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The concept

AIM? Given a large scale optimization problem, reduce the
computational cost of the solution process
HOW? Exploit the structure to work at multiple resolutions

finest (principal) grid

Level 1
2416 cells
257

Z_Z
zZ 5
39nodes LT T T 7T 777 ]
VA 7 A A A A A A §
L T 777777 S0
VA A7 47 69 A9 9 9 A A 4 H
I 7 7 7 777 =
LT 777 77 7 77 £
intermediate grids s

Level 3

4 cells
nodes

restriction

Level 4

coarsest (last) grid

1 . . . .
Images taken from Introduction to Numerical Geodynamic Modelling and
https://iipimage.sourceforge.io/documentation/images


https://iipimage.sourceforge.io/documentation/images 

The concept

AIM? Given a large scale optimization problem, reduce the
computational cost of the solution process
HOW? Exploit the structure to work at multiple resolutions

finest (principal) grid

Level 1
2416 cells
257

Z_Z
zZ 5
39nodes LT T T 7T 777 ]
VA 7 A A A A A A §
L T 777777 S0
VA A7 47 69 A9 9 9 A A 4 H
I 7 7 7 777 =
LT 777 77 7 77 £
intermediate grids s

Level 3

4 cells
nodes

restriction

Level 4

coarsest (last) grid

Multilevel methods (ML)

1 . . . .
Images taken from Introduction to Numerical Geodynamic Modelling and
https://iipimage.sourceforge.io/documentation/images


https://iipimage.sourceforge.io/documentation/images 

Outline
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» Part Ill: Multilevel stochastic methods



Part |

Origins of multilevel methods: multigrid



Numerical solution of linear PDEs

Given f : Q C R = R, g :
02 — R and a linear differential
operator D, find u : RY — R
that solves

D(u(x)) = f(x) in Q
u(x) = g(x) in 0Q

l

Discretization

0

Linear system

Au=f

Example: d=2, Q =[0,1] x [0, 1]

The size of the grid impacts:

» the size of the discrete
problem

» the accuracy of the
solution approximation



Multigrid methods

Aim: accelerate fixed point methods by exploiting multiple grids

» Fine grid: APuh = fh y

Ry P

» Coarse grid: A"yt = fH




General multigrid methods - V-cycle

Convergence of Numerical Poisson System
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Part |l

From linear to nonlinear: multilevel
optimization methods



From linear to nonlinear: multilevel methods

Multigrid methods work for linear systems: Ax = b

But what happens if we want to
tackle a more general
optimization problem with a
hierarchical structure 7

mXin f(x)




Classical iterative optimization methods
» Build a model (Bx ~ V2f(xx) or Bx = 0):

1
f(Xk + S) ~ Tk(s) = f(Xk) + STVf(Xk) + ESTBkS



Classical iterative optimization methods
» Build a model (Bx ~ V2f(xx) or Bx = 0):
T 17
f(xk +5) >~ Ti(s) = f(xk) +s' VF(xk)+ 55 Bys
» Compute a step si (r(Ak) regularization term):

min my(s) = Tk(s) + r(Ak), Ak >0

bottleneck: subproblem solution

Possible solution: multilevel methods
@ MG/OPT: A multigrid approach to discretized optimization
problems, Nash, 2000

@ RMTR: Recursive trust-region methods, S. Gratton, A. Sartenaer
and Ph. L. Toint, 2008



Hierarchy of problems (n,, > n,
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Finest Level ffm : R™max — R
Restriction | R‘m P‘m> 4 Prolongation

Fine Level ffma—1: RMmax—1 — R
Restriction | Rfm>~1  p‘mx—1 4 Prolongation

Restriction | R? P? 1 Prolongation

Coarse Level f2: R R

Restriction | R! P! + Prolongation

Coarsest Level f%: R™ — R




Example 1: image restoration
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Example 2: hyperspectral imaging

Spatial resolution

Dii ion reducti : spectral r
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Example 3: neural networks
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Classical one-level method

min f(x)

X Xyl = X+ 8

XN

e
o
X

TR

AN min T;(s) + ri(s)
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Multilevel strategy: step computation

Two choices:
1. Classical fine step

2. Coarse step

k=1 k=2 k=3
_’ " _’4@_’ e _’_’ — _’



Coarse step

minf"(x") ~ min f(x)
s s h = yhg heH
R X1 = X TSk
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Definition of lower level model: first order coherence

Coarse level H .*

vl = RVFI(xI) — VFH(x) — Vb (M) = RV FA(x])

-~

first-order coherence
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Numerical results for 5 levels MG/OPT with line-search

Problem:
T 2
ninf@ =5 [ (g (@10~ o(e)) o,

MG/Opt with Exact Gradient

error in objective value
8
R
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fine-level gradient evaluations

@ Using Inexact Gradients in a Multilevel Optimization Algorithm, M.
Lewis, S. G. Nash, 2013



A very active field
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Part IlI

Stochastic multilevel optimization



Stochastic optimization problems

What if my problem is stochastic?

min f(x)

X
where f can only be computed with some noise.

Example - Expected risk minimization problems

Given a loss function £ : Y x )Y — R, a parametric model
my : Z — Y and a probability distribution P on Z x Y

min BR[L(y, my(2))]

Example - Montecarlo simulations

Let £ be a random variable defined on the probability space (£2, P).
Let f(x) = E(F(x,&)), with F: R" x Q — R.



Limitation of existing methods

Stochastic methods:

» Accuracy of the function approximations grows asymptotically,
which leads to iterations that are more and more expensive:

1Fx) = FO < ex, e =0

» Such methods control the accuracy of the function estimates
but not the size of the variables.

Multilevel framework:

» Limited to deterministic contexts

» Still needs to handle full problem at the finest scale



Limitation of existing methods

Stochastic methods:

» Accuracy of the function approximations grows asymptotically,
which leads to iterations that are more and more expensive:

1Fx) = FO < ex, e =0

» Such methods control the accuracy of the function estimates
but not the size of the variables.

Multilevel framework:

» Limited to deterministic contexts

» Still needs to handle full problem at the finest scale

— Stochastic multilevel methods!



Stochastic multilevel iterations
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» Fine level:

f(x) Zf()x) x € R,

IGSk

» Coarse level:

Example - Expected risk minimization
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Proposed stochastic multilevel method (2 levels)

MufSTREG: First order adaptive regularization method

A
M+ ) = p(s) + 208 g 2

» Fine level:
ng(S) = fk —I—ngS fk ~ f(Xk), 8k ~ Vf(xk)
» Coarse level:

or(s) = du(Rxi + s) + (Rak — Vou(Rxi)) s

first-order coherence




The theory - what are we interested in?

Models Function approximations
N ! /
{Mi X4 S 5 Fi}
| \
lterates

The stochastic process { My, Xk, Sk, Ak, Fx}, under certain
conditions on the sequences { M} and {Fy} has desirable
convergence properties with probability one.



The theory - assumptions [simplified]

> f:R” — R and ¢, : R"™ — R with n > n. have Lipschitz
continuous gradients

» The model M, to be k-fully linear around X with probability
a (only at fine level!)

» The function approximations Fy to be sufficiently accurate
(er) with probability




The theory - results

Under suitable choices for €7, o and § can be chosen so that, if
the assumptions hold for these values, then the sequence of
regularization parameters {Ay} satisfies

> <o

A2

o Mk

and the sequence of iterates {Xj} satisfy
lim ||V f(Xg)|| =0
k—o00

almost surely.



Numerical results - Finite sum minimization

The problem

1
F j ?
xrgJIIQ" (x) = 2N Z(y 1+ exp(— yxTz,))

with (z, y;) € R" x {0,1}, for every i =1,..., N.

The methods
» MUISTREG: one level (= STORM [Chen, et all. 2018])
» MU3STREG: three levels
» Adagrad [J. Duchi, E. Hazan, and Y. Singer. (2011)]
» SVRG [R. Johnson and T. Zhang. (2013)]

Xk41 = Xk — & l Vfik(Xk) + Vf()?o) — 1 Z Vfik()?o) ,
b Z b

iK€l ik €1k

where Xp is updated every m iterations



Results: comparison against MU'STREG and SVRG

MUSH
SVRG MUTSTREG | MU3STREG
Avg. %tA 08.69 97.68 97.74
StD %tA 0.25 0.50 0.48
Avg. #f/g 341.89 216.78 35.48
StD #f/g 722.65 30.69 9.05
AJA
SVRG MUISTREG | MU3STREG
Avg. %tA 85.00 84.65 84.83
StD %tA 0.05 0.04 0.07
Avg. #f/g 840.77 207.68 90.87
StD #f/g 300.51 53.07 30.31
TJCNNI
SVRG MUISTREG | MU3STREG
Avg. %tA 91.68 91.10 01.13
StD %tA 0.00 0.25 0.09
Avg. #f/g 553.87 6.20 7.09
StD #f/g 1.64 0.97 0.64
MNIST
SVRG MUISTREG | MU3STREG
Avg. %tA 90.43 89.80 890.82
StD %tA 0.13 0.04 0.05
Avg. #f/g | 17843.40 2023.02 414.15
StD #f/g 6336.56 497.15 16.37

Table: Comparison between MU'STREG, MU3STREG and SVRG.
Average of maximum classification accuracy reached and number of
evaluations, with corresponding standard deviation.



Results: comparison against MU!STREG and Adagrad

MUSH

Test accuracy
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Classification accuracy on the testing set along the number of weighted

evaluations of gradients and functions.



Conclusions

Multilevel framework:

» Flexible framework to accelerate large scale problems,
adaptable to different contexts

MU‘STREG
» allows for hierarchies in the both variable and function spaces;
» is the first stochastic framework for multilevel methods;

» Applied to finite sum problems: outperforms tested methods;
wrt to the classical deterministic ML framework: it does not
need the evaluation of the function/gradient over the full
samples set along all the iterations.

F. Marini, M. Porcelli, E. Riccietti, A multilevel stochastic regularized
first-order method with application to finite sum minimization,
2024, arXiv:2412.11630, accepted in Mathematics of computation
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The theory - assumptions

Let .7-"k 1/2 be the o- algebra generated by My, ..., M, and
Fo,...,Fx_1 and .7-"k be the o-algebra generated by
M(), Mk—l and F(), oy Fk—l-
> f:R"” — R and ¢, : R — R with n > n. have Lipschitz
continuous gradients
» M, a-probabilistically x-fully linear models: P(/k\}"ﬁ’f) > a,
Ik = {My is a k -fully linear model of f around Xy}
» F, [-probabilistically ef-accurate estimates:
P(Jk|.7-"£/i’f/2) >,
Ji = {Fk, F; are ef-accurate estimates of f(xx) and f(xx +
sk), respectively, around X}

€
i — F(x)| < < and S — F(xk + sk)| < ~p-
)\k z2



Convergence theory: definitions

Definition 1

Suppose that Vf is Lipschitz continuous. Given Ay > 0, a function
m is a k-fully linear model of f around the iterate xx provided for
k = (kf, Kg), that for all y in a neighborhood of x:

K
IVxf(y) = Vam(y)|l < )fg,
k
K
1£(y) — m(y)| < 7;
k

Definition 2

A sequence of random models { My} is said to be
a-probabilistically k-fully linear with respect to the corresponding
sequence { X, Ax} if the events

Ik = {My is a k -fully linear model of f around Xy}

satisfy the condition
s =N\



Convergence theory: definitions
Definition 3

The estimates f; and f; are said to be ef-accurate estimates of
f(xx) and f(xx + sk) respectively, for a given A\ if

Ef

€
| — F(x)| < )\—2 and |f§ — f(xk + sx)| < NE
k

k

Definition 4

A sequence of random estimates {Fy, F7} is said to be
[b-probabilistically ef-accurate with respect to the corresponding
sequence { Xk, Ak, Sk} if the events

Jx ={Fk, F are ef-accurate estimates of f(xx)

and f(xx + sk), respectively, around Xy}
satisfy the condition

P(J|Fil i) > B,



Data sets

The data sets are divided into a training set and a testing set as
specified in Table below.

Data set nr. of features (n) Training set size (N) Testing set size |

MNIST 784 60000 10000
MUSH 112 6503 1621
A9A 123 22793 9768
[JCNN1 22 49990 91701

Table: Data sets with number of features n and number of instances of
the training set N and the testing set .



