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Abstract

We study the expressive power of graph transformers (GTs) and GPS-networks, under both soft-attention and
average hard-attention, by providing exact logical characterizations. In the setting with real numbers, GPS-
networks have the same expressive power as graded modal logic with the (non-counting) global modality
(GML+-GQG), relative to vertex properties definable in first-order logic (FO). With floating-point numbers, GPS-
networks are equally expressive as graded modal logic with the counting global modality (GML+GC), and this
characterization is absolute (not restricted to FO-definable properties). Analogous results hold for GTs in terms
of propositional logic with the global modality (PL+G) and its counting variant (PL+GC). A key insight is that
the transition from reals to floats swaps relative global counting (possible with reals, lost with floats and with
FO) for absolute global counting (impossible with reals, gained with floats).
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1. Introduction and Setting

Graph transformers (GTs) and GPS-networks are prominent architectures for graph learning that com-
bine the global attention mechanism of transformers with graph-structured data. Transformers attend
globally to every vertex in one step, bypassing the locality of message passing in graph neural networks
(GNNs) and thus avoiding well-known pathologies such as over-squashing [3] and over-smoothing [4].
While the expressive power of GNNs has been studied extensively via logic [5, 6], analogous characteri-
zations for models that incorporate transformer layers were missing. In this extended abstract of the
AAAT 2026 paper [1], we fill this gap by providing uniform logical characterizations—without imposing
a constant bound on graph size—for both the idealized setting of real numbers and the practical setting
of floating-point numbers (floats). Graph transformers have had applications in fraud detection [7],
molecular property prediction [8] and recommender systems [9].

Models. We study three families of models. Graph neural networks (GNNs) propagate information
via local message passing, updating the feature vector of each vertex based on the feature vectors of
its neighbours. We also consider GNNs extended with a global readout mechanism: the non-counting
variant GNN+G appends a set-based aggregation over all vertices (insensitive to multiplicities), while
the counting variant GNN+GC can distinguish how many vertices carry each feature value. Building
on GNNs, GPS-networks [10] interleave GNN message-passing layers with global transformer layers,
and graph transformers (GTs) [11] use only transformer layers, treating the graph as a bag of vertices.
We study all models in their “naked” form (no positional encodings) focusing on vertex classification.
For GPS-networks and GTs, we study both soft-attention (softmax) and average hard-attention (AH). A
particularly notable finding, discussed in Section 3, is that with floats, GPS-networks and GNN+GCs
are equally expressive, meaning these two architecturally different models can simulate each other.

The key component of transformer layers is the self-attention head SA, defined by the equation
SA(X) = a ((XWo)(XWk) " /v/dy,) (XWy ), where X is an input matrix with d columns, dj, € Z.,
Wgq, Wi and Wy, are fixed (d x dp)-matrices, and « is an attention function (softmax or AH).
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Logics. We add to the logical hierarchy used by Barcel6 et al. [5]: graded modal logic (GML) extends
propositional logic with local diamond operators >y meaning “at least k out-neighbours satisfy ¢”.
We extend it with a global modality: GML+GC adds (G)>j, ¢ meaning “at least k vertices satisfy ¢”.
GML+G limits these to k = 1. The propositional fragments PL4+G and PL+GC drop local diamonds.

Related work. The logical expressive power of GNNs was pioneered by Barcel6 et al. [5], who showed
that GNNs capture GML relative to FO, and GNNs with counting global readout (GNN+GC) capture
GML+GC (equivalently, the two variable fragment of FO with counting quantifiers on undirected
graphs). The expressive power of transformers on words has been studied from a logic-based perspective
in multiple works; see, e.g., [12, 13, 14, 15]. Rosenbluth et al. [16] studied GPS-networks in a non-logic
function-approximation setting, showing that GNN+GCs and GPS-networks are incomparable over
reals. We are the first to give exact logical characterizations of graph transformer architectures.

2. Results with Real Numbers

Our first main contribution characterizes those GPS-networks over reals that express FO-properties.

Theorem 1 ([1]). Relative to FO, soft-attention GPS-networks, average hard-attention GPS-networks,
and GML+-G all have the same expressive power.

Barcel6 et al. [5] showed that plain GNNs capture exactly GML relative to FO, while GNN+GCs
capture GML+GC. Theorem 1 places GPS-networks strictly between: they can express global existen-
tial properties such as P; = “some vertex has label p”, but cannot count absolutely, e.g., P» = “at least 2
vertices have label p”. Meanwhile, P; witnesses that GPS-networks are strictly more expressive than
plain GNNs, and P, shows they are strictly weaker than GNN+GCs.

Although GPS-networks cannot do absolute global counting, they can count relatively. For example,
the property “at least half of the vertices have label p” is expressible: set Wg = Wy = 0, so softmax
distributes attention uniformly, and Wy, extracts the p-indicator; thus the output at each vertex equals
the fraction of p-labeled vertices. A threshold check in a multi-layer perceptron (MLP) then decides the
property. Relative counting is not expressible in FO, so Theorem 1 must be stated relative to FO.

Proof sketch. The easier direction constructs a GPS-network for each GML+G-formula by extending
the GML-to-GNN translation of [5], using self-attention heads to handle subformulae of the form (G) .
A notable difference from [5] is that step-function activations are required: both softmax and AH can
produce arbitrarily small fractional values that cannot be “rectified” to a Boolean 1 with ReLU alone.

The harder direction introduces a new notion of bisimulation. Pointed graphs (G, v1) and (Ga, v2)
are global-ratio graded bisimilar (~¢v,) if they are graded bisimilar [17] and there exists some ¢ € Q4
such that for each graded bisimulation type ¢, the vertex count of type ¢ in §; equals g times that in
Gs. Intuitively, the two graphs are “scaled copies” of each other with respect to type distribution. A
layer-by-layer analysis shows GPS-networks are invariant under ~ ;. A new van Benthem/Rosen-style
theorem—combining and extending techniques from [18, 17]—then establishes that every FO-formula
invariant under ~ o, is equivalent to a GML+G-formula, completing the characterization.

An analogous argument for GTs, which lack message-passing layers, yields:

Theorem 2 ([1]). Relative to FO, soft-attention G'T's, average hard-attention GT's, and PL+G all have
the same expressive power.

3. Results with Floating-Point Numbers

Float arithmetic differs from real arithmetic in two ways that are decisive for expressive power.
Bounded aggregation: Repeated summation in any float format F saturates. Let SUM r sum a multiset
in increasing order. By [19], SUMr is bounded: for some k, SUMx(M) = SUMx(M|;) for all M,



where M;,(F') = min{M (F'), k}. Based on this property of float arithmetic, we assume float-based
models use bounded aggregation with sums taken in increasing order. Underflow: A result closer to 0
than to any other float in F rounds to 0; this is an inherent aspect of floating-point arithmetic.

These two phenomena are the key to absolute counting with floats. They also destroy relative
counting: due to saturation, softmax and AH lose accuracy on large graphs, so the relative counting
construction from Section 2 no longer works. Going from reals to floats thus swaps one counting ability
for the other. We write GT[F] to denote float-based GT's, and likewise for GPS-networks and GNNss.

Theorem 3 ([1]). The following have the same expressive power (without relativizing to FO): GML+GC,
soft-attention GPS|[F]-networks, average hard-attention GPS[F|-networks, and GNN+GCJF]s.

Theorem 4 ([1]). The following have the same expressive power: PL+GC, soft-attention GT|[F]s, and
average hard-attention GT[F]s.

Both results also hold for simple models (sum aggregation and two-layer MLPs with ReL U-activations)
and require no background logic. They extend to graph classification, non-Boolean classification, and
word-shaped graphs (where GT[F]s reduce to encoder-only transformers without masking such as
BERT [20]). With minor changes they cover positional encodings; see the technical report [2].

Proof sketch (GT[F] = PL+GC). GT[F]s to PL+GC: all local computation steps (MLPs, matrix
products XWq, XWy, XWy) are functions on bit strings, expressible bit-by-bit in PL. For the global
attention step, the sum over all vertices depends only on the multiplicity of each feature vector up to
the saturation bound k, captured by (G)>. For the converse, to simulate (G)> 1, we construct W
and W so that softmax places weight 1/¢ uniformly across rows, where ¢ is the number of vertices
satisfying 1. We construct Wy, to multiply this by a suitably small float, which triggers underflow
(vields 0) exactly when ¢ > k, allowing subsequent MLPs to extract the truth value of (G)>, v.

4. Summary and Open Questions

Table 1 summarizes our characterizations. An interesting open question is whether every GPS-network
over reals is equivalent to some GNN+GC; this holds for floats (Theorem 3). Another direction is
extending these characterizations to models with positional encodings such as the graph Laplacian.

Table 1
Logical characterizations of graph learning models. All results hold for soft-attention and average hard-attention.
Model Numbers Equivalent logic  Scope
GPS-network Reals GML+G relative to FO
GT Reals PL+G relative to FO
GPSJF]-network, GNN+GC[F] Floats GML+GC absolute
GTIF] Floats PL+GC absolute
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