ENS de Lyon - M2 Tuesday, December 18, 2018

Stochastic calculus exam - Answers

EXERCISE I : A nonnegative semimartingale with a positive bias.

We consider B a standard Brownian motion, A > 0 some fixed parameter, and X a
continuous semimartingale. For x > 0, we denote by

T, :=inf{t >0, X; =z}

the hitting time of 2 by the semimartingale X. We further suppose that X satisfies

tATy
Xt =1 + Bt/\To +/0 st

In particular, X solves the SDE

Xy =1
dX; = lx,50dB; + ]lXt>0X%dt-

1. Show that for b > 1, we have Ty A T}, is almost surely finite.
Writing T,(B) := inf{t > 0, B, = b}, we know Ty(B) is a.s. finite (1-dimensional
brownian motion is recurrent). Observing the elementary property Xy > Bili<r,, we
deduce Ty N'Ty, < Ty(B). So Ty ATy is a.s. finite.

2. For a € R and a € (0,1), we consider F, , a C* function that coincides with z — 2
on [a,+00). Write down Ito6 formula for the semimartingale F,, ,(X).

Ito formula gives

- PEL(Xs) AR (X)
F,.(Xy) :1+/ Faa(XS)dBS+/ . + : ds
’ 0 ’ 0 2 X

3. We suppose A # 1/2. For a parameter o = «(A) that you will determine, deduce
that the process (Xf 1. )e>0 is a local martingale, for any a € (0,1).

We deduce from last question

w, WD (X,) | AFLL(X,)
FooXinr,) =1 -|-/ Fma(Xs)st —i—/ : 5 + X ds.
0 0 s




But on [a,4+00), the function F, , and its derivatives coincide with those of x — x,
so we get, if o ¢ {0,1},

tAT, tAT, a—2
- - —1)X
Xep =1+ / aX* LB, + / (O‘<O‘ X AaX§2) ds.
0 0

2

Choosing now o = a(X) = 1 —2X ¢ {0,1}, the second integral giving the pro-

cess of finite variation part of the semimartingale is 0, and so (X1 )10 is a local

martingale.
. For a € (0,1) and b > 1, compute P(T, < Ty).

From question 1, we know that T, N'Ty, is a.s. finite. Now, (X{\z, 1, )ez0 5 a bounded
martingale closed by X ,r,, whence

1 =E[X7 \p] = a"P(T, <Ty) + b"P(T}, < Tg,).
This together with P(T, < T,) + P(T, < T,) = 1 easily gives

b* —1

ba_aa'

P(Ta < Tb) =

. In this question only, we suppose A > 1/2. Show X; tends to +oo a.s. as t — +oc.
(One may observe that (X7 )i>0 is a bounded martingale).

In that case we have a« =1 — 2\ < 0, and we deduce from last question

PEb>1,T,<Ty) = blim P(T, <Ty) =a .
— 00

But T, tends to +00 as b — 400 so we get P(T, < +o0) =a~ . On the event T, =
+00, we have a.s., for any b > 1, T, =T, N'T, < +00, and thus limsup X; = +o00.
But the process (X{\r, )i>0 5 a bounded martingale, which therefore converges a.s.
We deduce that X, tends to 400 a.s. on the event T, = +o00. Finally, X, tends to
400 a.s. on the event

UaE(O,l){Ta = +OO}7

which has probability lim,_,o(1 —a™) = 1.
. In this question only, we suppose A < 1/2. Show that Tj is a.s. finite.

In that case we have a = 1 — 2\ > 0. On the event Ty = +o00, we have T, =
To AT, < +00 a.s., and there exists a € (0,1) such that Ty, < T,. (This is statisfied
for a smaller than inf{X;,t <T,} >0). So

1—a"

= < ey 1 = 1 ey _Oé.
P(Ty = +o0) <P(3a € (0,1), 7y < T) = Im P(Ty < T,) = lim oo —— = b

As b > 1 was arbitrary, we deduce P(Ty = +o00) = 0.



7. Finally, we suppose A = 1/2. Proceed similarly as in the previous questions to show
that a.s., the hittings times T are finite for all x € (0,400). In other words, the
process X; is recurrent on (0, +00).

In the case A = 1/2, we obtain similarly, for a € (0,1), that log(Xiar,) is a local
martingale, and we deduce

log b
P(T, <T)) = ————.
(Lo <T0) = 1o tb7a)

But now we deduce, by letting b — o0,
P(T, <o0)=PEb>1,T, <T,) =1,
and by letting a — 0,
P(T, = o0) =P(Ty < Tp) <P(Va € (0,1),T, <T,) =0.

Finally, we deduce that a.s., for n € N, the hitting times of n and of 1/n are finite,
and so the process is recurrent.

EXERCISE II : Hitting time of the sphere for the biased planar Brownian
motion.

We consider B; = (Bt(l), B§2))t20 a planar Brownian motion started from 0, and 7" the
hitting time of the sphere S = {(z,y), 2% + y? = 1}.
1. Explain briefly why (B(T1 ), B:(F2 )) is independent from 7" and uniform on the sphere.
This follows from the invariance of the law of planar Brownian motion (started from
0) by an isometry.
2. Introducing an appropriate martingale, deduce that the Laplace transform of T is

given for A > 0 by
1

o (V22
where ¢ is the function defined for z > 0 by
1 2 .
o(r) = — e® st dt.
2 Jo

Note you are not asked to compute this integral.

For A\ > 0, we consider the exponential martingale M; = eXp(\/ﬁBt(l) — At), and
observe that (Myar)so is a bounded martingale (bounded by exp(v/2X)), and closed
by Mrp. We thus have

Ele ] =

Y

1 = E[M] = E[M;] = E[Tev?Pr]
= E[T|E[eV? 0] = E[T]¢(V2N),

where Op, defined uniquely in [0, 2m) by (Bgrl), Brf,?)) = (cos Or,sinOr), is uniform on
0, 27).



3. For a parameter ¢ € R, we introduce now C; = (C’t(l), C’t(2))t20 the Brownian motion
with drift ct, defined for ¢ > 0 by Ct(l) = Bt(l) +ct and C’t(z) = Bt(Q). We also let T be
the hitting time of the sphere for the process C'. Show that, for any F' measurable
and bounded functional on the Wiener space C(R.) of continuous functions from
R, to R, we have

E [F((Cinre)iz0)] = E [F((Bt/\T)tZO)GCBT_éT] '

Define the processes L and D by Ly := CBS\)T and Dy = E(L); = exp(cB&)T —

CQ(t—zAT)) The local martingale D s actually a true bounded martingale, closed by
(1) 02T
Do, = exp(cBy’ — T)

Moreover, we have (B, L), = c(tA\T). We consider the probability measure Q which
1s absolutely continuous with respect to P, and with Radon-Nikodym derivative D .
It follows from Girsanov theorem that the process (Bt(l) —c(tAT), Bt(Q))tzO is a planar
Brownian motion under Q (its coordinates are local martingales, with bracket those
expected from a Brownian motion). Thus the law of the process (Ciar)i>o (under
P) is equal to the law of (Biar)i>o under Q. Thus, for F' measurable and bounded

functional,

Ep [F((Cinto)i=0)] = Eq [F((Biar)i>o)]
= Ep [F<(BtAT>t20)GCBT7%T] '

4. Deduce the Laplace transform of T is given by

¢(c)

From last question, we have

E[eTe] — E[ecB(Tl)fczTef)\T]

_ E[ecB(Tl)]E[ef()\Jr%)T] _ ¢(C)

N S(V2A+2)

using the independence of T and Brfpl), and last questions.

PROBLEM : Local martingales with product of finite variation

This problem starts with two preliminary questions, and then studies the local mar-
tingales whose product is a process of finite variation.

4



1. In this question, we consider Y a stochastic process with continuous paths started
from Yy = 1, and staying null after its first hitting time of 0. Thus, writing T, :=
inf{t > 0,Y; = 0}, we have Y; = 0 for every ¢t > Ty. We further suppose that there
exists a nondecreasing sequence of stopping times (.S, ),>0 converging to 7y and such
that for every n > 0, the stochastic process (Ying, )i>o0 is a local martingale. Prove
Y is a local martingale.

Hint : You may first suppose that the process Y is bounded.

As suggested by the hint, we first suppose that the process Y is bounded, in which
case the processes Y°r defined by Yt(S") = Yins, are true martingales. Thus, for
0 < s <t, we have, for every n,

E[Y;|F] = Y.

Moreover, the sequence (Y"),>o converges a.s. to Y, and is bounded, thus we can

use the conditional dominated convergence theorem and get
ElY;|F] =Y.

In the general case, we define T, = inf{t > 0,Y; > k} for k > 2 integer. Then
Yinr, is bounded and the processes Yinr, as, are of course still martingales. We thus
deduce that (Yiar, )i>o0 s a martingale. Finally, Y is a local martingale reduced by
the sequence of stopping times (T)g>2.

2. Suppose M is a local martingale started from 0 such that (M) is a.s. finite. Show

(a) The probability of the event {(M)e < u, Mo + 2(M)s > v} goes to 0 when
v — 00, uniformly on the chosen local martingale M.

(b) The probability of the event {My + 3(M)oo < u, (M) > v} goes to 0 when
v — 00, uniformly on the chosen local martingale M.

We use the generalized version of Dubins-Schwarz theorem to write

for B a brownian motion started from 0. On the event E,, = {{M)o < u, Mo +
(M) > v}, there exists t < u such that By+3% > v. Thus, writing B} := sup,<, By,

we can write u

P(B,) < P(B; 20— 5)
This gives an upper bound independent of the chosen local martingale M, and which
converges to 0 when v — 4o00.

On the event By, = {Ms + $(M)oo < u, (M)s > v}, there exists t > v such that

B 1
< ¥ — 5. Thus, for v > 4u,

Again, the upper bound does not depend on the choice of the local martingale. To see
it converges to 0, it suffices to use the property that B/t tends to 0 a.s. ast — +00.

5



3. We now consider (X,Y) a pair of local martingales and suppose their product Z; =
X,Y; is a process of finite variation.

(a)

()

Show the local martingale N defined by

t t
Nt:/ XSdYS—i-/ Y,d X
0 0

is indistinguishable from 0.

The integration by parts for local martingales gives
Zt - Z() + Nt + <X7 Y>t

But Z s by hypothesis a process of finite variation. It follows that N is both
a process of finite variation and a local martingale, therefore it is indistingui-
shable from 0.

Compute (N) and deduce that the process

t
tl—>/ Z,d(X,Y),
0

is nonincreasing.

Since N is indistinguishable from 0, its quadratic variation is 0, from which
it follows, fort > 0,

t t t
/X§d<Y>s+/ de<X>s+2/ Z,d(X,Y), = 0.
0 0 0

Rewriting this as

/Ot Z,A(X,Y), = —% (/Ot X2A(Y), + /Ot YZd<X>S) ’

it 18 now clear that this process is nonincreasing.

Deduce that Z? is nonincreasing.

Using again the integration by parts formula (or Ito formula) for the process
of finite variation Z, we get

t t
Z2=7+ 2/ 7,47, = 72 + 2/ Zd(X,Y),,
0 0

and thus Z* is nonincreasing.

As a consequence, if Xg = 0, then for every t > 0, we have Z; = 0 and thus either
X; =0 or Y; = 0. In the following, we suppose Xy = Yy = 1 and the processes X
and Y stay still after their first hitting time of 0.



4. In this question only, we further suppose that X and Y stay (strictly) positive. Show
there is a local martingale L starting from 0 such that X; = £(L); and Y; = E(—L);.
Reciprocally, for every local martingale L starting from 0, show the product of the
local martingales £(L) and £(—L) is indeed a process of finite variation.

Under the hypotheses that the processes X and Y start from 0 and stay positive,
the unique way to write X = E(L) and Y = E(L) is by taking

t ~ t1
L, = —dX,, L; .= —dY,.
' /0 X, ' /o Y.

Using the definition of N and the fact it is indistinguishable from 0, we deduce

t
1 ~
/oXsYs ¢+ Ly

Thus L = —L. Reciprocally, if L is a local martingale starting from 0, then the
product of the local martingales E(L)E(—L) is equal to the process of finite variation

(e )e0.
5. For e € (0,1), we let T, := inf{t > 0, X; = ¢ or Y; = ¢} and define

tAT: 1
L; .= —dX,.
t 0 X
(a) Show we have X7 = £(Lf) and Y= = £(—L¢).
We just use last question with the processes X*= and Y=,
(b) We also let Ty := inf{t > 0,X; = 0 or Y; = 0} and To(X) := inf{t > 0, X; =
0}. On the event Ty = Ty(X) < +oo, show that (L), tends to +o00 a.s. when
e decreases to 0

Observe that { fTE +d(X), is monotone in ¢, therefore if it does not
go to +o0o then zt s boundeds

Moreover, on the event Ty = To(X) < +oo, we have X1, — 0, whence

e—0

1
Lio - §<L€>oo — —OQ.
Finally, it follows from question 2.(a) that the probability of the event
o S
{(L%) o is bounded, — L5 + 5<L Yoo = +oo}

s 0, and the result follows.

(c¢) Deduce that, on the event T < +o00, we have Xg, = Y, =0 a.s.
It suffices to prove that, on the event Ty = To(X) < 400, we have Yy, = 0
almost surely. To get this, observe first that we have on this event (L), — 400
almost surely. Now, by question 2.(b), the probability of the event that (L)«
tends to +oo but L5, + 5(L7)s stays bounded, is 0. We deduce that, on the
event Ty = To(X) < +o00, we have a.s. liminf Y, = 0, whence Yr, = 0.

7



6. In this question, suppose X is any local martingale starting from 1 and staying null
after its first hitting time of 0. Deduce from previous questions that there is a unique
local martingale Y starting from 1 and staying null after its first hitting time of 0
such that XY is a process of finite variation, and propose a description of it.

By previous questions and in particular 5.(a) and 5.(c), if Y is a process satisfying
t

the conditions, then we must have Y, = X%e_ Jo 3zt for every t < T, and the

process Y has to hit 0 at time To(X). These properties actually define unambiguously

the process Y (up to indistinguishability). We thus now define the process Y by

ot
v ] e Joszds iy < Ty (X)
ift > To(X)

By question 4, the product XY, stopped at time T, is nonincreasing. We prove, just
like! in 5.(c), that Yrx) = 0, and hence Y is continuous, as well as the product
XY, which is thus nonincreasing on the whole Ry (and stays null after hitting 0).
Finally, Y= is a local martingale for any € > 0, and by question 1, we deduce that
Y is a local martingale.

1. The only reason why we cannot use directly 5.(c), is that in 5.(c) we already know that Y is a local
martingale



