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Abstract

We compare the expressive power of state space models (SSMs) and recurrent neural networks (RNNs) in two
domains: over words and over temporal graphs. Building on recent logical characterisations of SSMs via fragments
of pure-past linear temporal logic (pLTL ), we lift the analysis to the graph domain. Our main results show

that graph SSMs (GSSMs) are at least as expressive as the product logic pLTL xK#, combining pure-past LTL
with graded modal logic over the nelghbourhood while recursive temporal graph neural networks (recTGNNs)
capture the strictly stronger logic #TL ¢ xK#, a mu-calculus-style product logic. This mirrors the situation for
words: SSMs recognise pLTL -definable, i.e. star-free properties, whereas RNNs can simulate arbitrary finite
automata and therefore recognise all regular properties. The structural parallel reveals a fundamental architectural
boundary: the ability to compute fixpoints over sequences of arbitrary length lies beyond SSMs in both domains.
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Introduction

State space models (SSMs) such as S4 [1] and Mamba [2] have emerged as a competitive alternative to
transformer architectures for sequence modelling. A natural question asks: does their architectural
similarity to recurrent neural networks (RNN5s) translate into comparable expressive power? Recent
theoretical work has shown that this is not the case for word sequences: Merrill et al. [3] established
that common SSM variants lie within the circuit complexity class TC?, and hence cannot simulate
finite automata in general (unless TC® = NC?). Further results by Sarrof et al. [4] and Alsmann
et al. [5] complemented this with lower bounds: diagonal SSMs with fixed precision recognise exactly
the star-free regular languages, captured by first-order logic or linear-time temporal logic, while RNNs
are known to capture all regular languages [6].

The same question arises for graph sequences (temporal graphs). Recursive temporal graph neural net-
works (recTGNNs) generalise RNNs by adding a message-passing step at each time point. Salzer et al. [7]
started the study of the expressive power of temporal graph neural networks by using product logics
[8] which can make assertions about the temporal evolution of nodes in a TGNN, as well as their spatial
neighbourhood. We complement these recent results on the expressiveness of temporal graph neural
network architectures, by investigating a recently proposed extension of SSMs to temporal graphs
(GSSMs) [9]. We establish that diagonal-gated GSSMs are at least as expressive as pLTL, xK#, the
natural graph analogue of pLTL; adding graded counting of neighbours. We introduce the product
logic uTL; xK#, inspired by the linear-time mu-calculus over finite traces [10] for temporal graphs,
and prove that recTGNNG are at least as expressive as uTL¢ xK*, which strictly subsumes pLTL 7 xK7.
This improves the previously known best lower bound by Salzer et al. [7]. We exhibit the structural
parallel: the expressiveness gap between GSSMs and recTGNNs mirrors exactly the gap between SSMs
and RNNs at the word level.
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2. Models

Words. An SSM layer processes a sequence x1 - - - &,, € (R%)* via a linear recurrence h; = A(x;) -
h;_1 + Bx; and an output map, in general represented by a feed-forward neural network (FNN),
zt = ¢(ht, ) [4]. A diagonal SSM restricts A(x;) to a diagonal matrix, a time-invariant SSM fixes
A(x;) = Amaking it input-independent. An SSM stacks several such layers together with an embedding
and an output FNN.

An RNN replaces the linear recurrence with a non-linear one: h; = o(Ah;—1 + Bazt) for some
activation o. A classical result of Minsky’s [6] shows that a single-layer RNN with threshold activation
can simulate any finite automaton.

Temporal graphs. A temporal graph TG = G - - - G, is a sequence of graphs sharing the same node
set V, where Gy = (V, Ey, ;) and ¢; : V — {0, 1}* is a binary node colouring. ‘
A message-passing GNN (MPNN) M = (I}, ... I¥) is a sequence of layers I’ = (comb’, agg’). Applied
to a static graph G = (V, E, ¢), it computes node embeddings Rl = ¢(v) and
R = comb™ (R, agg™ ({{h) | {u, v} € E})),

where comb is an FNN and agg is the element-wise sum. The final embedding of v is M (V| E, ¢, v) :=
hff“). The expressiveness of MPNNs was extensively studied using fragments of graded modal logic (the
modal logic with counting modalities) [11, 12].

A graph SSM (GSSM) layer (A, B, M, ¢) generalises an SSM layer by replacing the scalar input x;
with the output of an MPNN M applied to the current graph Gi:

(ho) = A(Ry)i1 + B - M(Vi, By, [u — (%)), ).

Here A € R%*? is the gate matrix (diagonal for diagonal-gated GSSMs, arbitrary but fixed for time-
invariant GSSMs), and M aggregates neighbourhood information. A GSSM stacks L such layers with
an initialisation and an output FNN.

A recursive temporal graph neural network (recTGNN) (M, out) applies a fixed MPNN M repeatedly:
at time step ¢, it runs M on G; with the node feature augmented by the output of the previous step,

z,(t) = M(Vt,Et, [u = (Zuc(tt(ﬁ)l)ﬂ ,u) .

This is a direct graph generalisation of an RNN.

3. Logics

Over words.  Pure-past linear temporal logic over finite traces (pLTL ) [13] uses operators Yo (yes-
terday), Yo (weak yesterday; also satisfied at the first position), Py (at some past position), and ¢ S )
(since). The semantics is given on word positions: 0,4 |= ¢ S iff there exists k < i with 0, k |= ¢ and
0,j | pforallk < j <i. Aword o satisfies ¢ iff 0, [0 [= . The unary fragment un-pLTL ; omits S.

pLTL, is expressively equivalent to first-order logic FO[<] and to the class of star-free regular lan-
guages [14]. The extension pLTL ;[MOD] adds modular predicates MOD;" (i = r (mod m)) extending
the expressiveness to all regular languages contained in AC [15].

Over temporal graphs. pLTL,x K7 (pure-past LTL times graded K) combines the temporal operators
of pLTL ; with a modal counting inequality over the neighbourhood:

pu=clop oA | Yo | Yo [Pp|oSe|Op| Y a;-1p, + >, b - # < d



Table 1
Expressiveness bounds for SSMs and RNNs over words.

Architecture Lower bound

Diagonal SSM > pLTL; = FO[<] [4,5]

Time-inv. SSM > un-pLTL;[MOD] [5]

Mixed SSM > pLTL;[MOD] = REG N AC" [5]

All SSM variants  C TCY [3]
RNN > uTL = REG [3, 6]

where ( is satisfied if a neighbour of the current node satisfies ¢, #1 counts the neighbours of the
current node at the current time step satisfying v, and a;, by, d € Z. Semantics is given on pointed
temporal graphs (T'G, v, t).

The product structure captures two independent axes of reasoning and their interaction. The temporal
axis is handled by the pLTL; operators Y, Y, P, S: they look backwards in time at the history of a single
fixed node. The spatial axis is handled by ¢ and the counting inequalities #1): they look sideways across
the graph at the neighbours of the current node at the current time step. The two axes interact because
the argument of a spatial operator can itself be a temporal formula, and vice versa. For example, #(Y ¢)
counts how many neighbours held colour ¢ one step ago, while P({ ¢) asserts that some neighbour held
c at some past time.

pTLg x K replaces the S operator and P operator with a fixpoint operator recX.¢: The fixpoint
recX.p denotes the least set S C V x {1,...,n} satisfying S = [¢]7¢[X + 5], i.e. the smallest
extension of X that makes ¢ true of every pair it contains; equivalently, it is the limit of the approximants
rec’X.p := () and rec* 1 X.¢ := [¢]T¢[X + reckX.¢]. A formula is (temporally) guarded if every
bound variable X appears under the scope of a Y/Y operator within its fixpoint body. As with the
modal p-calculus, non-guarded formulas can be transformed into equivalent guarded ones, incurring
an exponential blow-up in general [16, 17]. Since here we are interested in matters of expressive power,
formula size plays a minor role and we can simply assume that formulas are guarded. This, together
with the interpretation in TGNNSs of finite temporal length, also ensures that fixpoints are unique, cf.
[18] which is why we only introduce a single recursion operator rec instead of the dual 1/v.

Lemma 1 (Convergence). Let T'G be a temporal graph of length n and p a guarded puTL ¢ xK* formula.
Then [rec”X.p]7¢ = [recX.p]T¢.

The key intuition is: guardedness forces every recursive call to “spend” a Y-step, so the depth of
unfolding equals the length of the graph. The standard pLTL XK operators are expressible in ¢/ TL xK#
viaPp = recX.(p VYX)and ¢ S¢ =recX.(¢ V (¢ AYX)), so pLTL, xK# C pTL xK#.

4. Expressiveness over Words

We summarise known results for SSMs and RNNs over words as shown in Table 1. Diagonal SSMs with
fixed precision are characterised by pLTL: the upper bound C TC comes from Merrill et al. [3], and
the non-expressibility of the non-star-free language (aa)* by diagonal fixed-precision SSMs follows from
a monotonicity argument (an SSM processing the same symbol repeatedly must eventually stabilise).
The lower bound for diagonal SSMs is established constructively: each subformula of a pLTL ; formula
is mapped to one dimension of the hidden state. Propositional operators are computed by the FNN;
the operators P and Y use time-invariant gates; the S-operator requires an input-dependent diagonal
gate to combine the current evaluation of its left argument with the accumulated past, following the
unfolding S =¥ V (¢ A Y(¢ S¥)). Time-invariant SSM layers — despite their inability to express
the since operator — have the ability to track positions periodically by using permutation matrices [5].



Combining this together with diagonal SSM layers lifts the expressiveness of such mixed SSMs to all
regular languages contained in ACP.

RNNSs, by contrast, can recognise any regular language by encoding the transition function of a
finite automaton in a threshold activation layer, immediately placing them at the full class of regular
languages.

5. Expressiveness over Temporal Graphs

5.1. Lower Bound for GSSMs

The following result lifts the word-level lower bound for diagonal SSMs to the graph setting.

Theorem 1 (GSSM > pLTL, xK*). For every pLTL ¥ x K7 formula o there exists a diagonal-gated GSSM
Sy, that correctly classifies all pointed temporal graphs with respect to . The construction uses a number
of layers equal to the nesting depth of ©.

Analogously, every formula in un-pLTL [MOD] x K* is recognised by a diagonal, time-invariant GSSM.

Proof sketch. The structure follows the word-level construction of Alsmann et al. [5]. Fix a
pLTL fo# formula ¢ and an injective index map ¢ from subformulas to hidden-state dimensions.
Each layer evaluates all subformulas of a fixed nesting depth simultaneously, propagating results to
deeper layers.

The crucial observation is that the node feature sequence (x,)1 - - - (x,), for a fixed node v behaves
exactly like a word: the temporal operators Y/Y and P are handled by the same gating constructions
as in the word case (leaving M as the identity GNN for those operators), and the S-operator uses an
input-dependent diagonal gate.

The new case is the modal inequality Zj aj - Ly + D4 b - #r, < d. Here the GSSM gate is set to
zero (the formula is purely positional), and the GNN M is a one-layer MPNN with sum aggregation:

M(W7Et7[u'_>mu]7v):m’u@ Z Loy

where @ denotes concatenation. The second summand collects #1;, counts in the hidden state, and
the output FNN applies the linear comparison. All other dimensions are left unchanged by identity-
projections. (]

5.2. Lower Bound for recTGNNs

The simulation of yTL; xK# by recTGNN relies on a normal form that structures fixpoint formulas so
that their evaluation reduces to a single forward pass over the temporal graph.

Any guarded pTL xK# formula can be rewritten as a vectorial fixpoint system recX -, where
U = (X1=t1,...,Xm=1n) is a vector of equations with a designated entry variable X;. Mutual
fixpoints are unfolded into nested single-variable fixpoints via the Beki¢ Lemma [19]: given equations
X=¢p and Y =1, one has

recX. [‘;( _ ;ﬂ = recX.p(recY.y/Y].
Applying this repeatedly reduces a mutual system to a sequence of single-variable fixpoints. Within the
resulting system, every free occurrence of a bound variable X in a right-hand side 1); may be nested
under several Y/Y operators. We normalise to single-Y depth: for every Y¢ in v; such that ¢ contains a
bound variable, we introduce a fresh equation Z = ¢ and replace ¢ by Z. This does not change the
semantics (an application of the Beki¢ Lemma in the other direction), and terminates after at most |¥|
rounds. The result is a vectorial system in which every bound variable occurrence is under exactly one
Y/Y.



Lemma 2 (Vectorial normal form). Every guarded pTL; xK* formula ¢ is equivalent to a vectorial
formula recX. W in which each bound variable occurs under exactly one Y/Y operator.

The single-Y condition has a crucial semantic consequence: evaluating v; at (v, t) can only query
a bound variable at time t — 1. Hence, if the (t—1)-th approximant is correctly known for all earlier
positions, the ¢-th approximant can be computed from it in one formula evaluation. This yields the
following.

Lemma 3 (Convergence, restated). Let recX.V be in vectorial normal form and T'G a temporal graph
of length n. Then [rec” X.¥]7C¢ = [recX.¥]7C.

Proof sketch. The proof is by induction on t: for t = 1 the approximant is empty (since Y-formulas
are false at position 1); for ¢ > 1 one can show that T<; C [rec’X.¥] by observing that a pair (v, ¢) in
the fixpoint uses only pairs (v/, ¢ — 1), which are already covered by the induction hypothesis.

For the MPNN construction it is convenient to require that for every Y¢é/Y¢ occurring in the normal
form, the body ¢ is already in a form where Y/Y cannot be pushed further inward: either ¢ € V UC
(a variable or colour), or ¢ = (1) where v is built from colours, resp. atomic propositions, variables,
disjunctions, negations, and modal operators only.

This simple form is achieved by pushing Y/Y through Boolean connectives using distributivity:

Y(¢1V ¢2) = Y1 V Yoo, Y($1 V d2) = Y1 V Ybo, Y(—¢) = ¥, Y(—¢) = Yo

Applying these rules repeatedly in the right-hand sides of ¥ yields an equivalent vectorial formula in
simple form. We call the resulting system a simple vectorial formula. Given a simple formula recX.V,
the subformulas of ¥ can be split into two disjoint sets:

Py(¥) = {1 € sub™ (V) | every variable in v is guarded (under Y) },
Py(¥) = {1 € sub™ (V) | every variable in v is unguarded }.

Simplicity ensures that no subformula contains both guarded and unguarded variable occurrences
simultaneously. Intuitively, P;-formulas read information from the previous approximant (via Y/Y),
while P»-formulas assemble the current approximant from the P;-results just computed. This split into
two is what allows a single forward pass of the MPNN to advance the fixpoint by exactly one step. [J

Theorem 2 (recTGNN > pTLy xK*). For every guarded piTL ¥ x K7 formula o there exists a recTGNN
T, whose output at time step t encodes the t-th approximant [rectX.o]TC for all nodes and all temporal
graphs. In particular, by Lemma 3, T,, recognises L(yp) = {(T'G,v) | TG, (v,n) = ¢}.

Proof sketch. By Lemmas 2-3 we may assume that ¢ is a simple vectorial formula recX.¥ with
subformula partition (P (), P>()).

Encoding. Each node v carries a hidden vector h,(t) € R?? at time step ¢, where d = |C| + |sub™t (¥)].
The vector is partitioned into an upper half (indices via t4) and a lower half (indices via ¢|), each holding
one Boolean value per non-variable subformula:

* (hy(t)),,(y) = 1 encodes whether (v, {—1) satisfies 1) under the appropriate approximant envi-
ronment. This is the read half, populated from the previous time step via the recTGNN recurrence.

* (hy(t)).,(y) = 1 encodes whether (v, ¢) satisfies 1) under the current approximant. This is the
write half, computed layer by layer within the MPNN.

Because the recTGNN initialises ¢j(v) = (ct(v),2z,(t—1)), the previous output z,(t—1) =
(hy(t—1)),,() is automatically available in the lower half of h,(?) at the start of each time step.

Two-phase MPNN. The MPNN M consists of nd(V) = d; + d2 layers, split into a P;-phase (layers
1,...,d1) and a P>-phase (layers dy + 1, ..., d; + da), where d; = max{nd(¢) | v» € P;(¥)}. Within
each phase, layer ¢ simultaneously computes all subformulas of nesting depth ¢ (resp. ¢ — di) by
accumulating the relevant copy matrices without mutual interference (each targets a distinct index):



Table 2
Expressiveness over words and temporal graphs. Each row is an architectural variant; columns show the
corresponding logic lower bound in both domains.

Architecture Words Temporal graphs

Diag., time-inv. > un-pLTL,[MOD] > un-pLTL;[MODJx K#
Diagonal > pLTL; = FO[<] > pLTL, xK#

Mixed > pLTL,[MOD] = REG N AC® > pLTL,[MOD]xK*
Upper bound (all SSM/GSSM) € TC® C TC? ()

RNN / recTGNN > uTL = REG > pTLyxK#

« Pi-phase (¢ € P;(V)): variables appear only under Y, so they are read from ¢| (the lower half,
i.e., the previous time step). The four connectives are handled as in the word case: — via bias,
V via summation and trReLU, ¢ and counting formulas via the GNN sum-aggregation weight
B, and Y via a copy from ¢|. After the P;-phase, t1(1)) correctly encodes (v,t) € [¢/],, for all
Y € Py(¥), where p; maps each X; to the (t—1)-th approximant [rect~!X;.V].

« Py-phase (1) € P»(V)): variables appear unguarded, so they refer to the current fixpoint value.
After the P;-phase, the entries ¢4 (x(X;)) for each variable X; already hold the ¢-th approximant
value (just computed). The P%-phase reads these entries directly from ¢4 and applies the same
four connective rules. After this phase, 11(1) encodes (v,t) € [¢],,,, for allp € P>(¥), where
pi+1 maps X; to the t-th approximant, exactly the environment needed so that P»-results serve
as the correct lower half input for time step ¢ 4 1.

A final projection layer copies the upper half to the output z,(t), which becomes the lower half of
h,(t + 1) in the next recTGNN step. The correctness of the whole construction is proved by nested
induction on the time step ¢ and the layer index i, using the two-phase invariant above. For { = n,
Lemma 3 gives [rec” X. V] = [recX.V], so the output of T, at the last step is correct. O

5.3. Separation

The separation pLTL, xK# C uTL f x K7 follows because ;TL ¥ xK* can express properties requiring
counting of temporal patterns, such as “node v has been connected to a blue node at every even time step”,
by exploiting fixpoints over the Y-operator in combination with ¢. GSSMs with a fixed gate matrix cannot
track such periodic patterns beyond the capacity of their finite-dimensional hidden state, by an argument
analogous to the (aa)* impossibility at the word level. The inclusion pLTL ;[MOD] xK# C uTL f xK#
is strict unless TC? = NC!, because GSSMs cannot express NC!-complete problems like permutation
tracking (Ss), even when combining both types of gates [3].

6. The Structural Parallels

Table 2 displays the expressiveness landscape side by side for words and temporal graphs.
The parallel is striking. In both settings:

1. SSMs / GSSMs: Their expressive power in the diagonal case corresponds exactly to the first-order
(star-free) fragment of the relevant temporal logic: pLTL ; on words, pLTL, xK# on temporal
graphs. The modal counting in pLTL, xK# corresponds to the FNN-based sum aggregation of
the GNN. While SSMs are bounded from above by TCV it remains to see whether the same holds
for GSSMs.

2. RNNs / recTGNNs capture fixpoint properties: all regular languages on words, and the mu-
calculus product logic uTL; xK# on temporal graphs allowing arbitrary regular properties to be



expressed in the temporal domain. The common mechanism is the ability to accumulate arbitrary
states across time steps via a non-linear gate, effectively implementing the Kleene iteration of a
monotone operator.

3. The gap in both cases corresponds exactly to the inability of SSMs/GSSMs to compute fixpoints
of non-trivial recursive operators.

7. Conclusion

We have shown that the expressiveness gap between SSMs and RNNs carries over from the word to the
temporal-graph domain. Diagonal GSSMs are at least as expressive as pLTL xK#, the product of pure-
past LTL and graded modal logic, while recTGNNs capture the strictly stronger mu-calculus product
logic uTL ;% K# . This parallel suggests a unifying principle: the architectural boundary separating SSMs
from RNNSs is not specific to the sequential word domain; instead the linearised recursive mechanism
reflects a general inability to compute fixpoints under bounded depth.

Future work includes establishing matching upper bounds for recTGNN and GSSMs.
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