at least equal to one, and X := (Xj7) s of



subsets of F := ¢£2(N) with each Xj; defined as the subset of sequences of ¢2(N) with ¢Z-norm (1 < ¢ < o)
bounded by rj3; and with support included in the first dj; coordinates. It turns out that ¥, as a sequence of
subsets of F, is either co-encodable or never y-encodable, whatever v > 0 is (see Lemma 22 and the discussion
above it). It is oo-encodable if and only if for every h > 0, das(log(rar) + 1) = Onryoo (M), With the
same sequence %, if ¢ := (var)ar is a sequence of Lipschitz maps from F = ¢9(N) to a metric space F', then
&(2) == (em (X)) stays oo-encodable under some conditions on ¢ and ¥, given in Proposition 24. This
includes situations with ReLU neural networks, when F’ is some L? space, see Proposition 49. Moreover,
when s contains linear combinations of (a polynomial number in) M elements of a fixed dictionary, with

boundedness conditions on the coefficients, then ¥ is co-encodable, see section IV-C.

B. The encoding speed as a universal upper bound for approximation speeds

It is known that **PProX(C|¥) < *ene°d(C) for various sets C when Y is defined with neural networks [9,
Thm. VI.4] or dictionaries [9, Thm. V.3][11, Thm. 5.24]. The following proposition shows that co-encodability
implies *3PPTX(C|X) < y*enced(C). This settles a unified and generalized framework for the aforementioned
known cases that implicitly use, one way or another, the oo-encodability property, as we will detail in

section IV-C and Example 50.

Proposition 16. — Consider (F,d) a metric space and ¥ := () men+ an arbitrary sequence of (non-

empty) subsets of F which is y-encodable in (F,d), with v € (0, 00]. Then for every (non-empty) C C F:

min(y**PPrX(C|3), v) < 4*0Y(C).
We also gather in the next lemma a useful result that we use in particular to prove Proposition 16.

Lemma 17. — Let (F,d) be a metric space. Consider v, h > 0 and two sequences X(v, h) and ¥ of subsets
of F. If X(~,h) is a (v, h)-encoding of ¥ then for every (non-empty) C C F:

PN (C[S5(, ) = Y PO(CIS) iy 2 7P (CE),

FAPPIOX(C|5(y, h)) = otherwise.
Proof of Lemma 17. For every M € N*, it holds the inclusion ¥(vy, )y C Xy (indeed (7, h) s is a covering
of Xpr) hence y*2PPrX(C|X(~y, h)) < y**PP*X(C|X). This proves the result when **PP™*(C|%) = —oo. From
now on we assume y**PPr*(C|¥) > —oo. Since (v, h) is a (7, h)-encoding of X, there exists a constant ¢ > 0
such that for every M € N*| the set (v, h)p is a ¢M ™ 7-covering of 3. Fix an arbitrary —oo < 7/ <
min(y**PProX(C|X), v). By definition of the approximation speed, there exists a constant ¢’ > 0 such that for

every f € C and every M € N*, there exists a function ®;(f) € Xjs that satisfies:
d(f,Pn(f)) <M.
The triangle inequality guarantees that for every f € C and every M € N*:

d(f, 2, )wm)) < A(f, Par(f)) +d(@ar(f), By, b)) S EMTY e,
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Since v’ < v (and even if v/ < 0, which can happen if y*2PP**(C|%) < 0) this means that y**PP**(C| (v, h)) >
v for every —oo < 4/ < min(y**PP**(C|X), ) hence y**PPrX(C|X(y, h)) > min (y**PPr¥(C|X), ). Since we
also proved that y*@PProX(C|3(~y, h)) < *PPrX(C|X), this yields the claim. O

Proof of Proposition 16. If v**PP™%(C|¥) < 0 then the result is trivial since we always have y**n<°d(C) > 0.
In the rest of the proof we assume y*?PPr*(C|X) > 0. Fix 0 < 4/ < min(y**PP**(C|X),v) and h > 0. First,
Y is y-encodable so there exists a (7, h)-encoding of ¥ that we denote by 3(~,h). This means that there
exists constants ¢}, ¢, > 0 such that for every M € N*, the set X(v,h)pr is a ¢f M~ 7-covering of X of
size |X(y, h)am| < 2M"™" Second, since 0 < ' < min(y**PProX(C|X), ), the definition of the approximation
speed guarantees that there exists a constant ¢§ > 0 such that for every f € C and every M € N*, there

exists a function ®,/(f) € Xy that satisfies:
A(f, @n(f)) < M7

Since 0 < 4/ < 7, note that for every M € N* it holds ¢,M~7 + 4GM~" < (¢ + ¢4)M~". Define
¢1 = ¢y +¢ and ¢y = ¢,. We deduce that for every M € N*, the set X(7y, h) s is a ¢; M~ -covering of C of size
[Z(v, h) | < ge2a M Now, for every € > 0, the integer® M, := [(%)1/7,—‘ satisfies € > clMQVI. By mono-
tonicity of the metric entropy H(C,d,-) we get H(C,d,e) < H(C,d,c;M ") < oM ", Note that folr 2 <
e < ¢1, denoting by ¢ = (2¢1/7 )14 it holds M+ < (1 i (%)1/7’>1+h _ (%)(H-h)/’y/ (1 N (é)l/“/) + )

ce~ M)/ Finally for every 0 < € < ¢y, it holds
H(C,d,e) < ce= WM/

As a direct consequence of Definition 9, this implies y**7°°4(C) > li’T,h for every h > 0 and every 0 < v/ <

min(v*2PPr¥(C|X), ), hence the desired result. O

Remark 18. — Recall that ¥ is v-encodable in (F,d) if, and only if, for every h > 0, there exists a
"discrete" version NP (y,h) = (ZL;(v,h))men- of ¥ that (7, h)-encodes . By Lemma 17, this discrete
sequence has approximation speeds comparable to those of 3 on every non-empty subset C C F. We will see
in Proposition 24 that when each X, is Lipschitz-parameterized by a bounded set in finite dimension, with
conditions on the Lipschitz constant, then a discrete version (v, h) that (v, h)-encodes X can actually
be defined in a more structured way and independently of h > 0: there is a "uniformly quantized" version
Y@ (7) that (v, h)-encodes ¥ for every h > 0, and Lemma 17 will guarantee that it has approximation speeds

comparable to X.

We derive from Proposition 16 a generic lower bound on the encoding speed of the set of functions

uniformly approximated at a given speed.

3The notation [-] is defined as [x] := min{n € Z,n > z} for every z € R.
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Corollary 19. — Let (F,d) be a metric space. Consider v € (0,00] and ¥ := (Xp/)men+ an arbitrary
sequence of (non-empty) subsets of F which is v-encodable in (F,d). Consider o, 8 > 0 and A*(F,X%, )
the set of all f € F such that supy,>; M*d(f,¥n) < 8. This set satisfies

"y*enCOd(Aa (]:7 E, 5)) > min(avl\/)'

Proof. By the very definition of A*(F, X, ), it holds y*PProx( A% (F, X, 8)|X) > «. Proposition 16 then gives
the result. O

The reader may wonder about the role of 8 in the above result, and whether a similar result can be
achieved with A*(F, %) := Ug~oA*(F, X, §). While this is left open, a related discussion after Corollary 30
suggests this may not be possible without additional assumptions on X.

As an immediate corollary of Proposition 16 we also obtain the following result.

Corollary 20. — Consider ¥ := (3p7)pen+ an arbitrary sequence of (non-empty) subsets of F and a

(non-empty) set C C F. If ¥ is y-encodable for every v < *PPr*(C|Y) then:
,Y*approx(c|2) < "}/*enCOd(C).

Proof. For every v < y**PPrX(C|X¥), since X is y-encodable, we have v = min(y**PPrX(C|%),~) < y*°re°d(C)

by Proposition 16. Taking the supremum of such v, we get the inequality. O

As we will see in section IV, applying Corollary 20 to specific co-encodable sequences allows one to unify
and generalize different results of the literature [9, Thm. V.3, Thm. VI.4][11, Thm. 5.24]. When ¥ is defined
with ReLU feed-forward neural networks, we will explicitly study in Proposition 49 how the property of
oo-encodability depends on (bounds on) the neural network sparsity, depth, and weight magnitudes. In
particular, we will find a "simple" explicit condition under which Corollary 20 generalizes [9, Thm. VI.4] to

other type of constraints.

Remark 21. — The quantity 7***°4(C) is known in several cases, see Example 11. In the next section,
we discuss concrete examples of co-encodable sequences Y. For such a sequence ¥ and an arbitrary set
C, independently of the adequation of ¥ and C, Corollary 20 automatically yields an upper bound for the
approximation speed of C by X.

IV. THE NOTION OF 0o-ENCODABILITY

We now give several examples of oco-encodable sequences Y. According to Corollary 20, these sequences,
when used to approximate a function set C, have automatically their (worst-case) approximation speed
A*aPPrOX (C|31) bounded from above by v*°"°4(C). In Lemma 22, we prove that some sequences of balls (in
the sense of the metric space F) of increasing radius and dimension are co-encodable. Quite naturally, the
property of oo-encodability is preserved under some Lipschitz transformation, as shown in section IV-B

in the specific case of the oo-encodable sequences of balls of Lemma 22 (this can be generalized to other
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oo-encodable sequences but this is not useful here). In this specific case, the considered sequences can
even be encoded into sequences with approximation speeds comparable to the original ones, using a very
simple uniform quantization scheme, see Proposition 24. This includes situations where ¥ is defined with
ReLU neural networks with certain controlled increasing bounds on depth, width and weights’ amplitude, as
shown in the next section. We conclude this section with examples of co-encodable sequences in the context
of approximations with dictionaries, see section IV-C, showing that Corollary 20 unifies and generalizes [9,

Thm. V.3][11, Thm. 5.24].

A. First ezample of co-encodable sequences

Let (F,d) be a metric space and ¢ > 0. Let X := (X)) pmen+ be a sequence of sets Xy C F that can be
covered with Ny, = (QM_mo(2‘:M”(log M)) balls (with respect to the ambient metric space) centered in X of

radius ep7 = Opr oo (M™7). Since Opy oo (20Mm (08 M)y — OMHOO(2M1+h)

for every h > 0, it is clear from
the definition that 3 is oo-encodable. This is trivially the case when X := (X7)men+ is @ sequence of finite
sets Xy C F with at most 2¢M7(og M) glaments since each X,/ is an exact cover of itself. Another example
consists of some sequences of balls (in the sense of the metric space F) of increasing radius and dimension
as we now describe. Consider ¢ € [1,00] an exponent, (das)pren+ & sequence of positive integers, (ras)aren=
a sequence of real numbers rp; > 1 and define ¥ := (Xp7)apren where Xy C £9(N) is the set of sequences
bounded in ¢?-norm by rj; and with zero coordinates outside the first dy; ones. Each ¥,; can be identified
with the closed ball of radius 7, in dimension dj; with respect to the ¢-th norm, hence standard bounds

on covering numbers [14, Eq. (5.9)] yield for every 0 < e < ras:

r 3r
o, (™) < H(Ean |- 12) < dar ogs (2. 6
For e = M7 (< 1 < ry), we get:
dnr(logy (rar) +vlogy (M) < H(Ew, || - llg, ) < dar(loga(3rar) + ylogy(M)).

Everything is non-negative, so if the right hand-side is Op;_o0 (M'"), for every h > 0, then so is the left
hand-side. The converse is also true since both sides only differ by log,(3)dy = Onr—oo(darlog M). The
non-negativity of the quantities also implies that the condition dys[logy(rar) +71ogy(M)] = Onrs o (M),
for every h > 0, does not depend on 7. As a consequence, either ¥ is co-encodable or it is never v-encodable,
whatever vy > 0 is. Finally, note that for every h > 0, das (logy(rar) + 1ogs(M)) = Onr—yoo (MHH) if and
only if das (logy(rar) + 1) = Opreo (M), The "only if' part is clear since for M > 2, it holds 0 <
dpr (logo(rar) +1) < dps (logy(rar) + logy(M)). For the "if' part, use that rp; > 1 and the assumption
to get 0 < dyy < dag (logo(rar) +1) = Opnrsoo(MITH) so that dpslogy(M) = Opr oo (M 1logy(M)) =

On oo (M), The definitive result is recorded in the next lemma.

Lemma 22. — Let ¢ € [1,00] be an exponent, (dp;)amen+ @ sequence of positive integers, (ras)aen+ a
sequence of real numbers satisfying 7py > 1 and define ¥ := (Xps)arens, with ¥y := Bg,, )., (0,7) being

the closed ball of radius rj; in dimension dj; with respect to the ¢g-th norm. Then, X as a sequence of subsets
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of ¢9(N), is either oo-encodable or it is never y-encodable, whatever v > 0 is. Moreover, it is co-encodable
if, and only if,
dar (logs(Tar) + 1) = Opryoo (M), VA > 0.

B. Lipschitz parameterized sequences are oco-encodable

We've just seen in Lemma 22 that some sequences Y of balls in finite dimension are co-encodable. Quite
naturally, this remains true when we consider images of such sequences under Lipschitz maps. Actually,
these sequences are not only co-encodable: they can be uniformly quantized, in the sense that they can be
covered with balls centered on a uniform grid, into sequences with comparable approximation speed to the
original ones, as we show in Proposition 24 below. In the next section we will prove that this covers the case
of ReLU neural networks (Proposition 49). In order to prove Proposition 24, the following lemma will be

useful.

Lemma 23. — Consider ¢ € [1,00] and v > 0. There exists a constant ¢(g,7y) > 0 such that the following
holds. Consider arbitrary n € N*, » > 1 and consider the set B, ., (0,7) C £9(N) that consists of the
sequences bounded in ¢9-norm by r, and with zero coordinates outside the first n ones. Consider a metric

space (F,d) and a Lipschitz-map ¢ : (B, .,(0,7), | - |l) = (F,d) with Lipschitz constant Lips(y) > 1:

Va,y € By ., (0,7), d(¢(x), ¢(y)) < Lips(p)l|z — yllq-

For every M € N*, define the step size 5 := (M7n'/9Lips(¢))~! and the "quantized" set QB |11, (0,7),mar) :
B ,(0,7) N (narZ)N. Then for every integer M > 2, the set ©(Q(Bn,11,(0,7),mar)) is an M ~7-covering of
©(Bn,)-1,(0,7)) of size satisfying:

Loy (£(QBo 1., (0.1, 1)) < e(g,7) (n [1og2<n> T loga(r) + loga (Lips(g)) + 1og2<M>] ) (©)

Proof. When ¢ = oo, it is known [14, Examples 5.2 and 5.6] that Q(B,,.,(0,7),ma) is a na-covering
of B, .1,(0,7) of size bounded by (2r/nar)" + 1. Since ¢ is Lips(¢)-Lipschitz, we deduce that the set
©(Q(Bn,.1,(0,7),mar)) is an M ~7-covering of ¢(By, ||, (0,7)) of size satisfying:

108> (10(Q(Bo ., (0.7). mar))) < 1 [1 T loga(r) + logy(Lips(¢)) + vlogg(w]

Since M > 2, it holds 1 + ylog,(M) < (1 4 v)logy (M), hence Equation (6) for ¢(q,v) = 1+~ > 1. This
settles the case ¢ = oo.

When ¢ € [1,00), Hélder’s inequality yields [|z|, < n'/9|z||« for every x € R™. Thus B, |.,(0,7) is a
subset of the ball of radius rn'/? of £>°(N), and the Lipschitz constant of ¢ with respect to || - ||« is bounded
by its Lipschitz constant with respect to || - ||4, up to a factor n'/9. Hence, the case q € [1,00) can be reduced

to the case ¢ = oo by replacing r by rn'/? and Lips(p) by n'/9Lips(¢). We get:

logs (|o(Q(Ba, 111, (0,7),ma))]) < n |1+ glogz(n) + logy (1) + logy (Lips()) + v logy (M)

Hence the desired result with ¢(g,y) = max(2,1+ 7). O
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Proposition 24. — Let ¢ € [1,00] be an exponent and (F,d) be a metric space. Consider sequences
(dapr)mens of positive integers, (rar)aren+ of real numbers satisfying rp; > 1, and define the sequence
Y = (Xm)men- of subsets of £9(N) by X = By, |.|,(0,7ar) (with the same notations as in Lemma 22).
Consider also a sequence ¢ := (@ar)men+ of maps oar : (X, ] - |lq) = (F,d) that are Lips(pas)-Lipschitz
for some constants Lips(¢as) = 1. Define ¢(X) := (oar(Ear))ar- For v > 0, define the y-uniformly quantized

version of ¢(X) as

Q(A(2),7) = (pm(Q(Znr, M (7)) aren-,

with a step size np(7y) := (]\/.I'”Vdjl\//[qLips(goM))_1 and an associated quantized set Q(Xar, (7)) = X N
(nar(7)Z)N for every M € N*. Assume that for every h > 0:

dar (logy (rar) +logy (Lips(par)) 4+ 1) = Opryoe (M), (7)

Then for every « > 0, the y-uniform quantization scheme yields approximation speeds comparable to those

of the original nonquantized sequence ¢(X) for every (non-empty) set C C F:

~*approx (C|Q(¢(E)7 7)) _ ,y*approx(c|¢(2)) if v > ,Y*approx(c|¢(2)),
,y*approx (C|C)(¢)(Z>7 7)) =y otherwise.

Moreover, ¢(X) is co-encodable.

(8)

Remark 25. — Given the link between approximation speed and encoding speed for co-encodable sequences
(see Corollary 20), the above results guide the choice of v to define a concrete y-quantized sequence in the con-
text of Proposition 24. Indeed, considering C C F a classical function class for which the quantity *¢"<°4(C)
is known, see Example 11, choosing v > ~v**1°4(C) is sufficient to ensure that v > *3PP™X(C|$(X)). Vice-
versa, among all such 7, choosing the smallest one y = y**"<°4(C) is probably the best choice to yield the

largest possible step size nas and the best concrete compromise.

Proof of Proposition 24. Fix an arbitrary v > 0. Lemma 23 guarantees that for every integer M > 2, the

set o (Q(Xar, (7)) is an M ~7V-covering of ps(Xas) of size satisfying:

1og (1021 (Q(Ear s (Y))]) < (g, ) (dM [log2<dM> T loga(rar) + loga(Lips(ioar)) + 1og2<M>] ) .

Since 0 < dps < das (logy(rar) + logy (Lips(par)) + 1), Assumption (7) guarantees that for every h > 0, it
holds das = Opr—yoe (M) so that das (logy(dar) +10gy (M) = Onrosoo (M (log(M 1) + log,y(M))) =
OM o0 (MH). As a consequence, for every h > 0, it holds logs(|¢ar (Q(Zar, 1ar(V)))]) = Onr—soo (MITH)
so that the sequence Q(¢(X),7) is a (v, h)-encoding of ¢(X). This shows that ¢(X) is v-encodable for every
~v > 0, hence oo-encodable and Lemma 17 proves Equality (8). O

Remark 26. — For arbitrary v > 0 and h > 0, the discrete sequence ¢(X)? (v, h) of Remark 18 can then
be defined as the sequence Q(¢(X), ), independently of h > 0.
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C. The case of dictionaries

We now consider sequences X defined with dictionaries. As detailed below, results of the literature [11,
Thm. 5.24][13, Prop. 11] use arguments that implicitly prove y-encodability. Let us start with the case of
Banach spaces as in [13]. We only explicit the sequence used in [13] which is y-encodable and we do not
delve into more details as results of [13] are out of scope of this paper. A part of the proof of [13, Prop. 11]
consists of implicitly showing that some specific sequence %7 is s-encodable, for ¢ and s as described below
in Proposition 27. In particular, the setup of Proposition 27 applies when F is the L? space on R? or [0, 1],
1 < p < 0o, and the basis B is a compactly supported wavelet basis or associated wavelet-tensor product

basis.

Proposition 27. — Let F be a Banach space with a basis B = (e;);en+ satisfying sup;cpn-

eillr < 0.
Consider p € (0,00) and assume that B satisfies the so-called p-Telmyakov property [13, Def. 2], i.e., assume
that there exists ¢ > 0 such that for every finite subset I of N*:
1 .
P minfei] < |3 cieillz < el ma e Y(ei)ier € R (9)
i€l
Consider 0 < ¢ < p. For every M € N*, define?:
M
29, = ch’ei,ci eR, sup A{i,|e] =A< 1.
i—1 0<A<o0

Define s =

% %. Then the sequence X7 := (X9,)aren- is s-encodable in F.
Proof. The fact that 39 is s-encodable is implicitly proven in [13]. It goes as follows. Fix M € N* and
F=SM ciei e ¥4, Let 0 < A < 1. Define Qx(f) == SN, sign(c;) |4 | Ae;. It is proven in [13, Prop. 6]

that there exists a constant ¢(p, q) > 0 that only depends on p and ¢ such that:

If = Qx(H)llF < clp, A ~97 sup lleillz-
1EN*

Moreover, it is proven in [13, Lem. 4 and proof of Prop. 11] that @Qx(f) can be encoded with at most
A79(1 —logy(N) +log, (M)) bits. Setting € = A179/7, and observing that A~¢ = ¢~/%, this proves that every
element of ¥4, can be encoded within accuracy O._,o(¢) using O._o(e~/*(logy 1/¢ +log, M)) bits. Setting
e=(2M)~* (and 0 < A < 1 accordingly) and translating the result into covering numbers yields that %? is

s-encodable. O

In the case of Hilbert spaces, much more generic sequences than 3¢ above are in fact oo-encodable, as we
now discuss. The co-encodability can be used to recover [11, Thm. 5.24] (see Corollary 29), and to generalize
Corollary 19 (see Corollary 30). Let F be a Hilbert space and d be the metric associated to the norm on F.
A dictionary is, by definition [11, Def. 5.19], a subset D = (¢;);en~ of F indexed by a countable set, which

4In terms of weak-£2-space, the set Z(JZ\/I is simply the set of linear combinations of elements of B given by sequences (¢;);eN

in the closed unit ball of £2°°(N) with zero coordinates outside the first M ones.
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we assume to be N* without loss of generality. The dictionary D can be used to approach elements of F by

linear combinations of a growing number M of its elements.

Theorem 28. — Let F be a Hilbert space. Let D = (¢;);en+ be a dictionary in F, and 7 : N* — N* be
a function with at most polynomial growth. For every I C N*, define (¢!);c; as any orthonormalization of
(¢i)icr (for instance we may consider the Gram-Schmidt orthonormalization). Define for every M € N* and
c>0:

7]\r4 = {Zcid)ial C {17"'77T(M)}’ |I| g M7 (Ci)’ief S Rl}a

el
2711\—/,1C = {Zél(gzlal C {L tee 77T(M)}a |I| < M7 (@‘)ie[ € [_cac]l} .
el

The sequence X™¢ := (X7 pren+ is oo-encodable in (F,d), and for every bounded set C C F, it holds:

,y*approx(qzr) — I?fg( ,y*approx(qiﬂ,c). (10)

Proof. Consider ¢ > 0. We first prove that 3¢ is co-encodable. Consider M € N*, Zy; := {I c {1,...,x(M)},
[I| < M}, and define for each I € Ty the set X™¢(1) := {3, &d!, (¢:)ier € [—c, ] }. Tt holds:

U =)

I€Ty
Since each I € Ty is a set of at most M integers between 1 and m(M), it can be encoded using at most
M [log, m(M)] bits. Moreover, the set £7¢(I) is the image of ©ass : (&)ier € ([—¢, ]!, |- ]]2) dier aol €
F. This map is 1-Lipschitz (since (¢!)ies is orthonormal). Equation (6) of Lemma 23 with n = |I| <
M, g = oo and r = max(c,1) proves that f]”’c(l) can be encoded within accuracy M ~7 with at most
2¢(q,7)M logy(rM) bits. As a consequence, the elements of the set X7 can be encoded within accuracy
M7 using at most M [log, m(M)] + 2¢(q,v)M logy(rM) = Opr—00(M log M) bits, hence (after translation
of this result in terms of covering numbers) the co-encodability of nme,

It now remains to prove Equation (10). First, for every ¢ > 0 and every M € N*, it holds 537](/’[0 Cc Xy
so that X7 approximates C at least as quickly as %7€, that is y*3PPIOX(C|L7T) > ~*aPPIoX(C|L™). As we

now prove, there is actually equality for ¢ = sup sup max max |{f, (151 Y7| (and thus for any larger ¢ since
fec MeN* 1€y i€l

A *BPPIOX (|37 is non-decreasing in c). Note that by Cauchy-Schwarz, ¢ < sup sec |1 fll7 which is finite since
C is bounded. If f € C, then for every M € N*, every I C {1,...,m(M)},|I| < M, and every (c¢;)icr € RY,
it holds:

d(fa iwc Hf Z fa¢1 f¢1||.7" ”f ZC’LQS'LH]:

el i€l
This implies that d(f, i}(f) < d(f,X7,). As a consequence, $7™¢ approximates C at least as quickly as X7,
that is y*#PPrOX(C[07:¢) > 4*@PProx(C|N7™), Hence equality (10). O

As a consequence of Theorem 28, one can recover [11, Thm. 5.24]. The proof below is essentially a rewriting
in our formalism of the original proof of [11, Thm. 5.24]. We explicitly express it using equality (10) and

the oo-encodability of the sequences X7 for ¢ > 0, which are only implicitly used in the original proof.
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Corollary 29 ([11, Thm. 5.24]). — Let (F,d) be a Hilbert space and C C F. Define v*(C|E7) as in
Remark 7. Under the assumptions of Theorem 28, the sequence X" = (£7%,) men+ satisfies for every relatively
compact® set C:

7*(C|ZT() — Py*approx(c'zﬂ) < ,y*encod(c).

Proof. When C is relatively compact, it holds v*(C|X7™) = **PProX(C|E7), see Remark 7. Since C is relatively
compact, it must be bounded so equation (10) of Theorem 28 holds. For every ¢ > 0, Proposition 16 applied
to 2™ of Theorem 28, which is co-encodable, shows that the right hand-side of equation (10) is bounded
from above by y*¢2¢°4(C). Hence the result. O

We also obtain a generic lower bound on the encoding speed of balls of approximation spaces [6, Sec. 7.9]

(also called maxisets [12]) with general dictionaries.

Corollary 30. — Let (F,d) be a Hilbert space. Under the assumptions of Theorem 28, consider a, 5 > 0
and the set’” A*(F, X7, 3) of all f € F such that || f|| < 8 and sup,,;~, M@d(f, ) < B. This set satisfies

Yl (4%(F 57, ) > o

Corollary 30 cannot be generalized to A%(F,X7™) := (g0 A%(F, X7, B): this set is homogeneous (stable

by multiplication by any scalar), hence it cannot be encoded at any positive rate.

Remark 31. — In some situations, the converse inequality y**"°d(A%(F,¥™ B)) < «a can typically be
proven by studying the existence of large enough packing sets of A%(F,X7™, §), but this falls out of the scope

of this paper. The reader can refer to [13, Sec. 4] for an example.

Proof of Corollary 30. By the very definition of C := A%*(F,X™, 3), this is a bounded set so equation (10)
of Theorem 28 holds. For every ¢ > 0, Proposition 16 applied to $™¢ of Theorem 28, which is co-encodable,
shows that the right hand-side of equation (10) is bounded from above by y*°2<°4(C), hence

’y*enCOd(C) > 1?38( ,y*approx(c‘iﬂ,c) _ ,y*approx(c|27r)'

Finally, again by definition of C := A%(F, X7, §), we have y**PProX(C|E™) > a. O

Remark 32. — Note that if ¥™ was y-encodable for some v > 0 large enough then Corollary 29 would
be a special case of Corollary 20 whereas Corollary 30 would be a special case of Corollary 19. But in this
situation, ™ has no reason to be vy-encodable, whatever v > 0 is (since the dictionary is arbitrary and the
coefficients of the linear combinations are not bounded). This shows that Corollary 20 and Corollary 19

actually holds more generally for some sequences 3 that are not y-encodable, whatever v > 0 is, as soon as

5Recall that a set is relatively compact if its closure is compact. In particular, it must be bounded.

6This is the ball of radius 38 of an approximation space [6, Sec. 7.9]/maxiset[12].

"Note that compared to the set in Corollary 19, we additionally require that || f|| < 8 so that A% (F, X7, 8) is a bounded set
and equation (10) of Theorem 28 holds.



18

Y can be recovered as a limit of non-decreasing sequences ¢, ¢ > 0, that are «y-encodable, in the sense that

for every M € N*, if 0 < ¢ < ¢ then X, C Ef\} and Xy = Ues024,-

V. THE CASE OF RELU NEURAL NETWORKS

We now consider sequences X defined with ReLU neural networks. After specifying in section V-A the details
needed about the metric space (F,d) in which approximation is considered, we formalize in section V-B the
fact that the parameterization of sets of functions represented by ReLU networks has the Lipschitz property
that makes possible the use of Lemma 23. It has many consequences. First, necessary conditions on the
step size nn > 0 used to quantize ReLU networks coordinatewise by Q,(x) = |x/n|n within error ¢ > 0 are
established, see Corollary 39. Second, existing results [7, Thm. 2][9, Lem. VI.8] on approximation properties
of quantized ReL.U networks are recovered and, sometimes, even improved, see section V-C. Third, bounds on
covering numbers of some sets of functions represented by ReLLU networks are also established in section V-C,
and we compare them to classical bounds [1, Lem. 14.8]. Finally, as a direct consequence of Lemma 23, this
leads, in Proposition 49, to a simple explicit condition on the growth with M of the network architectures
to guarantee that the sequence (X)) aen+ is co-encodable, and even encodable with a very simple uniform

quantization scheme that yields a sequence with comparable approximation speed.

A. Considered functional approximation setting

Let diy, dows € N be input and output dimensions, p € [1, 0] be an exponent, 2 C R%» be the input domain

and ;1 be a measure on (2. Given a norm ||-|| on R%ut we define for every measurable function f : {2 — Rout:

([ | F@)IPdu(2))?  if p < oo,

1L, - =
esssup || f(z)|| if p = oo.
€N

We consider approximation in the space LP(Q — (R%ut || -||), 1) consisting of all measurable functions f
from Q to Réut such that || f||,,.| < oo, quotiented by the relation “being equal almost everywhere”. This is
a Banach space with respect to the norm ||-[|,, .- By the equivalence of norms in Reut | this Banach space is
independent of the choice of norm | - [|, and (for a given p) all norms || - [|,,,.| are equivalent. In light of this
fact we will simply denote it LP(£ — R%ut, 1), or even abbreviate it as L?. We also denote [|-|[ := || [|p,/|-. -
We can establish necessary and sufficient conditions on © C R%» and p so that all functions represented by

a ReLU neural network with input dimension dy, and output dimension dyy; are in LP(Q — Reut 1),

Lemma 33. — Consider an exponent p € [1, 00|, a dimension dj,, a domain Q C R%»  and a measure p on
Q. Define

1 .
(focq(z oo + DPdpu(@)) " if p < o0,
Cypl(, 1) =
ess sup ||z o if p= 0.
A=Y

The condition

Cp(Q, 1) < 00 (11)
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is equivalent to: for every architecture (L, N) with Ny = d;,, the realizations of ReL.U networks satisfy:
V0 € O N, Rp € LP(Q — RNE ),

where O  is defined in Equation (2) and Ny, is the width of the output layer (Definition 2).

Proof. Assume that Cp,(£2, ) < oo and consider the realization Ry of an arbitrary ReLU network on an
arbitrary architecture with input dimension Ny = di, and arbitrary output dimension Np. It is known [2,
Thm. 2.1] that Ry is (continuous and) piecewise linear, hence there is a partition of Q into finitely many
Qi, 1 < i < nsuch that Ry = Y., xa,fi where xg(z) is the characteristic function of the set E and
each f; is an affine function. To prove the result it is thus sufficient to show that yzf € LP(2 — RNz )
for each set E C Q and each affine function f. Since ||xggll, < |g|l, for any ¢ it is enough to prove
that any affine function is in the desired space. For this, consider arbitrary A € RV2*No p ¢ RV and
[z~ Az +b. Denoting ¢(f) := max(||A[| ., ||blloc) (the notation [|-||| is defined in Section A) we observe
that [[f(2)[lec < Al ll#lloc +M1bllsc < e(f)([[2]loc +1) hence [|f[|, < e(f)Cp(§2, 1) < 00, showing the result.

Conversely, assume that for every architecture (L,N) and parameter § € O n we have Ry € LP(Q —
RNz 11). Specializing to an architecture with L = 1, Ny = Ny = dy,, consider § = (Wy,b;) with W; the
identity matrix and b; the zero vector, 8 = (Wj,b}) with W] the zero matrix and b any vector with
[0}]lc = 1. We have Rp(z) =z while Re/(2) = b}. For p < oo we have [ ¢, |lz[|5.du(z) = ||Re||h < oo and

Jyeo 1du(z) = ||Re |5 < oo. By the triangle inequality we get Cy(€2, p1) < 0o. The case p = oo is similar. [

Condition (11) holds for every p € [1, oo] when the input domain is bounded and p is the Lebesgue measure.

From now on, we fix an input domain 2 C R%», an exponent p, and a measure y on € satisfying (11).

B. On the Lipschitz parameterization of ReLU networks

It is known that some sets of functions represented by ReLU networks are Lipschitz-parameterized [5, Rmk.
9.1]. In what follows, we analyze how the Lipschitz constant depends on the depth, the width and the
weight’s magnitude of the considered networks. Up to our knowledge, this is the first such explicit result.
We deduce (see Proposition 49) sufficient conditions on the depth, sparsity and weight’s magnitude under

which a sequence 3 defined with ReLLU networks is co-encodable.

Definition 34. — (Parameter set ©F (7)) Given an architecture (L,IN) and the set © N (see Equation
(2)) we define for each r € RT and g € [1,00] (notation ||-|| refers to the operator norm and is defined in

section A):
@%7N(7‘) = {9 = (W1, .. .,WL,bl,...,bL) S @L,N : ||H/Vg|||q7 ||bg||q < ’I",f = 1,. . .,L}.

Remark 35. — Instead of constraints on the operator norms, we may encounter constraints on the Frobe-

nius or the max-norm. Let » > 0, and let (L,N) be an architecture. Define by W := Jmax Ny the

.....

maximal width of the network. Denote by [[M|lr = (3, ; M?;)Y/? the Frobenius norm of a matrix M

2]

and || M ||max = max; ; |M; ;| the max-norm (to be distinguished from [|M]|| , the operator norm defined in
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Section A), and define ©F n(r) (resp. O (r)) the set of all 6 = (Wy,..., Wy, by,...,br) € O N such that

for every £ =1,...,L:
max ([Wel r, [[bell2) < 7 (resp. max (||Wellmax, [[belloc) < 7).
By standard results about equivalence of norms (see e.g. (21) in the appendix) it holds for every ¢ € [1, oo]:

oL n(r) C OF (1), LN(r) € O n(Wr) C OFR(Wr).

As we now prove, the set of functions represented by ReLU neural networks with architecture (L, N) and

parameters in @%N(T) is Lipschitz-parameterized.

Proposition 36. — Consider diy, dous € N*,Q C R%n| 1 a measure on ) satisfying (11), || - || a norm on
R%=, p,q € [1,00], and the space F := LP(Q — (R%u |- ||), ). Then there exists a constant ¢ > 0 such that

for every architecture (L,N) with No = di,, et N = dout, and every r > 1, denoting by W := , maxL Ny

.

the maximal width of the architecture, the map 6 € ©F (r) = Ry € L? for ReLU networks satisfies
|Rg — Rorlp,j.) < WLr* |0 — 0'||o for all 6,0 € ©F (7). (12)

In particular, with p the Lebesgue measure on €2 = [—D, D]? for some D > 0, this holds with:
o c:=DdY14+1if p= oo, 1= llg;
e c:i=(D+1)D)PAf | =] llg = lloo-

Conversely, if Q@ C Rff_‘“, Il =1 "-qand p = co then there exists a constant ¢’ > 0 independent of the

architecture such that for every € > 0, we can exhibit parameters 6,60’ such that

[Ro — Ry

plil = (L =)Lt 7|0 — 0o (13)

This converse result also holds for 1 < p < oo under the additional assumption that Ny = mingge<r Ne.

Remark 37. — It is open whether the extra factor WL in (12) compared to (13) can be improved, and
whether the converse result for p < oo also holds without the additional assumption. Note that the condition
r > 1 in Proposition 36 is reasonable since every parameter 0 € @%’N(r) represents a function Ry which
is rL-Lipschitz with respect to the g-norm on the input and output spaces. Constraining < 1 would lead
to "very" smooth functions, essentially constant, when L is large. Vice-versa, the stability of a concrete
numerical implementation of a neural network probably requires it to have a Lipschitz constant somehow
bounded by the format used to represent numbers. Such considerations would probably lead to consider

rL < C for some constant, i.e., 1 <r < cYL,

Proof of Proposition 36. See Section C. O

Here is a list of immediate extensions of Proposition 36:

o Arbitrary Lipschitz activation: Proposition 36 can be extended to the case where the ReLLU activation

function is replaced by any Lipschitz activation function.
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o Pooling-operation: Proposition 36 does not change if we add standard (max- or average-) pooling
operations between some layers since they are 1-Lipschitz.

o Arbitrary s-norm on the parameters: since for every exponent s € [1,00], it holds || - |loc < || - |Is,
Proposition 36 yields a bound on the Lipschitz constant with arbitrary s-norm on the parameter space.

o Generalization error bound: in the context of learning, for a loss £(§,y) that is a Lipschitz function of §
with respect to some norm ||-|| on the support of a distribution P, the excess risk E(, ,)~p(¢(Ro(7),y) —
{(Rgy/(x),y)) can be bounded from above by E(, ,yp(|[Ro(x) — Re:(2)]|), which in turn can be bounded
using Proposition 36. In particular, this is the case when P is supported on a compact set and £(g, y)
is continously differentiable in g.

o Skip connections and convolutional layers: one can also exploit Proposition 36 to networks with skip
connections and/or convolutional layers, since they can be rewritten as networks with fully-connected
layers. This rewriting can however artificially inflate the widths of the networks and is unlikely to give
sharp bounds. It is left to further work whether an extension of Proposition 36 with improved taylored

bounds may be obtained in these settings.

Remark 38 (Related works). — The fact that some sets of functions represented by ReLU neural
networks are Lipschitz-parameterized is already known [5, Rmk. 9.1]. To our knowledge, Proposition 36
is however the first result in the literature that explicitly expresses the dependence of the Lipschitz constant
on the width, depth and weight’s magnitude. Proposition 36 is based on Lemma 54 (Section B), and this
lemma is a straightforward generalization of a known inequality for ¢ = co (see for instance [3, Eq. (3.12)]
or [9, Eq. (37)]) to arbitrary ¢ € [1, 00]. Moreover, we prove that the inequality established in Lemma 54

is optimal. To our knowledge, even in the case ¢ = oo, the optimality has not been discussed yet in the

literature.
Corollary 39. — Consider a dimension d € N*, a domain [—D, D]¢ for some D > 0. Fix an architecture
(L,N) = (L,(No, ..., Nr)) with maximal width W := 1 ax Ny, a bound r > 1 for the parameters, and

an exponent g € [1, 0.
o For every 1 > 0, let @, be a function such that [|Q,(6) — 0|/ < 7 for every parameter § € O ().
Define ¢ := Dd'/9 4 1 and consider 0 < ¢ < cL?(2r)l"1. If0<n<e (CWLQ(QT)L_l)_l, then

max max Ro(x) — R T <e. ”
Oe@i,N(T) z€[—D,D]4 || 0( ) Q'n(e)( )”q ( )

« Conversely, consider > 0 and a function @, that acts coordinatewise on vectors and such that® for

every © € Ry, Q,(x) = |z/n|n. Define Nyin := min Ny and ¢’ = DNél/ig If £, > 0 are such that (14)

holds true then min(r,7) < ——f=r. In particular, if ¢/¢’ < r’ then n < —f=.

Proof. By assumption on  and g, 0 <7 < & (CVVLQ(QT)Lfl)f1 < 1/W < r/W. Note that for a matrix M
with input/output dimension bounded by W, it holds [|M[[, < W||M |lmax , see (21). This guarantees that

8|.] is defined as |z] := max{n € Z,n < z} for every z € R.
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if 0 = (Wh,...,Wg,bi,...,br) € OF (), then for every layer £ = 1,..., L, it holds ||W, — Q,,(Wg)|||q <
WIWe = Qu(We) e < W < and b — Qy(be)llg < WY9llbe — Qy(be)lloc < Wi < 7 50 that by the
triangle inequality @, (0) € ©F n(2r).

Fix 0 € ©7 n(r). Since Q,(0) € ©F (2r) we can apply Proposition 36 (replacing r with 2r), with p = oo,
|-l =1, and with the specific constant ¢ = Dd'/? + 1. In this situation the essential supremum over

x € [-D, D]? in Proposition 36 is actually a maximum. This yields (14) when 0 < n < ¢ (CWL2(2’I”)L71)71.

For the converse statement, consider &, > 0 such that (14) holds true. We must prove that min(r,n) <
=1 With I, the identity matrix in dimension m and Oy, x, the m xn matrix full of zeros, we introduce
the following notation for “rectangular identity matrices”: for m < n, we set Ixn = (Imxm; Omx(n—m)),
while for m > n we set I,x, = I,.,,. Consider 0 < a < n and define § = (Wy,...,Wg,by,...,br) with
by =~ =br =0, W1 = M, xn, with A := min(r, (n — a)), and for every layer £ > 2, Wy = rIn,xnN,_,-
Since 0 < A <7 —a <1, we have @, (\) = 0 so that @, (W;) = 0. Since b; = 0, we also have @,(b;) =0 so
that Rq, 9) = 0. We deduce that for every z € [0, D]¢ supported in the first Ny, coordinates:

1Ro(2) = R, ) (@) llg = [INr" ™2 = 0llg = ArE [zl

Since the maximum of ||z||, over all € [0, D]¢ supported in the first Ny, coordinates is ¢’ = DN;/ig, we

get:

TS s [Ro(@) ~ Ro, 0@y

As [[WAll, = A = min(r, (n — a)) < r, for every £ > 2, [|[We||, = r and for every £ > 1, ||bellg = 0 < 7, we
have 6 € © () hence (14) applies. This implies ¢/ Ar*~! < ¢, i.e., min(r, (n —a)) < e/(¢r*1). This holds

for every 0 < a < n: taking the limit a — 0% yields the result. O

Remark 40. — We just saw that for > 0 and /¢ < r*~1 if a function @y that acts coordinatewise
as Qn(x) = |z/n]x for € R4 is such that (14) is satisfied, then the number of bits needed to store one
coordinate of @,(6), which is proportional to In(1/n), must at least grow linearly with the network depth
L since 7 is exponential in L. This is essentially due to the fact that parameters in ©F n(r) can represent
functions with Lipschitz constant r”. Less pessimistic bounds can be envisioned under stronger assumptions

on the set of parameters or on the network’s architecture.

C. How to use the Lipschitz constant?

We now give examples of how Proposition 36 can be used to generalize or recover existing results.
a) Quantization in L : Proposition 36 allows one to establish the following proposition. As a corollary,
we recover [9, Lem. VIL.8] (of which [3, Lem. 3.7] is a special case). We discuss in Remark 42 how the following

proposition, and hence [9, Lem. VI.8], can be generalized to other situations using Proposition 36.
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Proposition 41 (extension of [9, Lem. VI.8]). — Consider diy,doyt € N*, D > 0, and (L,N) an
architecture with input dimension dj,, output dimension dy,t and L > 2 layers. Consider the space F =
L>®([~D, D)% — (R%ut || - |lo), 1) with p the Lebesgue measure.

Consider € € (0,1/2) and 6 € O N. Let k¥ > 0 be the smallest integer such that § € f‘ﬁ(s_k) and
dinNy < e, de., k = [logy max(||0]|oc, d(z,n))/ logy(1/€)]. For every integer m > 2kL + k + 1+ log,([ D7),
the weights of 6 can be rounded up to a closest point in nZ N [—e %, e =] with 1= 2-mMee2(EHT L em 1

obtain ' € @R (e7*) N (nZ)*=™ that satifies:

HR9 — R9/||Loo < e.

Recall that d(z Ny > 2 is the dimension of the ambient space of 6, see Equation (2), so that £ > 1. Our
result thus implies the result of Elbrachter et al. [9, Lem. VI.8]: for L > 2, since k > 1, we have k(L —1) > 1
hence 3kL > 2kL + k + 1 and it is thus sufficient to take m > 3kL + log,([D]) (which is the sufficient
condition given in [9, Lem. VI.8]). Note however the slower growth of m with L in our sufficient condition

compared to [9, Lem. VIL.8].

Proof. Denote by W = maxy—o, .. 1, N; the maximal width of the architecture (L, IN). It holds (see Remark 35)

PR(e7F) C O n(We™") so we can use Proposition 36 with ¢ =1 to get:
IRo — Rolli < WLA(We™ )20 — 0|

with ¢ = 14D in this situation (see Proposition 36). Since [|0—6'||oc <1/2 <e™/2and W,L < dn) <e ¥,
it follows:

IRs — Rol|z < ((1+ D)/2)e e,

By assumption m > 2kL+k+1+log,([D]) so that —k(2L+1)+m > 1+1log,([D1]). Hence |Rg — Ry || L~ <
(1 + D)/2)e!*1os2(TPD) We are done if ((1+ D)/2)e!t1082(IPD L ¢ e, if (1 + D)/2)e'82(P1) < 1. This is
clear when 0 < D < 1. While for D > 1, ((14D)/2)e"&2([P1) < 1 holds if and only if log,(¢) < —log, (1t D)/2)

log, ([ D)
Since 1 < D, it holds 2 < m = [D] so that —bglzg:(i}'g]))/z) > —1. But since € € (0,1/2), it holds
—1 > log,(e), hence —% > log,(¢) and the result follows. O
Remark 42. — More generally, given bounds on the sparsity and magnitude of network weights, and an

arbitrary p € [1,00], Proposition 36 can be used to find an appropriate step size that guarantees that a

uniform quantization of the considered network is within accuracy ¢ > 0 in LP.

b) Quantization in a ball of an L>°-Sobolev space: Proposition 36 also allows one to recover a special
case of [7, Thm. 2] (the other cases can be recovered by combining this special case with [7, Prop. 3]), which
gives guarantees on the existence of quantized networks approximating functions in an L°°-Sobolev space.

Let n € N* and consider W™>([0,1]%), the Sobolev space of real-valued functions on [0, 1]¢ that are in L
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as well as their weak derivatives up to order n (given n := (ny,...,nq) € N% the associated weak-derivative
of a function f is denoted D™ f if it exists). The norm on W™°([0, 1]¢) is given by:
I fllwmoe 0,1]4) = max esssup | D™ f(z)].

n:=(ny,...,nqg)EN? z€[0,1]4
> men

Proposition 43 ([7, Thm. 2]). — Let C,, 4 be the unit ball of W™>°([0,1]¢). There exists a constant ¢ > 0
depending only on n, d such that for every e € (0,1), there exists > 0 satisfying In(1/1) < c¢In?(1/¢) and a
neural network architecture that can approximate every function f € C, 4 within error € > 0 in L>([0, 1]¢)
using weights in nZ, with depth bounded by cln(1/¢), a number of weights at most equal to ce~%™In(1/¢),

and a total number of bits to store the network weights bounded by cs=%/™1n*(1/¢).

Proof. Using [15, Thm. 1], there exist constants c¢(n, d) > 0 and r(n,d) > 1 (for instance, a proof examination
of [15, Thm. 1] shows that we can take r = max(4,d + n)) such that for every e € (0,1), there exists a
ReLU network architecture (L, N) with depth L bounded by ¢Iln(1/¢), a number of weights at most equal to
ce=%™1n(1/e), and such that for every f € Cp 4, there exists 6§ € Oy n such that || f — Rgl| e~ (0,114) < /2,
and such that 6 has weight’s magnitude bounded by r. Proposition 36 can now be used to quantize the
weights of 6, in order to get a quantized ReLU network e-close to f. Denote by W the maximal width of
this network architecture (L, N). Since @R (r) C O n(W7) (see Remark 35) we can use Proposition 36
with ¢ = 1 to get that there exists a constant ¢/ > 0 that only depends on n,d, such that the weights of
any network § € ©FR(r) can be uniformly quantized with a step size 1 = ¢'e(WL? (Wr)L=1)=1 to get a
quantized network 6’ such that ||Re: — Ry o (j0,1)4) < €/2. Since the width W is at most the number of
weights, which is at most ce=%™In(1/e), and since the depth L is at most cln(1/¢) and r is a constant that
only depends on n,d, it is straightforward to check that In(1/n) < ¢’In*(1/¢) for some constant ¢ that
only depends on n and d. Since the weights are bounded in absolute value by r(n,d), this means that every
quantized weight can be stored using at most ¢’ In(1/n) < ¢’ In?(1/¢) bits for some constant ¢’ (n, d) > 0.
Since there are at most ce~%™In(1/¢) such quantized weights, this yields the result using max(c, ¢, ¢ x ¢”')

as the final constant. O

Remark 44. — Compared to [7, Thm. 2], Proposition 36 can also be used to establish similar results about
quantized networks, not only for a function f in the unit ball of an L°°-Sobolev space, but for every f € L?
(1 < p < 0) as soon as it is known how to approximate f with unquantized ReLU networks, with explicit

bounds on the growth of their depth, width and weight’s magnitude.

¢) Bound on covering numbers: Proposition 36 can be used to derive bounds on covering numbers of
classes of functions represented by ReLU neural networks. This is reminiscent of [1, Lem. 14.8] although, as

discussed in Remark 46 below, the assumptions and bounds are different.

Proposition 45. — Consider di,,dow; € N*,Q C R%» 1 a measure on Q satisfying (11), || - | a norm

on R%=, p € [1,00], the space F := LP(Q — (R% || - ), 1), and the corresponding constant ¢ > 0 from
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Proposition 36. Consider g € [1,00], > 1, an architecture (L, N) with Ny = di, et N1, = dout, and
R@qL’N(T) = {Rg,@ S @%7N(T)} CcF

the set of realizations of ReLU neural networks with architecture (L, N) and parameters in ©F n(r) (see
Definition 34). Denote by W := maxy—o,... 1, IV, the maximal width of the architecture and recall that d(&N)
denotes the dimension of the ambient space of ©F (), cf Equation (2).

Then, for every 0 < ¢ < 2¢W L2rE~1, the covering numbers (see Definition 8) of R@%)N(,«), with respect

to the metric || - ||, of F, are bounded as follows:

6e(WL)>rE > e

N(RG%YN(r)a || ' | c

ol E) < (

Proof. Proposition 36 guarantees that the mapping ¢ : 6 € (O] (1), || - loo) = Ro € (F, || - llp,yp) is
Lips(¢)-Lipschitz with Lips(¢) := ¢W L?rL=1. Hence, for every £ > 0 (see e.g. [1, Lem. 14.13)):

N(Rot -l lp1+2) < N(O ()| - lloor/Lips(2)).

Recall that if X C Y are subsets of a metric space (F,d) we do not generally have N(X,d,e) < N(Y,d,¢)
but only the weaker bound N(X,d,¢) < N(Y,d,£/2) (see, e.g., [10, Lem. A.1]). The definition of O () as
a cartesian product of closed balls with respect to operator and vector g-norms, and standard equivalence

L
results on norms (see (21)) yield @%N(T) C 41:11 (BNI{NIZ—laH'”oc(O7 Wr) x By, |- (0, W?“)) where Bg . (0,7)

is the closed ball of radius 7 centered in 0 with respect to the norm | - || in dimension d. Hence
L
N(OF (1), - loor /Libs(9)) < NI (B v (0. W) % By, (0.W7)) || lloos £/ (2Lips())):
=1

Moreover a covering of a product space X X Y in the uniform norm can be constructed by taking the
cartesian product of coverings of X and Y in the uniform norm, meaning that N(X X Y,|| « [|cc,€) <
N(X, | lloos ) N(Y, || - ||, €). Hence, for every 0 < ¢ < 2Lips(y), using standard bounds on covering
numbers of balls in finite dimension [14, Eq. (5.9)]:

L
N(©% (), I+ lloese/Lips(#)) < [[ N(Bw,nee s i (0, WT), [ - lloc, €/ (2LiDS()))
=1

X N (BN, ||-o0 (0, W), || - |, €/ (2Lips(¢)))

L
> Ne(Ne—1+1)
< (6WrLips(p)/e)= = (6WrLips(¢)/e)? =™

O

Remark 46. — Proposition 45 gives covering number bounds for neural networks with £2-norm constraints
on the parameters, but the Lipschitz bound of Proposition 36 can be used to get similar covering number
bounds with more general constraints. It can be compared to the following covering number bound for ReLU

neural networks [1, Lem. 14.8], for ¢ > 0 small enough:

d
2d(Z’N)bTL (e
- .
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Here are important differences with the bound of Proposition 45. [1, Lem. 14.8] requires that each neuron
output is bounded by some b > 0 while Proposition 45 does not (but if Q is bounded then each neuron

output in Proposition 45 is implicitly bounded by something of order 7% so [1, Lem. 14.8] would yield an

extra rL4e™ in the situation of Proposition 45). Proposition 45 has an extra (S?ZLD)I? )d(e’N) while [1, Lem.
14.8] has an extra b%¢™. Notice that in the case of an architecture of constant Width (Ny = W for every
¢) we have d(; Ny = LW (W + 1) hence (WL)Qd(_L{N) is of the order of L. Finally, Proposition 45 holds for
arbitrary LP(€ — Rut 1) while [1, Lem. 14.8] holds only in the special case where LP(Q — R%u¢ 1) is such

that p = oo, €2 is bounded and p is the Lebesgue measure.

D. Application: co-encodability of ReLU neural networks

The explicit upper bound for the Lipschitz constant established in Proposition 36, together with Lemma 23,
implies that some sequences defined with ReLLU neural networks are co-encodable, and can even be uniformly
quantized to keep comparable approximation speeds, with a step size depending on the growth of the
architecture. We first defined the quantization scheme considered, before deriving Proposition 49 that gives
explicit conditions on the architectures and weights growth that guarantee that the quantized sequence has

an approximation speed comparable to the original one.

Definition 47. — Consider positive integers di,, dout, & sequence (Las)pen- of positive integers, and a
sequence (rpr)pr of real numbers such that rp; > 1. For each M € N* define Ay, the set of architectures
with input dimension d;,, output dimension d.t, depth bounded by Lj; and widths of the hidden layers
bounded by M:

Ay i={(L,No,...,N) : L, Ny, ..., N, € N*,L < Lps, No = diny, Ni, = dowe, Ne < M, 0 =1,...,L—1}.

For every M € N* and every architecture (L, N) € Aps, consider the set S(]‘ZN) of all supports S C {0, 1}
of cardinality at most M, used to constrain the non-zero entries of a vector § with architecture (L,N).
Consider 2 C R%» 1 a measure on Q satisfying (11), ||+ || a norm on R%x | g € [1, 00] U{F, max} (F and max
refers to the Frobenius norm and the max-norm, see Remark 35), and define the sequence N := (Nys) s of
sets Ny C LP(Q — (R%ut ||-||), u) of realizations of ReL U neural networks with an architecture (L, N) € Ay

and parameters in ©7 \(ra):

Me= ) U Reseus

(L.N)ehy SesM
where for any parameter set © and support S we denote Reo s := {Ry,0 € © supported on S}.

For any v > 0, the v-uniformly quantized version Q(Nys,v) of Ny is defined as follows: for every M €
N*, consider the step size nas = nar(7,q) := (M Lips(M, q))~!, with Lips(M,q) := ML%MTJIQM_l > 1if

q € [1,00] U{F}, and Lips(M, max) = Lips(M,2)ME7 =1 and set
QO] n(rMm),7) =07 n(ram) N (nmZ N [—rar, rar) 5N V(L N) € Apg,

QW) = | U Rqe1 (ra)).s-

M
(L,N)eAn SeSY
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Remark 48. — The constraint Ny < M in the definition of the architectures in Ay, is written for clarity but
is indeed superfluous, given that the realization of a network 6 (with arbitrary activation function and an
architecture of arbitrary width) with at most M nonzero coefficients can always be written as the realization

of a parameter 6’ on a “pruned” architecture where N, < M for every hidden layer.

We can now give explicit conditions on the constraints on the depth, the width and the weight’s magnitude,
that guarantee that the y-uniformly quantized sequence has an approximation speed comparable to the

original one on every set C C LP.

Proposition 49. — In the context of Definition 47, assume that for every h > 0, it holds:
LM (1+1ogy(rar)) = Ontsoo (M), (15)

Then NV is oo-encodable in F := LP( — (R%ut, [|-]|), ). Moreover, for every v > 0, the y-uniformly quantized
sequence Q(N,v) := (Q(Nar,7))men- has comparable approximation speeds to N on every (non-empty)

set C C F:
,Y*approx(c|Q(N’ ’Y)) — ,y*approx(c|N) if v 2 ,Y*approx(cvv‘)’

,.y*approx (C|Q(N’ ,-Y)) > vy otherwise.

(16)

Proof. By Proposition 36 there is a constant ¢ > 0 such that for each M € N*, each architecture (L,N) €

Ay and each support S € S(J‘g Ny the set R@%N( s is the image under a Lipschitz map of ({6 €

™M)
OF n(ra) supported on S}, || - [loo) with a Lipschitz constant bounded by Lips,,(q) := eM L35t for
q € [1,00] U {F} and by Lips,,(q) := MI»~1Lips,,(1) for ¢ = max (for ¢ € {F,max}, this is due to
Remark 35). Fix h > 0. By assumption (15), we deduce that there exists ¢; = c¢1(h) > 0 such that for every

M € N*, and every architecture (L,IN) € Aps
M (logy(rar) + logy(Lipsy () +logy (M) < er M.

Fix v > 0. Lemma 23 shows that there is a constant co = ¢2(g,y) > 0 such that for each M € N* each
architecture (L, N) € A and each support S € S(NL[ N)» using the lemma with n = |S| < M the cardinality
of the support, r = rps, and the same ¢ as here, the quantized set RQ(GZ,N(TIW)”Y)’S is a coM ~7-covering of

RGQL,N(rm),S and its number of elements satisfies:
10g2(|RQ(®§,N(rM)ry),SD < caM (logy (M) + logy (rar) + logy (Lipsy,(g)) + loga (M) < 2e1co M+,

Thus, the quantized set Q(Nus,y) is a c; M ~7-covering of Nj; and its cardinality satisfies

(10RO > IR \(ra)m).8

(L,N)eAnm SeSY

< ‘AM| . |S(I\£,N)| . 226162M1+h,.

Note that for every M € N*, |Ay;| < LayMEP¥—1 (at most Ly, possibilities for the depth and then, M
possibilities for each of the potential Lj; — 1 intermediary layers, the size of the input and output being
fixed to di, and doyt). Similarly, since S(]‘g N) consists at most of all the supports of size M in dimension

dir,N) < 2M? Ly, its cardinality is bounded by (2M2Ly;)M. Overall, we obtain that

10g, (|Q(Nar,7)|) < logy(Lar) + Lag logy (M) + M logy(2M? Lig) + 2c1co M.
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Using assumption (15) again, we obtain that there exists c3 > 0 such that log,(|Q(Nar,7)|) < M for
every M € N*. We deduce that for every v > 0 and for every h > 0, the sequence Q(N, ¥) is a (7, h)-encoding
of N so that N is co-encodable and Lemma 17 gives Equality (16). O

Example 50 (oco-encodable sequences of sparse neural networks - [9, Thm. VI.4]). — Let 7 be
a positive polynomial and consider, as in [9, Def. VI.2], NJ; the set of functions parameterized by a ReLU
neural network with weight’s amplitude bounded by (M), depth bounded by 7(log M) and at most M non-
zero parameters. Proposition 49 shows that N™ := (N7, )aen+ is oco-encodable. Indeed, this corresponds to
the case where ¢ = max, Ly < w(log(M)), 1 < rpy < max(1,7(M)), and S%’N) consists of all the supports
of size M in dimension d(;, Ny < 2M?Ly;. Given Proposition 16, the fact that N™ is oco-encodable gives the

relation between approximation speed and encoding speed stated in [9, Thm. VI1.4].

Example 51 (Growth of the step size). — Let ¢ € [1,00] U {F,max} be an exponent and 7 be a
positive polynomial and consider N, the set of functions parameterized by a ReLU neural network with
arbitrary architecture (L, N) with depth bounded by 7(log M), with at most M non-zero parameters and
with parameters in @qL’N(w(M )). As in Example 50, Assumption (15) holds. Consequently, for every v > 0,
there exists a constant ¢(y) > 0 such that the y-uniformly quantized sequence Q(N,v) of A defined in
Proposition 49 is obtained with step size gy = Onryoo (M8 M) (hence Opryo0((log M)?) bits are
used to store each parameter), and still has approximation speeds comparable to N. In the same setup,
if we assume in addition that Lj; is uniformly bounded in M, then for every v > 0, a step size ny =
(’)MHOO(M_C(V)) (hence Opr—00(log M) bits per parameter) suffices to get:

PIEPECIQUN, 7)) = 7 PN i 3 PS(CLA),

YHRPPIX(C|Q(N, 7)) = v otherwise.

VI. CONCLUSION

Notion of y-encodability. This paper introduced in Definition 13 a new property of approximation families:
being y-encodable. As soon as ¥ is y-encodable in a metric space (F,d), Proposition 16 shows that there is

a simple relation between the approximation speed of every set C C F and its encoding speed:
min(y**PPY(CX), v) < F"CY(C). (17)

As seen in Section IV, several classical approximation families ¥ are y-encodable for some v > 0, including
classical families defined with dictionaries (section IV-C) or ReLU neural networks (Example 50). As a
consequence, y-encodability lays a generic framework that unifies several situations where Inequality (17)
was known, such as when doing approximation with dictionaries [11, Thm. 5.24][13, Prop. 11] or ReLU
neural networks [9, Thm. VI.4]. Moreover, some ~y-encodable sequences obtained as images of Lipschitz
maps can be uniformly quantized while still keeping approximation speeds comparable to the original ones,
see Proposition 24.

Lipschitz parameterization of ReLU neural networks. This paper also proves a generic bound on

the Lipschitz constant of the mapping that associates the weights of a ReLU architecture to the function
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they represent in some LP space (Proposition 36). As a consequence, our general results on ~y-encodability
and uniform quantization apply to ReLU networks, see section V-D.

Other consequences of the Lipschitz parameterization. We further used in Section V-C the upper
bound on the Lipschitz constant of # — Ry to recover and generalize known approximation results on
quantized ReLU networks [7, Thm. 2][9, Lem. VI.8]. Moreover, as seen in Corollary 39 and Remark 40, if
n >0 and /¢ < rE~! are such that a function @, that acts coordinatewise as Q,(z) = |z/n]x for x € Ry
provides e-accuracy in L*([—D, D]%) uniformly on a bounded set of parameters O n(r) for an architecture
(L,N), then the number of bits per coordinates must be linear in the depth L of the considered architecture.

Positioning. From a practical side, our result helps to bound one of the components of the error that is
committed when approximating a function f by a neural network in the quantized setting. However to fully
deal with this problem one should also bound the distance between the prediction of the quantized network
and its numerical evaluation. Indeed, when propagating the input x in the ReLU network with parameters
Q(0), some state-of-the-art schemes also use very low precision to represent and compute the results of the
intermediate layers [16].

Perspectives. In Corollary 39, we saw necessary and sufficient conditions on 1 > 0 to guarantee that
quantizing coordinatewise by Q,(z) = |z/n]x provides e-accuracy in L>([—D, D]?), uniformly on a bounded
set of parameters @%,N (r). In practical applications with post-training quantization, we are only interested
in parameters that can be obtained with learning algorithms such as stochastic gradient descent. Moreover,
we may not be interested in € > 0 arbitrary small. For instance, quantization aware training techniques [4]
have been successfully applied for ReLU neural networks with three hidden layers and 1024 neurons per
hidden layer [4]. Indeed, the modified learning procedure yields in [4] a network with quantized weights in
{—1,1} that performs similarly, on the MNIST dataset, as the network that would have been obtained with
the original learning procedure. Is it possible to have better guarantees if we only care about some prescribed
accuracy € > 0 and a "small set" of parameters, such as parameters than can indeed be learned in practice?

Another question would be to design schemes to quantize network parameters, in a way that adapts
to the architecture. In the quantization schemes covered by Corollary 39, the sufficient value of n > 0 to
ensure a prescribed accuracy € > 0 only takes into account the depth and the width of the architecture.
However, in practice the network architecture is carefully designed to meet some criterion, such as reducing
the inference cost (references can be found in the paragraph "Compact network design" of [16]). Specificities
of the architecture could be taken into consideration when designing the quantization scheme.

Another perspective is to take into account functionally equivalent parameters when designing a quantiza-
tion scheme, as we now detail. Given parameters 6 of a ReLU neural network (and possibly a finite dataset),
we say that 6 is functionally equivalent to 6, denoted ¢’ ~ 0, if Ry = Ry (resp. equality on the considered
dataset). Due to the positive homogeneity of the ReLU function, there are uncountably many equivalent
parameters to 6 that can be obtained by rescaling the coordinates of 8 (but these are not the only ones since
permuting coordinates can also lead to functionally equivalent parameters). When quantizing 6, it would be

interesting to take these equivalent parameters into account.
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APPENDIX A

NORMS

Definition 52 (p-th norm). — Let d € N*. For an exponent p € [1,00], the p-th norm on R? is defined

by:

1
(S fmil)” it p < oo,

sup |z if p=o0.
i=1,.,d

Vo = ()i=1,....a € RY, ||zl =
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Definition 53. — (|[-[|,) Let di,d> € N*. The operator norm ||-[], on Rdzxd1 associated with the exponent
p € [1,00] is defined by:
M
VM € Rd2><d1, H\M|||p = sup H wHP'
zERM ||pr

x#0

APPENDIX B

OPTIMALITY OF A BOUND ON [|Ry(z) — Re/(x)llq

We generalize a known inequality established for ¢ = co [9, Eq. (37)][3, Eq. (3.12)] to arbitrary g-th norm
q € [1,00]. Moreover, we prove its optimality. This inequality is used in Section C to bound the Lipschitz
constant of the parameterization of ReLU networks. With I,,«.,, the identity matrix in dimension m and
0y xn the m x n matrix full of zeros, we introduce the following notation for “rectangular identity matrices”:

for m < n, we set Imxn = (Imxm; Omx (n—m)), While for m >n we set I,x, = L -

Lemma 54. — Let (L,N) be an architecture with any depth L > 1 and 8 = (Wy,...,Wg,by,...,br),
0= (Wy,...,Wj;,bi,...,b;) € OL N (see Equation (2) for the definition of ©f, y) be parameters associated
to this architecture. For every ¢ =1,...,L — 1, define 0} as the parameter deduced from ¢’, associated to
the architecture (¢, (Np, ..., Np)):

0, = (Wy,...,Wy,by,....by).

Then for every exponent ¢ € [1,00] and for every 2 € RNo, the realization of neural networks with any

1-Lipschitz activation function ¢ satisfy:

L L
|Ro(x) = Ror(z)llg < ) ( 11 ||Wk|q> < IWe = Wil % [IRo;_ ()]l (18)
/=1 k=¢+1
L L
+° ( 11 |||Wk|q> 1be — byl q
=1 k=0+1

where the definition of the ¢g-th norm and the operator norm of a matrix are recalled in appendix A, and
where we set by convention Ry, (z) =z if £ =1, and Hi:ul IWill,=1if £= L.

Let A,..., Az = 0and e > 0 and consider an input vector z € R%» with nonnegative entries and supported
on the first s := miny Ny coordinates. There is equality in (18) for the parameters 8 = (W1, ..., W, by,...,br)
and 0/ = (W1,..., W, b},...,b;) defined by, for every £ =1,...,L:

Wi =XelIn,xNo 1 Wi=(1+eW;,, be=0b,=0. (19)

Proof. The proof of Inequality (18) follows by induction on L € N* in a similar way as in the case ¢ = oo
[9, Eq. (37)][3, Eq. (3.12)]. For L = 1, this is just saying that
[1Ro(x) — R (2)lq = Wiz + by — Wiz — bl

< W = Wil llllq + 1oy = bilg-
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Assume that the property holds true for L > 1. Then at rank L + 1 (using in the last inequality that the

activation function p is 1-Lipschitz):
[Ro(x) — Ror(2)llq = [Wrs1p(Ro, (%)) + bri1 — W1 p(Re, (2)) — briallq

= [Wes1 (p(Ro, () = p(Ro, ()))

+ Wrp1 = Wipi)p(Ror () +brgr — b iallg
SIWLaallyllo(Re., () = p(Re, (2))llq

F Wt = WL all lo(Rey (@))llg + 1211 = b1l
< MWeaallgllRo, (2) — Rgy (2)llg

F Wt = WL all lo(Rey (@))llg + 12+1 = b7 41llg-

Using the induction hypothesis gives the desired result.

For the equality case, recall the definition of the parameters 6 and ¢’ in Equation (19). Let A = Hszl A
Since # = (y',01x(4,—s)) | Wwith y € RS we have o(Wiz 4 b1) = Ai(y",01x(n,—s)) - By induction on
¢=1,...,L, we can show Ry(z) = A(y",01x(n;,—s) ", and similarly Ry (z) = (14 )"A(y ", O1x (v, —s)) |-
Hence:

[Ro(x) — Ror(2)llq = 1My — (1 + €)Myl
= ((L+ " = DA/,

Moreover, for every £ =1,...,L, it is easy to check that [[|[W[[|, = A¢ and [[We — W[, = €¢ so that:

L
( II |||Wk|||q> < [IWe = Will, x 1Ry, ()llq
k=t+1
L -1
= ( H /\k> X €Ag X (H(1+€)/\k> l|lz]lq

k=(+1 k=1

= (1+¢)" Az,

and:

L
< II IIWeIIIq> 1be = billg = O.

k=(+1

Hence the equality case, since:

L L L
> ( II |||Wk|||q> x IWe = Will, < 1 Ray_ (@)lg+ ) ( I1 |||We|||q> [1be — bellq

=1 \k={(+1 =1 \k=(+1
L
_ (1+ef -1
=> 1+ ez, = ﬁﬁ/\Hﬂ?Hq = ((1+ )" = DAz,
=1 €

O
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APPENDIX C

LIPSCHITZ-PARAMETERIZATION OF RELU NETWORKS (PROOF OF PROPOSITION 36)

Recall that we fixed a set LP(Q — R%ut 1) containing all functions represented by ReLU neural networks
with input dimension d;, and output dimension dg.;. The parameter set @%N(T) is defined in Definition 34.
First, Lemma 54 applied to any architecture (L,N), any 6 € O n, and ¢ = (0,...,0) € O n yields for

every z € ()

L L
[1Ro(2)llq < H Wl ||93|q+z< II |||Wk||q> 1bellq; (20)

k=0+1

using that [[Rg, (2)[lq = ||z[lq for £ =1 (by convention) and |[Rp, (2)||q = 0 for each £ > 2 (since ¢’ = 0).
Let 0,0 € ©F (r). We are going to bound [|Rg — Rer|[, .|| from above using Inequality (18) of Lemma 54.

First, we introduce useful notations to write things compactly. Define for every i,j € N:

J J
I o= [ IWall, and 107 == T IWAIl, if i < j
k=1

k=i

;== H;,j := 1 otherwise.

For ¢ =2,..., L, we start by bounding ||R‘9;_1 (x)]lq by a simple function of & € Q, since this term appears
on the right-handside of Inequality (18). Using (20) for the architecture (¢ — 1, (Np, ..., Ny_1)) we have:

-1 -1

1Re,_ ()l < Hmvmn lzlly + > TT MWl | 116kl

k=1 \j=k+1
-1

=10 gzl + ) Wy o1 103 lg-
k=1

IfQC R‘ii“ and Ny = mingge<r, Ny then for every z € 2, the parameters defined in Equation (19) are such
that the previous inequality is an equality.

Denote by ¢y a constant such that for every y € Rt |ly|| < collyl,- Note that if || - || = || - ||s for

l,l)
's T g

max(()

€ [1,00], then we can take ¢y = d, . Now, using the previous inequality and integrating both

sides of Inequality (18) of Lemma 54, we get for 1 < p < oo:

1R~ Ro@lPane)) <eol [ IRote) — Roolgante))”
(Lo ) ] )

( / Q[} e (Hu 1\|x||q+§ :H H,e_lnb;nq)
e
1

L p >
MW= WL+ 3 My s [l — bznq} du(x))
/=1

A trivial adaptation yields a similar result for p = co.
IfQC R‘j_‘“, Ny = minggegr, Ny, and if || || = ||-]|4 so that we can take ¢y := 1, then the previous inequality

is an equality for the parameters defined in Equation (19).
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Note that in the special case p = oo, if we only assume that @ C R%™ and |- || = || - ||, (but not that
No = minggs<r, Ne), denoting by N, := mingge<r, Np, then it holds for the parameters of Equation (19)

and for every x € € supported on the first Ny, coordinates:
L

L -1
1Re(x) = Ror(2)l| = Y _Teqr (Hll,é—lnxq + H§g+u_1b%q> < NWe = Willly + > Herrr x e = bllg-
=1 k=1 =1

Recall that W = ax Ny is the maximal width of the network. For every matrix M with input/output

yeee

dimension bounded by W and every vector b with dimension bounded by W, denoting by ||M||max =
max; ; |M; ;|, standard results on equivalence of norms guarantees that for every 1 < ¢ < oo, it holds
[6]lg < WH|b]| oo < Wb]|0o and max(|| M|, [IM]]..) < WM |lmax- The latter, with Riesz-Thorin theorem
[6, Chap.2, Thm 4.3], guarantee that for every 1 < ¢ < oo:

Ml < WM [ max and [[b]lq < W[b]oo- (21)
We deduce that for every £ =1,..., L:
max (1We = Wil I1be = 0ly) < W0~ ).

This time, this is not an equality for the parameters defined in Equation (19). For them it holds instead,

assuming that all A\, are equal:
IWe = Willl, = eAe = [We = Willmax = (10 = 0"ll, lbe — bjllq = 0.

Using the previous inequalities, we get for 1 < p < oc:
L —1
| Ro = Reorllp < ( / [Z e (Ha,e_lnan + anﬂ,z_lnbuu)
w€Q Ly k=1

L » 1
Y M| du) et 16 - 01
=1

with a trivial adaptation for p = co. Since 6,6 € ©F (r), it holds max(TI; ;, 1T} ;) < 77"t for i < j, and

the same also holds for i = j + 1 by definition of II; ;. Thus:

L -1
ZHHLL (1 + 11 o 2llg +ZH;6+1,Z—1”1);€”¢1>

=1 k=1
L -1
< ZTL’E (1 + |z, + Zrek> since 6,0" € ©F (r)
=1 k=1
L L -1
:LrL’1Hx||q+ZrL*Z+Z rL=k
=1 (=1 k=1

< Lt fally + Lrt =t 4 L(L = 1)rE " since r > 1
< L2rE 7Y (||lzflg 4+ 1) since L > 1.

If we define:
1 .
co ([rea(lally + 1)Pdu(@)) " if p < oo,

coesssup [|zf|q + 1 if p = oco.
e
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where we recognize in the second factor the constant C, (€2, 1) from Lemma 33 when g = oo, then we finally

get (12). Let us now explicit ¢ in specific situations where Q = [~D, D]¢ for some D > 0, p is the Lebesgue
measure and || - || = || - ||, so that we can take ¢ = 1. If ¢ = 0o we get ¢ = Cp,(Q, p) < (D +1)(2D)¥/P. 1f
p = o0, then

¢ =esssup||z]|, + 1= DdV/? 4 1.
e

Indeed, the essential supremum is actually a maximum in this case and ||z, < d"/9||z|/o < d/9D for every
r € [-D, D] with equality for x = (D, ..., D)T.

Let us now discuss the optimality of (12). It can be checked that if 2 C R‘ii“, Il = Il |, so that we can take
¢ := 1, and if Ny = minpgs<r Ny, then the parameters 6,6 defined in Equation (19) with A\; = ... =X =

1 L—/¢
5 > 0 are in ©F (1) and satisfy [|Bo — Rorll, = co (f,cq lolfdu@)7 ro VS0, (7)) 10— 0l

In the special case where p = oo, if we only assume that Q C Rii“ and || - || = - |l then the parameters

0,6’ defined in Equation (19) with \y = ... = Ay, = > 0 are in @%N(r) and if we denote by Ny, 1=

T
mingge<r, Ne and by Qnin the set of x € Q supported on the first Ny, coordinates:
L 1 L—t¢
esssup | Ro(z) — Ro/ ()| = (esssup T )TL_l () 0—0 .
csswpllRafe) ~ Bo(o)l > (sl ) Y () 10- 01

This yields the conclusion.
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