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The context

The problem: large scale optimization problems

in f ith n |
min (x), with n large

Typically

f(x) = Z fi(x) m large
i=1

with f,fi :R" > Rfori=1,....m



Example 1: Image restoration

min || Ax — b||*> + \||Dx||

Original Noisy image Denaised image




Example 2: Matrix factorization

m|n A= X1... X%
Xi,0X1

“ NN




Example 3: Neural networks training

1 i
min — ;K(NN(G,X,),y )

Deep Neural Network

iputlayer  hddenlayer 1 Hiddenlayer2  hidden layer 3
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Figure 12.2 Deep network architecture with mstle layers.

o
~
=



Outline

Classical optimization



Classical optimization methods

Iterative method
» Given a starting guess xg € R”
» Define a descent direction px € R™: Vf(xk)Tpk <0

» Build a sequence {xx}xen such that xx11 = Xk + axpk, where
ay is called the step length or the learning rate.

» Goal: find a stationary point x* of f: Vf(x*) =0



Classical optimization methods

Xk4+1 = Xk + QkPk

If ay is small enough, from Taylor's theorem:
f(Xk+1) ~ f(Xk) + Oéka(Xk)Tpk < f(Xk).

This ensures x* not to be a maximum point, but in unfortunate
cases it may be a saddle point, there is usually no guarantee of
convergence to a minimum.



First and second order methods

» First order just use first order derivatives (gradient)

» Second order also use second order derivatives (Jacobian,
Hessian matrices)

Of (x)
o0x1
Vi(x) = : e R"
OF (x)
Oxn
82F(x) 92F(x) (V 6f(X)) T
Ix10x1  Ox10xn Ox1
V)= S z €R™”
A?f (x 9%f(x X T
Oxn éx)l Oxn (gxl (V 857)((") )

If f € C?(x) then V2f(x) is a symmetric matrix.



First order: gradient method

Pk = —Vf(xk).
Xk+1 = Xk — Oéka(Xk).

> © quite cheap: it requires just the computation of the
gradient of f at each iteration

> © slow convergence: it requires a large number of iterations
to reach a stationary point

Gradient method
Given xgp, toll > 0, set kK = 0.
While |V (xq)|| > toll
1. Compute the search direction px = —V £ (xk).

2. Choose ay.
3. Set X 41 = Xk + akPk
4. Set k=k+1




Second order: Newton's method

pr = —V2F(x) "IV F (%)

> © fast convergence: usually requires few iterations to reach a
stationary point

> © expensive: it requires the computation of first and second
order derivatives and the solution of a linear system at each
iteration V2f(xx)pk = — V£ (xx).

Newton’s method
Given xgp, toll > 0, set kK = 0.
While ||V (xk)| > toll
1. Compute the search direction by solving
V2f(Xk)pk = —Vf(xk).
2. Choose ay.
3. Set Xk4+1 = Xk + Pk
4. Set k=k+1




Outline

The large scale setting



Large scale setting

Typical problem

inf(x)=>» f ,m |
min (x) Iz; (x) n,m large

Typically, n, m = 10°,10°



Gradient step in large scale setting

ZW(X

Cost of computing V£ (x): O(nm).

Vii(

(x) e R”



Newton's step in large scale setting

Z ), fi(x) €

i=1

Zm: fi(x), Vfi(x)eR"
=1

V2F(x) =) V?i(x), V?h(x) eR™
i=1

Cost of computing V2f(x): O(n*m).
Cost of solving V2f(x)p = —Vf(x): O(n®)



What changes from
classical optimization
to machine learning setting?



Expected risk minimization

Given a family of input-output pairs (x', y’') ~ P(x, y), we want to
build a parametric model Fg such that Fo(x') ~ y'
We wish to minimize the expected risk:

/ U(Fo(x),y)dP(x,y) = E[t(Fo(x),y)]

where £ is a loss function.
Problem: P(x,y) is not known !
Approximation: estimate the expected risk by the empirical risk

Warning!: change of notations, the variables become 6



Training procedure

Given a model Fg and a training set {(x}, y1),..., (x™,y™)}, find
the best parameters 8 € R” to fit the data and to generalize well.

Empirical risk minimisation (ERM) principle

Given a loss function /,

_ . 1 i i
m(;”E(X,Y)(K(Ya Fo(X))) ~ min Rm(6) := - Z;f(y ; Fo(x'))
f(0) = £:(0)

Example

Fg: a NN, 6 weights and biases

¢: Logistic loss £(6) = —y log(Fg(x)) — (1 — y) log(1 — Fg(x))
Quadratic loss £(0) = (y — Fg(x))?



Early stopping

Finding an exact minimizer should be avoided because the risk is to
do overtraining: the model is adapted too well to the training set
and is not well suited to generalize to unseen samples. Solution:
early stopping (Classically ||V f(x)|| < toll with toll ~ 1075, 1078).

Stopping the optimization
here achieves better
expected risk R(w).

Observed expected risk R(w)
Observed empirical risk R (w)

Training time



Outline

Stochastic optimization



Towards stochastic optimization

Large data sets: redundancy
We don’t need to take into account all the samples at each
iteration

1 - i i
Rm(e) = E Zf(y 7F9(X ))
SN0

— Stochastic optimization with randomly chosen subsets



Stochastic gradient descent for NN training

GD
For all kK > 1 set

1 . i i
Ore1 = O — i 2; VoL(y', Fo(x))

SGD _
For all k > 1, choose randomly ix € {1,...,m} and set

ki1 = Ok — VoL (y™, Fo(x¥))



Stochastic gradient descent

min f(x) = %Z fi(x)

X
i=1

Stochastic Gradient (SG) Method
1. Given an initial iterate xq.
2. For k=0,1,2,... do
2.1 choose randomly iy in {1,..., m}.
2.2 compute px = —V £, (xk)
2.3 choose a stepsize o, > 0
2.4 set Xx11 = Xk + Pk

Stochastic algorithm (non deterministic): the sequence is not
uniquely determined from xg, but depends on the random sequence

{ik}

1 epoch = all the samples have been seen (lteration: a sample,
epoch: a full batch)



SGD vs GD

Advantages: much cheaper

> Uses just one sample for the gradient: Vf; (6y) rather than
>y VAi(6k)

» Heuristic strategies to update oy or fixed (usually small) «

» Suitable for very large scale problems

P> Fast convergence at the beginning of the procedure: good if
high accuracy is not required

Disadvantages: slow convergence

» Uses just partial information
> Needs limg_,o ax = 0 to converge
P> Requires tuning of ay

» More suitable for convex problems, degrades for ill-posed
problems



Choose the learning rate

kass

fowy leaming rate

high learming rata

good leaming rale

epoch

N
a
~
=



SGD vs GD

» Standard gradient method is more expensive but gives a
better direction (more information is used)

» Stochastic and full approaches offer different trade-offs
in terms of per-iteration costs and expected
per-iteration improvement in minimizing the empirical risk.



Mini-batch gradient

» Between full gradient method and stochastic gradient method

> Take a small subset Z, C {1,..., m} of the samples at each
iteration:

Xk+1 = Xk — ’I|ZVka)
i€Zy
» This allows some degree of parallelization

» Reduces variance of the stochastic gradient estimates, the
method is easier to tune in terms of choosing the stepsizes.



SGD vs GD

Batch Gradient Descent Mini-Batch Gradient Descent

@




Convergence results - convex case

Assume f strongly convex, 8 € R”

» GD converges linearly:
f(ak) —f* < O(pk)7 pEe (07 1)7

— number of iterations is proportional to log(1/¢).

» SGD with ax = O(1/k) converges sublinearly in expectation
[Theorem 4.7 https:
//epubs.siam.org/doi/epdf/10.1137/16M1080173]:

E(f(0x) — ) = O(1/k).

» GD cost : mlog(1/¢) (each iteration costs m)
» SGD cost: 1/€ does not depend on m!
» In the big data regime where m is large, mlog(1/e) > 1/e.


https://epubs.siam.org/doi/epdf/10.1137/16M1080173
https://epubs.siam.org/doi/epdf/10.1137/16M1080173

Convergence results - general case

What kind of assumptions do we need?

Xp+1 = Xk — oug(Xk, Ek)

with g(xk, k) stochastic estimate of Vf(x)

1. Lipschitz continuity of the gradient

2. The norm of g(xk,&x) is comparable to the norm of the
gradient.

3. In expectation, the vector —g(xk, &) is a direction of
sufficient descent for f from xx

4. The variance of g(xk,&x) is not too large



Assumptions translated in mathematical terms

I VF(x) = VF(y)|| < L||x — y|| for all x,y € R"

N Ee, (8(xk: SN < pa V()|

- V() TEe, (80, Ek)) = pl V(i)
var(g(xk,&k)) < M + I\/I\/||Vf(xk)H2

A w0 NN
~ ~

Example
These properties hold with ug = =1 if g(xk, &k) is an unbiased
estimate of Vf(xk)

Consequence:

Ee, (lg(xe, €k)lI7) < M+Mg|VE(xc)l?, Mg = My+ug > p? > 0



Notations

We use E[] to denote an expected value taken with respect to the
joint distribution of all random variables. For example, since x is
completely determined by the realizations of the independent
random variables {£1,&2,...,&k_1}, the total expectation of f(x)
for any k € N can be taken as

E[f ()] = E¢, Ee, . .. E¢, , [f(xx)]



Theorem (GD, Nonconvex Objective, Fixed Stepsize)

Under the assumption, suppose that the GD method is run with a
fixed positive stepsize, ay = a < % Then, the sum-of-squares and
average-squared gradients of f corresponding to the GD iterates
satisfy the following inequalities for all k € N:

K

D IVFGI? < (1) — fins

k=1

and therefore -
Z IVF(xi) 1P < F(x1) — finf
k=1

and
V£ (xk)l| = 0.

lim
k— o0



Proof (1)

From the Lipschitz continuity of the gradient

L
f(xks1) — FO) < VFOa) T (kg — xe) + §||Xk+1 — xi)?
T OéiL 2
= —QVf(Xk) Vf(Xk) + THVIC(X;()H
L
=a(-1+ §0<)HV"(XI<)||2 < = V()2

Summing both sides of this inequality for k € {1,..., K} and
recalling the assumption gives

finf — f(x1) < f(xk41) — f(x1) Z IV F (i) 12



Theorem (SGD, Nonconvex Objective, Fixed Stepsize)

Under the assumption, suppose that the SG method is run with a
fixed positive stepsize, ay = a < ﬁ Then, the expected
sum-of-squares and average-squared gradients of f corresponding
to the SG iterates satisfy the following inequalities for all k € N:

Z IVF)I?| <

and therefore

KaLI\/l 2(f(X1) — f]nf)
j2ze’

K
1 alM (f(x1) = finf) Koo LM
- f 2l < 2 _—
P E_ IVF(xe)l ] S TP ke -



Proof (1)

From the Lipschitz continuity of the gradient

L
f(xa1) — FO) < V)T (kgr — xe) + §\|Xk+1 — x|l

a?

L
= —an(xk)Tg(xk,fk) + THg(Xk,fk)Hz

Passing to the expected value
Ee, [f (k1)) = F(xi) < — aVF(x) "Ee, [ (xk, )]

2L
& Ee, lllg (xk, €12

M



Proof (II)

Taking the total expectation and from the assumption on the step:

E[F (xee1)] — E(F()) < (1 — 50LMe)E[VF (]2 + 50°LM

1 1
< —§uaE[HVf(xk)H2] + EazLM.

Summing both sides of this inequality for k € {1,...,K} and
recalling the assumption gives

K
e —f (x1) < B[f (xi11)]—F(x1) < ;,uakz_:l}E[|Vf(xk)||2]+;Ka2L/\/l.

Rearranging and dividing by K yields the thesis.



Outline

Improving convergence: variance reduction



Limitations of SGD

» difficult to set the stepsize
> may diverge with fixed stepsizes

» slow, sublinear rate of convergence whit diminishing stepsizes

Several techniques to try to accelerate the convergence:
P variance reduction methods
P accelerated methods with momentum

» adaptive stepsize



Variance reduction methods

Variance reduction methods: improve rate of convergence by
incorporating new gradient information in order to construct a
more reliable step with smaller variance

Can achieve linear rate with fixed stepsize for strongly convex
objectives if the variance of the stochastic vectors V£ (xk)
decreases geometrically, i.e. it exist M > 0 and £ € (0,1) such that

var = E[([|V£, (x| — E(|| V£, (xi)[1))] < MeX,
Two classes of methods:

» dynamic sample size

» gradient aggregation methods



Dynamic sampling methods

Gradually increasing the mini-batch size: increasingly accurate
gradient estimates

« _
Xk+1 = Xk — m EZZ vfi(Xk)a ‘Ik’ = N = [Tk 11
€T

for some 7 > 1. It exists M > 0 such that var < n—’vk’

» In practice : good value of the parameter 7 (may jeopardize
per-iteration costs)

P> Adaptive sampling algorithm: choosing the sample sizes not
according to a prescribed sequence, but adaptively :
sampled var < C||Vfz, (xx)||? for a positive constant C > 0.
If this is not satisfied the size of the set is increased.



Gradient aggregation methods

Achieve a lower variance by using full gradient information in a
parsimonious way: either increase the cost or the memory Among

them:
» SVRG - stochastic variance reduced gradient

» SAGA - stochastic average gradient



SVRG: stochastic variance reduced gradient

It operates in cycles.
At the beginning of each cycle, an iterate x is available at which
the algorithm computes a full (or batch) gradient

1 m
== 2; V(%)

Then, after initializing X1 = xk, a set of N inner iterations indexed
by j with an update X;11 = X; — ag; are performed, where

g = V(%) — (VFi.(xk) — Vm(x«))
of;; (%

) Of;; (x) Ofi (xk) N Ofm(x)
8X1 Ox1 1 0x1 Ox1
=1 |- |t :
a1 (%)) Of;; (xk) Ofilad) ... 4 OFmlx)
Oxn Oy Oxp Oxn

and jj € {1,..., m} is chosen at random.



SVRG method

1. Given an initial iterate xq, stepsize o > 0 and positive integer
N.
2. Fork =0,1,2,...do
2.1 Compute the batch gradient V1, (xk)
2.2 Initialize X; = xx
23 forj=1,...,N do
2.3.1 Chose ij uniformly from {1,..., m}.
2.3.2 Set g; = V£ (%) — (Vi (xk) = Vn(x«))
2.3.3 Set Xit1 = X; — agj.
2.4 Update xx11
2.4.1 Option 1: Set xk+1 = Xpn+1-
2.4.2 Option 2: Set xx4+1 = ﬁ J.Nzl Xjt1
2.4.3 Option 3: Choose j uniformly from {1,..., N} and set
Xk41 = Xj+1.



SVRG as a variance reduction technique

>

| 4

SVRG update: application of a variance reduction technique
to the stochastic gradient.

Variance reduction is a statistical technique that is used to
reduce the variance of a random variable X by using another
random variable Y, which is positively correlated with X. A
new variable Z, is defined as

Zo = a(X - Y)+E(Y),

which has reduced variance.

Since E[Vf;(xk)] = Vfn(xk), one can view g; as the result of
the application of this technique to the stochastic gradient
Vf.(%;), choosing a = 1.

g; represents an unbiased estimator of me(ij), but with a
smaller variance



SAGA

Does not operate in cycles, and computes batch gradients only at
the initial point.

>

>

| 2

Compute Vfi(xp) for i=1,...,m and store itina nxm
table.
At iteration k choose randomly ik, compute V£ (x) and

update the jg-column of the table

Compute the new step. Choose ik € 1,..., m randomly and set

m

1
gk = Vi, () = Vi, Oxgag) + — D7 Vi)
i=1

where x[;] represents the latest iterate at which Vf; was
evaluated (from the table).

Elgk] = Vim(x«)
As opposed to SVRG, SAGA needs to store all the gradients
but does not have additional cost



SAGA algorithm

SAGA method

1. Given an initial iterate xg, stepsize o > 0.
2. Fori=1,...,mdo
2.1 Compute Vfi(x1).
2.2 Store Vfi(x}j) = Vfi(x1) (create the table).
3. Fork=1,2,... do
3.1 Choose j uniformly in {1,..., m}.
3.2 Compute Vfi(xk).
3.3 Set g = Vfi(xk) — Vii(x) + 5 21, VAilx)
3.4 Store Vfi(xy)) = Vfi(xk) (update the table).
3.5 Set Xk41 = Xk — Q8.



Outline

Improving convergence: momentum



Accelerated gradient method: momentum

1. The gradient in a plateau is negligible or zero — very small
steps.

2. The path followed by gradient descent is very jittery, also
when operating with mini-batch mode.

3. Could never reach the optimum

© swinapome

@ sarmgror

How to fix this? — gradient descent with momentum



Momentum: keep memory of the past

50/71



Momentum: keep memory of the past

» Define the step as the average of past gradients instead of the
gradient at the current iteration.

» Cannot consider all the gradients with equal weightage.

P> Need to use some sort of weighted average

50/71



Gradient method with momentum

Exponential Moving Average (EMA)

Consider a noisy sequence y(t). The EMA s(t) for a series y(t)
may be calculated recursively as:

(1) = {y(l) fe=1,
Bs(t—1)+ (1 —pB)y(t) ift>1

where 3 € [0, 1] represents the degree of weighting increase. A
lower (3 discounts older observations faster.




EMA for gradients

> New weight update:

sk = PBsk—1+ (1 — B)gxk

where s, = 041 — Ok, g is the gradient approximation (full
gradient, or a mini-batch or stochastic gradient).

» Often 5 — Bk and (1 — ) — a

Ori1= Ok —argk  +PBk(Ok — Ok-1),
——— S ——
standard gradient step momentum term

» Special cases:

» [ =0 for all k € N: classical GD/SGD
» «ax = « and By = B: heavy ball method.



Heavy ball momentum
» By expanding the update:

k
Oi1 =0k — > _ B g
j=1
each step is an exponentially decaying average of past
gradients.



Heavy ball momentum
» By expanding the update:

k
Oi1 =0k — > _ B g
j=1
each step is an exponentially decaying average of past
gradients.
P> Let's analyse the contribution of 5. Assume a = 1. At k = 3;
g3 will contribute 100% of its value
» 3=0.1: g, 10% and g; 1%:
> 3=0.9: g» 90% and g; 81%.
» Higher 3: contribution from earlier gradients decreases slowly,
accommodates more gradients from the past. Usually 5 ~ 0.9




How does momentum help?

> LR too small: small steps, convergence takes a lot of time
even when the gradient is high.

» LR too high: the sequence oscillates around the minima

How does momentum fix this?

1. All the past gradients have the same sign: the summation
term will become large and we will take large steps

2. Different signs: the summation term will become small and
the steps will be small, damping the oscillations.



Nesterov accelerated gradient

P> Treats the future approximate position
0k = Ok + Bi(0k — Bx_1) as a "lookahead”
» Computes the gradient at ) instead of the old 6,

Momentum update Nesterov momentum update

“lookahead” gradient
step (bit different than
original)

momentum momentum
step step
actual step

actual step
gradient
step

Nesterov momentum. Instead of evaluating gradient at the current position (red circle), we know that our momentum is about to
carry us to the tip of the green arrow. With Nesterov momentum we therefore instead evaluate the gradient at this "looked-
ahead" position

» The Nesterov update is then 6,1 = 0, — ozkg(ék)

» In momentum: first gradient descent step and then
momentum term, in Nesterov: first momentum then gradient
descent (with the gradient evaluated at Oy, not at 6y).

P> Better convergence: distance to the optimal value decaying
with a rate O(1/k) for momentum and O(1/k?) for Nesterov



Numerical test

CNN on a classification problem

Misclassification rate for different momentum setups.
T

T T T T T

----- No momentum (train)
— No momentum (valid) 1
----- Basic momentum (train)
—— Basic momentum (valid)
----- Nesterov momentum (train)
Nesterov momentum (valid) |]

Misclassifcation

0.00 H P il i H
0 50 100 150 200 250

Epochs
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Improving convergence: adaptive stepsizes



AdaGrad (Adaptive Gradient, 2011)

vw=20
Vil = Vi + g,f
Xk+1 = Xk + 08k /+/Vk

» Diagonal scaling on the coordinates of gi: adaptive
componentwise stepsizes, good for coordinates that can vary
by orders of magnitude.

» Useful for sparse gradients:

» Frequent updates (large accumulated gradient) smaller
learning rate : prevents the parameter from changing too
drastically and stabilizes learning.

» Infrequent updates (small accumulated gradient) larger
learning rate : more significant updates when necessary.

o

"~ — Stepsizes go to zero!

> Stepsizes:

ﬂ



RMSProp: Root Mean Square Propagation (2012)

Componentwise:

Vo = 0
Vi1 = Bvi + (1 — B)g?
Xk+1 = Xk + 08k /\/Vk

» Improves ADAGRAD by considering the exponential moving
average of the squared gradient

» Slows down the decrease of the stepsize



Adam (2015)

Componentwise:

vo=20
M1 = Pimi + (1 — 51)8«k
Virr = Bovi + (1 — Bo)g?

N myg
my =
1— Bk
~ Vi
Vg = ———~
1-pk

Xk+1 = Xk + ozrﬁk/\/ Vi

The algorithm updates exponential moving averages of the
gradient (my) and the squared gradient (vx) These moving
averages are initialized as (vectors of) 0's, leading to moment
estimates that are biased towards zero



Numerical test

training cost

107

MNIST Multilayer Neural Network + dropout

107 |

— AdaGrad
RMSProp
SGDNesterov
AdaDelta
Adam

‘.-‘y". “‘4 "»"’ w

‘

50

H i
100 150
iterations over entire dataset

200
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Beyond SGD: second order



Inexact second order methods

Newton's step:
m

Xiet1 = Xkt uPrs Hm(x )Pk = =Vin(xk),  Hm =Y  Hj € R™"
i=1

» Classically: accurately solve the Newton system through
matrix factorization techniques (LU, Cholesky..)

» Instead: use an iterative approach for inexact solution:
|Hm(xk)pk + Vim(xx)]| < tol

Example: conjugate gradient (CG) method.



Inexact second order methods

>

>

If linear solves are accurate enough, Newton-CG method can
enjoy a superlinear rate of convergence

No access to the Hessian itself, only Hessian-vector products:
Hessian-free. This is ideal when such products can be coded
directly without having to form an explicit Hessian

Each product is at least as expensive as a gradient evaluation,
but as long as the number of products (one per CG iteration)
is not too large, the improved rate of convergence can
compensate for the extra per-iteration work required over a
simple full gradient method.



Example

Let f(x) = €12 and for d € R?
d(x;d) = VFA(X)Td = xpeX%2d; + x; €2 d.

x3e2dy + (€% + xqx0€*1%2)dy

vq)x(X, d) = Hf(X)d = (exle + X]_X2€X1X2)d1 + X]?€X1X2d2

with Hr(x) the Hessian matrix of f. Can compute Hr(x)d without
computing Hr(x) explicitly.

Storing the scalars x1, xo and €2 from the evaluation of f, the
additional costs of computing the gradient-vector and
Hessian-vector products are small.

In general, one can compute Hf(x)d at a cost that is a small
multiple of the cost of evaluating Vf(x), and without forming the
Hessian, which would require O(n?) storage.



Subsampled Hessian-Free Newton Methods

Idea: the Hessian matrix need not be as accurate as the gradient

to yield an effective iteration. Given Z, C {1,...,m} and
I,f’ C {1,..., m}, the stochastic gradient estimate is
Vi, (xk) = Z Vii(x),
IGIk

and the stochastic Hessian estimate is

Hz, (xk) = ! Z Hr (xk),

"TH|
’I | ezt

where Z} is uncorrelated with Z, and |Z}7| < |Z|.
> |I/("| small to reduce the cost of product involving the Hessian
and thus the cost of CG iterations.
» |Zy| large enough so that the curvature information captured
through the Hessian-vector products is productive.



Subsampled Hessian-Free Inexact Newton Method
1. Given an initial iterate xg, p € (0,1), and
maxcg € N.
2. For k=0,1,2,... do
2.1 Choose randomly Z, and Z}'.
2.2 Compute pk applying Hessian-free CG to solve
Hz, (xk)pk = —V iz, (xk) until maxcg iterations
have been performed or a trial solution yields

[Iricll == [1Hz, (xic )Pk + Vi, (x)ll < pl| Viz, (xi) |

2.3 Set Xk+1 = Xk + akpk, where oy satisfies (A)+(W)




Cost of step computation in Newton-CG

> Let geost be the cost of computing Vfz, (xx)
» factor X geost denote the cost of one Hessian-vector product.
» maxcg maximum number of CG iterations

The step computation cost is

maxcg X factor X geost + cost-

> If |Z}!| = |Zx| = n for all k € N, the factor is at least 1 and
maxcg ~ 5,20: cost is many times the cost of an SG
iteration.

» Stochastic subsampled framework: the factor can be chosen

to be sufficiently small such that max¢cg x factor ~ 1, leading
to a per-iteration cost proportional to that of SG.



Rate of convergence

Defining ry := Hz, (xk)pk + V 1z, (xk) for all k € N, the iteration
can enjoy a linear, superlinear, or quadratic rate of convergence by
controlling ||rk||, where for the superlinear rates one must have

il

—— — 0.
IV ()l

IR. S. Dembo, Eisenstat S. C., and T. Steihaug. Inexact Newton Methods.
SIAM Journal on Numerical Analysis, 19(2):400-408, 1982.



Exercise

Consider the moon dataset

X,y = make_moons(n_samples = N, noise = §, random_state = 42)

Moon Dataset (Training set)

° o Classo
0
.. oy To o o Class1
. o0 o
of © 8 °e
o R °
° & &%&‘)’Q""’@“”o%bo °
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Split the dataset into
training and test sets

Normalize the data for
better performance
Build a simple neural
network model

Train it with different
optimizers (GD, SGD,
ADAM..)



Exercise

Test the effect of:
> size N
» noise
P learning rate

» momentum



	Classical optimization
	The large scale setting
	Stochastic optimization
	Improving convergence: variance reduction
	Improving convergence: momentum
	Improving convergence: adaptive stepsizes
	Beyond SGD: second order

