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Abstract

Neural networks are susceptible to adversarial examples—inputs with subtle perturbations that trigger erroneous
outputs and potentially catastrophic failures. Neural network verification addresses this by formally checking
whether given postconditions are entailed by specific preconditions. Most state-of-the-art verifiers rely on abstract
interpretation to overapproximate neuron bounds layer by layer, utilizing branch-and-bound methods to achieve
completeness. However, a significant gap exists between theoretical soundness and practical implementation:
standard floating-point arithmetic introduces rounding errors that accumulate during computation, potentially
leading to unsound verification results. While the continuous constraint solving community has long addressed
numerical inaccuracies by accounting for floating-point rounding errors, this rigorous treatment is not yet
widespread in neural network verification. Our preliminary experimental results demonstrate that unsoundness
issues manifest in several state-of-the-art neural network verifiers. To bridge this gap, we propose JET, a GPU-
based sound continuous constraint solver. JET integrates sound floating-point interval arithmetic with constraint
propagation and a search method, providing a framework that guarantees numerical soundness while leveraging
the parallel performance on GPU.

Keywords
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1. Introduction

Neural networks are vulnerable to adversarial examples [1, 2]. These are inputs that are initially correctly
classified, but their predictions will be changed (misclassifications) when they are perturbed with slight
noise that is imperceptible to humans. For example, in an autonomous car system, a neural network can
correctly identify a clean stop sign on the road, yet fail to classify it accurately if there is a specific sticker
pattern on it or if the brightness differs from the training data set [3]. Such misclassifications can lead
to critical errors and potentially result in accidents that endanger the driver and other road users. Given
a certain input perturbated space, verifying if a neural network can consistently produce the expected
results is therefore a crucial and necessary step before deploying it in safety-critical applications. This
step is called neural network verification.

Although various efficient neural network verifiers [4, 5, 6, 7] claim theoretical soundness and
completeness, few rigorously address the intricacies of floating-point arithmetic. Under the IEEE-754
standard [8, 9], a floating-point number is represented by three components: a sign bit, an exponent,
and a significand (or mantissa). The precision is determined by the bit-width of these components;
for instance, single-precision (32-bit) uses 8 bits for the exponent and 23 for the significand, while
double-precision (64-bit) allocates 11 and 52 bits, respectively. While this standard facilitates consistent
representation across diverse hardware environments, it inherently introduces rounding errors that can
compromise verification reliability.

The primary issue is that most real numbers—including simple decimals such as 0.1 and 0.2 or
irrational numbers—cannot be exactly expressed within this finite representation [8]. Consequently,
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floating-point arithmetic exhibits critical limitations: first, it does not satisfy the associative law (e.g.,
(0.140.2)40.3 # 0.1+ (0.2+0.3)); second, arithmetic outcomes often vary across different precisions
due to the distinct accumulation of rounding errors.

The critical nature of floating-point arithmetic in neural network verification has recently been
highlighted by [10]. Indeed, some neural network verifiers might wrongly conclude the safety of a
neural network w.r.t. the preconditions (Section 4). Soundness is the absence of such behavior. Further
emphasizing this concern, the introduction of SoundBench [11] provides a dedicated benchmark to
validate the correctness of verifiers. Despite this growing awareness, many existing tools still suffer
from incorrect floating-point implementations, potentially leading to catastrophic consequences in
safety-critical applications. To date, no solution has been proposed for this issue.

To mitigate these numerical issues, we propose to investigate continuous constraint programming—a
rigorous solving method over possibly nonlinear continuous constraints—for neural network verification.
The main idea is to overapproximate a real number r using an interval [¢, u] such that r € [¢, u], where ¢
and u are the greatest floating-point number less than r and the smallest floating-point number greater
than r, respectively. To ensure soundness during computation, we explicitly account for floating-point
rounding errors by employing directed rounding modes: the lower bound is calculated using downward
rounding, while the upper bound uses upward rounding. This approach is a cornerstone of several
interval-based continuous constraint solvers, such as IBEX [12] and RealPaver [13]. Generally, these
solvers integrate rounded interval arithmetic and constraint propagation with systematic search to explore
more solutions.

While these techniques are standard for solving continuous constraint satisfaction problems (CCSPs),
few neural network verifiers rigorously account for floating-point rounding errors during computation.
We note that while certain frameworks [14, 15, 16] employ similar overapproximation techniques via
directed rounding on both CPU and GPU, they rely on bound propagation, which is an incomplete method.
To achieve completeness, these tools typically interface with MILP solvers, which may compromise
floating-point soundness (Section 4). Although PyRAT [6] is among the few verifiers that incorporate
directed rounding, its GPU backend relies on the PyTorch library [17], which does not support controlled
floating-point rounding modes. Consequently, the GPU-based extension of PyRAT lacks the numerical
soundness guarantees provided by its CPU implementation.

Another distinct advantage of interval-based continuous constraint solvers is that, unlike conventional
modeling in mixed-integer linear programming (MILP) [18], they do not require auxiliary binary
variables to represent piecewise linear functions (Section 3). This formulation offers a more concise
representation and naturally extends to various nonlinear activation functions.

Furthermore, recent verification studies have demonstrated that taking the network’s output con-
straints into account can further tighten the bounds of each neuron in the network such that the
verification precision can be significantly improved [19, 20]. Our framework inherently facilitates this
by leveraging a combination of forward and backward propagation (Section 3). Therefore, the network’s
output constraints are implicitly and automatically integrated into the verification process.

To bridge the gap between theoretical soundness and practical floating-point implementation, we
introduce JET, the first sound GPU-based continuous constraint satisfaction solver. JET extends Turbo,
a GPU-based discrete constraint solver [21, 22], by supporting continuous domains and constraints
for neural network verification. By formulating verification as a CCSP, JET integrates sound interval
arithmetic and constraint propagation within a systematic search framework, fully leveraging GPU
parallelism while maintaining rigorous numerical guarantees.

The main contributions of this work are as follows:

« We propose JET, a sound continuous constraint satisfaction solver for neural network verification.

« We evaluate our approach on the SAT-ReLU benchmark from VNN-COMP 2025 [23], demonstrat-
ing that JET consistently provides numerically sound verification results.

+ Our analysis of these preliminary results reveals that neglecting floating-point rounding errors can
lead to unsound verification conclusions in state-of-the-art verifiers, underscoring the necessity
of our approach.



2. Background

2.1. Neural Network Verification

Neural network verification consists of three fundamental components that we define in turn: neural
network, preconditions, and postconditions.

Neural networks A neural network N is composed of an input layer, multiple hidden layers, and an
output layer where each layer is made up of several neurons. Each layer ¢ is a function Ny: R™ — R™+1,
where 7, is the number of neurons in the layer ¢, defined as Ny(x) = o(W;x + by). It processes a
vector x according to a trained weight matrix W/, a trained bias vector b, and an activation function
0. In general, o can be any nonlinear function, but we focus on Rectified Linear Unit (ReLU) activation
function, defined as o(Wyx + by) = max(0, Wyx + by). It is the most commonly used activation
function in deep learning [24, 25].

We denote by xg and y the original input data vector and the output vector produced by the neural
network and let L be the index set of layers. A neural network is a function V: R"* — R"Zl which
can be obtained by functional composition of layer functions Ny as follows:

NéN‘L‘O]\qL‘—lOONl
N(x0) =y = Nigj(Ng)-1(- - - N1(x0)))

where xg € R™ and y € R"IZI,

Preconditions The preconditions are defined in the input layer by a set ®(xg,¢) = {x € R™ |
p(x,x0) < €}, where p: R xR™ — R is afunction defining a perturbation and ¢ € R is the maximum
allowable perturbation. The perturbation function can be different, depending on the application. For
example, in the robustness analysis of neural network, the L.,-norm distance is the most widely adopted
perturbation function, where ®(xg, €) = {z | [|x — Xo||co < €} [14, 15, 26, 27]. Furthermore, in image
classification tasks, perturbations may involve geometric transformations, such as rotation, defined by
the rotation angle relative to the original image [28]. For autonomous aircraft applications (e.g., ACAS
Xu [29]), preconditions are typically defined as specific regions in the input space to simulate aircraft
behavior across diverse environments.

Postconditions Let y; = N(x(); be the output value of the i-th neuron in the output layer. The
postconditions W are defined as a set of predicates over the output layer, representing the expected
behavior of the network. For simplicity, we introduce an auxiliary layer immediately following the
output layer. The number of neurons in this auxiliary layer corresponds to the number of predicates in
W, with the weights assigned as the coefficients of each predicate. Consequently, the verification task
reduces to checking whether all outputs of the auxiliary layer are strictly positive.

For instance, in a classification task with three classes {0, 1,2} and a ground-truth label of 0, the
postconditions can be formulated as ¥ = {ap >0ANa1 >0]ay=1yo—y1,01 = Yo — Y2}

Neural Network Verification The neural network verification problem is formally defined as:
Ix € ®(xp,¢€): N(x) =¥ (1)

If there exists a perturbed input vector x € ®(xq, €) such that the output of N satisfies the negated
predicates =W (sAT), then x is identified as an adversarial example (or counterexample). If no such input
exists, the network is proven safe (UNsAT) within the specified conditions. The complexity of neural
network verification has been proven to be NP-complete [29].



2.2. Continuous Constraint Programming

Let X be a finite set of variables and C be a finite set of constraints. A constraint network is defined
as a pair (d,C), where d € X — P(R) is a domain function that maps each variable to its corre-
sponding domain. Internally, the constraint network is ternarized in JET to better align with the GPU
architecture [22, 30]. The set of all domain functions are denoted by D, which is ordered pointwise
(d < d & foreachz € X,d(x) C d'(z)). An assignment is a mapping asn € X — R, and Asn
denotes the set of all possible assignments. The set of solutions satisfying a constraint ¢ € C'is given
by rel(c) € Asn. For instance, we have rel(z = y + 1.5) = {asn € Asn | asn(z) = asn(y) + 1.5}.
Hence, the solution set sol for a constraint network (d, C) is defined as:

sol(d,C) = {asn € Asn | for each x € X, asn(zx) € d(z) and for each ¢ € C,asn € rel(c)}. (2)

Overapproximation and Underapproximation It is impossible to identify sol(d,C) by enu-
merating all assignments in a constraint network (d, C'). Because assignments are drawn from P(R),
the set of all potential assignments is infinite. To address this, we follow the framework of abstract
interpretation [31] and rely on an abstract set A overapproximating the set of solutions. The abstraction
is connected to the set of solutions through a monotone concretization function v : A — P(Asn).
Soundness is the mathematical property guaranteeing that the overapproximation of the set of solu-
tions. An element a € A is soundly approximating the solutions’ set sol(d, C) iff y(a) 2 sol(d,C). It
guarantees that a preserves all solutions of the constraint problem; however, it may introduce spurious
solutions—elements in the abstract set A that do not satisfy the original constraints. Proving the sound-
ness of a verifier amounts to demonstrating that every abstract element a soundly approximate the
solutions of the constraint network. We illustrate these definitions with the interval abstract domain,
the abstraction chosen in this work.

Interval Abstract Domain  Due to the inherent limitations of finite-precision floating-point repre-
sentations, computers cannot exactly represent all real numbers. We employ floating-point intervals to
overapproximate real numbers. Let [ be the set of finite floating-point numbers representable under
the IEEE-754 standard [9]. Notably, we exclude the NaN (Not-a-Number) symbol from F, as it lacks
a total ordering with respect to other floating-point numbers. We denote by MIN_Fp and max_rp the
least and greatest representable values in F, respectively. Furthermore, we define the extended set
> = FU{—00, 00}, where —oo and oo serve as the lower and upper bounds, such that min F*° = —oco
and max F*° = oo.

A real number 7 is overapproximated by a floating-point interval [r, 7], where r, 7 € F* and r € [r, 7.
To obtain the most precise overapproximation, r must be the greatest floating-point number less than
or equal to r, while 7 must be the least floating-point number greater than or equal to r. If » < MIN_FP
(or 7 > MAX_FP), the resulting interval is defined as [—0o, MIN_Fp| (or [MAX_FP, +00]).

Definition 1. [32] The set of floating-point intervals I is a complete lattice (I, M, LI, 1), where I =
{[l,u] | £ e FU{—00},u € F{+o0},¢ < u}. Let [¢,u], [¢',u'] € I, the lattice operators are defined as
follows:

s [Gul T W< b>0ANu <,
{[max{ﬁ, O}, min{u,v'}] if max{¢,¢'} < min{u,u’}

[

o [Cu] D[]

>

1 otherwise
o [Lul U] = [min{l, ¢'}, max{u, u'}],

L [0 A
'”(a)_{{remewm} ffa = [t u]

The greatest element can be represented as the interval [—oco, +00], hence there is no need to add a
special top element T. Note that when at least one argument is L, for each [(,u] € I, L T [¢,u]; L is
neutral for LI and absorbing for M.



Soundness of Floating-Point Interval Arithmetic To ensure soundness, we account for floating-
point rounding errors by performing interval operations with directed rounding. Following standard
conventions for extended floating-point arithmetic F*°, we define: co + 0o = 00, 00 + ¢ = o0,
¢+ 00 =00, —00+ ¢ = —00,c+ (—00) = —00, and —00 + (—00) = —o0. Let [{,u], [(',u], L € L.
The sound interval arithmetic operators, incorporating the max operator for ReLU activations, are
defined below in accordance with, e.g., [33].

For all operations ¢ € {®,0,®}, [{,u]o L= Lo [l,u] = L

6u] @ ¢, u] = [0+ ¢, u T a)
olt, u] = [-u, =]

[Lu e[, u] = g u— 0]

[0, u) @ [0, 4] = [min{el, b/, ul’, uu}, max{€0, tu , ul , uu'}]

2 {[min{w,e/u Ju/l /'y, max {070, O/ uf 0, ufu'}] 0 ¢ [¢,]

| [=00, ) otherwise

[(u] ol u
max([¢, u, [¢(',u]) = [max{l, £}, max{u,v'}], max([¢,u], L) = [¢,u]

Definition 2. The interval abstract domain (A7, C) is a complete lattice (X — I, 11, L, J_) , where all
operators are lifted pointwise from (I, C, M, U, L). Letd,d € X — I, the pointwise lattice operators and
special elements are defined as follows:

« dC d & foreachz € X: d(x) C d'(z),
cdNd 2z e X —dx)nd(z),

-dud/*xeXHd( yud(x),

. J_:xeXHJ_,

« 4(d) & {asn € X — R | foreach x € X,asn(x) € y(d(z))}.

By Definition 2, each variable is abstracted as a floating-point interval. The Cartesian product of
each floating-point interval is called a box. The precision (width) of an interval [/, u] is computed as
u — {. By employing upward rounding, we ensure that the computed width is a safe overapproximation,
thereby guaranteeing that the algorithm only terminates when the true interval width is strictly within
the precision €. Accordingly, the precision of a box is determined by the maximum width among its
intervals. In practice, a predefined precision € is employed to facilitate algorithmic convergence; in this
study, we set ¢ = 1079 for the evaluations in Section 4.

To characterize the solution space, we categorize boxes into three distinct types based on their
solution status:

« solution box: a box where every point is guaranteed to be a solution,

« boundary box: a box containing both solution and non-solution points, typically arising in the
presence of inequalities,

« unknown box: a box where no solution can be definitively identified, yet which is pruned from
the search tree because its width has reached the precision e.

Based on these definitions and arithmetic rules, we formally define the sound floating-point interval
propagator for each constraint ¢ € C' in Definition 3, followed by an illustrative example.

Definition 3. A floating-point propagator for a constraint ¢ € C'is a function p. € A; — At such that
foreacha € Ar, p.(a) respects the following properties:

« reductive: p.(a) C a,
« monotone: a C a' = p.(a) C p.(a’),
« soundness: sol(a,{c}) C sol(p.(a),{}).



For example, consider the rounded floating-point arithmetic above and a constraint c defined as
x =y + z. For any a € Ay, the corresponding propagator p.(a) is defined as:

pe(a) 2amb
where for eachw € X \ {z,y, 2}, b(w) = a(w) and
b(x) = a(y) © a(z)
b(y) = a(z) © a(2)
b(z) = a(z) © a(y)

Similarly, other propagators are defined by applying sound floating-point interval arithmetic rules
specified in, e.g. [34].

3. JET: A Novel Neural Network Verification Tool

JET is designed as a general-purpose solver supporting continuous domains. In this study, we specifically
investigate its application and efficacy in the context of neural network verification. This section presents
a detailed overview of JET and its verification workflow, as illustrated in Fig. 1.

The verification process takes a neural network along with its specified preconditions and postcondi-
tions as input. Given these inputs, we first describe the reformulation of the neural network verification
problem (Eq. (1)) into a CCSP (Eq. (3)). Subsequently, we introduce a solving algorithm, branch-and-
prune algorithm based on the interval abstract domain and sound floating-point propagation. While
these core components are well-established in traditional interval-based solvers [12, 13], JET uniquely
integrates them into a parallel GPU-based architecture. Developed as an extension of Turbo [21, 22]—a
state-of-the-art GPU-based discrete constraint solver.

Build a ’ ‘ :
Continuous B GPhU_bZS;d Safe — UNSAT
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Neural Network

Preconditions

a
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Figure 1: The overview of JET for neural network verification.

A CCSP Model of Neural Network Verification In this section, we decompose the network layers
(excluding the input and output layers') into distinct functional components. Specifically, we define two
index sets to identify affine layers, LA, and ReLU layers, Lt respectively. It follows that L = LAULE,
where auxiliary layers are included in L*. Furthermore, each ReLU layer is succeeded by an affine layer,
ie, foreachl/ e L®: ¢ +1 e LA

The advantage of this structural decomposition is that each layer represents a single function, rather
than the nested functional structure defined in Section 2.1. Additionally, this modification aligns with
the graph structure used in onnx [35], a standard neural network exchange format. Similar architectural
representations are widely adopted by other neural network verification tools [15, 16, 14, 36, 37].

'The input and output layers are not considered compositional functions.



To verify neural networks by solving CCSPs, we first reformulate Eq. (1) into the CCSP model (Eq. (3))
presented below. Leveraging the notation introduced above, the affine and ReLU layers are formally
defined by the first two equations in Eq. (3). The third equation specifies that layer | L| is the output
layer; thus, an identity relation is established between the outputs x!Z! of the final layer and the output
variables y. Furthermore, the preconditions ®(x, €) and negated postconditions —W? are defined over
the input vector x( and the output variables y, respectively. Finally, all variables are constrained within
continuous domains, as specified in the last two relations of the formulation.

X¢+1 = Wyxy+ by foreach? e LA

x¢41 = max(0,x;) foreach (e L

1

X1 € ‘i’(Xo,e) (3)
\/i:1 W‘L‘[’i, :] 'y <0
xs €ER foreach ¢ € L
yeR

Consequently, the verification task reduces to determining the feasibility of the CCSP model (Eq. (3)).
A feasible solution to the CCSP constitutes a valid counterexample, yielding a saT result for the
neural network verification problem (Eq. (1)). On the other hand, if the CCSP is proven infeasible, the
verification result is UNSAT, guaranteeing that the network satisfies the specification.

The primary benefit of adopting the CCSP formulation (3) is that it eliminates the need for auxiliary
binary variables to represent ReLU activation functions. Instead, each neuron in the ReLU layer is
modeled directly via a pointwise max function. This modeling approach is highly versatile, seamlessly
extending to other general nonlinear activation functions, such as sigmoid and tanh, by directly
incorporating their respective nonlinear functions.

Forward and Backward Propagation By applying the sound floating-point propagators defined in
Definition (3), we can iteratively tighten the bounds of each variable in the CCSP model (Eq. (3)). This
process is performed via forward and backward propagation. Unlike most existing symbolic bound
propagation methods [15, 38, 14, 16, 36, 37, 39, 40, 26], which rely solely on forward propagation and
ignore the information from the negated postconditions —W, our approach propagates constraints in
both directions to maximize bound reduction.

Branch-and-Prune Algorithm Since floating-point interval propagation is a sound but incomplete
method, we combine it with a branch-and-prune algorithm (BPA) to explore more solutions. BPA is
a depth-first search algorithm that exploring the state-space. The solving procedure includes sound
floating-point propagation to safely prune variable domains, search steps by bisecting a domain with
the largest width to generate subproblems, and an underapproximation (Algorithm 2) to determine
whether a solution exists within a box under a given precision e. The details of the BPA are presented
in Algorithm 1.

The proposed BPA requires an initial box x (representing an overapproximation of the problem), a
constraint set C, the postconditions ¥, and a precision €. Although ¥ is included within C for the
propagation step, we need it in the underapproximation step.

Initially, we create a stack () for unexplored search tree nodes, a set B for boundary boxes, and a
set U for unknown boxes in Line 2. Given that the CCSP model (Eq.(3)) includes both equations and
inequalities, verifying whether all points within a continuous box are solutions remains non-trivial;
this complexity precludes the explicit consideration of solution boxes in our approach.

*Suppose the postconditions ¥ £ {A”", W p[i,:] - y > 0}, where m denotes number of rows in W 1| and W,[i, :]
represents the i-th row in Wz.



Because the compositional and deterministic structure of neural networks, it is unnecessary to branch
on all variables within the CCSP model (Eq. (3)). Instead, branching can be strategically restricted
to the input variables only, as the values of all subsequent layers are uniquely determined by the
network’s relational constraints. To evaluate the status of a current box q, an underapproximation
method (Algorithm 2) is invoked to extract its midpoint m and check its feasibility. Because the CCSP
model (Eq. (3)) embeds the negated postconditions =W, identifying m as a valid solution directly yields a
counterexample for the original neural network verification problem (Eq. (1)). Subsequently, the current
box q is classified into the boundary box set B, and the algorithm returns sAT in Line 8. Otherwise,
if m is not a solution, the algorithm categorizes it into the unknown box set U if its maximum width
drops below or equal to € in Line 10 or continues to branch on q in Line 12.

Upon completing the search, if the set of unknown boxes U remains empty—meaning that all explored
boxes have been proven infeasible and pruned—the network is formally proven safe (UNsAT) under the
given conditions. Otherwise, if U is non-empty and no counterexample was found, the presence of a
counterexample remains inconclusive, and the algorithm returns uNKNOWN. In such scenarios, users can
increase the precision (by setting a smaller €) to achieve a more granular evaluation, thereby resolving
the inconclusiveness of the verification outcome. Notably, the discovery of the first counterexample
triggers the immediate termination of Algorithm 1; in contrast, standard BPAs aim to exhaustively
identify all solutions within the search space.

Overall, given this sound solving procedure, if there exists an abstract element a such that y(a) = {},
the problem is then unsatisfiable, implying that the network satisfies the properties under considerations
(unsaT). In the opposite case (y(a) # {}), we cannot reach any conclusion. To improve this situation, we
shall attempt to extract an underapproximation u from a such that y(a) 2 v(u) and y(u) C sol(d, C).
In our proposed framework, a non-empty underapproximation (7y(u) # {}) is a counterexample (SAT).

Algorithm 1 Branch-and-Prune Algorithm for Neural Network Verification

1: function search(x, C,€)

2 Q<+ {x},B+{},U<+{} > Initialization
3 while @ # {} do

4 q < pop(Q) > Select the next subproblem
5: propagate(q, C) > Sound floating-point propagation
6 if underapprozimate(q, ¥) then > Algorithm 2
7 B =BU{q}

8 return sAT > Early termination upon finding a counterexample
9: else if width(q) < € then
10: U=UuU{q}

11 else
12: Q = Q Ubranch(q,e€) > Generate 2 subproblems in the node list Q)
13: end if
14: end while

15: return U = {} ? UNSAT : UNKNOWN

16: end function

Algorithm 2 Midpoint Extraction (Underapproximation)

1: function underapproximate(q, ¥)
2 m = extract(q) > Extract the midpoint for each floating-point interval
3 if N(m) = —¥ then
4: return true
5 end if

6 return false
7: end function




4. Preliminary Experimental Results

4.1. Soundness Issues in MILP Solver

First, we demonstrate that the MILP solver Gurobi has a soundness issue; but similar issues occur in
other MILP solvers. In our preliminary experiments, we compare Gurobi (version 12.0.3) [41] with IBEX
(version 2.9.1.0) [12], an interval-based constraint solver. The experiment is conducted on a machine
equipped with a 2.3GHz 6-core AMD Ryzen 5 PRO 5650U CPU and 16 GB of memory, with both solvers
using their default parameter settings.

In our offline test, we find an instance (Kinl.bch as described below) provided by the IBEX team.
Since the original problem is in the .bch format—which is incompatible with Gurobi—we reimplemented
the problem using the Gurobi C++ API to ensure a direct and fair comparison.

tiel0,2n], i=1,...,6

(—0.4077) 4 cos(t2) cos(te) + cos(t3) cos(ts) + cos(ta) cos(ts) + cos(ts) sin(t2) sin(ts)
— cos(t5) sin(t3) sin(tg) — cos(ts) sin(t4) sin(tg) = 0

(—1.9115) 4 cos(t5) sin(t1) + cos(t1) cos(t2) sin(ts) + cos(t1) cos(ts) sin(ts)
+ cos(t1) cos(tq) sin(ts) =0

(—1.9791) + sin(t2) sin(ts) + sin(ts) sin(ts) + sin(t4) sin(ts) = 0

(—4.0616) 4 3 cos(t1) cos(ta) + 2 cos(t1) cos(tz) + cos(t1) cos(ts) =0

(—1.7172) 4 3 cos(t2) sin(t1) + 2 cos(ts) sin(t1) + cos(t4) sin(t;) =0

(—3.9701) + 3sin(t2) + 2sin(t3) + sin(t4) =0

We present the solutions using 15-digit precision. The solution obtained from Gurobi is as follows:

Solgurobs = {t1 — 3.541589115876881, 1, ~— 2.528671886043263, t3 — 2.200031289188270,
ty > 2.463425269084723,t5 — 1.392156881933631, tg — 1.827868726794066}.

Due to its interval-based solving strategy, IBEX returns 16 solution boxes. We select the box most
comparable to Solgyrop; for evaluation:

SOlibex - {

t1 — [3.541589115876879, 3.541589115876882], 15 + [2.528671886043245, 2.528671886043252],
ts — [2.200031289188303, 2.200031289188314], 4 > [2.463425269084697, 2.463425269084708],
ts — [1.392156881933624, 1.392156881933633], ts +— [1.827868726794062, 1.827868726794066]}.

Critically, we observe that for each i € {2, 3,4}, Solgurobi (ti) & Solivex(t;). Theoretically, each
solution box produced by IBEX is guaranteed to contain a true solution. This discrepancy indicates that,
due to the inherent limitations of standard floating-point arithmetic in MILP solvers, Gurobi cannot
guarantee that its solutions are numerically sound.

This specific instance involves nonlinear functions such as sin and cos, which likely contributes
to the observed inaccuracy in the MILP solver. Given that neural networks are characterized by
highly nonlinear and non-convex functions, ensuring a rigorous guarantee against counterexamples
is paramount in the verification field. Without such soundness, the presence or absence of violations
remains uncertain. Therefore, we adopt interval-based constraint solving techniques as the foundation
for our neural network verification framework.

4.2. SAT-ReLU, VNN-COMP 2025

To validate the soundness of floating-point arithmetic in JET across both CPU and GPU platforms,
we conducted experiments using the SAT-ReLU benchmark from international verification of neural
networks competition 2025 (VNN-COMP 2025) [23]. SAT-ReLU is specifically designed to verify the



correctness of neural network verification tools, consisting of 100 instances equally divided into 50 saT
and 50 UNsAT cases. Each instance features a neural network with a single hidden layer and one ReLU
layer, with the number of input and hidden neurons varying across instances.

For these preliminary experiments, we selected 9 instances across 3 size categories (small, medium,
and large). The experiments were performed on a system equipped with dual 14-core Intel Xeon
E5-2680v4 CPUs (2.4GHz), 128 GB of memory, and an NVIDIA Tesla V100-SXM2 GPU.

Neural Network Verifier Settings We evaluate the performance of JET against four state-of-the-art

neural network verifiers on the selected 9 instances: a3-CROWN [7, 26], NeuralSAT [5], PyRAT [6], and

Marabou [4]. These verifiers utilize diverse constraint solving techniques and abstract domains®. It is

worth noting that IBEX was excluded from this comparison due to the execution errors (Segmentation
fault) during the solving phase.

Given their maturity, many of these tools incorporate integrated falsification methods (attacks) that
can identify counterexamples during a preprocessing stage, potentially bypassing the core verification
process. To ensure a fair comparison focused strictly on constraint solving capabilities, we disabled
these attack-based features®. A timeout of 5 minutes was set for each instance, encompassing both
preprocessing and the overall solving procedure, with all other parameters kept at their default values®.

Notably, all selected tools support both CPU and GPU execution, with the exception of Marabou,
which is CPU-only. In the following, we discuss several key insights and observations derived from the
results in Table 1.

Observation 1 Although a/3-CROWN and NeuralSAT verified all instances in the SAT-ReLU bench-
mark without incorrect results during VNN-COMP 2025 [23], our analysis reveals potential underlying
issues. While both tools produce correct results under their competition-specific configurations—which
rely on a MILP solver paired with falsification attacks—discrepancies arise when such attacks are dis-
abled. Specifically, we observe inconsistencies when utilizing the default branch-and-bound algorithm
in a8-CROWN.

Numerical stability in floating-point arithmetic remains a long-standing challenge, as evidenced by the
inconsistent verification outcomes observed even among state-of-the-art verifiers. Notably, even with
the use of a MILP solver, numerical instability remains a concern; as demonstrated in our preliminary ex-
periments, MILP solvers can return unsound solutions. Supporting evidence was observed in the results
of NeuralSAT, which utilizes a MILP solver as its linear theory solver. Although it successfully verified
8 instances, it encountered a critical execution error on the final instance—Not ImplementedError:
Unknown MIP solver error—across both CPU and GPU platforms.

Observation 2 In PyRAT, floating-point soundness is exclusively guaranteed in its CPU implementa-
tion [6]. Due to the substantial computational overhead associated with frequent switching of hardware
rounding modes, PyRAT was able to verify only a single instance within the specified time limit. Fur-
thermore, we observed 2 incorrect verification outcomes when using the GPU version of PyRAT, as it
does not currently provide floating-point soundness guarantees on GPU architectures.

Observation 3 While Marabou efficiently identifies counterexamples without relying on falsification
attacks, it struggles to prove UNSAT instances within the specified time limits. Notably, although no
incorrect results were observed for Marabou in these preliminary experiments, its potential issues
regarding soundness and correctness have been noticed in recent literature [11].

*The domains include: polyhedra (a3-CROWN and Marabou), Boolean abstraction (NeuralSAT), and zonotopes (PyRAT).
*Marabou does not employ any attack methods.
The CPU implementation of PyRAT is configured to employ sound floating-point arithmetic modes.



Table 1
Verification results from JET compare with «3-CROWN, NeuralSAT, PyRAT, and Marabou.
(Background colors: green: correct, red: wrong, pink: lack of precision, and gray: timeout.)

Instances afB-CROWN NeuralSAT PyRAT Marabou JET

CPU GPU CPU GPU CPU GPU CPU CPU GPU
small 1 timeout
small 2 unknown unknown timeout timeout  timeout
small 3 _ unknown timeout
medium 1 timeout timeout timeout timeout timeout  timeout

timeout timeout timeout  timeout
timeout timeout timeout timeout  timeout

medium 2 timeout timeout
medium 3 timeout timeout

large 1 timeout timeout timeout timeout timeout  timeout
large 2 timeout timeout timeout timeout timeout  timeout
large 3 timeout timeout timeout timeout  timeout timeout  timeout

Observation 4 Based on these preliminary and limited experimental results, JET successfully demon-
strates its soundness, yielding no incorrect verification outcomes. Furthermore, JET leverages a simpli-
fied yet efficient overapproximation strategy to achieve competitive performance against existing tools
that rely on more complex abstract domains (e.g., zonotopes or polyhedra) and sophisticated search
heuristics. However, for larger instances in this benchmark, JET was unable to reach a conclusive result
within the timeout, potentially due to either the substantial expansion of the ternary constraint network
or the insufficient precision of the overapproximation method.

5. Conclusion

Summary In this study, we propose JET, a sound GPU-based continuous constraint solver designed to
address the floating-point soundness issues in neural network verification. Developed as an extension
of Turbo—a GPU-based discrete constraint solver—JET rigorously implements sound floating-point
interval arithmetic on both CPU and GPU architectures. Our preliminary experiments demonstrate that
JET ensures both soundness and correctness for neural network verification. Furthermore, to the best of
our knowledge, JET is the first GPU-based sound continuous solver capable of handling general CCSPs.

Limitations and Next Steps This paper represents our initial step toward leveraging continuous
constraint solving techniques for neural network verification. Currently, achieving conclusive results
within reasonable time limits remains a significant challenge. We identify two primary bottlenecks: first,
the rapid expansion of the ternary constraint network, which substantially hinders both counterexample
search and formal safety proofs; and second, the underling overapproximation, which may lack the
precision necessary for tighter verification bounds.

To address these challenges, our future work will focus on developing alternative decomposition
strategies for affine functions to mitigate the complexity of the constraint network, thereby enhancing
overall solving efficiency. Additionally, we plan to transition from the interval abstract domain to
more sophisticated relational abstract domains to capture inter-neuron dependencies more effectively.
Furthermore, we intend to conduct extensive evaluations across a broader range of neural network
verification benchmarks and general CCSPs to further demonstrate the versatility and scalability of JET.
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