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ABSTRACT. We refine the current notion of time in self-assembly, and show constructions which are time-
optimal, not only up to a constant. For this, we refine the notion of time-complexity of an assembly, to separate
the influence of the concentrations from the intrinsic speed of the assembly. We give a time-optimal construction
for the square. A formulation of tile-sets in terms of time allows us to build an optimal system for 3D-cubes.

1. Introduction
Self-assembly is the process by which small entities combine themselves into a bigger shape by local

interactions in such a way that the resulting aggregates have interesting global properties. Examples of self-
assembly are found in crystal growth, coral reefs, microtubules, and so on. In [Win98], Winfree proposed a
framework for using DNA molecules in order to manufacture nano-artefacts by self-assembly. These arte-
facts can even be made to encode the result of a computation, leading to a good model for DNA computing
[Win].

This framework consists in a refinement of Wang tiles where the colors of the sides are seen as different
kinds of glues. These glues have different strengths which represent the strength of the affinity between the
DNA sequences forming the sides of the tiles. Two equal glues will stick together, with a strength equal to
the strength of the glues. The self-assembly of the tiles is controlled by the temperature, an integer τ such
that: a tile stays attached only if the sum of the strengths of the bonds with the other tiles along its sides is
at least τ , otherwise it is torn off from the rest of the crystal by thermal agitation. This model can and has
indeed been implemented practically [Rot01] with DNA.

Theoretical research so far on self-assembly has focused on minimising the numbers of tiles necessary
to assemble a given shape. In this paper, we will focus as well on the time needed to assemble a shape. In this
model, one can optimally assemble a shape withO(K/ logK) tiles, whereK is the Kolmogorov complexity
of the shape [SW04]. This direction yields tile sets in which most of the complexity is related to the decoding
of a compact representation of the shape, rather than assembling the shape efficiently. Furthermore, as far
as we know, the time needed to assemble a given shape has not been studied in detail so far, and asymptotic
results have been deemed sufficient. In this paper, we show how a finer understanding of the inherent
parallelism of the model can lead to time-optimal self-assembly.

Key words and phrases: self-assembly, time, tilings.

SUBMITTED TO STACS (SYMPOSIUM ON THEORETICAL ASPECTS OF COMPUTER SCIENCE)
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Time-constraint-based tile set design. Our approach relies on the study of the time-relationship between the
tiles. More precisely, it consists in studying the flow of information within the desired shape, and deducing
from it a specific order in which the tiles have to be placed, and from which we finally infer a time-optimal
set of tiles. Deducing the tile set from its specifications allows to obtain directly a tile set whose behavior
has already been proved formally, which is often easier than obtaining the tile set first and then proving
that it behaves correctly. Interestingly enough, this method yields to a new kind of self-assembly process in
which the construction is not driven by some master signals 1

but rather by a set of interdependent signals where no one takes over the other nor may progress with-
out the others. This implies that other kinds of relationship between construction signals may have to be
considered in future constructions.

On time optimality and tile set design. In order to set up a proper definition of time-optimal tile set for a
shape, computer science taught us that the considered tile sets need to allow the construction of an infinite
range of sizes for the object. Indeed, the optimal construction time of a fixed size object cannot be defined
since its construction time can always be made arbitrarily small for any given tile set simply by increasing
the concentrations of the tiles. Obtaining a tile set that can produce the desired shape at arbitrary size, is also
a desirable design strategy: it’s exactly like writing a program P that asks for n and computes n! instead of
rewriting a new program Pn each time a new n is requested. Decoupling the problem of decoding of the
size and the problem of geometric assembling of the shape allows to focus on each problem separately and
to treat each of them with more efficiency. Moreover, as we will see, our tile set can easily be extended by
adding computations within the tiles that decodes the size and stops the construction at the right moment, as
in [BRR06].

Our contribution. In this paper, we focus on squares and cubes and answer to the question: what is the
optimal time to self-assembly these shapes? We start with the squares and design from the constraints
imposed by time-optimality an order in which the tiles have to be placed, from which we deduce the tile
set. Our tile set allows to construct any square n × n in optimal parallel time 2n instead of 3n for the
previously known construction [BRR06]. Then we extend the result to 3 dimensional self-assembly. In
three dimensions, the description of the tile set could become cumbersome, and its verification even more
so. We show how, by designing first the order in which the tiles should be added, and then by checking a
few conditions of regularity and local determinacy on the order, we get at once the tile set and a proof of its
correctness and its time optimality. One can also readily check properties such as the absence of bubbles in
the 3D self-assembly process, which can be crucial in practice.

2. Self assembling tilings
Definition 2.1 (The model of self-assembly). A seeded tile system is a 4-tuple T =< T, t0, τ, g >. Each of
these variables is defined in the following.

• T is a finite set of tiles. Each of these tiles is an oriented2 unit square (or cube) with each edge
labeled from some alphabet Σ of glues (or colors).
• t0 ∈ T is a particular tile known as the seed.
• τ is a positive integer called the temperature.
• g is a function from Σ to N.The value g(α) is called the strength of α.

1For instance, in [BRR06] the construction is driven by the master diagonal signal.
2Whether tiles are oriented or not does not change the problem much, since the orientation of each side of a tile can be encoded

in its color. This way, the rotation of the tiles can be prevented. Still, it is clearer to reason about oriented tiles than unoriented ones
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Dynamics. As for Wang tilings, a configurationA is a map from a domain [A] ⊂ Zd to T such that the labels
of two adjacent positions coincide on their common side.3 Let A and B be two configurations and (x, y)
such that

• [B] = [A] ] {(x, y)} and B|[A] = A,
• The sum of strengths of glues on the edges between [A] and {(x, y)} in B is at least τ .

we say that A →T B. Let →∗T denote the transitive closure of →T . We call this transitive closure the
dynamics of T .

The seed configuration, Γt0 , is the one that satisfies Γt0(0) = t0 and, for all z 6= (0), Γt0(z) = empty.
The derived supertiles of the tile system T are those configurations X such that Γt0 →∗T X . Final supertiles
are those from which no further transition can be made. They are the output of the system. A self-assembling
system T is almost surely stopping if for each derived supertile X , there is a final supertile Y such that
X →∗T Y .

The order condition. We want our constructions to be regular in order to be able to study them. In particular,
we would like the dynamics to induce an order on the shape of each derived supertile, so that one can know
which tile depends on which tile. Let s be a sequence of transitions in a self-assembling system going
from the initial configuration to a supertile T . The local order induced by s is the transitive closure of the
following relation: when z, z′ ∈ Z2 are two neighbor positions, z >s z

′ whenever z is attached before z′.
We say that a self-assembling system respects the order condition, or is ordered, when the local order

induced by a sequence of transitions depends only on the final derived supertile. This condition is an
extension of the RC condition introduced in [Rot01], which allows a bit more geometrical variety (for
example, concave shapes) while retaining the guarantees of determinism.

These orders will be of particular importance in the rest of the paper, so let us say a few words about
them.

Remark 2.2. If >t is the order associated with a derived supertile t of an ordered tileset, then two neigh-
boring positions of [t] are always comparable. Moreover, each position has at most T predecessors, where
T is the temperature, and the seed is the only tile without predecessors.

Timed dynamics. In order to study how much time is needed by a construction, we introduce a Continuous
Time Markov Process modelling the assembly. The states are the derived supertiles, the initial state is
the initial configuration, and for each transition between two derived supertiles, there is a transition of the
markov process with rate 1. This differs slightly from the formulation with concentrations, where each tile t
is given a concentration c(t), with

∑
t∈T c(t) = 1, and its rate is c(t). This is because we are not interested

in the outcome probability of each shape, which can be controlled through the concentrations.
We are interested in the average time this process needs to go into the state corresponding to a given

configuration.

Time and order. In addition to making the assembly more deterministic, the order condition allows a purely
combinatorial expression of the average time needed to assemble a given supertile.

Theorem 2.3. Let T be a self-assembling system which respects the order condition. For any derived
supertile T , let n(T ) be the maximum length of a chain of the order associated with T . Then the average
time needed by the Markov process to assemble T is Θ(n(T ))

This theorem is proved in [ACGH01], albeit with a slightly different formalism. As a consequence of
this theorem, we will be especially interested in the shape of the order associated with our final supertiles.

3Here, we depart from the convention used for example by Winfree, where adding tiles can introduce mismatches. Our results
are not affected by taking Winfree’s convention, but our convention makes reasoning on configuration easier, as they are correct in
the Wang sense.
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Note that in the model with concentrations, time is proportional to the number of tiles in the system in
addition to the length of the order. But this dependency is linked to the constraint that

∑
t∈T c(t) = 1,

which does not make sense physically if one considers the tile system to be in the form a solution where the
concentrations are small enough. Thus, we want the order associated to each final production to be as short
as possible. Therefore, we say that a final production of an ordered tile-set is real-time when the length of
the maximal chain in the order associated to the production is as small as possible.

Definition 2.4. Let T be an ordered self-assembling system, and p be a production. Let r = maxz∈[p]d1(0, z)
where d1 is the “Manhattan” distance. If the length of the maximal chain in the order of p is r, then we say
that p is real-time.

Parallel dynamics. In order to compute the length of the maximal chains of the order, it can be easier to use
a different notion of transition than the one we presented before. In the parallel dynamics, each transition
is obtained by adding all possible tiles to the pattern. This dynamics has several useful properties when the
tiling system is ordered. First note that for a given derived supertile t, there is only one sequence of parallel
transitions from Γt0 to t. Moreover, since we are considering ordered systems, the number of parallel
transitions which are necessary to assemble a given derived supertile is n(t). Also, with ordered systems,
any final production is reachable by the parallel dynamics. This shows the regularity implied by the order
condition: there is no non-determinism induced by the order in which the tiles are added to the production.

3. The 2-dimensional construction
We will first present a construction for the 2-dimensional case, which is considerably simpler than the

3-dimensional case. We want a tileset which allows a real-time assembly of a square. We place the seed in
the lower-left corner of the square: we assemble the set of all squares {0, . . . , n}2, for n > 2.

Proposition 3.1. There is an ordered self-assembling system with temperature 2 which assembles the set of
all squares {0, . . . , n}2, for n > 2 in optimal time.

Previous constructions, for example from [BRR06] or [ACGH01] relied on the construction of the
diagonal, which gets completed into a square. Such constructions are not real-time: there is a chain from
(0, 0) to (0, n) which goes through (n, n), and hence is not minimal. In other words, in these constructions,
the point (n, n) sends a stopping signals to the rest of the construction.

In order to get an optimal time construction, let us review what the order associated with our construc-
tion needs to look like. The points (0, n) and (n, 0) need to be at a distance at most 2n from (0, 0). Consider
the point (x, n) in the line y = n which is the smallest (the first) for the order. If x ≥ n/2, then the con-
struction cannot be in optimal time. Therefore, in our order we will have two chains going from (0, 0), one
going to (n, n/2), and the other one to (n/2, n). Then in the region between them, a tile is greater than
its southern and western neighbors, when 2x < y, the tile at (x, y) is greater than its southern and eastern
neighbors, and finally when x > 2y, the tile is greater than its northern and western neighbours.

We also need a point which decides the value of n. This point has to be less than both (n/2, n) and
(n, n/2) in the order associated with our tile system. Therefore, we take (n/2, n/2). The order is summed
up on figure 1.

We implement this order by the system of figure 2. The tile system has a couple more tiles which are
not represented on the figure which allow it to also assemble squares of even size. The center-tile and the
black tiles are duplicated: the version on the figure is the “odd” version, and there is an “even” version of
each of these tile. When the even stopping process meets the light-grey tiles, it opens one more row – or
column. Thus the value of n/2 is decided by when the center-tile is put, and the evenness of n is decided by
whether it is an odd or even center-tile.

One shows by induction the following properties:
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Figure 1: The order associated with the tile system. In each of the regions delimited by the bold lines, the
order goes in the indicated direction. For example, in the NE region, the predecessors of (x, y)
are (x−1, y) and (x, y−1). On each of the bold lines, defined by y = bx/2c and x = by/2c, each
position has only one predecessor, its predecessor along the grey triangle: respectively (x− 1, y)
and (x, y − 1)

Figure 2: The tile system for odd squares. The numbers on the sides of each tile are the identities of the
glues, and the number of ticks is the strength of the glue. The temperature is 2. Strength 2 glues
are found on the lines y = 2x and y = x/2, and the vertical ones are separated from the horizontal
ones.

• Any derived supertile of this tiling system can be completed into a square.
• In any sequence of transitions, the implied order is the one pictured on figure 1.

In particular, the conditions on the directions of the transitions imply that in any line of height y, the
transitions at (2y, y) and (2y+1, y) depend on the transition at (y, y). As we have the same of the transitions
at (y, 2y) and (y, 2y + 1), the synchronisation between the two lines (or signals) is maintained.

Hence this system is ordered, and the longest chain in a final production of size n × n has length
2n. Observe that if a chain goes further up than y = dn/2e, then y is increasing along this chain, and
symetrically for x. Moreover, along a given chain, the variation of x or y can change at most once. In other
words, this tile-system works in optimal time.

4. The 3-dimensional construction
We now extend the construction of the 2D-space constructing an almost surely stopping tile system of

temperature 3 whose set of final productions is the set of cubes (whose side size is at least 3). The idea for
the extension is to send three “signals”, each of them from the origin O = (0, 0, 0) to the center of a face of
the cube not containing O.

We build this tileset “by constraint”: instead of first showing the tile system and then proving that it
is ordered and in optimal time, we first compute the parallel time for each cell, which afterwards allows to
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exhibit a good time ordering of the cube, and convert it into a tile-system with this ordering (this will turn
out to be easy, but for this we need a well-behaved ordering).

4.1. optimal time function and order induced

For each cell m = (i, j, k) we first estimate the minimal time f(m) necessary for a tile to be placed in
m. This can be decomposed into three constraints, one for each dimension. Let an be the first cell of the
plane : x = n, covered by a tile. We necessarily have : f(m) ≥ d1(O, ai) + d1(ai,m) (where d1 denotes
the distance induced by the 1-norm (sum of components) of R3). This is the motivation of the definitions
below.

Definition 4.1. The x-signal is the sequence (an)n∈N , with an = (n, bn/2c, bn/2c)
For each cell m = (i, j, k) de N3, the function fx induced by the x-signal is defined by the equality:

fx(m) = d1(O, ai) + d1(ai,m)

The fast zone of the x-signal is the set:

Zx = {m = (i, j, k) ∈ N3, fx(m) = i+ j + k} = {m = (i, j, k) ∈ N3, fx(m) = d1(O,m)}
The fast zone can be characterized below:

Zx = {m ∈ N3,m ≥ ai} = {m = (i, j, k) ∈ N3, 2j + 1 ≥ i, 2k + 1 ≥ i}
(m ≤ ai means that the inequality holds ”component by component”).

By symmetry, one also defines, in a similar way, a y-signal (bn)n∈N (with bn = (bn/2c, n, bn/2c)),
and a fy function induced, a z-signal (cn)n∈N (with cn = (bn/2c, bn/2c, n, ))and a fz function induced,
and the fast zone of each of these signals. In the following, we generally give the properties for only one
signal, the properties of other ones can be deduced by symmetry. We are especially focused in the local
variations of these functions.

Fact 1. for each cell m = (i, j, k) of N3,
(1) fx(m) < fx(m+ ex),
(2) for j ≥ bi/2c (i.e for 2j + 1 ≥ i), we have: fx(m+ ey) = fx(m) + 1,
(3) for 1 ≤ j ≤ bi/2c (i.e for 2j ≤ i and j ≥ 1), we have: fx(m− ey) = fx(m) + 1,

Definition 4.2. We define: f = max (fx, fy, fz).
For each pair (m,m′) of cells of N3, we say that m is a predecessor of m′ (and m′ is a successor of

m) if m and m′ are neighbors (i. e. d1(m,m′) = 1) and f(m) < f(m′).
We say that m <w m′ if there exists a finite sequence (m0,m1, ...,mp) such that m0 = m ; mp = m′

and for each integer i such that, for 0 ≤ i < p, mi is a predecessor of m′.

We will construct a tile system which respects the order above. In other words, the productions of the
tile system exactly are ideals of the order <w (i .e. subsets i of N3 satisfying the closure property: if m ∈ I
and m′ <w m, then m′ ∈ I). To do this we have to precisely study the predecessor relation.

Proposition 4.3. for each cell m = (i, j, k) of N3:
(1) if (i, j) ≤ (2k + 1, 2k + 1), then f(m) < f(m+ ez),
(2) if i ≥ 2k or j ≥ 2k (and k 6= 0), then f(m) < f(m− ez).

Proof. These facts are consequences of the local evolution of signal functions detailed before. The first item
comes from the fact that, with the hypothesis, we have: fx(m + ez) = fx(m) + 1 (from Fact 1, item 2),
fy(m+ ez) = fy(m) + 1 (from Fact 1, item 2) and fz(m+ ez) > fz(m) (from Fact 1, item 1).

For the second one, it can be assumed without loss of generality that: i ≥ 2k. Thus: fx(m − ez) =
fx(m) + 1 (from Fact 1, item 3).

A case by case analysis, according to the value j, is needed.
6



• if j ≥ 2k, then m ≥ ck and m− ez ≥ ck−1, thus m and m− ez both are elements of Zz .
On the other hand, fy(m− ez) = fy(m) + 1 (from Fact 1, item 3).
Thus f(m − ez) = max (fx(m), fy(m) + 1) and f(m) = max (fx(m), fy(m)) which yields

f(m− ez) = f(m) + 1.
• if bk/2c ≤ j < 2k, then m and m − ez both are elements of Zz , and, moreover, they both are

elements of Zy.
Thus f(m− ez) = fx(m− ez) = fx(m) + 1 while f(m) = fx(m), which gives the result.

• if 0 ≤ j < bk/2c, m and m− ez both are elements of Zy.
We have to precisely compute fx(m) and fz(m):

fx(m) = i+ bi/2c+ bi/2c+ bi/2c − j + bi/2c − k = i+ (2bi/2c − j) + 2bi/2c − k

fz(m) = bk/2c+ bk/2c+ k + i− bk/2c+ bk/2c − j = i+ (2bk/2c − j) + k

We have i ≥ k, and k ≤ bi/2c (and in particular k ≤ i) thus we have fx(m) ≥ fz(m). Moreover
fx(m− ez) = fx(m) + 1 and fz(m− ez) < fz(m), which yields that fx(m− ez) ≥ fz(m− ez).
Thus f(m− ez) = fx(m− ez) = fx(m) + 1 = f(m) + 1.

By symmetry, the proposition above contains all the information about the local hierarchy of f . In
particular, for each pair (m,m′) of neighboring cells we have f(m) 6= f(m′). Also notice that one simulta-
neously cannot have f(m− ez) < f(m) and f(m+ ez) < f(m).

The local variation of f in the plane of equation z = k is summarized in Figure 3.

Our goal is the time optimal construction of cubes. The cubeCn+1 is the set {m ∈ N3,m ≤ (n, n, n)}.
Remark that, from Proposition 4.3, for each pair (m,m′) of neighboring cells such that m ∈ Cnn+ 1 and
m′ 6∈ Cn+1, m is a predecessor of m′. Thus Cn+1 is an ideal of <w. Also notice that an+1, bn+1, cn+1 are
the only cells of N3 \ Cn+1 with all their predecessors in Cn+1.

Proposition 4.4 (Time optimality for cubes). For n ≥ 2, we have the equality : max{f(m),m ∈ Cn+1} =
f(n, n, n) = 3n.

The length of the longest chain of <w in Cn+1 is 3n.

Proof. Since each cell has at least one successor in each direction, the maximum value max{f(m),m ∈
Cn+1} is reached in a corner ofCn+1. By symmetry, max{f(m),m ∈ Cn+1} = max{f(n, n, n), f(n, n, 0), f(n, 0, 0), f(0, 0, 0)}.
One easily checks that f(n, n, n) = 3n, f(n, n, 0) = 2n + 2bn/2c, f(n, 0, 0) = n + 4bn/2c and
f(0, 0, 0) = 0, which gives the result.

4.2. Construction of tiles

4.2.1. Expansion process. We now give a classification of cells according to their predecessors and succes-
sors neighbors. All the facts given below are easy consequences of Proposition 4.3.

Fact 2 (Classification of cells according to predecessors). We have the following classification:
(1) Each cell has at most three neighbors which are predecessors
(2) The origin cell O is the unique cell with no predecessor,
(3) A cell has a unique predecessor if and only if it is element of a signal. In this case, we say that the

predecessor is triple.
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Figure 3: The local evolution of f in a plane of equation z = 5. Cells containing a star are those with triple
predecessor. Cells containing a small disk are those with two double predecessors Colored cells
are those with only one double predecessor. Arrows indicate the growth of function f in the plane
of equation z = 5. For each cell m inside or on the boundary of the square formed by colored
cells, we have: f(m) < f(m + ez). For each cell m outside or on the boundary of the square
formed by colored cells, we have: f(m) < f(m− ez).

(4) A cell m = (i, j, k) with two predecessors necessarily has two opposite neighbors which are suc-
cessors. If these opposite successors are m+ ez and m− ez , then bi/2c = k or bj/2c = k

For bi/2c = k, the predecessor of m with the same first component is called double predecessor of m.
For bj/2c = k, the predecessor of m with the same second component is called double predecessor of m.
With this definition, the fours cell such that cells bi/2c = k and bj/2c = k have two double predecessors.

Conversely , each cell m = (i, j, k) such that bi/2c = k or bj/2c = k and m is not an element of a
signal has exactly two predecessors and these predecessors are elements of the plane Pz=k defined by the
equation: z = k.

The multiplicity of a predecessor is 1 for a simple predecessor, 2 for a double one, and 3 for a triple
one. The attentive reader can guess the the multiplicity will give the glue strength in our construction. A
first consequence the analysis above is the following proposition (which will allow to avoid mismatches in
our construction).

Proposition 4.5. let I be a non empty ideal of <w and m be a cell such that m 6∈ I . We have the fol-
lowing equivalence: all the predecessors of m are elements of I if and only if the sum of multiplicities of
predecessors of m contained in I is least 3.

In other words, this means that m can be added to the production covering I if and only if I ∪ {m} is
an ideal of <w. Thus, by induction, production supports are ideals of <w.

Given the set of predecessors of a cell m = (i, j, k), can we determine the set of successors of m only
using local information (thus, without using the position ofm)? We will see how it is possible in the analysis
below.
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In order to reduce the tree of cases and subcases, we use the convention that if m has a null component,
say m = (0, j, k) , then we say that m− ex is a successor of m whose multiplicity can be chosen ad hoc.

(1) (triple predecessor) A cellm has a single triple predecessor if and only ifm is a element of a signal.
Assume without loss of generality that: m = ai (thus the predecessor ism−ex). The four neighbors
in the plane defined by the equation x = i are double successors.

For m+ ex, we have two cases
• for i even, m+ ex = ai+1 is a triple successor,
• for i odd m+ ex is a single successor

(2) (two double predecessors) A cell m has two double predecessors if and only if (up to symmetry)
bi/2c = k and bj/2c = k. in this case, these predecessors arem−ex and m−ey, moreoverm−ez
and m+ ez both are simple successors. We have two alternatives for m+ ex (and also for m+ ey)
• for i even, m+ ex is a double successor,
• for i odd m+ ex is a single successor.

(3) (a double predecessor and a single one) A cell m has a double predecessor and a single one if and
only if (up to symmetry) bi/2c = k, bj/2c 6= k and bi/2c 6= j (the last inequality implies that m is
not element of the x-signal). Thus, m has three simple successors, and a double one, which is the
opposite neighbor of the double predecessor. There is no alternative.

(4) (three single predecessors) in all remaining cases, the cellm has three simple predecessors, we have
the following alternative:
• either m has three simple successors,
• or m has a triple succcessor, say a2i, and two simple successors.
We are in the second alternative if and only m = a2i−1 + ey + ez . Also remark that a2i−1 <w

a2i−1 + ey <w m.
The study above is summarized below:

predecessors successors choice crtierion
one triple two double and one either simple or triple component parity

two double two simple and one either simple or double component parity
one double and one simple three simple

three simple two simple and one either simple or triple proximity with a signal cell
The above canonically analysis gives us what kind of information will mainly be encoded in glues: the

successor relation, its multiplicity and the parity of cell coordinates. this is done adding labels in faces:
• (predecessor labe)l To each face (with non negative coordinates), one can attribute predecessor

label, element of the set {+ + +,++,+,−,−−,− − −}. The sign is positive when the variation
of f is in the sense of coordinates. The number of signs is given by the predecessor multiplicity.
• (parity label) A parity label of, element of the set {0, 1}, is also attributed Two opposite faces of a

same cell have opposite parity labels, which allows to compute the parity of cell coordinates.
• (path label) A signal is not a face connected set of cells. So, we have to add a path label labx for

the face shared by a2i−1 and a2i−1 + ey, for the face shared by a2i−1 + ey and a2i−1 + ey + ez . We
proceed in a similar way for other signals.

These attributes (parity label, predecessor label, and if necessary, path label) define glues whose strengths
are given by the number of signs in the predecessor label. The tiles correspond to appearing cells. The study
above guarantees that the number of tiles is finite. Thus one obtains a tile system T1 with temperature 3, and
one easily checks the following proposition:

Proposition 4.6. The set of productions of the tile system T1 is the set of ideals of <w.

9



4.2.2. Stopping process. The fact that we have an time function whose order is such that cubes are ideals
constructed in optimal time in not the key-point.To get the properties above, it suffices to take opening
signals which parallel to axes The interest of the construction above is that, as in the 2D-case, opening
signals can simultaneously be stopped by collisions with other signals initialized in the main diagonal.
When the expansion of signal is stopped, a cube becomes the final production.

We now have to check that these new signals can be generated and propagated until the collision. The
notion of on time zone is useful to do it.

Definition 4.7 (on time zone). The on time zone Zo.t. is the set: Zo.t. = Zx∩Zy∩Zz = {m ∈ N3, f(m) =
d1(O,m)}.

A cellm = (i, j, k) is element ofZo.t. if and only ifm ≥ max (ai, bj , ck) , i. e. m ≥ b(max (j/2, k/2),
max (k/2, i/2),max (i/2, j/2)c. Therefore , for each positive integer the cube {m ∈ N3, (n, n, n) ≤ m ≤
(2n+ 1, 2n+ 1, 2n+ 1)} is contained in Zo.t.. Especially, each cell of the type (n, n, n) + (s1, s2, s3), or
an + (s1, s2, s3), with each si chosen in {0, 1}, is element of Zo.t..

The variation of f is trivially known in Zo.t.: for each pair (m,m′) of Z2
o.t., we have m <w m′ if and

only if m < m′. This fact allows us to propagate additional information in Zo.t. in the sense of increasing
coordinates.

• (diagonal label) We add this label labdiag. for faces shared by consecutive cells of the sequence
(l, l, l), (l + 1, l, l), (l + 1, l + 1, l), (l + 1, l + 1, l + 1) ( notice that that (l, l, l) <w (l + 1, l, l) <w

(l + 1, l + 1, l) <w (l + 1, l + 1, l + 1), which allows propagation of the information). This allows
us to recognize cells of the main diagonal (of the type (l, l, l)),
• (size label) We introduce the indeterminism necessary for the choice of the size using a size label,

element of {odd, even} (which indicates the parity of n the size of the side of the cube constructed).
Such a label can simultaneously appear in faces linking a cell on the main diagonal (of type

(l, l, l)) and its successors. It is transmitted in a greedy way: each cell m receiving such a label (i.e.
such that the label appears on the face linking m to one of its predecessor) is transmitted to all its
successors (the label appears on each face linking m to one of its successors). Notice that the label
is transmitted from (l, l, l) to a2l, b2l,c2l through Zo.t..

If the symbol is initialized by the cell (l, l, l), then it is received by cells a2l, b2l, c2l which
immediately stop signal if the symbol is even (a color of strength 1 is placed insted of the strength
3, making the placing of a2l+1 impossible). Otherwise, the symbol odd is transmitted and cells
a2l+1, b2l+1, c2l+1 stop main signals, by omitting the path label.

Thus one obtains a tile system T2 with temperature 3, and one easily checks the theorem:

Theorem 4.8. The set of productions of the tile system T2 is the set of cubes Cn+1, with n ≥ 2. Moreover,
the construction is done in optimal time.

A posteriori, we can give an informal but high level description of the construction in terms of signals
and collisions: Three main signals, with, for each, strength 3 in a fixed direction, are sent from the origin to
the center of a face not containing the origin.

When the main signal opens a new plane with a cell c , four secondary signals are issued from c. The
secondary signals have strength 2, and are parallel to axes, remain in the open plane. If two secondary
signals collide, then they both disappear.

A signal of strength 1, following the main diagonal, is also sent from the origin. at an indeterministic
time, it is split into three signals of strength 1, each parallel to an axis. When such a signal initiated in the
diagonal meets a main signal, they both disappear

The rest of the cube is constructed by completion. The order guarantees that there is no mismatch and
all signals can really travel.
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