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Abstract

We provide an extended summary of results in our preprint [1] in which we study the expressive power of
message-passing aggregate-combine-readout graph neural networks (ACR-GNNs). Particularly, we focus on
the first-order (FO) properties expressible by this formalism. While a tight logical characterisation remains a
difficult open question, we make two contributions towards answering it. First, we show that sum aggregation
and readout suffice for GNNS to capture FO properties that cannot be expressed in the logic C? on both directed
and undirected graphs. This strengthens known results by Hauke and Walega [2] where aggregation and readout
functions are specially crafted for the task. Second, we identify two natural ways of restoring characterisability
(with regard to C?) for ACR-GNNs. One option is to limit local aggregation (without imposing restrictions on
global readout), whilst the second is to run ACR-GNNs over graphs of bounded degree (but unbounded size). In
both cases, the FO properties captured by GNNs are exactly those definable by a formula in graded modal logic
with global counting modalities. Our results thus establish an innate lower- and upper-bound in terms of how far
(fragments of) C? can be taken to characterise GNNs, and imply that it is indeed the unbounded interaction of
aggregation and readout that pushes the logical expressive power of GNNs above C2.
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1. Introduction

Message-passing graph neural networks (GNNs) [3] are popular machine learning models for graph
structured data and are by design permutation-invariant. They have found applications in diverse areas
that involve graph data such as analysis of molecules [4], medicine [5], fraud detection [6], and traffic
forecasting [7]. The many variants of GNNs in use all share central concepts. A GNN associates each
vertex of a graph with an embedding vector and updates this embedding layer-by-layer. In each layer
of a GNN, every vertex sends messages containing its current embedding to other vertices, and receives
such messages themselves. The received messages are then aggregated and combined with the current
embedding to form the new embedding.

The main differences between GNN variants lie in the choice of vertices that receive a message and
the way the messages are aggregated and combined with the current embedding. Commonly, messages
are passed along edges of the graph. Other variants are equipped with global readout functionality
(or virtual vertices) — the ability to aggregate messages from all vertices in a graph regardless of their
connection. Popular choices of functions that aggregate messages both along edges and from global
readout are dimension-wise sum, max, or mean. The combination function, which forms the new vertex
embeddings from the aggregated messages, is typically a trainable feed-forward neural network (FFNN)
with a certain choice of activation function. To understand the limitations and relationships of all these
possible choices, a growing body of literature is dedicated to characterising the expressive power of the
GNN variants using logical formalisms.

One main direction of recent research is finding which vertex properties (or graph properties) can be
expressed by GNNs. The central result in this area is by Barcelo et al. [8], who show that GNNs with
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only local aggregation can express exactly the first-order (FO) vertex properties that are formulas of
graded modal logic (GML), and that sum aggregation suffices for this. In the same paper, the authors
also show that GNNs with both local aggregation and global readout can express all formulas of the
logic C?, that is, the two-variable fragment of first-order logic with counting quantifiers. Whether C2
exactly corresponds to GNNs with aggregation and readout was left open.

Surprisingly, the question was later answered negatively by Hauke and Walega [2]. They show
that there is an FO vertex property that can be expressed by certain aggregate-combine-readout GNN
(ACR-GNN) architectures, but cannot be expressed by C2. In light of this unexpected expressive power,
it is an open question what logics can be used to characterise GNNs with readout.

More is known when the aggregation and readout functions of ACR-GNNs are not arbitrary functions,
but are bounded in the sense that they are only sensitive to messages up to a certain multiplicity. Cuenca
Grau et al. [9] show that ACR-GNNs with bounded aggregation and bounded readout correspond exactly
to GML extended with a global counting modality. This holds for all vertex properties, not just the ones
expressible in FO. Unfortunately, common aggregation and readout functions such as sum and mean
are not bounded in this sense. Likewise, it is not known whether these specific aggregation functions
allow ACR-GNNs to express FO properties outside C2. This leaves a gap in the understanding of the
expressive power of ACR-GNNSs, as the known upper and lower bounds are relatively far apart. We
make two contribution towards closing this gap.

First, we show that simple ACR-GNNs which only use (unbounded) sum for aggregation and readout
can express FO properties outside C2. We show this for both directed (Theorem 1) and undirected
graphs (Theorem 3). This strengthens the mentioned result by Hauke and Walega [2], which relies on
specialized aggregation, readout, and combination functions. In fact, for directed graphs we use the
same FO property as Hauke and Walega (strict linear orders), but use a novel characterisation in terms of
homomorphism counts to show that this property is expressible using only sum. For undirected graphs,
we also follow a similar approach as Hauke and Walega and simulate directed edges via undirected
gadgets, but we use a different directed graph gadgetisation for technical reasons.

As our second contribution, we identify two relevant cases that each result in ACR-GNNs capturing
exactly the FO vertex properties expressible in GML extended with a global counting modality on both
directed and undirected graphs. The first case is the restriction to only graphs in which the degree
of vertices is bounded by some constant (Theorem 4). This is a natural assumption for many graph
datasets, for example, those that originate from molecules or road networks. The second, closely related,
case is that of ACR-GNNs in which the aggregation functions are bounded, but the readout functions
can be arbitrary (Proposition 5). This, for FO vertex properties, generalises the result by Cuenca Grau
et al. [9], where both aggregation and readout functions are taken to be bounded. It is quite surprising
that allowing unbounded readout functions does not increase the expressive power of ACR-GNNs
relative to FO. This reveals that it is indeed the unbounded interaction of readout and aggregation
that moves ACR-GNN s outside C? in terms of expressivity. Our characterisation result relies on the
combination of first-order model theory and architectural properties of ACR-GNNSs. The constructions
used may be of independent interest in the study of finite model theory.

Full proofs are available in the preprint [1].

2. Preliminaries

We introduce some preliminaries to formally state our results. For a d-dimensional vector 2 € RY, we
denote its i-th component by x[i]. All vectors encountered are row vectors.

Graphs A graph G = (V, E) consists of a non-empty set of vertices V and set of edges E C V x V.
Unless explicitly stated, graphs are directed and can contain reflexive edges. In undirected graphs
(v,u) € E implicitly means that also (u,v) € E. The out-neighbourhood of a vertex v € V, denoted
N&, (v), is the set of all vertices reachable from v with an outgoing edge. Formally, NG, (v) = {u € V|

out

(v,u) € E}. The in-neighbourhood NS (v) is defined similarly. When dealing with undirected graphs,



the in- and out-neighbourhoods coincide and are simply referenced as N (v). A graph has bounded
degree c if NG, (v)| < c for all v € V/; it being understood that ¢ € N.

We say that a graph G is d-featured (for some d € N) if it is associated with an embedding f: V —
{0,1}?. We then write G = (V, E, f). A pointed graph is a tuple (G, v) where G = (V, E) andv € V.
We also allow pointed graphs to be d-featured.

Graph Neural Networks The GNNs concerned in this paper are of the aggregate-combine-
readout (ACR) variety. For the purposes of this presentation, we confine ourselves to simple ACR-
GNNs [8]. An L-layer simple ACR-GNN with input dimension d € N is a (4L+1)-tuple N' =
({Aiti<r, {Ci}i<r, {Ri}ti<r, {bi}i<r,cls), such that there exist dp,...,d;, € N with d = dj and,
for all i € [1, L], the components A;, C;, R; are matrices of dimension d;_; X d; and b; is a row vector
of length d;. The component cls is a classification function which will be taken to be the threshold
cls: R — {0,1} with cls(z) = 1 if z < 0 and cls(x) = 0 otherwise.

On a d-featured graph G = (V| E, f) an L-layer simple ACR-GNN with input dimension d computes
a series of functions f(?: V — R% for i < L, starting with f(9) = f, and then computing

f@(v):ReLU<(f“—”<v>)ci+( > W) A+ (Zf“‘”(u))m)
ueV

uENOGut(v)

forallv € V and ¢ < L; it being understood that ReLU(z) = max(0, x) is applied componentwise.
An L-layer ACR-GNN N with input dimension d accepts a pointed d featured graph (G,v) if
cls(f) (v)) = 1. We write N'(G, v) = 1 when N accepts (G, v), and N'(G,v) = 0 when it does not.

Graded Modal Logic Fix a d € N. To express vertex properties over d-featured graphs, we will
make heavy use of graded modal logic with graded global modality (GML?) with d propositional letters.
Formally, GML? with d propositional letters is the set of all formulas ¢ over the grammar:

=T Ipi|~@|leANeo]|Oskp | Ik,

it being understood that £ € N and p; is a proposition letter indexed by integers i € [1,d].

We evaluate formulas of GML? with d propositional letters over pointed d-featured graphs (G, v).
Let G = (V, E, f). We define satisfaction of a formula ¢ at vertex v in G, written G, v |= ¢, inductively
as follows:

G,v =T  always G,vE w1 ANy IfG,v g forie{1,2}
GookEp i fo)li]=1 Gl Oskp  if|{u € NGu(v) | Gyu = o} > k
GouoE—p fGuiEye GoolEdsrp  if{ueV|GukEp} >k

In the sequel we suppress reference to d if it can be inferred from context.

First-order Logic We write FO for first-order logic and C? for its two-variable fragment with counting
quantifiers. In the sequel we will be concerned with the capabilities of formal languages in terms of
classifying featured pointed graphs. Thus, we call FO, C2, and GML? formulas over the language of
d-featured pointed graphs FO, C2, and, respectively, GML? classifiers. We say that a classifier ¢ of the
above sort (or, respectively, an ACR-GNN N) captures a property P if, for all featured pointed graphs
(G,v), we have G, v |= ¢ (respectively, N (G,v) = 1) if and only if (G, v) has the property P. Note
that the property P can itself be thought of as a classifier.

3. Expressiveness of ACR-GNNs

It is known that, in the context of undirected graphs, simple ACR-GNNs are able to express every
property definable in C2 [8]. Barcel6 et al. [8] left the converse direction (relativised to FO) as an open



problem. A negative answer was achieved by Hauke and Walega [2], albeit, for non-simple ACR-GNNs.
Our first result continues in this direction and shows that even simple ACR-GNNs can express FO
properties over directed graphs that remain outside C2.

Theorem 1. There is an FO vertex property over directed graphs that is not equivalent to any C* formula
but is captured by a simple ACR-GNN.

Our approach is similar to that of Hauke and Walega [2] in the sense that we construct an ACR-GNN
that accepts graphs in which the edge relation is a strict linear order. In our setting, however, there is no
clear way of checking (via a simple ACR-GNN) that the standard conditions of strict linear orders are met.
We thus introduce a novel characterisation of strict linear orders in terms of homomorphism counts.

Let us recall that a homomorphism from a graph H = (U, F’) to a graph G = (V, E) is a function
h: U — V such that (u,v) € F implies (h(u),h(v)) € E for all u,v € U. The set of all homo-
morphisms from H to G is denoted by hom(H, G). Now, let us write P, for the graph with vertices
{v,u, w} and edges {(v,u), (u, w)}. Intuitively, P, is simply a path of length 2. The following is then
the promised characterisation which might be of independent interest in the study of graph theory.

Lemma 2. A graph G = (V, E) is a strict linear order iff |E| = (“24) and |hom (P, G)| = (“g‘).

The intuition behind this characterisation is that every deviation from a strict linear order that
maintains |E| = (‘g') increases the number of homomorphic matches of P». As an example, consider
the following three graphs G'1, G2, G3 with three vertices each.

o P

The graph G is a strict total order and has the minimal number 3 = 1 of homomorphic matches
of P,. Inverting an edge, as in G, increases the number of matches to 3. The same happens when
reflexive loops or cycles of length 2 are introduced: G3 has 3 matches of P.

Notice that the values |F| and | hom(P;, G)| can be easily counted by an ACR-GNN. Indeed, sum
aggregation can count the degree of each vertex thus allowing us to obtain |E| by a single sum readout.
The value | hom(P», )| is obtained similarly only now two aggregation runs are needed before applying
the readout (as the number of paths of length 2 starting from v € V' is simply »° 6 NG, (v) Y weNG NG (u) 1).
The values (‘V‘) 31VI2+ 3|V and (lgl) = L|V]® + 22|V|? + 2|V| can be obtained by applying
the sum readout function 2 and 3 times respectively (as [V[? = 3, .y, >,y 1 and similarly for [V |?)
By computing the absolute values (via ReLU) of | E| — (“2/‘) and | hom(P, G)| — (‘g‘) we classify G as
a linear order if and only if their sum is non-positive.

We mention that our results also hold in the more typical setting of undirected graphs.

Theorem 3. There is an FO vertex property over undirected graphs that is not equivalent to any C?
formula, but is captured by a simple ACR-GNN.

Of course there is no proper notion of a strict linear order in the undirected setting. We thus use
gadgetisations of linear orders in which each vertex v is split into two nodes s,, t,, and a directed edge
such as (u, v) is represented as an undirected edge (s, t,,). Note that the gadgetisation is different from
that of Hauke and Walega [2] in order to be compatible with Lemma 2.

Our final contribution concerns the scenarios where a characterisation of ACR-GNNs (modulo FO)
in terms of fragments of C? is possible. Turning to the setting of graphs of bounded degree (but not
necessarily bounded size) we show the following,.

Theorem 4. Over graphs of bounded degree, an FO classifier  is captured by an ACR-GNN if and only if
@ is equivalent to a GML? classifier.



This contrasts Theorem 1 and Theorem 3, as over graphs of unbounded degree, ACR-GNNs can
express properties outside GML? and C?. It is easy to see that every GML? classifier can be captured by
a simple ACR-GNN, even over all graphs, using the standard construction from [8].

To show the other direction of Theorem 4, we take a detour and first consider again graphs of
unbounded degree. Say that an aggregation function is bounded if there is some ¢ € N such that the
result of applying the function on any multiset of vectors M : RY — N is the same as applying it on the
multiset M’, where M’(z) = min(c, M (z)) for all z € R%. We show the following characterisation for
ACR-GNNs with bounded aggregation (but unbounded readout).

Proposition 5. An FO classifier ¢ is captured by an ACR-GNN with bounded aggregation functions if
and only if ¢ is equivalent to a GML? classifier.

Notice that the above generalises, for FO classifiers, the results by Cuenca Grau et al. [9], where the
readout function is also taken to be bounded.
We argue that Proposition 5 implies Theorem 4.

Proof sketch of Theorem 4. Let c be the bound on the degree of vertices. We make use of a GML?-formula
e = —3>10>c+1 1 that captures graphs of degree at most c.

If an FO classifier ¢ is equivalent to a GML? classifier over graphs of bounded degree ¢, then ¢ A 1),
is equivalent to a GML? classifier over all graphs. By Proposition 5, ¢ A 1), is therefore captured by an
ACR-GNN over all graphs. Hence, ¢ is captured by an ACR-GNN over all graphs of bounded degree c.

If ¢ is captured by an ACR-GNN over graphs of bounded degree c, then there is also an ACR-GNN
with bounded aggregation that captures ¢ over graphs of bounded degree c. Furthermore, there is also
an ACR-GNN with bounded aggregation that captures ¢ A 1. over all graphs. By Proposition 5, ¢ A 1),
is therefore equivalent to a GML formula over all graphs, which means that in turn, ¢ is equivalent to
a GML? formula over graphs of bounded degree. O

The proof of Proposition 5 is then model theoretic in nature. In short, we introduce an appropriate
notion of bisimilarity under which ACR-GNNs with bounded aggregation are invariant. We show
that every FO formula that is invariant under this bisimilarity is then equivalent to a GML? formula.
Our notion of bisimilarity extends c-graded ¢-bisimilarity [10] with a condition which demands that
all c-graded ¢-bisimulation types occur the same number of times in both graphs. To show our van-
Benthem-Rosen style result, we then use an upgrading argument similar to those found in [11, 10].
An important difference is that standard operations such as unravelling and product do not preserve
this kind of bisimilarity. In the upgrading argument we thus opt to, as it were, transform the graphs
in place so that they meet our requirements. Perhaps the most intriguing part of our argument is the
interplay between properties of ACR-GNN layers, bisimulations, and first-order logic, without which a
van-Benthem-Rosen style result for GML? (and, thus, a characterisation of ACR-GNNs with bounded
aggregation in terms of a fragment of C?) would not be possible.

We remark that while we have only introduced simple ACR-GNNs here, Theorem 4 and Proposition 5
apply also to ACR-GNNs with other aggregation, readout and combination functions.

4. Conclusion

In a sense, Theorems 1, 3 and 4 give us a lower and upper bounds on how far (fragments of) C? can be
taken to capture the expressive power of ACR-GNNs relative to FO. Interesting questions remain for
future research: Which logic exactly characterises the expressive power of ACR-GNNs? Here a good
starting point could be the logic FO+C as used by Grohe [12].
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