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Abstract

This paper presents an overview of a line of research on representing neural networks in Lukasiewicz logic and
applying this representation to formal property verification. The approach relies on the correspondence between
neural network computations and rational McNaughton functions, enabling the translation of certain neural
architectures into logical formulas. We summarize previously published results on the logical representation of
ReLU-TId neural networks and on the encoding of reachability and robustness properties in Lukasiewicz logic.
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1. Introduction

This paper is an abstract of previously published work and summarizes a line of research on representing
neural networks in Lukasiewicz logic and its applications to formal verification.

Although neural networks are widely recognized as state of the art in artificial intelligence, they
suffer from the black-box problem [1, 2]. That is, they do not provide justifications for the actions they
take, nor for the weights learned during the training process. Representing neural networks in a logical
language paves the way for the formal verification of their properties and offers a possible approach to
addressing the black-box issue.

As neural networks typically operate on rational numbers and take such numbers as input and output
values, formulas of a propositional fuzzy logic can represent them by leveraging the truth values in the
unit interval [0, 1]. Within this approach, the truth value of a formula ¢ corresponds to the output of a
neural network when the propositional variables X1, ..., X, are assigned truth values matching the
network’s inputs.

Lukasiewicz logic (L) brings together several properties that qualify it as a suitable target system
for this endeavor [3, 4]. This logic has a well-established algebraic semantics, and its associated
computational problems have been extensively studied. In particular, the satisfiability problem is
NP-complete and the validity problem is coNP-complete [5], which are reasonable complexities for
such problems. Moreover, algorithms have been proposed and empirically evaluated for these problems,
including studies on the detection of the phase-transition phenomenon [6].

Once a neural network is represented by Lukasiewicz formulas, this representation can be used
within L-formulas and L-entailment instances to express properties of the network. Properties such
as reachability—that is, whether there exists an input for which the neural network produces a given
output—and robustness—whether it preserves its output in the presence of small perturbations of the
input—are examples of properties that can be encoded in the language of Lukasiewicz logic.

In Section 2, we introduce Lukasiewicz logic and, in Section 3, we present results concerning the
translation of neural networks into Lukasiewicz logic formulas. Section 4 shows how the properties
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Table 1
Derived operators in £

Operator t-valuation
Conjunction: v(pOY) =

0 O P =det 7 (—p © ) max(0,v(p) +v(¥) — 1)
Maximum (weak disjunction): v(p V) =

PV Y =gt 2(~p S YP) B max(v(p), v(1)))
Minimum (weak conjunction): v(ip AY) =

PAY =get 2(mp V Y) min(v(p), v(¥))
Implication: v(p = 1Y) =

P = ) =qgef 70 DY min(1,1 —v(p) + v(¥))
Bi-implication: v(p &) =

PP =4 (¢ > V)N W =) 1—|o(p) —v(y)
Truncated subtraction: vipo) =

POY =qef ¢ O Y max (0, v(p) — v(v))

of reachability and robustness can be encoded in Lukasiewicz logic. Finally, Section 5 indexes the
published work in this line of research and outlines future directions.

2. Lukasiewicz Logic

Lukasiewicz logic (L) is based on a propositional language L3 freely generated from a countable set of
propositional variables through the binary L-disjunction operator & and the unary L-negation operator
—. We denote L-formulas (in £3) by lower Greek letters. For the semantics of L, a L-valuation is a
function v : £y — [0, 1] that obeys, for ¢, ¥ € Ly

v(~p) =1—v(p); and (1)
v(p @® 1) = min(1,v(p) +v(¢)). ()

From L-conjunction and L-negation one may derive the L-operators in Table 1.

We say that a L-formula ¢ € Ly is satisfiable if there is a L-valuation v such that v(¢) = 1; in this
case we say that v satisfies ¢ and that ¢ is satisfied by v. A set of formulas ® C Ly is satisfiable if there
is a valuation v that simultaneously satisfies all formulas in ®; again, we say in this case that v satisfies
® and that P is satisfied by v. An L-entailment instance ® |= ¢, where ¢ € Ly and ® C Ly is valid iff
 is satisfied by every L-valuation that satisfies ®; formulas in ® are called premises and formula ¢ is
the conclusion.

Some important properties for our encodings are: v(p) < v(v) iff ¢ — ¥ is satisfied by v; and
v(p) = v(y) iff p <> 1 is satisfied by v, for formulas ¢, ¢ € Ly and L-valuation v.

3. Neural Networks into Lukasiewicz Logic

The McNaughton theorem identifies formulas of Lukasiewicz logic with McNaughton functions: con-
tinuous piecewise linear functions from [0, 1]” to [0, 1] whose linear pieces have integer coefficients
(7, 8]. Rational McNaughton functions generalize McNaughton functions by allowing rational numbers
as coefficients. One way to represent such functions within a logical system is to rely on extensions
of £, such as rational Lukasiewicz logic, which introduce division operators d,, inducing division by
n € N* in the semantics [9].

Another way to handle rational McNaughton functions, without extending L, is to employ semantics
modulo satisfiability [10, 11, 12]. In this approach, rational McNaughton functions are represented by a



pair (@, @), where ¢ is a L-formula encoding the function and ® is a set of L-formulas constraining
L-valuations to those satisfying ®. For instance, any constant % € [0,1] N Q, where a,b € N,a < b
and b # 0, can be represented by the pair (aZ1, ¢1), where Z1 is a propositional variable and
b b b
4,01 —Z1 Hﬂ(b*l) 1.

0'

Here,nZ 1 denotes the n-fold strong L-disjunction Z 1 SNV L, for n € N. In this way, any L-valuation
v satlsfylng the formula P1 assigns the truth value ¢ to the formula aZ 1. In the representation (@, ®) of

a nonconstant rational McNaughton function f : [0, 1]™ — [0, 1], there are distinguished propositional
variables X7, ..., X}, such that, for every L-valuation v satisfying ®, we have

f(v(Xl)v R U(Xn)) = U(tp).

Moreover, for every point (z1,...,x,) € [0,1]", there exists at least one L-valuation v satisfying ®
such that v(X1) = x1,...,v(X,,) = .

Representing rational McNaughton functions within the plain L system via semantics modulo
satisfiability allows one to leverage existing algorithms—together with their empirically evaluated
implementations—for satisfiability solving and theorem proving in L.

The functional expressive power of Lukasiewicz logic can then be employed to represent neu-
ral networks. Fully connected feedforward neural networks with ReLU activation function—
given by max(0,z)—in the hidden layers and truncated identity activation function—given by
max (0, min(1, z))—in the output layer compute exactly rational McNaughton functions. That is,
each output value is a rational McNaughton function of the network’s input values [13]. We call these
ReLU-TId neural networks.

Algorithms have been proposed to effectively translate a ReLU-TId neural network into a repre-
sentation modulo satisfiability pair (p, ®). The translation proceeds in two steps. First, the rational
McNaughton functions computed by the network are put into regional format, which explicitly encodes
each linear piece of the function together with the region of the domain [0, 1]" on which that piece
coincides with the function [14]. Second, each function in regional format is represented modulo
satisfiability in polynomial time [11, 12]. While the second step runs in polynomial time, the first
may incur an exponential blow-up in the number of neurons of the neural network. Still, the regional
formats obtained in the first step may not be sufficiently refined for the second step to yield exact
representations, and may therefore require further refinements.

Since a ReLU-TId neural network with m output neurons computes m rational McNaughton functions,
one for each output neuron, a representation modulo satisfiability of the network can be viewed as a
sequence of pairs

<¢17 @1>7 ceey <(pm> q)m>

Each pair (p;, ;) represents the rational McNaughton function computed by the i-th output neuron.

4. Applications to Formal Verification

In this section, we present the encoding of two properties of binary classification neural networks in
Lukasiewicz logic. Let (p, @) denote the representation modulo satisfiability of a rational McNaughton
function f : [0,1]” — [0, 1], computed by such a network, assumed to have a single output neuron.

The reachability property states that a neural network attains at least a given constant value ¢ € [0, 1],
where a,b € N, a < band b # 0. That is, it asks whether there exist input values z1, ..., z, € [0,1]
such that f(z1,...,2,) > ¢. The network reaches at least the value { if, and only if, £-formula

/\CD/\QO%/\aZ%—Hp

is satisfiable. Further details can be found in [15].



For the robustness property, we first clarify how a binary decision is obtained from the network
output. If the output value is greater than or equal to 0.5, the network decides positively; otherwise, it
decides negatively. Such output values are commonly interpreted as probabilities of a positive decision.
We say that the network is robust with respect to a “large” probability threshold § > % and a “small”
perturbation bound § € [0, 1] if, whenever

flzy,... xn) > %,

it holds that

[\3\*—‘

flxi+p1,.. . 0 +pp) >

for all perturbations p; € R such that |p;| < % The constants satisfy a,b, o, 8 € N, a < b, a < 3,
b # 0 and 8 # 0. The network is robust if, and only if, the corresponding L-entailment instance

q)a ‘I)/’ w%a SD%7 Y1,

2

Pl_>OéZ%, ,Pn—>CVZ1
(Xi(—)Xl@Pl)\/(X{(—)Xl@Pl)

(X, < X, ®P,)V (X, X, @P)
aZ%%go EZ— .
2

is valid. The pair (', ®’) is a copy of (p, ®) obtained by replacing the propositional variables X in the
latter pair with fresh propositional variables X/ in the former. The propositional variables P; stand for
perturbations of the input values.

Let v be a L-valuation satisfying the premises of the L-entailment instance above. Then:

« The satisfaction of ®, ®’, p1, 1, and 1 ensures that the representation modulo satisfiability is
B b 2

respected and that the required constants are defined;
« The satisfaction of the formulas P; — aZ 1 ensures that each perturbation is at most & 35

« The satisfaction of the formulas (X <> X; QB P)V (X] <+ X;© P;) ensures that the propositional
variables X/ are evaluated as perturbed versions of the values assigned to the propositional
variables X, according to the values assigned to F;;

« The value v(yp) is the output of the network on inputs v(X1), ..., v(X,);

« The satisfaction of formula aZ1 — ¢ ensures that the output of the network is at least  for
input values v(X1),...,v(Xy);

« The value v(¢’) is the output of the network on the perturbed inputs v(X?),...,v(X)).

Thus, if the L-entailment instance is valid, every valuation satisfying the premises also satisfies the
conclusion Z 1= ¢'. Hence, the output of the network on the perturbed input values is at least 1.
The validity of this L-entailment instance therefore yields robustness of the network. Notice that such
robustness property is global, since it is verified for all input values of the network. Further details can
be found in [15].

5. Published Work and Future Perspectives

This line of research has been developed over the past years through a series of publications addressing
different aspects of the logical representation of neural networks in Lukasiewicz logic and its applications
to formal verification.

The representation of rational McNaughton functions directly in Lukasiewicz logic via semantics
modulo satisfiability, including an algorithm that takes such functions in regional format as input, was
investigated in [10, 11, 12]. The extraction of the functions computed by ReLU-TId neural networks



into regional format is developed in [14]. The encoding of reachability and robustness properties for
binary classification neural networks is detailed in [12]. In addition, the empirical behavior of L-solvers
for satisfiability and theorem proving when applied to these formal verification instances was studied
in [16]. A more comprehensive overview of this line of research can be found in [13].

As apromising future perspective, we aim to avoid the exponential blow-up arising from the extraction
of functions in regional format from ReLU-TId neural networks by revising the translation approach.
Instead of a two-step translation, we plan to propose a polynomial-time direct representation modulo
satisfiability that is closely tied to the neuronal architecture of the network. Addressing this exponential
blow-up would be an important step toward making these methods applicable to larger real-world
neural networks. This approach also might be generalized to other neural network architectures. Indeed,
preliminary results establishing representations of recurrent neural networks in Lukasiewicz logic can
already be found in [17].

Another source of complexity comes from the underlying computational problems of Lukasiewicz
logic. Although satisfiability and validity are, respectively, NP-complete and coNP-complete [5], these
complexity classes are expected for many exact formal verification problems. Moreover, besides the
existing algorithms for satisfiability solving and theorem proving in L, one may also pursue approximate
solutions for formal verification queries by using some framework of approximate logics for L, as the
one in [18].

Another still little-explored approach consists in approximating neural networks by rational Mc-
Naughton functions [19]. Indeed, continuous functions can be approximated by rational McNaughton
functions via a Weierstrass-like approximation result [20, 21]. Besides potentially yielding regional
format encodings of lower complexity for ReLU-TId networks, this approach may also provide logical
representations for neural architectures beyond the ReLU-TId setting.
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