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Abstract. We prove a Sturm bound for modular forms on general congruence subgroups
(improving the statements in the literature when the width of the cusp is greater than 1).
We also give some examples.

0.1. The width of the cusp ∞. Given a congruence subgroup Γ of SL2(Z), the width

of the cusp ∞ is the smallest integer w ≥ 1 such that (
1 w
0 1

) ∈ ±Γ. A local parameter at

the cusp ∞ ∈X(Γ) is then given by q1/w.
Now let f ∈Mk(Γ). There are several cases:

● k is even. In this case f ∣k(−I) = f and thus f(z+w) = f(z), so that f = ∑n≥0 anq
n/w.

● k is odd and −I ∈ Γ. Then f = 0.

● k is odd and −I /∈ Γ. There are two possibilities: either (
1 w
0 1

) ∈ Γ or (
1 w
0 1

) ∈ −Γ.

– If (
1 w
0 1

) ∈ Γ, then the cusp ∞ is called regular and f = ∑n≥0 anq
n/w as in the

case k is even.

– If (
1 w
0 1

) ∈ −Γ, then the cusp ∞ is called irregular and f = ∑n≥0 anq
n/(2w). We

also have an = 0 for even n because f(z +w) = −f(z).

Regularity can also be defined in the following way. Let Γ∞ be the stabiliser of ∞ in Γ.

There are three possibilities: Γ∞ = ⟨±(
1 w
0 1

)⟩, or Γ∞ = ⟨(
1 w
0 1

)⟩, or Γ∞ = ⟨−(
1 w
0 1

)⟩. In

the first two cases ∞ is regular, and in the third case ∞ is irregular.
In any case, every modular form f ∈Mk(Γ) has a Fourier expansion of the form

f =∑
n≥0

an(f)q
n/w

with n possibly half-integral if k is odd and ∞ is irregular. As in [1, Section 3.2, p. 74],
we define the order of vanishing of f at ∞ by

ord∞(f) = min{n ∈Q ∶ an(f) ≠ 0}

and ord∞(0) = +∞.

0.2. Main result.

Theorem 1. Let Γ be a congruence subgroup of SL2(Z), et let m be the index of ±Γ in
SL2(Z). Let f ∈Mk(Γ) such that

ord∞(f) >
km

12
,

in other words an(f) = 0 for 0 ≤ n ≤ ⌊km/12⌋. Then f = 0.
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In the case the width of ∞ is greater than 1, or in the case −I /∈ Γ, this theorem improves
the classical Sturm bound given in [3] and [2, 9.4.1.2] (see Sturm’s Theorem).

Proof. We start with the case Γ = SL2(Z). Consider the function g = f 12/∆k, where ∆ is
the unique newform of weight 12 on SL2(Z). The function g has weight 0, in other words
it is a modular function on SL2(Z). Since ∆ doesn’t vanish on H, the function g has no
pole on H. Moreover

ord∞(g) = 12 ord∞(f) − k ord∞(∆) = 12 ord∞(f) − k > 0,

so that g has a zero at the cusp ∞. But a modular function which is holomorphic on
X(1) = SL2(Z)/(H ∪ {∞}) must be constant, so here g is constant, and in fact g = 0. This
implies f = 0.

In the general case, let m′ be the index of Γ in SL2(Z). Consider the function

F = ∏
g∈Γ/SL2(Z)

f ∣kg.

It is a modular form of weight km′ on SL2(Z). Let a = ord∞(f), so that f = O(qa/w). Let

C = {±γT ` ∶ γ ∈ Γ, ` ∈ Z}.

For every g ∈ C, the Fourier coefficients of f ∣kg differ from those of f by multiplying by
roots of unity, so that f ∣kg = O(qa/w). Letting w′ = ∣Γ/C ∣, we deduce

F = O(qaw
′
/w).

Our assumption on the order of vanishing of f implies

aw′

w
>
km

12
⋅
w′

w
=
k[SL2(Z) ∶ ±Γ]

12
⋅

∣Γ/C ∣

∣ ± Γ/C ∣
=
k[SL2(Z) ∶ ±Γ][±Γ ∶ Γ]

12
=
km′

12
.

The theorem is true in the case Γ = SL2(Z), so we can apply it to F , and get F = 0. Finally,
the ring of holomorphic functions on H is an integral domain, so that f = 0. �

0.3. The case Γ = Γ(N). For N ≥ 3, the Sturm bound for Mk(Γ(N)) is

k

24
⋅# SL2(Z/NZ).

This improves by a factor 2N the bound found in the literature.
Recall that if f is a modular form on Γ(N), then f(Nz) is a modular form on

ΓH(N2) = {(
a b
c d

) ∈ SL2(Z) ∶ a ≡ d ≡ 1 mod N, c ≡ 0 mod N2}.

The Sturm bound for ΓH(N2) is the same as the one for Γ(N), because these two congru-
ence subgroups have the same index in SL2(Z). (One can show this by hand, but I don’t
know a conceptual proof.)

0.4. Another example. If f is a modular form on Γ(N) then for every divisor d of N ,
the form f(dz) is modular on

{(
a b
c d

) ∈ SL2(Z) ∶ a ≡ d ≡ 1 mod N, b ≡ 0 mod N/d, c ≡ 0 mod Nd}.

Taken together, all these forms f(dz) are modular on

Γ ∶= {(
a b
c d

) ∈ SL2(Z) ∶ a ≡ d ≡ 1 mod N, b ≡ 0 mod N, c ≡ 0 mod N2}.

https://wstein.org/books/modform/modform/newforms.html?highlight=sturm#sturm-s-theorem
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It is clear that Γ ⊂ ΓH(N2). The map (
a b
c d

) ↦ b provides a surjective homomorphism

ΓH(N2)→ Z/NZ whose kernel is Γ. Therefore [SL2(Z) ∶ Γ] = N ⋅# SL2(Z/NZ).
For example, for N ≥ 3, the Sturm bound for M2(Γ) is equal to

N ⋅# SL2(Z/NZ)

12
.
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ÉNS Lyon, Unité de mathématiques pures et appliquées, 46 allée d’Italie, 69007 Lyon,
France

Email address: francois.brunault@ens-lyon.fr
URL: http://perso.ens-lyon.fr/francois.brunault


	0.1. The width of the cusp 
	0.2. Main result
	0.3. The case = (N)
	0.4. Another example
	References

