Annales Henri Lebesgue PY
1 (-1) 000-000

ANNALES
HENRI LEBESGUE

ALESSANDRO CARDERI
DAMIEN GABORIAU
MIKAEL DE LA SALLE

NON-STANDARD LIMITS OF
GRAPHS AND SOME ORBIT
EQUIVALENCE INVARIANTS
LIMITES NON STANDARD DE GRAPHES ET

QUELQUES INVARIANTS D'EQUIVALENCE
ORBITALE

ABSTRACT. — We consider probability measure preserving discrete groupoids, group ac-
tions and equivalence relations in the context of general probability spaces. We study for these
objects the notions of cost, £2-Betti numbers, S-invariant and some higher-dimensional variants.
We also propose various convergence results about ¢2-Betti numbers and rank gradient for
sequences of actions, groupoids or equivalence relations under weak finiteness assumptions.
In particular we connect the combinatorial cost with the cost of the ultralimit equivalence
relations. Finally a relative version of Stuck-Zimmer property is also considered.

RESUME. — Nous nous intéressons aux groupoides discrets préservant une mesure de pro-
babilité, aux actions de groupes et aux relations d’équivalence dans le contexte d’espaces de
probabilité généraux. Pour ces objets, nous considérons les notions de coflit, de nombres de
Betti ¢2, d’invariant § et des variantes de dimension supérieure. Nous proposons aussi, sous
de faibles hypotheses de finitude, divers résultats de convergence de nombres de Betti £2 et de
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gradient de rang pour des suites d’actions, de groupoides et de relations d’équivalence. En par-

ticulier, nous établissons le lien entre le cotit combinatoire et le cotit de la relation d’équivalence
ultralimite. Enfin, nous étudions une version relative de la propriété de Stuck-Zimmer.
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Non-standard limits of graphs, orbit equivalence invariants 3

1. Introduction

Limits of discrete structures have attracted a lot of interest in the last decade.
We are interested in sequences of probability measure preserving (p.m.p.) group
actions, of graphs or of graphings and in the asymptotic behavior of such invariants
as the cost or the ¢2-Betti numbers. In the course of our investigations we were
led to consider graphed p.m.p. discrete groupoids (in short p.m.p. groupoids, see
Definition 2.4) and to introduce the ultraproducts (G, ®,) of sequences of such
objects. The use of a non principal ultrafilter u has the advantage of ensuring
convergence and the existence of limit objects, strongly related to more standard
objects when some extra assumption provides forms of convergence. Some other
authors have considered a study of sequences of group actions via ultraproducts
(see for instance [Elel0b, CKTD13, Carl5, AF16, AP18]). The counterpart in our
treatment is that we have been led to develop some orbit equivalence theory in the
framework of groupoids on non-standard probability spaces.

The cost of p.m.p. countable equivalence relations with countable classes is defined
in terms of graphings (see [Lev95, Gab00]) and is an analogue of the rank of a
group. The extension to p.m.p. s-countable groupoids is quite straightforward and
has been considered by several authors (on standard Borel spaces) for instance by
[Ued06, Carll, AN12, Takl5]. The extension to the non-standard setting is also
straightforward. A graphing ® = (A4;);es (Definition 2.15) is a collection of bisections
indexed by I = N or some {1,2,--- | N} and the (groupoid) cost of the p.m.p.
groupoid G is the infimum of the costs of its generating graphings:

(1.1) C(G) = inf {C(®): ¢ generating graphings of G} .

It is the infimum of the “Haar” measure of the measurable generating subsets of G.
When G is produced by some p.m.p. action I' ~* (X, i) of a countable group, one
denotes the cost of G by C(a), not to be confused with the cost of the underlying
equivalence relation when the action is not free! Another possible source of confusion
is the following. A countable group I' is also a p.m.p. groupoid. As such, its cost is
the infimum of the cardinal of a set of generators. In [Gab00] and several further
references, the cost of a group was defined as the infimum of the costs of all its
(standard) free p.m.p. actions. This latter invariant will subsequently be denoted
by %.(I') with a subscript * for the infimum. We observe in Corollary 4.1(3) that
%.(T) is indeed an infimum over all p.m.p. actions, free or not, standard or not.
The supremum of the costs of all free (standard) p.m.p. I-actions will be denoted
by ¢*(I'). The group I' has fixed price when %,(I') = €*(I'). We introduce the
analogous “fixed price problem” (Question 3.25) for p.m.p. groupoids.

A key technical result in [Gab98, Etape 1] and [Gab00, Proposition IV.35] claims
that the cost of a p.m.p. equivalence relation can be computed inside a given
Lipschitz class of (finite cost) graphings. The same holds for p.m.p. groupoids:
C(G) = infL, C(G, ®) where the L-Lipschitz cost C1(G, ®) of the graphed groupoid
(G, @) is the infimum of the costs of all graphings of G which are L-Lipschitz equiva-
lent to @ (see Lemma 3.6 and Lemma 3.9).

TOME 1 (-1)



4 A. CARDERI, D. GABORIAU & M. DE LA SALLE

Of course, the speed of convergence of Cr(G, @) to C(G) as a function of L depends
on the particular graphed groupoid we are considering. This dependance is what
makes the spice of the notion of combinatorial cost for a sequence of graphings
(initially introduced by G. Elek [Ele07] in the combinatorial context of sequences
of finite graphs): one works with a uniform Lipschitz scale L along the sequence
(thus obtaining limits of Cr,(G,,, ®)) and then one let the Lipschitz constant L vary.
If (Gn, ®,), is a sequence of graphed p.m.p. groupoids of bounded size, we define
the u-combinatorial cost (Definition 3.7) of the sequence as

The Lipschitz framework is appropriate for uniformly bounded sequences of graph-
ings (Section 3.1). For the general unbounded setting, we introduce the more appro-
priate notions of coarse structure (Section 2.4) and coarse equivalence (Section 3.2)
for p.m.p. groupoids, inspired by Roe’s topological analogues [Roe03] and we define
the u-combinatorial cost in that context (Definition 3.11).

For group actions, our first main result is the following:

THEOREM 1.1 (Theorem 4.2). — Let I be a finitely generated group. For every
sequence (a,), of p.m.p. I'-actions we have:

(1.2) Clay) = Cy((an)n) = limC(an) 2 liminf C(a,) = €.(I).

Moreover if the action a, is essentially free we have €*(I")

C(ay) and hence if T
has fixed price we obtain lim, C(a,) = cCy((an)n) = C(ay) (T

)-

We observe that this continuity statement fails when one removes the finite gener-
ation assumption (see Remark 3.15).

This Theorem is the specialization to group actions of the following more general
statement for graphed groupoids:

>
.

THEOREM 1.2 (Theorem 3.13). — If a sequence of p.m.p. graphed groupoids
(Gn, ®,,) and its ultraproduct groupoid (G, ®,) satisfy lim, C(®,) = C(P,) < oo (i.e.
finite cost and “no loss of mass at infinity”), then

Cu((Gns Pn)n) = C(Gu) = hl{nc<gn)'

This allows us to interpret the original Elek’s combinatorial cost [Ele07] (defined
as cC((Gn, Pp)yn) := infy lim inf Cr(Gn, ®,,) see Remark 3.16, Formula (3.12)) in terms

of cost for ultraproducts of graphed groupoids.

COROLLARY 1.3 (Combinatorial cost vs cost (Corollary 3.17)). — If (G), Is a
sequence of finite graphs with uniformly bounded degree, then the combinatorial
cost is the infimum over all non principal ultrafilters of the costs of the ultraproduct
groupoids G, of the associated (G, ®,):

cC((Gn)n) = inf{C(G,) : u non principal ultrafilter}.

We now concentrate on sofic groups, a class of groups defined in terms of ultra-
products of finite structures (see Section 3.6).

ANNALES HENRI LEBESGUE



Non-standard limits of graphs, orbit equivalence invariants 5

COROLLARY 1.4 (Corollary 4.4). — IfT' is a sofic group finitely generated by S
and (G, ®,), is a sofic approximation to I' (with S-labelled graphings), then

(1.3) €*(T) > C(Gu) = Cul(Ga ®1)n) > 1mC(G,) > liminf C(G,) > 1.

If T has moreover fixed price €.(I"), then €.(I") = cC((Gn, Pn)n) and hence if T' has
fixed price €.(I') = 1, we obtain ¢C((Gp, y)n) = lim, 0 C(Gy) = 1.

Farber sequences are sequences of finite index subgroups (I',), of I' giving
particular instances of sofic approximations via the natural actions I' ~ I'/I",, (see
Section 4.1). If T is finitely generated by .S, we denote by Sch(I'/T',,, S) the associated
Schreier graph.

COROLLARY 1.5 (Corollary 4.9). — If I is finitely generated by S and ('), is a
nested Farber sequence, then C(a,) = ¢Cy(a,) = cC(Sch(I'/T,, S),) = nli_)rIgOC(an).

COROLLARY 1.6 (Corollary 4.11). — If T is finitely generated by S, has fixed
price ¢.(I'), and (I',,),, is any (non necessarily nested) Farber sequence, then we
have:

lim rank(I',) — 1

Jim =+ 1= eC(Seh(T/Tn, ) = %.(D)

This corollary is a far reaching extension of a theorem of Abért and Nikolov [AN12,
Theorem 1] (nested and Farber sequences) for which we provide an alternative proof
for (nested and) non-necessarily Farber sequences of finite index subgroups — see
Corollary 4.5.

The convergence of the sequence in Corollary 4.11 is not at all clear for non fixed
price groups, contrarily to [AN12, Theorem 1] where it is non-increasing. This also
rank(T'y)—1 +1<

[T:Ty] =
cC(Sch(I'/T',,, S)) was obtained. The non necessarily fixed price case is considered in
Theorem 4.10.

These corollaries apply potentially to plenty of groups. Examples of groups with
fixed price 1 include infinite amenable groups, infinite-conjugacy-class (icc) inner
amenable groups, direct products I' X A where A is infinite and I" contains a fixed
price 1 subgroup, groups with a normal (or even just commensurated) fixed price 1
subgroup NN, more generally groups with a commensurated fixed price 1 subgroup C
(Corollary 3.3) (this applies for instance to SL(d, Z[1/p]), d > 3), amalgamated free
products of fixed price 1 groups over infinite amenable subgroups, Thompson’s group
F, SL(n,Z) for n > 3, non-cocompact arithmetic lattices in connected semi-simple
algebraic Lie groups of Q-rank at least 2, groups generated by chain-commuting
infinite order elements (i.e., infinite order elements whose graph of commutation is
connected) sometimes called Right Angled groups (this includes Mapping Class
Groups MCG(X,) of surfaces with genus g > 3, Out(F,,) for n > 3, Right Angled
Artin groups with connected defining graphs), more generally groups generated by
a sequence of subgroups (I',,) of fixed price 1 such that the intersections I';, N T4 4
are infinite...

We introduce some terminology. A countable group I is called a Stuck-Zimmer
group if any p.m.p. aperiodic I'-action on a standard Borel space has a.s. finite

gives a converse to [AGN17, Theorem 8] where an inequality nh_{go

TOME 1 (-1)



6 A. CARDERI, D. GABORIAU & M. DE LA SALLE

stabilizers. The key point about Stuck-Zimmer groups I' in our context, as observed
in [ABB*17], is that under mild divergence assumptions, all sequences (T',), of
finite index subgroups give indeed Farber sequences (see Theorem 4.14). If T" is a
finitely generated Stuck-Zimmer group and [I" : I';;] — oo, then for every torsion
free subgroup A < I', the induced action A ~ I'/T",, defines a sofic approximation
of A. Thus when I is torsion free and has fixed price €.(I"), Corollary 4.11 applies:

lim,, 20—t = 4,(T) — 1.
We introduce a relative version of Stuck-Zimmer groups for which the mild di-
vergence assumption concerns some subgroup N < I'. We obtain a general result

(Theorem 4.15) which specializes to the following:

THEOREM 1.7 (See Theorem 4.18). — Let A < SL(d, Z) be a finite index subgroup
and (T',), be any sequence of finite index subgroups of I' = A x Z% such that
[Z% . T, N 74 —2 00. Then I' ~ I'/T",, defines a sofic approximation of I' and

(rank(T,) — 1)

—0.
WL

(1.4)

This applies more generally for A < SL(d,Z) that admits no A-invariant finite
union of infinite index subgroups of Z¢ (see Theorem 4.18). In particular,

THEOREM 1.8. — Let A be any subgroup of SL(2,7Z) containing a hyperbolic
element. Any sequence (T,,), of finite index subgroups of I' :== A x Z? such that
[Z? . T, N Z? — 00 defines a sofic approximation of I' and

(rank(I",) — 1)

(1.5) im T.T,

=0.

This holds for instance for the amenable group I' = A x Z2 = <G ;>> X Z2.

Liick approximation theorem [Liic94] considers a descending sequence (I',,), of
finite index normal subgroups with trivial intersection of a countable group I' which
acts freely cocompactly on a simplicial complex L and it relates the Betti numbers
of I',\ L to the ¢2-Betti numbers of the action:

. bz‘(rn\L)
o) AT

Bergeron-Gaboriau [BG04] have interpreted this convergence as a continuity re-
sult for /2-Betti numbers of projective systems of fields of simplicial complexes for
equivalence relations. This allowed them to extend the framework so as to encom-
pass non-normal subgroups and non trivial intersection descending sequences of
subgroups. They established the convergence of the sequence and identified the limit
as the (2-Betti number of a laminated space [BG04, Théoréme 0.2, Théoréme 3.1].

Our third main result generalizes this continuity statement in several ways: we
extend it from equivalence relations to groupoids, from finite quotients to sofic and
we consider arbitrary limits instead of projective ones. The use of ultrafilters forces
a kind of convergence of the objects as fields of simplicial complexes with groupoid

=2 ~ L),

ANNALES HENRI LEBESGUE



Non-standard limits of graphs, orbit equivalence invariants 7

actions and we identify the limits. We state our result under some boundedness
assumption (see Section 5, see Theorem 5.15 for the version without the boundedness
assumption):

THEOREM 1.9 (Theorem 5.9). — For every n € N let (G,,, ®,,) be a sofic graphed
p-m.p. groupoid over X,,, let 33,, be a (®,,, L)-uniformly locally bounded G,,-simplicial
complex for some fixed L € N. Then

lim 8 (£, G) = B (50, Gu).

In particular if the sequence of G,-simplicial complexes ¥, is asymptotically uni-
formly k-connected (see Proposition 5.8), then for every i < k

lim 87 (S0, G) = 87 (G0).

Our approach with ultraproducts allows us to relate the Laplace operators for the
finite objects to that of our limit object (compare [ES05, Proposition 6.1] or [ThoO8§]
where the finite induced operators do not clearly appear as Laplace operators).
Observe however that we make a crucial use of a Lemma of Thom [ThoO8] (see
Lemma 5.12). The above theorem is also related to a (recent and independent) work
of Schrodl [Sch18] on ¢2-Betti numbers and Benjamini-Schramm convergence (see
also [Elel0a]). Indeed, similarly to the case of local-global convergence of graphs
(Remark 3.21), Benjamini-Schramm limits of random simplicial complexes can be
expressed in terms of the ultraproduct of the sequence of the associated field of
simplicial complexes (see Remark 5.7 and Remark 5.21).

As a corollary of the above theorem, we obtain the following geometric general-
ization of Liick approximation Theorem for (non-nested, non normal) sequences of
subgroups:

COROLLARY 1.10 (Corollary 5.10). — Let I be a countable group acting freely
cocompactly on a simplicial complex L. Let (I',,),, be a (non necessarily nested)
Farber sequence of finite index subgroups. Then for every i we have:

_bi(T\L) @
nhj{}om =5 ~L).
In particular, if L is k-connected, then for every i < k we have:
b;(Ty)

1 — BP(D).
AT 37 (T)

More generally, we obtain the following generalization of [BG04, Theorem 3.1] for
non nested, non Farber sequences:

COROLLARY 1.11 (Corollary 5.11). — Let (I',,),, be any sequence of finite index
subgroups of a finitely generated group I'. Assume I' acts freely cocompactly on
the simplicial complex . Let a, : I' ~ X, be the ultraproduct of the actions
an : T ~T/T, and Ny .= {(x,7) € Xy x ' : y& = 2} its maximal totally isotropic
subgroupoid. Then for every i < k we have

lim L(F"\E)

iy = BANN\ (X x D), Ry),

TOME 1 (-1)



8 A. CARDERI, D. GABORIAU & M. DE LA SALLE

where Ry, = G, /N, is the p.m.p. equivalence relation of the ultraproduct action a,
and N\ (X, x X) is the R,-simplicial complex defined in Example 2.25.

We indicate now how these approximation results must be modified when the
boundedness assumptions are not satisfied.
Let T" be a finitely generated residually finite group and let (T',),en be a nested se-

quence of finite index normal subgroups with trivial intersection. Liick approximation
b1(T'rn)
[[:Tn]

examplified by torsion groups (thus b;(T,) = 0) with positive first L?-Betti number
[LO11]. This defect can be fixed by taking a double limit as exposed below and this
idea will then be pushed to the framework of ultraproduct (Theorem 5.15).

— 5%2)(F) does not hold in general when I' is not finitely presented, as

theorem

PROPOSITION 1.12. — Let I' = (y1,792,++* ,Va|r1,72, -+ , Tk, -+ ) be a presenta-
tion of I' with finitely many generators. Let L be the associated (2-dimensional)
Cayley I'-complex and let L; be the I'-invariant co-compact sub-complex associated
with the first j relations r1,72,--- ,7;. Then

by(T,\L;
(1) = lim lim b Tn\Ls)

jmoon—oo [I': 1]

The substance of the counter-examples of [LO11] relies on the fact that these limits

cannot be exchanged. Indeed on the one hand, lim % = g® (I' ~ L;) by Liick

approximation theorem [Liic94], and 6%2)(1" ~ Lj) decreases with j to BEQ)(F). On
the other hand, for every n, we have b;(I',\L;) = 0 for large enough j since the
canonical surjective maps m;(I',\L;) — m(I',\Lg) (for j < k) produce as direct
limit the torsion group I',, so that m(I',\L;) is generated by torsion elements for
large enough j and its abelianization is thus finite.

More generally, in higher dimension, we obtain the following.

PROPOSITION 1.13. — Let I' be a residually finite group and let (I',)n,en be a
nested sequence of finite index normal subgroups with trivial intersection. If I" acts
freely on the d-connected simplicial complex L, we write L as an increasing union
L =U 2 L; of I'-invariant co-compact sub-complexes L;. The inclusions L; C Ly, for
J < k induce linear maps Hy(I',\L;, C) — Hy(T',\ Ly, C) between the d-dimensional
homology of the compact quotients. Then

P(0) = lim _lim _ lim dime Im (Hd(Fn\Lj, C) — Hy(T,\Ly, @)).

This proposition follows from Theorem 5.15 and the fact that, for free p.m.p.
actions, the L?-Betti numbers of the equivalence relation generated by the action
agree with the ones of the group itself. The above result holds more generally for
Farber sequence of subgroups.

In [Ele07], Elek introduced another quantity for a graph sequence (G,),: the
B-invariant over the field K:

Fi((G)n) = gl 12 ) e T

_1’

ANNALES HENRI LEBESGUE



Non-standard limits of graphs, orbit equivalence invariants 9

where |E(G,,)| and |V(G,,)| are the number of edges and vertices and where V,(G,,)
is the K-vector space spanned by the cycles of length < ¢ in the space of 1-chains.
Equivalently (when |V (G),)| — o0), this is also

bi(GY)
V(Gn)|’

where G is obtained from the graph G,, by gluing 2-cells along every cycle of length
<4q.

Inspired by that, we introduce higher dimensional invariants for uniformly bounded
vertex degrees sequences of graphs (G,,),. We consider RY(G,,), the ¢-Rips complex
of G, for all integers ¢ and we introduce the d-dimensional j-invariant:

Pr((Gp)n) == i%f linLI_lg)I.}f

Base((Ga)) = Tim Tim Tim S I (Ha(R9(Gn), K) = Ha(RT7(Go), K))

q—00p—0o0 U |Vn|

If K=Q and (G,), has uniformly bounded degree, Theorem 5.15 implies that

Bao(Gn)n) = 652) (Ry) where R, is the ultraproduct p.m.p. equivalence relation of
the sequence of graphs (G,,), (with well defined coarse structure, see Remark 2.33).
In particular, if (G,,), corresponds to a sofic approximation of a countable group I,

one gets Bag((Gn)n) = B2 ().

We briefly mention an extension we do not consider in this version in order to limit
the length of the present article. There exists also a notion of coarse equivalence
between pairs of sequences (G,,, ®,,),, and (H,, V,,), of graphed groupoids (compare
[AF16] and [Kail7] which considers finite structures). The groupoids G, and H,,
are in particular stably orbit equivalent, so that they are related by a compression
constant ¢(G,,H,). When the sequence of compression constants is bounded, the
ultraproduct groupoids G, and H,, are orbit equivalent (with compression constant
LGy, Hy) = lim 1(Gn, H,)) and their costs and ¢2-Betti numbers are related as the

standard ones:

C(Hy) — 1= u(Gu, HW)(C(G) — 1) and 8P (Hy) = (G, Ha) B (Gu).-

Warning: We have obtained some of our main results (especially Theorem 3.13)
a couple of years ago. We discovered during the “Measured Group Theory” ESI
workshop in Vienna (February 2016) that some of our results had a non trivial
intersection with some ongoing work of Abért-Téth (especially the first equality in
our Theorem 1.1 in the case of local-global convergent sequences and our Corol-
lary 1.6). Some accident prevented us from releasing our papers simultaneously, but
the overlaps with [AT17] must be considered parallel and independent results.
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2. Preliminaries

In this text we will work with probability spaces, often denoted by (X, %, 1) or
simply by (X, 1) whenever the o-algebra can be safely omitted from the notation.
We will make no further assumption on the probability spaces and in particular
we will not assume the o-algebra to be countably generated. While working in this
context one has to be more careful with some standard definitions since the classical
Lusin-Novikov’s uniformization theorem and the von Neumann-Jankow selection
theorem do not hold. Therefore we will carefully define all the objects we will need.

A partial isomorphism from the probability space (X, pu) to (Y,v) is a bi-
measurable bijection ¢ : dom(p) C X — tar(p) C Y between measurable subsets of
X and Y which preserves the measure.

DEFINITION 2.1. — A countable fibred space over X consists in a measure space
(F, <, 1) and a measurable map m: F — X such that there is a measurable subset
F C X x N (for the product o-algebra and product measure) and a bi-measurable
measure preserving bijection u: F — F such that u(f) € {n(f)} x N for every f.

Remark 2.2. — By definition, countable fibred spaces are the measurable sub-
spaces of the trivial fibred space X x N. Partitioning each A € &7 into the measurable
subsets A; := AN X x {i} shows that:

e the map z € X — |7~ !(z) N A is measurable and

(2.1) p(A) = [ |7 @) 0 A du(e);

e the subset m(A) = U;m(A;) is measurable;

o if |71 ()N A| < 1 for almost every x € X, then 7T’A : A — m(A) is a measure
preserving isomorphism;

e any measurable section ¢ : B C X — F of 7w is a measure preserving
isomorphism between B and ¢(B) (consider for B; := ¢ (X x {i})).

ANNALES HENRI LEBESGUE



Non-standard limits of graphs, orbit equivalence invariants 11

When X and F are standard Borel spaces and 7: F — X is a measurable map with
countable fibers, the standard selection theorem of Lusin-Novikov [LN35] produce
measurable sections allowing to realize F as a Borel subset of X x N. The height
H(F) of a fibred space F is the essential supremum of the function z — |77!(x)]
for x € X. We say that F has finite height if H(F) is finite. The fibred product
(F1 * Fo, o, ) of two countable fibred spaces (Fi, @, m ) and (Fz, o, m) over X
is defined as usual by

(F1,m1) * (Fo,ma) i={(z,y) € F1 x Fa: m(x) =m(y)},

(in short JFi % F3) equipped with the projection 7(z,y) = m(x) = m(y) and the
o-algebra coming from the injection into X x N x N if F; and F; are realized inside
X x N. This is easily seen to be independent of the realizations.

2.1. Measured groupoids

The main object of study of this text will be measured groupoids.

DEFINITION 2.3. — A groupoid G over the set X is the data of

e a set G containing X ; the elements of X are called the units of G,

e a source map s : G — X and a target map t : G — X which are the identity
when restricted to X,

o for every g and h € G such that s(g) = t(h) there is a product gh € G
satistying s(gh) = s(h) and t(gh) = t(g).

e for every g € G there exists a unique inverse g~' € G such that s(g~') = t(g),
t(g™") =s(g), 997" =t(g) and g~'g = s(g).

for which we require that the following identities hold
e the product is associative, that is g(hk) = (gh)k whenever this is defined,
e for every g € G we have that t(g)g = gs(g) = g.

In this text we will always assume that every groupoid is s-countable, i.e.,
e for every x € X the set s7'(x) is countable.
Observe that the multiplication induces a map (G, s) * (G,t) — G.

DEFINITION 2.4. — A p.m.p. groupoid over (X, u) is a groupoid G over X
equipped with a o-algebra o/ and a measure ji such that

e (G, u,s) and (G, <, [i,t) are both countable fibred spaces over (X, i),
e themaps g € G— g~' € G and (g,h) € (G, s) x (G,t) — gh are measurable.

In particular, the measure i coincides with both fibred measures for s and ¢ (see
(2.1)). Observe that we restrict ourselves to measured groupoids with countable fibers,
a.k.a. discrete, or countable, or r-discrete (see [ADRO0]); but we do not assume that
the base space X is standard.

Let G be a groupoid over X. The isotropy group at x € X is the group G, :=
{g € G:s(g) =1t(g) = x}. When the isotropy groups are all trivial, the groupoid is
called a principal groupoid or an equivalence relation. For p.m.p. groupoids,
the triviality is required only almost surely.
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Example 2.5 (Group action groupoid). — Let I' be a countable group acting on
a probability space (X, u) preserving the measure. Then Grx = ' x X (with
the product measured structure) is a p.m.p. groupoid over the probability space X
(identified with the subset {1} x X of I' x X)) where s(v,z) = z, t(y,z) = ya and

(v, 2) (7, 2") = (v, 2) if 72" = =

Example 2.6. — Lusin-Novikov’s uniformization theorem [LN35] (see also [Kec95,
Theorem 18.10]), implies that if (X, i) is a standard Borel space and R C X x X is
an Borel p.m.p. equivalence relation with countable classes (see [FM77]), then R is
a p.m.p. principal groupoid as in Definition 2.4 where s and ¢ are respectively the
second and first coordinate projections X x X — X.

Example 2.7 (Equivalence relation associated to p.m.p. actions). — We warn the
reader that, given a p.m.p. groupoid G over X, the underlying equivalence relation
Rg = {(s(x),t(x)) : = € G} is in general not a p.m.p. groupoid in the sense of
Definition 2.4, even for the equivalence relation Rr~x = {(z,yz) : 2 € X,y € I'}
coming from a p.m.p. action of a countable group I'.

For example, consider the space (X = [—1,1], %, u) when £ is the o-algebra of
all Borel-measurable subsets B of [—1, 1] satisfying B = —B, and p the normalized
Lebesgue measure. Let Q C (0, 1] be a subset which is not Lebesgue-measurable. The
map ¢ : x — —x on QU — and x — x on its complement is a measurable p.m.p.
involution of ([—1, 1], %, u). It defines a p.m.p. action « of I' = Z/2Z on [—1, 1]. Then
Go is a p.m.p. groupoid (Example 2.5), but R, = [-1,1]U{(z,—z) : x € QU -}
is not a p.m.p. groupoid, since z — |R(x)| is not measurable (see Remark 2.2 (1)).
Indeed the field of isotropy groups x + G, is not measurable in any reasonable sense.

Anticipating Definition 2.11, the map ¢ is measurably isotropic but not totally
isotropic. If instead, 2 = X, then the corresponding action g : I' ~ X is totally free
but not measurably free.

However, if the fixed-point set Fix(y) := {x € X : y& = x} is measurable for every
v € T', then Rr~x is a p.m.p. principal groupoid (define the o-algebra on Rr-x
as the set of all countable unions of sets of the form {(z,yz) : x € A} for A C X
measurable and v € I'; the fixed-point set condition takes care of the intersections).
We warn the reader that the condition that Fix(7y) is measurable is not necessary
for Rr~x to carry a p.m.p. principal groupoid structure. An example is given by
I'=7Z/2Z x Z)2Z ~ X = [—1,1] is defined by (&1,€2) - * = (—1)%2a(ey)x for the
action « of Z/27Z considered above. Indeed, Fix(0,1) = QU — is not measurable,
but Rr~x is just {(z,+x) : € X} and clearly carries a p.m.p. groupoid structure.

More generally given an at most countable collection of partial isomorphisms ® =
(pi)i of (X, ), we can define an equivalence relation R by declaring that two points
(z,y) in X are equivalent if there exists (i1,...,74) € N' and (eq,...,5) € {-1,1}
such that o5 ... ;' (z) = y. If moreover for every ®-word ¢ = ¢! ... ¢;!, the fixed-
point set {z : p(z) = z} is measurable, that is if the associated groupoid is realizable,
then R is a p.m.p. groupoid for the o-algebra generated by {(z,¢(x)) : z € A}
where ¢ is a ®-word and A C dom(yp) measurable (see Section 2.6 and 2.8).
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2.2. Full pseudogroup

From now on, let us fix a p.m.p. groupoid G over (X, p).

DEFINITION 2.8. — A measurable bisection of a p.m.p. groupoid G is a mea-
surable subset ¢ C G such that the restriction of s and t to ¢ are injective. These
restrictions are partial isomorphisms (Remark 2.2). Thus every bisection ¢ delivers

an associated partial isomorphism ¢ =t o (s‘ )7 of (X, ).
©

LEMMA 2.9. — If ¢ and 1 are bisections of the p.m.p. groupoid G, then the
product ¢ := {gh: g € ¢,h € 1,s(g) = t(h)} is a bisection.

Proof. — We have to prove that ¢ is a measurable subset of G. By Remark 2.2
it is enough to show that (s‘w)’1 is measurable. First observe that a point = €
X belongs to s(¢v) if and only if there is ¢ € ¢, h € 1 such that s(h) = =
and s(g) = t(h) = (x). So s(ep) = s(¢p) N Y~1(s(y)) is measurable. Moreover
(S‘W)*l(x) = (s‘ )*l(ﬁ(m))(s‘w)*l(a:) is measurable, as the composition of the map

%)
T ((s‘w)_l(w(x)), (s‘w)_l(x)) € (G,s) x (G, t), which is measurable by definition of

fibred products, and of the product map (G, s) * (G,t) — G which is measurable by
assumption. U

We observe that there is a countable family {¢;}; of measurable bisections which
covers G in the sense U;p; = G. Indeed, the assumption that (G, s) (respectively (G, 1))
is a fibred space over X provides countable families {}}; and{¢’}; of measurable
subsets which both cover G and on which s (resp. t) is injective. The family {¢7 N’}
does the job. The next remark thus follows:

Z'7j

Remark 2.10. — The space of units of X C G is a measurable subset of G (since
X = U;; t¢;), and the measures p and fi coincide on X. For every bisection ¢, its
unit set ¢ N X is thus measurable (contrarily to the isotropy set Fix(p) = {g € ¢ :
s(g) = t(g)}, see Example 2.7). Similarly the product (g,h) € (G, s)*(G,t) — gh € G
maps measurable subsets to measurable subsets.

The full pseudogroup of G, denoted [[G]], is the set of measurable bisections of
G modulo null-sets. The full pseudogroup admits a natural metric, the L, distance,
defined by d(p, ) := fi(pAv) and a trace, the measure of the fixed points, which
can be defined by the formula 7(¢) := (X N ). It is easy to observe that this
trace is the restriction of the trace of the associated I/; von Neumann algebra, see
Section 2.3.

It can be endowed with the following operations:

o for p, 1 € [[G]], their product is pip = {gh : g € ¥, h € ¥, s(g) = t(h)};
o for p € [[G]], its inverse is ¢t = {g7 : g € p};
o for ¢, 1 € [[G]] their intersection is ¢ N,
e if ¢, 1) € [[G]] are such that s(¢) N s(y) = 0 and t(p) Nt(y) = O, then the
union or join ¢ V 1 is the bisection ¢ U 1.
Moreover the following relations are satisfied
e the product is associative;
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14 A. CARDERI, D. GABORIAU & M. DE LA SALLE

e all the idempotents (¢p = ¢) commute;
e for every ¢ € [[G]] we have oty = .

DEFINITION 2.11. — A measurable bisection ¢ of a p.m.p. groupoid G is

(1) measurably isotropic if for every measurable subset U C s(y) we have
p(B(U)AU) = 0;

(2) totally isotropic: if s(g) = t(g) for fi-almost every g € ¢;

(3) measurably free if for every measurable subset A C s(yp) of positive measure
there exists a measurable subset B C A such that u(p(B)AB) # 0;

(4) totally free if s(g) # t(g) for ji-almost every g € .

In a standard Borel probability space, there is no difference between totally and
measurably isotropic (resp. free). Example 2.7 illustrates these notions.

PROPOSITION 2.12. — Every bisection ¢ of a p.m.p. groupoid G admits a mea-
surable decomposition ¢ = Fix4(p) U Mp(p) (unique up to a null set) such that

e Fixy4(p) is measurably isotropic;
o Mp(p) is measurably free.

Moreover, the measurably free part Mp(p) admits a countable measurable partition
Mp(p) = U;A; (up to a null set) such that u(s(A;) Nt(A4;)) =0 and (U, A;) >
(1= (2/3)")a(ME(0)).

Observe that the isotropy set (or fixed-point set) Fix(¢) :={g € v : s(g) =t(g)}
is a possibly non-measurable subset of Fixz(¢) (see Example 2.7).

Proof. — Define a < 1 as the supremum of fi(U;B;) over all countable union of
measurable subsets of ¢ satisfying ji(s(B;)Nt(B;)) = 0. Observe that a is a maximum:
if for every n we have a collection {C7}; satisfying i(U;C}') > a — 1/n, then the
collection {B;}; = {C} }; satisfies fi(U; B;) = a. Pick such a family {B;}; attaining
the maximum and set F := ¢ \ U;B;.

F' is measurably isotropic for otherwise F' would contain a measurable subset V'
such that i(s(V)A#(V)) # 0, and the subset W =V N s~ (s(V) \ #(V)) is non null
and satisfies p(s(W)Nt(W)) = 0, thus contradicting the maximality of fi(U;B;). Set
Fixg(p) = F.

By taking restrictions of each B; one can assume that the family { B, }; is a partition
of Mp(p) := ¢\ Fixaz(p).

The next step is to modify the family so that fi(By) > 3u(Mp(p)). This is
done, inductively on i. Set Bj := B; and inductively set B, = {g € B; : s(g) €
t(Bi Y or t(g) € s(Bi )} and B := Bi ' U (B; \ B)) for i > 1. Set B} = U;B: and
observe that {B/}; is again a partition of Mg(p) satisfying u(s(B]) Nt(B})) = 0.
Moreover, Mp(p) \ B} is contained in the union (s‘w)*1 ot(Bi) U (t @)*1 o s(B}) so
that i(By) > (Mg (p))-

By repeating the preceding argument inductively for all B;, we obtain in the end
that /i(B;) > 5i(Mp(p) \ Uj<;B;), which finishes the proof.

The uniqueness up to a null set is clear, as a bisection which is simultaneously
measurably isotropic and measurably free has measure 0. U
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2.3. Regular representations and von Neumann algebras of a groupoid

Let G be a p.m.p. groupoid over (X, p).

If ¢ € [[G]], define a partial isometry A(¢) (the left-regular representation of [[G]])
on L*(G, 1) as follows. If f € L?(G, i) one defines A(¢)f(g) := 0 if t(g) & t(p)
and (@) f(g) := f(h~'g) otherwise, where h is the unique element of ¢ such that
t(h) = t(g). For example, for ¢ € [[G]], AM(¥) Xy = Xy The left von Neumann algebra
of G is L(G) = A([[G]])". Tt carries a normal faithful trace 7 = (-xx, xx). The von
Neumann subalgebra generated by the idempotents of [[G]] (the indicator functions
of measurable subsets of X) is isomorphic to L*(X, ). Its commutant is the right
von Neumann algebra £'(G), generated by the right-regular representation p which
is characterized by p(©)xy = Xuyp-1-

2.4. Coarse structures and graphings

We now define a notion of coarse structure on a p.m.p. groupoid, inspired by
[Roe03].

DEFINITION 2.13. — A coarse structure on a p.m.p. groupoid G is a collection
& of measurable subsets of G, called the controlled sets, which contains the units
and is closed under the formation of measurable subsets, inverses, products and finite
unions. A coarse structure is generating if G is the union of all controlled sets. A
coarse structure on G has bounded geometry if for every controlled set E, the
measurable function z € X +— |E N s~ (z)| is essentially bounded.

A coarse structure on a sequence (G, ),, of p.m.p. groupoids over X, is a collection
of sequences (E,,),, of measurable subsets E,, C G,,, called the controlled sequences,
which is closed under the same operations. This means that if the sequences (E,),
and (F,), are controlled, then (E,'),, (E,F,), and (E, UF,), are also controlled.
A coarse structure £ on (G,),, has bounded geometry if for every (E,) € &, the
measurable function n € N,z € X,, — |E, N s~*(z)| is essentially bounded.

Note that, if (\,), is a probability measure on N with full support, a coarse
structure on a sequence (G,,) is the same notion as a coarse structure on the p.m.p.
groupoid U, G,, over the disjoint union U, X, equipped with the probability measure
> n Anfltn. Moreover the notions of bounded geometry agree.

We will almost always assume that the coarse structures are countably gener-
ated, i.e., that there is a sequence of controlled sets Ej such that every controlled
set is contained in one of the Ej (respectively there is a sequence (Ej ), € € such
that every controlled sequence (F,) is contained in one of the (Ej,)n).

Example 2.14. — A sequence (G,,), of finite graphs with vertex set X,, defines a
coarse structure on the sequence of groupoids X,, x X,, (the transitive equivalence
relation on the set X,, equipped with the uniform probability measure), by saying
that (E,), is controlled if sup, sup(, ,\ep, d(z,y) < oo. This coarse structure has
bounded geometry if and only if the sequence (G,,), has (uniformly) bounded degree.

The main source of coarse structures on a p.m.p. groupoid are graphings, that we
now define.
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DEFINITION 2.15 (Graphings). — Let G be a p.m.p. groupoid over the probability
space (X, pt). A graphing of G is an at most countable ordered collection of bisections
® = (¢;); indexed by i € N ori € {1,...,N} for an integer N. A graphing is
generating if the smallest groupoid which contains all the bisections y; is G itself.
By a p.m.p. graphed groupoid (G, ®) we mean a p.m.p. groupoid G for which a
generating graphing ® has been prescribed.

The size of ®, denoted by |®|, is the number of bisections which compose ®. A
d-word of length k is a product of k elements of ® and ®~*. The set of ®-words
of length at most k is denoted by ®*. We will also denote by ® the subset of G
composed of all elements of elements in ®, thatis® = {g€ G: g € o € ®}. Observe
that ®F = 3", A generating graphing ® = (p;); of a p.m.p. groupoid G induces also
a length as follows:

(2.2) &ng—>N,gHmin{k‘EN:ge{gpl,...,gpk}k}.

The empty word (the ®-word of length 0) is the bisection X (the space of units). The
length of every unit is 0. We will denote by By, (L) the ball of length L: By, (L) :=

{9€G:la(g) <L}

Remark 2.16 (Coarse structures vs graphings). — 1If (G, ®) is a graphed p.m.p.
groupoid, then the collection of measurable subsets on which ¢4 is bounded is a
countably generated coarse structure with bounded geometry: the coarse structure
associated to ®. Similarly, if (G, ®,) is a sequence of graphed groupoids, then the
collection of all the sequences (E,, C G,), satisfying sup,,cy,, cp, (o, (9n) < 00 is a
countably generated coarse structure with bounded geometry on (G,).

The precise choice of the length function (2.2) is not important, we could as well
have chosen a sequence (a;); of positive real numbers tending to +o0o, and define
instead the shortest-path length obtained by assigning to every h € ¢; the length a;:

k
grﬁmin{z%. ckeNieN ec {—1,1}’“,96@2@%...@5:}.

J=1

Different choices for a; give Lipschitz equivalent lengths and they all give the same
coarse structure as (2.2) on (sequences of) graphed groupoids.

Conversely, the reader can check that any countably generated coarse structure
with bounded geometry on a p.m.p. groupoid is the coarse structure associated to a
graphing. Such a graphing is generating if and only if the coarse structure is.

Example 2.17. — A group is naturally a groupoid, a (generating) graphing is a
(generating) subset, and when G is finitely generated by S, ® = S and a; = 1 for
the elements of S, then the above length is the usual word length. On the contrary,
when the generating set S is infinite, then ¢4 is not bounded on S and thus S it is
not controlled for the coarse structure considered in Remark 2.16.
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2.5. Actions

DEFINITION 2.18. — A (measurable) action 0 of a p.m.p. groupoid G on the
fibred space (F,m) (both over the probability space (X, u)) is a measurable map
0:(G,s)*(F,m) = F, (g, f) — b,f such that:

e 0, is bijection from 7w *(s(g)) to 7= (t(g)),
o 0y, = 0,0, whenever t(h) = s(g).

Besides its standard fibred structure 7, : (g, f) — s(g) = w(f), the fibred product
(G, s) x (F,m) admits also the target fibred structure m; : (g, f) — t(g), and 0 is a
morphism of fibred spaces 0 : ((G,s) * (F, ), m) = (F,7) (ie. m(g, f) = w(0,f)).
As for actions of groups, we will often forget 6 and we will write gf for 0,f. If £ C G
and D C F are measurable subsets, we denote by £D the image of the restriction of
the action to £ and D, i.e., the image of 6 : (£,5)*(D,7) = F, (g, f) — 0,f. Observe
that £D is measurable (same proof as Remark 2.10). The G-orbit of D C F is GD.
A fundamental domain for the action of G on F is a measurable subspace D C F
such that the action # induces an isomorphism of fibred spaces ((G, s) * (D, ), m;) ~
(F,m) (for the target fibration ;).

By a G-fibred space, we mean a fibred space F equipped with a prescribed
G-action.

Remark 2.19. — Let G be a p.m.p. groupoid and let F be a G-fibred space. Then
we can define a quotient F /G to be the quotient of F by the equivalence relation
induced by the action of G. If there exists a fundamental domain D C F, then this
quotient is naturally isomorphic to D. In particular it has a measurable structure
and it is itself a fibred space. Observe also that the induced quotient map from F
to F/G is a measurable map of fibred spaces.

Example 2.20. — A p.m.p. subgroupoid H of a p.m.p. groupoid G over X is
a measurable subset H C G which is also a groupoid over X with respect to the
restriction of the product, inverse, source and target. Clearly G is a subgroupoid of
itself.

If H < G is a p.m.p. subgroupoid, then H carries two actions on G: the action
by left multiplication 0' on (G,t) given by Héh = gh, and the action by right
multiplication 0" on (G,s) given by Oy h = hg~!. Both these actions admit a
fundamental domain. Let us show it for the action on the left. If {;}; are bisections
such that U;ip; = G, then we can define D C G inductively as follows. Set D, :=
X, the set of units of G. Assume that Dy is constructed for some k € N such
that for every bisection 1 of H we have that ¢yD, N D;, = (). Then by hypothesis
‘HD; C G is measurable and take the first ¢ such that f(p; \ HDx) # 0. Put
Dii1:=DrU(p; \ HDy,). It is easy to observe now that D := U, Dy, is a fundamental
domain for the action on the left of H on G.

Example 2.21. — If (G, ®) is a p.m.p. graphed groupoid, then we can define the
Cayley graph Cay(G,®) of G as follows. The set of vertices is V' := G which
is a fibred space over X with respect to the source map and the set of edges is
E =Ugcaf{(h,g) :h€p,g€G,t(g) =s(h)} where the endpoints of the edge (h, )
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are x and hz. Then the set of edges F is also a fibred space via (h,z) — s(x) and G
acts on the graph Cay(G, ®) by right multiplication. A fundamental domain of F is
given by Uscaf{(h,s(h)) : h € ¢}.

Example 2.22. — 1If F;, F> are G-fibred spaces over X, then so is F; x JF, for the
diagonal action g(f1, f2) = (9.1, 9/2)-

Let us assume that the p.m.p. graphed groupoid G acts on the fibred space F
and let D C F be a fundamental domain. Similarly to (2.2), we can define a length
function ¢4 p on F by the formula

(2.3) €¢,D:f—>N,f»—>min{k:€N:f€{901,...,90k}k2)}.

By definition we have {4 = {g x both for the left and right actions of G on itself.

More generally, if £ is a coarse structure on a p.m.p. groupoid G acting on a fibred
space F with a fundamental domain D, the collection £,D := {ED : E € £} of
measurable subsets of F defines a notion of bounded sets in F. Similarly, if G,, acts
on F,, with a fundamental domain D,,, and £ is a coarse structure on (G,),, then
E«(Dy) == A{(EwDy)n : (En)n € £} defines a notion of bounded measurable sets on
the disjoint unions U, F,,. When & is given by a (sequence of) graphing(s), then these
notions of boundedness coincide with the boundedness according to the length (2.3).

2.6. Presentation of p.m.p. groupoids

The notion of presentation of groupoids has been introduced in [Alv08].

DEFINITION 2.23. — A homomorphism of p.m.p. groupoids T : G — H is a
measurable map commuting with source, target, products and inversion. In particular,
it sends the units of G to the units of H, since X = {g € G : s(g9) = t(g),9* = g}. We
say that a homomorphism is p.m.p. if the map between the unit spaces is measure
preserving.

A homomorphism of groupoids is units-preserving if the induced map at the
level of units is an isomorphism of probability spaces. In particular a units-preserving
homomorphism is always a p.m.p. homomorphism.

A groupoid N is totally isotropic if every element n € N is isotropic: s(n) = t(n).
As an example every groupoid G admits the totally isotropic subgroupoid consisting
of all its isotropic elements. Observe however that such a subgroupoid is not p.m.p.
in general, see Example 2.7. However it is the case whenever G is realizable, see
Definition 2.41.

A totally isotropic subgroupoid N < G is normal if for every g € G and n € Ny,
we have gng=! € Ni(g)- As for groups, normal subgroupoids are designed for forming
quotients.

PROPOSITION 2.24. — Let G be a p.m.p. groupoid and let N' < G be a totally
isotropic normal p.m.p. subgroupoid. Then the quotient G/N is a p.m.p. groupoid
and the quotient map Q : G — G/N is a p.m.p. and units-preserving homomorphism
of p.m.p. groupoids.
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Proof. — We have already observed in Example 2.20 that if ' < G is a p.m.p.
subgroupoid, then the left action of N on G admits a fundamental domain D C G.
If NV is a normal totally isotropic groupoid, then this fundamental domain is also
a fundamental domain for the action on the right. Indeed, since G = N'D, every
element g € G can be written as ¢ = nd = d(d"'nd) so G = DN. Moreover if

I o 1—1

g,¢ € Dand n,n’ € N are such that gn = ¢'n’, then gng='g = ¢'n'¢’~'¢’ and hence
g = ¢ and gng~! = ¢'n’¢’~! which implies that n = n’. This implies that the quotient
G /N is naturally a fibred space with respect to s(g/N') = s(g) and t(gN') = t(g). We
can define the multiplication as usual, if g\, hN € G/N are such that s(g) = t(h),
then gN'hN = ghN and this is well defined. The inverse can be defined analogously
and it is a routine check that these operations turn G/N into a p.m.p. groupoid and

( is a measurable map between p.m.p. groupoids. U
The argument of the proof above gives also the following.

Example 2.25 (Quotient fibred space action). — If F is a G-fibred space and
N < G is a totally isotropic normal measurable subgroupoid, then the quotient
p.m.p. groupoid G/N acts measurably on the fibred quotient space N\ F.

As an example we can consider a realizable groupoid G (see Definition 2.41) and
its totally isotropic subgroupoid N consisting of all the isotropy elements of G. It
is normal and the quotient G/N is the associated equivalence relation (principal
groupoid) on the unit space X of G.

If N < G is a totally isotropic subgroupoid the smallest normal subgroupoid of
G containing A is denoted by (N)9 < G. It remains totally isotropic. Observe that
there are countably many bisections {;}; such that G = U;¢; and countably many
bisections {1;}; such that N'= U;1;. Then (N)Y is the subgroupoid generated by
{%—gomj_l}m and therefore we have that (N9 is a p.m.p. subgroupoid of G.

Assume now that G and ‘H are p.m.p. groupoids and let T": G — H be a p.m.p.
and units-preserving homomorphism of p.m.p. groupoids. Then the set N := {g €
G: T(g) is a unit} is a normal subgroupoid of G and moreover G/N is canonically
isomorphic to H.

A generating system V = (1;);c; is an at most countable family of partial
isomorphisms 1; : dom(v;) — tar(¢;) of (X, %, ). The free p.m.p. groupoid
F(¥) over X on V is defined as follows:

F (V) :={(w, z) : w is a reduced ¥-word and = € dom(w)}

with the space of units associated with the empty word: X ~ {(}} x X; with source and
target maps s(w, z) := z and t(w, z) := w(z); with product (v, 2")(w, z) := (w'w, x)
(where w'w stands for its reduced form) whenever the condition 2’ = s(w’,2") =
t(w,z) = w(x) holds and with inverse (w,z)™! := (w™!, w(x)). Pick an enumeration
(w;)ien of the reduced W-words; consider the two injections Jg : F(V) — X x N,
(wi, ) — (z,4) and J; : F(¥) - X x N, (w;, ) — (w;(x),7) and observe that they
induce the same measurable structure on F(¥) (the map (z,i) — (w;(x),7) is a
bimeasurable bijection between the images).

Remark 2.26. — If ® is a generating graphing of a p.m.p. groupoid G, then
the associated partial isomorphisms ® := (;); (see Definition 2.8) is a generating
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system. Moreover mapping each bisection ¢; of F (&3) to the associated bisection ¢;
of G extends to a p.m.p. and units-preserving homomorphism Ty : F (Ci>) — G. This
map is clearly surjective and we denote its kernel by Np € F(®): it is a normal
totally isotropic groupoid.

A relator system R = (R,),, of a generating system W is a collection, indexed by
the reduced W-words w, of measurable subsets of their fixed points sets R, C {z €
dom(w) : w(z) = x}. Observe that a relator system gives rise to a totally isotropic

subgroupoid of F(¥), namely the subgroupoid generated by the restrictions w‘R .
We denote by Ny the (totally isotropic) normal subgroupoid in F(¥) it generates.

DEFINITION 2.27. — A presentation of a p.m.p. groupoid G is given by a
— generating system ¥ = (1;);e; on (X, A, u)
— a relator system R of W
—a p.m.p. and units-preserving isomorphism Ty : F(V) /N7 — G

2.7. Ultraproducts

From now on we will denote by u a non-principal ultrafilter on N. We say that
a property P(n) holds u-almost surely (denoted P(n) for u-a.e. n) if {n : P(n)}
belongs to u.

DEFINITION 2.28. — Let (X, )nen be a sequence of sets. The ultraproduct of
the sequence (X,,),, is the set

X, = (H Xn) [/ ~y  where (zp)n ~u (Yn)n if x, =y, for u-a.e. n.

neN

We denote by x, and A, respectively elements and subsets of X,. For a sequence
(Xn)n € Ilneny Xn, we denote by [z,], its class in X, and similarly for a sequence
of subsets A,, C X,,, we denote its class by [A4,], (i.e., the image of [], 4, in the
quotient X). The construction of ultraproducts of probability spaces is due to Loeb,
see [CKTD13] or [Carl5] for a more modern treatment.

THEOREM 2.29. — For every n € N let (X,,, i) be a probability space and let X,
be the ultraproduct of the sequence (X,,),. Then there exists a probability measure
ty on X, such that

(1) for every sequence of measurable subsets (A, C X,), the set [A,]y iS -
measurable and i, ([Ay]y) = limy,ey 1 (Ay),

(2) for every p,-measurable subset A, C X, there exists a sequence of measurable
sets (A, C X,)n such that p,(AA[A)y) = 0.

DEerINITION 2.30. — If ¢, is a partial isomorphisms of X, for every n, then
the map [only : [Tnlu = [@n(xn)]y is also a partial isomorphism from [dom(p,,),] to
[tar(¢n)]u, called the ultraproduct partial isomorphism.

We now define the ultraproducts of p.m.p. groupoids with a coarse structure.
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ProposITION 2.31 (Ultraproducts of coarse p.m.p. groupoids). — Let (G,), be
a sequence of p.m.p. groupoids on X,,.

1- Let £ be a countably generated coarse structure with bounded geometry on
(Gn)n. There is a unique structure of p.m.p. groupoid over X, on

Gy = {(gn)n : H(En)n €& gn € En}/ ~u

for the groupoid operations s([gnlu) := [5(gn)]u; #([gnl) = [t(gn)hes [gn]ul[lnls :=
[gnhnlu and [g,]7" = [g, %] and for which &, := {[E,], : (E,). € £} is a countably
generated and generating coarse structure with bounded geometry.

2- If € is the coarse structure associated to a sequence of graphings ®,, = (¢%,);,
then

Gy = {(gn)n : S%p o, (gn) < 00}/ ~y

and &, is the coarse structure associated to the graphing ®, = ([¢!],); and this
graphing is generating.

DEFINITION 2.32. — The p.m.p. groupoid G, defined in Proposition 2.31 is called
the ultraproduct groupoid of the coarse sequence ((G)n,E).

In the simplest case of bounded degree graphs, we recover the ultraproduct graphs
considered for example in [HLS14, Section 9:

Example 2.33 (Ultraproduct of bounded degree graphs). — Consider a sequence
(G, = (X, Edg,))n of bounded degree finite graphs. Then the ultraproduct of the
groupoids X,, x X, for the coarse structure considered in Example 2.14 is the p.m.p.
equivalence relation R, on X, given by [z,], ~ [yn]. if and only if lim, d(x,,, y,) < co.
Moreover, the coarse structure on the ultraproduct is generated by

Edg, := [Edg,Ju = {([Ta)u, [Yn)u) : lign d(Tp, yn) = 1},

Proof of Proposition 2.31. — The fact that the operations are well defined and
turn G, into a groupoid over X, is clear. The issue is to define the measure space
structure on G,. For every (E,), € £, we can consider the ultraproduct measure
space [E,|, C G,. By our assumption of bounded geometry, it is a finite height fibred
space over X,, for both maps s and ¢. Moreover if (F,), € & contains (E,),, then
this measure space structure on [E,], coincides with the restriction of the measure
space structure on [F),],. Taking a sequence ((Exn)n)r C € generating £, we obtain
a o-algebra and a measure on G, for which s and ¢ define fibred space structures,
and for which every (E,), € £ defines a measurable subset [E,], on G,. The fact
that {[E,], : (E,) € £} is a coarse structure is immediate from (2) in Theorem 2.29.
The measurability of the inverse and product follow from the measurability of these
operations on G, and the fact that £ is stable under these operations. This coarse
structure is generating by definition of G, and is countably generated because £ was
assumed to be countably generated.

The verification that &, coincides with the coarse structure defined by @, is routine.

O

DEFINITION 2.34. — Similarly to Definition 2.30 we can define the notion of
ultraproduct of bisections. Assume that (E,), € £ and for every n take a bisection
¢n contained in E,, then [p,], C G, is a bisection.
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COROLLARY 2.35. — If two sequences of generating graphings ®, and WV, of
p-m.p. groupoids G, are u-coarsely equivalent (i.e., for every sequence g, € G,,
lim, 4, (g,) < oo if and only if lim, ly, (g,) < 00), then the ultraproduct graphings
®, and V¥, define the same groupoid with coarse structure.

Proof. — The assumption of coarse equivalence means that for every M, there
is M’ such that, for u-a.e. n, by, (9) < M = {ly,(9) < M’', and conversely
ly,(9) < M = lg,(g9) < M'. Indeed, if for every n, we define M,, = sup{ly, (g) :
g € Gu Lo, (g) < MY}, and pick g, € G, with la, (9,) < M and ly, (g) = M, if
M,, < oo and fy, (g) > n otherwise, we obtain that M’ := lim, M,, < oco. This allows
us to identify the groupoids

{(gn)n : Slip s, (gn) < 00}/ ~y

and

{(gn)n : sup by, (gn) < 00}/ ~uy,

and Proposition 2.31 shows that this identification is measurable and measure pre-
serving. ([

Remark 2.36. — 1In Corollary 2.35, it is crucial that the two graphings are u-
coarsely equivalent: sequences of different graphings can give rise to rather unrelated
limits. For instance, the transitive equivalence relation on a finite set has many
different generating graphings (all connected graphs with this finite set as vertex set).
However their ultraproducts can be completely different according, for instance, to
whether one takes a sequence of expanders, in which case the ultraproduct equivalence
relation is strongly ergodic, or a sequence of Hamiltonian cycles in which case the
ultraproduct is not ergodic.

Remark 2.37. — 'The structure of a graphed groupoid does not fundamentally
depend on the order of the bisections of the graphing. However, the order becomes
crucial when we consider a sequence of ®,, = (¢; )i, and its ultraproduct. But when
the size (|®,]), is bounded, i.e., the I,, are contained in a finite subset J C N, then a
sequence (oy,),, of permutations of .J is indeed essentially constant under the ultrafilter
u (indeed the underlying coarse structure is canonical). It follows in this case that the
ultraproduct groupoid does not depend on the order and the ultraproduct graphing
is unique up to a single permutation of the indices. The same holds when instead of
assuming .J finite, we assume that the permutations o, converges to a permutation
of N, i.e., if for every j, lim,0,(j) < oo and lim,0,'(j) < oo (for example if
sup,, 0,(j) < oo and sup,, 0, *(j) < oo). This is a particular case of Corollary 2.35.

We can now give a similar construction of ultraproduct for G-fibred spaces.

DEFINITION 2.38. — Let us assume that for every n € N the p.m.p. groupoid G,
acts on the fibred spaces (F,,m,) and let D, C F,, be a fundamental domain such
that the sequence n — H(D,,) is bounded™ . Let £ be a countably generated coarse

(1 Recall that H(D,,) is the height of D,,: the essential supremum of the function z — |7, (z)ND,|.
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structure with bounded geometry on (G,),, for example the coarse structure coming
from a sequence of graphings. Set

Fur={(fu)n € [I Fu: 3AE.), € € such that f, € E,D, for every n} / ~,
(fn)n ~u (f;m)n if fn = f;L for u-a.e. n.

We also set my([fuly) := [mn(fn)]u. Observe that for every (E,), € &£, the fibred
spaces E,D,, over m,(E,D,) have bounded height, and therefore their ultraproduct
[E.D,)y is a fibred space over |, (E,D,)],. So as for the groupoids we equip JF, with
the inductive limit measure space structure which turns (F,,m,) into a fibred space,
and on which the groupoid G, acts by the formula [g,]u[fn]u := [gnfn]u- Observe that
a fundamental domain is given by D,, the ultraproduct of the sequence (D,,),, whose
height is lim, H(D,,).

Let us observe that the definition of the ultraproduct does depend on the sequence
of fundamental domains. One can also check that if F,, is the Cayley graph of G,
with respect to ®,, as explained in Example 2.21, then the ultraproduct of these
fibred spaces is the Cayley graph of G, with respect to ®,.

Consider the setting of Proposition 2.31. If ¢, € [[G,]] is a controlled sequence of
measurable bisections, on the one hand by Proposition 2.31 we can regard [¢,], as
an element of [[G,]]. On the other hand since the full pseudogroups of the groupoids
are metric spaces we can also consider the image of (¢, ), in the metric ultraproduct
[1.[[G.]] of the sequence ([[G,]])n- In order to avoid confusions, we will for a moment
denote by [p,]¢ the element of [],[[G,]] that represents the sequence of elements
©n € [[Gn]]- The following lemma follows easily from our construction.

LEMMA 2.39. — There is a unique isometric embedding of [[G,]] into I1,[[G,]]
sending [y, ]y to [@n]? for every controlled sequence of bisections. An element [p,,|? €
[1.[[G.]] lies in the image if and only if for every € > 0 there exists a sequence
n C @n with d(@pn,1,) < € for u-a.e. n and such that (1,,), is controlled. Moreover
the embedding extends to an embedding of the von Neumann algebra L£(G,) into the
von Neumann algebra ultraproduct [], £(G,).

For a sequence (p,), satisfying the condition in Lemma 2.39, we will drop the
notation [p,]¢ and use only [¢,], to denote both the element of [],[[G,]] and the
corresponding element of [[G,]].

We have a similar situation for G,-fibred spaces.

LEMMA 2.40. — Let us assume that for every n € N the p.m.p. graphed groupoid
(Gn, ®,,) acts on the fibred space (F,, m,) and let D,, C F,, be a fundamental domain
such that the sequence n — H(D,,) is bounded. For every n the full pseudogroup
[[G.]] acts on the Hilbert space L2(F,). Then the Hilbert space L?(F,) embeds into
the metric ultraproducts [, L?(F,) and if ¢, = [p,], is a measurable section of F,
(where ¢, are measurable sections of F,,), then the image of X, I8 [Xy,]%. Moreover
the above mentioned embedding of [[G,]] inside the metric ultraproduct [],[[G.]] is
compatible with the action and the passage to von Neumann algebras.
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2.8. Realizability and ultraproducts

DEFINITION 2.41. — A p.m.p. groupoid G over the probability space (X, %, i)
is said to be realizable if every measurably isotropic bisection ¢ is totally isotropic
(Definition 2.11).

In other words G is realizable if and only if every totally free bisection is measurably
free or equivalently if and only if Fixy(¢) = Fix(¢) :={g € ¢ : s(g) = t(g)}. The
following is classic.

LEMMA 2.42. — FEvery p.m.p. groupoid on a standard Borel probability space is
realizable.

Realizable groupoids are the groupoids that can be studied point-wise and those
groupoids that have a free factor onto a standard Borel space, see Theorem 3.28.
Therefore, up to some extent, realizable groupoids behave like standard one.

LEMMA 2.43 (Realizability). — The ultraproduct (G, ®,) of a sequence of realiz-
able graphed p.m.p. groupoids (G, ®,,) is itself realizable. Moreover every bisection
©u = [¢nlu satisfies up to null sets

[Fixg, (#n)]u = [Fix(pn)| = Fix(py) = Fixg, (pu)
and [Mp(on)lu = Mp[(on)lu-

Proof. — First observe that since the ultraproduct groupoid G, is generated by
the bisections of the form [p,], it is enough to prove that for every ¢, = [pu]u
we have that [Fix(,,)]y = Fixg, (¢u). This follows easily from Proposition 2.12. In-
deed consider a decomposition given by Proposition 2.12, that is Mp(p,) = ;A%
such that p(UE_ A1) > (1 — (2/3)")u(Mp(p,)) and p, (AL N @(A%)) = 0. Then
clearly we get [Mp(¢n)]le = Ui[A%]w and py(@u([AL]L) N [AL]) = 0. In particu-
lar Mp[(¢n)]ly D [Mp(¢n)]u- Therefore Fixg, (py) C dom(py) \ [Mr(p,)]. which
by hypothesis corresponds to [Fix(¢,)],. On the other hand we clearly have that
[Fix(¢n)]u C Fix(p,) and hence [Fix(¢,)]y = Fixg, (¢u) as claimed. O

For a p.m.p. groupoid G we will now denote by G¥ the associated equivalence rela-
tion. As we have already remarked, if G is realizable, then G is a p.m.p. equivalence
relation. The following is easy to prove.

LEMMA 2.44. — Given a sequence of realizable graphed p.m.p. groupoids (G, ®,,)
we have that the ultraproduct of G is GF.

In general it is not clear what should be the size of a “class” or “orbit” in a p.m.p.
groupoid, see Example 2.7. However for realizable groupoids the situation is much
more clear and we have the following. For a groupoid G over the space X we will set
|z|g :== [{t(g) : s(g) = x}|, the cardinality of the class of the associated equivalence
relation.

LEMMA 2.45. — Let (G,,®,) be a sequence of realizable graphed groupoids
such that lim,, |®,,| is finite. Then for p,-almost every [x,], € X, we have |[z,].|g, =
lim, |x,|g,. In particular if for every k € N we have lim, pu,,({z € X,, : |z|g, < k}) =0,
then for p,-almost every |x,], € X, we have that |[z,]u|g, Is infinite.
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Proof. — By the above lemma we can assume that all the G, are equivalence
relations. For z,, € X, set |z,|nx := [{t(g) : s(g) ==z, g € 6];}| and define similarly
|y |u k- Remark that if for some k& we have that |z,|,x = |Tn|nkt+1, then for every
i we have that |z,|,r = |Zn|nk+i- Observe also that Lemma 2.43 implies that for
p-almost every [x,], € X, we have |[x,]y|ur = limy |2,],, and therefore we can
combine the two facts to obtain the desired result. 0

3. Graphings, cost and combinatorial cost

The notion of cost of p.m.p. groupoids (on standard Borel spaces) has been con-
sidered by several authors (see for instance [Ued06, Carll, AN12, Tak15]).
Let G be a p.m.p. groupoid. Following [Lev95], we define the cost of the graphing

® = (p;); of G as
(3. C(@) = X il

and the (groupoid) cost of the p.m.p. groupoid G as the infimum of the costs of
its generating graphings:

(3.2) C(G) = inf C(V),

where ¥ ranges among all the generating graphings of G. It is the infimum of the
p-measures of measurable generating subsets of G.

Example 3.1. — Let I' = F, x F, the direct product of two free groups (p,q > 2)
and o be a p.m.p. I'-actions on standard Borel space where F, acts freely and F,
trivially. Then the groupoid G, of the I'-action has C(G,) = p: The underlying
equivalence relation R, = Ry, has cost p [Gab00] and every generating graphing of
G, induces a generating graphing of R,. This gives C(G,) > p. Taking the graphing
O = (¢n)n U (¢g), where h (resp. g) runs over a set of standard generators of F,
(resp. F,;) with ¢}, := h x X and ¢, := g x A, for A, an arbitrarily small F,-complete
section, one gets a generating graphing of cost close to p.

When the space is not standard, replace “free action” by “measurably free”, “triv-
ial action” by “measurably isotropic” and make use of "the" standard factor from
Theorem 3.28.

Recall that
— N < T'is g-normal if T" admits a generating set S such that s"'NsN N is infinite
for each s € S
— N < T is weakly-g-normal if there exists a well ordered family of intermediate
subgroups N = Ny < Ny < -+ < N, =I" such that N} := U;;N; is g-normal in Nj.

PRrROPOSITION 3.2. — In the standard or realizable situation:
— If N < A is g-normal subgroup and « is a p.m.p. I'-action such that N acts
aperiodically, then C(G,) < C(Gan)-
—If N < T is an infinite weakly-q-normal subgroup and « is a free p.m.p. ['-action,
then C(RF) == C(ga) < C(ga(]v) = C(RN)
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Proof. — Let ®; be a generating graphing of G, ;n. If N < A is g-normal, A is
generated by a family of s € Sy such that |s7'Ns N N| = oco. Then A admits a
graphing ® = &, U &} where ®} has arbitrarily small cost: a family of bisections

A = (5 X Ag)ses, where the Ay are complete (s7'Ns N N)-sections with 3=, ji(A,) <
¢ for any prescribed € > 0. This generates since for every x € X, there are n;,ny € N
such that nix € A, and s = ny'sni. Then (s,z) = (ny', sn12).(s,n12).(n1, ) and
(ny!, snix), (n1, ) belong to the groupoid generated by ®, while (s,n,7) € s x A,.

The proof for the weakly-g-normal case goes of course by a transfinite induction.
The induction assumption is that N, admits a graphing ¢, = ®, U ®7 where 7 can
be chosen of arbitrarily small cost.

If p = j+1is a successor, then N, = N; and Nj is g-normal in N,. Thus the
groupoid of the Nj-action is generated by adding a small cost graphing ®7* to
;= dyU P}

If p is a limit ordinal, then up to enumerating N, = {7, }pen, one selects a increasing
sequence (Nj, ), (where j, is the smallest j such that v;,---,7, € N;) and the
subgroupoid generated by the restriction of a to IV, is generated by ®, = &, U ®} U
%, U-- U U--- where 35, C(®} ) can be chosen arbitrarily small by assumption.

Thus N}, being g-normal in N,,, its groupoid is generated by further adding a small
cost graphing ®7*.

O

COROLLARY 3.3. — Groups with a commensurated fixed price 1 subgroup C'
have fixe price 1.

3.1. Graphings with finite size

For the sake of simplicity, we shall first only consider graphings of bounded size
and generalize Elek’s combinatorial cost in this setting. In that case, the length
defined in (2.2) of Section 2.4 is bilipschitz-equivalent to the length ¢4 (g) = min{k €
N:ge gk}: if ® = (¢1,992, -+ ,p), we have £} < Uy < DI} . We will treat the
general case in Section 3.2.

DEFINITION 3.4. — Let ® and ¥ be two graphings of finite size of the p.m.p.
groupoid G and L be a natural number. We say that

(1) U L-Lipschitz embeds in ® (or & L-Lipschitz contains V), denoted by
U Cp &, if every bisection iy, € ¥ is piecewise a restriction of words of length
at most L in the alphabet ® and their inverses (ji-mod 0);

(2) the graphings ® and ¥ are L-Lipschitz equivalent, denoted ® £ L v, if
U Cpdand® Cp ¥,

Two graphings of finite size ® and W are said Lipschitz equivalent (denoted

e V) if they are L-Lipschitz equivalent for some L € N. Clearly two graphings @
and ¥ are Lipschitz equivalent if and only if their length functions ¢4 and fg on G
are Lipschitz equivalent. Observe that being Lipschitz equivalent is an equivalence
relation (while being L-Lipschitz equivalent is not transitive).
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If a graphing ® of the p.m.p. groupoid G Lipschitz contains a generating graphing,
then & itself is generating.

The L-Lipschitz cost of the graphed groupoid (G, ®) is the infimum of the costs
of all graphings of G which are L-Lipschitz equivalent to ®,

Lip

C1(G, ®) := inf {C(\I/): v, cp} .

Remark 3.5. — In the definition of the L-Lipschitz cost, we can restrict to
graphings W of size bounded by the number of words of length < L in the elements
of ® and its inverse.

The following lemma claiming that the cost can be computed inside a given
Lipschitz class of (finite cost) graphings was observed for equivalence relations in
[Gab98, Etape 1] and [Gab00] (see also Lemma 3.9). We give a proof for completeness.

LEMMA 3.6 (Gaboriau [Gab00, Proposition 1V.35]). — Let (G, ®) be a graphed
groupoid where the graphing ® has finite size. The cost of G can be computed inside
the Lipschitz class of P, i.e.,

(3.3) C(G) = inf C1(G, ®).

Proof. — Fix e > 0. Let ¥ be a generating graphing of G such that C(¥) < C(G)+e.
Take a positive integer M such that fi(® \ @M) < g, where we recall that ® is the
subset of G given by the images of the bisections defining ®. For L € N we define

U, =UN3"
and observe that U, U, = U which implies that U L\ITLM = WM, thus there exists
Lo such that ju(® \ ¥z,"") < 2e. There is a graphing of finite size ©, such that
Oy =V, U(D\ \I/LOM) satisfying C(0g) < C(V)+2e < C(G)+ 3¢ and O Cp, . On
the other hand, (& \ Uz,"") ¢, Oy and (B N T, ") Car Op s0 that & Cpr Op. O

We now define the notion of u-combinatorial cost.

DEFINITION 3.7 (Elek [Ele07]). — Let (G, ®,,), be a sequence of graphed p.m.p.
groupoids of bounded size. The u-combinatorial cost of the sequence is

(3.4) Cul(Gns D)) 1= inf lim Cp (G, @)

3.2. Graphings with infinite size

We consider the general case where we allow graphings with unbounded or infinite
size.

DEFINITION 3.8. — Let ® and ¥ be two graphings of the p.m.p. groupoid G, and
M = (My)ren € NY a sequence of natural numbers. We say that

(1) ¥ M-coarsely embeds in ® (or & M-coarsely contains ¥ ), denoted by

U C.um @, if for every k € N, the bisection v, € V is piecewise a restriction of

words of length at most My, in the alphabet {1, ..., @u, } and their inverses
(A-mod 0);
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(2) the graphings ® and ¥ are M-coarsely equivalent, denoted ® ~,; ¥, if
v Ce,Mm ® and ® Ce,Mm v,

The graphings ® and ¥ are said coarsely equivalent (denoted ® ~ W) if they
are M-coarsely equivalent for some M € NN, Clearly two graphings ® and ¥ are
coarsely equivalent if and only if their length functions /4 and /g on G have the
same bounded sequences.

When both ® and ¥ have finite size, they are coarsely equivalent if and only
they are Lipschitz equivalent. So coarse equivalence is the natural generalization of
Lipschitz equivalence for graphings with infinite size.

If a graphing ® of the p.m.p. groupoid G coarsely contains a generating graphing,
then & itself is generating.

The M-coarse cost of the graphed groupoid (G, @) is defined as the infimum of
the costs of all graphings of G which are M-coarsely equivalent to ®,

Car(G, @) = inf {C(V): ¥ £y D}

We remark that ® coarsely embeds into ¥ if and only if for every k, there is k&’ such
that {¢1,...,¢r} Lipschitz embeds into {t1,..., ¥, }. This allows us to generalize
in a straightforward way all the statements proved for graphings with bounded size.
For example, Lemma 3.6 still holds in this setting for graphings of finite cost.

LEMMA 3.9. — Let (G, ®) be a graphed groupoid where the graphing ® has finite
cost. The cost of G can be computed inside the coarse class of ®, i.e.,

(3.5) C(g) = infCu(g, ®).

Proof. — Let ® = (¢;);. Let € > 0. Choose k such that C((¢;)i>x) < €. Consider
the finite graphing ® = (¢;)i<k, and define G’ C G the groupoid generated by @’
Clearly C(G) < C(G’) + €. By Lemma 3.6 there is an integer Ly and a finite size
graphing W’ which is Ly-Lipschitz equivalent to ®" and such that C(V) < C(G') +«.
Then the graphing W obtained as the union of ¥’ and (¢;);~ is coarsely equivalent
to @ and satisfies C(¥') < C(G) + 2¢. O

Remark 3.10. — The proof shows more: for every ¢ > 0 there is i. and a graphing
U of finite size which is coarsely equivalent to {¢1,...,¢;.} and such that the
graphing U U (¢;);=;. has cost < C(G) + ¢.

We generalize Definition 3.7 of combinatorial cost to possibly unbounded graphings.

DEFINITION 3.11. — Let (G,, ®,), be a sequence of graphed p.m.p. groupoids.
The u-combinatorial cost of the sequence is

. u n)q)nn = inf i naq)n
(3.6) Cul(Gn, Pu)n) := inf 1im Cas(Gn, Pn)

When @,, have size bounded by D, we recover Definition 3.7. This deserves a small
justification. Consider first some integer L. It follows from Remark 3.5 that C.(G, ®,,)
can be computed for a graphing ¥,, of size bounded by (2D)*. This graphing is in
particular M-coarsely equivalent to ®,, for M the constant sequence ((2D))en. In
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particular Cp/(G, ®,,) < Cr(G, ®,) and
inf limCp(G,, ®,) < gg&CL(g,ch).

MeNN neu

Conversely, if M € NY and ¥,, is M-coarsely equivalent to ®,,, put Lq := max;<p M;
and L := max;<r, M;. Then we have ®,, Cr, {¢1,...,¢r,} and {¢1,..., 9%} Cp,
®,,. In particular Cuax(Lo,L1)(Gns Pn) < Car(Gn, ®,) and

3.3. Limit of graphed groupoids

PROPOSITION 3.12. — Consider a sequence of graphed p.m.p. groupoids (G, ®,,)
of bounded size. Take L. € N.

(i) If for u-almost every n the bisection 1, of G, is L-Lipschitz embedded in ®,,
then [ty,)y L-Lipschitz embeds in [®,,)y.

(ii) If the bisection 1, of G, is L-Lipschitz embedded in ®,, then there exists
a sequence of bisections 1, of G, such that [¢,], = ¥, and such that 1, is
L-Lipschitz embedded in ®,, for u-almost every n € N.

(iii) Let W, be a finite size graphing of the ultraproduct G, which L-Lipschitz
contains ®,. Then there exists a sequence of bounded size graphings V,, of G,
such that [V,], = ¥, and such that V,, L-Lipschitz contains ®,, for u-almost
every n € N. Moreover if W, is L-Lipschitz equivalent to ®,, then we can
choose V¥,, to be L-Lipschitz equivalent to ®,,.

Proof. — Let D := max,, |®,|. We let W be the finite set of formal words of length
at most L in the letters ' for 7 € {1,..., D} and their inverses. For w € W, denote
by w, and w, the corresponding p.m.p. bisection of G, and G, respectively. We set

AY = {x € dom(¢y,) : VYu(z) = wy(x)}.
Let us first show (7). By hypothesis U,ew AY = dom(t),) for u-a.e. n. Since W is
finite we have that dom([¢,],) = [dom(,, )], = Uy[AY], and moreover [1),],

[AR]u

s, This is exactly that 1, L-Lipschitz embeds in ®,.

Wy

The proof of (i) is similar. For every w € W we can find BY C X,, such that
e B*NBY = for w,w € W with w # w';
e [BY], = AY up to a nullset for every w € W;
o Uyew[BY], = dom(?),) up to a nullset.

> is
[BY]u

[Bw’]) since they are restriction of the same bisection on two

For every couple of words w,w’ € W with w # w’ we observe that tar (wu

disjoint from tar (w(l

disjoint sets. Therefore, since W is finite, we can assume that the measurable sets
B also satisfy the following property:

e tar (wn Bw) N tar (w; Bw,) = () for w,w’ € W with w # w'.
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Set 1, to be the join of the partial authomorphism wn’Bw. Clearly v,, L-Lipschitz

embeds in ®,, and [i),] = ¢, outside a nullset.
For (iii), let us only prove the moreover part. The first is similar and left to the

reader. Denote ®,, = (¢*)1<r<p and ¥, = (¥¥) <1< p. Suppose we have U, Ef\ZJpL (D]
for some L € N. (ii) gives us a sequence (VU,,),, of size D’ such that ¥, L-Lipschitz
embeds into ®,,. Let V' be the finite set of formal words of length at most L in the
letters ¢ for i € {1,..., D'} and their inverses and for v € V' we denote by v,, and
v, the corresponding p.m.p. bisection of G,, and G, respectively. For every k < D we
set

UF .= {z € dom(¢*) : ¢F(z) = va(z) for some v € V}.

Observe that lim, g, (dom(¥) \ UF) = 0. We define ¥/, to be the union of ¥,, and
the restriction of ¢, to dom(¢h) \ U for ¢ < k. Then clearly ®,, L-Lipschitz embeds
in W/ . Since we have added only restrictions of elements in ®,,, it follows that W/ still
L-Lipschitz embeds in ®,,. Finally ¥/ and V,, differ only for finitely many elements
whose support has arbitrarily small measure, therefore [¥,], = [V] ], = V,. O

Let us observe that if ®,, have uniformly bounded size, then lim, C(®,) = C(®,) <
oo and in general this condition amounts to a uniform summability of the measures
of the domains of the bisections of ®,,. As a consequence of the above proposition
we obtain the following theorem.

THEOREM 3.13. — If a sequence of p.m.p. graphed groupoids (G,, ®,) and its
ultraproduct groupoid (G, ®,) satisfy lim, C(®,) = C(P,) < oo, then

Remark 3.14. — The reverse inequality
(3.7) C(Gu) < lim C(Gn)

is generally not true. Consider, for instance, the free group on 2 generators (more
generally a finitely generated group I' of cost %, (') > 1), with finite generating set
S and with a decreasing sequence (I',,),, of finite index normal subgroups with trivial
intersection. The sequence of finite Schreier graphs for (I'/T',,S) defines a sequence
®,, = (ps)ses of graphings of the transitive equivalence relation G, on the finite
spaces X,, = I'/T",, thus of cost 1 — ﬁ The ultraproduct groupoid G is given by a
free action of I" on X, which has cost > 1. This example is exactly what justifies the
use of the combinatorial cost [Ele07] or of the groupoid cost [AN12] (see Cor. 4.5,
where instead of a naked Schreier graph as above, the isotropy subgroups are taken
into account).

Remark 3.15. — The following inequalities hold in general without any bounded-
ness assumption:

(3.8) Cal(Gn @) > LimC(G,)
(3.9) Cu((Gny ®n)n) = C(Gu).

(3.8) is clear from the definition of combinatorial cost, while (3.9) holds since the
first part of the argument below is still valid in this context.
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On the contrary, the other inequalities
(3.10) C(Gu) > lmC(Gy)
(3.11) C(Gu) = cCu((Gn, Pn)n)

both require some boundedness assumption as examplified by a residually finite fixed
price 1 group such as I' = F, x Z with a decreasing sequence of finite index normal
subgroups with trivial intersection. The groupoid cost for the action on any finite
quotient is infinite, and similarly for the combinatorial cost. But the ultraproduct
free action has cost 1 [Gab00, Proposition VI.23].

Even with sup,, C(®,) < oo, uniform summability is needed: If instead of ®,, =
(ps)ses in the example of Remark 3.14 one subdivides the bisections ¢, into singletons,
we obtain the generating graphing ®;, = (¢, , = (v, 5V))ver/r, ses, u(dom(yp, ,)) =
ﬁ Then G, is the trivial groupoid X, and in particular has cost 0, whereas
Cy(Gp, ®,,) = lim, C(G,) = 1, thus contradicting (3.10) and (3.11).

Proof of Theorem 3.13. — Let M € NY and ¥, be a graphing of G,, such that
®,, <~y U,,. By Corollary 2.35, U, is a generating graphing of G, and in particular

C(Gy) <C(¥,) < lilr1nC(\Iln).
Taking the infimum over ¥,, we obtain
C(Ga) < lim Car (G, ®,).
This shows (without the uniform integrability assumption) that

C(gu) < Ccu(<gn; cI)ﬂ)”)

For the converse inequality, fix ¢ > 0. By Remark 3.10 there are integers ig
and L and a finite graphing of G,, ¥} %pL (ot ... @) such that the graphing
U, := U U (¢))i>i, has cost < C(Gy) + €. By Proposition 3.12 for every n there is a
graphing U/, @, (oL, ..., ) such that [¥!], = ¥!. In particular, there is M € NN
such that W, := W/ U (¢! )i, is M-coarsely equivalent to ®,,. Finally,

lim C(P,,) = Lim C(¥},) + Um C((;,)isio)-

The first term is equal to C(¥)) by linearity, and the second term is equal to
C((%)i>i,) by the uniform integrability assumption. In particular we obtain

lim C(¥,,) = C(Vu) < C(Gu) +&.

Taking the infimum over all € we obtain ¢Cy((G,, ®n)n) < C(Gy), which proves the
theorem. n

Remark 3.16 (Elek’s combinatorial cost). — Initially, the combinatorial cost
[Ele07] was introduced as an invariant for sequences of finite graphs with uniformly
bounded degree < D. If (G,), is such a sequence of graphs, then we have already
discussed a canonical coarse structure on the sequence, see Example 2.14, and com-
mented about the ultraproduct of the sequence in Example 2.33.
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The original combinatorial cost ¢C of the sequence (G,,), uses liminf instead of

lim (compare Definition 3.7): o
(3.12) cC((Gp)n) = irLlf lim inf Cp,(Gn, ).

We claim that:

(3.13) cC((Gp)n) = inf{cCy((Gn, ®y)n) : u non principal ultrafilter}.

The inequality < holds since, h}g glf Cr(Gn, ®,) < }’ngtll Cr(Gy, ®,) for every L. For
the reverse inequality, for every € > 0, there is an L such that ligg %)I.}f Cr(Gpn, ®,) <
cC((Gy)n) +e¢ and there is a non principal ultrafilter u such that lim inf C (G, @) =
ng} Cr(Gn, ®,,). Observe that, interleaving the terms of two sequences of graphs

with different combinatorial costs, indicates that a strict inequality ¢C((G,),) <
Cy((Gn, Pp)n) may happen for some ultrafilters. Moreover, it is not clear to us
whether the infimum in (3.13) is realized by some ultrafilter.

COROLLARY 3.17 (Combinatorial cost vs cost). — If (Gy,), is a sequence of finite
graphs with uniformly bounded degree, then the combinatorial cost is the infimum
over all non principal ultrafilters of the costs of the ultraproduct groupoids G, of the
associated coarse groupoids G, :

cC((Gn)n) = inf{C(G,) : u non principal ultrafilter}.

3.4. Weak containment

We now mimic the powerful notion of weak containment introduced by Kechris
[Kec10, Section 10 (C)].

DEFINITION 3.18 (Weak containment for graphed groupoids). — The graphed
groupoid (H, W) on (Y, o/, v) is weakly contained in the graphed groupoid (G, )
on (X, %A, 1), in symbol,

(H,¥) < (G,d)

if W = (¢;)jes and ® = (p;);es have the same sets of indices and for any finite set
K C [[H]] and every € > 0, there is a map m: K — [[G]] satisfying 7 (v;) = ¢; for
every ¢; € KN, d(n(yy), n(Y)n(¢')) < € and |7(¢) — 7(7w(y))| < € for every
Y,y € K such that y)' € K.

Note that if B € K is a unit bisection of H, (meaning B C Y or equivalently
B? = B), then the condition d(7(B),m(B)?) < € implies that m(B) is at distance
< ¢ from a unit bisection. So in the definition of weak containment, we can always
assume that m maps unit bisections to unit bisections, and also that disjoint unit
bisections are mapped to disjoint unit bisections. Moreover, if ¢ is any bisection,
then the comjugation satisfies ¢ B! = p(B). One thus recovers Kechris’ notion
of weak containment for group actions.
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If o7 is separable® | then (H,¥) < (G, ®) if and only if there is a trace preserving
embedding of [[H]] into the metric ultraproduct of [],[[G]] sending each ¢; to [,
see Proposition 3.32.

PROPOSITION 3.19. — Assume (H, V) < (G, ®) and let ¢ be a V-word and let
@ be the corresponding ®-word, then
(1) 5(e) = ilp); thus C(V) = C(P);
(2) 7(¢) = 7(p) (equal measure of units);
(3) v(Mp(v)) < (Mp(p)) (the measurably free part from Proposition 2.12 is
monotonic).

Proof. — The first two items are easy and left to the reader.
For the measurably free part, use finitely many elements from a partition given by
Proposition 2.12. 0

DEFINITION 3.20 (Weak equivalence for graphed groupoids). — The graphed
groupoids (H, V) and (G, ®) are weakly equivalent, in symbols,

(H, ) ~u (G, )
if (H,¥) < (G,®) and (G, ®) < (H, ).

Remark 3.21 (Local-global convergence). — Hatami, Lovasz and Szegedy [HLS14]
have defined a notion of local-global convergence for sequences of bounded-degree
graphs. This enters rather well in our setting, the only difference being that they
consider unlabeled and unoriented graphs whereas we have mainly focused on labeled
graph(ing)s. In order to interpret the local-global convergence in our setting, let us
say that a subset & C G of a p.m.p. groupoid is a bounded degree combinatorial
graphing if ® is measurable, symmetric (P! = ®) and z — |s~!(2)NP| is essentially
bounded on X. Note that a symmetric subset of G is a combinatorial graphing if
and only if it is a finite union of bisections.

If G is the equivalence relation on a finite set, we recover the classical notion of
combinatorial graph. If G is a p.m.p. equivalence relation on a standard probability
space, then we recover the notion of graphing as in [KMO04]. In that paper Hatami,
Lovasz and Szegedy first define a notion of convergence, and then they identify
the limiting objects as graphings in their sense. To be more precise, we wish to
point out that the limiting object is not unique: the well-defined limiting object is a
weak-equivalence class of combinatorial graphings, as we define now.

Let G and ‘H be p.m.p. graphings with combinatorial graphings ® and W. Write
¢ = Uj_,; as a finite union of bisections. We say that (H, V) is weakly contained
in (G, ®) if for any finite set K C [[H]] and every € > 0, there is a map 7: K — [[G]]
satisfying Uj_7(¢;) = @ if ¢; € K for every j, d(w(y¢'), m(¢)7(¥')) < e and
|T(¢) — 7(m(v))| < e for every ¢, € K such that ¢’ € K.

As above if o7 is separable, then (H, ®) is weakly contained in (G, ¥) if and only if
there is a trace preserving embedding of [[#H]] into the metric ultraproduct of T, [[G]]

(2)When o is not separable, the same holds if one allows an ultrafilter on a larger index set than
N, as in Proposition 3.32.
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sending each ® to W. The same holds mutatis mutandis for non separable 7. In
particular this notion does not depend on the decomposition ® = p; U - U ¢p,,.

One says that (G, ®) and (#H, V) are weakly equivalent if (G, ®) is weakly contained
in (H,¥) and conversely (H, V) is weakly contained in (G, ).

Then one can easily check that a sequence (G,) of bounded-degree graphs converges
locally-globally in the sense of [HLS14] if and only if the weak equivalence class of
the graphed equivalence relation (G, Edg,) (see Example 2.33) does not depend on
the free ultrafilter u. More generally, the sequence (G,,) local-global converges along
u towards a p.m.p. equivalence relation R with a combinatorial graphing ¥ if and
only if (R, V) is weakly equivalent to (G,, Edg,).

Let us mention that ultraproducts of bounded degree finite graphs as combinatorial
graphings were already considered in [Ele10b] (we thank G. Elek for pointing this
article out after a preliminary version of our text has circulated).

The following extends a result of Kechris [Kec10, end of Section 10 (C)] from group
actions to graphed groupoids:

THEOREM 3.22 (weak containment and cost). — If (H,¥) < (G, ®) and ¢ has
finite cost, then C(H) > C(G). In particular, the cost is an invariant of the weak
equivalence class of (G, ®).

Proof. —

First observe that the graphings ® = (¢;);e; and U = (1);),c; have the same cost
(see Proposition 3.19).

Let g > 0. By (the proof of) Lemma 3.9, there exists a generating graphing
U = (¢])ier of H such that:
(1) C(¥') < C(H) + o
(2) there are finite subsets Jy C J and Iy C I such that U{ := (¢});c, generates the
same groupoid as Wy := (¢;);es, (even Lipschitz equivalent, but this will be of no
use here),
(3) there is a bijection r: J\ Jo — I'\ Iy such that ¢; = ¢y for each j € J\ Jo.

Let K C [[H]] be a finite subset containing W and € > 0, and let 7: K — [[G]]
be as in the definition of weak containment. Denote by G . the groupoid gen-
erated by m(V() = {m(¥))}icr,}- By (2) and the definition of weak containment,
limg . d(¢j,p; N Gke) = 0 for every j € Jy. In particular there is K, e such
that 3=;c;, d(@j, ¢; N Gke) < €. Taking € small enough we can also assume that
C(m(¥()) < C(Yg) + €o. It follows that the graphing of G obtained as the union of
m(0p), of (p; \ (p; NGk,:))jes, and of (¢;)en, is generating and has cost less than

C(Tg) +eo0 + 0+ C((¢5)jensn) = C(¥') + 20 < C(H) + 3eo.
One concludes that C(G) < C(H) as € was arbitrary. O

3.5. Factors

Recall that homomorphisms of p.m.p. groupoids are defined in Definition 2.23.
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DEFINITION 3.23. — A homorphism T between the p.m.p. groupoids G and G’
over the probability spaces (X, ) and (X', ') is a factor map if T maps ji to ji'.
In this case G’ is a factor of G.

Be aware that the condition on the measures i and fi’ entails that the factor map
is essentially onto and is “class-bijective”, i.e., T'(¢) is a unit if and only if g itself
is a unit fi-almost surely; in particular z(7-*(X’)\ X) = 0 and T is p.m.p. in the
sense of Definition 2.23.

The second author takes the opportunity to mention that this notion was intro-
duced in the framework of standard equivalence relations in [Gab05a, Definition
p. 1815 and Lemma 2.3 and 2.4] and to correct an obvious misprint there: replace
one-to-one by bijective.

For instance, a group morphism I' — I" is a factor in our sense if and only if it is
an isomorphism. In fact, we can completely characterize the groupoids which factors
over a given group.

Remark 3.24 (p.m.p. actions of p.m.p. groupoids). — 1If G’ is a countable group
I (seen as a groupoid over a point), then every p.m.p. action of I' on X gives rise
to a factor G~ x — I sending (7, z) to 7, and conversely every factor G — I' arises
this way. In general one can interpret factors G — G’ as p.m.p. actions of the
p.m.p. groupoid G' on X (not to be confused with the different notion of actions
—not p.m.p. — of a groupoid considered in Section 2.5). Free actions correspond to
factors R — G’ where R is a principal p.m.p. groupoid (i.e. equivalence relation).

This leads to the fixed price problem for general groupoids.

QUESTION 3.25 (Fixed price problem for p.m.p. goupoids). — When G is a p.m.p.
groupoid its infimum cost €,(G) is the infimum of the costs of all p.m.p. groupoids
‘H that factor onto it:

€.(G) :=inf{C(H) : H p.m.p. groupoid that factors onto G}.

The p.m.p. groupoid G has fixed price if C(H) = €.(G) for every principal (i.e. with
trivial isotropy) p.m.p. groupoid ‘H which factors onto G. Does there exist a p.m.p.
groupoid that does not have fixed price? (Compare [Gab00, Question 1.8]).

Observe that a similar question has been raised by Popa-Shlyakhtenko—Vaes
[PSV18] in the context of standard equivalence relations.

If T:G — G is a factor map, then for every bisection ¢/ C G, its preimage
¢ :=T7(¢) is a bisection g-mod 0. Indeed let us check that s is essentially injective
on ¢ (the same argument works for t). Assume that g, h € ¢ have the same source.
Then s(T(g)) = s(T'(h)) and hence T(g) = T'(h). Therefore T~ (T(g)T'(h)™') C X
(up to some i null set) and in particular gh™! is a unit and therefore g = h. As a
corollary we obtain that the preimage of a graphing ®’ is still a graphing, which we
call the pull-back graphing and denote by T—1®’. We also get the following.

PROPOSITION 3.26. — IfT : G — G’ is a factor map, then C(G) = C(G').

Observe that isotropy elements are always sent to isotropy elements: if s(g) = t(g),

then s(T(g)) = (T(g))-
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A factor T : G — G’ is called free if it moreover satisfies one of the following
equivalent conditions:
o for almost every g € G if s(T(g)) = t(T(g)), then s(g) = t(g);
e for almost every x € X the factor T realizes an isomorphim between the
isotropy groups of x and T'(z).

A factor T : G — G’ is called measurably free if for every bisection ¢ C G,
the measurably free parts (see Proposition 2.12) of ¢’ and ¢ = T7(¢) coincide:
Mp(p) = T~ (Mp(¢")).

Clearly every measurably free factor of a realizable p.m.p. groupoid is automatically
free, see Definition 2.41.

Remark that if R and R’ are p.m.p. equivalence relation over the standard proba-
bility spaces (X, u) and (X', /) and T' is a morphism between R and R’ such that
(a) T restricted to X is surjective and measure preserving onto X', (b) T is bijective
on every equivalence class, then 7' is automatically a factor map.

PROPOSITION 3.27. — Let (G,,®,) be a sequence of graphed groupoids and
assume that for every n, T, : (Gny1, Pnt1) — (Gn, ®n) is a factor map such that
®,,1 =T, 1®,. Assume furthermore that |®,| = |®,| is finite. Then (C(G,,)), is non
increasing with n and for every non principal u

Cul(Gus ®1)a) = C(Ga) = lim C(G,).

Proof. — All the ®,, have the same size |®;|. Let ¥, be L,-Lipschitz equivalent
with ®,, and satisfy C(V,) < C(G,) + 27". The L,-Lipschitz expression of each
bisection in V¥,, can be pulled-back in ®, when p > n. Then the canonical pull-back

v, , of ¥, in G, is L,-Lipschitz equivalent with ®, and generates G,. It follows
that cCy((Gn, Pn)n) < lilrln C(v,) = liLIln C(G,). Then Theorem 3.13 gives the reverse

inequality. By monotonicity lim, C(G,) = lim, . C(G,) and thus ¢Cy((Gn, Ppn)n) =
C(Gy) = lim C (Gy) for every non principal u. O

A different way of proving the above proposition is to show that the projective
limit of the groupoids G, is weakly equivalent to the ultraproduct G,.

THEOREM 3.28 (Standard factor). — Every graphed p.m.p. groupoid (G, ®) over
any probability space (X, %, 1) admits some p.m.p. factor (G, ®') on a standard
Borel probability space such that:

(1) (G', @) is weakly-equivalent to (G, ®);
(2) the pull-back graphing of ®" is ®;

(3) C(G) = C(G") (even when C(®) = o0);
(4) the factor G — G’ is measurably free.

Moreover if G is realizable, then the factor is free.

The existence of a standard factor is an incarnation of the downward Léwen-
heim—Skolem theorem in model theory which roughly states that every model of a

countable theory has a separable substructure. In the case of countable groups the
existence of the standard factor was also explicitly stated and proved in [Carl5].

Example 3.29 (Example 2.7 continued). — For both actions a and  of I' = Z/2Z
on [—1,1] from Example 2.7, the groupoids G, and Gz have two natural standard
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factors: [0, 1] with constant isotropy = Z/27Z and the group Z/27Z itself. Both have
cost = 1. Only the first one is weakly equivalent to G, (resp. Gg).

On the other hand, in any standard factor, every measurably isotropic element
must be sent to a totally isotropic element. This forces every standard factor from
G, and G to transit through the quotient of [—1,1] by "x +— —z on some measurable
subset containing €2".

Proof of Theorem 3.28. — Consider an auxiliary graphing ¥ which contains ®
as well as a sequence of graphings ®,, whose costs tend to C(G). Let D C £ be the
countable collection which is invariant under all the ¥-words and which contains:

e for cach U-word m, its unit subset NV,,, := m N X and the elements s(A4;) and
s(Fixg(m)) for (A;); and Fixg(m) given by Proposition 2.12;
e for each ®-word w, a countable collection C,, C £ of Borel subsets such that
the set {p(w(Cj) NCy)) = Cj,C € Cy} is dense in the set {p(w(B) N B')) :
B,B' € #}.
Let X’ :={0,1}? with its canonical Borel o-algebra %’ and define a (measurable)
map 7m : X — X' by z — {xp(z)}p (where xp is the characteristic function of
D € D). Let 4/ = mup. Then (X', 1) is a standard Borel probability space. Observe
that m771(%’) is the o-algebra generated by D.

Each ¢) € U delivers a partial isomorphism ¢/ : 7(dom(1))) — m(tar(¢)) given for
z € dom(¢)) by ¢/ (w(x)) = m(1)(z)). Let’s check that this is well defined: If z and y
are not separated by D, then the same holds for ﬂ(x) and @Z(y) by invariance of D. If
U' € # is contained in tar(zﬂ’) then o'~} (U’) = 7(1/;_1( ~“HU"))) is B'-measurable
since 7~ 1(U’) and ¢y~ (x~1(U")) are measurable for 7~ (93’)

Let F and F” be the free groupoids generated by U and U = {¢/ : ¢ € ¥} respec-
tively. Observe that m defines a factor T from F to F'. Consider the natural map
p : F — G mapping each bisection ¢ of F to the corresponding one in G. Observe that
the kernel of this map N/ C F is a totally isotropic normal subgroupoid of 5, defined
by the measurable sets N,,, = mNX (for each U-word m). Its image N7 := T(N) < F’
is the normal saturation in F’ of the relator system defined, for each W'-word m’
associated to the U-word m, by R, := {2/ € X’ : whose N,,-th coordinate = 1}.
It is a totally isotropic normal subgroupoid.

"The" standard p.m.p. factor is now defined as the quotient G’ := F'/N’ (see
Proposition 2.24).

Checking the rest is routine: 7' goes down to a map T : G — G'. The first condition
in the choice of D ensure that we obtain a measurably free factor. Since ® C V¥ is a
graphing of G, it follows that ® = T'(®) is a graphing of G’. The second condition
ensures that (G, ®) < (G',®’). Even if ® does not have finite size, the condition
that U contains graphings ®,, of cost arbitrarily close to that of G allows, using the
graphings T'(®,,), to ensure that C(G') < C(G).

On the other hand, G’ being a factor of G, we thus have (G, ®) ~,, (G’, ?') and the
reverse inequality C(G') > C(G). O

The next statements illustrate the relationships between the notions of factors and
weak containment. We start with two easy observations.
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LEMMA 3.30. — The ultrapower (G, ®,) of a constant sequence (G, ®) of graphed
groupoids is weakly equivalent to (G, ®).

LEMMA 3.31. — If T: G — H is a factor, then the map T ': [[H]] — [[G]]
preserves the trace and all operations.

Conversely, if Y is a standard measure space, then any such embedding [[H]] — [[G]]
comes from a factor.

Proof. — Only the second statement deserves a proof. We will use the following
classical fact (see [Frell, Theorem 343B], or [vN32] for the case when both spaces are
standard): every isometric embedding of the measure algebra of a standard o-finite
space €2y to the measure algebra of an arbitrary measure space )y sending 2; to €2y
and preserving the boolean algebras operations comes from a measure-preserving
map {2y — ;. We recall a proof for completeness: one readily reduces to probability
spaces and, by the classification of standard probability spaces, one can assume that
0y = {0, 1} for a Borel probability measure. The required map T': Q5 — € is then
defined by T'(z)(n) = 1 if = belongs to the image of the cylinder {w € € : w(n) =1}
and T'(z)(n) = 0 otherwise.

An isometric embedding of the pseudogroups [[H]] — [[G]] preserves disjointness,
so extends to an isometric embedding of the measure algebra of G into the measure
algebra of H, which as recalled above in turn comes from a measure-preserving map
G — H as H is standard. The fact that the original embedding [[H]] — [[G]] preserves
the pseudogroup operations implies that the associated map G — H preserves the
groupoid operations almost everywhere, so is a factor. O

The following proposition generalizes [CKTD13, Theorem 1] in our context.

PROPOSITION 3.32. — Let (H,V) and (G, ®) be two graphed groupoids over
(Y, o ,v) and (X, B, 1) respectively. Then (H,V) < (G, ®) if and only if there is an
ultrafilter u on some index set I and a trace preserving pseudogroup homomorphism
from [[H]] into the full pseudogroup [[G,]] of the ultrapower (G, ®,) of the constant
family (G, ®);cr, which sends ¥ to .

Moreover, if (the measure algebra of) </ is separable, then I can be taken to be
equal to N and u can be any nontrivial ultrafilter.

Proof. — The <« direction is a direct consequence of Lemma 3.30. Conversely,
assume that (H, V) is weakly contained in (G, ®). Denote by I the set of all tu-
ples (N,e, Ay,..., Ay) with N an integer, ¢ > 0 and Ay,..., Ay € &/. The or-
der (N,e, Ay,...,An) < (N',e AL .. A ifE N < N'e > & {A,..., Ay} C
{4},..., A} turns I into a directed set. Choose u an ultraproduct on [ finer than
the order filter. For every i = (N,e, Ay,...,Ay) € [ let By, ..., By € % given as in
the definition of weak containement, and define a map u;: WU{A;,..., Ax} — [[F]]
by saying w;(vx) = ¢r and u;(Ax) = By. Then the map u: ¥ U Malg(Y) —
® U Malg(X) defined by u(A) = [u;(A)], (1) is well defined as A belongs to the
domain of u-ae u; and (2) extends to a trace preserving homomorphism.

Assume now that 7 is separable, and let (Ag), be a dense sequence in the
measure algebra of <. For every integer N, let By,...,By € % given as in
the definition of weak containement for (N,1/N, A;,..., Ay), and define as above
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un: WU{Ay, ..., Ay} — [[G]] by saying un(pr) = ¥x and uy(Ag) = By. Similarly
the map u: VU {Ax}r — ®U Malg(X) defined by u(A) = [u;(A)], extends fisrt by
continuity to ¥ U Malg(Y'), and then to a trace preserving homomorphism. O

3.6. Sofic groupoids

The notion of sofic p.m.p. equivalence relations has been introduce by Elek-Lippner
[EL10]. We recall the definition of a sofic groupoid, which is a variation of Ozawa’s
definition of sofic equivalence relations [Oza09], see also [Corl7].

A p.m.p. groupoid is said to be finite if it is finite as a set.

DEFINITION 3.33. — A p.m.p. groupoid H over a probability space (X, </, 1)
is sofic if for every finite subset K C [[H]] and every ¢ > 0, there is a finite
groupoid G and a map 7: [[H]] — [[G]] satisfying d(m(ey),m(p)m(¢))) < € and
|7(p) — 7(7(p))| < € for every v, € K.

By [Corl7, Proposition 1.4], we can replace finite groupoid by transitive equivalence
relations on a finite set in the definition. Moreover if o7 is separable, then H is sofic
if and only if [[H]] embeds isometrically (equivalently preserving the trace) into the
ultraproduct [],[[G,]] for a sequence G, of finite groupoids (resp. finite transitive
equivalence relations)(3). By Proposition 2.39, this holds if and only there are some
finite generating graphings ®,, of G,, such that [[#]] embeds isometrically in [[G,]]
where G, is the ultraproduct groupoid of the sequence (G, ®,),. Using Lemma 3.31,
we can summarize this discussion for standard groupoids as follows.

PRrROPOSITION 3.34. — For a standard p.m.p. groupoid ‘H with generating graph-
ing W, the following properties are all equivalent.

(1) H if sofic,

(2) (H, V) is weakly contained in the ultraproduct (G, ®,) of a sequence of finite
graphed groupoids (G, ®,).

(3) (H, V) is weakly contained in the ultraproduct (R,, ®,) of a sequence of finite
transitive graphs (R, ®,).

(4) H is a factor of the ultraproduct (G,,®,) of a sequence of finite graphed
groupoids (G, ®,,).

(5) H is a factor of the ultraproduct (R, ®,) of a sequence of finite transitive
graphs (R, ®,).

Any such sequence (G, ®,), or (R, ®,), as in Items 4. or 5. of Proposition 3.34
is called a sofic approximation of H.

4. Group actions and cost

We now state the main facts proved in the preceding sections in the context of
actions of countable groups.

(3) without this separability assumption, the same holds but we have to allow ultrafilters on larger
sets of indices than N; see the proof of Proposition 3.32 for details.
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Ifa:T ~ X is a p.m.p. [-action, we denote by C(a) and call it the cost of the
action the cost of the p.m.p. groupoid Gr~ x. Similarly for a sequence of I'-actions
a, : I' ~ X, we denote by ¢C,(a,) the combinatorial cost of the sequence of graphed
groupoids (Grnx,,,S) for any generating subset S < I' (this is independent of the
choice of S by definition, see Definition 3.11).

Denote® by %.(I') the infimum of the costs over all free p.m.p. standard actions
of I' (it is realized be some free action [Gab00, Proposition VI.21]) and by ¢*(I") the
supremum cost (i.e., the supremum of the costs of the free p.m.p. actions of T').
It is realized by any Bernoulli shift action of I" (Abért-Weiss [AW13]). Recall that
the group has fixzed price when €*(I') = %.(I"). We warn the reader that there is a
risk of confusion between % (I') (as defined in [Gab00]) and the cost C(I") of T" seen
as a groupoid, which is the rank of I'.

The following is a corollary of Theorem 3.28.

COROLLARY 4.1. — Consider a countable group I'.

(1) The cost of p.m.p. I'-actions is non-decreasing under factors.

(2) The cost of any p.m.p. I-action is the minimum of the cost of all its standard
factors.

(3) The infimum cost €,(I") equals the infimum of the (groupoid) costs over all
p-m.p. actions of I, free or not, standard or not.

We also reformulate Theorem 3.13 for groups.

THEOREM 4.2. — Let I' be a finitely generated group. For every sequence (a,),
of p.m.p. I'-actions we have:
(4.1) Claw) = Cu((an)n) 2 lim C(ay) = liminf C(a,) = €.(T).

Moreover if the action a, is essentially free we have €*(I') > C(a,) and hence if T’
has fixed price we obtain lim, C(a,) = ¢Cy((an)n) = C(ay) = €.(T).

QUESTION 4.3. — Can the inequality C(a,) > lim, C(a,,) in Theorem 4.2 be strict
for some finitely generated group I'?

Observe that such an example would provide an example to the fixed price problem
(whether there are countable groups for which %.(I') # €*(I') [Gab00, Question
1.8]). Compare Remark 3.14 where the approximating groupoids are not given by an
action of the group or Remark 3.15 where the group is not finitely generated.

We also obtain the following corollary of Theorem 3.13 for sofic approximations:

COROLLARY 4.4. — If T is a sofic group finitely generated by S and (G, ®,),, is
a sofic approximation to I' (with S-labelled graphings), then

(4.2) €*(T) > C(G.) = Cu((Gn)a) > LimC(G,) > liminf C(G,) > 1

IfT' has moreover fixed price €,(I"), then €, (I") = cC(( n) ) and hence if I has fixed
price €.(I') = 1, we obtain ¢C((Gp)n) = lim, o, C(G,) =

() We introduce this notation €, (I) in order to avoid confusion with the cost C(T') of I seen as a
groupoid which is the rank of T'.
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This applies for instance to any sofic approximation (if it exists!) of the Higman
group H, (which has fixed price = 1).

Recall that if A has finite index in I', then the action of I" on the coset space I'/A
has (groupoid) cost equal to

rank(A) — 1
[ A
The following theorem is due to Abért and Nikolov [AN12]. They stated it for

nested Farber sequences (Definition 4.7), and their proof indeed applies for general
nested sequences and groupoid cost. We provide a new proof.

COROLLARY 4.5 (Abért-Nikolov [AN12, Theorem 1]). — Let (I',),, be a nested
sequence of finite index subgroups of the finitely generated group I'. The (groupoid)
cost of the profinite action I' ™~ Xor := projim I'/T",, is equal to the rank gradient

of the sequence plus 1, that is C(I' ~ Xpor) = 1+ nlim rank(I'n)—1

—00 ([T

(4.3) C(T ~AT/A) =1+

Proof. — The coset actions a, : I' ~ I'/T,, are factors of the profinite action
which is itself a factor of the ultraproduct action a, (for any non principal u), so by

monotonicity under factors we have 1 + inf,, % > C(I' ~ Xprof) = Clay). By

Theorem 4.2, C(a,) = 1 + lim, %, and the result follows. O

4.1. Farber sequences

A group I is sofic if it is sofic as a groupoid.

Remark 4.6. — A sequence of maps o, : I' = Sym(X,,) where X,, is a finite set
equipped with the equiprobability measure u,, defines for any generating subset S of
I an equivalence relation (R, ®,) (by its graphing ®,, = (0,,(s))ses) which is a sofic
approximation to I' if and only if the ultraproduct (R,, ®,) (with ®, = (p;)ses and
©s = [on(8)]u) generates a free I'-action modulo a null-set, for every non-principal
ultrafilter u. By Corollary 2.35, R, and its coarse structure is independent of the
choice of S.

DEFINITION 4.7 (Farber sequence). — A Farber sequence is a sequence (I'},),,
of finite index subgroups of " such that every v € T\ {id} satisfies

{gel/Tn: yeglug '}
r:T,) n—oco

Originally, Farber [Far98] considered nested sequences (i.c., I';, > I',;; for every
n) of finite index subgroups in order to extend Liick approximation theorem.
Remark 4.8. — Observe the following:

(1) A sequence (I',,),, of finite index subgroups is Farber if and only if for every
non-principal ultrafilter u the ultraproduct I'-action a, of the sequence of
actions a, : I' ~ I'/T",, is essentially free.
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(2) If S is a generating subset S of I, the sequence (I',,),, of finite index subgroups
is Farber if and only if the u-ultraproduct of the sequence of associated
Schreier graphs G, := Sch(I'/I',,,S) seen as S-graphed principal groupoids
(i.e., equivalence relations) is a free I'-action b, for every non principal u. In
this case, the free I'-actions a, and b, coincide.

COROLLARY 4.9. — IfT" is finitely generated by S and the sequence (I'),), is a
nested Farber sequence, then C(a,) = ¢Cy(a,) = cC(Sch(I'/T,, S),) = nli_)rgOC(an).

Proof. — Since a,, is a factor of a, for p > n, apply Proposition 3.27 and Re-
mark 4.8. ([l

4.2. Sequences of actions and non nested Farber sequences

Theorem 4.2 applies for instance to non-nested Farber sequences. Recall that ¢C
denotes the original combinatorial cost [Ele07], see Remark 3.16.

THEOREM 4.10. — Let I' be a group finitely generated by S. For every (non
necessarily nested) Farber sequence (I',,),, of finite index subgroups, we have:

* o ank(D,) — 1 ®
(1) > cC((Sch(T/Ta, $))n) > limind —r7———

And moreover, €*(T") > lim sup % + 1

n—oo
Proof. — Consider the sequence of canonical actions a,, : I' ~ I'/T",,. The cost of
the associated groupoid is C(a,) = % + 1 and the ultraproduct action a, is
free.

By Theorem 4.2, we have
¢ (') 2 Clay) = cCu((an)n) = 1imC(an) = liminf C(a,) 2 €.(T).

By Theorem 3.13, ¢C,((Sch(I'/T,, S))n) = C(by) = C(ay) (see Remark 4.8), for every
non-principal u. The conclusion follows from (3.13) in Remark 3.16 and the fact
that lim sup and lim inf of a bounded sequence are simply the supremum (resp. the
infimum) of the limits along all non principal ultrafilters. The inequality %, (I") >

3(I) 41 is an application of [Gab02, Corollaire 3.23]. O

COROLLARY 4.11 (Rank gradient, combinatorial cost and fixed price). — If T’
is finitely generated by S, has fixed price €,(I"), and (I'},),, is any (non necessarily
nested) Farber sequence, then we have:

. rank(I',) — 1 B B
”ILI{’IOW + 1= cC(Sch(l'/T,,,9)) = E.(T).
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4.3. Stuck-Zimmer property

A countable group T is called a Stuck-Zimmer group (resp. strong Stuck-
Zimmer group) if each p.m.p. I'-action on a standard Borel space satisfies the
dichotomy:

— either it has a non-null invariant set of finite orbits; or
— it has a.s. finite stabilizers (resp. trivial stabilizers, i.e., Stabr(z) = {id}).

Example 4.12. — The integers Z as well as all Torsion Tarski Monsters (more gen-
erally all infinite simple groups with only countably many subgroups) are examples
of strong Stuck-Zimmer groups.

The main source for Stuck-Zimmer property examples come from algebraic groups
with higher rank conditions such as irreducible lattices in semisimple real Lie groups
(see [SZ94] and [CP17]) or some I' = G(Og) for the ring Og of S-integers associated
with some global field K (see [CP17, Theorem 10.8]).

If G is a simple algebraic group defined over the global field K with v-rank at
least two for some place v and such that the v,.-rank is at least two for every infinite
place Voo, then G(K) is strongly Stuck-Zimmer [CP17, Corollary 10.9].

This last example is particularly interesting since it produces algebraic examples
without Kazhdan property (T). For instance the non Kazhdan property (T) group
G(Q) is strongly Stuck-Zimmer when G = SO(q) for the quadratic form ¢ =
2?2 — ay? + pz® — w? + s* (p prime and a not a square modulo p).

PROPOSITION 4.13. — Let I' be a finitely generated Stuck-Zimmer group and
let (ay,)n be a sequence of realizable T'-actions satistying p,({x € X, : |a, (') (z)| <
k}) —2 0, for every k > 0. Then for every torsion free subgroup A < I' and every

non principal ultrafilter u, the restriction to A of the ultraproduct action a, is free.

Recall (Lemma 2.43) that standard p.m.p. groupoids are realizable and that ultra-
products of realizable groupoids are realizable.

Proof. — The orbits of the ultraproduct I'-action a, are almost all infinite by
Lemma 2.45. The same holds for any of its (measurably free) weak equivalent stan-
dard factors (given by Theorem 3.28) which thus has finite stabilizers. Since stabi-
lizers only increase under factors, a, also has finite stabilizers. The restriction of a,
to the torsion free subgroup A is thus essentially free ([l

THEOREM 4.14. — Let I' be a finitely generated Stuck-Zimmer group and let
(T')n be a sequence of finite index subgroups of I" such that [I" : T',] — oc.

(1) For every torsion free subgroup A < T, the induced action A ~ I"/T,, defines
a sofic approximation of A.)
(2) If T is torsion free and has fixed price €.(I"), then

. (rank(T',) — 1)
(4.4) lim ToT,]

— () - 1.

() 1n particular, if T is torsionfree (or strongly Stuck-Zimmer), then (T'},), is a Farber sequence.
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(3) If T has fixed price = 1 and admits a finite index torsion free subgroup, then

(4.5) lipp (k) = 1)

S S (A R

As an application of the third item, one recovers for instance Theorem 2 of [AGN17]:
' is a lattice of a higher rank simple Lie group (thus a Stuck-Zimmer group) and is
right angled (thus has fixed price = 1 [Gab00]).

Proof of Theorem 4.14. — The arguments for each item will hold for every non-
principal ultrafilter, thus obtaining genuine limits.

Applying Proposition 4.13 to the sequence of actions a, : I' ~ T'/T,, item 1
follows (see Remark 4.6). Concerning item 2, the groupoid cost of I' ~ I'/I', is

exactly 1 + % One concludes by Theorem 4.2. As for the last claim, the

finite index subgroup A may be assumed to be normal. It has also fixed price = 1
([Gab00]). In a weak equivalent standard factor action b of a, (Theorem 3.28), we
pick a cheap graphing for A and add representatives of the classes I'/A defined
on arbitrarily small Borel sets that meet all A-orbits. This gives a cheap graphing
for the I'-action b. Thus a, has cost = 1. One concludes by Theorem 4.2 since

C(T A T/T,) =1+ ==t > 1, 0

4.4. “Relative” Stuck-Zimmer property

We recall that a subgroup of a group I' is called almost normal if its normalizer
has finite index in I', or equivalently if it has finitely many I'-conjugates.

A pair N < T of countable groups is said to satisfy the relative Stuck-Zimmer
property if each p.m.p. ['-action on a standard Borel space satisfies the dichotomy:
— either there is an infinite subgroup Ny < N that is almost normal in I and that
acts trivially on a subset of positive measure; or
— almost every stabilizer Stabr(x) is finite.

THEOREM 4.15. — Let I' be a finitely generated group and N <I' be an infinite
normal subgroup such that

a) N has countably many subgroups (for instance N finitely generated abelian),
b) for every v € I'\ N, the intersection N., := {n € N : yn = ny} of N with the
centralizer of v has infinite index in N.

The following holds:

(1) For every p.m.p. I'-action on a standard probability space,

(i) either the set of x € X with infinite N-stabilizer has positive measure;
and in this case there is an infinite subgroup Ny < N that is almost
normal in I' and that acts trivially on a subset of X of positive measure;
or

(ii) almost every stabilizer is finite and contained in N.

(2) Assume N is finitely generated torsion free and every infinite subgroup Ny <
N which is almost normal in I' has finite index in N. Then for any sequence

ANNALES HENRI LEBESGUE



Non-standard limits of graphs, orbit equivalence invariants 45

('), of finite index subgroups of I" such that [N : N NT',] — oo, the actions
a, : ' ~T'/T,, gives rise to a sofic approximation of I.
If moreover I' has fixed price, then

rank(T,) — 1
4.6 ——— =%(") - L
If moreover N has fixed price 1 (for instance N amenable), then
rank([,) — 1
4.7 lim ————=0.
(47) WL,

Remark 4.16. — If N is torsion free, the dichotomy in Theorem 4.15-1. becomes
simply
(i) either N does not act essentially freely (and in this case there is an infinite
subgroup Ny < N which is almost normal in I" and which acts trivially on a
subset of X of positive measure);
(ii) or the I'-action is free.

Remark 4.17. — The conclusion of Theorem 4.15-1. remains valid, suitably re-
worded, for p.m.p. actions on general (not necessarily standard) probability spaces.
Let us say that a p.m.p. action I' ~ X is measurably free if for every v € I'\ {1},
the bisection {7} x X of the groupoid Gr.x is measurably free in the sense of
Definition 2.11. On the opposite, we say that the action I' ~ X is measurably
trivial on a measurable subset Y C X if for every v € I, the bisection {7} x Y is
measurably isotropic as in the same definition. With this terminology, we obtain for
example the following generalization of the first step of the theorem:

Let T be a finitely generated group and N < IT' be an infinite normal subgroup
satisfying conditions a) and b) above. For every p.m.p. ['-action on any probability
space,

(i) either there is an infinite subgroup Ny < N which is almost normal in I and
which acts measurably trivially on a subset of X of positive measure,

(ii) or for positive measure subset A C X its measurable stabilizer {y € I': A C
Fixg()} is a finite subgroup of N (and in particular every element of I' \ N
acts measurably freely).

In particular if the (groupoid of the) action is realizable, then the conclusion 1. of
Theorem 4.15 holds verbatim.

Proof. — Consider a p.m.p. action of I on a standard probability space (X, uu). By
assumption a) we have a countable decomposition of X as X = Uy X, where L < N
and X, :={z € X : Stabr(x) NN = L}.

(i) If for some infinite L the X is non-null, then since v- X; = X,,-1 the v- X,
are either disjoint or equal and they all have the same measure. It follows that L
has finitely many conjugates by I, i.e., that Ny := L is almost normal in I'.

(ii) Otherwise, X = Uy, finite X1 Let v € '\ N and consider Fix(y) := {x € X : yz =
x}. Assume p(Fix(y)) > 0. There is a finite subgroup L < N such that Fix(vy) N X
has positive measure. Denote by Y the I'-invariant subset U./cry’ X. As noted above,
the group L has finitely many I'-conjugates Ly, ..., Ly and Y = UF_, X}.. Consider
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V = {nyn~' : n € N} the set of N-conjugates of v. Consider y € Y, and i such
that y € X,. We claim that the set of N-conjugates v of v such that y € Fix(v) is
contained in some L;-coset, and in particular its cardinality is bounded above by |L|.
Indeed if y € Fix(niyn; ') NFix(ngyny ') NXy, for ny,ny € N, then niyny tngytny !
fixes yy and belongs to N because N is normal. Hence niyni 'noy~'ny ' must be an
element of L;, or in other words n;yn;* € Linyyns'. So we deduce

> uFix@)NY) = [ 3 Lyerwedi(y) < Liu(Y).

veV Yoev
Remark also that Fix(nyn™') NY = n(Fix(y) NY) and in particular u(Fix(v) NY)
does not depend on v in V. So the previous inequality is |V |u(Fix(y)NY) < |L|p(Y),
which implies |V| < co. This is excluded by assumption b).

We note that the above proof works with no change if (X, u) is not a standard

measure space but the action is assumed to be realizable. If the action is not assumed
to be realizable, we obtain Remark 4.17 if in the previous proof we replace X by

(Nrers(Fixs ({7} x X)) N (Myemes(Mr({7} x X))

and Fix(y) by s(Fixg({7} x X)), where Fixgz(vy) and Mp(y) are the measurably
isotropic and measurably free parts of the bisection {7} x X of the groupoid Gr~x
given by Proposition 2.12.

Let us prove item 2. We have to prove that under the conditions in item 2, the
ultraproduct action a, of a, : I' ~ I'/T",, (which by Lemma 2.43 is realizable for any
non principal ultrafilter) is essentially free. To do so, we apply item 1. In the N-action
on I'/T,, all the orbits are of the form N/(N N~T',y~!) for v in T, and therefore
all have the same cardinality [N : N N I',] by normality of N. The cardinality of
the N-orbits thus tends to infinity with n and the ultraproduct N-orbits are p,-a.a.
infinite by Lemma 2.45. This implies that for any finite index subgroup Ny < N
(and in particular any infinite subgroup Ny < N which is almost normal in I'), the
Ny-orbits are p,-a.a. infinite. Therefore by item 1 and the assumption that N is
torsion free, the action a, is essentially free.

If N has fixed price = 1, then I' itself has fixed price = 1 ([Gab00, Critere
VI.24.(2)]). When I' has fixed price, we conclude by Theorem 4.2 since C(I' ~

T/T,) = 2=t 4 1. 0

THEOREM 4.18. — Let A < SL(d,Z) a subgroup whose action on R? is Z-
strongly irreducible (there is no finite union of infinite index subgroups of Z2 which
is A-invariant). Let (I',),, be any sequence of finite index subgroups of I' = A x Z2
such that [Z¢: T, N7 =2 0. Then it defines a sofic approximation of I' and

. (rank([,) — 1)
(4.8) lim T.T,

Proof of Theorem 4.18 (and 1.8). — Set N = Z%. Condition b) of Theorem 4.15
is satisfied since an element v = An € A x N (with A € A and n € N) commutes
with h € N iff \snhn™'A™! = h iff h is a 1-eigenvector of the associated linear
transformation. This happens on rank = d subgroup iff A acts as the identity. The
irreducibility assumption allows us to use item 2 of Theorem 4.15. Indeed, if Ny < N

=0.
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is infinite and almost normal, then if F denotes its R-linear span, then the union
UyeryE is I'-invariant and finite by almost normality. So the strong irreducibility
implies that £ = R?, equivalently that Ny has finite index in V.

The hyperbolic element ensures the A-action in Theorem 1.8 is Z-strongly irre-
ducible. OJ

COROLLARY 4.19. — Theorem 4.15-1 allows us to claim that the ergodic IRS’s
of I' = A x Z¢ are all induced by those of Ay x (Z%/Ny) for some finite index Ag < A
and Ag-invariant finite index Ny < Z°.

5. /2-Betti numbers

Let (M, 7) be a von Neumann algebra with a faithful normal trace 7 normalized
by 7(1) = 1 and # is a Hilbert M-module. The von Neumann dimension of H is
defined as 7/(1), for 7/ the canonical trace on the commutant M’ of M in B(H)
[Tak02]. For example, if H = L*(M,7) ® H; for a Hilbert space H;, then M’ is
equal to MPQB(H) (where M acts on L*(M, ) by right multiplication) and
7 = 7®Tr. In general, H is unitarily equivalent to a subspace of L*(M,7)® H; for
some Hy, and 7’ is the restriction of 7 ® Tr to the corner p(MPRB(H;))p, where
p € MPRB(H;) is the orthogonal projection on H.

We shall use that if f: H; — Hs is a bounded M-equivariant map between Hilbert
M-modules, then dim(H;) = dim(ker f) + dimp (Im f). This implies that if a
sequence

0% 2y L 1, B 3L, I 0
is weakly exact in the sense that ker f; = Im f;, for all k, then we have the additivity
formula
k,k odd k,k even

We will introduce now the G-simplicial complexes in the sense of [Gab02] that we

will use to compute £2-Betti numbers.

DEFINITION 5.1. — Let G be a p.m.p. groupoid over the probability space (X, ).
A G-simplicial complex Y. (in the sense of [Gab02]) is given by a fibred space
(@), ;) over X for every non negative integer i such that

(1) the groupoid G acts on each Y@ and O admits a G-fundamental domain
(2) for every i > 1 the fibred space ¥ (the i-cells) is contained as a G-fibred
space in (O« i+1 x30)
(3) if (vo, ..., vip1) € DY then (vo,. .., Vp_1,Vps1, Vig1) € 2O for every k,
(4) X is invariant under the permutation group Sym(i + 1) which acts on the
coordinates of ¥ x ...« X©) and this action commutes with the G-action,
(5) if (vo, .., v;) € X0, then for every j # k we have that v; # vy..
The G-action on XV« i+1 %30 jn 1. is the action described in Example 2.22.
Let G be a p.m.p. groupoid and let ® be a generating graphing of G. We say
that the G-simplicial complex ¥ is (®, L)-ULB (uniformly locally bounded) if the
fibered space ¥(©) admits a finite fundamental domain D° with H(D®) < L and (")
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has a fundamental domain D' with D' C By, (L)D° * D°, that is each edge in %
corresponds to a pair (vy,vy) € L x X0 for which there exist ®-words w,, wy with
the properties that w;v; € D° and wy 'w, has length < L.

We say that the G-simplicial complex ¥ is ULB if it is (®, L)-ULB for some
generating graphing ® of G and some integer L. Note that if ¥ is ULB, then every
skeleton ¥ has a finite-height fundamental domain.

For each € X we denote by X[z]| the (maximal) simplicial complex contained
in ¥ whose 0-cells are 7 (). This simplicial complex has at most countably many
cells in each dimension.

DEFINITION 5.2. — Let G be a p.m.p. groupoid and let ¥ be a G-simplicial
complex. We say that . is k-connected if for almost every x € X the simplicial
complex Y[x] has trivial homotopy groups up to dimension k.

Example 5.3. — Let (G, ®) be a graphed p.m.p. groupoid over the probability
space (X, p). Fix a natural number L. For i € N we define

Zg?L = {(go, oy 0i) € (G, t)x 1 x(Gt) : Vj # k we have 1 < &p(gj_lgk) < L},
D= {00 €50 0 € X).

Then Yo 15 = (Eg?L)Kk is a G-simplicial complex where the action is given by
the formula g(go, ..., 9) = (990,---,99;) and D' C Eg?L are fundamental domains
satisfying the above conditions and hence ¥g¢ 1) is (@, L)-ULB. Note also that

UrXe, 1k is k-connected.

Let G be a p.m.p. groupoid over the probability space (X, pu) and let ¥ be a
uniformly bounded G-simplicial complex. Then the Hilbert space L*(X®) is an
L(G)-module and carries a unitary representation of Sym(i + 1) which commutes

with the £(G)-action. We denote by C’Z-(Q)(E) its subspace consisting of functions
such that o - f = (o) f where €: Sym(i + 1) — {—1,1} is the signature. We also

define the boundary operators 9;: C?(2) — C'%,(2) by (using the notation 3 of
Definition 5.1)

(5.1) (O f)(vo, ... viq) == > fvo, ..., v),

which allow us to define the following chain complex

L0 o) L o®(m).

7

The i-th reduced homology of ¥ is the £(G)-module
ﬁ@)(E) := ker 0;/Im 0;41.

7

The i-th ¢>-Betti number£f2 > is the von Neumann dimension of the above homol-
ogy., 552)(2, g):= dimﬁ(g)(Hg )(Z)). As explained after Definition 3.6 of [Gab02], if

we define the Laplacian A; := 0;0; + 0;410;,,, then FZ(-Q) (X)) is naturally isomorphic
to ker A; and in particular BZ-(Q)(E, G) = dimgg)(ker(4;)).
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THEOREM 5.4 (Gaboriau). — Let G be a p.m.p. groupoid over a probability space
and k € N. All the uniformly bounded and k-connected G-simplicial complexes have
the same k-th (*-Betti number.

This common value is denoted by 6,22)(9) and called the k-th (*-Betti number of G.

Furthermore, for a p.m.p. (free or not) action I' ~ X of a countable group, the
group and the groupoid of the action Gr x (see Example 2.5) have the same (*-Betti

numbers 5,&2)(%@;() = 51(3)@)-

Remark 5.5. — Gaboriau proved the theorem for equivalence relations over stan-
dard Borel spaces, the case of general standard p.m.p. groupoids was considered by
Sauer (adapted by Takimoto in our langage), see [Sau05, Tak15]. The proofs from
[Gab02, Tak15] also work in our non standard setting. Alternatively one can use the
existence of a measurably free standard factor, Theorem 3.28. See also [AP18].

5.1. Ultraproducts of G-simplicial complexes

We will now define the ultraproduct of a sequence of G-simplicial complex.

PROPOSITION 5.6. — Let (G, ®,), be a sequence of p.m.p. graphed groupoids
over the probability spaces (X, i), let L be a natural number and for every n €
N let 3, be a (®,,L)-ULB G,-simplicial complex. For every i € N consider the

ultraproduct > as in Definition 2.38 with respect to the fundamental domains D:,.
Then 3y = (S); is a (®y, L)-ULB G,-simplicial complex.

Proof. — By construction for every ¢ € N the fibred space 2 is a G, fibred space.
We have to show that El(f) is a measurable subset of Zﬁo)* i+l *Zﬁo). For this, note
that if v, € 2, then we have v, = [(12, ..., v})],. There is a sequence g, € G, such

n rn

that (g, (g,) is bounded and such that g,v* € By, (L)DY for every k € {0,...,i} and
u-a.e. n. So that for every k we have [g,)u[vE]u = [ga0E]u € [By,, (L)DY]y C 2 and
hence

[gn)uvu € [Beg (L)DOy % ... % By, (L)DY), € S0 i1 53[0,

If for every i,n € N we let D! be the fundamental domain as in the definition of
uniform local boundedness, then their ultraproducts D! are fundamental domains of
2 which satisfy the required conditions and hence ¥, is a (®,,, L)-ULB G,-simplicial
complex. [l

Remark 5.7 (Benjamini-Schramm convergence). — Let (G, ®,,), be a sequence
of p.m.p. bounded size graphed groupoids over the probability spaces (X, u,). If
(3,)n is a sequence of (®,,, L)-ULB G,-simplicial complexes which is convergent in the
sense of Benjamini-Schramm, then all the ultraproducts Eff), for any non-principal
ultrafilter u, have the same local statistics. L.e., the measure of each isomorphism
class of bounded simplicial complex rooted at the fundamental domain. This can
be taken as a definition for Benjamini-Schramm convergent sequence. Similarly to
Remark 3.21 this is independent of the marking (labels and orientation on the
graphings). The same holds for all their weakly-equivalent standard factors.
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We want now to understand under which conditions ¥, [x,] is k-connected in order
to apply Gaboriau’s theorem (Theorem 5.4). Let (G, ®) be a graphed p.m.p. groupoid,
let 3 be a (®, L)-ULB G-simplicial complex and let D* C By, (L)D%*...x By, (L)D° C
Y be a fundmental domain. Let z € X and let N € N be a natural number. We
define Z[x]‘N to be the topological subspace of ¥[x] consisting of (the geometric
realization of) those simplexes such that their ¢ pi-length is less than N (for the
appropriate i). We say that x € X is (N, M; k)-connected if every homotopy sphere
of dimension less than k& which is lying in E[x]‘N is homotopic inside E[m]‘M to a
point.

PROPOSITION 5.8. — Let (G, ®,), be a sequence of p.m.p. graphed groupoids
over the probability spaces (X, i), let L € N and for every n € N let ¥,, be a
(®,,, L)-ULB G-simplicial complex. Let ¥, be the (®,, L)-ULB G,-simplicial complex
constructed in Proposition 5.6. If for every ¢ > 0 and N € N there exists M and
a sequence of measurable subsets A,, C X,, such that for any x € A, we have that
Yulz] is (N, M; k)-connected and lim, u(A,) > 1 — ¢, then ¥,[x] is almost surely
k-connected.

We will call such a sequence of simplicial complexes asymptotically uniformly
k-connected.

Proof. — It is enough to observe that for every M € N and [z, ], € X, the sequence
(En ] ‘M) . is a sequence of uniformly finite simplicial complexes and hence it is
constant u-almost surely. O

5.2. Limits of /> Betti numbers: uniformly bounded case

THEOREM 5.9. — For everyn € N let (G, ®,,) be a sofic graphed p.m.p. groupoid
over X, let ¥, be a (®,, L)-ULB G,-simplicial complex for some fixed L € N. Then

lim 5% (20, Ga) = 87 (24, Gu).

In particular if the sequence of G,-simplicial complexes ¥, is asymptotically uni-
formly k-connected, then for every i < k

lim B (S0, Ga) = B (G).

When X, is a finite set and G, is the transitive equivalence relation on X,,, then
the quantity 51-(2)(271,@”) corresponds to the average of the usual Betti numbers
b;(X,[z]) of the finite complexes ¥, [x] for z € X,, (see [BG04, Proposition 2.3)),

BO(5,.G0) = - 3 bi(Sula]).

As a corollary of Theorem 5.9 we obtain the following extension of the approxima-
tion theorems of Liick and Farber [Liic94, Far9g].
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COROLLARY 5.10. — Let I be a countable group acting freely cocompactly on
a k-connected simplicial complex. Let (I',,),, be a (non necessarily nested) Farber
sequence of finite index subgroups (Definition (4.7)). Then for every i < k we have

bi(ln) L@
lim T T, = p;7(I).

More generally, we obtain the following generalization of [BG04, Théoréme 3.1]
for non nested, non Farber sequences:

COROLLARY 5.11. — Let (I',,), be any sequence of finite index subgroups of
a finitely generated group I'. Assume I' acts freely cocompactly on the simplicial
complex ¥ such that '\ X is a simplicial complex. Let a, : I' ~ X, be the ultraproduct
of the actions a,, : T' ~ T'/T,, and N, := {(x,v) € X, x ' : vo = z} its maximal
totally isotropic subgroupoid.

Then for every i < k we have

li bi(rn\z)
new [[:1,]

where R, = G, /N, is the p.m.p. equivalence relation of the ultraproduct action a,
and N\ (X, x X) is the R,-simplicial complex defined in Example 2.25.

= BN\ (Xu x 2), Ry),

Proof of Corollary 5.11. — This is a simple application of Theorem 5.9: Set
(a) X,, =T'/T,, (b) G, the equivalence relation of a,, graphed using a finite generating
set S CT, (c) N, :={(x,7) € X, xT': y& = 2} = [I,ex, Stabg, (z) the maximal
totally isotropic subgroupoid of the groupoid of a,, (d) X, = N,\ (X, x X) =
[L.ex, Stab,, (z)\X and observe as in [BG04, Proposition 2.3] that Bi(Q)(Zn, Gn) =

ﬁ Swex, bi(Balz]) = % Then, choosing fundamental domains D%, D! for the

[-action on X (resp. ™M), observe that the ultraproduct Y, (Proposition 5.6)
of the ¥, with fundamental domains the image Df, of X,, x D¢ (for ¢ = 0,1) in
N\ (X, x X) is precisely M\ (X, x X). O

Proof of Corollary 5.10. — Under the assumption the sequence is Farber, the
ultraproduct action is essentially free. We thus recover in Corollary 5.11 the £2-Betti
number of the group by Theorem 5.4, for any non principal ultrafilter. 0

The proof of Theorem 5.9 relies on the following fundamental lemma, due to Thom
[ThoO8] under the additional assumption that sup,, ||z, || < oo.

LEMMA 5.12. — Let (M, 7) be a finite von Neumann algebra and x € M, let
x, € My, (Z) such that x = x* and z,, = x;, for all n and assume that 7(P(z)) =
lim,, éTT‘(P(l‘n)) for every polynomial P. Then

o1
7(X{0y (%)) = lim k*TT (X{o}(wn)) -

Proof. — Denote by u, the spectral measure of x,, and p the spectral measure
of . These are the compactly supported probability measures on R such that
7(f(z)) = [ fdp and éTr(f(xn)) = [ fdu, for every Borel function f on R. By
classical approximation considerations [Bil86, Theorem 30.2], the assumption that
7(P(x)) = lim, éTr(P(:cn)) implies in particular that [ fdu = lim,, [ fdu, for every
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bounded continuous function on R. We want to replace f by the indicator function
of {0}, and for this it’s enough to prove that lim._,osup,, . ([—¢, €] \ {0}) = 0.
Consider the Borel function ¢(t) = log|t| if ¢ # 0 and ¢(t) = 0 if t = 0. Then

1 1
/wdun =2 log|Al = —log (H |M) :
nA£0 n A£0
where the sum and the product range over all the non zero eigenvalues of z,,, counted
with multiplicity. The value []).q || is one of the coefficients of the characteristic
polynomial of z,, and hence it is an integer number. Therefore [ p(t)du,(t) = 0.
Using the inequality ¢(t) < (loge)x|—c\ o3 (t) + ¢, we obtain the inequality

o<a%a%wfﬂ\mw+;ﬂum

This implies that lim._,osup,, i, ([—¢,€] \ {0}) = 0 and concludes the proof. O

Note that, like in [Tho08], the same proof works to show that for every algebraic

integer 6, .

7oy () = lim =T (x(6)(2n))-
One just replaces the function ¢(t) by log|P(t)| if P is a monic polynomial with
integer coefficients having 6 as a root.

Let us say that a self-adjoint element x of a finite von Neumann algebra is ap-
prorimated by integer matrices if there is a sequence (x,), as in the statement
of Lemma 5.12. For example, it follows from Definition 3.33 that if G is a sofic p.m.p.
groupoid, then every self-adjoint matrix whose entries are integer combinations of
elements in the full pseudogroup, seen as an element of My(L'(G)), is approximated
by integer matrices. By a diagonal argument, we deduce the following more general
statement.

LEMMA 5.13. — Let (M, ), and for every integer n, (M,,7,) be finite von
Neumann algebras and v € M, x,, € M,, such that v = x* and x,, = z], for all
n and assume that 7(P(z)) = lim,, 7,,(P(x,)) for every polynomial P. Assume also
that each x,, is approximated by integer matrices in the sense above. Then

7(xq0y () = lim 7, (x40} () -
And therefore, this holds with both lim,, replaced by lim,,.

Proof of Theorem 5.9. — We first deal with the particular case when X, is a finite
set with the uniform probability measure, and G, is an equivalence relation on X,,.
Let ¢ > 0. For every n € N consider the i-th Laplacian A, ,, : Ci(Q)(En) — C’Z@)(Zn).
Observe that A, restricted to each simplicial complex 3, [x] is a classical Laplacian
and therefore it can be expressed as a matrix with integer coefficients. The complex

dimension of its kernel equals the sum of the i-th Betti number of ¥, [z] for z € X,,,
therefore |X,|~! dime(ker(Aiy)) = 8% (S,, Ga). By Lemma 2.39 and Lemma 2.40,
we have that CP(ZQ embeds into the metric ultraproduct of the Hilbert spaces
0(2)(2,1) and under this embedding the i-th Laplacian A,;, corresponds to [A;,],.

(2

Thus 71 (P(A;y)) = m2(P([Ais)y) = lim, ﬁTT(P(Am)) for every polynomial P,
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where 71 is the trace on the commutant of £(G,) acting on CZ-(Q)(EH) and 7y is the
trace on the commutant of [£(G,)], acting on [Ci@)(En)]u. Therefore we can use
Lemma 5.12 to complete the proof. In the general case when G, is only assumed to
be sofic, we proceed similarily. The Laplacian is a matrix whose entries are integer
combinations of elements in the full pseudogroup [[G,]], thus approximated by integer
matrices. We then apply Lemma 5.13 instead of Lemma 5.12.

O

5.3. Limits of /> Betti numbers: the general case

We will now try to understand what happens in Theorem 5.9 if we do not assume
that the sequence of complexes ¥, is (®,, L)-ULB. For doing so we will need to
recall some further notation from [Gab02].

Let G be a p.m.p. groupoid and let ¥; C ¥, be G-simplicial complexes. The
inclusion of complexes induces an inclusion of the chain complexes 09(21) in

c? (322) which induces a £(G)-module map F? (3) — ﬁz(?) (323). The von Neumann
dimension over £(G) of the closure of the image of this map is denoted V;(31, 35). We
recall the following theorem, which follows from [Gab02, Proposition 3.9, Théoreme

3.13] for equivalence relations and [Tak15, Proposition 3.7].

THEOREM 5.14 (Gaboriau). — Let G be a p.m.p. groupoid over a standard
probability space, let 3 be a G-simplicial complex which is a countable union of ULB
G-simplicial sub-complexes, > = UrY.;. Then the quantity

(5.2) llj{ﬂj_}}g}lvi(EL,Ey)

is independant from the choice of the (X)), and is denoted 62-(2)(2, G), the i-th
(?-Betti number of 3. It does not depend on ¥ as long as ¥ is i + 1-connected, and
coincides with the i-th Betti number of I' when G comes from a p.m.p. action of T'.

We will prove the following theorem.

THEOREM 5.15. — For every n € N let (G,,®,) be a finite (or more generally
sofic) graphed groupoid over X, let ¥.,, be a G,-simplicial complex and consider
(®,,, L)-ULB simplicial complexes ¥, , such that ¥, = Uren, . Let us denote by
Y1 the Gy-simplicial complex which is the ultraproduct of the sequence (X, 1), and
set ¥y :=UrXy . Then for every i > 0 and L' > L,

Vi(Eur, Zur) = hlrlﬂ Vi(Xnr, Xn1)-

In particular,
(2) e e s ' /
B (24, Gy) = hin Iyg}: lim Vi(Xhr, Xn1)-

Remark 5.16. — FEven if for every n € N the simplicial complex ¥, is k-connected
we can not deduce that ¥, is k-connected. However if we assume that for all natural
number N and for almost every [z,], € X, there exists Ly such that for all n in a

subset of u and L > Ly we have that En,L[xn]‘N = Y.L [:vn]’N, then Proposition 5.8
will tell us that >, is k-connected.
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COROLLARY 5.17. — For every n € N let (G, ®,,) be a finite (or sofic) graphed
p-m.p. groupoid. Let X, ;, be the simplicial complex constructed in the Example 5.3.
Then

(2) o . . ' /
Bi"(Gu) = lim lim lim V(B 2, X 1)-

Proof. — The corollary just follows from the fact that X, ;, is again the simplicial
complex constructed in the Example 5.3 and hence X, = UpX, 1, is contractible. [

Let us now prove Theorem 5.15.

LEMMA 5.18. — Let M be a von Neumann algebra with a finite faithful normal
trace 7. Let H be a Hilbert M-module with finite von Neumann dimension and V, W
(not necessarily closed) sub M-modules of H. Then

Vow=Vnw.

Remark 5.19. — It is easy to see that the equality VW =V NW is not true
for arbitrary subspaces of £2. Therefore, already for M = C, the lemma, is not true
for Hilbert modules H of infinite dimension.

Proof. — Denote by M’ the commutant of M in B(#). Since the module H has
finite dimension also M’ carries a finite normal faithful trace, denoted 7'. Write V/
as the union of an increasing net of Hilbert modules V,,. Let p, € My(M’) be the
orthogonal projection on V,, and set p := lim,, p,, the projection on V. We can do
the same for W to obtain W,,, g, and ¢. The orthogonal projection on V N W is
p A q. Similarly, since VN W is the closure of the increasing net of closed modules
V, N W,, the orthogonal projection on it is lim, p, A ¢,. So we have to prove the
equality p A ¢ = lim,, p, A qp.

By [Tak02, Proposition V.1.6] 7(p Aq) =7 (p+q —p V q) and same for p,, ¢,, so
we have

TPOANG=DaANG) =T P —10) +7(@— @) =T PV ¢—Dn V @)

Both terms 7'(p — p,) and 7'(¢ — g,) go to zero, whereas 7'(pV g — p, V qn) = 0,
so we get limsup, 7'(p A ¢ — pu A gn) < 0. On the other hand p, A ¢, < p A ¢ and
therefore we obtain that p A ¢ = lim,, p, A ¢, as required. 0

2

It is important for us that we have formulas in terms of “dimensions of kernels
for applying again Lemma 5.12.

LEMMA 5.20. — Let X C ¥/ be two uniformly locally bounded G-simplicial com-
plexes, with associated boundary maps 0. : C’Z@)(E’) — Cﬁ’l(z') and 0;: C’i(z)(Z) —
sz)l(E), and denote by p; the orthogonal projection onto C’Z(Q)(Z) C C’Z»(Q)(E’). Then

Vi(E,Y) = dim(ker 9;) + dim(ker 9;, ;) — dim(ker((1 — p;)0;4)),
where dim stands for the von Neumann dimension over L(G).

Proof. — Let V' denote the Hilbert £(G)-module ker((1—p;)0; ;) and observe that
if f €V, then 0/, ,f = p;0; [ and hence

0i0i 41 f = 0pi0iy 1 f = OipiOi 1 f = 0,0;,,f =0,
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since 0; and 0] coincide on the subspace generated by the image of p;. Let & : ker 9; —
F(Q)(E ) be the quotient map by Im 8/, Nker d;. Consider the sequence of Hilbert

)

L(R)-modules
A
0—kerd ; >V 5 kerd; 5> W =0,

where ¢ is just the inclusion. We claim that it is weakly exact. The only point which
deserves a justification is that the closure of the image of 9], namely Im 9}, N ker 0;
agrees with the kernel of «, that is Im 9., ; N ker d; which we already established in
the previous lemma.

The lemma follows by the additivity of the von Neumann dimension. 0

Proof of Theorem 5.15. — Let us denote by &%, ; the boundary map from c? (Xn.1)

to C}E’l(zn,L). Since @}, ; restricted to every orbit ¥, p[z] is a classical boundary
operator it can be expressed as a matrix with integer coefficients (with coefficients
n [[G,]] if G, is only assumed to be sofic). By Lemma 2.39 and Lemma 2.40 we

have that 9] ; = [0}, ;] is the boundary map from CP(Sur) to CP(Sur). We also

clearly have that [( ! 0) 0% plu = (0)1)*0; ; and therefore we can conclude from
Lemma 5.12 (or Lemma 5.13) that

dimker (9 ;) = lim dim ker(8, 1,)-

Using a similar argument to all the operators involved in the expression of V;(3, ¥')
in Lemma 5.20 one obtains the desired formula. 0

Remark 5.21 ((*-Betti numbers for random unimodular ULB rooted simplicial
complex). — If © is random unimodular ULB rooted simplicial complex with distri-
bution v, we consider the Laplace operator A; e on the space Cf)(@) of L?-chains for
each dlmenswn d and the orthogonal projection pge : C’ (@) — ker Ay . We con-
sider 715 Yompe (Pa.0(16): 1o) = 717 Lonpe IP20(10)]° Where the sum is extended
to all d-cells o that are adjacent to the root pg and integrate this quantity with
respect to v

(5.3) () = d+ - ; pae(ls), 1,)dv(©).

Compare [Sch18]. See also [Elel0al. If for instance v is the Dirac measure at the
Cayley complex of some finitely presented group, one recovers the first ¢2-Betti
number of the group as ﬁf)(y). Compare with the formulas from [Gab05b].

If for instance G is a p.m.p. groupoid on (X, ) and ¥ is a ULB G-simplicial
complex, then pushing forward the measure p by the map 7 : x — X, defines a
random unimodular ULB rooted simplicial complex m,u and the change of variable
formula immediatly gives:

BP(2,6) = B (m.).

Just like p.m.p. groupoids admit ¢2-Betti numbers when they act on G-simplicial
complexes, but they also admits their own £2-Betti numbers, there is also an absolute
version of 2-Betti numbers for random unimodular ULB rooted simplicial complexes.
They are defined by taking the L-Rips complexes R*(0) of the random complex
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O, the closure V4(R*(0), R¥(0)) of the image of the map (induced by inclusion)
between the kernels of the Laplace operators for the various values of L and the
absolute ¢2-Betti numbers:

—

(2) — Tim T !
(5.4) B, (v) == hin %}g}J V(R (©), R (0)).

—

If the random complexe © is for instance k-connected almost surely, then 652)@) =

6&2)@) for all d < k. When @ is produced as above by a ULB G-simplicial complex,
then

2 2,
B(G) = By (mp).
In particular, if (G, ®) and (H, V) are two finite size graphed p.m.p. groupoids that
produce the same random unimodular (unlabelled) network, then for every d:

82(G) = B ().
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