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Abstract. We bound the Gelfand–Kirillov dimension of unitary Banach space

representations of p-adic reductive groups, whose locally analytic vectors af-
ford an infinitesimal character. We use the bound to study Hecke eigenspaces

in completed cohomology of Shimura curves and p-adic Banach space repre-

sentations of the group of units of a quarternion algebra over Qp appearing in
the p-adic Jacquet–Langlands correspondence, deducing finiteness results in

favourable cases.
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3.4. Dimensions of mod p, Banach and locally analytic representations 12
4. A p-adic analogue of Conze’s embedding 14
5. An application of affinoid Verma modules 17
6. A bound for the dimension of Z(g)-finite Banach representations 19
6.1. The main result and some consequences 19
6.2. Proof of part a) of Theorem 6.1 22
6.3. Proof of part b) of Theorem 6.1: reduction to the semisimple case 23
6.4. End of the proof 25
7. Scholze’s functor 27
7.1. Ultrafilters 30
7.2. Scholze’s functor and ultrafilters 33
8. Global arguments 36
8.1. Completed cohomology 37
8.2. Patching 41
8.3. Infinitesimal character 46
References 49

Date: February 6, 2022.

1



2 GABRIEL DOSPINESCU, VYTAUTAS PAŠKŪNAS AND BENJAMIN SCHRAEN

1. Introduction

This paper is a continuation of [27], which proves that the locally analytic vectors
of many p-adic Banach representations of global origin have an infinitesimal char-
acter, which can be explicitly computed from p-adic Hodge-theoretic data. Here we
are concerned with applications of those ideas to a very specific problem: the study
of the p-adic Jacquet-Langlands correspondence between p-adic Banach represen-
tations of G := GL2(Qp) and of D×, where D is a quaternion division algebra over
Qp. Along the way, we prove a new upper bound for the Gelfand–Kirillov dimension
of admissible Banach representations whose locally analytic vectors have an infini-
tesimal character, which plays a key role in our main result concerning the p-adic
Jacquet–Langlands correspondence. This bound also gives a proof of the fact that
Hecke eigenspaces in the (rational) completed cohomology of the tower of modular
curves have finite length, independent of the p-adic local Langlands correspondence
and of the classification of irreducible mod p smooth representations of GL2(Qp).

Let us fix a finite extension L of Qp, with ring of integers O and residue field
k, which will serve as coefficient field for all representations that we deal with. Let
C be the completion of a fixed algebraic closure Qp of Qp. A candidate for the

p-adic Jacquet–Langlands correspondence was constructed1 by Scholze in a purely
geometric way in [55], using the cohomology of the infinite-level Lubin-Tate space
LT ∞, which is a pro-étale G-torsor over the analytic projective line P1

C . More
precisely, he constructed functors Si (for 0 ≤ i ≤ 2) from smooth O-torsion O[G]-
modules to smooth O-torsion O[D×]-modules by setting

Si(π) = Hi
ét(P1

C ,Fπ),

where Fπ is the descent of the constant sheaf π along the pro-étale G-torsor LT ∞ →
P1
C . The most interesting case is i = 1, and we let JL(π) = S1(π). Despite the

simple-looking definition, it seems very hard to compute JL(π) or even to establish
some of its basic properties (for instance whether it is nonzero...). Here we depart
from the torsion situation and study what happens in characteristic 0, exploiting
the action of the Lie algebra of D×, more precisely of its centre.

Let Π be an admissible unitary L-Banach space representation of G, and let
Θ ⊂ Π be an open and bounded G-invariant lattice in Π. Define2

JL(Π) = (lim←−
n

JL(Θ/pnΘ))tf ⊗O L,

where the subscript tf refers to the maximal Hausdorff torsion-free quotient. By
one of the main results of Scholze’s paper [55], JL(Π) is an admissible unitary L-
Banach space representation of D× (there is also an action of the absolute Galois
group of Qp on JL(Π), commuting with D×, but we will not make use of it in this
paper).

Let Ĝss be the set of (isomorphism classes of) absolutely irreducible unitary, ad-
missible L-Banach space representations of G, which are non-ordinary (also known
as supersingular), i.e. which are not subquotients of the parabolic induction of a
unitary character. The p-adic local Langlands correspondence [20] gives a bijection

V : Ĝss → Irr2(GalQp)

1We stick to the GL2(Qp) case here: Scholze’s constructions are more general, but very little

is known beyond the case of GL2(Qp), which is already far from being completely understood.
2In the main text JL will be denoted by Š1.
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between Ĝss and the set of (isomorphism classes of) 2-dimensional absolutely irre-
ducible representations of GalQp := Gal(Qp/Qp) over L.

Theorem 1.1. If p > 2 then for all Π ∈ Ĝss the D×-representation JL(Π)la has
“the same” infinitesimal character as Πla.

Even though all objects involved in the statement of the above theorem are of
local nature, its proof uses heavily global methods. We use the results of [54], which
in turn make use of the p-adic Langlands correspondence for GL2(Qp), to show that
every non-ordinary Π occurs as a subquotient in a Hecke eigenspace of the patched
0-th cohomology of certain quarternionic Shimura sets. We then show, following
Scholze [55], that if we apply his functor to this Hecke eigenspace we obtain a Hecke
eigenspace in the patched 1-st cohomology of certain Shimura curves. The results
of our previous paper [27] allow us to conclude that the infinitesimal characters
obtained from the action of GL2(Qp) and the action of D× on the locally analytic
vectors in the respective eigenspaces is the same. We refer to Corollary 8.16 for
a more precise statement; in Remark 8.20 we explain how some of our arguments
can be extended to GLn(F ) using the results of Caraiani and Scholze [18] and
Kegang Liu [47]. The assumption p > 2 enters when we globalize the local Galois
representation and carry out the patching argument.

The previous theorem is one of the key inputs in the proof of our main result:

Theorem 1.2. Assume that p > 2 and let Π ∈ Ĝss be a representation such that the
difference of the Hodge–Tate–Sen weights of V (Π) is not a nonzero integer. Then
JL(Π) is a Banach representation of finite length, more precisely its restriction to
any compact open subgroup of D× has finite length.

Remark 1.3. We expect that the result still holds when the difference of the Hodge–
Tate–Sen weights of V (Π) is a nonzero integer, but have no evidence supporting our
expectation. The following basic question should shed light on what is happening in
the complicated case excluded by the Theorem, but we could make no progress on it:
is there an admissible Banach representation Π of D× such that its smooth vectors
form an infinite dimensional vector space and such that Πla has an infinitesimal
character?

Remark 1.4. It is probably not unreasonable to think that HomGalQp
(V (Π), JL(Π))

is irreducible as a representation of D×, at least when Π is “generic”, but we cannot
establish this.

The second key input (and maybe the most surprising result of the paper) in
the proof of the previous theorem is a new upper bound for the Gelfand–Kirillov
(or canonical) dimension of Banach space representations Π for which Πla has an
infinitesimal character. In order to avoid too many repetitions, let us call a Banach
representation Π quasi-simple if Πla has an infinitesimal character.

Let G be a connected reductive group over Qp, let H be an open subgroup of
G(Qp) and let dG be the dimension of the flag variety of GQp . It is not difficult3 to

see that the GK-dimension of any admissible locally analytic representation Π of H

3Schmidt and Strauch [60, Proposition 7.2] established this bound under assumptions on the

prime p and the group G, as a consequence of deep work of Ardakov and Wadsley [4]. In section
6.2 we give an elementary proof of this result, see Theorem 6.1 (a), without imposing these

assumptions and without making use of [4].
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with an infinitesimal character cannot exceed 2dG. When H is compact, it is also
quite easy to see that this upper bound is optimal. Even when H is not compact,
this upper bound can be optimal (for instance, if H = GL2(Qp) one can cook up
examples using the completed cohomology of the tower of modular curves). The
next Theorem shows that in the presence of an admissible Banach representation,
this upper bound 2dG is never attained. We refer the reader to Theorem 6.1 for a
more general statement.

Theorem 1.5. Let G be a connected reductive group over Qp and let Π be an
admissible quasi-simple Banach representation of an open subgroup of G(Qp). Then
the Gelfand–Kirillov dimension of Π is strictly less than twice the dimension of the
flag variety of GQp .

It is an interesting and intriguing problem to find the maximal possible value of
the Gelfand–Kirillov dimension of an admissible quasi-simple Banach representation
Π. It is maybe too optimistic to conjecture that the result is dG, but we have no
counter-example so far.

We mention the following simple consequence of the previous theorem.

Corollary 1.6. Let Π be an admissible, unitary, quasi-simple Banach representa-
tion of G := GL2(Qp) over L, having a central character. Let Θ be an O-lattice in
Π stable under G. Then Θ ⊗O k has finite length, in particular Π itself has finite
length.

Remark 1.7. This result combined with [27] (Section 9.7 and Theorem 9.20) gives a
proof independent of the p-adic local Langlands correspondence for GL2(Qp) or the
classification of irreducible smooth mod p representations of GL2(Qp) that Hecke
eigenspaces (corresponding to weakly non-Eisenstein maximal ideals of the Hecke
algebra, in the sense of section 9.7 of [27]) in the completed cohomology of the
tower of modular curves are Banach representations of finite length, and that their
reduction modulo p has finite length as well (but we cannot show using this method
that Hecke eigenspaces modulo p have finite length).

Remark 1.8. Let G = GL2(Qp) and let Z(g) be the centre of the enveloping algebra
of Lie(G). It follows from the p-adic local Langlands correspondence that for an
admissible unitary L-Banach representation Π of G, with a central character, the
following statements are equivalent:
• Πla is Z(g)-finite, i.e. killed by an ideal of finite codimension in Z(g).
• the “reduction mod p” of Π has finite length, i.e. there is (equivalently for

any) a G-stable open and bounded O-lattice Θ ⊂ Π such that Θ ⊗O k has finite
length as a k[G]-module.

Neither of these statements seems to be easy to establish directly, but it is prob-
ably more approachable to establish the characteristic zero result. The Corollary
above would then allow one to get the characteristic p statement as well.

Let us mention two other consequences of the bound on the Gelfand–Kirillov
dimension. Let K be a finite extension of Qp and let D be a quaternion algebra
(we allow D to be split) over K. Let G = D× and let H be an open K-uniform
subgroup of G, see section 2.2. The space ΠK-la of K-locally analytic vectors in
Π has an increasing filtration by H-Banach space representations ΠK-la

rn defined by
radius of analyticity, see section 2.3. (These subrepresentations are neither unitary
nor admissible, and are not closed in ΠK-la.)
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Corollary 1.9. Keep the above notations and let Π be an admissible, quasi-simple
Banach representation of G, with a central character.

a) The H-representation ΠK-la
rn is topologically of finite length.

b) If K = Qp and if Π has no finite dimensional H-stable subquotient, then Π has
finite length as a topological H-representation. This is the case if the infinitesimal
character of Πla is not algebraic.

Remark 1.10. When Π is unitary and irreducible and G = GL2(Qp) Andrea Dotto
has obtained more refined results [28] on the structure of Π as H-representation for
H = GL2(Zp) or Iwahori subgroup with characteristic p methods.

The proof of Theorem 1.5 relies on a fine study of the central reductions

D(H,L)χ := D(H,L)⊗Z(gL),χ L

and some of their completions, where H is a uniform pro-p group in G(Qp), g =
Lie(H), D(H,L) is the algebra of L-valued distributions on H and χ : Z(gL)→ L is
a morphism of L-algebras. Moreover, in order to exploit the fact that we deal with
Banach space representations, it is crucial to understand the relation between the
above rings and the Iwasawa algebra L[[H]]. Roughly speaking, the argument goes
as follows: if Π has Gelfand–Kirillov dimension exactly dG, then standard results
in homological algebra and work of Schneider–Teitelbaum show that

HomL[[H]](Π
∗, D(H,L)χ) 6= 0.

Here we are allowed to take H as small as we like. Next, Π∗ is a torsion L[[H]]-
module, thus we get a contradiction if D(H,L)χ is a torsion-free L[[H]]-module. For
this it suffices to ensure that D(H,L)χ is an integral domain and that the natural
map L[[H]] → D(H,L)χ is injective. We cannot really prove these statements,
but we prove just enough to make a version of the previous argument work. The
actual argument is a bit painful, in particular there are some nontrivial reductions
to the case where G is semisimple, simply connected. In that case, we show that
the required properties of the rings are consequences of the work of Ardakov [1] and
Ardakov–Wadsley [4], [5] on localization theory for locally analytic representations
(in order to show that certain rings are integral domains), as well as on affinoid
Verma modules (in order to show that the map from the Iwasawa algebra to certain
central reductions of completions of distribution algebras is injective).

Since the most innovative result (Theorem 6.1) gets proved in the middle of
the paper we feel the need to justify why we spend so much space on patching
and Scholze’s functor instead of just referring to [55]. We correct a minor error in
[55]: although Scholze in [55, Footnote 7] writes It would be enough to assume that
they have perfect resolutions by injective H-representations which are of ‘bounded
complexity’ in a suitable sense. As in our application, they will actually be injective,
we restrict to this simpler setup, in the actual application [55, Corollary 9.3] the
representations are not injective, because in the setting of Shimura curves the global
units in the centre have to act trivially on the cohomology groups. One way to avoid
this issue is to work with unitary groups, but this would be inconvenient for us,
as we would like to use the results of [53] proved in the setting of Shimura curves.
We fix the issue in Theorem 7.12; again all the fundamental ideas in its proof
are due to Scholze. The second issue is that Scholze in [55, Section 9] patches
cohomology instead of homology and to get the objects analogous to the patched
module in [17] we would like to patch homology, so we spend some time in Section
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7.1 discussing how Pontryagin duality interacts with localization with respect to
an ideal defined by an ultrafilter. We patch following Dotto–Le [29], who in turn
follow Gee–Newton [34]; both of these papers use a variation of Scholze’s idea to
patch using ultrafilters. The third issue is that in Kisin’s paper on the Fontaine–
Mazur conjecture [43] there is a problem, fixed in [33, Appendix B], when p = 3 and
the image of Galois representation is not ’big’ enough. For this reason and mostly
convenience Scholze assumes in [55, Section 9] that p ≥ 5. Since the statement
in Theorem 1.1 is local we are free to choose a global setting to prove it, and we
globalize the local Galois representation, using [33, Appendix A], so that it has ‘big
image’, and then the problem goes away and we can handle p = 3, see Lemma 8.2
and the remark following it. We wrote out the details of these arguments since the
results are needed in the forthcoming work of Colmez–Dospinescu–Niziol.

Notations: We fix in all the article a prime p. We let q = p if p > 2 and q = 4
otherwise and for n ≥ 0 we let rn = p−1/pn .

We fix a finite extension L of Qp, the coefficient field of all representations
considered in this paper. We let O be the ring of integers of L, $ ∈ O a uniformiser
and k = O/($) the residue field of L. The norm on L extending the p-adic norm
on Qp is denoted | · |.

If X is a topological L-vector space then we let X∗ be its topological L-dual.

1.1. Acknowledgements. We would like to thank Yongquan Hu for pointing out
a blunder in an earlier draft. We would like to thank Toby Gee, Lue Pan and Peter
Scholze for their comments on a preliminary version of the paper.

2. Distribution algebras and completed enveloping algebras

The proof of Theorem 6.1 below requires some acrobatics with distribution al-
gebras and their interpretation in terms of completed enveloping algebras, and the
purpose of this paragraph is to recall some basic results and constructions concern-
ing them.

2.1. Distribution algebras of p-adic groups. Let K ⊂ L be finite extensions
of Qp. If G is a compact locally K-analytic group we let D(G,L)K-la be the
algebra of L-valued locally K-analytic distributions on G, i.e. the strong dual of the
space of L-valued locally K-analytic functions on G. When K = Qp we drop the
corresponding superscript. There is a natural embedding L⊗KU(g)→ D(G,L)K-la,
where g = Lie(G) is the associated K-Lie algebra.

Let G0 be the Qp-analytic group obtained from G by restriction of scalars and
let g0 = Lie(G0). There is a natural isomorphism of Qp-Lie algebras ι : g ' g0

and we let I be the kernel of the Qp-linear map K ⊗Qp g0 → g sending k ⊗ X to

kι−1(X). There are natural surjective maps of L-algebras

D(G0, L)→ D(G,L)K-la, L⊗Qp U(g0)→ L⊗K U(g)

compatible with the embeddings L ⊗Qp U(g0) → D(G0, L) and L ⊗K U(g) →
D(G,L)K-la and one shows [58, lemma 5.1] that I generates the kernel of these
maps.

From now on we assume that G0 is a uniform pro-p group and we let g1, . . . , gd
be topological generators of G0, with d = dimQp G0. Letting

bα = (g1 − 1)α1 . . . (gd − 1)αd ∈ Zp[G]
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for α = (α1, . . . , αd) ∈ Zd≥0, each λ ∈ D(G0, L) has a unique convergent expansion

λ =
∑
α∈Zd≥0

cαb
α, where cα ∈ L are such that lim|α|→∞ |cα| · r|α| = 0 for all

0 ≤ r < 1 (here |α| = α1 + · · ·+ αd).
If n ≥ 0 set rn = p−1/pn , and let q = p if p > 2 and q = 4 if p = 2. The following

results are proved in [62] and [58]. One defines a multiplicative norm || · ||rn on
D(G0, L) by setting

||
∑
α

cαb
α||rn = sup

α
|cα|q−

|α|
pn .

The L-Banach algebra Drn(G0, L) obtained by completing D(G0, L) with respect
to this norm turns out to be Noetherian, the natural map D(G0, L)→ Drn(G0, L)
is injective and we have an isomorphism of L-Fréchet algebras

D(G0, L) ' lim←−
n

Drn(G0, L).

The elements of Drn(G0, L) have unique expansions
∑
α cαb

α with cα ∈ L satisfying

|cα|q−
|α|
pn → 0. Modding out by the ideal I = ker(K ⊗Qp g0 → g) one obtains al-

gebras Drn(G,L)K-la and an isomorphism D(G,L)K-la ' lim←−nDrn(G,L)K-la. The

algebras D(G,L) and D(G,L)K-la are Fréchet-Stein algebras in the sense of [62].

2.2. Lazard’s isomorphism. Recall that one can attach a Zp-Lie algebra LH to
any uniform pro-p group H, with underlying set LH = H and operations induced4

by those in H. For psychological reasons we prefer to distinguish between LH and
H, so we write Xh ∈ LH for the element corresponding to h ∈ H. The construction
H 7→ LH induces an equivalence of categories between uniform pro-p groups and
Zp-Lie algebras g which are finite free Zp-modules and satisfy [g, g] ⊂ qg, using the
standard notation q = p for p > 2 and q = 4 if p = 2. In particular q−1LH is a Zp-
Lie algebra for any uniform pro-p group H. The logarithm map of the Lie group H
combined with the bijection between H and LH induce an injective map of Zp-Lie
algebras LH → Lie(H), which in turn induces an isomorphism Qp⊗ZpLH ' Lie(H).

As above, let K ⊂ L be finite extensions of Qp. The locally K-analytic group H
is called K-uniform if H is a uniform pro-p group and if LH is a sub-OK-module
of Lie(H). Let H be a K-uniform group and write for simplicity5

gH,O = O ⊗OK q−1LH ,

an O-Lie algebra, finite free over O of rank equal to the dimension of the locally
K-analytic group H. The natural embedding gH,O → L⊗K Lie(H) yields a map

ι : U(gH,O)→ L⊗K U(Lie(H))→ D(H,L)K-la → D1/p(H,L)K-la.

Explicitly, for h ∈ H we have (by identifying h with the associated Dirac distribu-
tion)

ι(1⊗ q−1Xh) = q−1 log(h) := −q−1
∑
n≥1

(1− h)n

n
.

Using this formula, one easily checks that the image lands in the unit ball of
D1/p(H,L)K-la and so the map ι extends by continuity to a map of L-Banach
algebras

ι : ̂U(gH,O)[1/p]→ D1/p(H,L)K-la,

4More precisely g + h = limn→∞(gp
n
hp
n

)p
−n

and [g, h] = limn→∞(g−p
n
h−p

n
gp
n
hp
n

)p
−2n

5As everywhere in this paper O = OL.
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the completion involved here being p-adic. The construction is functorial in H.
The following result is classical, at least if p > 2, and we refer to [1, th. 6.5.3] for
the general case.

Proposition 2.1. (Lazard’s isomorphism) The map ι constructed above is an iso-
morphism of L-Banach algebras

̂U(gH,O)[1/p] ' D1/p(H,L)K-la.

Remark 2.2. a) Note that Hpn is also K-uniform and gHpn ,O = pngH,O. Applying

Lazard’s isomorphism to Hpn we obtain compatible isomorphisms of L-Banach
algebras

D1/p(H
pn , L)K-la ' ̂U(pngH,O)[1/p].

b) There is a natural map L[[H]] → D(H,L) → D1/p(H,L)K-la, and the com-

posite with Lazard’s isomorphism L[[H]] → ̂U(gH,O)[1/p] is uniquely determined
by the fact that the image of h ∈ H (seen as Dirac measure in L[[H]]) is

eq·
Xh
q :=

∑
n≥0

qn

n!

(
1⊗ Xh

q

)n
.

We end this paragraph with another very useful and standard (at least for p > 2,
see [1, th. 6.5.11] for the general case) result.

Proposition 2.3. For any K-uniform group H there are compatible embeddings
L[[Hpn ]] → L[[H]] and D1/p(H

pn , L)K-la → Drn(H,L)K-la for n ≥ 1, making the
right-hand side a finite free module over the left-hand side with basis given by (the
Dirac measures of) any system of representatives of H/Hpn .

Combining this proposition and the previous discussion, we deduce that for any

K-uniform group H we have a natural embedding ̂U(pngH,O)[1/p]→ Drn(H,L)K-la

inducing an isomorphism of left ̂U(pngH,O)[1/p]-modules

Drn(H,L)K-la '
⊕

h∈H/Hpn

̂U(pngH,O)[1/p]δh.

2.3. Radius of analyticity. Let Π be an admissible Banach representation of a
locally Qp-analytic group G over L and fix an open pro-p uniform subgroup H of
G. If g1, . . . , gd is a minimal system of topological generators of H, we let Πla

rn be
the subspace of Π consisting of those vectors v ∈ Π ”of radius of analyticity rn”,
i.e. such that (the notation bα is the one introduced in paragraph 2.1) the sequence

(q
|α|
pn bαv)α∈Zd≥0

is bounded in Π. It is a Banach space for the norm

||v||rn = sup
α
q
|α|
pn ||bαv||,

where || · || is the norm on Π. One can check (by using the same arguments as in
chapter IV of [19]) that Πla

rn does not depend on the choice of the global coordinates

g1, . . . , gd on H, but we warn the reader that Πla
rn does depend on the subgroup

H, thus the notation is slightly misleading. By construction Πla
rn is a topological

Drn(H,L)-module and one checks that there is a natural isomorphism of topological
Drn(H,L)-modules

(Πla
rn)∗ ' Drn(H,L)⊗L[[H]] Π∗.
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If G is a locally K-analytic group and H is a K-uniform open subgroup of
G, we define ΠK-la

rn as ΠK-la ∩ Πla
rn , where Πla

rn is defined with respect to H seen
as a uniform pro-p subgroup of G. One then has an isomorphism of topological
Drn(H,L)K-la-modules

(ΠK-la
rn )∗ ' Drn(H,L)K-la ⊗L[[H]] Π∗.

The reader who prefers working with modules over the distribution algebras can
simply ignore the previous discussion and take the last isomorphism as a definition
of the left-hand side.

3. Dimension theory

We recall in this rather long paragraph some standard results concerning the
dimension theory of finitely generated modules over Auslander-regular and Aus-
lander–Gorenstein rings. We will use these results systematically in the next para-
graphs, so we decided to make the presentation relatively self-contained.

3.1. Auslander–Gorenstein rings and the dimension filtration. We start
by recalling some of the main features of (non commutative) Auslander–Gorenstein
rings. All rings below will be associative, unital and Noetherian, the only exception
being paragraph 3.3, where non Noetherian rings will appear. We write Modfg(A)
for the category of finitely generated (left) A-modules. If A is a ring and M is an
A-module, we set Eq(M) = EqA(M) = ExtqA(M,A) and

j(M) = jA(M) = inf{q|Eq(M) 6= 0} ∈ Z≥0 ∪ {∞}.
Clearly j(0) =∞. On the other hand, if A has finite injective dimension d, which
will always be the case in our applications below, one has j(M) ≤ d for all nonzero

M ∈ Modfg(A). The following result is standard.

Lemma 3.1. (Rees’ lemma) If x ∈ A is central and not a zero-divisor, then for all

M ∈ Modfg(A/xA) and all q ≥ 0 we have Eq+1
A (M) ' EqA/xA(M), in particular

jA/xA(M) = jA(M)− 1.

We say that A is Auslander–Gorenstein of dimension d < ∞ if injdim(A) = d

and for all M ∈ Modfg(A), all q ≥ 0 and all A-submodules N ⊂ Eq(M) we have
j(N) ≥ q. If moreover the global homological dimension of A is finite, we say that
A is Auslander regular. When A is commutative, A is Auslander–Gorenstein (resp.
Auslander-regular) if and only if A is Gorenstein (resp. regular). The following
result summarizes standard properties of Auslander–Gorenstein rings and we refer
the reader to sections 2 and 4 of [45] for the proofs. The filtration appearing in
part b) is called the dimension filtration of M .

Proposition 3.2. Let A be an Auslander–Gorenstein ring of dimension d and let
M ∈ Modfg(A).

a) For any sub-module N of M we have j(M) = min(j(N), j(M/N)).
b) Suppose that M 6= 0 and let F qM be the largest sub-module X of M such that

j(X) ≥ q. Then F d+1M = 0, j(M) is the largest q such that M = F qM and there
are exact sequences with j(Q(q)) ≥ q + 2

0→ F qM/F q+1M → Eq(Eq(M))→ Q(q)→ 0.

c) If · · · ⊂ M1 ⊂ M0 = M is a chain of sub-modules of M , then j(Mi/Mi+1) ≥
j(M) + 1 for all i large enough.
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d) If x ∈ A is central and not a zero-divisor, then A/xA is Auslander–Gorenstein
of dimension ≤ d− 1.

Remark 3.3. Under stronger assumptions on A one can say more, cf. Theorem 3.6
and Corollary 4.4 in [45]: if A = ⊕n≥0An is positively graded, x ∈ Ak (for some
k > 0) is a central non zero-divisor, then A is Auslander–Gorenstein of dimension
d if and only if A/xA is Auslander–Gorenstein of dimension d − 1, and then for

any M ∈ Modfg(A) on which x is regular (i.e. injective) we have jA(M/xM) =
jA(M) + 1.

3.2. Filtrations and deformations. By convention all filtrations FA = (FnA)n∈Z
on a ring A will be increasing, exhaustive (i.e. A = ∪n∈ZFnA) and such that
1 ∈ F0A (thus F0A is a subring of A). Denote by

Gr(A) =
⊕
n

FnA/Fn−1A, R(A) =
⊕
n

FnA · Tn ⊂ A[T, T−1]

the associated graded, respectively Rees ring. We say that FA is a Zariskian
filtration if R(A) is (left and right) Noetherian and if F−1A is contained in the
Jacobson radical of F0A. This is the case when Gr(A) is noetherian and FA is
complete (e.g. positive or more generally discrete6), which is the only case we really

need. A filtration FM on M ∈ Modfg(A) is called good if one can find m1, ...,mk ∈
M and integers i1, . . . , ik such that FnM = Fn−i1A ·m1 + · · ·+Fn−ikA ·mk for all
integers n. When the filtration on A is Zariskian any good filtration on a finitely
generated A-module is separated and induces a good filtration on any sub-module.
If the filtration on A is complete, a separated filtration FM on M is good if and
only if Gr(M) is finitely generated over Gr(A). See [46] for these standard results.
The following fundamental result is due to Bjork, cf. Theorem 3.9 in [12] and its
proof.

Theorem 3.4. If A is a ring with a Zariskian filtration for which Gr(A) is Auslan-
der–Gorenstein (resp. Auslander-regular), then A is Auslander–Gorenstein (resp.
Auslander-regular) and for any good filtration FM on a finitely generated A-module
M we have jA(M) = jGr(A)(Gr(M)).

Before giving some concrete applications of the previous theorem, we recall that
Ardakov and Wadsley introduced and studied in [4] certain categories of filtered
and doubly filtered O-algebras. We will restrict here to certain sub-categories,
which seem to be the ones naturally encountered in practice. The first category7

Def(O) is that of positively filtered O-algebras A such that F0A is an O-sub-algebra
of A and Gr(A) is a commutative, Noetherian, flat O-algebra, morphisms being
defined in the obvious way. For instance U(g) ∈ Def(O) with its natural PBW
filtration for any Lie algebra g over O, which is finite free as O-module (indeed,
Gr(U(g)) ' S(g) by the PBW Theorem). Another example used later on is that of
the ring of crystalline differential operators D(X) on a smooth affine scheme X/O.
This is a ring generated by O(X) and the global vector fields T (X), subject to
obvious relations. For the natural filtration by order of differential operators on
D(X) we have a natural isomorphism Gr(D(X)) ' SymO(X)(T (X)), showing that

6A filtration FM on an A-module M is called positive if FnM = 0 for all n < 0, and it is

called discrete if there is n0 such that FnM = 0 for all n < n0.
7This is a sub-category of the category of deformable O-algebras introduced in [4] (we impose

the extra condition that Gr(A) is commutative and Noetherian).
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indeed D(X) ∈ Def(O). Ardakov and Wadsley proved in [4] the existence of an
endo-functor for each n ≥ 0, called the nth order deformation functor

Def(O)→ Def(O), An =
∑
i≥0

$inFiA,

coming with a natural isomorphism Gr(A) ' Gr(An) (we endow An with the in-
duced filtration from A). For instance, for g as above we have U(g)n = U($ng).

Consider now the category8 CDF (O) of flat O-algebras A which are separated
and complete for the $-adic topology, together with a complete filtration F (A/$A)
on A/$A such that Gr(A/$A) is Noetherian and commutative. Any A ∈ CDF (O)
is left and right Noetherian, since the filtration on A/$A is Zariskian (thus A/$A
is a left and right Noetherian ring, and then so is A). Morphisms in CDF (O) are
defined in the obvious way9. There is a natural functor

Def(O)→ CDF (O), A 7→ Â := lim←−
n

A/$nA,

where Â/$Â ' A/$A is endowed with the quotient filtration from A, so that,

using the O-flatness of Gr(A), Gr(Â/$Â) ' Gr(A)/$Gr(A). The next result is
essentially [4, th. 3.3], but we give a proof for the reader’s convenience.

Proposition 3.5. Let A ∈ CDF (O) be such that Gr(A/$A) is Gorenstein (resp.
regular). Then

a) A is Auslander–Gorenstein (resp. Auslander-regular).

b) If M ∈ Modfg(A) is flat over O and if F (M/$M) is a good filtration on
M/$M , then

jA(M) = jA[1/p](M [1/p]) = jA/$A(M/$M) = jGr(A/$A)(Gr(M/$M)).

Proof. a) The filtration on A/$A being Zariskian, Theorem 3.4 shows that A/$A
is Auslander–Gorenstein (resp. Auslander-regular) under the asserted hypothesis.
Apply now the same result to A endowed with the Zariskian $-adic filtration,
observing that Gr(A) ' (A/$A)[T, T−1] since A is O-flat and that R[T, T−1] is
Auslander–Gorenstein (resp. Auslander-regular) whenever R is so.

b) The last equality follows directly from Theorem 3.4. Let a = jA(M). Since
EqA[1/p](M [1/p]) ' EqA(M)[1/p], we have jA[1/p](M [1/p]) ≥ a and in order to show

that we have equality it suffices to show that EaA(M) is O-flat. The long exact
sequence associated to 0 → M → M → M/$M → 0 reduces this to showing
that Ea(M/$M) = 0, which holds since jA(M/$M) ≥ 1 + jA(M) by part c) of
Proposition 3.2. Next, we have jA/$A(M/$M) = jA(M/$M) − 1 by lemma 3.1,
so we are done if we prove that jA(M/$M) ≥ 1 + jA(M) = 1 + a is an equality.
But if jA(M/$M) > 1 + a then Ea+1

A (M/$M) = 0 and the long exact sequence
above gives EaA(M) = $EaA(M), which by Nakayama’s lemma yields EaA(M) = 0,
a contradiction. �

Example 3.6. Letting A = U(g) with g as above, we have

Ân = {
∑
i∈Nd

aiX
i| ai ∈ $n|i|O, lim

|i|→∞
ai ·$−n|i| = 0},

8For any A ∈ CDF (O) the L-algebra A[1/$] is a complete doubly filtered L-algebra in the

sense of [4, def. 3.1], explaining our exotic notation CDF (O).
9i.e. morphisms of O-algebras inducing filtered morphisms between the reductions mod $.
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where X1, . . . , Xd is an O-basis of g, Xi = Xi1
1 . . . Xid

d and |i| = i1 + · · · + id for
i = (i1, . . . , id) ∈ N. The previous discussion shows that

Gr(Ân/$Ân) ' S(g)⊗O k ' S(g⊗O k),

and Theorem 3.4 yields that Ân are Auslander-regular. One can show [4, chap. 9]
that its global homological dimension is 1 + rkO(g).

Example 3.7. Consider a uniform pro-p group G and let A = O[[G]] be its Iwasawa
algebra, a local ring with maximal ideal m, the augmentation ideal. EndowA/$A =
k[[G]] with the m-adic filtration. By a fundamental theorem of Lazard

Gr(A/$) ' k[X1, . . . , Xd], d := dimG,

in particular A ∈ CDF (O) is Auslander-regular (a result of Venjakob, cf. [71, th.
3.26]) and one can show that its global homological dimension is 1 + dimG. Also
k[[G]] and L[[G]] := L⊗O A are Auslander-regular of dimension dimG.

3.3. Dimension theory for Fréchet-Stein algebras. Consider a two-sided Fré-
chet–Stein algebra A = lim←−nAn over L and a nonzero coadmissible A-module M

(see [62] for the definition). Let Mn = An ⊗AM be the associated An-modules, so
that M ' lim←−nMn. Schneider and Teitelbaum prove in [62, chap. 8] the following

results. First of all, the module El(M) = ExtlA(M,A) is a coadmissible right
A-module and there are natural isomorphisms

El(M)⊗A An ' ExtlAn(Mn, An)

for all n. Assume from now on that An are Auslander-regular of global dimension
uniformly (in n) bounded by some d ≥ 0. Then the sequence (jAn(Mn))n≥0 is
nonincreasing and eventually constant with value jA(M) ≤ d, for any coadmissible
A-submodule N of M we have jA(M) = min(jA(N), jA(M/N)) and any coad-
missible submodule L of El(M) satisfies jA(L) ≥ l. Finally, M has a canonical
dimension filtration 0 = Md+1 ⊂ · · · ⊂M1 ⊂M0 = M by coadmissible A-modules
such that (An⊗AM i)0≤i≤d+1 is the dimension filtration of the An-module Mn over
the Auslander-regular ring An. In other words A itself has all key properties of an
Auslander-regular ring (but it is not necessarily noetherian).

The previous conditions are satisfied by the Fréchet-Stein algebra D(G,L)K-la

for any compact locally K-analytic group G, by a result of Schmidt [58] (the case
K = Qp being one of the main results of [62]).

3.4. Dimensions of mod p, Banach and locally analytic representations.
Let G be a locally Qp-analytic group and let π be an admissible smooth represen-
tation of G over k. Then π∗ is a finitely generated module over k[[H]] for any open
uniform pro-p subgroup H of G (which exists by classical results of Lazard) and we
call

d(π) = dimH − jk[[H]](π
∗)

the dimension of π. This is independent of the choice of H and should not be
confused with the dimension of π as a k-vector space since the latter is infinite in
almost all applications. One can also interpret d(π) as a sort of Gelfand–Kirillov
dimension (see [2, prop. 5.4], [16, th. 1.18] and [31, prop. 2.17]): given an open
pro-p uniform subgroup H of G, there are constants a, b > 0 such that for all n big
enough

b · pd(π)n ≤ dimk π
Hn ≤ a · pd(π)n,
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where Hn is the closed subgroup of H generated by the hp
n

, h ∈ H. This in-
terpretation clearly shows that dimk(π) < ∞ if and only if d(π) = 0, but the
latter result also follows easily from proposition 3.5 and example 3.7. Note that
[H : Hn] = pn dimH , so the previous result yields

lim
n→∞

log dimk π
Hn

log[H : Hn]
=

d(π)

dimH
.

Similarly, if Π is an admissible Banach representation of G over L we set

d(Π) = dimH − jL[[H]](Π
∗),

a number independent of H. If Θ is an H-stable lattice in Π, which always exists
by compactness of H, then π := Θ ⊗O k is an admissible smooth representation
of H over k and we have d(Π) = d(π), as follows from prop. 3.5. In particular
dimL(Π) <∞ if and only if d(Π) = 0.

Finally, if Π is an admissible locally analytic representation of G over L, we set

d(Π) = dimH − jD(H,L)(Π
∗) = dimH −min

n
jDrn (H,L)(Drn(H,L)⊗D(H,L) Π∗),

the second equality being a consequence of results recalled in the previous para-
graph. One subtle difference with respect to the mod p and Banach setting is that
one may have d(Π) = 0 and yet dimL(Π) = ∞. Actually d(Π) = 0 if and only if
Drn(H,L) ⊗D(H,L) Π∗ are all finite dimensional over L. In somewhat more con-
crete terms, the subspace of vectors of a given radius of analyticity in Π is finite
dimensional. For instance d(Π) = 0 for any admissible smooth representation Π
of G over L. If Π is an admissible Banach representation of G, then the space of
locally analytic vectors Πla in Π is an admissible locally analytic representation of
G and we have an isomorphism (Πla)∗ ' D(H,L) ⊗L[[H]] Π∗. Moreover, the ring
map L[[H]] → D(H,L) is faithfully flat (these last two statements are the main
results of [62]), so that standard homological algebra yields d(Π) = d(Πla). Let us
summarise some of the observations above:

Lemma 3.8. If Π is an admissible Banach representation of a locally Qp-analytic
group, then d(Π) = d(Πla), and we have d(Π) = 0 if and only if dimL(Π) <∞.

From now on we assume moreover that G is a locally K-analytic group and Π
is an admissible locally K-analytic representation of G. Set

dK(Π) = dimK H − jD(H,L)K-la(Π∗)

= dimK H −min
n
jDrn (H,L)(Drn(H,L)K-la ⊗D(H,L)K-la Π∗),

(1)

where H is an open K-uniform pro-p-subgroup of G and dimK H is the dimension
of H as a locally K-analytic variety. When Π is a locally analytic representation
of G we have the following relation between dK(ΠK-la) and d(Π).

Lemma 3.9. Let R� S be a surjection of regular commutative noetherian domains
and let M be a finitely generated R-module. Then

dimM − (dimR− dimS) ≤ dim(M ⊗R S) ≤ dimM,

where dim denotes the Krull dimension.

Proof. By localizing at maximal ideals of S we may assume that R and S are both
local. Since R and S are both regular the kernel of R� S is generated by a regular
sequence x1, . . . , xr with r = dimR − dimS. Since dimM/xM is equal to either
dimM or dimM − 1 we obtain the assertion. �
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Lemma 3.10. Let Π be an admissible locally analytic representation of G. We
have

d(Π)− (dimH − dimK H) ≤ dK(ΠK-la) ≤ d(Π).

Proof. We may pick r = rn such that jD(H,L)(Π
∗) = jDr(H,L)(Dr(H,L)⊗D(H,L)Π∗)

and jD(H,L)K-la(Π∗) = jDr(H,L)(Dr(H,L)K-la ⊗D(H,L)K-la Π∗). We may further

replace H with Hpm for m ≥ 1, since Dr(H,L) is a finitely generated Ds(H
pm , L)-

module, where s = rp
m

, see [58, Lemma 7.4]. If we choose m large enough then
the map gr•Ds(H

pm , L) � gr•Ds(H
pm , L)K-la is a surjection between polynomial

rings by [58, Proposition 5.6]. Thus the assertion follows from Lemma 3.9. �

Lemma 3.11. If M is a finitely generated Drn(H,L)K-la-module such that j(M) =
dimK H, then M is a finite dimensional L-vectors space.

Proof. The ring A := ̂U(pngH,O) is in CDF (O) and Gr(A/$A) is a polynomial
ring in dimK H variables over k (see example 3.6). Since Drn(H,L)K-la is a finite
free module over A[1/p] (see the discussion after proposition 2.3), we also have
jA[1/p](M) = dimK H. Let N ⊂ M be a finitely generated A-module such that
M = N [1/p] and let F (N/$N) be a good filtration on N/$N . Proposition 3.5
shows that Gr(N/$N) is finite dimensional over k, thus N is finitely generated
over O and dimLM <∞. �

4. A p-adic analogue of Conze’s embedding

Let g be a complex semisimple Lie algebra and let b be a Borel subalgebra of g.
If J is the annihilator of an arbitrary Verma module with respect to g and b, Conze
[23] constructed an injective algebra homomorphism U(g)/J → D(g/b), where
D(g/b) is the ring of differential operators of the C-vector space g/b (if xi form a
basis of g/b, then D(g/b) is the algebra of differential operators on C[x1, . . . , xn]
generated by xi and ∂

∂xi
). In particular U(g)/J is an integral domain, since it is a

standard result that D(g/b) is one. It follows that for any character χ : Z(g)→ C
the ring U(g)χ := U(g)⊗Z(g),χ C is an integral domain. A more conceptual way of
proving this is via the Beilinson–Bernstein localization theory [7], which identifies
U(g)χ with the ring of global sections of a suitable sheaf of twisted differential
operators on the flag variety of g, and then, modulo Duflo’s annihilation theorem,
Conze’s embedding is essentially the restriction of global sections to those on the
big Bruhat cell (making this statement precise and proving it requires work, cf.
[36]).

In this section we will establish a p-adic analogue of the above result by using
the p-adic version of Beilinson–Bernstein localization theory due to Ardakov and
Wadsley [4] (when the prime p is very good with respect to the ambient group),
extended by Ardakov in [1]. We are very grateful to Ardakov for suggesting the
proof below, much easier than ours and which avoids any assumption on the prime
p. Theorem 4.1 below is one of the key ingredients in the proof of Theorem 6.1.

Let G be a connected, split semisimple and simply connected group scheme over
O, with Lie algebra g. Let χ : Z(gL)→ L be an L-algebra homomorphism. Let

Hn = ker(G(O)→ G(O/pn+1O)),

an open subgroup of G(O) and a L-uniform pro-p group if n ≥ 2, with LHn = pn+1g.
Therefore by Lazard’s isomorphism (prop. 2.1) we have a canonical isomorphism
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of L-Banach algebras

D1/p(Hn, L)L-la ' Û(png)[1/p].

If C is a Z(gL)-algebra, write

Cχ = C/ ker(χ)C = C ⊗Z(gL),χ L.

Theorem 4.1. With the previous notation, for all sufficiently large n the ring

D1/p(Hn, L)L-laχ ' Û(png)[1/p]χ

is an integral domain.

Proof. Let U = U(g) and An = Û($ng)[1/p]χ, where $ is a uniformizer of L. It
suffices to prove that An is an integral domain for n sufficiently large.

Fix a split maximal torus T in G and a Borel O-subgroup scheme B ⊂ G
containing T, with unipotent radical N. Let W be the Weyl group of G and let
b, t, n be the corresponding O-Lie algebras. By the (untwisted) Harish-Chandra
isomorphism, the character χ : Z(gL) → L corresponds to a W -orbit (for the dot
action) of weights λ : tL → L. We choose in the sequel an element λ of this W -orbit
such that λ+ρ is dominant, where ρ is the half-sum of positive roots. We will only
consider positive integers n for which λ($nt) ⊂ O. Clearly all sufficiently large n
have this property.

Let X := G/B be the associated flag variety and let U1, ..., Um be the Weyl
translates of the big cell in X. Each Ui is an affine space of dimension dimX and
an affine open dense subscheme of X, and the Ui’s cover X. Ardakov and Wadsley
(see [4, par. 6.4]) construct a Def(O)-valued (cf. par. 3.2 for the category Def(O))
sheaf Dλn on X associated to n and λ and having the following properties:
• there is a natural isomorphism of sheaves of graded O-algebras on X

SymOX (TX) ' gr(Dλn),

where TX is the tangent sheaf of X;
• for each 1 ≤ i ≤ m there is an isomorphism of sheaves of filtered O-algebras

Dλn|Ui ' (DX)n|Ui ,
where DX = U(TX) is the sheaf of crystalline differential operators10 on X, cf. [4,
def. 4.2].
• Let Un = U($ng) be the nth deformation of g and define similarly (UG)n.

Let HC : UG → U(t) be the untwisted11 Harish-Chandra homomorphism. By
definition of λ the map λ ◦ HCn : (UG)n → U(t)n ' U($nt) → O is simply the
restriction of χ : Z(gL) → L to (UG)n via the natural isomorphism (UG)n[1/p] '
Z(gL). In particular χ((UG)n) ⊂ O. Ardakov and Wadsley prove the existence of
a homomorphism of sheaves of O-algebras

ϕλn : Un ⊗(UG)n,χ O → D
λ
n,

the sheaf on the left being the constant one.
Define

Fn := (lim←−
k

Dλn/$kDλn)⊗O L.

10Recall that this is a sheaf of rings generated by OX and TX with the obvious relations.
11Thus HC is obtained by restricting to UG the linear projection U → U(t) induced by the

decomposition U = U(t)⊕ (nU + Un+).
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This is denoted D̂λn,K in [4]. By passing to ϕ-adic completions and inverting p

(using also [4, lemma 6.5]) we obtain from ϕλn a morphism of L-algebras

Ûn[1/p]⊗Z(gL),χ L→ H0(X,Fn),

which is an isomorphism by a fundamental Theorem of Ardakov–Wadsley [4, th.
6.10] and Ardakov [1, th. 5.3.5]. In other words we have An ' Γ(X,Fn).

With these results in hand, we can finally start doing business. Let W = U1 ∩
... ∩ Um be the intersection of the Weyl translates of the big cell in X, an affine
dense open subset of X. For each i the isomorphism Dλn|Ui ' (DX)n|Ui above

induces an isomorphism Fn|Ui ' (̂DX)n[1/p]|Ui , the completion being p-adic. In

particular Fn(Ui) ' ̂DX(Ui)n[1/p] (one can exchange sections over Ui and p-adic
completion since we work over an affine open subscheme of X and DX is a quasi-
coherent OX -module) and this is an integral domain. Indeed, it suffices to check

that Ai := ̂DX(Ui)n (which is an affinoid Weyl algebra) is an integral domain, and
for this it suffices to check that Ai/$Ai is a domain, and finally that gr(Ai/$Ai) is a
domain, but this is clear since the latter is naturally identified with OT∗Xk(q−1(Ui)),
where q : T ∗Xk → Xk is the cotangent bundle of Xk. A similar argument shows
that the natural map Fn(Ui) → Fn(W ) is injective (reduce mod $ and pass to
graded pieces, then use the density of W in Ui). It follows that all Fn(Ui) embed
in Fn(W ). We claim that Γ(X,Fn) embeds in Γ(Ui,Fn) for any i, which will show
that Γ(X,Fn) is a domain. But if a global section s on X restricts to 0 on Ui, then
its restriction to Uj is 0 (since the image of that restriction in Γ(W,Fn) is the same
as the image of s|Ui , thus it is 0) for any j and so s = 0. This finishes the proof. �

Remark 4.2. If p is very good for G, one can prove the above result in a slightly
different way, by showing that (for n large enough as in the above proof) the
reduction mod $ of the unit ball in An has a natural filtration (induced by the
PBW filtration on the enveloping algebra) whose associated graded is isomorphic to
the algebra of regular functions on the nilpotent cone of g∗k (this is a deep Theorem
of Ardakov and Wadsley [4, th. 6.10 c)], fully using results from invariant theory
in characteristic p). This latter algebra is a domain since the nilpotent cone is
irreducible, and by standard arguments we deduce that the unit ball in An is a
domain.

Conjecture 4.3. Let h a semi-simple L-Lie algebra and h0 ⊂ h an O-Lie lattice.
Let χ : Z(h) → L be an L-algebra homomorphism. For all sufficiently large n the

ring ̂U(pnh0)[1/p]χ is a domain.

Standard arguments reduce the proof to the case when h0 is an O-Lie lattice
in gL, where G, g, etc are as above. Choose c > 0 such that $ch0 ⊂ g, so that
U($n+ch0) ⊂ U($ng). One might then be tempted to imitate the above proof

and realize ̂U($n+ch0)[1/p]χ as global sections of some sub-sheaf Gn of the sheaf

Fn on the flag variety X, which would imply that ̂U($n+ch0)[1/p]χ embeds in

Û($ng)[1/p]χ and so it is itself a domain thanks to the Theorem above. Naturally
one would like to consider the sub-sheaf Hn of Dλn generated by OX and pn+ch0.
Quite a bit of work (consisting in adapting the proof of [1, th. 5.3.5] for the sheaf

Hn) shows that the global sections of Gn := Ĥn ⊗O L are indeed ̂U($nh0)[1/p]χ.



GK-DIMENSION AND THE p-ADIC JL-CORRESPONDENCE 17

The problem is that it is by no means clear that the embedding Hn → Dλn stays an
embedding after passage to p-adic completion, i.e. that Gn is a subsheaf of Fn.

5. An application of affinoid Verma modules

The aim of this paragraph is to establish a technical result which is the second
key ingredient in the proof of Theorem 6.1. Only the first Theorem below will be
needed in the proof of Theorem 6.1, but we found the other statements interesting
in their own right.

We fix throughout this section a finite extension L of Qp, with ring of integers
O. Let G be a connected reductive group defined over a sub-extension K of L,
with Lie algebra g (a K-Lie algebra). We let gL := g ⊗K L. If χ : Z(gL) → L
is an L-algebra homomorphism and H is a compact open subgroup of G(K), then
Lie(H) = Lie(G(K)) = g, hence D1/p(H,L)K-la is an U(gL)-module and we can
define

D1/p(H,L)K-la
χ = D1/p(H,L)K-la ⊗Z(gL),χ L.

There is a natural map L[[H]] := L ⊗O O[[H]] → D1/p(H,L)K-la
χ (recall that

D1/p(H,L)K-la is a quotient of D1/p(H,L), which contains D(H,L) and so also
L[[H]]).

The following theorem is a re-interpretation of the main result of [5]. Compared
to loc. cit., we drop the hypothesis that p is a very good prime for the group G
below, and we explain how one can adapt the arguments in loc. cit. to avoid this
hypothesis.

Theorem 5.1. Suppose that G is a connected, split semisimple and simply con-
nected group scheme over O with Lie algebra g. Given a compact open subgroup H
of G(L) and a character χ : Z(gL)→ L, for all n large enough the natural map

L[[Hn]]→ D1/p(Hn, L)L-la ' Û(png)[1/p]χ

is injective, where Hn = ker(G(O)→ G(O/pn+1O)).

Proof. Fix a maximal split torus T in G and a pair of opposite Borel subgroups B,
B+ containing T. If λ : tL → L is a weight (where t = Lie(T), b = Lie(B), etc.),
consider the Verma module V λ = U(gL)⊗U(b+

L),λ L, where the map U(b+
L)→ L is

induced by the natural projection b+
L → tL. It is a standard result that V λ has an

infinitesimal character, and it follows from the Harish-Chandra isomorphism that
we can find λ such that this infinitesimal character is precisely χ. Fix such λ and
consider only n for which λ(pnt) ⊂ O. Consider the completion (an affinoid Verma
module in the terminology of [5])

V̂ λ = Û(png)[1/p]⊗ ̂U(pnb+)[1/p],λ
L

of V λ, a Û(png)[1/p]-module. By continuity and density, Z(gL) still acts by χ on
this module. By the main result of [5] (Theorem 5.4 in loc. cit., see however the

discussion below for a slightly subtle point) L[[Hn]] acts faithfully on V̂ λ. It follows

immediately that the map L[[Hn]]→ Û(png)[1/p]χ is injective (any element in the

kernel must kill V̂ λ by the above remarks).
In order to properly finish the proof, we still have to explain why Theorem 5.4

in [5] still holds without the assumption that p is a very good prime for G. The
reader is advised to have a copy of that paper with him when reading the following
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argument, since we will freely use the notations introduced there. In particular
B and B+ are L-uniform subgroups of B(O) and B+(O) with associated O-Lie
algebras pnb and pnb+, and RB is the Iwasawa algebra O[[B]].

Without any assumption on p the proof of Theorem 5.4 shows that V̂ λ is a
faithful module over RB (with the notations in loc. cit.). The only point where the
fact that p is very good for G is used is in citing prop. 4.8 of loc. cit. to deduce

that V̂ λ is faithful as RB+-module. The proof of that proposition seems to use
their deep Theorem 4.6, a p-adic analogue of the famous Duflo theorem, stating

that the annihilator I of V̂ λ is generated by ker(χ), and that proof really uses the
hypothesis on p. However, we can argue alternatively (and very closely to the proof

of prop. 4.8 in loc. cit.) as follows: since I is a two-sided ideal of Û(png)[1/p], by
Corollary 4.3 a) in loc. cit. I is stable under the adjoint action of G(O). Thus if
w ∈ G(O) is such that w.b+ = b, we have w.B+ = B and

w.AnnRB+(V̂ λ) = w.RB+ ∩ w.I ⊂ RB ∩ I = AnnRB(V̂ λ) = 0,

thus AnnRB+(V̂ λ) = 0 and we are done. �

Remark 5.2. It is unreasonable to expect such injectivity properties to hold with-
out some assumptions. Indeed, it is easy to see that for any n the natural map
L[[pnZp]] → D1/p(p

nZp, L)/tD1/p(p
nZp, L) is not injective, where T = δ1 − 1 and

t = log(1 + T ) (so that D(Zp, L) is the ring of L-rational analytic functions of the

variable T in the open unit disc). For instance, (1 + T )p
n+1 − 1 ∈ L[[pnZp]] is

divisible by t in D1/p(p
nZp, L).

In the following result we drop the hypothesis that the group is split and simply
connected.

Proposition 5.3. For any connected semisimple group G over Qp, with Lie algebra
g and any L-algebra homomorphism χ : Z(gL)→ L there is an open uniform pro-p
subgroup H of G(Qp) such that the natural map L[[H]]→ D1/p(H,L)χ is injective.

Proof. We first reduce to the case when G is simply connected. Note that if H
is such a subgroup, then L[[H ′]] → D1/p(H

′, L)χ is still injective for any open
uniform pro-p subgroupH ′ ofH (indeed, it suffices to test that the composition with
the natural map D1/p(H

′, L)χ → D1/p(H,L)χ is injective, but this is simply the
restriction of L[[H]] → D1/p(H,L)χ to L[[H ′]] ⊂ L[[H]]). We deduce immediately
from this that if the result holds for the simply connected cover of G, then it also
holds for G, by projecting the corresponding H for the simply connected cover
down to G(Qp).

Next, suppose that L′ is a finite extension of L. Then Z(gL′) = L′ ⊗L Z(gL),
thus χ : Z(gL) → L induces an L′-algebra map χ′ : Z(gL′) → L′ with ker(χ′) =
L′ ⊗L ker(χ), so that D1/p(H,L

′)χ′ ' L′ ⊗L D1/p(H,L)χ and the map L′[[H]] →
D1/p(H,L

′)χ′ is the base change from L to L′ of the map L[[H]] → D1/p(H,L)χ.
In particular, one of these maps is injective if and only if the other one is so. We
are therefore allowed to replace L by a finite extension and so we may assume that
GL := G⊗Qp L is split over L and L/Qp is Galois.

Let G be the canonical split semisimple and simply connected model of GL over
O and, as above, set

Hn = ker(G(O)→ G(O/pn+1O)).
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Then Hn is an open L-uniform pro-p subgroup of G(O), thus also of G(L) '
G(L) = GL(L). By the previous theorem the natural map

L[[Hn]]→ D1/p(Hn, L)L-la
χ

is injective for n � 0 and since D1/p(Hn, L)L-la
χ is a quotient of D1/p(Hn, L)χ, it

follows that the natural map L[[Hn]]→ D1/p(Hn, L)χ is injective for n large enough.
Thus we can find an open uniform pro-p subgroup H ′ of G(L) = GL(L) such that
the natural map L[[H ′]]→ D1/p(H

′, L)χ is injective. Set Γ = Gal(L/Qp). Since G

is defined over Qp, Γ acts naturally on G(L) and G(L)Γ = G(Qp). Set H ′′ = (H ′)Γ.
It is clearly a compact subgroup of G(Qp) and we claim that H ′′ is also open in
G(Qp). Indeed, Lie(H ′′) = (Lie(H ′))Γ and Lie(H ′) ' Lie(G(L)) ' Lie(G) ⊗Qp L,
thus Lie(H ′′) = Lie(G) = Lie(G(Qp)). Choose any open uniform pro-p subgroup H
of H ′′. We claim that the natural map L[[H]]→ D1/p(H,L)χ is injective. It suffices
to check that the composite L[[H]]→ D1/p(H,L)χ → D1/p(H

′, L)χ is injective, but
this map is simply the composite L[[H]]→ L[[H ′]]→ D1/p(H

′, L)χ, and both maps
are injective. �

6. A bound for the dimension of Z(g)-finite Banach representations

In this rather long section we prove that the existence of an infinitesimal char-
acter on the locally analytic vectors of an admissible Banach representation of a
p-adic group has a serious impact on its dimension.

6.1. The main result and some consequences. Let G be a locally K-analytic
group with Lie algebra g and let Z(gL) be the center of the universal enveloping
algebra U(gL). Here we consider g as a Qp-Lie algebra. We say, that a locally
analytic representation Π of G over L is Z(gL)-finite (resp. quasi-simple) if the
Z(gL)-annihilator of Π is of finite codimension in Z(gL) (resp. a maximal ideal of
Z(gL)). The term quasi-simple is motivated by the representation theory of real
groups. We say that a Banach representation Π of G is Z(gL)-finite (resp. quasi-
simple) if Πla (the space of locally Qp-analytic vectors in Π) is Z(gL)-finite (resp.
quasi-simple) as locally analytic representation of G. The key result of this chapter
is the following (see paragraph 3.4 for the notation d(Π) and dK(Π).)

Theorem 6.1. Let G be a connected reductive group over K, H a compact open
subgroup of G(K) and N the nilpotent cone in the Lie algebra of GK .

a) If Π is a Z(gL)-finite admissible locally K-analytic representation of H, then

dK(Π) ≤ dimN .

b) If Π is a Z(gL)-finite admissible Banach representation of H, then

dK(ΠK-la) < dimN .

We recall that dimN is twice the dimension of the flag variety of GK (with
respect to a Borel subgroup). Part a) was already observed by Schmidt and Strauch
[60, prop 7.3], under some assumptions on p depending on G, as a consequence of
deep results of Ardakov–Wadsley [4]. We give here a much easier proof, which also
works uniformly with respect to the prime p. We note that the bound in part a) is
optimal. On the other hand, part b) is new, slightly surprising and requires quite
a bit more work than part a).
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Remark 6.2. Note that the dimension of the nilpotent cone of ResK/Qp G is [K :
Qp] dimN . Therefore Theorem 6.1 b) implies

d(Π) = d(Πla) < [K : Qp] dimN .

This inequality is far from being optimal. Based on the archimedean case, it is
natural to ask if, for Π a Z(gL)-finite admissible Banach representation of G(K),
we have

d(Π) ≤ 1

2
[K : Qp] dimN , dK(ΠK-la) ≤ 1

2
dimN .

Corollary 6.3. Let Π be an admissible, unitary, quasi-simple Banach representa-
tion of G := GL2(Qp) over L, having a central character. Let Θ be an O-lattice in
Π stable under G. Then Θ⊗O k has finite length (and so Π also has finite length).

Proof. By the previous Theorem d(Π) ≤ 1. If d(Π) = 0 then Π is finite dimensional
over L (lemma 3.8) and everything is clear, so assume that d(Π) = 1 and hence
d(π) = 1 where π = Θ ⊗O k, an admissible smooth representation of G over
k. Assume that π has infinite length. Then we can construct a strictly increasing
sequence (πn)n≥0 subspaces of π which are GL2(Qp)-stable and such that π0 = 0. It
follows from Proposition 3.2 c) that there exists N ≥ 0 such that d((πn+1/πn)∗) = 0
for all n ≥ N so that πn+1/πn is finite dimensional for all n ≥ N and πm/πn is
finite dimensional for all m ≥ n ≥ N . As SL2(Qp) is a simple group acting trivially
on irreducible smooth finite dimensional representations of GL2(Qp), it must act
trivially on πm/πn for all m ≥ n ≥ 1. Let Z1 be the pro-p-Sylow subgroup of the
center of GL2(Zp). As π has a central character, so has each subquotient πm/πn
and we deduce that the group Z1 SL2(Qp) acts trivially on πm/πn for m ≥ n ≥ N .
As π/πN is an admissible smooth representation of GL2(Qp) and Z1 SL2(Qp) is an

open subgroup of GL2(Qp), the k-vector space (π/πN )Z1 SL2(Qp) is finite dimensional
so that π = πm for m big enough. This contradicts our assumption so that π has
finite length. �

Let G be a connected reductive group over Qp, with Lie algebra g. Let z be the
center of g and gss its derived subalgebra. We have a decomposition g = z ⊕ gss
which induces an isomorphism of L-algebras Z(gL) ' U(zL) ⊗L Z(gss,L). We say
that an L-algebra homomorphism χ : Z(gL) → L is algebraic if its restriction to
Z(gss,L) is the infinitesimal character of an irreducible algebraic representation of
the derived subgroup of G. If the derived group of G is simply connected, this is
equivalent to the statement that this character is the infinitesimal character of a
finite dimensional simple gss,L-module. If χ is algebraic, there exists a continuous
character ψ of G, and an algebraic irreducible representation V of G such that χ
is the infinitesimal character of V ⊗ ψ.

Lemma 6.4. Let G = G(Qp), where G is an algebraic group over Qp, such that
GL is split semi-simple and simply connected. Let H be a compact open subgroup
of G and let Π be a continuous representation of H on a finite dimensional L-
vector space. Then the action of H on Π is locally analytic. Moreover, we have an
isomorphism of D(H,L)-modules

Π∗ ∼=
m⊕
i=1

W ∗i ⊗L V ∗i ,
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where Vi are irreducible algebraic representations of G, and Wi are smooth irre-
ducible representations of H.

Proof. The action of H on Π is locally analytic by [63, Part II, Ch. V.9, Thm. 2].
The proof of [61, Proposition 3.2] carries over to our setting. �

Lemma 6.5. Let G be as in the previous lemma and let H be an open uniform pro-p
subgroup of G. Let M be an irreducible Drn(H,L)-module on a finite dimensional
L-vector space, with n ≥ 1. Then M ∼= W ∗ ⊗L V ∗, where W is an irreducible
smooth representation of H and V an irreducible representation of GL. Moreover,
Hpn acts trivially on W .

Proof. If we let Π = M∗ then Π is a continuous representation of H on a finite
dimensional L-vector space. Hence (using the irreducibility of M) Π = W ⊗ V by
the previous lemma, with W an irreducible smooth representation of H and V an
irreducible representation of GL. We define a new action, denoted by Π1, of H
on W ⊗L V by letting H act trivially on W . We note that Π1 is isomorphic to
a finite direct sum of copies of V . Then Π ∼= Π1 as U(gL)-modules and hence as

̂U(pngH,O)[1/p]-modules. We have

̂U(pngH,O)[1/p] ∼= D1/p(H
pn , L) ⊂ Drn(H,L) ⊂ Dr(H,L),

and thus Π|Hpn ∼= Π1|Hpn . This implies that HomHpn (V,Π) = HomU(gL)(V,Π)

and so Hpn acts trivially on W . �

Corollary 6.6. Let D be a quaternion algebra over Qp, let G = D∗ and let G′ be the
derived subgroup of G. Let Π be an admissible, quasi-simple Banach representation
of G, with a central character. Let H be a compact open subgroup of G′.

a) If Π has no finite dimensional H-stable subquotient, then Π has finite length
as a topological H-representation. This is the case if the infinitesimal character of
Πla is not algebraic.

b) Assume that H is uniform pro-p. For any n ≥ 1 the Drn(H,L)-module
(Πla

rn)∗ := Drn(H,L)⊗L[[H]] Π∗ is of finite length.

Proof. Since Z(G)H is open in G and the centre Z(G) acts on Π by a character
by assumption, Π is an admissible Banach space representation of H. Theorem
6.1 yields d(Π) ≤ 1. If d(Π) = 0 then Π is a finite dimensional L-vector space by
lemma 3.8 and the assertion follows. We assume from now on that d(Π) = 1.

a) If Π is not of finite length as a topologicalH-representation, then dually Π∗ has
an infinite (strictly) decreasing sequence of sub-L[[H]]-modules M0,M1, .... Part c)
of Proposition 3.2 yields d(Mi/Mi+1) = 0 for i large enough, and so (Mi/Mi+1)∗

is a finite dimensional continuous representation of H over L for i large enough. It
follows from Lemma 6.4 that any finite dimensional subquotient of Π will also be
a subquotient of Πla and will have an an algebraic infinitesimal character. Thus
if the infinitesimal character of Πla is not algebraic, then Π cannot have a finite
dimensional subquotient.

b) Assume that (Πla
rn)∗ has infinite length as a Drn(H,L)-module. Then there

exists a strictly decreasing sequence (Mi)i≥0 of Drn(H,L)-submodules in (Πla
rn)∗.

As before, part c) of Proposition 3.2 combined with lemma 3.11 shows that there
exists i0 ≥ 0 such that Mi/Mi+1 is a finite dimensional L-vector space for i ≥ i0.
Let χ : Z(g′L) → L be the infinitesimal character of Πla. If χ not algebraic then
Mi = Mi+1 for i ≥ i0 as in a) and we obtain a contradiction. Therefore we assume
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that χ is algebraic and let V be the unique irreducible algebraic representation of
G′ with infinitesimal character χ. Let W1, . . . ,Ws be the set of isomorphism classes
of irreducible representations of the finite group H/Hpn . It follows from Lemmas
6.4 and 6.5 that for all j ≥ i ≥ i0,

Mi/Mj
∼=

s⊕
k=1

(W ∗k ⊗L V ∗)mjk ,

where mjk ≥ 0. As Drn(H,L) is noetherian, the Drn(H,L)-module Mi is generated
by a finite number, let say d, of elements. For a simple Drn(H,L)-module N which
is finite dimensional over L, we have, for all j ≥ i ≥ i0,

dimL HomDrn (H,L)(Mi/Mj , N) ≤ dimL HomDrn (H,L)(Mi, N)

≤ dimL HomDrn (H,L)(Drn(H,L)d, N) = ddimLN.

As all the Mi/Mj are isomorphic to direct sums of simple Drn(H,L)-modules finite
dimensional over L and varying in a finite number of isomorphism classes, the
dimension of the Mi/Mj is bounded, which gives a contradiction. �

We have a similar version with locally K-analytic vectors.

Corollary 6.7. Let K be a finite extension of Qp and let D be a quaternion division
algebra over K. Let G = GL2(K) or G = D∗. Let Π be an admissible, quasi-simple
Banach representation of G, with a central character. Let H be a compact open
subgroup of G.

a) We have dK(ΠK-la) ≤ 1.
b) For any n ≥ 1 the H-representation ΠK-la

rn is topologically of finite length.

Proof. Part a) is a particular case of b) in Theorem 6.1. Part b) follows exactly as
b) in Corollary 6.6. �

6.2. Proof of part a) of Theorem 6.1. The key input is the following result

Proposition 6.8. Let G be a connected reductive group over K, with Lie algebra g.
Suppose that GL is split, of rank r, and let H be an open K-uniform pro-p subgroup
of G(K). Let J be an ideal of Z(gL) of finite codimension.

a) There are x1, x2, . . . , xr ∈ J forming a regular sequence in Z(gL).
b) For any n ≥ 1, Drn(H,L)K-la is flat over Z(gL) and x1, x2, . . . , xr also form

a regular sequence in Drn(H,L)K-la, consisting of central elements.

Proof. a) We claim that Z(gL) ' L[t1, ..., tr] as L-algebras. Let W be the Weyl
group of GL. The Harish-Chandra isomorphism identifies Z(gL) with S(tL)W ,
where tL is the Lie algebra of a maximal split torus in GL. It is a standard fact
that this is a polynomial algebra over the algebraic closure of L, and we claim it
is already the case over L. Indeed, the key input in the proof is the Chevalley–
Sheppard–Todd Theorem, which holds whenever the characteristic of the base field
is prime to |W |, see [8, th. 7.2.1]. Thus Z(gL) is a polynomial algebra over L, of
rank necessarily equal to r = dim tL since S(tL) is integral over S(tL)W .

Since J is of finite codimension in Z(gL) the quotient Z(gL)/J is artinian, and
using Hilbert’s Nullstellensatz we may find non-zero polynomials p1(T ), . . . , pr(T ) ∈
L[T ], such that p1(t1), . . . , pr(tr) ∈ J . Letting xi = pi(ti) for 1 ≤ i ≤ r gives the
required sequence.
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b) The xi are central in Drn(H,L)K-la since they are invariant under the adjoint
action of G(K) and so they commute with all Dirac distributions, which span a
dense subspace of Drn(H,L)K-la. It suffices to prove that Drn(H,L)K-la is flat
over Z(gL), as this automatically implies that they still form a regular sequence in
Drn(H,L)K-la. We have a decomposition of left U(gL)-modules

Drn(H,L)K-la =
⊕

h∈H/Hpn
Anδh,

where An = Û(pnh)[1/p] and h = OL ⊗OK q−1LH is an OL-Lie lattice in gL (see
Proposition 2.3 and the discussion following it). By Kostant’s Theorem U(h[1/p]) =
U(gL) is flat (even free) over its centre Z(gL), so it suffices to prove that An is flat
over U(h[1/p]) = U(pnh)[1/p]. This follows easily from the fact that U(pnh) is
noetherian (cf. [10, par. 3.2.3]). �

Remark 6.9. We note that if J is the kernel of a homomorphism of L-algebras
χ : Z(gL)→ L then the proof of Proposition shows that J is generated by a regular
sequence x1, . . . , xr in Z(gL).

Corollary 6.10. Let Π be an admissible locally K-analytic representation of H.
Assume that Π is annihilated by a regular sequence x = (x1, . . . , xr) in Z(gL). Then
there is a canonical isomorphism

Ext•+r
D(H,L)K-la(Π∗, D(H,L)K-la) ' Ext•D(H,L)K-la/(x)(Π

∗, D(H,L)K-la/(x)).

In particular

jD(H,L)K-la(Π∗) = jD(H,L)K-la/(x)(Π
∗) + r ≥ r

and so dK(Π) ≤ dimK g− r = dimK N , where N is the nilpotent cone in gK .

Proof. The second part is a consequence of the first. Set A = B/(x), where B =
D(H,L)K-la. These are ”two-sided” Fréchet-Stein algebras with presentations A =
lim←−nAn and B = lim←−nBn, where An = Bn/(x) and Bn = Drn(H,L)K-la (cf. [62,

prop. 3.7]). By the results recalled in paragraph 3.3 we obtain

Ext•A(Π∗, A) ' lim←−
n

Ext•A(Π∗, A)A ⊗An ' lim←−
n

Ext•An(An ⊗A Π∗, An).

We have a similar isomorphism for Ext•+rB (Π∗, B), thus it suffices to construct
canonical (in particular compatible with n) isomorphisms

ExtiAn(An ⊗A Π∗, An) ' Exti+rBn
(Bn ⊗B Π∗, Bn).

Letting Mn = An ⊗A Π∗, we have a canonical isomorphism Mn ' Bn ⊗B Π∗. The
desired isomorphisms are then consequences of the result established in the previous
Proposition and of the Rees lemma 3.1. �

6.3. Proof of part b) of Theorem 6.1: reduction to the semisimple case.
Let G′ be the derived group of G, a connected semisimple group defined over K, and
let Z be the centre of G. Using the central isogeny G′×Z → G and general results
on the finiteness of Galois cohomology we deduce that G′(K)Z(K) has finite index
in G(K). Moreover G′(K)∩Z(K) is finite. We deduce that if H1, H2 are compact
open and K-uniform pro-p subgroups of G′(K) and Z(K) respectively, then H1H2

is a compact open subgroup of G(K) and it is isomorphic to H1×H2 since elements
of H2 commute with G(K) and since H1 ∩H2 = {1} (since the intersection is finite
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and contained in H1, which is torsion-free). The next result reduces then the proof
of part b) of Theorem 6.1 to the case when G is semisimple:

Proposition 6.11. Let H1, H2 be K-uniform pro-p groups, with H2 commutative.
Let Π be an admissible L-Banach representation of H := H1×H2 such that Lie(H2)
and Z(Lie(H1)L) act by scalars on ΠK-la. There is an open K-uniform subgroup
H ′1 of H1 and an admissible quasi-simple L-Banach representation Π1 of H ′1 such
that dKH(Π) ≤ dKH′1(Π1).

Proof. We write for simplicity D(?) = D(?, L)K-la in the sequel, and similarly for
the completions of this distribution algebra. We are allowed to replace H1 and H2

by open K-uniform pro-p subgroups.
Let (X1, . . . , Xd) be an OK-basis of LH2

. By assumption Xi acts by a scalar ci
on ΠK-la. Choosing N large enough such that pNci ∈ p2O for all 1 ≤ i ≤ d and

replacing H2 by HpN

2 , we may assume that ci ∈ p2O. Let (α1, . . . , αm) be a Zp-basis
of OK and let, for all 1 ≤ i ≤ d, 1 ≤ j ≤ m, gi,j ∈ H be such that Xgi,j = αjXi.

We obtain a character δ : H = H1 ×H2 → O× by setting δ(h1, g
x) = e

∑
i,j xi,jαjci

for gx =
∏
i,j g

xi,j
i,j ∈ H2, xi,j ∈ Zp, and h1 ∈ H1. Consider the H-representation

Π0 = Π ⊗ δ−1. By construction Xi acts by 0 on ΠK-la
0 and since δ is trivial on

H1, Z(Lie(H1)L) still acts by scalars on ΠK-la
0 . Moreover dH(Π) = dH(Π0) and

dKH(ΠK-la) = dKH(ΠK-la
0 ), so replacing Π by Π0 we may assume that ΠK-la is smooth

as representation of H2.
For n ≥ 1 let

Mn = Drn(H)⊗L[[H]] Π∗ = Drn(H)⊗D(H) (ΠK-la)∗.

By paragraphs 3.3 and 3.4 we know that the sequence (jDrn (H)(Mn))n≥1 is non-

increasing and eventually equal to jD(H)((Π
K-la)∗). Fix once and for all n such

that

jDrn (H)(Mn) = jD(H)((Π
K-la)∗)

and set

Π1 = {v ∈ Π| gp
n

.v = v, ∀g ∈ H2} = ΠHp
n

2 .

We will show that Π1 satisfies all required properties. It is clear that Π1 is a closed
subspace of Π stable under H, thus it is an admissible representation of H. Let

Γ = H2/H
pn

2 , a finite group. The action of H on Π1 factors by H1 × Γ, so Π1 is
already admissible as H1-representation. It is clear that Π1 is quasi-simple, so it
suffices to show that dKH(ΠK-la) ≤ dKH1

(ΠK-la
1 ), or equivalently

jD(H1)((Π
K-la
1 )∗) + d ≤ jD(H)((Π

K-la)∗) = jDrn (H)(Mn).

Then Drn(H1 × Γ) ' Drn(H1)⊗L L[Γ] ' Drn(H)/(ι(X1), . . . , ι(Xd)). Moreover
it follows from the flatness of Drn(H) over U(Lie(H)L) (see the proof of Prop. 6.8)
that (ι(X1), . . . , ι(Xd)) is a regular sequence of central elements in Drn(H). By
Rees’ lemma and a Hochschild-Serre type argument combined with the vanishing
of cohomology in characteristic zero for Γ we obtain

jDrn (H)(Mn) = jDrn (H1)⊗LL[Γ](Mn) + d = jDrn (H1)(Mn) + d.

It suffices therefore to prove that jDrn (H1)(Mn) ≥ jD(H1)((Π
K-la
1 )∗). The isomor-

phisms Drn(H)/(ι(X1), . . . , ι(Xd)) ' Drn(H1) ⊗L L[Γ] and the fact that (ΠK-la)∗



GK-DIMENSION AND THE p-ADIC JL-CORRESPONDENCE 25

is killed by ι(Xi) induce isomorphisms of Drn(H1)-modules

Mn ' (Drn(H)/(ι(X1), . . . , ι(Xd)))⊗D(H) (ΠK-la)∗

' (Drn(H1)⊗L L[Γ])⊗L[[H]] Π∗

' (Drn(H1)⊗L L[Γ])⊗L[[H1×Γ]] Π∗1

' Drn(H1)⊗D(H1) (ΠK-la
1 )∗

and using again the results recalled in paragraph 3.3 we finally obtain

jDrn (H1)(Mn) = jDrn (H1)(Drn(H1)⊗D(H1) (ΠK-la
1 )∗) ≥ jD(H1)((Π

K-la
1 )∗),

as desired. �

6.4. End of the proof. Replacing L by a finite extension, we may assume that GL
is split of rank r. It suffices to rule out the case jD(H,L)K-la((ΠK-la)∗) = r. Assume

that this holds and let J be the Z(g)-annihilator of ΠK-la. It is of finite codimension
by assumption. Without loss of generality we may assume that the subgroup H of
G(K) in Theorem 6.1 is K-uniform pro-p subgroup and let x = (x1, . . . , xr) be a
regular sequence in Z(gL) contained in J as in Proposition 6.8. Applying Corollary
6.10 yields

HomD(H,L)K-la((ΠK-la)∗, D(H,L)K-la/(x)) 6= 0.

Since (ΠK-la)∗ ' D(H,L)K-la ⊗L[[H]] Π∗ (as recalled in par. 3.4, this is one of the
main results of [62]), we obtain

HomL[[H]](Π
∗, D(H,L)K-la/(x)) 6= 0.

Since Z(gL)/(x) is an artinian L-algebra, after possibly replacing L by a finite
extension we may assume that all the maximal ideals of Z(gL)/(x) have residue
field L. Since D(H,L)K-la is flat over Z(gL) by Proposition 6.8, there is an L-
algebra homomorphism χ : Z(gL)→ L, such that

HomL[[H]](Π
∗, D(H,L)K-la

χ ) 6= 0.

As Π is Z(gL)-finite we have d(Π) < dimH, so that Π∗ is a torsion L[[H]]-
module. We obtain a contradiction using the following result.

Proposition 6.12. Let G be a connected semisimple group over K, with Lie al-
gebra g, and let H be an open subgroup of G(K) which is K-uniform pro-p. Let
χ : Z(gL) → L be an L-algebra homomorphism. For any admissible L-Banach
representation Π of H such that Π∗ is a torsion L[[H]]-module we have

HomL[[H]](Π
∗, D(H,L)K-la

χ ) = 0.

Proof. For simplicity we assume p > 2 (the argument is identical for p = 2, but
one needs to replace some ocurrences of p by q below). By replacing L by a finite
extension of K, we may assume that G is split over L. Choose a simply connected,
semisimple split algebraic group scheme G over O as well as an isomorphism L⊗Qp
g ' L ⊗O g0, where g0 = Lie(G). From now on we consider this isomorphism of
L-Lie algebras as an identification, so that gH,O := O⊗OK p−1LH (an O-Lie lattice
in L⊗K g) becomes an O-Lie lattice in L⊗O g0. Fix a positive integer c such that

pcg0 ⊂ gH,O ⊂ p−cg0.

For n > 0 let

Hn = ker(G(O)→ G(O/pn+1O)),
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an open L-uniform subgroup of G(O) with LHn = pn+1g0.
Denote

An = ̂U(png0)[1/p] ' D1/p(Hn, L)L-la,

Bn = ̂U(pngH,O)[1/p] ' D1/p(H
pn , L)K-la,

the isomorphisms being induced by Lazard’s isomorphism (prop. 2.1). By the
equivalence of categories between powerful Zp-Lie algebras and uniform pro-p groups,
the embedding of powerful Zp-Lie algebras

LHpn ' pnLH ⊂ pnLH ⊗OK O ⊂ pn+1−cg0 = LHn−c

induces a map of uniform pro-p groups Hpn → Hn−c. By functoriality of Lazard’s
isomorphism, the composite map

Bn ' D1/p(H
pn , L)K-la → D1/p(Hn−c, L)K-la → D1/p(Hn−c, L)L-la ' An−c

is induced by the composite

O ⊗OK p−1LHpn → O⊗OK p−1LHn−c → O⊗O p−1LHn−c ' p−1LHn−c = pn−cg0,

which in turn is induced (by carefully unwinding definitions) by the inclusion
pngH,O ⊂ pn−cg0, and so it is injective. Similarly, the inclusion pn+cg0 ⊂ pngH,O
yields a map An+c → Bn and the composite An+c → Bn → An−c is the natural
inclusion An+c ⊂ An−c. Finally, we have natural maps

L[[Hpn ]]→ D1/p(H
pn , L)K-la ' Bn, L[[Hn−c]]→ D1/p(Hn−c, L)L-la ' An−c

and they are compatible with the maps L[[Hpn ]] → L[[Hn−c]] and Bn → An−c.
In particular, since Bn → An−c and L[[Hpn ]] → Bn are injective, so is the map
L[[Hpn ]]→ L[[Hn−c]].

Next, for m ≥ n the injective maps Drm(H,L)K-la → Drn(H,L)K-la and Bm →
Bn induce maps

πm,n : Drm(H,L)K-la
χ → Drn(H,L)K-la

χ , πm,n : Bm,χ → Bn,χ.

If C is a Z(gL)-algebra, write Cχ = C/ ker(χ)C. Let ϕ : Π∗ → D(H,L)K-la
χ

be a nonzero L[[H]]-morphism and let ϕn : Π∗ → Drn(H,L)K-la
χ be the composite

of ϕ with the natural projection D(H,L)K-la
χ → Drn(H,L)K-la

χ . Consider the de-

composition of Bn-modules, in particular of L[[Hpn ]] ⊂ Bn-modules (cf. discussion
following prop. 2.3), where Sn = H/Hpn

Drn(H,L)K-la
χ '

⊕
h∈Sn

Bn,χδh.

In terms of this decomposition the maps πm,n introduced above are described by

πm,n(
∑
h∈Sm

bhδh) =
∑
g∈Sn

(
∑

h∈Sm,h̄=g

πm,n(bh))δg,

where h̄ is the image of h ∈ Sm = H/Hpm in Sn = H/Hpn . We deduce the
existence and uniqueness of L[[Hpn ]]-linear maps ϕn,h : Π∗ → Bn,χ such that for
all x ∈ Π∗

ϕn(x) =
∑
h∈Sn

ϕn,h(x)δh.

Since the morphisms ϕn are compatible with respect to the maps

πm,n : Drm(H,L)K-la
χ → Drn(H,L)K-la

χ ,



GK-DIMENSION AND THE p-ADIC JL-CORRESPONDENCE 27

we have the “distribution relation” for m ≥ n
ϕn,g =

∑
h∈Sm,h̄=g

πm,n ◦ ϕm,h.

Lemma 6.13. For n large enough and any h ∈ Sn the composite

Π∗ → Bn,χ → An−c,χ

is 0, where the first map is ϕn,h and the second is the one induced by Bn → An−c.

Proof. We first claim that for n sufficiently large the ring An−c,χ is a domain and the

map L[[Hpn ]]→ Bn → An−c → An−c,χ is injective. The first part follows from The-

orem 4.1. For the second one, we observe that the map L[[Hpn ]]→ Bn → An−c →
An−c,χ is the composite L[[Hpn ]]→ L[[Hn−c]]→ An−c,χ ' D1/p(Hn−c, L)L-la

χ . We
have already seen that the first map is injective, and the second one is injective for
n large enough by Theorem 5.1. We work with such n in the sequel. Let h ∈ Sn and
l ∈ Π∗. Since Π∗ is torsion as L[[Hpn ]]-module, there is λ ∈ L[[Hpn ]] nonzero such
that λl = 0. Since ϕn is L[[Hpn ]]-linear, we have λϕn(l) = 0 and so λϕn,h(l) = 0 by
the above decomposition of Bn-modules. Let x = ϕn,h(l) ∈ Bn,χ and let λ̄ ∈ Bn,χ
be the image of λ in Bn,χ, thus λ̄ · x = 0 in Bn,χ. Now project this relation in the
domain An−c,χ via the map Bn,χ → An−c,χ. It follows that the image of λ̄ is 0 or

the image of x is 0. The first is impossible, since the map L[[Hpn ]] → An−c,χ is
injective. Thus the image of x = ϕn,h(l) in An−c,χ is 0 and we are done since l was
arbitrary. �

We continue the proof. By the previous lemma for n large enough the composite
Π∗ → Bn,χ → An−c,χ → Bn−2c,χ is 0 for all h ∈ Sn, the first map being ϕn,h. Since
the composite Bn,χ → An−c,χ → Bn−2c,χ is nothing but πn,n−2c, we deduce that
πn,n−2c ◦ ϕn,h = 0 for all h ∈ Sn. Using the distribution relation above we obtain
for n big enough and g ∈ Sn−2c

ϕn−2c,g =
∑

h∈Sn,h̄=g

πn,n−2c ◦ ϕn,h = 0.

Thus ϕn,g = 0 for all n big enough and all g ∈ Sn, which in turn yields ϕ = 0. �

Remark 6.14. The proof would be much easier if we could prove that D(H,L)K-la
χ

is a domain (when H is sufficiently small) or at least that D1/p(H
pn , L)K-la

χ is a
domain for n large enough. This second result would be a consequence of conjecture
4.3.

7. Scholze’s functor

We continue to denote by L a (sufficiently large) finite extension of F with the
ring of integers O, uniformiser $ and residue field k. We fix an algebraic closure F
of F and let GalF = Gal(F/F ). Let Cp be the completion of F and let F̆ be the

completion of the maximal unramified extension of F in F . Let G = GLn(F ) and
let D/F be a central division algebra over F with invariant 1/n.

To a smooth representation π of G on an O-torsion module, Scholze associates
a Weil-equivariant sheaf Fπ on the étale site of the adic space Pn−1

F̆
, see [55, Prop.

3.1]. If π is admissible then he shows that for any i ≥ 0 the étale cohomology
groups Hi

ét(P
n−1
Cp ,Fπ) carry a continuous D××GalF -action, which make them into

smooth admissible representations of D×.
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Recall that a smooth representation of G or D× on an O-torsion module is
locally admissible if it is equal to the union of its admissible subrepresentations. We
denote the respective categories by Modl.adm

G (O) and Modl.adm
D× (O). The functors

π 7→ Hi
ét(P

n−1
Cp ,Fπ) commute with direct limits and thus sends locally admissible

representations of G to locally admissible representations of D×, see [53, Section
3.1] for details.

Let CG(O) be the category anti-equivalent to Modl.adm
G (O) via Pontryagin duality

and let CD×(O) be the category anti-equivalent to Modl.adm
D× (O) via the Pontryagin

duality. We define a covariant homological δ-functor {Ši}i≥0 by

Ši : CG(O)→ CD×(O), M 7→ Hi
ét(P1

Cp ,FM∨)∨

where M∨ = Homcont
O (M,L/O) denotes the Pontryagin dual of M . Note that

(M∨)∨ ∼= M . We introduce these dual categories, because it is much more con-
venient to work with compact torsion-free O-modules than with discrete divisible
O-modules. Since π 7→ Hi

ét(P
n−1
Cp ,Fπ) commutes with direct limits, the functor Ši

commutes with projective limits. We also note that Ši(M) carries a continuous
O-linear action of GalF , which commutes with the action of D×.

Lemma 7.1. Let R be a complete local noetherian O-algebra with residue field k.
Let M ∈ C(O) with a ring homomorphism R→ EndC(O)(M). Let m be a compact
R-module then for all i ≥ 0 there is a natural map:

m ⊗̂R Ši(M)→ Ši(m ⊗̂RM),

which is an isomorphism if m =
∏
i∈I R for some set I.

Proof. For every x ∈ m we have morphism φx : M → m ⊗̂RM , v 7→ x ⊗̂ v. More-
over, we have φλx = λφx = φxλ for all λ ∈ R. This induces a map Ši(φx) :
Ši(M)→ Ši(m ⊗̂RM) and hence an element in

Homcont
R (m,Homcont

R (Ši(M), Ši(m ⊗̂RM))),

which by adjunction is isomorphic to Homcont
R (m ⊗̂R Ši(M), Ši(m ⊗̂RM)). Hence,

we obtain a natural map m ⊗̂R Ši(M)→ Ši(m ⊗̂RM). This map is an isomorphism
if m = R. Since both Ši and ⊗̂RM commute with projective limits, we deduce
that the map is an isomorphism if m =

∏
i∈I R for some set I. �

We will denote by T̂or
R

i (m,M) the i-th right derived functor of m 7→ m ⊗̂RM .

Lemma 7.2. Let R, M and m be as in Lemma 7.1. Assume that T̂or
R

i (m,M) = 0
for all i ≥ 1. Suppose that Ši(M) = 0 for 0 ≤ i < q0. Then there is a natural
isomorphism

m ⊗̂R Šq0(M)
∼=−→ Šq0(m ⊗̂RM)

and Ši(m ⊗̂RM) = 0 for 0 ≤ i < q0. In particular, if R → R′ is a map of
complete local O-algebras with residue field k and either R′ or M are R-flat then

R′ ⊗̂R Šq0(M)
∼=−→ Šq0(R′ ⊗̂RM) is an isomorphism of R′-modules.

Proof. We choose a resolution F• � m of compact R-modules, such that Fn =∏
i∈In R for some set In for all n ≥ 0. Let mn be the image of Fn → Fn−1 for

all n ≥ 1 and let m0 = m. Since Fn are projective in the category of compact

R-modules, T̂or
R

i (Fn,M) = 0 for i ≥ 1 and n ≥ 0. By considering exact sequences
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0 → mn+1 → Fn → mn → 0 for n ≥ 0 and arguing by induction on n we deduce

that T̂or
R

i (mn,M) = 0 for i ≥ 1 and we have exact sequences

0→ mn+1 ⊗̂M → Fn ⊗̂RM → mn ⊗̂RM → 0,

for all n ≥ 0. The assumption Ši(M) = 0 for 0 ≤ i < q0 and Lemma 7.1 imply that
Ši(Fn ⊗̂RM) vanishes for 1 ≤ i < q0 and all n ≥ 0. We obtain

Ši(mn ⊗̂RM) ∼= Ši−1(mn+1 ⊗̂RM) ∼= . . . ∼= Š0(mn+i ⊗̂RM) = 0

by devissage, and right exactness of Š0. Hence, we also obtain exact sequences

Šq0(mn+1 ⊗̂RM)→ Šq0(Fn ⊗̂RM)→ Šq0(mn ⊗̂R m)→ 0.

We deduce that the sequence

Šq0(F1 ⊗̂RM)→ Šq0(F0 ⊗̂RM)→ Šq0(m ⊗̂RM)→ 0

is exact. Using Lemma 7.1 we deduce that the map m ⊗̂R Šq0(M)→ Šq0(m ⊗̂RM)
is an isomorphism. The last part follows from [53, Lemma 3.8]. �

Let π be a smooth representation of G on an O-torsion module. We define two
actions of F× on Hi

ét(P
n−1
Cp ,Fπ) as follows. We may identify F× with the centre of

G and every z ∈ F× defines ϕz ∈ EndG(π), ϕz(v) := π(z).v. Since π 7→ Fπ and
Hi

ét are functors this induces an action of F× on Hi
ét(P

n−1
Cp ,Fπ). The second action

is obtained by identifying F× with the centre of D× and restricting the action of
D× on Hi

ét(P
n−1
Cp ,Fπ) to F×.

Lemma 7.3. The two actions of F× on Hi
ét(P

n−1
Cp ,Fπ) defined above coincide. In

particular, if the center of G acts on π by a character then the centre of D× acts
on Hi

ét(P
n−1
Cp ,Fπ) by the same character.

Proof. Let z.s denote the action of z ∈ F× = Z(D×) on a local section of Fπ, and let
z∗s denote the action of z ∈ F× = Z(G) induced by functoriality of the construction
π 7→ Fπ and the endomorphism v 7→ π(z).v of π. It suffices to prove that these two
actions are the same. If U → Pn−1

Cp is étale, with pullback U∞ → LT ∞ (where LT ∞
is the infinite level Lubin-Tate space), then by definition Fπ(U) = CG(|U∞|, π), the
space of continuous G-equivariant maps from the topological space attached to U∞
to π. If s : |U∞| → π is such a map, then (z.s)(x) = s(z−1.x) for z ∈ F× ⊂
Z(D×). On the other hand, it follows from the modular description of LT ∞ that
{(x, x)|x ∈ F×} ⊂ Z(G)×Z(D×) acts trivially on LT ∞, thus s(z−1.x) = s(z ∗ x),
where ∗ denotes the action of the center of G on LT ∞. But s is G-equivariant, so
s(z ∗ x) = z ∗ s(x), hence z.s = z ∗ s, as desired. �

Lemma 7.4. For any continuous character δ : F× → O×, any i ≥ 0 and any
smooth representation π of G on an O-torsion module there is a natural isomor-
phism of GalF ×D×-representations

Hi
ét(P

n−1
Cp ,Fπ⊗δ) ' Hi

ét(P
n−1
Cp ,Fπ)⊗ (δ−1 � δ).

Proof. We first construct a natural map Fπ ⊗O Fπ′ → Fπ⊗Oπ′ for any smooth
representations π, π′ on O-torsion modules. If U → Pn−1

Cp is an étale map with

pullback U∞ → LT ∞ to the infinite-level Lubin-Tate space, we need to construct
a natural map CG(|U∞|, π)⊗O CG(|U∞|, π′)→ CG(|U∞|, π ⊗O π′). We simply map
f ⊗ f ′ to the map x 7→ f(x)⊗ f ′(x), where f ∈ CG(|U∞|, π), f ′ ∈ CG(|U∞|, π′).
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The above map combined with cup-product induces a map

Hi
ét(P

n−1
Cp ,Fπ)⊗O Hj

ét(P
n−1
Cp ,Fπ′)→ Hi+j

ét (Pn−1
Cp ,Fπ⊗Oπ′).

Suppose now that π′ = δ is a continuous character, and take j = 0. We obtain a
D× ×GalF -equivariant map

ιδ : Hi
ét(P

n−1
Cp ,Fπ)⊗O H0

ét(P
n−1
Cp ,Fδ)→ Hi

ét(P
n−1
Cp ,Fπ⊗δ).

On the other hand,

H0
ét(P

n−1
Cp ,Fδ) = H0(LT ∞, δ)G = HomG(δ−1, H0(LT ∞,Zp))

is isomorphic to δ−1 � δ as GalF ×D×-representations, as follows from Strauch’s
computation of π0(LT ∞), [64, Theorem 4.4]. We obtain therefore a GalF ×D×-
equivariant map jδ : Hi

ét(P
n−1
Cp ,Fπ) ⊗ (δ−1 � δ) → Hi

ét(P
n−1
Cp ,Fπ⊗δ). It is an iso-

morphism since an inverse can be constructed by using the same construction for
δ−1. �

We extend the functors Ši to the category of admissible unitary L-Banach space
representations of G, which we denote by Banadm

G (L). If Π ∈ Banadm
G (L) then we

choose an open bounded G-invariant O-lattice Θ in Π. Its Schickhof dual Θd :=
Homcont

O (Θ,O) is in CG(O) and hence Ši(Θd) is in CD×(O). We let Ši(Π) :=

Ši(Θd)d ⊗O L. Then Ši(Π) ∈ Banadm
D× (L) and {Ši}i≥0 define a cohomological δ-

functor from Banadm
G (L) to Banadm

D× (L), see [53, Section 3.3] for more details.

7.1. Ultrafilters. Let (A,mA), (B,mB) be local artinian O-algebras with residue
field k. Let I be an indexing set, and let AI :=

∏
i∈I A. According to [34, Lemma

2.2.2], there is bijection between the set of ultrafilters on I and prime ideals of AI
given by taking an ultrafilter F to the ideal whose elements (ai) satisfy {i : ai ∈
mA} ∈ F. If x ∈ SpecAI then we let AI,x be the localization of AI at x and Fx be
the corresponding ultrafilter. It follows from [34, Lemma 2.2.2] that the diagonal
map A → AI induces an isomorphism A ∼= AI,x. If M is a finite A-module we let
MI =

∏
i∈IM then by considering a presentation of M over A we also obtain that

the diagonal map M →MI induces an isomorphism M ∼= MI,x.
Let M and N be finite A-modules and let N∨ := HomO(N,L/O) be the Pon-

tryagin dual of N . Then HomA(M,N∨) ∼= HomO(M ⊗A N,L/O) = (M ⊗A N)∨.
Applying this observation with N = A we get that

(2) HomA(M,N∨) ∼= (M ⊗A N)∨ ∼= (M ⊗A N ⊗A A)∨ ∼= HomA(M ⊗A N,A∨)

Lemma 7.5. Let {Mi}i∈I be a family of A-modules such that |Mi| ≤ t for some
t ≥ 1 and all i ∈ I. Then there is a canonical isomorphism of AI,x-modules

(
∏
i∈I

M∨i )⊗AI AI,x ∼= ((
∏
i∈I

Mi)⊗AI AI,x)∨.

Proof. Let ci : M∨i ⊗AMi → A∨ be the image of the identity map under (2) applied
with M = M∨i and N = Mi. This yields a canonical map of AI -modules

(
∏
i∈I

M∨i )⊗AI (
∏
i∈I

Mi)
∏
ci−→
∏
i∈I

A∨.
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By localizing at x, using the fact explained above that (
∏
i∈I A

∨)⊗AI AI,x ∼= A∨ ∼=
A∨I,x and (2) we obtain a canonical map of AI,x-modules

(3) (
∏
i∈I

M∨i )⊗AI AI,x → ((
∏
i∈I

Mi)⊗AI AI,x)∨

Moreover, this map is an isomorphism if all Mi are equal. In particular, it is an
isomorphism if Mi = Am for a fixed m and all i ∈ I. Let m be the cardinality of
A. Then for each i ∈ I we may choose a presentation Atm → At →Mi → 0. Using
these presentations we deduce that the map (3) is an isomorphism. �

Lemma 7.6. Let R,S be two rings, E a left R-module, F a left S-module and
G an (R,S)-bimodule. If E is finitely presented over R and F is S-flat then the
canonical map

(4) HomR(E,G)⊗S F → HomR(E,G⊗S F )

is an isomorphism.

Proof. We apply the functor HomR(·, G)⊗S F to a resolution Rn → Rm → E → 0.
Since F is S-flat the sequence

0→ HomR(E,G)⊗S F → HomR(Rm, G)⊗S F → HomR(Rn, G)⊗S F

is exact. If E is a free R-module of finite rank then (4) is an isomorphism. The
assertion follows from a diagram chase. �

Let K be a compact p-adic analytic group. This assumption implies that the
completed group algebra AJKK is noetherian. Let {Mi}i∈I be a family of compact
modules over AJKK, such that for each open subgroup H of K there is a constant
t(H), such that for all i ∈ I the cardinality of H-coinvariants (Mi)H is bounded
above by t(H). Let πi := M∨i and let Π be the subset of smooth vectors in

∏
i∈I πi,

so that

(5) Π =
⋃
H

∏
i∈I

πHi ,

where the union is taken over all open (normal) subgroups H of K. Then Π is an
AI -module with a smooth action of K.

Lemma 7.7. If H is an open subgroup of K then

(Π⊗AI AI,x)H ∼= ΠH ⊗AI AI,x = (
∏
i∈I

πHi )⊗AI AI,x.

Proof. Since H is also p-adic analytic, AJHK is noetherian. Thus A with the trivial
action of H is a finitely presented AJHK-module. Since localizations are flat Lemma
7.6 implies that

HomAJHK(A,Π⊗AI AI,x) ∼= HomAJHK(A,Π)⊗AI AI,x,

where we consider Π as an A-module via diagonal map A → AI . This implies the
assertion. �

Lemma 7.8. There is a canonical isomorphism of AI,xJKK-modules

(Π⊗AI AI,x)∨ ∼= lim←−
H

(
(
∏
i∈I

(Mi)H)⊗AI AI,x
)
,
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where the projective limit is taken over all open normal subgroups H of K. More-
over,

((Π⊗AI AI,x)∨)H ∼= (
∏
i∈I

(Mi)H)⊗AI AI,x.

Proof. Since tensor products commute with direct limits we have

Π⊗AI AI,x ∼= lim−→
H

(
(
∏
i∈I

πHi )⊗AI AI,x
)
.

The isomorphism Mi

∼=−→ (M∨i )∨ induces an isomorphism (πHi )∨ ∼= (Mi)H . Since
the functor (·)∨ converts direct limits to projective limits the first assertion follows
from Lemma 7.5. The second assertion follows from Lemma 7.7. �

Let ϕ : R → A be a map of local O-algebras and let N be a finitely generated
OJKK-module. We equip N with the canonical topology for which the action of
OJKK is continuous. Then R acts on Homcont

OJKK(Mi, N) via its action on Mi via ϕ.

Lemma 7.9. If the action of R on Homcont
OJKK(Mi, N) for all i ∈ I factors through

the quotient R� R′ then the action of R on

Homcont
OJKK((Π⊗AI AI,x)∨, N)

also factors through R� R′.

Proof. The isomorphism N ∼= lim←−J N/JN , where J runs over open two-sided ideals

of OJKK, induces an isomorphism

Homcont
OJKK((Π⊗AI AI,x)∨, N) ∼= lim←−

J

Homcont
OJKK((Π⊗AI AI,x)∨, N/JN).

Thus it is enough to prove the assertion when N is finite (as a set), which we now
assume. Then N∨ is also finite, thus finitely generated over AJKK, and since AJKK
is noetherian, N∨ is finitely presented over AJKK. Pontryagin duality and Lemma
7.6 give us

Homcont
OJKK((Π⊗AI AI,x)∨, N) ∼= HomOJKK(N

∨,Π⊗AI AI,x)

∼= HomOJKK(N
∨,Π)⊗AI AI,x.

(6)

Let H be an open normal subgroup of K which acts trivially on N∨. We have

HomOJKK(N
∨,Π) ∼= HomOJKK(N

∨,ΠH) ∼=
∏
i∈I

HomOJKK(N
∨, πHi )

∼=
∏
i∈I

Homcont
OJKK((Mi)H , N) ∼=

∏
i∈I

Homcont
OJKK(Mi, N).

(7)

We conclude that for finite N we have an isomorphism of R-modules

Homcont
OJKK((Π⊗AI AI,x)∨, N) ∼=

(∏
i∈I

Homcont
OJKK(Mi, N)

)
⊗AI AI,x.

Since the action of R on the right-hand-side factors through R� R′ we obtain the
assertion. �
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7.2. Scholze’s functor and ultrafilters.

Lemma 7.10. Let 0 → σ → π → τ → 0 be an exact sequence in Modadm
G′ (Z/ps),

where G′ is an open subgroup of G. Then the sequence:

0→ (
∏
i∈I

σ)sm → (
∏
i∈I

π)sm → (
∏
i∈I

τ)sm → 0

is exact.

Proof. We have

(
∏
i∈I

π)sm ∼= lim−→
H

∏
i∈I

πH ∼= lim−→
H

(πH ⊗Z/ps (Z/ps)I)

∼= (lim−→
H

πH)⊗Z/ps (Z/ps)I ∼= π ⊗Z/ps (Z/ps)I ,
(8)

where the limit is taken over open subgroups of G′. Since Z/ps is noetherian, it is
coherent, and hence (Z/ps)I is a flat Z/ps-module, which implies the assertion. �

Lemma 7.11. Let {πi}i∈I be a family in Modadm
G (Z/ps) and let Π = (

∏
i∈I πi)

sm.

If for some compact open subgroup H of G there is π ∈ Modadm
H (Z/ps) and integers

mi for i ∈ I, bounded independently of i, such that πi|H ∼= πmi then there is a
resolution of (Z/ps)I [H]-modules:

0→ Π|H → Π1 → . . .→ Πj → . . .

where each Πj is a direct summand of C(H,Z/ps)nj ⊗Z/ps (Z/ps)I for some nj.

Proof. Since π is admissible π∨ is a finitely generated Z/psJHK-module. Since H
is p-adic analytic Z/psJHK is noetherian and thus π∨ has a projective resolution
by free Z/psJHK-modules of finite rank. Since (Z/psJHK)∨ ∼= C(H,Z/ps) by taking
Pontryagin dual we obtain a resolution of Z/psJHK-modules:

0→ π → C(H,Z/ps)k0 → . . .→ C(H,Z/ps)kj → . . .

This yields an exact sequence of Z/ps[H]-modules:

0→
∏
i∈I

π → (
∏
i∈I
C(H,Z/ps))k0 → . . . (

∏
i∈I
C(H,Z/ps))kj → . . .

It follows from Lemma 7.10 that the sequence remains exact after applying the
functor of smooth vectors. Since (

∏
i∈I C(H,Z/ps))sm ∼= C(H,Z/ps)⊗Z/ps (Z/ps)I ,

we obtain a resolution of Z/psJHK-modules 0 → (
∏
i∈I π)sm → F •, where F j =

C(H,Z/ps)kj ⊗Z/ps (Z/ps)I for all j ≥ 0.
Let us suppose that mi ≤ m for all i ∈ I. For each 0 ≤ k ≤ m let ek = (eik)i∈I ∈

(Z/ps)I be the idempotent with eik = 1 if mi = k and eik = 0 otherwise then Π|H ∼=⊕m
k=0 ek((

∏
i∈I π)sm)k and thus

⊕m
k=0 ek(F •)k is the required resolution. �

Theorem 7.12. Let {πi}i∈I be a family in Modadm
G (Z/ps) and let Π = (

∏
i∈I πi)

sm.

Assume that for some compact open subgroup H of G there is π ∈ Modadm
H (Z/ps)

and integers mi for i ∈ I, bounded independently of i, such that πi|H ∼= πmi for all
i ∈ I. Then for all j ≥ 0 and all compact open subgroups K ⊂ D× we have

Hj((Pn−1
Cp /K)ét,FΠ) ∼=

∏
i∈I

Hj((Pn−1
Cp /K)ét,Fπi),

where the cohomology groups are defined in [55, Section 2].
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We first list some consequences of the Theorem.

Corollary 7.13. Assume, additionally to the assumptions of Theorem 7.12, that
each πi has an action of a local artinian O-algebra (A,mA) with finite residue field,
which commutes with the action of G, then for all x ∈ SpecAI and all j ≥ 0 we
have an isomorphism

Hj((Pn−1
Cp /K)ét,FΠ⊗AIAI,x) ∼=

(∏
i∈I

Hj((Pn−1
Cp /K)ét,Fπi)

)
⊗AI AI,x.

Proof. As in the proof of [55, Corollary 8.5] this follows from Theorem 7.12 as the
topos (Pn−1

Cp /K)ét is coherent and so cohomology commutes with direct limits. �

Corollary 7.14. Let us assume the setup of Theorem 7.12. Let Π′j be the subset

of smooth vectors in
∏
i∈I H

j
ét(P

n−1
Cp ,Fπi) for the action of D×. Then

Hj
ét(P

n−1
Cp ,FΠ) ∼= Π′j .

Moreover, if we have an action of ring A as in Corollary 7.13 then for all x ∈
SpecAI and all j ≥ 0 we have

Hj
ét(P

n−1
Cp ,FΠ⊗AIAI,x) ∼= Π′j ⊗AI AI,x.

Proof. We have

Hj
ét(P

n−1
Cp ,FΠ) = lim−→

K

Hj((Pn−1
Cp /K)ét,FΠ),

Hj
ét(P

n−1
Cp ,Fπi) = lim−→

K

Hj((Pn−1
Cp /K)ét,Fπi),

where the limit is taken over open normal subrgoups K of D× by [55, Proposition
2.8]. Since K acts trivially on Hj((Pn−1

Cp /K)ét,Fπi) we obtain

Π′j = lim−→
K

(∏
i∈I

Hj((Pn−1
Cp /K)ét,Fπi)

)
and the first assertion follows from Theorem 7.12. The second assertion is proved
in the same way as Corollary 7.13. �

Let us start proving Theorem 7.12.

Lemma 7.15. It is enough to prove Theorem 7.12 for s = 1 (i.e. under assumption

that πi ∈ Modadm
G (Fp), for all i ∈ I).

Proof. The proof is by induction on s, using the assumption as the start of in-
duction. For each i ∈ I let xi ∈ Spec((Z/ps)I) be the prime corresponding to
the projection to the i-th component followed by the map to the residue field.
If M is any (Z/ps)I -module then we have a functorial map M →

∏
i∈IMxi . If

M = Hj((Pn−1
Cp /K)ét,FΠ) then Mxi = Hj((Pn−1

Cp /K)ét,Fπi) since Πxi
∼= πi and

cohomology commutes with localization.
We have an exact sequence

0→
∏
i∈I

σi →
∏
i∈I

πi →
∏
i∈I

πi/p→ 0,
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where σi = Ker(πi → πi/p). Assume that 0 ≤ mi ≤ m for all i ∈ I. Let
σ = Ker(π → π/p) then we may rewrite the restriction of the above sequence to H
as

0→
m⊕
k=0

∏
i∈Ik

σk →
m⊕
k=0

∏
i∈Ik

πk →
m⊕
k=0

∏
i∈Ik

(π/p)k → 0,

where Ik = {i ∈ I : mi = k}. It follows from Lemma 7.10 that the sequence

0→ (
∏
i∈I

σi)
sm → (

∏
i∈I

πi)
sm → (

∏
i∈I

πi/p)
sm → 0

remains exact. Let Σ = (
∏
i∈I σi)

sm and let P = (
∏
i∈I πi/p)

sm. The exact se-
quence 0 → Σ → Π → P → 0 induces an exact sequence of sheaves 0 → FΣ →
FΠ → FP → 0 and a long exact sequence in cohomology. Since σi|H ∼= σmi and
(πi/p)|H ∼= (π/p)mi are killed by ps−1, the induction hypothesis implies that the
maps

Hj((Pn−1
Cp /K)ét,FΣ)→

∏
i∈I

Hj((Pn−1
Cp /K)ét,Fσi)

Hj((Pn−1
Cp /K)ét,FP )→

∏
i∈I

Hj((Pn−1
Cp /K)ét,Fπi/p)

are isomorphisms for all j ≥ 0. An application of (short) 5-lemma implies the
assertion. �

From now on we will assume that πi ∈ Modadm
G (Fp) and will prove Theorem 7.12

following the proof of [55, Theorem 8.3].

Lemma 7.16. Let m be a nonnegative integer and let d = (m+ 1)3m+1. Let

Ei,j∗,(k) =⇒M i+j
(k) , 0 ≤ k ≤ d

be upper-right quadrant spectral sequences of (Fp)I⊗FpOCp/p-modules together with
maps of spectral sequences between the k-th and the (k+ 1)-th spectral sequence for

0 ≤ k < d. Suppose that for some r the map Ei,jr,(k) → Ei,jr,(k+1) factors over an

almost finitely presented (Fp)I ⊗Fp OCp/p-module for all i, j, k. Then Mk
(0) →Mk

(d)

factors over an almost finitely presented (Fp)I ⊗Fp OCp/p-module for k ≤ m.

Proof. Follow the proof of Lemma 10.5.6 in [57] with the ring R+/p in loc. cit.
replaced by (Fp)I ⊗Fp OCp/p (the key point being that this ring is almost coherent
by Corollary 8.7 in [55], and this is what is used in the proof of the 10.5.6). �

Lemma 7.17. For any m ≥ 0 there is a compact open subgroup K0 ⊂ D× stabi-
lizing V,U and the section V →MLT,0,C such that for all K ⊂ K0 the map

Hj((V/K)ét,FΠ ⊗O+/p)→ Hj((U/K)ét,FΠ ⊗O+/p)

factors over an almost finitely presented (Fp)I ⊗Fp OCp/p-module for 0 ≤ j ≤ m.

Proof. Let Πj be as in Lemma 7.11 above. The proof of Lemma 8.8 in [55] (see
also Remark 10.5.7 in [57]) shows that the desired result holds with Πj instead of
Π, so we only need to explain how to deduce it for Π. By exactness of the functor
π 7→ Fπ we have a spectral sequence

Ei,j1,U = Hj((U/K)ét,FΠi ⊗O+/p) =⇒ Hi+j((U/K)ét,FΠ ⊗O+/p).
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Let d = (m+ 1)3m+1 and pick a sequence of strict inclusions V = U0 ⊂ U2 ⊂ ... ⊂
Ud = U . This induces d + 1 spectral sequences E•,•∗,Uk as above, to which we will

apply Lemma 7.16. It suffices therefore to check that the maps Ei,j1,Uk
→ Ei,j1,Uk−1

factor over almost finitely presented (Fp)I ⊗Fp OCp/p-modules for all i, j and k. As
we have already mentioned, this is exactly what is proved in Lemma 8.8 of [55], for
the strict inclusion Uk−1 ⊂ Uk and the representation Πj . �

Proof of Theorem 7.12. It follows from Lemma 7.15 that it is enough to prove the
Theorem for s = 1. Lemma 7.17 is a substitute for [55, Lemma 8.8]. Given this, the
proof of [55, Theorem 8.3, Corollary 8.5], where Scholze assumes that πi are injective
as H-representations, carries over verbatim to our more general setting. �

8. Global arguments

In this section we assume that p > 2. We fix a continuous representation ρ̄ :
GalQp → GL2(Fp). We will first globalise ρ̄ following Appendix A in [33].

Proposition 8.1. Let F be a non-trivial finite extension of Fp, such that GL2(F)
contains the image of ρ̄. There is a totally real field F and a regular algebraic
cuspidal automorphic weight 0 representation π of GL2(AF ), such that the following
hold:

(1) the Galois representation rπ : GalF → GL2(Qp) associated to π is unrami-
fied outside p;

(2) p splits completely in F and r̄π|GalFv
∼= ρ̄ for all v | p;

(3) SL2(F) ⊂ r̄π(GalF ) ⊂ GL2(F);
(4) [F : Q] is even.

Proof. Using [33, Cor. A.3] we may find a totally real field F ′ and a regular alge-
braic cuspidal automorphic representation π′ of GL2(AF ′) such that (2) holds, the
conductor of π′ is potentially prime to p, r̄π′(GalF ′) = GL2(F). Since the conductor
of π′ is potentially prime to p using solvable base change we replace F ′ by a totally
real solvable extension F , and π with the base change of π′ to F so that (1), (2)
and (4) hold. Since F has at least 4 elements SL2(F) is equal to its own derived
subgroup and thus it will be contained in r̄π′(GalF ′′) for any abelian extension F ′′

of F ′. Thus SL2(F) will be contained in r̄π(GalF ) = r̄π′(GalF ). �

We fix F, F and π as in Proposition 8.1 and assume that [F : Fp] ≥ 3 and let
r̄ := r̄π.

Lemma 8.2. Let N be a positive integer. Then there is a finite place w1 of F such
that the following hold:

(1) the ratio of eigenvalues of r̄(Frobw1) is not in {1,N(w1),N(w1)−1};
(2) N(w1) 6≡ 1 (mod p);
(3) N(w1) is prime to 2Np.

Proof. Let E be the fixed field of Ker r̄ and let ζp be a primitive p-th root of unity

in E. We claim that we may may choose g ∈ Gal(E(ζp)/F ) such that the image
of g in Gal(E/F ) satisfies (1) and the image of g in Gal(F (ζp)/F ) is non-trivial.
Granting the claim, by Chebotarev density there will exist infinitely many w1 such
that Frobw1

|E(ζp) is conjugate to g in Gal(E(ζp)/F ). All such w1 satisfy (2). Since

there are infinitely many we may choose w1 as above with N(w1) > (Np)[F :Q].
Then N(w1) is a power of a prime ` such that ` > Np. In particular (3) holds.
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To prove the claim we let ξ be a multiplicative generator of F×. If ζp 6∈ E then

pick any g ∈ Gal(E(ζp)/F ), which maps to
( ξ 0

0 ξ−1

)
in SL2(F) ⊂ Gal(E/F ). Since

[F : Fp] ≥ 3, ξ2 6∈ Fp and thus any such g will satisfy (1). If the image of g in
Gal(F (ζp)/F ) is trivial then replace g by gk for any non-trivial k ∈ Gal(E(ζp)/E).
The images of g and gk in Gal(E/F ) are equal and the image of gk in Gal(F (ζp)/F )
is equal to the image of k and is non-trivial.

If ζp ∈ E then F (ζp) is contained in ESL2(F), since F (ζp)/F is abelian and
SL2(F) is its own derived subgroup. Since Gal(E/F ) is a subgroup of GL2(F) by
construction, Gal(E/F )/ SL2(F) is a subgroup of F×. Thus it is generated by ξd for

some divisor d of |F×|. Thus g =
(
ξd+1 0

0 ξ−1

)
∈ GL2(F) lies in Gal(E/F ). The ratio

of its eigenvalues is equal to (ξd+2)±1. If ξd+2 ∈ Fp then pf−1 divides (d+2)(p−1),
where f = [F : Fp], and hence d divides (d+ 2)(p− 1). If d is odd then d and d+ 2
are coprime and so d has to divide p− 1 and so pf − 1 ≤ (p+ 1)(p− 1). If d is even
then greatest common divisor of d and d + 2 is 2 and so d/2 divides p − 1. Thus
pf − 1 ≤ 2p(p − 1). In both cases we obtain a contradiction to [F : Fp] ≥ 3. The
image of g will generate Gal(F (ζp)/F ), which is non-trivial as F is totally real. �

Remark 8.3. Let w1 be any place of F satisfying the conditions of Lemma 8.2 and
let Σp be the set of places of F above p. If we let S be a finite set of places of
F containing w1, Σp and all the places above ∞ then r̄, S, Σp satisfies all the
conditions of section (2.2) in [43]. In particular, the issues discussed in Appendix
B of [33] do not arise in our situation.

8.1. Completed cohomology. Let D0 be a quaternion algebra with center F
ramified at all infinite places and split at all finite places. Let OD0

be a maximal
order in D and we fix an isomorphism (OD0

)v ∼= M2(OFv ) for every finite v. Then
Umax :=

∏
v-∞GL2(OFv ) is an open subgroup of (D0 ⊗F A∞F )×. One may write

(D0⊗F A∞F )× as a finite union of double cosets of the form D×0 tiUmax(A∞F )×, where
we have identified (A∞F )× with the center of (D0 ⊗F A∞F )×. Moreover, the groups

(Umax(A∞F )× ∩ tiD×0 t
−1
i )/F× are finite. Let w1 be a finite place of satisfying the

conditions of Lemma 8.2 with N equal to the product of the orders of these groups.
Let U :=

∏
w-∞ Uw, Up :=

∏
w-p∞ Uw, where Uw = GL2(OFw) if w 6= w1 and let

Uw1
= {g ∈ GL2(OFw1

) : g ≡
(

1 ∗
0 1

)
(mod $w1

)}. It follows from [52, Lem. 3.2]
that

(9) (U(A∞F )× ∩ tD×0 t−1)/F× = 1, ∀t ∈ (D0 ⊗F A∞F )×.

If A is a topological O-module, such as O, L with the p-adic topology or O/$n,
L/O with the discrete topology, we denote by S(Up, A) be the space of continuous
functions

f : D×0 \(D0 ⊗F A∞F )×/Up → A.

The groups (D0 ⊗Qp)× and (A∞F )× acts continuously on S(Up, A) by right trans-
lations.

Let Tuniv
S = O[Tv, Sv]v 6∈S be a commutative polynomial ring in the indicated

formal variables, where v ranges over all finite places of F not in the subset S
defined in Remark 8.3. The algebra Tuniv

S acts on S(Up, A) with with Sv acting

via the double coset Uv
(
$v 0
0 $v

)
Uv and Tv acting via the double coset Uv

(
$v 0
0 1

)
Uv.

This action commutes with the action of (D0 ⊗Qp)× and (A∞F )×.
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Let GF,S = Gal(FS/F ) be the Galois group of the maximal extension of F

in F which is unramified outside S. Let rπ : GF,S → GL2(Qp) be the Galois
representation associated to the automorphic form π in Proposition 8.1. After
conjugating (and possibly replacing L by a finite extension), we may assume that rπ
takes values in GL2(O). Let mrπ be the ideal of Tuniv

S generated by Tv−tr rπ(Frobv),
N(v)Sv − det rπ(Frobv) for all v 6∈ S and let m := mr̄π := ($,mrπ ). We have
Tuniv
S /mrπ = O and Tuniv

S /m = k.
Let ψ : GF,S → O× be a character such that det rπ = ψε−1, where ε is the p-adic

cyclotomic character, so that ψ(Frobv) ≡ Sv (mod mrπ ) for all v 6∈ S. We consider
ψ as a character of (A∞F )×/F× via the class field theory normalized so that the
uniformizers are sent to geometric Frobenii. We will denote the restriction of ψ to
a decomposition subgroup at v by ψv, and we will also consider ψv as a character
of F×v via local class field theory.

Let Sψ(Up, A) be the submodule12 of S(Up, A) on which (A∞F )× acts by ψ. Since
the actions of (A∞F )×, (D0 ⊗Q Qp)× and Tuniv

S on S(Up, A) commute, Sψ(Up, A) is
a Tuniv

S [(D0 ⊗Q Qp)×]-module.

Proposition 8.4. Let m = mr̄π and ψ be as above. The localization Sψ(Up, L/O)m
is non-zero. Moreover, it is admissible and injective in Modsm

ψp (Up), where Up =

(OD0
⊗ Zp)× =

∏
v|p GL2(Zp) and ψp is restriction of ψ to the center Zp of Up.

Proof. We pick an isomorphism between the algebraic closure L and C. Then we
may write π∞ = ⊗′vπv, where the restricted tensor product is taken over the finite
places of F , and each πv is a smooth representation of (D0 ⊗F Fv)× = GL2(Fv)
on an L-vector space. Let us choose an open normal subgroup U ′p =

∏
v|p U

′
v of

Up such that π
U ′v
v 6= 0 for all v | p, and let U ′ = U ′p ×

∏
v-p Uv. It follows from

[66, Lemma 1.3 (4)] that Sψ(Up, L)U
′
p ⊗LL contains πU

′
as a Tuniv

S [Up]-submodule.

More precisely, πU
′

is identified with the Hecke eigenspace (Sψ(Up, L)U
′
p⊗LL)[mrπ ].

In particular, (Sψ(Up, L)U
′
p)[mrπ ] is a non-zero finite dimensional L-vector space.

It follows from (9) that if A = L, O or k then Sψ(Up, A)U
′
p can be identified as

an Up-representation with a finite direct sum of copies of Ind
Up
ZpU ′p

ψp ⊗O A. In

particular, Sψ(Up,O)U
′
p is an O-lattice in Sψ(Up, L)U

′
p and its reduction modulo $

is equal to Sψ(Up, k)U
′
p . Hence, (Sψ(Up,O)U

′
p)[mrπ ] and (Sψ(Up, k)U

′
p)[m] are both

non-zero. Since localization is an exact functor the inclusion (Sψ(Up, k)U
′
p)[m] ↪→

Sψ(Up, L/O) implies that Sψ(Up, L/O)m 6= 0. The assertion about injectivity and
admissibility follows from [53, Lemmas 5.1, 5.2].13 �

Remark 8.5. Let T′ be a Tuniv
S -algebra, (for example obtained by adding the Hecke

operator corresponding to the double coset Uw1

(
$w1

0
0 1

)
Uw1) and let m′rπ be an

ideal of T′ containing mrπT′, such that T′/m′rπ = O and let m′ = ($,m′rπ ). If T′
acts on Sψ(Up, L/O) and the action extends the action of Tuniv

S , and commutes
with the action of (D0 ⊗ Qp)× then the argument of Proposition 8.4 shows that
Sψ(Up, L/O)m′ is non-zero.

12VP would like to thank Yongquan Hu for pointing out that in the statement of [53, Lemma

5.3] and in the last line of its proof χcyc should be replaced by its inverse.
13In Equation (26) in the proof of [53, Lemma 5.1] λ∨ should be HomO(λ,O).



GK-DIMENSION AND THE p-ADIC JL-CORRESPONDENCE 39

We fix a place p of F above p and let Up
p =

∏
v|p,v 6=p Uv. If λ is a continuous

representation of Up
p on a free O-module of finite rank, such that (A∞F )× ∩Up

p acts
on λ by the restriction of ψ to this group then we let

Sψ,λ(Up, A) := HomUp
p

(λ, Sψ(Up, A)).

Since p > 2 for each v | p we may pick a smooth character θv : O×Fv → O
× such

that ψv(x) = θv(x)2 for all x ∈ 1 + ($v). Let θ : (OF ⊗Zp)× → O× be the product
of θv.

Lemma 8.6. We may choose λ = ⊗v|p,v 6=pλv such that Sψ,λ(Up, L/O)m 6= 0 and

λv = σ0
v ⊗ (θv ◦ det) such that the central character of λv is equal to ψv and σ0

v

is an O-lattice in an inflation of an irreducible non-cuspidal representation σv of
GL2(Fp) to Uv.

Proof. After twisting by the inverse of θ ◦det we may assume that ψv(x) = 1 for all
x ∈ 1+($v) for all v | p. Let U ′v be a subgroup of Uv = GL2(Zp) consisting of upper-
triangular unipotent matrices modulo p, and let U ′p =

∏
v|p Uv. Let Z ′p be the centre

of U ′v. It follows from Proposition 8.4 that Sψ(Up, L/O)m is an admissible injective
representation of U ′p/Z

′
p. Since U ′p/Z

′
p is pro-p, Sψ(Up, L/O)m as a representation of

U ′p is isomorphic to a finite direct sum of copies of C(U ′p/Z ′p, L/O), where C denotes
continuous functions. The Pontryagin dual of C(U ′p/Z ′p, L/O) is the completed
group algebra OJU ′p/Z ′pK, and its Schikhof dual is isomorphic to C(U ′p/Z ′p,O). It
follows from [53, Equation (27)] that Sψ(Up,O)m|U ′p is isomorphic to a finite direct

sum of copies of C(U ′p/Z ′p,O). In particular, (Sψ(Up,O)m)U
′
p is a non-zero O-

module of finite rank. Let W be the Up
p -invariant subspace of Sψ(Up,O)m ⊗O L

generated by (Sψ(Up,O)m)U
′
p and let σ be any irreducible subquotient of W . The

centre of Up
p acts on σ via ψp

p . We may write σ = ⊗v|p,v 6=pσv, such that σv is an

irreducible representation of Uv satisfying σ
U ′v
v 6= 0. In particular, σv is an inflation

of an irreducible non-cuspidal representation of GL2(Fp) to Uv. Let σ0
v be any

Uv-invariant O-lattice in σv and let λ = ⊗v|p,v 6=pσ
0
v . Then by construction λ is

an O-lattice in σ, hence HomUp
p

(λ, Sψ(Up,O)m) is a non-zero O-module of finite

rank. This implies that HomUp
p

(λ, Sψ(Up, k)m) is also non-zero, which implies that

HomUp
p

(λ, Sψ(Up, L/O)m) is non-zero. �

Remark 8.7. Standard arguments with Serre weights show that if r̄π|GFv is not
très ramifiée then one may choose σv in Lemma 8.6 to be either a character or a
principal series representation of GL2(Fp).

Lemma 8.8. Let λ be a continuous representation of Up
p with a central character

ψp
p on a free finite rank O-module. Let G′p be the derived subgroup of (D0⊗F Fp)×.

Then Sψ,λ(Up, k)
G′p
m = 0.

Proof. We identify (D0 ⊗F Fp)× with GL2(Qp) and G′p with SL2(Qp). We may
assume that Sψ,λ(Up, k)m 6= 0. We may further assume that ψp(−1) = 1.

If K is a compact open subgroup of SL2(Qp) containing {±1} then it follows
from [53, Lemma 5.3] and the argument explained in the proof of Proposition 8.4
that

Sψ,λ(Up,O)|K ∼= C(K/{±1},O)⊕m
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for some m ≥ 1. Since Sψ,λ(Up,O)m is a direct summand of Sψ,λ(Up,O), we obtain
an isomorphism

(10) (Sψ,λ(Up,O)Km )⊗O k ∼= Sψ,λ(Up, k)Km .

Let α =
(

0 1
p 0

)
. Since SL2(Qp) is generated by its subgroups K0 := SL2(Zp) and

K1 := α SL2(Zp)α−1 for any SL2(Qp)-representation π we have an exact sequence

0→ πSL2(Qp) → πK0 ⊕ πK1 → πK0∩K1 .

Applying this observation to π = Sψ,λ(Up,O)m, π = Sψ,λ(Up, k)m and using (10)
gives us an isomorphism

(Sψ,λ(Up,O)
SL2(Qp)
m )⊗O k ∼= Sψ,λ(Up, k)

SL2(Qp)
m ,

which implies that (Sψ,λ(Up,O)
SL2(Qp)
m ) ⊗O L is a non-zero finite dimensional L-

vector space. Thus it will contain a non-zero Hecke eigenspace corresponding to
an O-algebra homomorphism x : (Tuniv

S )m → L. Since the action of Tuniv
S pre-

serves the O-lattice Sψ,λ(Up,O)
SL2(Qp)
m , after enlarging L, we may assume that x

takes values in O. Since local factors of cuspidal automorphic representations are
generic, it follows from [66, Lemma 1.3 (4)] that there is a continuous character
χ : (A∞F )×/F× → O× such that x(Tv) = (N(v) + 1)χ($v) and x(Sv) = χ($v)

2

for all v 6∈ S. This implies that tr r̄(Frobv) = (N(v) + 1)χ̄($v) and det r̄(Frobv) =
N(v)χ̄($v)

2 for all v 6∈ S, where χ̄ is the reduction of χ modulo $. Hence, the
ratio of eigenvalues of r̄(Frobv) is equal to N(v)±1 for all v 6∈ S, which contradicts
Lemma 8.2. �

We fix an infinite place ∞F of F and let D be the quaternion algebra over F ,
which is ramified at p, split at ∞F and has the same ramification behaviour as D0

at all the other places. We fix an isomorphism

D0 ⊗F Ap,∞F

F
∼= D ⊗F Ap,∞F

F .

This allows us to view the subgroup Up of (D0 ⊗F A∞F )×, considered above, as a
subgroup of (D⊗F A∞F )×. Let Dp := D⊗F Fp. Then Dp is the non-split quaternion
algebra over Fp = Qp. If K is an open subgroup of O×Dp

Up then we let X(K) be

the corresponding Shimura curve for D/F defined over F . We let

Ĥi(Up,O/$n) := lim−→
Kp

Hi
ét(X(KpU

p)F ,O/$
n),

where the limit is taken over open subgroups of Up
pO×Dp

. This group carries com-

muting actions of the Hecke algebra Tuniv
S , GalF,S , (D ⊗Q Qp)× and the centre

(A∞F )×. We let Ĥi(Up,O/$n)m be the localisation of Ĥi(Up,O/$n) at m and let

Ĥi
ψ(Up,O/$n)m be the submodule on which (A∞F )× acts by ψ, and for λ as in

Lemma 8.8 we let

Ĥi
ψ,λ(Up,O/$n)m := HomUp

p
(λ, Ĥi

ψ(Up,O/$n)m).

After identifying 1
$nO/O ⊂ L/O with O/$n, we obtain an isomorphism of O-

modules lim−→n
O/$n ∼= L/O and use the same transition maps to define

Ĥi
ψ,λ(Up, L/O)m := lim−→

n

Ĥi
ψ,λ(Up,O/$n)m.
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It is explained in [53, Lemma 6.2] that Scholze’s results in [55] imply that there is
a natural isomorphism of Tuniv

S [GQp ×D×p ]-representations:

(11) S1(Sψ,λ(Up, L/O)m) ∼= Ĥ1
ψ,λ(Up, L/O)m.

We let
Ĥi
ψ,λ(Up,O)m := lim←−

n

Ĥi
ψ,λ(Up,O/$n)m,

equipped with the p-adic topology. The module Ĥi
ψ,λ(Up,O)m is O-torsion free

and by inverting p we obtain an admissible unitary Banach space representation of
D×p . Moreover, we have natural isomorphism

(12) (Ĥ1
ψ,λ(Up,O)m)d ∼= (Ĥ1

ψ,λ(Up, L/O)m)∨

compatible with Tuniv
S [GQp × D×p ]-action. To ease the notation we will omit the

outer brackets, when taking the duals. It is proved in [53, Proposition 6.3] that
(11) and (12) induce a natural isomorphism

(13) Š1(Sψ,λ(Up,O)dm) ∼= Ĥ1
ψ,λ(Up,O)dm

compatible with Tuniv
S [GQp ×D×p ]-action.

8.2. Patching. If R is a complete local noetherian O-algebra with residue field k
and G is a p-adic analytic group then, following the notational scheme of [30], we let

Modfg.aug
G (R) be the category of R[G]-modules M , such that for some open compact

subgroup H of G, the action of R[H] on M extends to the action of RJHK, and M
is a finitely generated RJHK-module with respect to this action. We note that M
carries a canonical topology for which the action of RJHK on M is continuous.

Restriction of deformations to the decomposition subgroup at p induces a map

R
�,ψp

ρ̄ → R�,ψ
F,S . Since the image of r̄ contains SL2(F), r̄ is absolutely irreducible

and the map RψF,S → R�,ψ
F,S , induced by forgetting the framings, is formally smooth

and we may non-canonically identify R�,ψ
F,S
∼= RψF,SJz1, . . . , z4|S|−1K. By quotienting

out the variables we obtain a surjection R�,ψ
F,S � RψF,S , which makes RψF,S into a

R
�,ψp

ρ̄ -algebra.

Definition 8.9. Let G be a p-adic analytic group and let M ∈ Modfg.aug
G (RψF,S). A

thickening of M consists of the data (R∞,M∞, x, ϕ), where

(1) R∞ is a complete local noetherian faithfully flat R
�,ψp

ρ̄ -algebra with residue
field k;

(2) M∞ ∈ Modfg.aug
G (R∞);

(3) x = (x1, . . . , xh) is an M∞-regular sequence contained in the maximal ideal
of R∞, such that

M∞/(x)M∞ ∼= M ;

(4) ϕ : R∞/(x) � RψF,S is a surjection of R
�,ψp

ρ̄ -algebras, such that the action

of R∞ on M∞/(x)M∞ factors through ϕ and the resulting action of RψF,S
on M∞/(x)M∞ is compatible with the isomorphism in (3).

Recall that θp : Z×p → O× is a character, such that ψpθ
−2
p is trivial on 1 + pZp,

and hence we may consider ψpθ
−2
p as a character of F×p . Let µ : F×p2 → O× be a

character such that the restriction of µ to F×p is equal to ψpθ
−2
p and µ 6= µp. Let
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σ(µ) be the cuspidal representation of GL2(Fp) corresponding to the orbit {µ, µp},
we also denote by σ(µ) its inflation to GL2(Zp) and let λp := σ(µ)⊗ (θp ◦ det). We
inflate µ to the character of O×Dp

via O×Dp
/(1 + mDp

) ∼= F×p2 . Let λ′p := µ(θp ◦Nrd)

be a character of OD×p . We note that λp and λ′p have central character ψp, and it

follows from [14] that the classical Jacquet–Langlands correspondence induces a bi-
jection between the isomorphism classes of irreducible smooth representations πp of

GL2(Qp) on L-vector spaces such that HomGL2(Zp)(λp, πp) 6= 0 and the isomorphism

classes of irreducible smooth representations π′p of D×p on L-vector spaces such that
HomO×Dp

(λ′p, π
′
p) 6= 0. Moreover, all representations πp as above are supercuspidal

and their isomorphism classes correspond bijectively to the isomorphism classes of

irreducible representations of the Weil group WQp of Qp of the form Ind
WQp
WQ

p2
χ,

such that χ(ArtQp2 (x)) = µ(x)θp(N
Qp2

Qp x) for all x ∈ Z×p2 , under the classical local

Langlands correspondence.
Let a > b be integers, and let σa,b := λp ⊗ Syma−b−1 L2 ⊗ detb+1 and let σ0

a,b

be a GL2(Zp)-equivariant O-lattice in σa,b. If M∞ is a thickening of Sψ,λ(Up,O)dm
with central character ψ−1

p then we let

M∞(σ0
a,b) := Homcont

OJGL2(Zp)K(M∞, (σ
0
a,b)

d)d

where (·)d := Homcont
O (·,O). If a+b+1 = 0 then the central character of σa,b is equal

to ψp and ($,x) is a regular system of parameters M∞(σ0
a,b), see [51, Proposition

2.40] for details. In particular, M∞(σ0
a,b) is a finitely generated Cohen–Macaulay

R∞-module. If b+ a+ 1 6= 0 then M∞(σ0
a,b) = 0, since the centre acts on M∞ by

ψ−1
p , which is smooth. The R∞[1/p]-module M∞(σa,b) := M∞(σ0

a,b)⊗O L does not

depend on the choice of lattice σ0
a,b. Let R∞(σa,b) be the quotient of R∞, which

acts faithfully on M∞(σa,b).

Similarly, we let σ′a,b = λ′p ⊗ Syma−b−1 L2 ⊗ detb+1 and if M ′∞ is a thickening of

Ĥ1
ψ,λ(Up,O)dm with central character ψ−1

p then we define M ′∞(σ′a,b) and R∞(σ′a,b)

analogously by replacing GL2(Zp) with O×Dp
.

Let R
�,ψp

ρ̄ (σa,b) be a reduced and O-torsion free quotient of R
�,ψp

ρ̄ parameter-
izing potentially semi-stable lifts of ρ̄ with Hodge–Tate weights (a, b) and inertial
Galois type defined by λp. Since the determinant in the deformation problem is

fixed and is equal to ψpε
−1, the ring R

�,ψp

ρ̄ (σa,b) is zero, unless a+ b = −1.

Theorem 8.10. There is a thickening (R∞,M∞, x, ϕ) of Sψ,λ(Up,O)dm and a thick-

ening (R∞,M
′
∞, x, ϕ) of Ĥ1

ψ,λ(Up,O)dm such that the following hold:

(1) M∞ is projective in Modpro
GL2(Zp),ψp

(O);

(2) M ′∞ is projective in Modpro

O×Dp
,ψp

(O);

(3) for all integers b > a the rings R∞(σa,b), R∞(σ′a,b) are reduced and their
spectra are equal to a union of irreducible components of

Spec(R
�,ψp

ρ̄ (σa,b)⊗
R

�,ψp
ρ̄

R∞);

(4) Š1(M∞) ∼= M ′∞;

where λ is as in Lemma 8.6.
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Proof. A thickening of Sψ,λ(Up,O)dm satisfying (1) and (3) has been constructed
by Dotto–Le in the proof of [29, Theorem 6.2] by using Scholze’s improvement with
ultrafilters of the patching argument in [17] in the setting of quaternionic Shimura
sets. Parts (1) and (3) correspond to [17, Proposition 2.10] and [17, Lemma 4.17
(1)], respectively. Dotto–Le also carry out the patching in the setting of Shimura
curves. They assume that the quaternion algebra is split at p. However, this
doesnot play a role in their arguments in the proof of [29, Theorem 6.2], and hence

we also obtain a thickening (R∞,M
′
∞, x, ϕ) of Ĥ1

ψ,λ(Up,O)dm satisfying (2) and (3).
The main point of the Proposition is that if we take the same utrafilter in these
constructions then (4) holds, so that Š1(M∞) ∼= M ′∞ as R∞[GalQp ×D×p ]-modules.
To prove that we need to unravel the construction of M∞ and M ′∞ in [29]. We
employ the notations of loc. cit., albeit their L is our Qp, their E is our L and
their Kv, K(N)v, Kv is our Up, U(N)p, Up. Moreover, when defining spaces of
automorphic forms S(KvKv, V ) on definite quaternion algebras in [29, Section 6.1]
they take functions with values in the Pontryagin dual of V and we take functions
with values in V , so that their S(KvKv,O) is our S(UpUp, L/O).

The ring R∞ is denoted by Rψ∞ in [29]. They show that M∞ is a finitely gen-
erated S∞JGL2(Zp)K-module, where S∞ is a subring of R∞ of the form S∞ =
OJz1, . . . , z4|S|−1, y1, . . . , yqK and

(14) M∞/(z1, . . . , z4|S|−1, y1, . . . , yq)M∞ ∼= Sψ,λ(Up,O)dm.

We let x = (z1, . . . , z4|S|−1, y1, . . . , yq). It is shown in [29] that M∞ is a projec-
tive S∞JGL2(Zp)K-module in the category of compact S∞JGL2(Zp)K-modules with

central charachter ψ−1
p . This implies that x is M∞-regular.

The ring R∞ is a power series ring over R
�,ψp

ρ̄ ⊗̂O
⊗̂

v|p,v 6=pR
�,ψv
r̄v (λv) in carefully

chosen number of variables, where r̄v is the restriction of r̄ to the decomposition
group at v and the completed tensor product is taken over O. For each N ≥ 1,
QN is a set of cardinality q of Taylor–Wiles primes, see [29, Section 6.2.3]. Let
∆QN =

∏
w∈QN k

×
w (p), where k×w (p) is the Sylow p-group of the multiplicative

group of the residue field at w. Then by construction of QN , pN divides the order
of k×w and hence is a surjection ∆QN � (Z/pN )q. Let OL,N = O[∆QN ] be the
group ring of ∆QN . By choosing surjections Zqp � ∆QN we obtain surjections
OL,∞ := OJy1, . . . , yqK = OJZqpK � OL,N for all N ≥ 1. Let

M(N) : = Sψ,λ(U(N)p,O)dm′QN
⊗̂RψF,SQN

R�,ψ
F,SQN

∼= Sψ,λ(U(N)p,O)dm′QN
⊗̂OOJz1, . . . , z4|S|−1K,

(15)

M ′(N) : = Ĥ1
ψ,λ(U(N)p,O)dm′QN

⊗̂RψF,SQN
R�,ψ
F,SQN

∼= Ĥ1
ψ,λ(U(N)p,O)dm′QN

⊗̂OOJz1, . . . , z4|S|−1K,
(16)

where we have fixed an isomorphism Rψ,�F,SQN
∼= RψF,SQN

Jz1, . . . , z4|S|−1K as in [29,

Section 6.2.4]. The ring S∞ = OL,∞Jz1, . . . , z4|S|−1K acts on M(N) and M ′(N)
and the action factors through the quotient SN = OL,N Jz1, . . . , z4|S|−1K. If J is an
open ideal of OL,∞ and a is an open ideal of OJz1, . . . , z4|S|−1K then we let

M(a, J,N) := M(N)/(a, J)M(N), M ′(a, J,N) := M ′(N)/(a, J)M ′(N).
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If Up ⊂ GL2(Qp), U ′p ⊂ D×v are compact open subgroups then we let

M(a, J, Up, N) := M(a, J,N)Up
, M ′(a, J, U ′p, N) := M(a, J,N)U ′p .

denote the coinvariants. Note that the modules M(a, J, Up, N) and M ′(a, J, U ′p, N)
are of finite cardinality. For each open ideal J of OL,∞ let IJ be a cofinite subset of
I such that the kernel of OL,∞ → OL,N is contained in J . We fix a non-principal
ultrafilter F on the set of natural numbers. Then we let

M(a, J, Up,∞) := (OL,∞/J)IJ ,x ⊗(OL,∞/J)IJ

∏
N∈IJ

M(a, J, Up, N),

M ′(a, J, U ′p,∞) := (OL,∞/J)IJ ,x ⊗(OL,∞/J)IJ

∏
N∈IJ

M ′(a, J, U ′p, N),

where x ∈ Spec(OL,∞/J)IJ corresponds to the ultrafilter F. Finally, we let

M(a, J,∞) = lim←−
Up

M(a, J, Up,∞), M ′(a, J,∞) = lim←−
U ′p

M ′(a, J, U ′p,∞),

M∞ = lim←−
a,J

M(a, J,∞), M ′∞ = lim←−
a,J

M ′(a, J,∞),

where the limits are taken over open ideals a of OJz1, . . . , z4|S|−1K, J of OL,∞, and

compact open subgroups Up of GL2(Qp) and U ′p of D×v .

It follows [44, Corollary 7.5] that Sψ,λ(U(N)p,O)dm′QN
is a flat OL,N -module and

if we base change it along the map OL,N → O, which sends all the elements of ∆QN

to 1, then we obtain an isomorphism.

O ⊗OL,N Sψ,λ(U(N)p,O)dm′QN
∼= Sψ,λ(Up,O)dm.

Since Sψ,λ(Up,O)dm is projective in Modpro
GL2(Zp),ψp

(O), the above isomorphism and

flatness over OL,N imply that Sψ,λ(U(N)p,O)dm′QN
is projective in the category

Modpro
GL2(Zp),ψp

(OL,N ). We deduce that if A is an artinian quotient of OL,N then

A ⊗OL,N Sψ,λ(U(N)p,O)dm′QN
is projective in Modpro

GL2(Zp),ψp
(A). For a fixed A

we may choose a sufficiently small open pro-p subgroup H of GL2(Qp), so that
ψp : H∩Z → O× → A× is trivial, then A⊗OL,N Sψ,λ(U(N)p,O)dm′QN

is a projective

AJH/H ∩ ZK-module. Since

(17) k ⊗OL,N Sψ,λ(U(N)p,O)dm′QN
∼= Sψ,λ(Up, k)∨m,

the claim implies that

A⊗OL,N Sψ,λ(U(N)p,O)dm′QN
∼= AJH/H ∩ ZKm,

where m = dimk(Sψ,λ(Up, k)∨m)H = dimk Sψ,λ(UpH, k)m. This implies that if we
fix a and J then there is an open subgroup H of GL2(Qp) such that M(a, J,N) are
isomorphic as OJHK-modules for all N ∈ IJ .

Lemma 8.8 with [55, Proposition 4.7] imply that that Š0(Sψ,λ(U(N)p, k)∨m′QN
)

and hence Š0(Sψ,λ(U(N)p,O)dm′QN
) are equal to 0. Since

Š1(Sψ,λ(U(N)p,O)dm′QN
) ∼= Ĥ1

ψ,λ(U(N)p,O)dm′QN
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by [53, Proposition 6.3] and R�,ψ
F,SQN

is flat over RψF,SQN
, Lemma 7.2 implies that

that Š1(M(N)) ∼= M ′(N). Since Sψ,λ(U(N)p,O)dm′QN
is flat over OL,N , we deduce

using (15) that M(N) is flat over SN . Since the action of S∞ on M(N) factors
through SN , for all compact S∞-modules m we have

m ⊗̂S∞M(N) ∼= (m ⊗̂S∞ SN ) ⊗̂SN M(N)

and hence Š1(m ⊗̂S∞M(N)) ∼= m ⊗̂S∞M ′(N) by Lemma 7.2. We apply this ob-
servation to m = S∞/(a, J) to deduce that

(18) Š1(M(a, J,N)) ∼= M ′(a, J,N).

Let Π =
(∏

N∈IJ M(a, J,N)∨
)sm

. It follows from Lemma 7.8 that

M(a, J,∞)∨ ∼= (OL,∞/J)IJ ,x ⊗(OL,∞/J)IJ
Π.

Since the restrictions of M(a, J,N)∨ to H are all isomorphic, Corrollary 7.14 to-
gether with (18) imply that

Š1(M(a, J,∞)) ∼= M ′(a, J,∞).

Since Š1 commutes with projective limits we obtain Š1(M∞) ∼= M ′∞. �

Remark 8.11. Let us point out how a part of the proof of [17, Lemma 4.17 (1)] can
be rewritten using ultrafilters. It follows from local-global compatibility that the

action of R
�,ψp

ρ̄ on

Homcont
OJGL2(Zp)K(M(N), (σ0

a,b)
d), Homcont

OJO×Dp
K(M

′(N), ((σ′a,b)
0)d)

factors through the quotient R
�,ψp

ρ̄ (σa,b). Lemma 7.9 implies that the same holds
for the modules M∞(σa,b), M

′
∞(σ′a,b).

Lemma 8.12. Š0(M∞) = 0.

Proof. We give two proofs of the claim. It follows from (14) that M∞ ⊗̂R∞ k ∼=
Sψ,λ(Up, k)∨m ⊗̂RψF,S k. It follows from Lemma 8.8 that SL2(Qp)-coinvariants of

M∞ ⊗̂R∞ k are zero and thus Š0(M∞ ⊗̂R∞ k) = 0. Since Š0 is right exact we obtain
Š0(M∞) ⊗̂R∞ k ∼= Š0(M∞ ⊗̂R∞ k) = 0. Since Š0(M∞) is a compact R∞-module
we deduce that Š0(M∞) = 0.

The second proof (which is an overkill for GL2, but would also work in the setting
of unitary groups, see Remark 8.20, and show the vanishing Ši(M∞) for i up to
the middle degree) uses the non-Eisenstein property of the ideal m after applying
the functor Š0. It follows from [55, Theorem 6.2] that Š0(Sψ,λ(U(N)p,O)dm′QN

) =

Ĥ0
ψ,λ(U(N)p,O)dm′QN

. Since m′QN is non-Eisenstein this implies that the group is

zero. Using Lemma 7.2 and the flatness arguments explained in the course of the
proof of Theorem 8.10, we obtain that Š0(M(N)) = 0 and Š0(M(a, J,N)) = 0. It
then follows from Corollary 7.14 that Š0(M∞) = 0. �

Lemma 8.13. Let I be an ideal of R∞ then the natural map

(19) Š1(M∞)⊗R∞ R∞/I → Š1(M∞ ⊗R∞ R∞/I)

is surjective. The kernel is a finitely generated R∞/I-module on which the subgroup
of reduced norm 1 elements in O×Dp

acts trivially.
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Proof. The proof of [55, Proposition 7.7] goes through verbatim here with Lemma
8.12 as an input to show that (19) is surjective and the norm 1 subgroup of O×Dp

acts trivially on the kernel, which we denote by K. Moreover, it follows from [55,
Theorem 4.4] that Š1(M∞) is a finitely generated R∞JO×Dp

K-module. Since the ring

is noetherian, K is also a finitely generated R∞JO×Dp
K-module. Since the center of

O×Dp
acts on K by ψ−1

p and the norm 1 subgroup acts trivially we deduce that K

is a finitely generated R∞-module. Since I acts trivially on K we deduce that K
is a finitely generated R∞/I-module. �

8.3. Infinitesimal character. Let g be the Qp-Lie algebra of D×p . Then we may

identify g with Dp, g⊗Qp L = gl2 ⊗Qp L and Z(gL) = Z(gl2)L. The dual group Ĝ

in this case is GL2 and we identify its Lie algebra ĝ with M2(L), and let e =
(

0 1
0 0

)
,

f =
(

0 0
1 0

)
, h =

(
1 0
0 −1

)
, z =

(
1 0
0 1

)
be a basis of ĝ as an L-vector space and let

e∗, f∗, h∗, z∗ be the dual basis of ĝ∗. If A is an L-algebra then a matrixM =
( α β
γ δ

)
∈

M2(A) defines an L-algebra homomorphism evM : S(ĝ∗)→ A, which send e∗ 7→ β,
f∗ 7→ γ, h∗ 7→ α−β, z∗ 7→ α+β. We may identify Z(gL) with a polynomial ring in
variables C and Z, where C is the Casimir operator and Z =

(
1 0
0 1

)
∈ gL. The ring

homomorphism Z(gL) → S(ĝ∗)Ĝ ⊂ S(ĝ∗) used in [27, Definition 4.19] sends Z to

z∗ and C to e∗f∗+f∗e∗+ 1
2 (h∗)2− 1

2 , which is the unique element c ∈ S(ĝ∗)Ĝ such

that evM (c) = 1
2 (α−δ−1)2 +(α−δ−1) = 1

2 (α−δ)2− 1
2 = 1

2 tr(M)2−2 detM− 1
2 ,

for all M =
(
α 0
0 δ

)
. We denote the composition Z(gL)→ S(ĝ∗)Ĝ

evM−→ R by ϕM .
Let R be a complete local noetherian O-algebra with finite residue field, and let

Rrig be the ring of global functions of the rigid analytic space (Spf R)rig. Let ρ :

GQp → GL2(R) be a continuous representation. We let δ̃ : Gm → T̂ , t 7→
(

1 0
0 t−1

)
,

where T̂ is the subgroup of diagonal matrices in Ĝ. The choice of δ̃ allows us to
define a representation of GQp into the C-group of GL2 :

ρC : GF → C GL2(R), g 7→ (ρ(g)δ̃(χcyc(g))−1, χcyc(g)),

see [27, Sections 2.1, 4.7] for more details. In [27, Definition 4.23] to ρC we attach an
L-algebra homomorphism ζCρC : Z(gL)→ Rrig. It follows from Equation (34) in [27,

Section 4.7] that for every open affinoid U = Sp(A) ⊂ (Spf R)rig the composition
Z(gL) → Rrig → A → Cp ⊗̂Qp A coincides with ϕM : Z(gL) → Cp ⊗̂Qp A with

M = ΘU + 1
2

(
1 0
0 1

)
, where ΘU ∈M2(Cp ⊗̂Qp A) is the Sen operator of ρ⊗R A.

Let us spell out [27, Lemma 5.12] in our situation. If R is a ring of integers in a
finite extension of L′ of L then ρ is Hodge–Tate with weights a > b if and only if the
Sen operator Θ ∈M2(Cp ⊗̂Qp L

′) is conjugate to the matrix
(
a 0
0 b

)
. It follows from

the above that in this case ζCρC (C) = 1
2 (a− b)2 − 1

2 , ζCρC (Z) = a+ b+ 1, and hence

ζCρC coincides with the infinitesimal character of Syma−b−1 L2⊗detb+1. Conversely,

if ζCρC is infinitesimal character of Syma−b−1 L2 ⊗ detb+1 then Θ has eigenvalues a

and b and hence ρ is Hodge–Tate with weights a, b.

Let ρuniv : GalQp → GL2(R
�,ψp

ρ̄ ) be the universal framed deformation of ρ̄ with

the fixed determinant equal to ψpε
−1. Let ρ∞ := ρuniv ⊗

R
�,ψp
ρ̄

R∞ and let

ζCρC∞ : Z(gL)→ Rrig
∞
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be the infinitesimal character defined above. If x : R∞ → Qp is an O-algebra

homomorphism then we let ρx : GalQp → GL2(Qp) be the specialization of ρ∞
along x. The image of ρx is contained in GL2(O′), where O′ is the ring of integers
in a finite extension L′ of L. The infinitesimal character ζCρCx

: Z(gL)→ L′ coincides

with a specialization of ζCρC∞
at x.

If M is a compact O-module we let Π(M) = Homcont
O (M,L) be the L-Banach

space with the topology induced by the supremum norm. If x : R∞ → Qp is an
O-algebra homomorphism then we let mx be its kernel and

Πx := Π(M∞)[mx], Π′x := Π(M ′∞)[mx]

be the closed subspaces annihilated by mx. Then Πx ∈ Banadm
GL2(Qp),ψp

(L) and

Π′x ∈ Banadm
D×p ,ψp

(L).

Lemma 8.14. Š1(Πx) is a closed subspace of Π′x. Moreover, Π′x/Š1(Πx) is a finite
dimensional L-vector space on which the norm 1 subgroup of O×Dp

acts trivially.

Proof. This follows from Lemma 8.13 applied with I = mx and Schikhof duality.
We note that R∞/mx is a compact O-subalgebra in a finite extension of L, and
hence a finitely generated O-module. �

Proposition 8.15. If x : R∞ → Qp is an O-algebra homomorphism then Z(gL)

acts on Πla
x and (Π′x)la by the infinitesimal character ζCρCx

.

Proof. Theorem 8.10 shows that the conditions of [27, Theorem 8.6] are satisfied,
which implies the assertion. Let us explain why part (iii) of [27, Theorem 8.6] holds
in more detail. If x is a closed point of SpecR∞(σa,b)[1/p] (or SpecR∞(σ′a,b)[1/p])

then it follows from part (3) of Theorem 8.10 that ρx has Hodge–Tate weights (a, b),

which implies that ζCρCx
is the infinitesimal character of Syma−b−1 L2 ⊗ detb+1. �

Until now we have not used in an essential way that Fp = Qp. The following two
results make use of this assumption in their use of p-adic Langlands correspondence
for GL2(Qp) and the fact that the unipotent radical of a Borel subgroup of GL2(Qp)
has dimension 1 as a p-adic analytic group.

Corollary 8.16. Let ζ : Q×p → O× be a character and Π ∈ Banadm
GL2(Qp),ζ(L)

be absolutely irreducible and non-ordinary and let ρ : GalQp → GL2(L) be the

absolutely irreducible representation corresponding to Π. Then Z(gL) acts on Πla

and on Š1(Π)la by the infinitesimal character ζCρC .

Proof. Let ρ̄ : GalQp → GL2(k) the reduction of GalQp -invariant lattice in ρ.

We globalize ρ̄ and obtain M∞, M ′∞, ψ as above. Since ζε−1 ∼= det ρ̄ ∼= ψpε
−1

(mod $), there exists a character η : Q×p → O× such that ψp = ζη2. Since Š1 com-
mutes with twisting by characters by Lemma 7.4 we may replace Π with Π⊗η ◦det
and assume that ψp = ζ.

Let y : R
�,ψp

ρ̄ → L be an O-algebra homomorphism corresponding to ρ. Since

R∞ is a faithfully flat R
�,ψp

ρ̄ -algebra there is an O-algebra homomorphism x :

R∞ → Qp extending y. It follows from [54, Theorem 7.1] that Πx
∼= Π⊕m for some

m ≥ 1. Thus Š1(Πx) ∼= Š1(Π)⊕m. Since Š1(Πx) is a closed subspace of Π′x by
Lemma 8.14 the assertion follows from Proposition 8.15.
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It remains to show that the conditions of [54, Theorem 7.1] are satisfied. Since
M∞ is a thickening, M∞ is a finitely generated R∞JGL2(Zp)K-module. We have to
show that R∞ acts faithfully on M∞; this can be verified as in [70, Proposition 3.9].

Let R
ps,ψp

tr ρ̄ be the pseudo-character deformation ring of tr ρ̄ with fixed determinant

equal to ψpε
−1. We have to show that the two actions of R

ps,ψp

tr ρ̄ on M∞ coincide:

one action defined via R
ps,ψp

tr ρ̄ → R
�,ψp

ρ̄ → R∞ and the other action as the centre

of certain subcategory of Modl.adm
GL2(Qp),ψp

(O), see [50], [54, Section 4.1]. This holds

for Sψ,λ(U(N)p,O)dm′QN
by [53, Proposition 5.5, Corollary 5.6] (a similar argument

appears in [49, Theorem 3.5.5]) and hence the two actions coincide on the modules
M(N) defined in the course of the proof of Theorem 8.10, by passing to the limit
we obtain the same for M∞. �

Theorem 8.17. Let Π ∈ Banadm
GL2(Qp),ζ(L) be absolutely irreducible and non-or-

dinary and let ρ : GalQp → GL2(L) be the absolutely irreducible representation
corresponding to Π. Let K be a compact open subgroup of GL2(Qp) and let K ′ be a
compact open subgroup of D×p . If the difference of the Hodge–Tate–Sen weights of

ρ is not a non-zero integer then Π|K is of finite length in Banadm
K,ζ (L) and Š1(Π)|K′

is of finite length in Banadm
K′,ζ(L).

Proof. It follows from Corollary 8.16 that Πla and Š1(Π)la have an infinitesimal
character ζCρC : Z(gL) → L. Since both Π and Š1(Π) are admissible L-Banach

space representations Theorem 6.1 implies that d(Π) ≤ 1 and d(Š1(Π)) ≤ 1. The
assumption that the difference of the Hodge–Tate–Sen weights of ρ is not a non-
zero integer implies that that ζCρC is not algebraic and the assertion follows from

Corollary 6.6 a). �

Remark 8.18. We note that with our arguments we cannot show that the Banach
spaces Š1(Π) in Corollary 8.16 are non-zero. If the residual representation ρ̄ :
GalQp → GL2(k) is reducible generic then one can deduce the non-vanishing of

Š1(Π) from the results of [53]. The results of [53] rely on vanishing of H2
ét(P1

Cp ,Fπ),

where π is a mod p principal series representation, which is proved by Judith Ludwig
in [48]. The same vanishing has been claimed by David Hansen for π supersingular.
This would imply that Š1(Π) are non-zero when ρ̄ is absolutely irreducible. The
result has been recently proved by Yongquan Hu and Haoran Wang in [35].

Remark 8.19. Most of the argument carries over if p = 2: [54, Theorem 7.1] is
available for p = 2 and the patching argument is carried out in [69], but one would
have to rewrite the proof of Theorem 8.10 to accommodate the subtleties that arise
in p = 2 case. However, the globalization result used in Proposition 8.1 is not in
the literature.14

Remark 8.20. The proofs of Theorem 8.10 and Proposition 8.15 carry over to
the setting of unitary groups using the recent results of Caraiani–Scholze [18] and
Kegang Liu [47] under the assumption that p does not divide 2n. If ρ̄ : GalE →

14It was pointed out to us by Toby Gee that it might be feasible to carry out this globalization

using [67, Proposition 6.7]. We don’t pursue this here, just note for the interested reader that
since we twist by characters in the proof of Corollary 8.16, one would have to produce a potentially
automorphic lift rπ with (det rπ)(ArtQ2

(−1)) = 1 and also a potentially automorphic lift rπ with

(det rπ)(ArtQ2
(−1)) = −1 to make our argument work.



GK-DIMENSION AND THE p-ADIC JL-CORRESPONDENCE 49

GLn(Fp) is a representation, where E is a finite extension of Qp, then we may global-
ize it following [17, Section 2.1], and we may arrange that the resulting global Galois
representation r̄ will contain GLn(Fpm) for a given m. Using this and Chebotarev
density Theorem one may show that this representation is decomposed generic in
the sense of [18], see [18, Remark 1.4]. It follows from the main Theorem of [18]
that the cohomology localized at the maximal ideal m in the Hecke algebra cor-
responding to r̄ vanishes except in the middle degree q0, which implies that the
q0-th completed cohomology with L/O -coefficients localized at m is injective in
Modsm

K (O), where K is a maximal compact open subgroup of G(Qp), with G as in

[18]. The group Ĥq0(Up, L/O)m is the analog of Ĥ1
ψ(Up, L/O)m considered in this

paper, except that when working with unitary groups we don’t have to fix a central
character. Now Kegang Liu [47, Theorem 1.1] has extended Scholze’s [55, Theorem
1.3] to the setting of unitary groups. Using this result one may obtain an analog of
(13) in the setting of unitary groups. One may then rewrite the patching argument
in [17] using ultrafilters and obtain the analog of Theorem 8.10 using the same
proof. We note that since the centre does not cause problems in the unitary group
setting, [55, Footnote 7] applies here, so that the proof is slightly easier. Once we
have the patched modules we are in the situation of [27, Section 9.11] for GLn(E)
and the patched version of [27, Section 9.10] for the division algebra over E with
invariant 1/n. The proof of Proposition 8.15 carries over verbatim.

We note that if M∞ is flat over R∞ then it follows from Lemma 7.2 together with
the second proof of Lemma 8.12 that Šq0(Πx) ∼= Π′x, and thus Šq0(Πx)la has the
same infinitesimal character as (Πx)la. If we do not know that M∞ is flat over R∞
and q0 > 1 then the relationship between Šq0(Πx) and Π′x is not as straightforward
as described by Lemma 8.14 and we cannot control the action of the centre of the
universal enveloping algebra on Šq0(Πx)la.
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[53] V. Paškūnas, On some consequences of a theorem of J. Ludwig, J. Inst. Math. Jussieu

FirstView, https://doi.org/10.1017/S1474748020000547, 2021, p.1–40.
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