GELFAND-KIRILLOV DIMENSION AND THE p-ADIC
JACQUET-LANGLANDS CORRESPONDENCE

GABRIEL DOSPINESCU, VYTAUTAS PASKUNAS AND BENJAMIN SCHRAEN

ABSTRACT. We bound the Gelfand—Kirillov dimension of unitary Banach space
representations of p-adic reductive groups, whose locally analytic vectors af-
ford an infinitesimal character. We use the bound to study Hecke eigenspaces
in completed cohomology of Shimura curves and p-adic Banach space repre-
sentations of the group of units of a quarternion algebra over Q, appearing in
the p-adic Jacquet-Langlands correspondence, deducing finiteness results in
favourable cases.
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1. INTRODUCTION

This paper is a continuation of [27], which proves that the locally analytic vectors
of many p-adic Banach representations of global origin have an infinitesimal char-
acter, which can be explicitly computed from p-adic Hodge-theoretic data. Here we
are concerned with applications of those ideas to a very specific problem: the study
of the p-adic Jacquet-Langlands correspondence between p-adic Banach represen-
tations of G := GL2(Q)) and of D*, where D is a quaternion division algebra over
Qp. Along the way, we prove a new upper bound for the Gelfand—Kirillov dimension
of admissible Banach representations whose locally analytic vectors have an infini-
tesimal character, which plays a key role in our main result concerning the p-adic
Jacquet—Langlands correspondence. This bound also gives a proof of the fact that
Hecke eigenspaces in the (rational) completed cohomology of the tower of modular
curves have finite length, independent of the p-adic local Langlands correspondence
and of the classification of irreducible mod p smooth representations of GL2(Qp).

Let us fix a finite extension L of Q,, with ring of integers O and residue field
k, which will serve as coefficient field for all representations that we deal with. Let
C be the completion of a fixed algebraic closure @p of Q. A candidate for the
p-adic Jacquet-Langlands correspondence was constructedﬂ by Scholze in a purely
geometric way in [55], using the cohomology of the infinite-level Lubin-Tate space
LT «, which is a pro-étale G-torsor over the analytic projective line Py,. More
precisely, he constructed functors 8¢ (for 0 < i < 2) from smooth O-torsion O[G]-
modules to smooth O-torsion O[D*]-modules by setting

S'(m) = Hy (P, Fr),

where F is the descent of the constant sheaf = along the pro-étale G-torsor L7 oo —
P.. The most interesting case is ¢ = 1, and we let JL(7) = S'(m). Despite the
simple-looking definition, it seems very hard to compute JL(7) or even to establish
some of its basic properties (for instance whether it is nonzero...). Here we depart
from the torsion situation and study what happens in characteristic 0, exploiting
the action of the Lie algebra of D*, more precisely of its centre.

Let IT be an admissible unitary L-Banach space representation of GG, and let
© C II be an open and bounded G-invariant lattice in II. Deﬁneﬂ
JL) = (Jm JL(O/5"O))s €0 L,

n
where the subscript tf refers to the maximal Hausdorff torsion-free quotient. By
one of the main results of Scholze’s paper [55], JL(II) is an admissible unitary L-
Banach space representation of D* (there is also an action of the absolute Galois
group of Q, on JL(II), commuting with D*, but we will not make use of it in this
paper).

Let GSS be the set of (isomorphism classes of) absolutely irreducible unitary, ad-
missible L-Banach space representations of G, which are non-ordinary (also known
as supersingular), i.e. which are not subquotients of the parabolic induction of a
unitary character. The p-adic local Langlands correspondence [20] gives a bijection

V: Ggs — Irra(Galg,)
3We stick to the GLo (Qp) case here: Scholze’s constructions are more general, but very little

is known beyond the case of GL2(Qjp), which is already far from being completely understood.
2In the main text JL will be denoted by St.
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between Gy and the set of (isomorphism classes of) 2-dimensional absolutely irre-
ducible representations of Galg, := Gal(Q,/Q,) over L.

Theorem 1.1. If p > 2 then for all I € Ges the D> -representation JL(IT)!* has
“the same” infinitesimal character as I1'2.

Even though all objects involved in the statement of the above theorem are of
local nature, its proof uses heavily global methods. We use the results of [54], which
in turn make use of the p-adic Langlands correspondence for GL2(Q,), to show that
every non-ordinary II occurs as a subquotient in a Hecke eigenspace of the patched
0-th cohomology of certain quarternionic Shimura sets. We then show, following
Scholze [55], that if we apply his functor to this Hecke eigenspace we obtain a Hecke
eigenspace in the patched 1-st cohomology of certain Shimura curves. The results
of our previous paper [27] allow us to conclude that the infinitesimal characters
obtained from the action of GL2(Q,) and the action of D* on the locally analytic
vectors in the respective eigenspaces is the same. We refer to Corollary for
a more precise statement; in Remark we explain how some of our arguments
can be extended to GL,(F') using the results of Caraiani and Scholze [I8] and
Kegang Liu [47]. The assumption p > 2 enters when we globalize the local Galois
representation and carry out the patching argument.

The previous theorem is one of the key inputs in the proof of our main result:

Theorem 1.2. Assume thatp > 2 and let 11 € éss be a representation such that the
difference of the Hodge—Tate—Sen weights of V(II) is not a nonzero integer. Then
JL(IT) is a Banach representation of finite length, more precisely its restriction to
any compact open subgroup of D* has finite length.

Remark 1.3. We expect that the result still holds when the difference of the Hodge—
Tate—Sen weights of V(II) is a nonzero integer, but have no evidence supporting our
expectation. The following basic question should shed light on what is happening in
the complicated case excluded by the Theorem, but we could make no progress on it:
is there an admissible Banach representation IT of D* such that its smooth vectors
form an infinite dimensional vector space and such that II'* has an infinitesimal
character?

Remark 1.4. 1t is probably not unreasonable to think that Homga, (V(II), JL(II))

is irreducible as a representation of D*, at least when II is “generic”, but we cannot
establish this.

The second key input (and maybe the most surprising result of the paper) in
the proof of the previous theorem is a new upper bound for the Gelfand—Kirillov
(or canonical) dimension of Banach space representations IT for which IT'* has an
infinitesimal character. In order to avoid too many repetitions, let us call a Banach
representation I quasi-simple if II'* has an infinitesimal character.

Let G be a connected reductive group over Q,, let H be an open subgroup of
G(Qp) and let dg be the dimension of the flag variety of G@p. It is not difficult’| to

see that the GK-dimension of any admissible locally analytic representation II of H

3Schmidt and Strauch [60, Proposition 7.2] established this bound under assumptions on the
prime p and the group G, as a consequence of deep work of Ardakov and Wadsley [4]. In section
6.2| we give an elementary proof of this result, see Theorem (a), without imposing these
assumptions and without making use of [4].
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with an infinitesimal character cannot exceed 2dg. When H is compact, it is also
quite easy to see that this upper bound is optimal. Even when H is not compact,
this upper bound can be optimal (for instance, if H = GL2(Q,) one can cook up
examples using the completed cohomology of the tower of modular curves). The
next Theorem shows that in the presence of an admissible Banach representation,
this upper bound 2dg is never attained. We refer the reader to Theorem for a
more general statement.

Theorem 1.5. Let G be a connected reductive group over Q, and let 11 be an
admissible quasi-simple Banach representation of an open subgroup of G(Q)). Then
the Gelfand-Kirillov dimension of Il is strictly less than twice the dimension of the

flag variety of G@ .
P

It is an interesting and intriguing problem to find the maximal possible value of
the Gelfand—Kirillov dimension of an admissible quasi-simple Banach representation
II. It is maybe too optimistic to conjecture that the result is dg, but we have no
counter-example so far.

We mention the following simple consequence of the previous theorem.

Corollary 1.6. Let IT be an admissible, unitary, quasi-simple Banach representa-
tion of G := GL2(Qp) over L, having a central character. Let © be an O-lattice in
IT stable under G. Then © ®p k has finite length, in particular 11 itself has finite
length.

Remark 1.7. This result combined with [27] (Section 9.7 and Theorem 9.20) gives a
proof independent of the p-adic local Langlands correspondence for GL2(Q,) or the
classification of irreducible smooth mod p representations of GL2(Q,) that Hecke
eigenspaces (corresponding to weakly non-Eisenstein maximal ideals of the Hecke
algebra, in the sense of section 9.7 of [27]) in the completed cohomology of the
tower of modular curves are Banach representations of finite length, and that their
reduction modulo p has finite length as well (but we cannot show using this method
that Hecke eigenspaces modulo p have finite length).

Remark 1.8. Let G = GL2(Q,,) and let Z(g) be the centre of the enveloping algebra
of Lie(G). It follows from the p-adic local Langlands correspondence that for an
admissible unitary L-Banach representation II of GG, with a central character, the
following statements are equivalent:

o I1'* is Z(g)-finite, i.e. killed by an ideal of finite codimension in Z(g).

e the “reduction mod p” of II has finite length, i.e. there is (equivalently for
any) a G-stable open and bounded O-lattice © C II such that © ®e k has finite
length as a k[G]-module.

Neither of these statements seems to be easy to establish directly, but it is prob-
ably more approachable to establish the characteristic zero result. The Corollary
above would then allow one to get the characteristic p statement as well.

Let us mention two other consequences of the bound on the Gelfand—Kirillov
dimension. Let K be a finite extension of Q, and let D be a quaternion algebra
(we allow D to be split) over K. Let G = D* and let H be an open K-uniform
subgroup of G, see section The space IT512 of K-locally analytic vectors in
IT has an increasing filtration by H-Banach space representations Hfi‘la defined by
radius of analyticity, see section (These subrepresentations are neither unitary
nor admissible, and are not closed in TT%-12.)
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Corollary 1.9. Keep the above notations and let II be an admissible, quasi-simple
Banach representation of G, with a central character.

a) The H-representation Hﬁi‘la is topologically of finite length.

b) If K = Qp and if II has no finite dimensional H-stable subquotient, then II has
finite length as a topological H-representation. This is the case if the infinitesimal
character of I is not algebraic.

Remark 1.10. When II is unitary and irreducible and G = GL2(Q,) Andrea Dotto
has obtained more refined results [28] on the structure of II as H-representation for
H = GL3(Z,) or Iwahori subgroup with characteristic p methods.

The proof of Theorem relies on a fine study of the central reductions

D(H,L)y = D(H,L) ®z(ar)x L

and some of their completions, where H is a uniform pro-p group in G(Q,), g =
Lie(H), D(H, L) is the algebra of L-valued distributions on H and x : Z(gr) — L is
a morphism of L-algebras. Moreover, in order to exploit the fact that we deal with
Banach space representations, it is crucial to understand the relation between the
above rings and the Iwasawa algebra L[[H]]. Roughly speaking, the argument goes
as follows: if II has Gelfand-Kirillov dimension exactly dg, then standard results
in homological algebra and work of Schneider—Teitelbaum show that

HomL[[H]](H*a D(Hv L)X) 7é 0.

Here we are allowed to take H as small as we like. Next, IT* is a torsion L[[H]]-
module, thus we get a contradiction if D(H, L), is a torsion-free L[[H]]-module. For
this it suffices to ensure that D(H, L), is an integral domain and that the natural
map L[[H]] — D(H,L), is injective. We cannot really prove these statements,
but we prove just enough to make a version of the previous argument work. The
actual argument is a bit painful, in particular there are some nontrivial reductions
to the case where G is semisimple, simply connected. In that case, we show that
the required properties of the rings are consequences of the work of Ardakov [I] and
Ardakov—Wadsley [4], [5] on localization theory for locally analytic representations
(in order to show that certain rings are integral domains), as well as on affinoid
Verma modules (in order to show that the map from the Iwasawa algebra to certain
central reductions of completions of distribution algebras is injective).

Since the most innovative result (Theorem [6.1)) gets proved in the middle of
the paper we feel the need to justify why we spend so much space on patching
and Scholze’s functor instead of just referring to [55]. We correct a minor error in
[55]: although Scholze in [55, Footnote 7] writes It would be enough to assume that
they have perfect resolutions by injective H-representations which are of ‘bounded
complexity’ in a suitable sense. As in our application, they will actually be injective,
we restrict to this simpler setup, in the actual application [55, Corollary 9.3] the
representations are not injective, because in the setting of Shimura curves the global
units in the centre have to act trivially on the cohomology groups. One way to avoid
this issue is to work with unitary groups, but this would be inconvenient for us,
as we would like to use the results of [53] proved in the setting of Shimura curves.
We fix the issue in Theorem [7.12} again all the fundamental ideas in its proof
are due to Scholze. The second issue is that Scholze in [55, Section 9] patches
cohomology instead of homology and to get the objects analogous to the patched
module in [I7] we would like to patch homology, so we spend some time in Section
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[7]] discussing how Pontryagin duality interacts with localization with respect to
an ideal defined by an ultrafilter. We patch following Dotto—Le [29], who in turn
follow Gee-Newton [34]; both of these papers use a variation of Scholze’s idea to
patch using ultrafilters. The third issue is that in Kisin’s paper on the Fontaine—
Mazur conjecture [43] there is a problem, fixed in [33], Appendix B], when p = 3 and
the image of Galois representation is not ’big’ enough. For this reason and mostly
convenience Scholze assumes in [55, Section 9] that p > 5. Since the statement
in Theorem is local we are free to choose a global setting to prove it, and we
globalize the local Galois representation, using [33, Appendix A], so that it has ‘big
image’, and then the problem goes away and we can handle p = 3, see Lemma [8.2
and the remark following it. We wrote out the details of these arguments since the
results are needed in the forthcoming work of Colmez—Dospinescu—Niziol.

Notations: We fix in all the article a prime p. We let ¢ =pif p > 2 and ¢ =4
otherwise and for n > 0 we let r,, = p’l/pn.

We fix a finite extension L of Q,, the coefficient field of all representations
considered in this paper. We let O be the ring of integers of L, w € O a uniformiser
and k = O/(w) the residue field of L. The norm on L extending the p-adic norm
on Q, is denoted | - |.

If X is a topological L-vector space then we let X* be its topological L-dual.

1.1. Acknowledgements. We would like to thank Yongquan Hu for pointing out
a blunder in an earlier draft. We would like to thank Toby Gee, Lue Pan and Peter
Scholze for their comments on a preliminary version of the paper.

2. DISTRIBUTION ALGEBRAS AND COMPLETED ENVELOPING ALGEBRAS

The proof of Theorem below requires some acrobatics with distribution al-
gebras and their interpretation in terms of completed enveloping algebras, and the
purpose of this paragraph is to recall some basic results and constructions concern-
ing them.

2.1. Distribution algebras of p-adic groups. Let K C L be finite extensions
of Q. If G is a compact locally K-analytic group we let D(G, L)% be the
algebra of L-valued locally K-analytic distributions on G, i.e. the strong dual of the
space of L-valued locally K-analytic functions on G. When K = Q, we drop the
corresponding superscript. There is a natural embedding L& U(g) — D(G, L)¥1a,
where g = Lie(G) is the associated K-Lie algebra.

Let G be the Q,-analytic group obtained from G by restriction of scalars and
let go = Lie(Gp). There is a natural isomorphism of Q,-Lie algebras ¢ : g =~ go
and we let I be the kernel of the Q,-linear map K ®q, go — ¢ sending k£ ® X to
kt=1(X). There are natural surjective maps of L-algebras

D(Go, L) — D(Ga L)K_lav L ®Qp U(go) — L QK U(g)

compatible with the embeddings L ®q, U(go) — D(Go,L) and L @k U(g) —
D(G,L)%12 and one shows [58, lemma 5.1] that I generates the kernel of these
maps.

From now on we assume that Gy is a uniform pro-p group and we let g1,...,9q
be topological generators of G, with d = dimg, Go. Letting

b = (g1 — 1) ... (94— D)™ € Z,[G]
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for a = (au,...,aq) € Z¢,, each A € D(Go, L) has a unique convergent expansion
A= Zanio cab®, where ¢, € L are such that limjy)— e [cal - rlel = 0 for all
0<r <1 (here |a| = a; + -+ aq).

Ifn>0setr,=p /P" andlet g =pif p>2and g =4 if p = 2. The following
results are proved in [62] and [58]. One defines a multiplicative norm || - ||, on
D(Gy, L) by setting

_ el
1D cab®lr, = sup lealg™ 7" .
e
[0

The L-Banach algebra D,. (Gg, L) obtained by completing D(Gy, L) with respect
to this norm turns out to be Noetherian, the natural map D(Gy, L) — D, (Go, L)
is injective and we have an isomorphism of L-Fréchet algebras

D(G07L) =~ @Drn(G()vL)

n

The elements of D,. (Go, L) have unique expansions ), c,b* with ¢, € L satisfying
la|

lcalg” " — 0. Modding out by the ideal I = ker(K ®q, go — g) one obtains al-
gebras D,. (G, L)%12 and an isomorphism D(G, L)%-12 ~ lim D, (G, L)E-1a The
algebras D(G, L) and D(G, L)%X-12 are Fréchet-Stein algebras in the sense of [62].

2.2. Lazard’s isomorphism. Recall that one can attach a Z,-Lie algebra Ly to
any uniform pro-p group H, with underlying set Ly = H and operations induce(ﬂ
by those in H. For psychological reasons we prefer to distinguish between Ly and
H, so we write X}, € Ly for the element corresponding to h € H. The construction
H — Ly induces an equivalence of categories between uniform pro-p groups and
Z,-Lie algebras g which are finite free Z,-modules and satisfy [g, g] C ¢g, using the
standard notation ¢ = p for p > 2 and ¢ = 4 if p = 2. In particular ¢~ 'Ly is a Z,-
Lie algebra for any uniform pro-p group H. The logarithm map of the Lie group H
combined with the bijection between H and Lp induce an injective map of Z,-Lie
algebras Ly — Lie(H ), which in turn induces an isomorphism Q,®z, Ly ~ Lie(H).

As above, let K C L be finite extensions of Q,. The locally K-analytic group H
is called K-uniform if H is a uniform pro-p group and if Ly is a sub-Og-module
of Lie(H). Let H be a K-uniform group and write for simplicityﬂ

gm0 =0®0, ¢ 'Lu,

an O-Lie algebra, finite free over O of rank equal to the dimension of the locally
K-analytic group H. The natural embedding gg,0 — L @k Lie(H) yields a map

v U(gn,0) » L@k U(Lie(H)) — D(H,L)*"™ — Dy ,,,(H,L)*".

Explicitly, for h € H we have (by identifying h with the associated Dirac distribu-
tion)

1—h)"

121 X0) = U log(h) = —q—' ST LA

W(1@q ' Xn) =q " log(h) qngl -

Using this formula, one easily checks that the image lands in the unit ball of
D,y (H, L)%-12 and so the map ¢ extends by continuity to a map of L-Banach
algebras

v:U(gm,0)[1/p) = D1jp(H, L)5 ',

—2n

4More precisely g + h = limy, s 00 (gP AP )P~ " and [g, h] = limp—s00(g~ P h=P" gP" hP")P
5As everywhere in this paper O = Oy,.
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the completion involved here being p-adic. The construction is functorial in H.
The following result is classical, at least if p > 2, and we refer to [Il, th. 6.5.3] for
the general case.

Proposition 2.1. (Lazard’s isomorphism) The map ¢ constructed above is an iso-
morphism of L-Banach algebras

U(/QH\,O)[l/p] ~ Dy ,(H, LK,

Remark 2.2. a) Note that HP" is also K-uniform and gy o = p"gn,0. Applying
Lazard’s isomorphism to H?" we obtain compatible isomorphisms of L-Banach
algebras
Dyjp(H?", L) = U (p*g,0)[1/p].
b) There is a natural map L[[H]] - D(H,L) — Dy,(H,L)*"*, and the com-

L

posite with Lazard’s isomorphism L[[H]] — U(gu,0)[1/p] is uniquely determined
by the fact that the image of h € H (seen as Dirac measure in L[[H]]) is

Xp " Xp\"
ooy (1®h> |
= q
We end this paragraph with another very useful and standard (at least for p > 2,
see [T, th. 6.5.11] for the general case) result.
Proposition 2.3. For any K-uniform group H there are compatible embeddings
L{[H?"]] = L[[H]] and Dy ;,(H?",L)5"® — D, (H,L)X"* for n > 1, making the
right-hand side a finite free module over the left-hand side with basis given by (the
Dirac measures of) any system of representatives of H/HP"
Combining this proposition and the previous discussion, we deduce that for any
K-uniform group H we have a natural embedding U (p"gy.0)[1/p] — D., (H, L)%-2
inducing an isomorphism of left U(p"gw 0)[1/p]-modules

D, (H,L)"~ @ U@prgn.o)1/plon.
heH/HP"

2.3. Radius of analyticity. Let II be an admissible Banach representation of a
locally Qp-analytic group G over L and fix an open pro-p uniform subgroup H of
G. If ¢1,...,94 is a minimal system of topological generators of H, we let Hifz be
the subspace of II consisting of those vectors v € II ”of radius of analyticity r,”,
i.e. such that (the notation b* is the one introduced in paragraph the sequence

Lo
(g7 ba”)aezio is bounded in II. It is a Banach space for the norm

@

Lol
r, = supq*” [[b%v|],
(e

[|v

where || - || is the norm on II. One can check (by using the same arguments as in
chapter IV of [19]) that IT' does not depend on the choice of the global coordinates
g1,---,94 on H, but we warn the reader that Hlfn does depend on the subgroup
H, thus the notation is slightly misleading. By construction Hk:l is a topological
D, (H,L)-module and one checks that there is a natural isomorphism of topological
D, (H,L)-modules

(IL2)* = Dy, (H, L) ®a T
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If G is a locally K-analytic group and H is a K-uniform open subgroup of
G, we define Hffm'la as II5-12 N lei/, where lei is defined with respect to H seen
as a uniform pro-p subgroup of G. One then has an isomorphism of topological
D,.. (H, L)X"'a-modules

(HTIi—la)* ~ DT"n (]{7 L)K—la ®L[[H]] II*.

The reader who prefers working with modules over the distribution algebras can
simply ignore the previous discussion and take the last isomorphism as a definition
of the left-hand side.

3. DIMENSION THEORY

We recall in this rather long paragraph some standard results concerning the
dimension theory of finitely generated modules over Auslander-regular and Aus-
lander—Gorenstein rings. We will use these results systematically in the next para-
graphs, so we decided to make the presentation relatively self-contained.

3.1. Auslander—Gorenstein rings and the dimension filtration. We start
by recalling some of the main features of (non commutative) Auslander—Gorenstein
rings. All rings below will be associative, unital and Noetherian, the only exception
being paragraph where non Noetherian rings will appear. We write Mod”?(A)
for the category of finitely generated (left) A-modules. If A is a ring and M is an
A-module, we set E1(M) = E% (M) = Ext’, (M, A) and

J(M) = ja(M) = inf{q| E*(M) # 0} € Z>o U {oo}.

Clearly j(0) = co. On the other hand, if A has finite injective dimension d, which
will always be the case in our applications below, one has j(M) < d for all nonzero
M e Mod”?(A). The following result is standard.

Lemma 3.1. (Rees’ lemma) If © € A is central and not a zero-divisor, then for all
M € Mod”¥(A/zA) and all ¢ > 0 we have E4T (M) ~ E° oa(M), in particular
Jajza(M) = ja(M) — 1.

We say that A is Auslander—Gorenstein of dimension d < oo if injdim(A) = d
and for all M € Mod/9(A), all ¢ > 0 and all A-submodules N C E?(M) we have
J(N) > g. If moreover the global homological dimension of A is finite, we say that
A is Auslander regular. When A is commutative, A is Auslander—Gorenstein (resp.
Auslander-regular) if and only if A is Gorenstein (resp. regular). The following
result summarizes standard properties of Auslander—Gorenstein rings and we refer
the reader to sections 2 and 4 of [45] for the proofs. The filtration appearing in
part b) is called the dimension filtration of M.

Proposition 3.2. Let A be an Auslander—Gorenstein ring of dimension d and let
M e Mod’?(A).

a) For any sub-module N of M we have j(M) = min(j(N),j(M/N)).

b) Suppose that M # 0 and let F1M be the largest sub-module X of M such that
J(X) > q. Then FAT'M =0, j(M) is the largest q such that M = FIM and there
are exact sequences with j(Q(q)) > q+ 2

0— FIM/FIT™ M — EY(EY(M)) — Q(q) — 0.

c)If--- C My C My=M is a chain of sub-modules of M, then j(M;/M;11) >
J(M) +1 for all i large enough.
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d) If x € A is central and not a zero-divisor, then A/x A is Auslander—Gorenstein
of dimension < d—1.

Remark 3.3. Under stronger assumptions on A one can say more, cf. Theorem 3.6
and Corollary 4.4 in [45]: if A = @,>0A4, is positively graded, = € A (for some
k > 0) is a central non zero-divisor, then A is Auslander-Gorenstein of dimension
d if and only if A/xA is Auslander-Gorenstein of dimension d — 1, and then for
any M € Mod/9(A) on which z is regular (i.e. injective) we have js(M/zM) =
Jja(M) + 1.

3.2. Filtrations and deformations. By convention all filtrations FA = (F, A)pez
on a ring A will be increasing, exhaustive (i.e. A = UpezFpA) and such that
1 € FyA (thus FyA is a subring of A). Denote by

Gr(A) = P FuA/F, 1A, R(A) =@ F,A-T" C AT, T

the associated graded, respectively Rees ring. We say that F'A is a Zariskian
filtration if R(A) is (left and right) Noetherian and if F_; A is contained in the
Jacobson radical of FyA. This is the case when Gr(A) is noetherian and FA is
complete (e.g. positive or more generally discreteEb, which is the only case we really
need. A filtration FM on M € Modfg(A) is called good if one can find myq, ..., my €
M and integers i1, . ..,4 such that F,, M = F,,_; A-my +---+ F,_;, A-my, for all
integers n. When the filtration on A is Zariskian any good filtration on a finitely
generated A-module is separated and induces a good filtration on any sub-module.
If the filtration on A is complete, a separated filtration FM on M is good if and
only if Gr(M) is finitely generated over Gr(A). See [46] for these standard results.
The following fundamental result is due to Bjork, cf. Theorem 3.9 in [12] and its
proof.

Theorem 3.4. If A is a ring with a Zariskian filtration for which Gr(A) is Auslan-
der—Gorenstein (resp. Auslander-regular), then A is Auslander—Gorenstein (resp.
Auslander-regular) and for any good filtration FM on a finitely generated A-module
M we have ja(M) = jar(a)(Gr(M)).

Before giving some concrete applications of the previous theorem, we recall that
Ardakov and Wadsley introduced and studied in [4] certain categories of filtered
and doubly filtered O-algebras. We will restrict here to certain sub-categories,
which seem to be the ones naturally encountered in practice. The first categoryﬂ
Def(0) is that of positively filtered O-algebras A such that FyA is an O-sub-algebra
of A and Gr(A) is a commutative, Noetherian, flat O-algebra, morphisms being
defined in the obvious way. For instance U(g) € Def(O) with its natural PBW
filtration for any Lie algebra g over O, which is finite free as O-module (indeed,
Gr(U(g)) ~ S(g) by the PBW Theorem). Another example used later on is that of
the ring of crystalline differential operators D(X) on a smooth affine scheme X/O.
This is a ring generated by O(X) and the global vector fields 7(X), subject to
obvious relations. For the natural filtration by order of differential operators on
D(X) we have a natural isomorphism Gr(D(X)) ~ Sympx)(7 (X)), showing that

6A filtration FM on an A-module M is called positive if F, M = 0 for all n < 0, and it is
called discrete if there is ng such that F,, M = 0 for all n < ng.

"This is a sub-category of the category of deformable O-algebras introduced in [4] (we impose
the extra condition that Gr(A) is commutative and Noetherian).
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indeed D(X) € Def(O). Ardakov and Wadsley proved in [4] the existence of an
endo-functor for each n > 0, called the nth order deformation functor

Def(0) — Def(0), A, =Y @ FA,
i>0

coming with a natural isomorphism Gr(A) ~ Gr(A,) (we endow A, with the in-
duced filtration from A). For instance, for g as above we have U(g), = U(w"g).

Consider now the categoryﬁ CDF(O) of flat O-algebras A which are separated
and complete for the w-adic topology, together with a complete filtration F'(A/wA)
on A/wA such that Gr(A/wA) is Noetherian and commutative. Any A € CDF(O)
is left and right Noetherian, since the filtration on A/wA is Zariskian (thus A/wA
is a left and right Noetherian ring, and then so is A). Morphisms in CDF(O) are
defined in the obvious Wayﬂ There is a natural functor

Def(0) = CDF(0), A A:=limA/w"A,

where A/wfl ~ A/wA is endowed with the quotient filtration from A, so that,
using the O-flatness of Gr(A), Gr(A/wA) ~ Gr(A)/wGr(A). The next result is
essentially [4, th. 3.3], but we give a proof for the reader’s convenience.

Proposition 3.5. Let A € CDF(O) be such that Gr(A/wA) is Gorenstein (resp.
regular). Then

a) A is Auslander—Gorenstein (resp. Auslander-regular).

b) If M € Mod?9(A) is flat over O and if F(M/wM) is a good filtration on
M/@wM, then

Ja(M) = jap/p(M[1/p]) = jajwa(M/wM) = jar(ajwma)(Gr(M/wM)).

Proof. a) The filtration on A/wA being Zariskian, Theorem shows that A/wA
is Auslander—Gorenstein (resp. Auslander-regular) under the asserted hypothesis.
Apply now the same result to A endowed with the Zariskian cw-adic filtration,
observing that Gr(A) ~ (A/wwA)[T,T~!] since A is O-flat and that R[T,T!] is
Auslander—Gorenstein (resp. Auslander-regular) whenever R is so.

b) The last equality follows directly from Theorem Let a = ja(M). Since
ng[l/p] (M[1/p]) ~ E%(M)[1/p], we have jap/p (M[1/p]) > a and in order to show
that we have equality it suffices to show that E% (M) is O-flat. The long exact
sequence associated to 0 — M — M — M/wM — 0 reduces this to showing
that E%(M/wM) = 0, which holds since ja(M/wM) > 1+ ja(M) by part c) of
Proposition Next, we have jq/ma(M/wM) = ja(M/wM) —1 by lemma
so we are done if we prove that ja(M/wM) > 1+ ja(M) = 1+ a is an equality.
But if ja(M/@wM) > 1+ a then EST™ (M/wM) = 0 and the long exact sequence
above gives E4 (M) = wE4% (M), which by Nakayama’s lemma yields E% (M) = 0,
a contradiction. d

Ezample 3.6. Letting A = U(g) with g as above, we have
;l; = {Z a; X' a; € O, ‘i}iinoo a; - "l = 0},

i€END

8For any A € CDF(O) the L-algebra A[l/w] is a complete doubly filtered L-algebra in the
sense of [} def. 3.1], explaining our exotic notation CDF(O).
e. morphisms of O-algebras inducing filtered morphisms between the reductions mod w.
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where X1,..., Xy is an O-basis of g, X' = X|'... X% and |i| = i; + -+ + iq for
i =(i1,...,iq) € N. The previous discussion shows that

Gr(A, /wA,) ~ S(g) ®o k ~ S(g ®o k),

and Theorem yields that Z:L are Auslander-regular. One can show [4], chap. 9]
that its global homological dimension is 1 + rko(g).

Ezample 3.7. Consider a uniform pro-p group G and let A = OJ[G]] be its Iwasawa
algebra, a local ring with maximal ideal m, the augmentation ideal. Endow A/wA =
k[|G]] with the m-adic filtration. By a fundamental theorem of Lazard

Gr(A/wm) ~ k[Xy,...,X4], d:=dimG,

in particular A € CDF(0O) is Auslander-regular (a result of Venjakob, cf. [71] th.
3.26]) and one can show that its global homological dimension is 1 + dim G. Also
E[[G]] and L[[G]] := L ®o A are Auslander-regular of dimension dim G.

3.3. Dimension theory for Fréchet-Stein algebras. Consider a two-sided Fré-
chet—Stein algebra A = l'mn A, over L and a nonzero coadmissible A-module M
(see [62] for the definition). Let M,, = A, ® 4 M be the associated A,-modules, so
that M ~ @n M,,. Schneider and Teitelbaum prove in [62, chap. 8] the following

results. First of all, the module E'(M) = Ext'y (M, A) is a coadmissible right
A-module and there are natural isomorphisms

E'(M)®4 Ap ~ Extly (M,,Ay)

for all n. Assume from now on that A, are Auslander-regular of global dimension
uniformly (in n) bounded by some d > 0. Then the sequence (ja, (M,))n>0 is
nonincreasing and eventually constant with value j4 (M) < d, for any coadmissible
A-submodule N of M we have j4(M) = min(j4(N),ja(M/N)) and any coad-
missible submodule L of E'(M) satisfies j4(L) > I. Finally, M has a canonical
dimension filtration 0 = M1 c ... ¢ M' ¢ M° = M by coadmissible A-modules
such that (A, ®4 M")g<i<a+1 is the dimension filtration of the A,-module M,, over
the Auslander-regular ring A,,. In other words A itself has all key properties of an
Auslander-regular ring (but it is not necessarily noetherian).

The previous conditions are satisfied by the Fréchet-Stein algebra D(G, L)¥-12
for any compact locally K-analytic group G, by a result of Schmidt [58] (the case
K = Q, being one of the main results of [62]).

3.4. Dimensions of mod p, Banach and locally analytic representations.
Let G be a locally Qp-analytic group and let m be an admissible smooth represen-
tation of G over k. Then 7* is a finitely generated module over k[[H]] for any open
uniform pro-p subgroup H of G (which exists by classical results of Lazard) and we
call
d(7r) = dimH —jk[[H]](W*)
the dimension of w. This is independent of the choice of H and should not be
confused with the dimension of 7 as a k-vector space since the latter is infinite in
almost all applications. One can also interpret d(m) as a sort of Gelfand—Kirillov
dimension (see [2, prop. 5.4], [16, th. 1.18] and [3I], prop. 2.17]): given an open
pro-p uniform subgroup H of G, there are constants a,b > 0 such that for all n big
enough
b- pd(ﬂ')’ﬂ < dimy ,ﬂ_H,L <a- pd(ﬂ)n,
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where H,, is the closed subgroup of H generated by the h?", h € H. This in-
terpretation clearly shows that dimg(w) < oo if and only if d(7) = 0, but the
latter result also follows easily from proposition [3.5] and example Note that
[H : H,] = p"4m™H 50 the previous result yields
im log dimy, 7= d()

n—oo log[H : H,]  dimH’
Similarly, if IT is an admissible Banach representation of G over L we set

d(Il) = dim H — jpay (117),

a number independent of H. If © is an H-stable lattice in II, which always exists
by compactness of H, then m := © ®p k is an admissible smooth representation
of H over k and we have d(II) = d(n), as follows from prop. In particular
dimy, (IT) < oo if and only if d(IT) = 0.

Finally, if IT is an admissible locally analytic representation of G over L, we set

d(H) =dimH _jD(H,L)(H*) =dim H — mgnij(H,L)(Drn(H,L) ®D(H,L) H*),

the second equality being a consequence of results recalled in the previous para-
graph. One subtle difference with respect to the mod p and Banach setting is that
one may have d(II) = 0 and yet dimy, (II) = oo. Actually d(II) = 0 if and only if
D, (H,L) ®p(p,ry II* are all finite dimensional over L. In somewhat more con-
crete terms, the subspace of vectors of a given radius of analyticity in II is finite
dimensional. For instance d(II) = 0 for any admissible smooth representation IT
of G over L. If II is an admissible Banach representation of (=, then the space of
locally analytic vectors IT'* in II is an admissible locally analytic representation of
G and we have an isomorphism (II'*)* ~ D(H, L) @ gy II*. Moreover, the ring
map L[[H]] — D(H, L) is faithfully flat (these last two statements are the main
results of [62]), so that standard homological algebra yields d(II) = d(I1'*). Let us
summarise some of the observations above:

Lemma 3.8. If1I is an admissible Banach representation of a locally Qp-analytic
group, then d(I1) = d(I1'*), and we have d(I1) = 0 if and only if dimy, (IT) < co.

From now on we assume moreover that G is a locally K-analytic group and II
is an admissible locally K-analytic representation of G. Set

d" (1) = dimg H — jpgr,pyx-a (I1%)
=dimg H — InninjDrn(H’L)(Drn (H, L)K_la R p(H,L)K1a ),
where H is an open K-uniform pro-p-subgroup of G and dimg H is the dimension

of H as a locally K-analytic variety. When II is a locally analytic representation
of G we have the following relation between d (IT¥-12) and d(II).

Lemma 3.9. Let R — S be a surjection of regular commutative noetherian domains
and let M be a finitely generated R-module. Then

dim M — (dim R — dim S) < dim(M ®g ) < dim M,
where dim denotes the Krull dimension.
Proof. By localizing at maximal ideals of S we may assume that R and S are both
local. Since R and S are both regular the kernel of R — S is generated by a regular

sequence 1, ...,x, with r = dim R — dim S. Since dim M/xM is equal to either
dim M or dim M — 1 we obtain the assertion. O
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Lemma 3.10. Let IT be an admissible locally analytic representation of G. We
have

d(IT) — (dim H — dimg H) < d® (II%12) < q(11).

Proof. We may pick r = r,, such that jpg,2)(I1*) = jp, (a,0)(Dr(H, L)®p(a,0)11*)
and jpg,ry<-e(I*) = Jjp, (a,0)(Dr(H, L)K-la ®p(,Lyx-a 1) We may further
replace H with HP" for m > 1, since D,.(H, L) is a finitely generated D,(H?" | L)-
module, where s = 77", see 58, Lemma 7.4]. If we choose m large enough then
the map gr*Dy(HP",L) — gr*D,(HP" L)% is a surjection between polynomial
rings by [68, Proposition 5.6]. Thus the assertion follows from Lemma O

Lemma 3.11. If M is a finitely generated D,., (H, L)5"*-module such that j(M) =
dimg H, then M is a finite dimensional L-vectors space.

Proof. The ring A := U(pfg\mo) is in CDF(O) and Gr(A/wA) is a polynomial
ring in dimg H variables over k (see example . Since D, (H, L)X is a finite
free module over A[1/p] (see the discussion after proposition , we also have
Jan/p(M) = dimg H. Let N C M be a finitely generated A-module such that
M = NJ[1/p] and let F(N/wN) be a good filtration on N/wN. Proposition
shows that Gr(N/wN) is finite dimensional over k, thus N is finitely generated
over O and dim; M < oo. O

4. A p-ADIC ANALOGUE OF CONZE’S EMBEDDING

Let g be a complex semisimple Lie algebra and let b be a Borel subalgebra of g.
If J is the annihilator of an arbitrary Verma module with respect to g and b, Conze
[23] constructed an injective algebra homomorphism U(g)/J — D(g/b), where
D(g/b) is the ring of differential operators of the C-vector space g/b (if x; form a
basis of g/b, then D(g/b) is the algebra of differential operators on Clz1,...,zy]
generated by x; and 8%5)‘ In particular U(g)/J is an integral domain, since it is a
standard result that D(g/b) is one. It follows that for any character x : Z(g) — C
the ring U(g)y := U(g) ®z(g),x C is an integral domain. A more conceptual way of
proving this is via the Beilinson—Bernstein localization theory [7], which identifies
U(g), with the ring of global sections of a suitable sheaf of twisted differential
operators on the flag variety of g, and then, modulo Duflo’s annihilation theorem,
Conze’s embedding is essentially the restriction of global sections to those on the
big Bruhat cell (making this statement precise and proving it requires work, cf.
[36]).

In this section we will establish a p-adic analogue of the above result by using
the p-adic version of Beilinson-Bernstein localization theory due to Ardakov and
Wadsley [4] (when the prime p is very good with respect to the ambient group),
extended by Ardakov in [I]. We are very grateful to Ardakov for suggesting the
proof below, much easier than ours and which avoids any assumption on the prime
p. Theorem [4.1] below is one of the key ingredients in the proof of Theorem

Let G be a connected, split semisimple and simply connected group scheme over
O, with Lie algebra g. Let x : Z(g) — L be an L-algebra homomorphism. Let

H, =ker(G(0) = G(O/p"10)),

an open subgroup of G(Q) and a L-uniform pro-p group if n > 2, with Ly, = p"*lg.
Therefore by Lazard’s isomorphism (prop. [2.1)) we have a canonical isomorphism
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of L-Banach algebras
Dy jp(Hy, L) = U(png)[1/p].
If C is a Z(gr)-algebra, write
Cy =C/ker(x)C = C ®z(g,),x L-
Theorem 4.1. With the previous notation, for all sufficiently large n the ring
Dy yp(Hp, L)Y = U(pg)[1/ply

is an integral domain.

Proof. Let U = U(g) and A,, = U@Tg)[l/p]x, where w is a uniformizer of L. It
suffices to prove that A, is an integral domain for n sufficiently large.

Fix a split maximal torus T in G and a Borel O-subgroup scheme B C G
containing T, with unipotent radical N. Let W be the Weyl group of G and let
b,t,n be the corresponding O-Lie algebras. By the (untwisted) Harish-Chandra
isomorphism, the character x : Z(gr,) — L corresponds to a W-orbit (for the dot
action) of weights A : t;, — L. We choose in the sequel an element A of this W-orbit
such that A+ p is dominant, where p is the half-sum of positive roots. We will only
consider positive integers n for which A(@w™t) C O. Clearly all sufficiently large n
have this property.

Let X := G/B be the associated flag variety and let Uy,...,U,, be the Weyl
translates of the big cell in X. Each U; is an affine space of dimension dim X and
an affine open dense subscheme of X, and the U;’s cover X. Ardakov and Wadsley
(see [, par. 6.4]) construct a Def(O)-valued (cf. par. [3.2]for the category Def(O))
sheaf D)) on X associated to n and A and having the following properties:

e there is a natural isomorphism of sheaves of graded O-algebras on X

Symo, (Tx) = gr(Dy),

where Tx is the tangent sheaf of X;
e for each 1 < i < m there is an isomorphism of sheaves of filtered O-algebras

DTAL|U1 = (DX)H|U,7

where Dx = U(Tx) is the sheaf of crystalline differential operatorﬂ on X, cf. [4
def. 4.2].

e Let U, = U(w"g) be the nth deformation of g and define similarly (U%),,.
Let HC : US — U(t) be the untwisteﬂ Harish-Chandra homomorphism. By
definition of A the map Ao HC,, : (U%), = U(t), ~ U(w™) — O is simply the
restriction of x : Z(gr) — L to (U®),, via the natural isomorphism (U%),,[1/p] ~
Z(gr). In particular x((U%),,) C O. Ardakov and Wadsley prove the existence of
a homomorphism of sheaves of O-algebras

(p:\l Uy UG, x 0 - DT);,

the sheaf on the left being the constant one.
Define
Fp = (im Dy /w"D;) ®o L.
k

10Recall that this is a sheaf of rings generated by Ox and Tx with the obvious relations.
HThus HC is obtained by restricting to US the linear projection U — U(t) induced by the
decomposition U = U(t) & (nU + Un™).
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This is denoted DQ x in []. By passing to g-adic completions and inverting p
(using also [4, lemma 6.5]) we obtain from ) a morphism of L-algebras

ﬁ;[l/p] ®Z(EL)7X L— HO(van)v

which is an isomorphism by a fundamental Theorem of Ardakov—Wadsley [4 th.
6.10] and Ardakov [Il th. 5.3.5]. In other words we have A, ~T'(X,F,).

With these results in hand, we can finally start doing business. Let W = U; N
... N U,, be the intersection of the Weyl translates of the big cell in X, an affine
dense open subset of X. For each i the isomorphism D)}|y, ~ (Dx),|u, above
u; = (Dx)n[1/p]
particular F,(U;) ~ Dx(U;)n[1/p] (one can exchange sections over U; and p-adic

completion since we work over an affine open subscheme of X and Dy is a quasi-
coherent Ox-module) and this is an integral domain. Indeed, it suffices to check

—

that A; := Dx(U;), (which is an affinoid Weyl algebra) is an integral domain, and
for this it suffices to check that A;/w A, is a domain, and finally that gr(A;/@wA;) is a
domain, but this is clear since the latter is naturally identified with O« x, (¢~ 1(U;)),
where ¢ : T* X, — Xy is the cotangent bundle of Xj. A similar argument shows
that the natural map F,(U;) — F,(W) is injective (reduce mod w and pass to
graded pieces, then use the density of W in U;). It follows that all F,,(U;) embed
in F,(W). We claim that I'(X, F,,) embeds in I'(U;, F,,) for any ¢, which will show
that I'(X, F,,) is a domain. But if a global section s on X restricts to 0 on U;, then
its restriction to Uj is 0 (since the image of that restriction in I'(W, F,,) is the same
as the image of s|y,, thus it is 0) for any j and so s = 0. This finishes the proof. O

induces an isomorphism F,
—_—

U;, the completion being p-adic. In

Remark 4.2. If p is very good for G, one can prove the above result in a slightly
different way, by showing that (for n large enough as in the above proof) the
reduction mod w of the unit ball in A, has a natural filtration (induced by the
PBW filtration on the enveloping algebra) whose associated graded is isomorphic to
the algebra of regular functions on the nilpotent cone of gj (this is a deep Theorem
of Ardakov and Wadsley [4, th. 6.10 c)], fully using results from invariant theory
in characteristic p). This latter algebra is a domain since the nilpotent cone is
irreducible, and by standard arguments we deduce that the unit ball in A, is a
domain.

Conjecture 4.3. Let b a semi-simple L-Lie algebra and ho C b an O-Lie lattice.
Let x : Z(h) — L be an L-algebra homomorphism. For all sufficiently large n the

7

ring U(p™ho)[1/ply is a domain.

Standard arguments reduce the proof to the case when by is an O-Lie lattice
in g1, where G, g, etc are as above. Choose ¢ > 0 such that w®hy C g, so that
U(w"*°hy) C U(w"g). One might then be tempted to imitate the above proof
and realize U(w"*¢ho)[1/p]y as global sections of some sub-sheaf G,, of the sheaf
Fn on the flag variety X, which would imply that U(w™tchg)[1/p], embeds in
U(wng)[1/p]y and so it is itself a domain thanks to the Theorem above. Naturally
one would like to consider the sub-sheaf H,, of D)\ generated by Ox and p"*<h.
Quite a bit of work (consisting in adapting the proof of [I, th. 5.3.5] for the sheaf
H,,) shows that the global sections of G,, := H, ®o L are indeed U(@w™ho)[1/ply-
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The problem is that it is by no means clear that the embedding H,, — D, stays an
embedding after passage to p-adic completion, i.e. that G, is a subsheaf of F,.

5. AN APPLICATION OF AFFINOID VERMA MODULES

The aim of this paragraph is to establish a technical result which is the second
key ingredient in the proof of Theorem [6.1] Only the first Theorem below will be
needed in the proof of Theorem but we found the other statements interesting
in their own right.

We fix throughout this section a finite extension L of Q,, with ring of integers
O. Let G be a connected reductive group defined over a sub-extension K of L,
with Lie algebra g (a K-Lie algebra). We let g;, := g®x L. If x : Z(gr) — L
is an L-algebra homomorphism and H is a compact open subgroup of G(K), then
Lie(H) = Lie(G(K)) = g, hence D ,(H,L)*"* is an U(gy)-module and we can
define

Dyyp(H, L)f_la = Dyyp(H, L)K_la ®z(ar)x L
There is a natural map L[[H]] := L ®o O[[H]] — D/,(H, L)ff'la (recall that
Dy ,,(H, L)X is a quotient of Dy ,(H, L), which contains D(H, L) and so also
L{[H]]).

The following theorem is a re-interpretation of the main result of [5]. Compared
to loc. cit., we drop the hypothesis that p is a very good prime for the group G
below, and we explain how one can adapt the arguments in loc. cit. to avoid this
hypothesis.

Theorem 5.1. Suppose that G is a connected, split semisimple and simply con-
nected group scheme over O with Lie algebra g. Given a compact open subgroup H
of G(L) and a character x : Z(g1,) — L, for all n large enough the natural map

L{[Hy)] = D1 yp(Hn, L)* ' = U(pg)[1/p]y
is injective, where H, = ker(G(O) — G(O/p"Tt0)).

Proof. Fix a maximal split torus T in G and a pair of opposite Borel subgroups B,
BT containing T. If X : t;, — L is a weight (where t = Lie(T), b = Lie(B), etc.),
consider the Verma module V* = U(gy,) Dy L where the map U(b}) — L is

induced by the natural projection b‘LL — t7. Tt is a standard result that V* has an
infinitesimal character, and it follows from the Harish-Chandra isomorphism that
we can find A such that this infinitesimal character is precisely x. Fix such A and
consider only n for which A(p™t) C O. Consider the completion (an affinoid Verma
module in the terminology of [5])

VA=U@e)[1/p) gy ma L

of VA, a U(pmg)[1/p]-module. By continuity and density, Z(gz) still acts by x on
this module. By the main result of [5] (Theorem 5.4 in loc.cit., see however the

discussion below for a slightly subtle point) L[[H,]] acts faithfully on VA, Tt follows
immediately that the map L[[H,]] — U(p™g)[1/p]y is injective (any element in the
kernel must kill V* by the above remarks).

In order to properly finish the proof, we still have to explain why Theorem 5.4
in [5] still holds without the assumption that p is a very good prime for G. The
reader is advised to have a copy of that paper with him when reading the following
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argument, since we will freely use the notations introduced there. In particular
B and BT are L-uniform subgroups of B(O) and B*(O) with associated O-Lie
algebras p"b and p"b™", and RB is the Iwasawa algebra O[[B]].

Without any assumption on p the proof of Theorem 5.4 shows that X//\A is a
faithful module over RB (with the notations in loc. cit.). The only point where the
fact that p is very good for G is used is in citing prop. 4.8 of loc.cit. to deduce

that V* is faithful as RBT-module. The proof of that proposition seems to use
their deep Theorem 4.6, a | p-adic analogue of the famous Duflo theorem, stating
that the annihilator I of V* is generated by ker(x), and that proof really uses the
hypothesis on p. However, we can argue alternatively (and very closely to the proof

of prop. 4.8 in loc.cit.) as follows: since I is a two-sided ideal of U(p™g)[1/p], by
Corollary 4.3 a) in loc.cit. I is stable under the adjoint action of G(O). Thus if
w € G(O) is such that w.b™ = b, we have w.B™ = B and

w.Anngg+ (‘73‘) =w.RBTNw.ICRBNI= AnnRB(‘//\A) =0,
thus Anngg+ (‘73‘) = 0 and we are done. O

Remark 5.2. It is unreasonable to expect such injectivity properties to hold with-
out some assumptions. Indeed, it is easy to see that for any n the natural map
L{[p"Zp)] — D1 p(p"Zyp, L)/tD1 /p(p" Zyp, L) is not injective, where T' = 6; — 1 and
t =log(1+T) (so that D(Z,, L) is the ring of L-rational analytic functions of the
variable T' in the open unit disc). For instance, (1 + T)?"" —1 € L{[p"Zy)] is
divisible by ¢ in Dy, (p"Zy, L).

In the following result we drop the hypothesis that the group is split and simply
connected.

Proposition 5.3. For any connected semisimple group G over Q,, with Lie algebra
g and any L-algebra homomorphism x : Z(gr) — L there is an open uniform pro-p
subgroup H of G(Q,) such that the natural map L[[H]] — Dy,,(H, L), is injective.

Proof. We first reduce to the case when G is simply connected. Note that if H
is such a subgroup, then L[[H']] — Dy,,(H’,L), is still injective for any open
uniform pro-p subgroup H’ of H (indeed, it suffices to test that the composition with
the natural map D, ,,(H', L)y — Dy/,(H, L), is injective, but this is simply the
restriction of L[[H]| — D,,,(H, L), to L[[H']] C L[[H]]). We deduce immediately
from this that if the result holds for the simply connected cover of G, then it also
holds for G, by projecting the corresponding H for the simply connected cover
down to G(Q,).

Next, suppose that I’ is a finite extension of L. Then Z(gy) = L' @1 Z(g1),
thus x : Z(gr) — L induces an L’-algebra map x’' : Z(gr/) — L' with ker(yx’) =
L' ®p ker(x), so that Dy ,(H,L"), ~ L' ®1 D1,,(H, L)y and the map L'[[H]] —
Dy p(H, L"), is the base change from L to L' of the map L[[H]] — D1 ,,(H, L)y.
In particular, one of these maps is injective if and only if the other one is so. We
are therefore allowed to replace L by a finite extension and so we may assume that
G =G ®q, L is split over L and L/Q, is Galois.

Let G be the canonical split semisimple and simply connected model of G, over
O and, as above, set

H, = ker(G(0) — G(O/p" 1 0)).
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Then H, is an open L-uniform pro-p subgroup of G(O), thus also of G(L) ~
G(L) = GL(L). By the previous theorem the natural map

L[[Hn“ — Dl/p(Hn’ L)>L<_la

is injective for n >> 0 and since Dy ,(H,, L)L is a quotient of Dy, (Hp, L)y, it

follows that the natural map L[[H,]] — D1 /,(Hp, L) is injective for n large enough.
Thus we can find an open uniform pro-p subgroup H’ of G(L) = G (L) such that
the natural map L[[H']] — Dy ,,(H', L), is injective. Set I' = Gal(L/Q,). Since G
is defined over Q,, I acts naturally on G(L) and G(L)'' = G(Q,). Set H" = (H').
It is clearly a compact subgroup of G(Q,) and we claim that H” is also open in
G(Qp). Indeed, Lie(H") = (Lie(H’))" and Lie(H’) ~ Lie(G(L)) ~ Lie(G) ®q, L,
thus Lie(H"”) = Lie(G) = Lie(G(Qp)). Choose any open uniform pro-p subgroup H
of H"”. We claim that the natural map L[[H]] — D;,(H, L), is injective. It suffices
to check that the composite L[[H]] — D /,(H, L), — D1,,(H’, L) is injective, but
this map is simply the composite L[[H]] — L[[H']] = D ,(H’, L)y, and both maps
are injective. [

6. A BOUND FOR THE DIMENSION OF Z(g)-FINITE BANACH REPRESENTATIONS

In this rather long section we prove that the existence of an infinitesimal char-
acter on the locally analytic vectors of an admissible Banach representation of a
p-adic group has a serious impact on its dimension.

6.1. The main result and some consequences. Let G be a locally K-analytic
group with Lie algebra g and let Z(gz) be the center of the universal enveloping
algebra U(gr). Here we consider g as a Qp-Lie algebra. We say, that a locally
analytic representation II of G over L is Z(gy)-finite (resp. quasi-simple) if the
Z(gr)-annihilator of II is of finite codimension in Z(gy) (resp. a maximal ideal of
Z(gr)). The term quasi-simple is motivated by the representation theory of real
groups. We say that a Banach representation II of G is Z(gr)-finite (resp. quasi-
simple) if II'* (the space of locally Q,-analytic vectors in II) is Z(gy,)-finite (resp.
quasi-simple) as locally analytic representation of G. The key result of this chapter
is the following (see paragraph for the notation d(I1) and d*(I1).)

Theorem 6.1. Let G be a connected reductive group over K, H a compact open
subgroup of G(K) and N the nilpotent cone in the Lie algebra of G-
a) If 11 is a Z(gL)-finite admissible locally K-analytic representation of H, then

d¥ (1) < dim V.
b) If 11 is a Z(gr)-finite admissible Banach representation of H, then
dX(IMF1?) < dim V.

We recall that dim A is twice the dimension of the flag variety of G (with
respect to a Borel subgroup). Part a) was already observed by Schmidt and Strauch
[60, prop 7.3], under some assumptions on p depending on G, as a consequence of
deep results of Ardakov—Wadsley [4]. We give here a much easier proof, which also
works uniformly with respect to the prime p. We note that the bound in part a) is
optimal. On the other hand, part b) is new, slightly surprising and requires quite
a bit more work than part a).
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Remark 6.2. Note that the dimension of the nilpotent cone of Resg,q, G is [K :
Qp) dim N. Therefore Theorem [6.1] b) implies

d(TT) = d(T1"*) < [K : Q,] dim N

This inequality is far from being optimal. Based on the archimedean case, it is
natural to ask if, for IT a Z(gr,)-finite admissible Banach representation of G(K),
we have

d(1) < %[K L Qpldim AN, K (TTF) < %dim/\/ :

Corollary 6.3. Let II be an admissible, unitary, quasi-simple Banach representa-
tion of G := GL2(Qp) over L, having a central character. Let © be an O-lattice in
IT stable under G. Then © Qo k has finite length (and so Il also has finite length).

Proof. By the previous Theorem d(II) < 1. If d(II) = 0 then II is finite dimensional
over L (lemma and everything is clear, so assume that d(II) = 1 and hence
d(m) = 1 where 7 = © ®p k, an admissible smooth representation of G over
k. Assume that 7 has infinite length. Then we can construct a strictly increasing
sequence (7, )n>0 subspaces of m which are GL2(Q),)-stable and such that 7o = 0. It
follows from Proposition[3.2]c) that there exists N > 0 such that d((mp+1/m,)*) =0
for all n > N so that m,41/m, is finite dimensional for all n > N and m,, /7, is
finite dimensional for all m > n > N. As SLy(Q)) is a simple group acting trivially
on irreducible smooth finite dimensional representations of GL2(Q,), it must act
trivially on 7, /m, for all m > n > 1. Let Z; be the pro-p-Sylow subgroup of the
center of GL2(Z,). As 7 has a central character, so has each subquotient 7, /7,
and we deduce that the group Z; SL2(Q,) acts trivially on m,, /7, for m >n > N.
As m/my is an admissible smooth representation of GL2(Q,) and Z; SL2(Q)) is an
open subgroup of GL3(Q,), the k-vector space (7 /mx )%t 52(Q) is finite dimensional
so that m = m,, for m big enough. This contradicts our assumption so that = has
finite length. (]

Let G be a connected reductive group over QQ,, with Lie algebra g. Let 3 be the
center of g and g, its derived subalgebra. We have a decomposition g = 3 @ gss
which induces an isomorphism of L-algebras Z(gr) ~ U(31) @1 Z(gss,1.). We say
that an L-algebra homomorphism x : Z(gz) — L is algebraic if its restriction to
Z(gss,1) is the infinitesimal character of an irreducible algebraic representation of
the derived subgroup of G. If the derived group of G is simply connected, this is
equivalent to the statement that this character is the infinitesimal character of a
finite dimensional simple g,, ;-module. If  is algebraic, there exists a continuous
character ¥ of G, and an algebraic irreducible representation V' of G such that y
is the infinitesimal character of V ® .

Lemma 6.4. Let G = G(Q,), where G is an algebraic group over Q,, such that
G, is split semi-simple and simply connected. Let H be a compact open subgroup
of G and let 11 be a continuous representation of H on a finite dimensional L-
vector space. Then the action of H on II is locally analytic. Moreover, we have an
isomorphism of D(H, L)-modules
m
I = @W:« ®L V;;*;

i=1
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where V; are irreducible algebraic representations of G, and W; are smooth irre-
ducible representations of H.

Proof. The action of H on II is locally analytic by [63, Part II, Ch. V.9, Thm. 2].
The proof of [61, Proposition 3.2] carries over to our setting. g

Lemma 6.5. Let G be as in the previous lemma and let H be an open uniform pro-p
subgroup of G. Let M be an irreducible D, (H,L)-module on a finite dimensional
L-vector space, with n > 1. Then M = W* ®p V*, where W is an irreducible
smooth representation of H and V' an irreducible representation of Gp. Moreover,
H?" acts trivially on W.

Proof. If we let II = M™* then II is a continuous representation of H on a finite
dimensional L-vector space. Hence (using the irreducibility of M) II =W ® V by
the previous lemma, with W an irreducible smooth representation of H and V an
irreducible representation of Gy. We define a new action, denoted by II;, of H
on W ®p V by letting H act trivially on W. We note that II; is isomorphic to
a finite direct sum of copies of V. Then IT 2 II; as U(gy)-modules and hence as

U(p/”g\Hp) [1/p]-modules. We have
U(p"gr,0)[1/p] = D1jp(H", L) C D, (H,L) C D,(H, L),

and thus II|gp» = IIi|gpn. This implies that Homg,» (V,II) = Homy (g, (V,1I)
and so H?" acts trivially on W. |

Corollary 6.6. Let D be a quaternion algebra over Qy,, let G = D* and let G’ be the
derived subgroup of G. Let Il be an admissible, quasi-simple Banach representation
of G, with a central character. Let H be a compact open subgroup of G'.

a) If I1 has no finite dimensional H-stable subquotient, then 11 has finite length
as a topological H-representation. This is the case if the infinitesimal character of
I'® 4s not algebraic.

b) Assume that H is uniform pro-p. For any n > 1 the D, (H,L)-module
(Il )* := D,, (H, L) ®pmy I* is of finite length.

Proof. Since Z(G)H is open in G and the centre Z(G) acts on II by a character
by assumption, IT is an admissible Banach space representation of H. Theorem
yields d(II) < 1. If d(IT) = 0 then IT is a finite dimensional L-vector space by
lemma [3.8 and the assertion follows. We assume from now on that d(II) = 1.

a) If T is not of finite length as a topological H-representation, then dually IT* has
an infinite (strictly) decreasing sequence of sub-L[[H]]-modules My, M, .... Part ¢)
of Proposition yields d(M;/M; 1) = 0 for i large enough, and so (M;/M;1)*
is a finite dimensional continuous representation of H over L for ¢ large enough. It
follows from Lemma that any finite dimensional subquotient of IT will also be
a subquotient of II'* and will have an an algebraic infinitesimal character. Thus
if the infinitesimal character of ITI'* is not algebraic, then II cannot have a finite
dimensional subquotient.

b) Assume that (II'* )* has infinite length as a D,., (H, L)-module. Then there
exists a strictly decreasing sequence (M;);>o of D, (H,L)-submodules in (II%)*.
As before, part ¢) of Proposition combined with lemma shows that there
exists i > 0 such that M;/M;,1 is a finite dimensional L-vector space for ¢ > ig.
Let x : Z(g}) — L be the infinitesimal character of ITI'*. If x not algebraic then
M; = M1 for i > ip as in a) and we obtain a contradiction. Therefore we assume
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that x is algebraic and let V' be the unique irreducible algebraic representation of
G’ with infinitesimal character x. Let W1, ..., Wy be the set of isomorphism classes
of irreducible representations of the finite group H/HP". Tt follows from Lemmas

[6-4] and [6.5] that for all j > i > i,

M;/M; = Wy @ V)™,
k=1
where mj > 0. As D, (H, L) is noetherian, the D, (H, L)-module M; is generated
by a finite number, let say d, of elements. For a simple D,. (H, L)-module N which
is finite dimensional over L, we have, for all j > i > i,

dimL HOH]DTH (H,L) (Mz/M], N) S dlmL HOIHDT" (H,L) (Miy N)
< dimg Homp, (g,2)(Dr,(H,L)*,N) = ddimp N.

As all the M; /M) are isomorphic to direct sums of simple D,. (H, L)-modules finite
dimensional over L and varying in a finite number of isomorphism classes, the
dimension of the M;/M; is bounded, which gives a contradiction. O

We have a similar version with locally K-analytic vectors.

Corollary 6.7. Let K be a finite extension of Q, and let D be a quaternion division
algebra over K. Let G = GLo(K) or G = D*. LetII be an admissible, quasi-simple
Banach representation of G, with a central character. Let H be a compact open
subgroup of G.

a) We have d¥ (IT5-12) < 1.

b) For any n > 1 the H-representation Hﬁ'la is topologically of finite length.

Proof. Part a) is a particular case of b) in Theorem Part b) follows exactly as

b) in Corollary O
6.2. Proof of part a) of Theorem The key input is the following result

Proposition 6.8. Let G be a connected reductive group over K, with Lie algebra g.
Suppose that G, is split, of rank v, and let H be an open K -uniform pro-p subgroup
of G(K). Let J be an ideal of Z(gy1,) of finite codimension.

a) There are x1,Za, ...,z € J forming a regular sequence in Z(gr,).

b) For anyn > 1, D, (H, L)X is flat over Z(gr) and x1, 2, ..., 7z, also form
a reqular sequence in D, (H, L)X consisting of central elements.

Proof. a) We claim that Z(gr) ~ L[t1,...,t.] as L-algebras. Let W be the Weyl
group of Gr. The Harish-Chandra isomorphism identifies Z(gz) with S(tz)",
where t;, is the Lie algebra of a maximal split torus in Gp. It is a standard fact
that this is a polynomial algebra over the algebraic closure of L, and we claim it
is already the case over L. Indeed, the key input in the proof is the Chevalley—
Sheppard-Todd Theorem, which holds whenever the characteristic of the base field
is prime to |W|, see [8, th.7.2.1]. Thus Z(gr) is a polynomial algebra over L, of
rank necessarily equal to r = dim t7, since S(tz) is integral over S(tz)".

Since J is of finite codimension in Z(gy) the quotient Z(gy)/J is artinian, and
using Hilbert’s Nullstellensatz we may find non-zero polynomials py (T), ... ,p.(T) €
L[T], such that p1(t1),...,pr(t,) € J. Letting z; = p;(t;) for 1 < i < r gives the
required sequence.
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b) The z; are central in D, (H, L)%-12 since they are invariant under the adjoint
action of G(K) and so they commute with all Dirac distributions, which span a
dense subspace of D, (H,L)X1 It suffices to prove that D, (H,L)%? is flat
over Z(gr), as this automatically implies that they still form a regular sequence in
D, (H,L)X2 We have a decomposition of left U(gz,)-modules

D, (H, L) = @ A,
heH/HP"

—

where A,, = U(p™h)[1/p] and h = Or R, ¢ 'Ly is an Or-Lie lattice in g7, (see
Proposition[2.3]and the discussion following it). By Kostant’s Theorem U (h[1/p]) =
Ul(gyr) is flat (even free) over its centre Z(gy,), so it suffices to prove that A,, is flat
over U(h[1/p]) = U(p"bh)[1/p]. This follows easily from the fact that U(p™h) is
noetherian (cf. [I0, par. 3.2.3]). O

Remark 6.9. We note that if J is the kernel of a homomorphism of L-algebras
X : Z(gr) — L then the proof of Proposition shows that J is generated by a regular
sequence &1, ...,Z, in Z(gr).

Corollary 6.10. Let II be an admissible locally K -analytic representation of H.
Assume that I1 is annihilated by a reqular sequence x = (x1,...,x,) in Z(gr). Then
there is a canonical isomorphism

ExtHE;’L)K,Ia (IT*, D(H, L)) ~ Ext}, g 1yrc1a () T, D(H, L) /().

In particular
Jpa,Lyxs (1) = Jpa,Lyxae (@ (L) +7 > 7
and so d¥ (1) < dimg g — r = dimg N, where N is the nilpotent cone in 97

Proof. The second part is a consequence of the first. Set A = B/(z), where B =
D(H, L)X'2. These are "two-sided” Fréchet-Stein algebras with presentations A =
LiLnn A, and B = l&nn B,,, where A,, = B,,/(z) and B,, = D, (H, L)%5"12 (cf. [62,
prop. 3.7]). By the results recalled in paragraph we obtain

Ext} (IT*, A) = lim Ext} (IT", A) 4 ® Ay, ~ lim Bxt?y (A, ©4 11", 4,,).

We have a similar isomorphism for Ext$;""(IT*, B), thus it suffices to construct
canonical (in particular compatible with n) isomorphisms

Ext’y (4, ®a 11", A,) ~ Ext}{ " (B, ®p II*, B,,).

Letting M,, = A,, ® 4 IT*, we have a canonical isomorphism M,, ~ B,, ® g IT*. The
desired isomorphisms are then consequences of the result established in the previous
Proposition and of the Rees lemma [3.1 (]

6.3. Proof of part b) of Theorem reduction to the semisimple case.
Let G’ be the derived group of G, a connected semisimple group defined over K, and
let Z be the centre of G. Using the central isogeny G’ x Z — G and general results
on the finiteness of Galois cohomology we deduce that G'(K)Z(K) has finite index
in G(K). Moreover G'(K) N Z(K) is finite. We deduce that if Hy, Hy are compact
open and K-uniform pro-p subgroups of G'(K) and Z(K) respectively, then Hy Ho
is a compact open subgroup of G(K) and it is isomorphic to Hy x Hy since elements
of Hy commute with G(K') and since H; N Hy = {1} (since the intersection is finite
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and contained in Hj, which is torsion-free). The next result reduces then the proof
of part b) of Theorem to the case when G is semisimple:

Proposition 6.11. Let Hy, Hy be K-uniform pro-p groups, with Hs commutative.
Let II be an admissible L-Banach representation of H := Hy x Hy such that Lie(Hs)
and Z(Lie(H1)1) act by scalars on 152, There is an open K -uniform subgroup
Hj{ of Hy and an admissible quasi-simple L-Banach representation Iy of Hy such
that d (I1) < dg{ (I1y).

Proof. We write for simplicity D(?) = D(?, L)% in the sequel, and similarly for
the completions of this distribution algebra. We are allowed to replace H; and Hs
by open K-uniform pro-p subgroups.

Let (Xi,...,Xq) be an Og-basis of Ly,. By assumption X; acts by a scalar ¢;
on IT¥12 Choosing N large enough such that pNe¢; € p?O for all 1 < i < d and
replacing Hs by H§N, we may assume that ¢; € p?O. Let (aq,...,q,) bea Z,-basis
of Ok and let, forall 1 <i <d, 1 <j <m, g;; €H be such that Xy, ; = a; X;.
We obtain a character § : H = H; x Hy — O* by setting d(h1,¢%) = i T 5
for g% = H” gf/ € Hy, z;; € Zy, and hy € H;. Consider the H-representation
Iy = H®J~ L. By construction X; acts by 0 on IIX® and since § is trivial on
Hy, Z(Lie(Hy)y) still acts by scalars on IIE2. Moreover dy(II) = dy(Ilp) and
dB(5-12) = & (TTE-12), so replacing I by I1, we may assume that [15-12 is smooth
as representation of Hs.

For n > 1 let

M, = Drn (H) ®L[[H]] T = Drn (H) ®D(H) (HK_la)*.

By paragraphs and we know that the sequence (jp, ()(Mpn))n>1 is non-
increasing and eventually equal to jp(g)((II**)*). Fix once and for all n such
that
Jp,., (1) (My) = Jpm) (ITE12)%)
and set
I = {vell|g" v=u, Vg e Hy} =117 .

We will show that IT; satisfies all required properties. It is clear that II; is a closed
subspace of II stable under H, thus it is an admissible representation of H. Let
I' = Hy/HY | a finite group. The action of H on II; factors by H; x T, so I is

already admissible as H;p-representation. It is clear that II; is quasi-simple, so it
suffices to show that dfy (II5-12) < @ (I1f1%), or equivalently

Fpr) (™)) + d < G (T5)*) = jp, ) (M)

Then D, (Hy xT)~ D, (Hy)®r L[l ~ D, (H)/(«(X1),...,:(Xq)). Moreover
it follows from the flatness of D,. (H) over U(Lie(H)r) (see the proof of Prop.
that (¢(X1),...,¢(Xq)) is a regular sequence of central elements in D, (H). By
Rees’ lemma and a Hochschild-Serre type argument combined with the vanishing
of cohomology in characteristic zero for I we obtain

Jp,, () (Myn) = jp, (mye,or)(Mn) +d=jp, ) (M) +d.

My) > jpmy) ((ITE12)*). The isomor-

It suffices therefore to prove that jp, (m,)(
(Hy) ®r L[] and the fact that (IT%-12)*

phisms D, (H)/(«(X1),...,uX4)) ~ D
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is killed by ¢(X;) induce isomorphisms of D, (Hp)-modules
My, = (Dy, (H)/((X1), - ., t(Xa))) @pary (ITE1)*
=~ (Dy, (H1) ®r LIT]) @ 1T
~ (Dy, (H1) @ LIT) @i, <y 1
~ D, (Hy) ®pg,) (IF)*
and using again the results recalled in paragraph we finally obtain

o, () (M) = jp, (1) (Dr, (H1) @ p(aryy ")) > Gipea,) (F)*),
as desired. O

6.4. End of the proof. Replacing L by a finite extension, we may assume that G,
is split of rank r. It suffices to rule out the case jp (g r)x-1a (IIF2)*) = 7. Assume
that this holds and let .J be the Z(g)-annihilator of IT*-2, Tt is of finite codimension
by assumption. Without loss of generality we may assume that the subgroup H of
G(K) in Theorem is K-uniform pro-p subgroup and let z = (x1,...,2,) be a
regular sequence in Z(gy) contained in J as in Proposition Applying Corollary
yields
HomD(H,L)K‘la((HK_la)*a D(H,L)*"/(z)) # 0.

Since (II*-18)* ~ D(H, L)% @4 II* (as recalled in par. this is one of the
main results of [62]), we obtain

Hom ) (I, D(H, L)/ (z)) # 0.

Since Z(gr)/(z) is an artinian L-algebra, after possibly replacing L by a finite
extension we may assume that all the maximal ideals of Z(gy)/(z) have residue
field L. Since D(H, L)X is flat over Z(gz) by Proposition there is an L-
algebra homomorphism x : Z(gr) — L, such that

Homy iz (I, D(H, L){™™) # 0.

As I is Z(gr)-finite we have d(II) < dim H, so that II* is a torsion L[[H]]-
module. We obtain a contradiction using the following result.

Proposition 6.12. Let G be a connected semisimple group over K, with Lie al-
gebra g, and let H be an open subgroup of G(K) which is K-uniform pro-p. Let
X : Z(gr) — L be an L-algebra homomorphism. For any admissible L-Banach
representation II of H such that IT* is a torsion L[[H|]-module we have

HomL[[H]] (H*a D(H7 L)f_la) =0.

Proof. For simplicity we assume p > 2 (the argument is identical for p = 2, but
one needs to replace some ocurrences of p by ¢ below). By replacing L by a finite
extension of K, we may assume that G is split over L. Choose a simply connected,
semisimple split algebraic group scheme G over O as well as an isomorphism L ®q,
g~ L ®p go, where go = Lie(G). From now on we consider this isomorphism of
L-Lie algebras as an identification, so that gm0 := O®p, p~ 1Ly (an O-Lie lattice
in L ® g g) becomes an O-Lie lattice in L ®o go. Fix a positive integer ¢ such that

P80 C g9H,0 C P “go-

For n > 0 let
H, = ker(G(0) = G(O/p"t10)),
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an open L-uniform subgroup of G(Q) with Ly, = p"*lgo.
Denote -
A, =U(p"go)[1/p] = D1 p(Hy, L)*",

Bn = U(pngH,O)[l/p] = Dl/p(Hpn’ L)K—la’
the isomorphisms being induced by Lazard’s isomorphism (prop. . By the
equivalence of categories between powerful Z,-Lie algebras and uniform pro-p groups,
the embedding of powerful Z,-Lie algebras

Ly ~p"Ly Cp"Ly ®0, O Cp" gy =Ly, .

induces a map of uniform pro-p groups H?" — H,,_.. By functoriality of Lazard’s
isomorphism, the composite map
By~ Dy (H”" L)%™ = Dy ) (Hpo, L)S — Dy (Hp—oy L)21 ~ A,
is induced by the composite
O®ox p 'Ly = O®0,p 'Ly, .~ O®0p 'Lu, . ~p 'Lu,_.=p" ‘g,

which in turn is induced (by carefully unwinding definitions) by the inclusion
P gm0 C p" “go, and so it is injective. Similarly, the inclusion p"*¢gy C p"gm.0
yields a map A,,. — B, and the composite 4, . - B, — A,_. is the natural
inclusion A, 4. C A,—.. Finally, we have natural maps

L{[H?"]] = Dy, (H"", L)X ~ B,,,  L[[H,—c]] = D1/p(Hne, L)1 ~ A,

and they are compatible with the maps L[[H?"]] — L[[H,_.]] and B, — A,_..
In particular, since B, — A,_. and L[[Hpn]] — B, are injective, so is the map
L[H?"]] = L{[Hp—c]]-

Next, for m > n the injective maps D, (H,L)%"* — D, (H,L)%'* and B,, —
B,, induce maps
v (H,L)E™ = Dy (H,L)E™, @nn t By = By

If Cis a Z(gp)-algebra, write Cy = C/ker(x)C. Let ¢ : II* — D(H, L)X
be a nonzero L[[H]]-morphism and let ¢, : II* — D, (H, L)XK'la be the composite
of ¢ with the natural projection D(H, L)f‘la — D, (H, L)XK'la. Consider the de-

composition of B,-modules, in particular of L[[H?"]] C B,-modules (cf. discussion
following prop. 7 where S,, = H/H?"

D, (H, L)X ~ P B\
hesSn

Tm,n @ D

In terms of this decomposition the maps 7, , introduced above are described by

7"'m,n( Z bh6h) = Z ( Z Trm,n(bh))(sga

heSm 9gE€Sn h€ES,,,h=g

where h is the image of h € S,, = H/HP" in S, = H/H?". We deduce the
existence and uniqueness of L[[H?"]]-linear maps ¢, , : II* — B, such that for

all x € IT*
= Z ©n,n(T)0h
heS,
Since the morphisms ¢,, are compatible with respect to the maps

T D (Hv L))I((_la — D, (Ha L)ff_la’

Tm



GK-DIMENSION AND THE p-ADIC JL-CORRESPONDENCE 27

we have the “distribution relation” for m > n

Pn,g = Z Tm,n © Pm,h-
h€Sm,h=g

Lemma 6.13. For n large enough and any h € S,, the composite
I" = Bpy = An—cx
is 0, where the first map is @, and the second is the one induced by B, = A,_..

Proof. We first claim that for n sufficiently large the ring A,,_.  is a domain and the
map L[[Hpn}] — By, = Ap_c = An—_c is injective. The first part follows from The-
orem For the second one, we observe that the map L[[H?"]] = B,, — An_. —
Ay_c,y is the composite L{[HP"]] = L{[H,_.]] = Ap—cx =~ D1/p(Hn—e, L)i‘la. We
have already seen that the first map is injective, and the second one is injective for
n large enough by Theorem[5.1] We work with such n in the sequel. Let h € S, and
| € TI*. Since IT* is torsion as L[[H?"]]-module, there is A € L[[H?"]] nonzero such
that Al = 0. Since ¢, is L[[H?"]]-linear, we have A\p,, (1) = 0 and so Ap,, (1) = 0 by
the above decomposition of B,,-modules. Let z = ¢, (l) € B, and let A€ B,y
be the image of A in B, ,, thus A2z =0in By, . Now project this relation in the
domain A,,_., via the map B, , — A,_c . It follows that the image of X is 0 or
the image of z is 0. The first is impossible, since the map L[[H?"]] — A, is
injective. Thus the image of x = ¢, () in A,_. is 0 and we are done since [ was
arbitrary. O

We continue the proof. By the previous lemma for n large enough the composite
II* = By = Apn—cx = Bn_acy is 0 for all h € S,,, the first map being ¢, 5. Since
the composite B,y — An—c — Bn—2c is nothing but 7, ,,—2., we deduce that
Tnn—2c © @n,n, = 0 for all h € §,. Using the distribution relation above we obtain
for n big enough and g € S;,_o.

Pn—2c,g = E Tn,n—2c © Pn,h = 0.
h€Sn,h=g

Thus ¢y, = 0 for all n big enough and all g € S,,, which in turn yields ¢ =0. O

Remark 6.14. The proof would be much easier if we could prove that D(H, L)XK'la
is a domain (when H is sufficiently small) or at least that Dl/p(H”n,L)ff‘1a is a

domain for n large enough. This second result would be a consequence of conjecture
4.0l

7. SCHOLZE’S FUNCTOR

We continue to denote by L a (sufficiently large) finite extension of F' with the
ring of integers O, uniformiser w and residue field k. We fix an algebraic closure F
of F and let Galp = Gal(F/F). Let C, be the completion of F and let F be the
completion of the maximal unramified extension of F in F. Let G = GL,(F) and
let D/F be a central division algebra over F' with invariant 1/n.

To a smooth representation m of G on an O-torsion module, Scholze associates
a Weil-equivariant sheaf F,. on the étale site of the adic space ]P’;_l7 see [55] Prop.
3.1]. If 7 is admissible then he shows that for any ¢ > 0 the étale cohomology
groups HY, (]P’g;l,]-}) carry a continuous D* x Galg-action, which make them into

smooth admissible representations of D*.
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Recall that a smooth representation of G or D* on an O-torsion module is
locally admissible if it is equal to the union of its admissible subrepresentations. We
denote the respective categories by Modi?¥™ () and Mod[™(0). The functors
7 H, (Pg;l,}"ﬂ) commute with direct limits and thus sends locally admissible
representations of G to locally admissible representations of D>, see [53 Section
3.1] for details.

Let €5 (O) be the category anti-equivalent to Modlc';adm(O) via Pontryagin duality
and let €px (O) be the category anti-equivalent to Mod™ (0) via the Pontryagin
duality. We define a covariant homological d-functor {S?};>¢ by

§':€(0) = €px(0), M H4 (Pt , Furv)”

where MV = Hom{&™ (M, L/O) denotes the Pontryagin dual of M. Note that
(MY)¥ = M. We introduce these dual categories, because it is much more con-
venient to work with compact torsion-free O-modules than with discrete divisible
O-modules. Since 7 — H, (]P’C;l, F,) commutes with direct limits, the functor S’
commutes with projective limits. We also note that S?(M) carries a continuous
O-linear action of Galg, which commutes with the action of D*.

Lemma 7.1. Let R be a complete local noetherian O-algebra with residue field k.
Let M € €(O) with a ring homomorphism R — Endeo)(M). Let m be a compact
R-module then for all i > 0 there is a natural map:

which is an isomorphism if m = [[,.; R for some set I.

iel
Proof. For every x € m we have morphism ¢, : M — m®g M, v — x@v: More-
over, we have ¢y, = Ap, = ¢, A for all A\ € R. This induces a map S(¢,) :
S{(M) — S'(m &z M) and hence an element in
HomS5™ (m, Homg™ (81 (M), 8'(m B M))),

which by adjunction is isomorphic to Hom%™ (m ® g S*(M),S*(m &g M)). Hence,
we obtain a natural map m ®x S*(M) — S*(m ®x M). This map is an isomorphism
if m = R. Since both S and @ M commute with projective limits, we deduce
that the map is an isomorphism if m = [[,.; R for some set I. d

——R ~
We will denote by Tor; (m, M) the i-th right derived functor of m — m®pg M.

—R
Lemma 7.2. Let R, M and m be as in Lemma , Assume that Tor; (m, M) =0
for all i > 1. Suppose that S'(M) = 0 for 0 < i < qo. Then there is a natural
isomorphism
m®p S (M) = ST (m&z M)

and S{ Mg M) = 0 for 0 < i < qo. In particular, if R — R’ is a map of
complete local O-algebras with residue field k and either R’ or M are R-flat then
R ®p 8% (M) = S1(R' &k M) is an isomorphism of R -modules.

Proof. We choose a resolution Fy — m of compact R-modules, such that F, =

Hieln R for some set I, for all n > 0. Let m,, be the image of F,, — F,,_; for
all n > 1 and let my = m. Since F,, are projective in the category of compact

—R
R-modules, Tor; (F,, M) =0 for ¢ > 1 and n > 0. By considering exact sequences
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0 — myy1 — F, - m, — 0 for n > 0 and arguing by induction on n we deduce
_—R
that Tor; (m,, M) =0 for i > 1 and we have exact sequences
0—=my 1 ®M = F,&r M —m, g M — 0,

for all n > 0. The assumption S{ (M) =0for 0 <i < qoand Lemma imply that
S'(F, ®r M) vanishes for 1 <4 < g and all n > 0. We obtain

Sim, &r M) =2 S8y r M) = ... 28%(m,; &g M) =0
by devissage, and right exactness of S°. Hence, we also obtain exact sequences
S®(myy 1 &g M) — S©(F, &g M) — S (m,, &z m) — 0.
We deduce that the sequence
ST (F,@r M) — ST (Fy@p M) = S®(m&r M) — 0

is exact. Using Lemmawe deduce that the map m &g S% (M) — S%(m &g M)
is an isomorphism. The last part follows from [53, Lemma 3.8]. U

Let m be a smooth representation of G on an O-torsion module. We define two
actions of F* on H, (Pg;l, Fr) as follows. We may identify F* with the centre of
G and every z € F* defines ¢, € Endg(w), ¢.(v) := 7(z).v. Since m — F, and
H}, are functors this induces an action of F* on H, ét(]P’ZC’p_l, Fr). The second action

is obtained by identifying F* with the centre of D* and restricting the action of
D* on Hj (PE, Fr) to F*.

Lemma 7.3. The two actions of F* on Hgt(Pg;l,]-}) defined above coincide. In

particular, if the center of G acts on w by a character then the centre of D* acts
on Hf (Pg;l,}}) by the same character.

Proof. Let z.s denote the action of z € F* = Z(D*) on a local section of F, and let
zxs denote the action of z € F* = Z(G) induced by functoriality of the construction
7 — Fr and the endomorphism v — 7(z).v of . It suffices to prove that these two
actions are the same. If U — Pg;l is étale, with pullback Uy, — LT o (where LT o
is the infinite level Lubin-Tate space), then by definition F(U) = C¢(|Us|, 7), the
space of continuous G-equivariant maps from the topological space attached to Uy,
to m. If s : |Usx| — m is such a map, then (z.s)(x) = s(z~t.z) for z € FX C
Z(D*). On the other hand, it follows from the modular description of £7 o that
{(z,2)|z € F*} C Z(G) x Z(D*) acts trivially on LT o, thus s(z71t.z) = s(z * x),
where * denotes the action of the center of G on LT . But s is G-equivariant, so
s(z*x) =z s(x), hence z.s = z % 5, as desired. O

Lemma 7.4. For any continuous character § : F* — O*, any i > 0 and any
smooth representation m of G on an O-torsion module there is a natural isomor-
phism of Galg x D* -representations

HE (P!, Frgs) ~ Hi (B, Fr) @ (671 R 6).

Proof. We first construct a natural map Fr ®p Frr — Freor Ior any smooth
representations 7,7’ on O-torsion modules. If U — IP’871 is an étale map with
pullback Uy, — LT o to the infinite-level Lubin-Tate space, we need to construct
a natural map Cq(|Us|,7) @0 Ca(|Uso|, ') = Ca(|Uso|, m ®0 7). We simply map
f@ f' to the map = — f(z) ® f'(x), where f € Co([Unc),m), ' € Cal|Usc], 7).
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The above map combined with cup-product induces a map
_ B . B TP
H (PE Y, Fr) @0 HL(PEH Frr) = Hel? (BE T, Fropon)-

Suppose now that © = ¢§ is a continuous character, and take j = 0. We obtain a
D* x Galg-equivariant map

Ls - Hét(IP’g;l,]:ﬂ) ®o Hgt(P€;17f5) - Hét(Pg;lafm@é)-
On the other hand,
HY, (P2, F5) = HO(LT e, )¢ = Homa (6%, H(LT o, Z,))

is isomorphic to 7! X § as Galp x.D*-representations, as follows from Strauch’s
computation of 7o(LT o), [64, Theorem 4.4]. We obtain therefore a Galp xD*-
equivariant map js : Hét(]PE;l,.FW) ® (1R — Hét(ngl,}',r@). It is an iso-
morphism since an inverse can be constructed by using the same construction for

5L O

We extend the functors S? to the category of admissible unitary L-Banach space
representations of G, which we denote by Ban™(L). If IT € Ban®™ (L) then we
choose an open bounded G-invariant O-lattice © in II. Its Schickhof dual ©¢ :=
Hom{™(0,0) is in €5(O) and hence SY(09) is in €px(0). We let S () :=
S'(04)? ®p L. Then S (M) € Ban®yi™(L) and {S'}i>o define a cohomological §-
functor from Ban™ (L) to Banjy:"(L), see [53, Section 3.3] for more details.

7.1. Ultrafilters. Let (4,my4), (B, mp) be local artinian O-algebras with residue
field k. Let I be an indexing set, and let A; := [],.; A. According to [34, Lemma
2.2.2], there is bijection between the set of ultrafilters on I and prime ideals of Ay
given by taking an ultrafilter § to the ideal whose elements (a;) satisfy {i : a; €
my} € §. If © € Spec A; then we let A, be the localization of A; at x and §, be
the corresponding ultrafilter. It follows from [34, Lemma 2.2.2] that the diagonal
map A — Aj induces an isomorphism A = A ,. If M is a finite A-module we let
Mr = [],c; M then by considering a presentation of M over A we also obtain that
the diagonal map M — Mj induces an isomorphism M = My .

Let M and N be finite A-modules and let NV := Home (N, L/O) be the Pon-
tryagin dual of N. Then Hom (M, NY) =2 Homp(M ®4 N,L/O) = (M ®4 N)V.
Applying this observation with N = A we get that

(2) HomA(M, Nv) = (M XA N)V = (M QR4 N ®y A)v = HomA(M ®a N, Av)
Lemma 7.5. Let {M;};cr be a family of A-modules such that |M;| < t for some
t>1 and alli € I. Then there is a canonical isomorphism of Ar z-modules

([T M) @, Are = ([T Mi) @4, Ar)"

iel i€l
Proof. Let ¢; : MY ® 4 M; — AV be the image of the identity map under (2)) applied
with M = MY and N = M;. This yields a canonical map of A;-modules

() @a, (JT M) B3 TT A

i€l icl icl
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By localizing at x, using the fact explained above that ([],c; AY) ®a, A7, = AY =
Aj , and (2) we obtain a canonical map of Ay ,-modules

(3) (M) @4, Are = ([ M) @4, Ar2)”

icl iel
Moreover, this map is an isomorphism if all M; are equal. In particular, it is an
isomorphism if M; = A™ for a fixed m and all ¢ € I. Let m be the cardinality of
A. Then for each i € I we may choose a presentation A" — A* — M; — 0. Using
these presentations we deduce that the map is an isomorphism. (I

Lemma 7.6. Let R, S be two rings, E a left R-module, F a left S-module and
G an (R, S)-bimodule. If E is finitely presented over R and F is S-flat then the
canonical map

(4) HOHIR(E,G) ®SF—)HOH1R(E,G®S F)
is an tsomorphism.

Proof. We apply the functor Hompg(-, G) ®s F to a resolution R — R™ — E — 0.
Since F' is S-flat the sequence

0 - Homg(E,G) ®s F — Homg(R™,G) ®s F — Homg(R",G) ®s F

is exact. If F is a free R-module of finite rank then is an isomorphism. The
assertion follows from a diagram chase. O

Let K be a compact p-adic analytic group. This assumption implies that the
completed group algebra A[K] is noetherian. Let {M;};c; be a family of compact
modules over A[KT, such that for each open subgroup H of K there is a constant
t(H), such that for all ¢ € I the cardinality of H-coinvariants (M;)y is bounded
above by t(H). Let m; := M,” and let II be the subset of smooth vectors in ]
so that

(5) n=J[[~"

H el

iel Tis

where the union is taken over all open (normal) subgroups H of K. Then II is an
Ar-module with a smooth action of K.

Lemma 7.7. If H is an open subgroup of K then
(H @4, AI,JE)H ~ 111 R4, AI,ﬂC = (H 7TzH) A, AIJC'
i€l
Proof. Since H is also p-adic analytic, A[H] is noetherian. Thus A with the trivial

action of H is a finitely presented A[H]-module. Since localizations are flat Lemma
[7.6] implies that

Hom gy (A, TT®a, A7) = Homypgp(A, 11 ®4, Ar s,

where we consider IT as an A-module via diagonal map A — Aj. This implies the
assertion. g

Lemma 7.8. There is a canonical isomorphism of A .[K]-modules

(M @a, Arg)" = @((H(Mz)H) ®a, Arz),

H  er
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where the projective limit is taken over all open normal subgroups H of K. More-
over,

(M@a, A1) ) = ([[(Mi)a) @4, Ara.
iel
Proof. Since tensor products commute with direct limits we have

N®a, Ar e = hgﬂ((HﬂzH) ®a, Arz).

H  er

The isomorphism M; =, (M})V induces an isomorphism (77)V 2 (M;)y. Since
the functor (-)V converts direct limits to projective limits the first assertion follows

from Lemma The second assertion follows from Lemma O

Let ¢ : R — A be a map of local O-algebras and let NV be a finitely generated
O[K]-module. We equip N with the canonical topology for which the action of

O[K] is continuous. Then R acts on Hom%’f}q (M;, N) via its action on M; via .

Lemma 7.9. If the action of R on Hom%)ﬁ}t(ﬂ(Mi, N) for all i € I factors through
the quotient R — R’ then the action of R on

Homgzp (M®a, Arz)", N)
also factors through R — R'.

Proof. The isomorphism N 2 @1 J N/JN, where J runs over open two-sided ideals
of O[K], induces an isomorphism

Hom%’ﬁ(ﬂ((ﬂ ®a, Arz)V,N) = @Homg’ﬁ(ﬂ((ﬂ ®a, Arz)Y, N/JIN).
7

Thus it is enough to prove the assertion when N is finite (as a set), which we now
assume. Then NV is also finite, thus finitely generated over A[K], and since A[K]
is noetherian, NV is finitely presented over A[K]. Pontryagin duality and Lemma

[726] give us
(6) HOIH%O[F;(]]((H XA, A[’I)V,N) = HomO[[K]] (Nv, II XA, AI,ZE)

= HomO[[K]] (NV, H) ®A; AI,.T~
Let H be an open normal subgroup of K which acts trivially on NV. We have

Homo (N, 11) = Homox(NY, ) = [ [ Homoyx (NY, 7T
el
= [ [ Hom{Spiey (M. = [ [ HomStiey (M;, N).
iel el

(7)

We conclude that for finite N we have an isomorphism of R-modules
Hom{Stie (@4, Ar)Y, N) = (][ Hom@piy (M, N)) @4, Ara.
i€l

Since the action of R on the right-hand-side factors through R — R’ we obtain the
assertion. ]



GK-DIMENSION AND THE p-ADIC JL-CORRESPONDENCE 33

7.2. Scholze’s functor and ultrafilters.

Lemma 7.10. Let 0 — 0 — © — 7 — 0 be an ezact sequence in Modi™(Z/p®),
where G is an open subgroup of G. Then the sequence:

0= (Jor™ =™ = J]™ =0
iel i€l iel
18 ezact.

Proof. We have
(JIm = tim [[ " = tim(r" @z (Z/p°)1)
(8) i€l H jer H
= (hﬂﬁH) Xz/ps (Z[p*)r=m Xz/ps (Z/p®)1,
H

where the limit is taken over open subgroups of G’. Since Z/p® is noetherian, it is
coherent, and hence (Z/p®); is a flat Z/p*-module, which implies the assertion. O

Lemma 7.11. Let {m;}ics be a family in Mod%™ (Z/p*) and let I = (ILicymi)*™.
If for some compact open subgroup H of G there is w € Mod%‘,im(Z/ps) and integers

~

m; for ¢ € I, bounded independently of i, such that m;|g = 7™ then there is a
resolution of (Z/p®)r[H|-modules:

0=y =1 = ... =>1I; — ...
where each 11, is a direct summand of C(H,Z/p*)" ®zp= (Z/p®)1 for some n;.

Proof. Since 7 is admissible 7V is a finitely generated Z/p*[H]-module. Since H
is p-adic analytic Z/p*[H] is noetherian and thus 7 has a projective resolution
by free Z/p*[H]-modules of finite rank. Since (Z/p*[H])Y = C(H,Z/p*) by taking
Pontryagin dual we obtain a resolution of Z/p®[H]-modules:

0—7m— C(H,Z/p*) — ... = C(H,Z/p*)* — ...
This yields an exact sequence of Z/p*[H|-modules:

0= [[=— (JcH. z/p*)* — .. (J[cH. 2/p*)" — ...

iel iel i€l
It follows from Lemma that the sequence remains exact after applying the
functor of smooth vectors. Since ([[,c; C(H,Z/p*))*™ = C(H,Z/p*) @z/p (Z/P°)1,
we obtain a resolution of Z/p*[H]-modules 0 — ([];c; 7)™ — F*, where F/ =
C(H,Z/p*)* @z, (Z/p*); for all j > 0.

Let us suppose that m; < m for all i € I. For each 0 < k < m let ey, = (e;1)icr €

(Z/p*)1 be the idempotent with e;;, = 1if m; = k and e;, = 0 otherwise then II| g &
Do er((ITic; m)™)" and thus @, ex(F*)* is the required resolution. O

Theorem 7.12. Let {m;}ics be a family in Mod%™ (Z/p*) and let TT = (ILiey mi)*™.
Assume that for some compact open subgroup H of G there is m € Mod?}im(Z/ps)
and integers m; for i € I, bounded independently of i, such that 7;|g = 7™ for all
1€ 1. Then for all j > 0 and all compact open subgroups K C D> we have

HY (B /K )er, Frr) = [T HY (P, /K )er, Fr,),
iel

where the cohomology groups are defined in [55, Section 2].
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We first list some consequences of the Theorem.

Corollary 7.13. Assume, additionally to the assumptions of Theorem [7.13, that
each m; has an action of a local artinian O-algebra (A, m4) with finite residue field,
which commutes with the action of G, then for all x € Spec Ar and all j > 0 we
have an isomorphism

HI(BL K )er. Frioa, ar) = ([ H (B2 /K )et Fr)) @, Ao
el

Proof. As in the proof of [55, Corollary 8.5] this follows from Theorem as the
topos (Pg;l /K )gt is coherent and so cohomology commutes with direct limits. O

Corollary 7.14. Let us assume the setup of Theorem , Let H;- be the subset
of smooth vectors in [[;c; Hgt(Pg;17.7-}i) for the action of D*. Then

HY (Pg !, Fin) 210

Moreover, if we have an action of ring A as in Corollary then for all x €
Spec A; and all j > 0 we have

Hgt(PEP_I’]:H@AIAI,x) = H;’ XA, Al,x~
Proof. We have
HI(PE, ) = lim HY (P /K e, Fn),
K

HE,(P!, Fr,) = lim B (P /K )er, i),
K

where the limit is taken over open normal subrgoups K of D* by [55, Proposition
2.8]. Since K acts trivially on Hj((]P)g;l/K)ét, Fr;) we obtain

115 =t ([T H(B2, /K )

K er
and the first assertion follows from Theorem The second assertion is proved
in the same way as Corollary O

Let us start proving Theorem [7.12]

Lemma 7.15. It is enough to prove Theoremfor s =1 (i.e. under assumption
that m; € Mod%™ (F,), for all i € ).

Proof. The proof is by induction on s, using the assumption as the start of in-
duction. For each i € T let x; € Spec((Z/p®);) be the prime corresponding to
the projection to the i-th component followed by the map to the residue field.
If M is any (Z/p®);-module then we have a functorial map M — [[,.; M,,. If
M = HI((PE Y/ K)a, Fu) then My, = HI((PE /K )er, Fr,) since L, = m; and
cohomology commutes with localization.

We have an exact sequence

0—>Hai —>H7ri —>H7ri/p—>0,

i€l icl icl
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where o; = Ker(m; — m;/p). Assume that 0 < m; < m for all i € I. Let
o = Ker(m — m/p) then we may rewrite the restriction of the above sequence to H

0PIl =PIl ->BI[=w*—o,

k=04l k=0 i€l k=04€1,,
where I, = {i € I : m; = k}. It follows from Lemma that the sequence

0 — (H O_i)sm N (H 71_i)sm N (H Wi/p)sm =0
i€l i€l i€l
remains exact. Let ¥ = ([[,c;0:)"™ and let P = (J[,c; m/p)*™. The exact se-
quence 0 — ¥ — II — P — 0 induces an exact sequence of sheaves 0 — Fx —
Jn — Fp — 0 and a long exact sequence in cohomology. Since o;|g = ¢™ and
(mi/p)|u = (w/p)™ are killed by p*~!, the induction hypothesis implies that the
maps
H (P K)at, Fo) = [ [ H (L K)ers Fo,)
iel
HI(PE K )en, Fp) = [ [ H (B K)ets Fr, /o)
iel
are isomorphisms for all j > 0. An application of (short) 5-lemma implies the
assertion. O

From now on we will assume that 7; € Mod™ (F,) and will prove Theorem
following the proof of [55, Theorem 8.3].
Lemma 7.16. Let m be a nonnegative integer and let d = (m + 1)3™T1. Let

2¥] i+
E*7(k) — M(k) , 0<k<d

be upper-right quadrant spectral sequences of (F,)r ®F, Oc, /p-modules together with
maps of spectral sequences between the k-th and the (k + 1)-7§h' spectral sequence for
0 < k < d. Suppose that for some r the map Ei’zk) — EZJ%,H_I) factors over an
almost finitely presented (F,); ®p, Oc, /p-module for all i, j, k. Then ME — M(kd

(0)
factors over an almost finitely presented (Fp)r ®r, Oc, /p-module for k < m.

)

Proof. Follow the proof of Lemma 10.5.6 in [57] with the ring R /p in loc. cit.
replaced by (F,); ®r, Oc, /p (the key point being that this ring is almost coherent
by Corollary 8.7 in [55], and this is what is used in the proof of the 10.5.6). O

Lemma 7.17. For any m > 0 there is a compact open subgroup Ko C D* stabi-
lizing V,U and the section V. — Myt o.c such that for all K C Ko the map

Hj((V/K)ét,]:H & O+/p) — Hj((U/K)ét,]:H ® O+/p)
factors over an almost finitely presented (Fp)r ®r, Oc, /p-module for 0 < j < m.

Proof. Let II; be as in Lemma above. The proof of Lemma 8.8 in [55] (see
also Remark 10.5.7 in [57]) shows that the desired result holds with II; instead of
II, so we only need to explain how to deduce it for II. By exactness of the functor
m — Fr we have a spectral sequence

By = HI((U/K)a, Fr, © O /p) = H (U K)a, Fri © OF/p).
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Let d = (m + 1)3™*! and pick a sequence of strict inclusions V = Uy C Uy C ... C
U; = U. This induces d + 1 spectral sequences E:I.Jk as above, to which we will
apply Lemma It suffices therefore to check that the maps EY, — EyY, |
factor over almost finitely presented (IF,); ®r, Oc, /p-modules for all 4, and k. As
we have already mentioned, this is exactly what is proved in Lemma 8.8 of [55], for
the strict inclusion U,_1 C Uy and the representation II;. O

Proof of Theorem[7.13 1t follows from Lemma that it is enough to prove the
Theorem for s = 1. Lemma [7.17]is a substitute for [55, Lemma 8.8]. Given this, the
proof of [55, Theorem 8.3, Corollary 8.5], where Scholze assumes that 7; are injective
as H-representations, carries over verbatim to our more general setting. O

8. GLOBAL ARGUMENTS

In this section we assume that p > 2. We fix a continuous representation p :
Galg, — GL»(F,). We will first globalise p following Appendix A in [33].

Proposition 8.1. Let F be a non-trivial finite extension of Fp, such that GLo(IF)
contains the image of p. There is a totally real field F' and a regular algebraic

cuspidal automorphic weight 0 representation w of GLa(Ap), such that the following
hold:

(1) the Galois representation v, : Galp — GL2(Q,,) associated to 7 is unrami-
fied outside p;

(2) p splits completely in F and Tr|gal,, = p for all v | p;

(3) SLQ(F) C fﬂ—(GalF) - GLQ(F),

(4) [F : Q] is even.

Proof. Using [33, Cor. A.3] we may find a totally real field F’ and a regular alge-
braic cuspidal automorphic representation 7’ of GL2(Ag/) such that (2) holds, the
conductor of 7’ is potentially prime to p, 7 (Galp/) = GLa(TF). Since the conductor
of 7’ is potentially prime to p using solvable base change we replace F’ by a totally
real solvable extension F', and 7 with the base change of 7’ to F' so that (1), (2)
and (4) hold. Since F has at least 4 elements SLy(F) is equal to its own derived
subgroup and thus it will be contained in 7/ (Galg~) for any abelian extension F"
of F'. Thus SLy(F) will be contained in 7(Galp) = 7 (Galp). O

We fix F, F' and 7 as in Proposition and assume that [F : F,] > 3 and let

Ti=Tr.
Lemma 8.2. Let N be a positive integer. Then there is a finite place wi of F such
that the following hold:

(1) the ratio of eigenvalues of 7(Frob,,,) is not in {1, N(wy), N(wy)~1};

(2) N(w) #1 (mod p);

(8) N(wy) is prime to 2Np.
Proof. Let E be the fixed field of Ker 7 and let (, be a primitive p-th root of unity
in E. We claim that we may may choose g € Gal(E((,)/F) such that the image
of g in Gal(E/F) satisfies and the image of ¢ in Gal(F'((,)/F') is non-trivial.
Granting the claim, by Chebotarev density there will exist infinitely many w; such
that Froby, |g(c,) is conjugate to g in Gal(E(¢p)/F). All such wy satisfy (2). Since
there are infinitely many we may choose w; as above with N(w;) > (Np)F: Q.
Then N(w;) is a power of a prime ¢ such that ¢ > Np. In particular holds.
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To prove the claim we let £ be a multiplicative generator of F*. If ¢, ¢ E then

pick any g € Gal(E(¢,)/F), which maps to (g 591) in SLy(F) C Gal(E/F). Since
[F:F,] >3, & ¢ F, and thus any such g will satisfy (1). If the image of g in
Gal(F((p)/F) is trivial then replace g by gk for any non-trivial k € Gal(E(¢,)/E).
The images of g and gk in Gal(E/F') are equal and the image of gk in Gal(F(¢p)/F)
is equal to the image of k and is non-trivial.

If ¢, € E then F((,) is contained in ES“2(®) since F((,)/F is abelian and
SLo(FF) is its own derived subgroup. Since Gal(E/F) is a subgroup of GLy(F) by
construction, Gal(E/F)/SLy(F) is a subgroup of F*. Thus it is generated by ¢4 for

some divisor d of [F*|. Thus g = (5'10+1 591) € GLo(F) lies in Gal(E/F). The ratio

of its eigenvalues is equal to (£472)*L. If €472 € F,, then p/ —1 divides (d+2)(p—1),
where f = [F : F,], and hence d divides (d+2)(p — 1). If d is odd then d and d + 2
are coprime and so d has to divide p—1 and so pf —1 < (p+1)(p—1). If d is even
then greatest common divisor of d and d + 2 is 2 and so d/2 divides p — 1. Thus
p/ —1 < 2p(p —1). In both cases we obtain a contradiction to [F : F,] > 3. The
image of g will generate Gal(F(¢,)/F), which is non-trivial as F is totally real. O

Remark 8.3. Let wy be any place of F satisfying the conditions of Lemma[8:2] and
let 3, be the set of places of F' above p. If we let S be a finite set of places of
F' containing wy, ¥, and all the places above oo then 7, S, 3, satisfies all the
conditions of section (2.2) in [43]. In particular, the issues discussed in Appendix
B of [33] do not arise in our situation.

8.1. Completed cohomology. Let Dy be a quaternion algebra with center F'
ramified at all infinite places and split at all finite places. Let Op, be a maximal
order in D and we fix an isomorphism (Op, ), = M2(Op,) for every finite v. Then
Umax = HUJ[OO GL2(OpF,) is an open subgroup of (Dp @ A¥)*. One may write
(Do®pAY)* as a finite union of double cosets of the form D t;Upax(A%)*, where
we have identified (A%)* with the center of (Do ® p AF)*. Moreover, the groups
(Umax (AR)* N t;DZt; 1) /F* are finite. Let w; be a finite place of satisfying the
conditions of Lemma[8:2| with N equal to the product of the orders of these groups.
Let U := H'w)(oo Uy, UP = wapoo Uy, where U, = GL3(Op,) if w # w; and let
Uw, = {9 € GL2(Op,,) : g = (§1) (mod @y, )}. It follows from [52, Lem. 3.2]
that

(9) (UAR)* NtDFt™)/F* =1, Vte (Dy@r AF)*.

If A is a topological O-module, such as O, L with the p-adic topology or O/wm",
L/O with the discrete topology, we denote by S(U?, A) be the space of continuous
functions

f:DIX\(Dy ®@p AR)* JUP — A.

The groups (Do ® Qp)* and (AY)* acts continuously on S(U?, A) by right trans-
lations.

Let Tgni" = O[Ty, Sylvgs be a commutative polynomial ring in the indicated
formal variables, where v ranges over all finite places of F' not in the subset S
defined in Remark The algebra TV acts on S(UP, A) with with S, acting
via the double coset U, ( v OU )UU and T, acting via the double coset U, ( v ?)UU.

w

This action commutes with the action of (Dy ® Q,)* and (AF)*.
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Let Gps = Gal(Fg/F) be the Galois group of the maximal extension of F
in F which is unramified outside S. Let r, : Gpg — GLQ(@p) be the Galois
representation associated to the automorphic form 7 in Proposition After
conjugating (and possibly replacing L by a finite extension), we may assume that r,
takes values in GL2(0O). Let m,._ be the ideal of T4 generated by T,,—tr r. (Frob,),
N(v)S, — detr,(Frob,) for all v ¢ S and let m := m;_ := (w,m,_). We have
T /m, = O and TV /m = k.

Let ¢ : Gpg — O be a character such that det r, = 1e~1, where ¢ is the p-adic
cyclotomic character, so that ¢ (Frob,) =5, (mod m,_) for all v € S. We consider
1 as a character of (A%)*/F* via the class field theory normalized so that the
uniformizers are sent to geometric Frobenii. We will denote the restriction of ¢ to
a decomposition subgroup at v by ,, and we will also consider 1, as a character
of F* via local class field theory.

Let Sy (UP, A) be the submodulﬂ of S(UP, A) on which (A%)* acts by . Since
the actions of (A%®)*, (Do ®g Q,)* and T on S(UP, A) commute, S, (U?, A) is
a TWV[(Dy ®g Qp)*]-module.

Proposition 8.4. Let m = mz_ and v be as above. The localization Sy (UP, L/O)n
is mon-zero. Moreover, it is admissible and injective in Modibr;‘(Up), where U, =

(Op, ® Zp)* =11y, GL2(Zy) and vy, is restriction of ¢ to the center Z,, of Uy.

Proof. We pick an isomorphism between the algebraic closure L and C. Then we
may write 7°° = ®/ m,, where the restricted tensor product is taken over the finite
places of F| and each m, is a smooth representation of (Dy ®p F,)* = GLo(F,)
on an L-vector space. Let us choose an open normal subgroup Uy, = [],,, U, of

U, such that 7rf,]’l’ # 0 for all v | p, and let U’ = U, x vap U,. It follows from

[66, Lemma 1.3 (4)] that Sy, (U?, L)Y» @, L contains 7V as a T4V [U,]-submodule.
More precisely, 7U" is identified with the Hecke eigenspace (S, (U?, L)% @, L)m,.].
In particular, (S, (UP ,L)U»)[m, ] is a non-zero finite dimensional L-vector space.
It follows from (9)) that if A = L, O or k then S¢(U”,A)U;> can be identified as
an Up-representation with a finite direct sum of copies of InngU; Yp ®0 A In
particular, Sy (U?, 0)Us is an O-lattice in Sy (UP, L)Y» and its reduction modulo @
is equal to Sy, (U, k)Vs. Hence, (S, (UP, 0)U»)[m,._] and (S, (U?, k)V»)[m] are both
non-zero. Since localization is an exact functor the inclusion (S, (U?, k)Up)[m] —
Sy (UP, L/O) implies that Sy (UP, L/O)m # 0. The assertion about injectivity and
admissibility follows from [53, Lemmas 5.1, 5.2HE| O

Remark 8.5. Let T/ be a T4V-algebra, (for example obtained by adding the Hecke
operator corresponding to the double coset Uy, (F21 V)Uy,) and let m)_ be an
ideal of T” containing m, T’, such that T'/m; = O and let m’ = (cw,m;_). If T
acts on Sy (UP,L/O) and the action extends the action of T, and commutes
with the action of (Dy ® Q,)* then the argument of Proposition shows that

Sy (UP,L/O)w is non-zero.

12vP would like to thank Yongquan Hu for pointing out that in the statement of [53], Lemma
5.3] and in the last line of its proof Xcyc should be replaced by its inverse.
131 Equation (26) in the proof of [53, Lemma 5.1] A should be Home (X, ©).
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We fix a place p of F' above p and let U} = pr)w&p U,. If X is a continuous
representation of U} on a free O-module of finite rank, such that (A3°)* N U} acts
on A by the restriction of ¥ to this group then we let

Sﬂ,’)\(Up,A) = HOIIIU; ()\, Sw(Up,A)).

Since p > 2 for each v | p we may pick a smooth character 6, : (’);v — O* such
that 1, (z) = 0,(z)? for all x € 1+ (w,). Let § : (Op ®Z,)* — O be the product
of 0,.

Lemma 8.6. We may choose X = ®y|p vrpAo such that Sy x(UP,L/O)n # 0 and
Ay = afj ® (0, o det) such that the central character of A\, is equal to 1, and 08

is an O-lattice in an inflation of an irreducible non-cuspidal representation o, of
GLQ(]FP) to UU.

Proof. After twisting by the inverse of o det we may assume that ¢, (z) = 1 for all
x € 14(w,) for allv | p. Let U,, be a subgroup of U,, = GL2(Z,,) consisting of upper-
triangular unipotent matrices modulo p, and let UI’, = HU‘ » U,. Let ZI’J be the centre
of U]. It follows from Proposition that Sy (UP, L/O)w is an admissible injective
representation of U}, /Z},. Since U, /Z, is pro-p, Sy(U?, L/O)w as a representation of
U,, is isomorphic to a finite direct sum of copies of C(U,,/Z,,, L/O), where C denotes
continuous functions. The Pontryagin dual of C(U,/Z,,L/O) is the completed
group algebra O[U,/Z]], and its Schikhof dual is isomorphic to C(U,/Z,,O). It
follows from [53, Equation (27)] that Sy (U?, O)w|u; is isomorphic to a finite direct
sum of copies of C(U,/Z,,0). In particular, (Sw(Up,(’))m)Ur: is a non-zero O-
module of finite rank. Let W be the UP-invariant subspace of Sy (U?, O)n ®o L
generated by (Sy(U?, O)m)Ur/) and let o be any irreducible subquotient of W. The
centre of U} acts on o via ¢). We may write 0 = ®y|p, y~p0v, such that o, is an

irreducible representation of U, satisfying 01[,] v # 0. In particular, o, is an inflation
of an irreducible non-cuspidal representation of GL2(F,) to U,. Let o2 be any
U,-invariant O-lattice in o, and let A = ®v‘p1v¢p02. Then by construction A\ is
an O-lattice in o, hence Homyp (A, Sy (UP, O)w) is a non-zero O-module of finite
rank. This implies that Homg» (A, Sy(UP, k)w) is also non-zero, which implies that
Homyp (A, Sy (UP, L/O)w) is non-zero. O

Remark 8.7. Standard arguments with Serre weights show that if 7r|g,, is not
tres ramifiée then one may choose ¢, in Lemma to be either a character or a
principal series representation of GLo(IF,).

Lemma 8.8. Let A be a continuous representation of U} with a central character
Yh on a free finite rank O-module. Let G; be the derived subgroup of (Do ®p Fy)*.

Then Sy A(UP, k)u? = 0.

Proof. We identify (Dy @ Fy)* with GL2(Q,) and G}, with SLy(Q,). We may
assume that Sy »(UP, k)m # 0. We may further assume that ¢,(—1) = 1.

If K is a compact open subgroup of SLy(Q)) containing {£1} then it follows
from [53] Lemma 5.3] and the argument explained in the proof of Proposition
that

Sya(UP,0)|k = C(K/{£1},0)*™"



40 GABRIEL DOSPINESCU, VYTAUTAS PASKUNAS AND BENJAMIN SCHRAEN

for some m > 1. Since Sy A (UP, O)y, is a direct summand of Sy, A (UP, O), we obtain
an isomorphism

(10) (Sya(UP,0)) @0 k = Sya(U* k).
Let a = (9 ). Since SLy(Q,) is generated by its subgroups Ko := SLy(Z,) and
K1 := aSLy(Z,)a! for any SLy(Q,)-representation m we have an exact sequence

SLQ(QP) Ko K, KoNKy
0—m -0t 57 .

Applying this observation to @ = Sy A(UP, O)m, ® = Sy A(UP, k)m and using (10)
gives us an isomorphism

(Syn(UP, 0)32@)y o ) k2 g, (UP, k)SE2(@0)

which implies that (Sy (UP, O)iLZ(Q’J)) ®o L is a non-zero finite dimensional L-
vector space. Thus it will contain a non-zero Hecke eigenspace corresponding to

an O-algebra homomorphism z : (T¥),, — L. Since the action of T4"V pre-

serves the O-lattice Sy A (UP, O)E}Q(Q’J), after enlarging L, we may assume that x
takes values in O. Since local factors of cuspidal automorphic representations are
generic, it follows from [66, Lemma 1.3 (4)] that there is a continuous character
X : (AR)X/F* — O such that z(T,) = (N(v) + 1)x(w,) and z(S,) = x(w,)?
for all v ¢ S. This implies that tr 7(Frob,) = (N(v) + 1)x(w,) and det 7(Frob,) =
N(v)x(w,)? for all v € S, where ¥ is the reduction of y modulo w. Hence, the
ratio of eigenvalues of #(Frob,) is equal to N(v)*! for all v € S, which contradicts
Lemma 8.2 O

We fix an infinite place cop of F' and let D be the quaternion algebra over F,
which is ramified at p, split at cop and has the same ramification behaviour as Dg
at all the other places. We fix an isomorphism

Dy ®p A%’OOF =2DRp AIIJ;’OOF
This allows us to view the subgroup U® of (Dg ®p A%)*, considered above, as a
subgroup of (D®prAY)*. Let Dy := D®p Fy,. Then D, is the non-split quaternion
algebra over F, = Q,. If K is an open subgroup of (’)Ep U® then we let X (K) be
the corresponding Shimura curve for D/F defined over F'. We let

H(UP,0/w") = lim Hiy (X (K,UP)5, O/="),
KP

where the limit is taken over open subgroups of UI')’(’)BF. This group carries com-
muting actions of the Hecke algebra T4V, Galp g, (D ®g Qp)* and the centre
(A%)*. We let H (UP, O /@™ )y be the localisation of H(U?, O/w=") at m and let
ﬁi(U”,O/w”)m be the submodule on which (A%®)* acts by #, and for A as in
Lemma [R.8 we let

(U, 0 /@) = Homyy (A, H,(UP, O/@")w).

After identifying 2-O/O C L/O with O/w"™, we obtain an isomorphism of O-

w™

modules lim o O/w™ = L/O and use the same transition maps to define

Hi \(UP, L) O) :=li HY, \(UP, 0 /" ).
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It is explained in [53, Lemma 6.2] that Scholze’s results in [55] imply that there is
a natural isomorphism of TV [Gg, x Dy]-representations:

(11) SY Sy (UP,L/O)w) 2 HY (UP,L/O).

We let N N
wa\(U”, O = ]'&HHLA(U“, O/w™)m,

equipped with the p-adic topology. The module ﬁpr(U P O)m is O-torsion free
and by inverting p we obtain an admissible unitary Banach space representation of
Dy’. Moreover, we have natural isomorphism

(12) (H} A\(UP,0)n)? = (H} \(UP,L/O)m)"

compatible with T&"V[Gg, x DyJ-action. To ease the notation we will omit the
outer brackets, when taking the duals. It is proved in [53] Proposition 6.3] that
and induce a natural isomorphism

(13) SYSyA(UP,0)4) = HY | (UP,0)4

m
compatible with TV [Gg, x D,]-action.
8.2. Patching. If R is a complete local noetherian O-algebra with residue field k
and G is a p-adic analytic group then, following the notational scheme of [30], we let
Modfg‘aug(R) be the category of R[G]-modules M, such that for some open compact
subgroup H of G, the action of R[H] on M extends to the action of R[H], and M
is a finitely generated R[H]-module with respect to this action. We note that M
carries a canonical topology for which the action of R[H] on M is continuous.
Restriction of deformations to the decomposition subgroup at p induces a map

RE’% — REJ? Since the image of 7 contains SLo(IF), 7 is absolutely irreducible
and the map R% g — RE:&Z’, induced by forgetting the framings, is formally smooth
and we may non-canonically identify RE’? ~ R}{i slz1,- -, 2z45/-1]- By quotienting
out the variables we obtain a surjection RIE”;& —» R? g» which makes R? g into a
O,

R, -algebra.
Definition 8.9. Let G be a p-adic analytic group and let M € Modfé'aug(RﬁS). A
thickening of M consists of the data (Reo, Moo, Z, ), where

(1) Ry is a complete local noetherian faithfully flat Rpl;’wp -algebra with residue

field k;
(2) Moo € ModE™"8(Roy);
(3) z = (x1,...,2p) is an Moo -regular sequence contained in the mazimal ideal

of Rso, such that
Moo /() Moo = M;

(4) ¢: Reo/(z) —» R?S is a surjection of RE’%

of Roo on My /(z) My factors through ¢ and the resulting action of R?S
on Moo /(2)Moo is compatible with the isomorphism in ().

-algebras, such that the action

Recall that 6, : Z) — O is a character, such that 1/Jp9p_2 is trivial on 1 + pZ,,
and hence we may consider ’(/JPQEQ as a character of F 5. Let p : ]F;2 — O* be a

character such that the restriction of p to ' is equal to 1,0, Zand p # pP. Let
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o () be the cuspidal representation of GLy(F),) corresponding to the orbit {u, u?},
we also denote by o(p) its inflation to GL2(Z,) and let A, := o(n) ® (8, o det). We
inflate ;1 to the character of Of via Of /(1+mp,) = F . Let Aj := p(0y o Nrd)
be a character of O Dy We note that )\p and A have central character Yy, and it
follows from [14] that the classical J acquet— Langlands correspondence induces a bi-
jection between the isomorphism classes of irreducible smooth representations m, of
GL2(Q,) on L-vector spaces such that Homgr,z,)(Ap, 7p) # 0 and the isomorphism
classes of irreducible smooth representations ﬂ'; of DF,X on L-vector spaces such that
Homogp (Aps ) # 0. Moreover, all representations 7, as above are supercuspidal
and their isomorphism classes correspond bijectively to the isomorphism classes of
irreducible representations of the Weil group Wg, of Q, of the form Indvvggp2 X
P

such that x(Artg ,(2)) = pu(z)bp (NS:Qx) for all x € Z:z, under the classical local
Langlands correspondence.

Let a > b be integers, and let 045 := \p ® Sym® "' L2 ® det®™ and let o0y
be a GLy(Z,)-equivariant O-lattice in 5. If My is a thickening of Sy (U, 0)%
with central character 1, ! then we let

Moo (09 ) := Hom&S[r, (1) (Moo, (00,) 1)

where ()% := Hom@"(-, 0). If a+b+1 = 0 then the central character of 04,5 is equal
to ¢, and (w, z) is a regular system of parameters Mo, (o, b) see [51l, Proposition
2.40] for details. In particular, Moo(%,b) is a finitely generated Cohen—Macaulay
Ro,-module. If b+ a + 1 # 0 then M, (02717) = 0, since the centre acts on M., by
¥y ', which is smooth. The Ro[1/p]-module My (0q) = Moo(crg)b) ®o L does not
depend on the choice of lattice Ug,b- Let Ro(04,p) be the quotient of R, which
acts faithfully on Moo (04).

Similarly, we let oy, , = A, ® Sym® ?71 L2 @ det’*! and if M’_ is a thickening of
f]z},’)\(U”, O)% with central character ¢, ' then we define M/ (o wp) and Re (o)
analogously by replacing GL3(Z,) with ng.

Let RE’% (0a,p) be a reduced and O-torsion free quotient of RE’% parameter-
izing potentially semi-stable lifts of p with Hodge—Tate weights (a,b) and inertial
Galois type defined by A,. Since the determinant in the deformation problem is

ﬂl’p(

fixed and is equal to 1pe™", the ring R, """ (04,5) is zero, unless a +b = —1.

Theorem 8.10. There is a thickening (Roo, Moo, x, ) of Sy A(UP, 0)% and a thick-
ening (Reo, ML, 2, ) of Hi’A(U", 0)d such that the following hold:

(1) My, is projective in ModgrEQ(Z Vb (0);
(2) M, is projective in Mod? » (0);
Dy ¥

(8) for all integers b > a the rings Roo(0ap), Roo(0y, ;) are reduced and their
spectra are equal to a union of irreducible components of

Sp(—zc(RE’wp (0ab) @ 0.0, Rso);

(4) 8" (M) = ML;

where \ is as in Lemma[8.4.
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Proof. A thickening of Sy (U, 0)% satisfying and has been constructed
by Dotto—Le in the proof of [29, Theorem 6.2] by using Scholze’s improvement with
ultrafilters of the patching argument in [I7] in the setting of quaternionic Shimura
sets. Parts and correspond to [I7, Proposition 2.10] and [I7, Lemma 4.17
(1)], respectively. Dotto—Le also carry out the patching in the setting of Shimura
curves. They assume that the quaternion algebra is split at p. However, this
doesnot play a role in their arguments in the proof of [29, Theorem 6.2], and hence
we also obtain a thickening (R, M/, z, ¢) of ﬁl}w\(Up, 0)d satisfying and .
The main point of the Proposition is that if we take the same utrafilter in these
constructions then () holds, so that S*(Ms) = M/, as R[Galg, x D ]-modules.
To prove that we need to unravel the construction of My, and M/  in [29]. We
employ the notations of loc. cit., albeit their L is our @, their E is our L and
their K, K(N)?, K, is our U?, U(N)?, U,. Moreover, when defining spaces of
automorphic forms S(KVK,, V') on definite quaternion algebras in [29, Section 6.1]
they take functions with values in the Pontryagin dual of V' and we take functions
with values in V, so that their S(KVK,,O) is our S(U?U,,L/O).

The ring R is denoted by RY in [29]. They show that M, is a finitely gen-
erated Soo[GL2(Z,)]-module, where Sy, is a subring of R, of the form So, =

Olz1,- -+, 24/8]=1, Y1, - - - » Ygq]] and
(14) Moo/(zla .. 'az4|S|717y1a oo 7yq)Moo = Sw)\(Up,O):i.

We let © = (21,...,245/=1,Y1,---,Yq)- It is shown in [29] that M., is a projec-
tive Soo[GL2(Z,)]-module in the category of compact So[GL2(Z,)]-modules with
central charachter v, ! This implies that z is M..-regular.

D7¢'U
RE

Ty

The ring R is a power series ring over RE’% o Qv ipvstp (Ay) in carefully
chosen number of variables, where 7, is the restriction of 7 to the decomposition
group at v and the completed tensor product is taken over O. For each N > 1,
QnN is a set of cardinality ¢ of Taylor—Wiles primes, see [29] Section 6.2.3]. Let
Aqy = [lueoy ko (p), where kj(p) is the Sylow p-group of the multiplicative
group of the residue field at w. Then by construction of Qu, p~ divides the order
of kX and hence is a surjection Ag, — (Z/p™)?. Let Oy = O[Ag,] be the
group ring of Ag,. By choosing surjections Z] — Ag, we obtain surjections
OL.oo :=O[y1,..-,yq] = O[Z] - O n for all N > 1. Let

~ D,
M(N) &= S, a UM, Oy, By Rk,

(15) ~

= Sya(U(N)P, O)ngN ®o Olz1, - - -, 24/5)-1];

/ .l p d o O,

6) M'(N) : = Hy \(U(N) 7O)m’QN ®R}U,SQN Ri'sq .,

= HiA(U(N)p, O)ibN (§)O O[[Zl, . ,Z4|S|,1H7

. . O A .

where we have fixed an isomorphism R%},SQN : R?SQN [21,. .., z45-1] as in [29,
Section 6.2.4]. The ring Soo = O oo[21,--.,245-1] acts on M(N) and M'(N)
and the action factors through the quotient Sy = O n[z1,. .., 245-1]. If J is an
open ideal of Of o and a is an open ideal of O[z1, ..., z45/—1] then we let

M(a,J,N):= M(N)/(a, J)M(N), M'(a,J,N):=M'(N)/(a,J)M'(N).
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If Uy C GL2(Qy), U, C D are compact open subgroups then we let
M(a,J, Uy, N) := M(a, J,N)Up7 M'(a, J, U;,N) = M(a, J,N)Ué.

denote the coinvariants. Note that the modules M (a, J, Uy, N) and M'(a, J, Uy, N)
are of finite cardinality. For each open ideal J of Op, o let I; be a cofinite subset of
I such that the kernel of Op, oo =+ Op, y is contained in J. We fix a non-principal
ultrafilter § on the set of natural numbers. Then we let

M(a, J,Up,00) := (OL.oo/ )12 ®0p iy, 1] M(a,J,Up, N),
Nely

M/(CLJ,U;, ) (OLOO/J)IJ,I® Or,00/J)1 H M (a, JUI )
NEIJ

where z € Spec(Op, o0/J)1, corresponds to the ultrafilter §. Finally, we let

M(a, J,00) = T&nM(m J,Up,00), M'(a,J,00) = @M’(a, J, U’;7o<>)7
Uy Uy

Mm:@M(a,;LOO), MC/)O:@M/(CI,J,OO),
a,J a,J
where the limits are taken over open ideals a of O[z1,. .., z4s/-1], J of Of o, and

compact open subgroups Uy, of GL2(Q,) and Uy of D;’.
It follows [44], Corollary 7.5] that Sy A(U(N)P, O)‘jnb is a flat O, y-module and
N

if we base change it along the map O, y — O, which sends all the elements of Ag,,
to 1, then we obtain an isomorphism.

O®o, x Sw,A(U(N)p7(9)§1/ o = SuaUP, O)a-

Since Sy A (U?, O) is projective in ModGLQ(Z ) (0), the above isomorphism and
flatness over O y imply that Sy (U(N)P, O)mQN is projective in the category
MOdI();rEZ(Zp)7¢p (Or,n). We deduce that if A is an artinian quotient of Op, n then
A ®o, y SyA(U(N)P,0)%, is projective in ModG’LQ(Z ) (A). For a fixed A

we may choose a sufﬁc1ently small open pro-p subgroup H of GL3(Q,), so that
Yyt HNZ — O — AX is trivial, then A®o, , Sy x(U(N)?, (’))mQ is a projective
N

A[H/H N Z]-module. Since
(1) E @0,y SualUN), O, 2 Sy \(UP k)Y,
the claim implies that
A®0,x Syr(UN), O)yy = A[H/H N Z]™,
where m = dimg (Sy A (UP, k)y) g = dimg Sy, ,\(UPH k)m. This implies that if we
fix a and J then there is an open subgroup H of GL2(Q,) such that M (a, J, N) are

isomorphic as O[H]-modules for all N € I;.
Lemma with [55, Proposition 4.7] imply that that S°(Sy (U(N)®, k)Y, )

QN
and hence S°(Sy A (U(N)P, (’))Zl,Q ) are equal to 0. Since
N
S'(SyA(UN)", O)y, )= H \(UN)", O,

QN mQN
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by [63, Proposition 6.3] and RE;EEQN is flat over R? oy Lemma implies that
that SY(M(N)) = M'(N). Since Sy \(U(N)®, O)fn'Q is flat over Of, n, we deduce

N
using that M(N) is flat over Sy. Since the action of So, on M(N) factors
through Sy, for all compact S,.-modules m we have

m®s, M(N) = (m®s, Sy)Bsy M(N)

and hence S'(m®g__ M(N)) 2 m®s. M'(N) by Lemma We apply this ob-
servation to m = S /(a,J) to deduce that

(18) SY(M(a,J,N)) = M'(a, J,N).
Let T = ([Tyer, M(a, J, N)V)™. Tt follows from Lemmathat
M(a, J,00)Y 2 (OL.00/J)1, .2 (01,00 /7)1, 11
Since the restrictions of M (a,J, N)¥ to H are all isomorphic, Corrollary to-
gether with imply that
S (M(a, J,00)) = M'(a, J, 0).

Since S commutes with projective limits we obtain S*(My,) = M/_. O

Remark 8.11. Let us point out how a part of the proof of [I7, Lemma 4.17 (1)] can

be rewritten using ultrafilters. It follows from local-global compatibility that the

action of RE’% 0

Hom{Sgn 2,1 (M (V). (70,)), - HomSgb (M(N). ((0,)°)")

1

factors through the quotient RE’w" (0ap). Lemma implies that the same holds
for the modules Moo (04,), ML (0, 5)-

Lemma 8.12. S°(M,,) = 0.

Proof. We give two proofs of the claim. It follows from that My, ®r_ k =
Sya(UP k) @ k. It follows from Lemma [8.8] that SLy(Q,)-coinvariants of

M, ®r._ k are zero and thus S°(M,, ®r__ k) = 0. Since S is right exact we obtain
SO (My) @R k = S (My ®p. k) = 0. Since S°(M,,) is a compact Ru-module
we deduce that SO(M.,) = 0.

The second proof (which is an overkill for GLy, but would also work in the setting
of unitary groups, see Remark and show the vanishing S*(My,) for i up to
the middle degree) uses the non-Eisenstein property of the ideal m after applying
the functor S°. Tt follows from [55, Theorem 6.2] that S°(Sy (U (N)¥, O)fi,Q ) =

N

ﬁg}y/\(U(N)p, (’))&,QN. Since my, is non-Eisenstein this implies that the group is

zero. Using Lemma and the ﬂatnessv arguments explained in the course of the
proof of Theorem [8.10, we obtain that S°(M(N)) = 0 and S°(M(a,J, N)) = 0. It
then follows from Corollary that S%(My) = 0. O

Lemma 8.13. Let I be an ideal of Ry, then the natural map
(19) SY (My) ®p.. Roo/I — S' (Moo @r_ Roo/I)

is surjective. The kernel is a finitely generated Roo/I-module on which the subgroup
of reduced norm 1 elements in ng acts trivially.
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Proof. The proof of [55, Proposition 7.7] goes through verbatim here with Lemma
as an input to show that is surjective and the norm 1 subgroup of ng
acts trivially on the kernel, which we denote by K. Moreover, it follows from [55]
Theorem 4.4] that S' (M) is a finitely generated Ro.[O ﬂ—module. Since the ring
is noetherian, K is also a finitely generated R [[ng]]—module. Since the center of
OBP acts on K by 9, ! and the norm 1 subgroup acts trivially we deduce that K
is a finitely generated R.,-module. Since I acts trivially on K we deduce that K
is a finitely generated Ro./I-module. O

8.3. Infinitesimal character. Let g be the Q,-Lie algebra of Dy*. Then we may
identify g with Dy, g ®q, L = gly ®q, L and Z(gr) = Z(gly)r. The dual group G
in this case is GL; and we identify its Lie algebra g with Mz(L), and let e = (§§),
f =(99), h=1(§2"), 2= (§9) be a basis of g as an L-vector space and let
*, f*,h*, z* be the dual basis of g*. If A is an L-algebra then a matrix M = (O‘ 8 ) €
MQ(A) defines an L-algebra homomorphism evys : S(g*) — A, which send e* — f3,
ff=, b= a—3, z* = a+ 8. We may identify Z(gz,) with a polynomial ring in
variables C' and Z, where C' is the Casimir operator and Z = (0 1) € gr. The ring
homomorphism Z(gr) — S(ﬁ*)a C S(A*) used in [27, Definition 4.19] sends Z to
z* and C to e* f* + f*e* + 3 (h*)? — 1, which is the umque element ¢ € S(g*)¢ such
that evas(c) = (@ —0—1)*+ (a— 5 )=1(a-6)?%-1=1tr(M)*—2det M —
for all M = (¢ 9). We denote the composition Z(gz) — S(ﬁ*)é ™ R by ¢
Let R be a complete local noetherian O-algebra with finite residue field, and let
R'& be the ring of global functions of the rigid analytlc space (Spf R)"&. Let p :
Go, — GLQ( ) be a continuous representation. We let § : G, — T, t (6.%),
where 7 is the subgroup of diagonal matrices in G. The choice of § allows us to
define a representation of Gg, into the C-group of GL; :

C:Gp = 9GLa(R), g (p(9)0(Xeye(9)) ™" Xeye(9)),

see [27, Sections 2.1, 4.7] for more details. In [27, Definition 4.23] to p© we attach an
L-algebra homomorphism C,?C : Z(gr) — R™. Tt follows from Equation (34) in [27,
Section 4.7] that for every open affinoid U = Sp(A) C (Spf R)"® the composition
Z(gL) — R — A — C,®g, A coincides with ¢y : Z(g1) — C,®g, A with
M =0y +3(§9), where Oy € Ms(C, &g, A) is the Sen operator of p ®p A.

Let us spell out [27, Lemma 5.12] in our situation. If R is a ring of integers in a
finite extension of L’ of L then p is Hodge—Tate with weights a > b if and only if the
Sen operator © € My(C, ®Qp L) is conjugate to the matrix (‘1 0) It follows from

the above that in this case Cpc (C) = 3(a—1b)*— Cpc (Z) =a+b+1, and hence

CEC coincides with the infinitesimal character of Syma*b*1 L2 @det". Conversely,
if ¢, is infinitesimal character of Sym® *~! L2 @ det®™" then © has eigenvalues a
and b and hence p is Hodge-Tate with weights a, b.

Let p"v : Galg, — GL2(R ’w”) be the universal framed deformation of p with
the fixed determinant equal to 1/),35*1. Let poo := piv ®RE,W R and let

Cpcoco : Z(g1) — R5S
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be the infinitesimal character defined above. If z : Ry, — @p is an O-algebra
homomorphism then we let p, : Galg, — GLQ(@p) be the specialization of po,
along z. The image of p, is contained in GL2(Q’), where O’ is the ring of integers
in a finite extension L’ of L. The infinitesimal character Cgc : Z(gr) — L’ coincides
with a specialization of C,?c at z.

If M is a compact O-module we let TI(M) = Hom{™ (M, L) be the L-Banach
space with the topology induced by the supremum norm. If z : Ry, — @p is an
O-algebra homomorphism then we let m; be its kernel and

I, := I(Mo)fm,], T, := I(M.,)fm, ]

be the closed subspaces annihilated by m,. Then II, € Banaédﬁg‘((@p)’wp (L) and
adm
IT, € BanDpX’wp(L).

Lemma 8.14. S'(I1,,) is a closed subspace of TI',. Moreover, I1',/S*(I1,.) is a finite

xr
dimensional L-vector space on which the norm 1 subgroup of Oép acts trivially.

Proof. This follows from Lemma [8.13| applied with I = m, and Schikhof duality.
We note that R /m, is a compact O-subalgebra in a finite extension of L, and
hence a finitely generated O-module. O

Proposition 8.15. Ifx : Ry, — @p is an O-algebra homomorphism then Z(gr,)
acts on T1%2 and (IT,)'* by the infinitesimal character Cgc,

Proof. Theorem shows that the conditions of [27, Theorem 8.6] are satisfied,
which implies the assertion. Let us explain why part (iii) of [27, Theorem 8.6] holds
in more detail. If x is a closed point of Spec R (04,5)[1/p] (or Spec Roo (a7, ;,)[1/p])
then it follows from part (3)) of Theorem [8.10]that p, has Hodge-Tate weights (a, b),
which implies that C,,Cg is the infinitesimal character of Sym® "' L2 @ det®™. O

Until now we have not used in an essential way that F,, = Q,. The following two
results make use of this assumption in their use of p-adic Langlands correspondence
for GL2(Q,) and the fact that the unipotent radical of a Borel subgroup of GL2(Q))
has dimension 1 as a p-adic analytic group.

Corollary 8.16. Let ( : QF — O be a character and 11 € Ban?;df;(Qp)’C(L)
be absolutely irreducible and non-ordinary and let p : Galg, — GLo(L) be the
absolutely irreducible representation corresponding to II. Then Z(gr) acts on IT'®
and on S*(I1)* by the infinitesimal character Cgc.

Proof. Let p : Galg, — GLa(k) the reduction of Galg,-invariant lattice in p.
We globalize p and obtain My, M/, ¢ as above. Since (™! = detp = ¢pe?
(mod @), there exists a character n : Q7 — O such that 1, = ¢n?. Since 8! com-
mutes with twisting by characters by Lemma 7.4 we may replace IT with [I®nodet
and assume that ¢, = (.

Let y : RE’% — L be an O-algebra homomorphism corresponding to p. Since

R is a faithfully flat RE’wp—algebra there is an O-algebra homomorphism z :
Ro — Q, extending y. It follows from [54, Theorem 7.1] that I, = II®™ for some
m > 1. Thus SY(II,) = S'(I)®™. Since S'(I1,) is a closed subspace of I/, by
Lemma, the assertion follows from Proposition [8.15
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It remains to show that the conditions of [54, Theorem 7.1] are satisfied. Since
M is a thickening, M is a finitely generated Ro[GL2(Z,)]-module. We have to
show that R acts faithfully on M..; this can be verified as in [70, Proposition 3.9].

Let Rff;;pp be the pseudo-character deformation ring of tr p with fixed determinant
equal to wpzs_l. We have to show that the two actions of RP*¥* on M, coincide:

tr p
one action defined via R» g’b” — RE’% — Ro and the other action as the centre

of certain subcategory of Modl(';af;?@pL% (O), see [50], [54], Section 4.1]. This holds
for Sy A(U(N)P, O)i,@ by [63, Proposition 5.5, Corollary 5.6] (a similar argument
N

appears in [49] Theorem 3.5.5]) and hence the two actions coincide on the modules
M(N) defined in the course of the proof of Theorem by passing to the limit
we obtain the same for M. O

Theorem 8.17. Let 1I € Ban*édﬂ';(Qp)’C(L) be absolutely irreducible and non-or-
dinary and let p : Galg, — GLa(L) be the absolutely irreducible representation
corresponding to IL. Let K be a compact open subgroup of GL2(Q,) and let K’ be a
compact open subgroup of Dy . If the difference of the Hodge-Tate-Sen weights of
p is not a non-zero integer then |k is of finite length in Ban%lfcn(L) and S*(T1)| g
is of finite length in Ban‘}gf}(L).

Proof. 1t follows from Corollary that T and S'(IT)" have an infinitesimal
character CEC : Z(gr,) — L. Since both II and S'(II) are admissible L-Banach

space representations Theorem implies that d(IT) < 1 and d(S'(IT)) < 1. The
assumption that the difference of the Hodge—Tate—Sen weights of p is not a non-
zero integer implies that that C/?c is not algebraic and the assertion follows from

Corollary a). O

Remark 8.18. We note that with our arguments we cannot show that the Banach
spaces S'(IT) in Corollary are non-zero. If the residual representation p :
Galg, — GLa(k) is reducible generic then one can deduce the non-vanishing of
S*(TI) from the results of [53]. The results of [53] rely on vanishing of HE (Pg,, Fr),
where 7 is a mod p principal series representation, which is proved by Judith Ludwig
in [48]. The same vanishing has been claimed by David Hansen for = supersingular.
This would imply that SI(H) are non-zero when p is absolutely irreducible. The
result has been recently proved by Yongquan Hu and Haoran Wang in [35].

Remark 8.19. Most of the argument carries over if p = 2: [54] Theorem 7.1] is
available for p = 2 and the patching argument is carried out in [69], but one would
have to rewrite the proof of Theorem to accommodate the subtleties that arise
in p = 2 case. However, the globalization result used in Proposition [8.1]is not in
the literature[™]

Remark 8.20. The proofs of Theorem [B.10] and Proposition [BI5| carry over to
the setting of unitary groups using the recent results of Caraiani—Scholze [18] and
Kegang Liu [47] under the assumption that p does not divide 2n. If p : Galg —

114 was pointed out to us by Toby Gee that it might be feasible to carry out this globalization
using [67, Proposition 6.7]. We don’t pursue this here, just note for the interested reader that
since we twist by characters in the proof of Corollarym one would have to produce a potentially
automorphic lift rr with (detr)(Artg,(—1)) = 1 and also a potentially automorphic lift 7 with
(det 77 ) (Artg, (—1)) = —1 to make our argument work.
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GL,,(F,) is a representation, where E is a finite extension of Q,, then we may global-
ize it following [I7, Section 2.1], and we may arrange that the resulting global Galois
representation 7 will contain GL,,(F,m) for a given m. Using this and Chebotarev
density Theorem one may show that this representation is decomposed generic in
the sense of [I8], see [I8, Remark 1.4]. It follows from the main Theorem of [18§]
that the cohomology localized at the maximal ideal m in the Hecke algebra cor-
responding to 7 vanishes except in the middle degree gy, which implies that the
qo-th completed cohomology with L/O -coefficients localized at m is injective in
Mod%" (O), where K is a maximal compact open subgroup of G(Q,), with G as in
[18]. The group H%(U?, L/O)y is the analog of }AI&,(U”, L/O)y considered in this
paper, except that when working with unitary groups we don’t have to fix a central
character. Now Kegang Liu [47, Theorem 1.1] has extended Scholze’s [55, Theorem
1.3] to the setting of unitary groups. Using this result one may obtain an analog of
in the setting of unitary groups. One may then rewrite the patching argument
in [I7] using ultrafilters and obtain the analog of Theorem using the same
proof. We note that since the centre does not cause problems in the unitary group
setting, [55), Footnote 7] applies here, so that the proof is slightly easier. Once we
have the patched modules we are in the situation of [27, Section 9.11] for GL,,(E)
and the patched version of [27, Section 9.10] for the division algebra over E with
invariant 1/n. The proof of Proposition @ carries over verbatim.

We note that if M, is flat over R, then it follows from Lemmatogether with
the second proof of Lemma that S%(I1,) = IT/,, and thus S%(I1,)" has the
same infinitesimal character as (II,)'*. If we do not know that M, is flat over R,
and go > 1 then the relationship between S%(II,) and IT/, is not as straightforward
as described by Lemma [8.14] and we cannot control the action of the centre of the
universal enveloping algebra on S% (TI,).
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