BERNOULLI DETERMINANTS AND CUSPIDAL SUBGROUPS
FRANCOIS BRUNAULT

ABSTRACT. We give an explicit formula for the order of the rational cuspidal
class group of the modular curve X; (V) for an arbitrary integer N. The proof
relies on results of Streng on the group of modular units on X;(V), and requires
computing a certain determinant involving the second Bernoulli polynomial. We
also define a higher weight analogue of the cuspidal class group and speculate that
its order is related to a similar determinant defined using a higher degree Bernoulli
polynomial.

1. INTRODUCTION

1.1. Statement of the main results. For a positive integer NV, let X;(N) be the
modular curve over Q associated with the congruence subgroup

T\ (N) = {(Z Z) €SLy(Z):a=d=1mod N, czOmodN}.
Let Ji(N) be the Jacobian variety of X;(N). The cuspidal subgroup Ci(N) is the
subgroup of J;1(N)(C) consisting of the linear equivalence classes of divisors of de-
gree 0 on the cusps of X;(/N)(C). By the Manin-Drinfeld theorem [14], the group
Cy(N) is finite. We define the rational cuspidal class group C(N) as the subgroup
of C1(N) consisting of the classes of Galois invariant divisors of degree 0 on the
cusps of X1(N)(C) (see Section By definition, the group C2(N) is contained in
Ci(N)(Q) == Ci(N) N A (N)(Q).

Our main result is a formula for the order of CX(N). Before stating our formula,
let us introduce some notation. For an integer k > 1, we denote by By(x) the kth
Bernoulli polynomial, so that By(z) =  — 3, Ba(z) = 2® — 2 + 3, ete. Given a
Dirichlet character xy modulo NN, the generalised Bernoulli number B, ,, is defined as

Biy = ﬁ:Bk(%>X(t). (1)

The conductor of x will be denoted by N,. Let Py (resp. Py) be the set of even
(resp. odd) primitive Dirichlet characters of conductor dividing N. For a positive
integer N and a prime number p, we write N = NpN(p), where N, = p*() is the
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p-primary part of N. Finally, we denote by ¢ the Euler totient function, and by
oo(n) the number of positive divisors of n.

Theorem 1.1. For any integer N > 5, we have

ged(2,N)?-9 p?
R = =55y [T

oo (N/Ny) (N ) 200(N/Nx) N —ovun (N (N®)
I O e | (R R ]
X

+
XEPy p|N

where in the products p runs over the prime factors of N.

We refer to Section below for a comparison between this theorem and previ-
ously known results.

The generalised Bernoulli number B, , has a simple expression in terms of the
Dirichlet L-value L(y, —1) (see Lemma[3.2)), so that Theorem [L.1] can also be stated
in terms of L-values.

The most important ingredient in the proof of Theorem is a recent result of
Streng [30] giving generators for the group of modular units on X;(N) (see Sec-
tion . These generators are expressed in terms of the classical Siegel functions,
whose divisors involve the polynomial By(z). The computation of [CE(N)]| then re-
duces to that of an explicit determinant D, y involving Bs(z), and this determinant
turns out to generalise naturally to any Bernoulli polynomial:

det <B;.C ({Q}>) (k > 2 even),
N/ ) ocijeinge

Dk’N == ..
det <Bk ({Q}» (k >3 odd),
NI ) 1<igeiv-n2)

where |z] denotes the integer part of x, and {z} = x — |z is the fractional part.

This whole paper actually originates from the consideration of the determinant
D3 v, which appears in [7] in connection with the K5 group of families of elliptic
curves having a rational point of order N. The main result [7, Theorem 4.13] giving
the linear independence of K elements crucially relies on the non-vanishing of D x
for N =7,8,10 (for more on this, see the discussion at the end of Section @

In Theorem , we give an explicit formula for Dy up to sign, showing in
particular that it is non-zero. The formula involves the numbers By, where the
characters x have conductor dividing N and satisfy x(—1) = (—1)*. The idea behind
the computation is to view Dy, x as a kind of group determinant, and decompose
the matrix into eigenspaces indexed by Dirichlet characters.

In the recent work [21], Liu computed several families of determinants, including
the family Dy . The formula obtained involves the L-values L(x, k) and has a
simpler form [2I, Theorem 3.2]. The proof is different and uses a technique of ged
filtering with respect to the rows and columns of the matrix defining Dy, y.
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In Section [6] we propose a definition of a higher weight cuspidal class group, which
is inspired by Beilinson’s construction of the Eisenstein symbol. This subgroup lives
in a certain higher Chow group of a Kuga-Sato variety. We give some evidence as
to why we expect its order to be related to Dy, .

1.2. Comparison with known results. The cuspidal subgroup C;(/N) has a nat-
ural subgroup defined as follows. Let CY(N) be the image in C;(N) of the group
of degree zero divisors supported on the cusps of X;(N) lying over the cusp 0 of
Xo(N). Since these cusps are rational, the group C?(N) is contained in C2(N). Let
p be a prime. The order of C(p") was determined by Klimek [I9] for n = 1 and
by Kubert-Lang [20, Chapter 6, Theorem 3.4] for any n. For p > 5 and n = 1, the

formula reads
p(p—l)/ 2

e = T Bac )

xeP;r
x#1

Lupoian [22, Section 6.3] proved that C%(p) = C2(p) = C1(p)(Q) [ and the formula
(2)) is equivalent to Theorem . The formula was generalised to C)(N) for any
N by Yu [39]. Later, Takagi |31, 32, 33] computed the order of the full cuspidal
subgroup C;(p") for p # 2 and n > 1. Takagi [34] also gave a formula for the order
of CR(2p), which is equivalent to the one given in Theorem .

The cuspidal subgroup is of special interest due to its connection with the arith-
metic of J1(N). When N = p is prime, Conrad, Edixhoven and Stein conjectured
that the rational torsion subgroup Ji(p)(Q)sers is equal to CO(p) (and thus to C3(p))
[T, Conjecture 6.2.2]. This was proved by Ohta up to 2-primary torsion [25]. The
latter result is an analogue of a famous result of Mazur [23], who proved that the cus-
pidal subgroup of the modular curve Xy(p) is equal to the rational torsion subgroup
of the Jacobian Jy(p). For arbitrary IV, Yoo conjectured that the group Jo(N)(Q)tors
is equal to the rational cuspidal divisor class group of Xo(N) [38, Conjectures 1.2
and 1.3] and proved the equality of the p-primary parts for any prime p > 5 with
p? 1 N [38, Theorem 1.4]. In these works, a key role is played by the Eisenstein ideal
in the Hecke algebra acting on the space of weight 2 modular forms.

Note that Theorem says nothing about the group structure of C2(N). Yang
and Yu [35], [36] determined the structure of the p-primary part of C?(p") when p is
a regular prime. Lupoian [22, Section 7] investigated the full structure of Clc’2 (p) and
Ci(p). Yoo [37] completely determined the structure of the rational cuspidal divisor
class group of Xy(V) for any N. It would be interesting to see whether the product
decomposition appearing in Theorem reflects, at least partly, the structure of
the cuspidal class group.

The determinant Dy x is an example of a paratrophic determinant, a general
notion introduced by Frobenius generalising group determinants (see [10], [29, Sec-
tion 2]). If k is even, then Dy y is a Frobenius determinant for the multiplicative

2The references [22 35, [36] use a model of X; (V) for which the cusp oo is defined over Q, while
in our model the cusp 0 is defined over Q. The Atkin-Lehner involution 7 — —1/N7 switches the
two models and swaps 0 and oo, so the stated equality of groups is equivalent to the one in [22].
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semigroup (Z/NZ)/ £+ 1. In this case, it may be possible to deduce Theorem
from the formula for semigroup determinants established in |29, Theorem 6.14]. If
k is even and N = p is prime, then Dy, can actually be computed directly using a
group determinant for (Z/pZ)*/ £+ 1.

For k = 4, the determinant D, x appears in [24, Lemma 3.4.2] in relation to the
construction of elements in the motivic cohomology group H3,(Sym? E, Q(3))z for
the symmetric square of elliptic curves E over Q.

The rational cuspidal class group of X;(/N) also appears in a recent work by
Huber, Opoku and Ye [I7], in connection with the construction of modular forms
for I'y (N) by means of infinite ¢g-products.

1.3. Organisation of the paper. In Section 2] we introduce the Bernoulli trans-
form, which is a linear operator associated with the Bernoulli polynomial By(z).
It decomposes into eigenspaces indexed by the Dirichlet characters modulo N. We
compute a matrix in each eigenspace in Section [3| which leads to the computation
of Dy ny in Section . We determine the order of the rational cuspidal class group
in Section [p] Finally, in Section [ we define and discuss a weight k& analogue of the
cuspidal class group.

Acknowledgements. I thank the anonymous referee of 7] for raising the ques-
tion of the non-vanishing of Ds x for general N, which led to the present paper. I
also thank Elvira Lupoian for interesting discussions about the cuspidal subgroup
and its generalisations, Hang Liu for sharing ideas on Bernoulli determinants, Ben-
jamin Steinberg for explaining his formula for semigroup determinants, and Ivan
Rosas-Soto for answering my questions on étale motivic cohomology.

I was funded by the research project “Motivic homotopy, quadratic invariants and
diagonal classes” (ANR-21-CE40-0015) operated by the French National Research
Agency (ANR).

2. THE BERNOULLI TRANSFORM

Let k > 2 and N > 1 be integers. For t € Z/NZ, we define By x(t) = Bip(t/N),
where t is the unique representative of ¢ such that 0 < ¢ < N — 1. Let Vy denote

the Q-vector space of functions f: Z/NZ — Q. Consider the linear transformation
BkJ\]: VN — VN defined by

Binf)(@) = Y Ben(zy)f(y),

yeZ/NZ

which we call the Bernoulli transform.

Let Vv = V¥ @ Vy be the decomposition of Vi into even and odd functions.
Since Bi(1 — x) = (=1)*By(x) and By(0) = By(1), the function By, y is even if k
is even, and odd if £ is odd. It follows that if %k is even, then By y induces a map
Bl y:Vy — Vy. Similarly, if k is odd, then By v induces a map By y: Vy — Vy .

Lemma 2.1. We have .
det B,(gj]\lf) = 2L(N_l)/2j Dka.
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Proof. If k is even, then a basis of V is given by the functions [i] + [—4] with
0 < i < [N/2], where [i] is the characteristic function of the class of i in Z/NZ.
The matrix of B,’; y in this basis is the matrix defining Dy n, except that the rows
corresponding to the indices 1 < ¢ < |(N — 1)/2] have been multiplied by 2.

If k£ is odd, then a basis of V is given by the functions [;] — [—i] with 1 <
i < [(NV —1)/2], and the matrix of B, y in this basis is twice the matrix defining
Dy N. O

There is an action of (Z/NZ)* on Vy given by (a - f)(z) = f(azx). Let Vnc =
VN ®q C be the complex vector space of functions f: Z/NZ — C. There is a
decomposition into eigenspaces

Ve =P Va

X

where x runs over the Dirichlet characters modulo N, and Vi, is the subspace of
functions f satisfying - f = x(«)f for every o € (Z/NZ)*. Note that V]\Jf,c (resp.
Vy.c) is the direct sum of the subspaces Vi, with x even (resp. x odd).

Because of the relation By y(a - f) = a . Bi.n f, the operator By xy maps Vi,
into V5. We will need an explicit basis of Vi .. Let N, be the conductor of x, and
Xo be the primitive Dirichlet character modulo IV, induced by x. For every integer
M satisfying N, | M | N, define the function f, » € V¢ by

if &
far(e) = {O i

xu(w73) 1 57 | 2,
where x s is the Dirichlet character modulo M induced by xo.
Lemma 2.2. The functions (fyar)n,amn form a C-basis of Vi,

Proof. The set Z/NZ is the disjoint union of the subsets Sy, = & - (Z/MZ)* with
M | N, and Sy is the orbit of & under the action of (Z/NZ)* on Z/NZ by
multiplication. Therefore, any function f € Vi, can be written uniquely as a linear
combination f = )" MIN far, where fjr is supported on Sy;. Moreover, fp; belongs

to the y-eigenspace and is thus determined by its value at % Since the conductor

of x is Ny, we have fy; =0 for N, { M, and fj; is a multiple of f, » if N, | M. O

Thanks to Lemma [2.1] Theorem reduces to computing the determinants of
the induced maps

Bk,x . VN,X — VN,X
in the bases of Lemma 2.2]

3. COMPUTING THE MATRIX OF THE BERNOULLI TRANSFORM

In this section, we compute the matrix of By, in the bases provided by Lemma
We fix a Dirichlet character x modulo N having the same parity as k. For each
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integer M with N, |M|N, let us write

Biyfrom = Z GYSY Ve

Ny|M'|N

Note that

CM,M = (Blc,xfx,M) (%) :

Therefore

CM.M' = Z Bk,N(%Z/)fX,M(?/)

where we used the substitution y = (N/M)z with 0 < 2z < M — 1. Let § =
ged(MM’, N). Note that M’ | §, so that we have a well-defined reduction map
T Z/MZ — Z/(MM)Z. Then

MM = Z B vy (%Q S(t), (3)

tez/(MM' )z,

where

St =Y xul2).

2€Z/MZ
w(z)=t

Lemma 3.1. If t ¢ (Z/(MMZ)%, then S(t) = 0. Ift € (Z/(ME)Z)*, then

S(t) {0 if Ny £ 25,

M . /
%XMM’/(S@) if Ny | M5

Proof. If t & (Z/(MTM/)Z)X, then no lift of t in Z/MZ is invertible, so S(t) = 0.
Assume t € (Z/(MM)Z)*. Write 7% (Z/MZ)* — (Z/(2)Z)* for the surjec-
tive group morphism induced by 7. Let £ be any lift of ¢ in (Z/MZ)*. Then

St =Y xul@)=xul@) > xulh).

z€(Z/MZ)* heker(m>)
T (z)=t

The kernel of 7> is contained in the kernel of y,, if and only if x, factors through
(Z/(MTM)Z)X, which is equivalent to the condition N, | MTM. In this case,

S(t) = xr() - [ ker(w™)| = XMMW%‘

Otherwise, there must exist h € ker(7*) such that x(h) # 1, and S(t) = 0. O]
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By Lemma , we see that ¢y = 0 if N, ¢ MTM. From now on, we assume that
N, | MTM. By (3), we have
p(M) (N >
| = T B ’ _t / t .
CM,M gp(MM’/(S) Z kMM’ /6§ 5 XMM /6( )

te(2/ (M) 2)*
Since N/§ is invertible in Z/(MTM)Z, we get

e(M)  _
MM = WXMM’/(S(N/(;) Z B s ()Xo s(t). (4)
te(2/ (M) 2)

Since N/§ is prime to Ny, we have Xy /5(N/0) = Xo(IN/§). Moreover, we
recognise in a generalised Bernoulli number (see equation (|1))). The following
classical lemma shows that it can be expressed in terms of a Dirichlet L-value. Recall
that the L-function associated with a Dirichlet character ¢ : (Z/mZ)* — C* is
defined by L(¢,s) = >~ ¥(n)/n® for s € C, Re(s) > 1, with the convention
YP(n) = 0 if ged(n,m) # 1. It admits a meromorphic continuation to the complex
plane [8 p. 20].

Lemma 3.2. Let x be a Dirichlet character modulo N, and xo be the associated
primitive character, of conductor N,. Let Q > 1 be an integer such that N, | Q | N,
and x¢q be the Dirichlet character modulo ) induced by x. Then

Bixo = —kQ" *L(xq,1 — k). (5)
Moreover, we have
By, = ( « >1kB 1 =1y £ 6
kxe = \ v k,X0 H( —Xo(p)p" ) # 0. (6)
X p|Q

Proof. The identity is [8, (1.75)]. Since Dirichlet L-functions admit an Euler
product [8, (1.78)], the L-function L(xq,s) is obtained from L(xo, s) by removing
the Euler factors at the primes p dividing (), which gives

L(xq,1—k) = L(xo, 1 = k) - JJ(1 = xo(0)p* ™).
plQ
Applying (B]) with @ = N, we have
Bixo = —kN."L(x0,1 — k),
which gives the first part of @ Finally, to prove the non-vanishing of By ,,,, it
suffices to prove L(xo,1 — k) # 0. This follows from the functional equation of

L(xo0,s) [, Theorem 9.9] and the fact that L(X,, k) # 0 thanks to the convergent
Euler product. O

Using and Lemma , we arrive at the following conclusion.
Proposition 3.3. Let M > 1 be an integer such that N, | M | N. Then

k—1 ~
Bixfxmr = Nx By xo E , Cx. MM Jx, 0
Ny |M'|N
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with
0 if Ny t22L
~ _ _ N\ 1—k _ . /
Comar = § 2005 (N/8) (M) T (1 - xo@p*) i Ny | MM (7)
pIMM’/5

where § = ged(MM', N).

4. COMPUTATION OF Dy, v

In this section, we give an explicit formula for the Bernoulli determinant Dy,
(Theorem , showing in particular that it is non-zero. As explained in Section
it suffices to consider the maps Bj,: Vy, — Vny for each Dirichlet character
modulo N having the same parity as k. Thanks to Proposition [3.3], this reduces to
computing the determinant of the matrix

Ay = (6X7M7M')M7M/€DX>
where D, is the set of integers M > 1 such that N, | M | N, and ¢, a,n is defined
by .

The crucial observation is that ¢, ;v decomposes as a product over the prime
factors of N. For an integer () > 1 and a prime number p, we write ) = QPQ(”),
where @), = p*»(@) is the p-part of . Then the set D, is in bijection with leN D, p,
where D, , is the set of integers M, such that N,, | M, | N,. Moreover, A,
decomposes as a Kronecker product over the prime factors of N:

Ay = ® Axp- (8)

pIN
Given square matrices Aq, ..., A, of sizes ny,...,n,, the determinant of their Kro-
necker product is given by
det(A ®---®A,) = H(det ALz,
i=1
Applying this to , we get

det(4,) =[] det(A,,) 0V (9)

p|N

where 0(¢(Q)) denotes the number of positive divisors of Q.
We now compute the determinant of A, , for each prime factor p of N. Write
N, =p" and N, , = p’, so that A, , is of the form (amm')e<m.m’<n-

Case 1: p divides N,,.
For given m,m’ € {{,... ,n}, let M, = p™, M = p™ and 0, = ged(M, M, N).
We have
M, M’
vy (—p P

5 ) =m +m' —min(m + m’,n) = max(0,m +m’' —n).
b
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So for m +m/ < £+ n, we have
M, M,
”p< 5
p

so that a, v = 0. It follows that the coefficients of A, , above the anti-diagonal are
zero. Using the formula , we obtain

n o pm - n o
det(4,,) == H U = H —90(( e))pé(1 M=+ H pmtk
m={ m={

m—+m’=~0+n p

> <L =v,(Nyp),

_ j:p(nf€+l)(%(f+n)f€k).

In particular A, , is invertible. Moreover, since n — ¢ + 1 = 0o(N,/N,,) and oy is
multiplicative, we obtain

l(J'
det(ijp)ao(N(P)/fo)) — oo (N/N) (G (en)—th) _ +(N, N1 22 o (N/Nx) (10)
Case 2: p does not divide N,,.
In this case A\, = (Qmm')o<mm<n With
o e Xy if m ' < n
m,m pnfm’+(m+m’fn)(1fk)(1 _ Xo(p)pkfl) it m+m' > n.

We compute the determinant of A, , = A§§}; by induction on n.
For n = 0, we have ago = 1, so that det(Agggy) = 1. Assume n > 0. We have

Xo(@)"  e@Xo(p)" ! (" Xo(p) (P
Xo@" ™ e(@Xo@)™? - e
ag=|
Sﬁ(p) &m,m’

1
Let Lo, ..., L, be the rows of this matrix. The elementary operation Lo—X,(p)L1 —
Ly puts the matrix A" in the form

(0 0fa)

AY
*k
with
a= (") = Xo(p)p" L = xo(p)pF ) = (1 = X (P)p 7).

An induction gives
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In particular A, , is invertible. Moreover, since n + 1 = 0¢(N,) = 0o(N,/Nyp), We
obtain

det(AX p)UO(N<p)/N><<p)) — ipUO(N/Nx)%n<1 o yo(p)p—k)nao(N(P)/N)gp))

= N =y (NN (1)
To evaluate Dy, y, it remains to put together the previous computations. Consid-
ering Lemma , we need to compute the determinant of the linear map B,(Cj]\})k. We
use the basis of V]\(,Té)k obtained by concatenating the bases (fy ar)aep, of Lemma
. After a suitable permutation of the basis vectors of the codomain of Bl(vjj\l,)k, the
matrix of this linear map is block diagonal, and Proposition [3.3| gives
det By =+ [ det(N:'Byyéparar)
x(=1)=(-1)k
== [T OB det(4y). (12)
x(—1)=(-1)k

Putting together Lemma and equations , @, , , we obtain the
following final formula (see Section for the notation).

M,M'€D,,

Theorem 4.1. Let k > 2 be an integer. Then
| N1 oo(N/N. 1,
Dyy =272 H (Bk,ox( / X)(N/Nx)2 o(N/Mx)
)(EP](\;UIc

— —k\v oo(N®)
< [T = Xty ),

p|N
PINy

5. THE RATIONAL CUSPIDAL CLASS GROUP OF X;(N)

We first recall classical facts about modular curves and Siegel units (see [I8|
Sections 1 and 2.1] for more details). For an integer N > 1, let Y1(N) = Y (1, N)
be the modular curve over Q associated with the congruence subgroup I'y(V), as
defined in [I8, 2.1]. If N > 4, the curve Y;(N) represents the functor mapping a
Q-scheme S to the set of isomorphism classes of pairs (E, P), where E is an elliptic
curve over S, and P € E(S) is a point of order N. There is a canonical isomorphism
v:T'1(N)\H — Y1(N)(C) induced by the map 7 +— (C/(Z7+Z),1/N). Let X;(N)
be the smooth compactification of Y;(N). We denote by C' = X;(N) \ Y;(NV) the
set of cusps, seen as closed points of X;(N). Let Div’(C) be the group of divisors
of degree 0 on C, where the degree of a divisor D = ) _.n,[z] is defined as
Y rec N[Q(z) : Q]. By definition, the rational cuspidal class group C(N) is the
image of the Abel-Jacobi map AJ : Div’(C) — J1(N)(Q). Note that CE(N) is
contained in C;(N)(Q). It is not known in general whether these two groups are

equal (this is true when N is a prime or twice a prime, see [22], Section 6.3] and [34]
Theorem 1.1 and Section 1.3]).
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Lemma 5.1. The rational cuspidal class group CIQ(N) 15 1somorphic to the cokernel
of the divisor map
div: O(Y;(N))* — Div?(0). (13)

Proof. There is an exact sequence
0-Q = OMi(N)g)* %P -0,

where P is the group of principal divisors supported on C(Q). Taking invariants
under Gal(Q/Q) and using the fact that H'(Gal(Q/Q), Q") = 0 [16, Lemma 4.3.7],

we obtain the exact sequence
0= Q% — O(Y;(N))* L% pGal@/Q) _

After identifying Div’(C) with Div®(C(Q))%!Q/Q) we deduce the exact sequence

OV (N)* &% Div(C) 25 J1(N)(Q), (14)

which proves the lemma. O

The kernel of the divisor map is Q*. Letting U = O(Y1(N))*/Q*, we obtain
an injective map U — Div’(C), which has finite cokernel by Lemma . Therefore,
it induces an isomorphism, which we still denote by div:

div : Uq =Y Div’(C)q,

where, for any abelian group A, we write Aq = A ®z Q. Since U and Div’(C) are
torsion-free, we will identify them with their respective images in Ug and Div?(C)q.
We now recall the classical Siegel units. For an integer 1 <a < N — 1, let

ga(m) =" -"¢) [[A-a"¢x (T e,
n=0 n=1

where H is the upper half-plane, ¢® = €>™*7 and (y = *™/V. It is known that the
function g4%" is modular for the group I'(N) [20, Chapter 2, Theorem 1.2]. In fact
9go.a defines an element of O(Y(N))g [18, 1.4 and 1.9], where Y/(N) is the modular
curve over Q of full level N. The curve Y;(N) is isomorphic to a quotient G\Y (N)
[18, 2.1] and go, is G-invariant by [18] 1.7(1)]. It follows that gy, defines an element
of O(Y1(N))q, and thus an element of Uq.

The units gy, with 1 < a < L%J actually form a Q-basis of Ug. A short proof
can be found in [30, Proposition 4.1]E] Proposition below, together with the non-
vanishing of the determinant Dy y (Theorem [4.1)), will give an independent proof of
this fact.

Recall that two subgroups H, H' of a Q-vector space V are said to be commensu-
rable if there exists a subgroup Hy of V' which has finite index in both H and H’. If

3More precisely, this proposition states that the functions Hi, . .., H| n/2) defined in [30, (1.4)]
are multiplicatively independent modulo C*. An application of [30, Lemma 2.13(6)] with
(a1,a2) = (0,a/N) and M = (9 ') shows that the function H,(7) coincides with goq(—1/7)
up to a multiplicative constant, which implies the claim.
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this is the case, we define the (generalised) index (H : H') = (H : Hy)(H' : Hy)™?,
where Hj is any such subgroup.

Let S be the subgroup of Uq generated by the Siegel units gy, with 1 < a < L%j
By Lemma we have

ICR(N)| = (DivY(C) : div(U))
= (Div°(C) : div(9))(div(9) : div(U)), (15)

where the indices are well-defined because the gg , form a Q-basis. We will deal with
each index separately.

Let us first recall the computation of the divisor of a Siegel unit. The set of cusps
of X1(N)(C) can be identified with T';(N)\P'(Q). Under this identification, the
action of Aut(C) on the cusps is given explicitly by [0, Lemma 5.9]. We deduce the
following description of C' as well as the associated residue fields.

Lemma 5.2. The map sending an integer 0 < k < L%J to the Galois orbit of 1/k
induces a bijection between {0,..., | T |} and C. Moreover, the residue field Fy, of
the cusp 1/k is given by:

[ J Ifk' 75 0, 5 then Fk = Q(Cgcd(k,N))'

o Ifk =0, then Fy = Q({n)T is the maximal real subfield of Q({n).

e If N is even and k = %, then Fnjo = Q(Cny2)* is the mazimal real subfield

of Q(Cny2)-

Proof. Let k be an integer with 0 < k£ < [%J Using the notation of [6 Lemma
5.9], the cusp 1/k € P(Q) corresponds to the pair (k, 1), where k is the image of
k in Z/NZ. Moreover, the residue field F}, corresponds to the stabiliser of (k,1)
in Aut(C). This stabiliser can be computed using [6, Lemma 5.9] and this gives
the second assertion. Finally, let * = p/q € P1(Q) be an arbitrary cusp, with
ged(p, ) = 1. Then z is in the Galois orbit of 1/k, where k is the unique integer in

{0,..., | 5]} such that g = +k. This proves the first assertion. O

Lemma 5.3. Let 1 < a < L%J and 0 < k < L%J Then the order of vanishing of

Jo.a at the cusp % 15 given by

N
2ged(k, N)
unless N = 4 and k = 2, in which case ordy /2(go,1) = —1/24 and ordy2(go2) = 1/12.

Proof. For N > 5, this is [0, Lemma 5.11]. The proof uses the fact that the width of
the cusp 1/k € X1(N)(C) is N/ ged(k, N), which is true as long as (N, k) # (4,2)
[9, Proposition 6.3.20.(a)], so the proof extends to this case. By loc. cit., the width
of the cusp 1/2 of X;(4)(C) is 1, which gives the remaining case. O

ord; /x(g0,a) = B n(ak),

Proposition 5.4. For N # 1,2,4, we have

' _ ged(2, N) p’
(Div?(C) : div(9)) = | Doy - OIN/2]1 Hdv e -1
d,>3 p\N
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Proof. In what follows, we write r = [ £ |. We identify Div(C)q with Q"*! by means
of the basis ([1/k])o<k<r- Let M be the (r + 1) x r matrix with column vectors
div(go1), .- .,div(go,). The matrix M can be computed using Lemma and is

10
related to the Bernoulli determinant D, . More precisely, let n = ( : > € Q" be

Tr
the vector with 7, Note that deg(n) > 0. Then by Lemma we have

for N # 4:

_ N
T 12gcd(k,N)*

N ~ N
det(n|M) = det| —————=B k =21 ——— | Ds .
et(n|M) = de (2 ged(k, N) 2v(a )>o<k,a<r <k1_[0 gcd(k,N)) 2N

Distinguishing the cases where N is even or odd, the product over k equals

. N
- —ocd(2.N 47(D/2
Iggcd(k‘,N) ged(2, M) [

d|N
=3

On the other hand,
(Div(C) : div(S)) = (Zn © Div’(C) : Zn @ div(S))
= (Div(0) : Zn @ div(S)) - (Div(C) : Zn & Div’(C)) ™!
= | det(n|M)| - deg(n)~".

It remains to compute deg(n). Using Lemma , we find for N # 1,2, 4

dN k€Z/NZ
gcd(k N)=d

Z 2D ).

The arithmetic function F(N) = 3,y “Ofid)go(N /d) is the Dirichlet convolution of
two multiplicative functions, hence is multiplicative. Moreover, for a prime p and
an integer a > 1, we have

F(p®) = o(p*) + %ﬂti%@(ﬂ“m)
A Sl B Sl !
=p" (p—1)+ + p ( 1)
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It follows that
2
deg(n) = ]2\[—4 H(l - %)

This gives the desired formula for the index. OJ

Remark 5.5. It would be interesting to find a conceptual explanation for the fact
that the matrix M in the above proof, giving the divisors of the Siegel units, is
essentially a symmetric matrix (it becomes symmetric after removing the first row
and scaling the other ones).

It remains to compute the index of div(U) in div(S). This is the crucial step
where we use Streng’s result, which provides a description of the group of modular
units O(Y1(NV))* in terms of Siegel functions [30, Theorem 1.2].

Proposition 5.6. For N > 4, we have (div(S) : div(U)) = 12ged(2, N)N.
Proof. Note that (div(S) : div(U)) = (S : U) since div: Uq — Div?(C)q is an

isomorphism. Let r = L%J We will use the Siegel functions Hj,..., H, from
[30, (1.4)]. Streng [30, Theorem 1.2] proves that Hi,..., H, generate the group
O(Y1(N))*/Q*. He actually uses a different description of the complex points
Y1(N)(C), namely the map v/ : TY(N)\H — Y;(N)(C) induced by 7+ (C/(Z1 +
Z),7/N), where T'(N) is the transpose of I';(N). This is related to our map v by
means of the formula v/(7) = v(—1/7), see [30, Section 2.3]. This will not affect the
computation of the index below, but for clarity we introduce the shorthand notation

Ho(7) = Ho(=1/7).

Applying [30, Lemma 2.13, (6) and (7)] with M = ( ¥ 1>, we obtain H, =

-1 0
€af0, for some root of unity £,. In particular FIa and g, have the same image
in Uq. By [30, Theorem 1.2], every modular unit u in O(Y;(N))* can be written

uniquely as u = cﬁfl .-+ H¢ for some constant ¢ € Q* and exponents ey, ...,e, € Z
satisfying the congruences

Zea =0 (mod 12) and ZaQea =0 (mod N'),

a=1 a=1

where N’ = ged(2, N)N. Therefore U is contained in S, and the index (S : U) is
the cardinality of the image of the Z-linear map

24" —7Z/12Z®Z/N'Z, (€1, €) (Zea,2a2ea>.
a=1 a=1

Assume N > 6. Then r > 3 and 1 maps the first three vectors of the canonical basis
of Z" to (1,1), (1,4) and (1,9). Since these vectors already span Z?, the map 1) is
surjective. In the cases N = 4,5, the surjectivity of ¢/ can be checked directly. [

We finally prove the main theorem.
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Proof of Theorem [1.1] Putting together , Propositions and , we have

Q B ged(2, N)?2532 0/2 p?
CEWN) = D2l 5y 1 #77 1] i= (16)
p
d|N p|N
d=3

where Dj y is given by Theorem . Collecting the powers of 2 in the expressions
yields the factor 2¥=° in the denominator. This gives the formula of Theorem up
to sign. To remove the sign ambiguity, we note that [C2(N)| is positive, so it suffices
to show that the product over y € Py in the formula of Theorem is a positive
real number. Note that the term corresponding to Y is the complex conjugate of
that of y, so that for a non-real x, the two terms combine to give a positive real
number. It remains to treat the case where x is real. Note that 1—y(p)p~? is always
positive. We will show B;, > 0. For x = 1, we have By, = By = 1/6. For x # 1,
we can apply [I, Theorem 9.6]E| to obtain
2

T
L(x,2) = FQ(X)BQ,x

X
The Gauss sum g¢(x) is positive by [I, Proposition 8.4], noting that the quadratic
field attached to y is real since x is even. Finally, the expression of L(x,2) as an
Euler product shows that L(x,2) > 0, and therefore By, > 0. O]

6. HIGHER WEIGHT SPECULATIONS

As we have seen in the previous section, the determinant Dy y is related to the
order of the rational cuspidal class group of X;(N) (see the formula ([16])). We will
now introduce a tentative analogue of the cuspidal class group in arbitrary weight
k > 2, whose order we expect to be related to Dy n.

The analogues of modular units in higher weight are given by Beilinson’s Eisen-
stein symbols [2]. Let & > 2 and N > 5 be integers, and let E;(N) be the
universal elliptic curve over Y;(N). The Eisenstein symbols of weight & live in
the motivic cohomology group H*(E1(N)*~2, Q(k — 1)), where F;(N)*~2 denotes
the fibre product over Yi(N). The latter group is isomorphic to the higher Chow
group CH* ' (E;(N)*2,k — 1)q. Moreover, Deligne [I2, Lemmas 5.4 and 5.5] and
Scholl [28, Section 3] have constructed a canonical smooth compactification Wy, y of
FE1(N)*2 with a morphism 7 : Wy y — Xl(N).ﬂ Let Wy = 7~ 1(C), where C'is
the set of cusps of X (V).

The analogue of the order of vanishing is the residue map, which can be described
as follows. By the localisation sequence for higher Chow groups [4] (iii), p. 269], [5],
there is an exact sequence

CHEH(E(N)* 2, k= 1) —2 CH (Wi, b = 2) — CH ! (Wi, k = 2)
(17)

“Note that the generalised Bernoulli number is normalised there as N Bs y.

>This was originally done for the modular curve Y (N) with N > 3, but works as soon as the
moduli problem for generalised elliptic curves with given level structure is representable, see [3]
Appendix]. This applies to the modular curve Y;(N) with N > 5.
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where 0 is called the residue map. For k = 2, the sequence reduces to

CH'(Y;(N),1) —2— CH’(C,0) —“— CH'(X;(N),0)

! | -

O(Y1(N))* —& Div(C') —— Pic(X;(N)).

After replacing Div by Div’(C) and Pic(X;(N)) by Pic®(X1(N)) = J1(N)(Q), this
is exactly the sequence ((14)).

The Eisenstein symbols actually live in a certain piece of the cohomology of
E1(N)*2 and we need to apply a certain projector to the sequence in or-
der to get a correct analogue of the cuspidal class group. Let us recall the definition
of this projector. Let P : Y;(N) — E;(N) be the canonical section of order N of
the universal elliptic curve. The translation by P defines an action of Z/NZ on
E;{(N). The group {£1} also acts on E;(N) by means of the elliptic involution
Q — —Q. Finally, the symmetric group Si_» acts on Ey(N)*~2 by permuting the
factors. Combining these actions, we obtain an action of the semi-direct product
G = (Z/NZx{£1})"2x8;_5 on E;(N)*2. This action extends to Wy x and leaves
W<y stable. This gives an action on the corresponding higher Chow groups and
becomes an exact sequence of G-modules. Let € : G — {£1} be the character
which is trivial on (Z/NZ)¥~2  is the product on {£1}*72 and is the sign character
on Si_s. Given a G-module M, denote by M. = M/{(g-m—e(g)m :m € M, g € G)
the e-isotypic quotient of M. For a morphism of G-modules f : M — N, we denote
by f.: M. — N, the map induced by f.

Definition 6.1. Let £ > 3 be an integer. The weight k rational cuspidal class group
CFQ(N) of X{(N) is the image of the map

a- : CHF 2(WeSy k — 2). — CHM "W v, k — 2).

This definition is inspired by Beilinson’s construction of the Eisenstein symbol [2]
Section 3], which uses a closely related residue map. Let & (N) be the identity com-
ponent of the Néron model of E1(N) over X;(N), and let & (N)> = & (N)\E1(N).
The symmetric group S_; acts on £y (N)*~2 by identifying £, (N)*~2 with the ker-
nel of the sum map E;(N)*' — E;(N). Consider the residue map in motivic
cohomology

Res : Hy ' (Ey(N)*2, Q(k — 1))sgn = Hi 2 ((E1(N)™)* %, Q(k — 2))sgn,

where (-)sgn denotes the sign eigenspace for the action of S,_;. Beilinson constructs
an explicit right inverse of Res, showing in particular that Res is surjective. This
leads us to expect that the cokernel of @, is finite, and thus that C}"®(V) is finite.
Moreover, the residues of the Eisenstein symbols involve the Bernoulli polynomial
By (z) evaluated at +Z, see [27], [13] Section 7]. One may therefore anticipate that,

as in the weight 2 case, the order of C}"8(N) is related to Dy, y.

One could, of course, follow [2], 27] and use the identity component of the Néron
model to define the higher weight cuspidal class group. On the other hand, the
torsion in étale motivic cohomology of smooth projective varieties over algebraically
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closed fields can be compared to étale cohomology [26, Proposition 3.1(a)]. In the
present situation, the relevant étale cohomology group is H, ft’l(Wh N Qo/Ze(k—1))
and is related to the Galois representations associated with cusp forms of weight k
on I';(N) [28]. This makes the choice of W}, y a natural one.

Using a method of Bloch, one can construct special elements Sp;,...,Spn_1 in
CH*(E,2) ﬁfor elliptic curves E having a rational point P of order N (see [7, Section
4.1]). One may hope that these elements extend to global elements in CH?*(E;(N), 2).
If this is true, it is likely that after tensoring with Q, these elements are related to
the Eisenstein symbols and that their images under the residue map 0 in can
be expressed in terms of the Bernoulli polynomial Bs(z). Some evidence for this is
given by the main result of [7] (Theorem 4.13), where the determinant Dj y enters
the formula for the limit behaviour at the cusps of the Beilinson regulator of the
elements Spy1,...,Sp|(v-1)2) for N = 7,8,10. It would be interesting to interpret
this phenomenon in terms of the residue map and deduce information about the
higher weight cuspidal class group.
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