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Abstract
Modular composition is the problem of computing the composition

of two univariate polynomials modulo a third one. For a long time,

the algebraic algorithm with the best complexity bound for this

problem was that of Brent and Kung (1978). Recently, we improved

this algorithm by computing and using a polynomial matrix that

encodes a certain basis of algebraic relations between the polynomi-

als. This is further improved here by making use of two polynomial

matrices of smaller dimension. Under genericity assumptions on

the input, this results in an algorithm using 𝑂̃ (𝑛 (𝜔+3)/4) arithmetic

operations in the base field, where 𝜔 is the exponent of matrix

multiplication. With naive matrix multiplication, this is 𝑂̃ (𝑛3/2),
while with the best currently known exponent 𝜔 this is 𝑂 (𝑛1.343),
improving upon the previously most efficient algorithms.
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1 Introduction
Given three polynomials 𝑎, 𝑓 ∈ K[𝑥] and𝑔 ∈ K[𝑦] with coefficients

in a field K, modular composition asks to compute 𝑔(𝑎) mod 𝑓 .

Quasi-optimal solutions to this problem are known in special

cases and complexity models. In particular, a famous algorithm

of Kedlaya and Umans solves it in 𝑛1+𝜖
log(𝑞)1+𝑜 (1)

bit operations

when K = F𝑞 is a finite field [23], where 𝑛 is the degree of 𝑓 ; see

also [5, 14] for detailed analyses and further improvements. Very

recently, the case of formal power series (where 𝑓 = 𝑥𝑛) was solved

in quasi-linear complexity by Kinoshita and Li [24], in the algebraic

model of computation, where the complexity is expressed in terms

of the number of arithmetic operations in K.
In the general case and in the algebraic complexity model, the

first non-trivial algorithm was due to Brent and Kung [9]. It has
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been an open problem for a long time to improve upon it and reach a

complexity exponent below 3/2 [10, 13]. This was achieved recently

(see [30] where more motivation can be found). The present article

brings further improvement to this general situation.

The main parameter in complexity estimates is 𝑛 = deg(𝑓 ).
Indeed, we may focus on the case deg(𝑎) < 𝑛, to which the general

case reduces via 𝑔(𝑎) mod 𝑓 = 𝑔(𝑎 mod 𝑓 ) mod 𝑓 ; and up to using

a 𝑦𝑛-adic expansion of 𝑔, we may restrict to deg(𝑔) < 𝑛. We use the

𝑂̃ (·) notation, which hides factors that are polylogarithmic in 𝑛.

Recall that using fast polynomial multiplication, sums, prod-

ucts and divisions modulo 𝑓 can be computed in 𝑂̃ (𝑛) operations
in K [13]. Thus, the most natural algorithm for modular composi-

tion, based on Horner evaluation, has complexity 𝑂̃ (𝑛2), which is

in agreement with the number Θ(𝑛2) of coefficients it computes.

Brent andKung’s algorithm. Hereafter, we use standard notation
such as K[𝑥]<𝑚 for the set of univariate polynomials in 𝑥 with

coefficients in K and degree less than𝑚, and K[𝑥,𝑦]< (𝑚,𝑑 ) for the
set of bivariate polynomials in 𝑥,𝑦 of bidegree less than (𝑚,𝑑).

Brent and Kung [9] introduced the following baby steps-giant
steps algorithm, where𝑚 = ⌈

√
𝑛⌉.

(1.1) Reduce the polynomials 𝑎, 𝑎2, . . . , 𝑎𝑚 modulo 𝑓 ;

(1.2) Build𝐺 inK[𝑦0, 𝑦1]< (𝑚,𝑚) such that 𝑔 =𝐺 (𝑦,𝑦𝑚), and write
𝐺 = 𝑔0 (𝑦0) + 𝑔1 (𝑦0)𝑦1 + · · · + 𝑔𝑚−1 (𝑦0)𝑦𝑚−1

1
;

(1.3) Using the 𝑎𝑖 ’s of Step (1.1), compute 𝐺 (𝑎,𝑦1) mod 𝑓 via the

multiplication of two matrices in K𝑚×𝑚
and K𝑚×𝑛

, which simul-

taneously yields all 𝑔𝑖 (𝑎) modulo 𝑓 ;

(1.4) Deduce 𝑔(𝑎) =𝐺 (𝑎, 𝑎𝑚) mod 𝑓 using Horner evaluation by

evaluating 𝑦1 at 𝑎
𝑚
modulo 𝑓 .

This method uses 𝑂̃ (𝑚𝜔+1) = 𝑂̃ (𝑛 (𝜔+1)/2) operations in K, later
improved by Huang and Pan using fast rectangular matrix multi-

plication [19]. The total number of coefficients computed by this

method is of order 𝑛3/2
, which explains the previous barrier of 3/2

on the exponent of the algebraic complexity.

Polynomialmatrix algorithms have recently been introduced in

this context, to make use of bivariate polynomials. A simplified ver-

sion of the algorithm in [30], which applies when 𝑓 (0) ≠ 0 and the

input 𝑎 is generic (in the Zariski sense), can be sketched as follows.

It uses a smaller parameter 𝑚 = ⌈𝑛1/3⌉, and the complementary

parameter 𝑑 = ⌈𝑛/𝑚⌉ which is of order Θ(𝑚2) = Θ(𝑛2/3).
In what follows, for a polynomial 𝑔 =

∑
𝑖 𝑔𝑖𝑥

𝑖
in K[𝑥] and non-

negative integers 𝑢, 𝑘 , we write [𝑔]𝑘𝑢 = 𝑔𝑢 + 𝑔𝑢+1𝑥 + · · · + 𝑔𝑢+𝑘𝑥𝑘 ;
𝑔 rem 𝑓 denotes the remainder of 𝑔 in the Euclidean division by 𝑓 .

(2.1) Reduce 𝑎2, . . . , 𝑎𝑚, 𝑎2𝑚, . . . , 𝑎 (𝑚−1)𝑚
modulo 𝑓 ;

(2.2) Compute [𝑥𝑖𝑎−𝑘 rem 𝑓 ]𝑚−1

0
for 0 ≤ 𝑖 < 𝑚 and 0 ≤ 𝑘 < 2𝑑 ;
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(2.3) Deduce a basis of 𝑦-degree at most 𝑑 for the K[𝑦]-module

M𝑚 = {𝑝 (𝑥,𝑦) ∈ K[𝑥,𝑦]< (𝑚,· ) | 𝑝 (𝑥, 𝑎) = 0 mod 𝑓 };
(2.4) Reduce 𝑔 by this basis to obtain𝐺 ∈ K[𝑥,𝑦]< (𝑚,𝑑 ) such that

𝐺 (𝑥, 𝑎) = 𝑔(𝑎) modulo 𝑓 ;

(2.5) Build 𝐺 in K[𝑥,𝑦0, 𝑦1]< (𝑚,𝑚,𝑚) such that 𝐺 = 𝐺 (𝑥,𝑦,𝑦𝑚),
and write 𝐺 =

∑
0≤𝑖<𝑚 𝑔𝑖 (𝑥,𝑦0)𝑦𝑖1;

(2.6) Using the 𝑎𝑖 ’s of Step (2.1), compute 𝐺 (𝑥, 𝑎,𝑦1) mod 𝑓 , via

the multiplication of matrices in K[𝑥]𝑚×𝑚
<𝑚 and K[𝑥]𝑚×𝑑

<𝑚 , which

simultaneously yields all 𝑔𝑖 (𝑥, 𝑎) modulo 𝑓 ;

(2.7) Deduce 𝑔(𝑎) =𝐺 (𝑥, 𝑎, 𝑎𝑚) mod 𝑓 using Horner evaluation

with 𝑎𝑚 modulo 𝑓 .

The basis in Step (2.3) is given as a matrix in K[𝑦]𝑚×𝑚
, called

a relation matrix. For any 𝑓 and for a generic 𝑎, it has degree 𝑑

(see Proposition 2.6), so that its total size is 𝑂 (𝑛4/3) field elements.

This is also an upper bound on the size of the other intermediate

objects computed by the algorithm. In these conditions, the whole

procedure uses 𝑂̃ (𝑛 (𝜔+2)/3) operations in K. This can be improved

slightly by taking advantage of fast rectangular matrix products,

and this forms the basis for a more complex algorithm that handles

arbitrary input by Las Vegas randomization [30].

Modular composition with bivariate input. Steps (2.5) to (2.7)

above are actually following an algorithm due toNüsken and Ziegler

to compute 𝐺 (𝑥, 𝑎) mod 𝑓 for a bivariate polynomial 𝐺 [31]. This

article presents an acceleration of this bivariate modular compo-

sition, under genericity assumptions. This is achieved thanks to

another relation matrix, this time in K[𝑥]𝜇×𝜇 , for a new parameter

𝜇, which is computed efficiently as a basis of the K[𝑥]-module

N𝜇 = {𝑝 (𝑥,𝑦) ∈ K[𝑥,𝑦]< ( ·,𝜇 ) | 𝑝 (𝑥, 𝑎) = 0 mod 𝑓 }.
The composition is then performed as follows:

(3.1) Reduce 𝑎 𝑗𝜇
𝑖
modulo 𝑓 , for 𝑖 = 0, 1, 2 and 0 ≤ 𝑗 < 𝜇;

(3.2) Compute a small-degree basis of N𝜇 , and let 𝛿 be its degree;

(3.3) Simultaneously reduce the polynomials of (3.1) by this basis

to obtain 𝐴 𝑗 , 𝐵 𝑗 in K[𝑥,𝑦]< (𝛿,𝜇 ) , for 0 ≤ 𝑗 < 𝜇, such that

𝐴 𝑗 (𝑥, 𝑎) = 𝑎 𝑗𝜇 mod 𝑓 and 𝐵 𝑗 (𝑥, 𝑎) = 𝑎 𝑗𝜇
2

mod 𝑓 ;

(3.4) Build the polynomial𝐺 in K[𝑥,𝑦0, 𝑦1, 𝑦2]< (𝑚,𝜇,𝜇,𝜇 ) such that

𝐺 (𝑥,𝑦) =𝐺 (𝑥,𝑦,𝑦𝜇 , 𝑦𝜇2 );
(3.5) Use 𝐺 and the 𝐴 𝑗 ’s and 𝐵 𝑗 ’s of Step (3.3) to compute

𝐺 (𝑥, 𝑎) =𝐺 (𝑥, 𝑎, 𝑎𝜇 , 𝑎𝜇2 ) mod 𝑓

by multiplying matrices in K[𝑥,𝑦]𝜇×𝜇
< (𝑚,𝜇 ) and K[𝑥,𝑦]𝜇×𝜇

< ( ⌈𝛿/𝜇 ⌉,𝜇 ) .

For any 𝜇, and for a generic 𝑎, we prove that the degree 𝛿 of the

relation matrix of Step (3.2) satisfies 𝛿 = ⌈𝑛/𝜇⌉. Choosing 𝜇 in

Θ(𝑑1/3), we obtain the following result.

Theorem 1.1. For any 𝑓 in K[𝑥] of degree 𝑛 > 0 and any𝑚,𝑑
in N>0 such that 𝑚𝑑 ∈ Θ(𝑛), there exists a non-empty Zariski-
open subset V𝑓 ,𝑑 of K𝑛 such that for (𝑎0, . . . , 𝑎𝑛−1) in V𝑓 ,𝑑 ∩ K𝑛 ,
𝑎 =

∑
0≤𝑖<𝑛 𝑎𝑖𝑥

𝑖 , and any 𝐺 ∈ K[𝑥,𝑦]< (𝑚,𝑑 ) , one can compute the
composition 𝐺 (𝑥, 𝑎) mod 𝑓 in 𝑂̃ (𝑚𝑑 (𝜔+2)/3) operations in K.

In the univariate case with (𝑚,𝑑) = (1, 𝑛), this provides us with
an alternative way to recover the operation count 𝑂̃ (𝑛 (𝜔+2)/3) of
the algorithm in Steps (2.1)-(2.7), at least for generic input. In both

cases, the dimensions of the relation matrices are of order 𝑛1/3
.

This type of bivariate composition is also at the core of Nüsken

and Ziegler’s bivariate multipoint evaluation [31, Algo. 11]. For this

question, our improved algorithm leads to the following.

Theorem 1.2. Let 𝑚,𝑑, 𝑛 be in N>0 with 𝑚𝑑 ∈ Θ(𝑛). For any
𝜉 = (𝑥1, . . . , 𝑥𝑛) in K𝑛 with pairwise distinct 𝑥𝑖 , there exists a non-
empty Zariski-open subset W𝜉,𝑑 of K𝑛 such that for (𝑦1, . . . , 𝑦𝑛) in
W𝜉,𝑑 ∩ K𝑛 , any 𝐺 (𝑥,𝑦) ∈ K[𝑥,𝑦]< (𝑚,𝑑 ) can be evaluated at all
(𝑥𝑖 , 𝑦𝑖 ) ∈ K2, for 1 ≤ 𝑖 ≤ 𝑛, in 𝑂̃ (𝑚𝑑 (𝜔+2)/3) operations in K.

Theorems 1.1 and 1.2 are proved in §3. For comparison, Nüsken

and Ziegler’s method has complexity 𝑂̃ (𝑚𝑑𝜔2/2), with no genericity
assumption [31, Thm. 8]. There, 𝜔2 is such that one can multiply

an 𝑠 × 𝑠 by an 𝑠 × 𝑠2
matrix in𝑂 (𝑠𝜔2 ) operations. One can take 𝜔2 =

𝜔 + 1 and then our algorithm has a better complexity bound. This

persists with the slightly better bounds known for 𝜔2 [1, 27, 35].

New univariate composition algorithm. For our question of

computing 𝑔(𝑎) mod 𝑓 , we combine the ideas from both preceding

algorithms, using relation matrices for both modules: after choosing

our parameter𝑚, we reduce 𝑔 by the basis ofM𝑚 to obtain a bivari-

ate polynomial 𝐺 in K[𝑥,𝑦]< (𝑚,𝑑 ) , with 𝑑 = ⌈𝑛/𝑚⌉, then we use

the algorithm of the previous paragraph to evaluate𝐺 (𝑥, 𝑎) mod 𝑓 .

This time, the optimal choice for 𝑚 is 𝑚 = ⌈𝑛1/4⌉; this gives
𝑑 ∈ Θ(𝑛3/4) and allows us to set the parameter 𝜇 in the previous

paragraph to 𝜇 = 𝑚 (which is indeed in Θ(𝑑1/3)). The resulting

algorithm looks as follows:

(4.1) Perform Steps (3.1)-(3.3), with 𝜇 =𝑚;

(4.2) Use the polynomials 𝐴 𝑗 and 𝐵 𝑗 to compute the truncations

[𝑥𝑖𝑎−𝑘−1
rem 𝑓 ]𝑚−1

0
for 0 ≤ 𝑖 < 𝑚 and 0 ≤ 𝑘 < 2𝑑 ;

(4.3) From these, compute a basis ofM𝑚 of degree at most 𝑑 ;

(4.4) Reduce 𝑔 by this basis to obtain𝐺 ∈ K[𝑥,𝑦]< (𝑚,𝑑 ) such that

𝐺 (𝑥, 𝑎) = 𝑔(𝑎) modulo 𝑓 ;

(4.5) Conclude with Steps (3.4)-(3.5)

Step (4.2) is the most technical one. The corresponding algo-

rithm (in §4) improves on the one used in [30] by making use of

the polynomials 𝐴 𝑗 and 𝐵 𝑗 introduced in the previous paragraph,

and manipulates objects of size 𝑂 (𝑚𝑛) using 𝑂̃ (𝑚𝜔−1𝑛) arithmetic

operations. This is the same complexity bound as the final compo-

sition in Step (4.5), in the same way as Steps (2.2) and (2.6) had the

same complexity bound in our previous algorithm. These apparent

coincidences are explained by complexity equivalences, discussed

in §6. Altogether, we obtain the following result proved in §5.

Theorem 1.3. For any 𝑓 in K[𝑥] of degree 𝑛 > 0, there exists a
non-empty Zariski-open subset O𝑓 of K𝑛 such that, for (𝑎0, . . . , 𝑎𝑛−1)
in O𝑓 ∩K𝑛 , 𝑎 =

∑
0≤𝑖<𝑛 𝑎𝑖𝑥

𝑖 , and any 𝑔 ∈ K[𝑥]<𝑛 , one can compute
𝑔(𝑎) mod 𝑓 using 𝑂̃ (𝑛 (𝜔+3)/4) ⊂ 𝑂 (𝑛1.343) operations in K.

This complexity exponent satisfies

5/4 ≤ (𝜔 + 3)/4 ≤ 1.343 ≤ 1.452 ≤ 3/2,

where the first approximation is obtained with the best known

bound on 𝜔 (it improves upon the previous 𝑂 (𝑛1.43) [30]); the sec-
ond one uses Strassen’s algorithm; the last one shows that for the

first time, 3/2 is reached even without fast matrix multiplication.

Along computations, the algorithm is able to detect whether

genericity assumptions are met, and throw an error otherwise.

Then one can fall back on other algorithms. It is natural to wonder
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whether randomization could help and yield a Las Vegas algorithm,

as it did in [30]; we leave this to future work.

2 Modules of relations and their bases
Let 𝑎, 𝑓 ∈ K[𝑥] be polynomials with 𝑓 ≠ 0 and let 𝑛 = deg 𝑓 . The

elements of the bivariate ideal I = ⟨𝑓 (𝑥), 𝑦 − 𝑎(𝑥)⟩ ⊆ K[𝑥,𝑦] are
called relations in what follows, and play an important role in our

algorithms. In particular, we make use of relations of small degrees

in 𝑥 or 𝑦, by focusing on the K[𝑦]- and K[𝑥]-modules

M𝜇 = I< (𝜇,· ) = {𝑝 ∈ K[𝑥,𝑦]< (𝜇,· ) | 𝑝 (𝑥, 𝑎) = 0 mod 𝑓 }, (1)

N𝜇 = I< ( ·,𝜇 ) = {𝑝 ∈ K[𝑥,𝑦]< ( ·,𝜇 ) | 𝑝 (𝑥, 𝑎) = 0 mod 𝑓 }. (2)

Both are free and of rank 𝜇. Their bases can be represented by

nonsingular matrices in K[𝑦]𝜇×𝜇 and K[𝑥]𝜇×𝜇 , respectively, each
column containing the coefficients of a relation.

In this section, we show that for generic 𝑎, both N𝜇 and M𝜇

have bases of degree ⌈𝑛/𝜇⌉ (Lemma 2.5 and Proposition 2.6), and

we present algorithms computing such bases efficiently. We also

show how a reduction by these bases allows one to compute the

polynomials 𝐴 𝑗 (𝑥,𝑦) and 𝐵 𝑗 (𝑥,𝑦) for Step (3.3), as well as the poly-

nomial 𝐺 for Step (4.4) in Section 1 (Corollary 2.4 and Lemma 2.7).

2.1 Minimal bases
When dealing with free modules over a polynomial ring in one vari-

able, one usually computes with bases (which we see as univariate

polynomial matrices) having specific forms, to benefit from their

smaller size and stronger properties. We first recall basic definitions

and properties (see also [4, 21]).

Definition 2.1. Let 𝑃 ∈ K[𝑥]𝜇×𝜇 be a polynomial matrix with no

zero column and let 𝑑 𝑗 be the maximal degree of the entries in its

column 𝑗 , for 0 ≤ 𝑗 < 𝜇. We write deg(𝑃) for max0≤ 𝑗<𝜇 𝑑 𝑗 . The

matrix 𝑃 is column reduced when deg(det(𝑃)) = 𝑑0 + · · · + 𝑑𝜇−1. A

basis of a free K[𝑥]-module is minimal if it is column reduced.

This terminology is explained by the fact that the column degrees

of column reduced bases are lexicographically minimal among

all bases of the module, up to permuting the columns to make

these degrees nondecreasing. Minimal bases are not unique and the

algorithms we use produce them in variants of Popov forms.

Definition 2.2. A matrix 𝑃 = (𝑝𝑖 𝑗 ) ∈ K[𝑥]𝜇×𝜇 with no zero

column is in weak Popov form if for all 𝑖 ≠ 𝑗 ,

deg(𝑝𝑖 𝑗 ) ≤ deg(𝑝 𝑗 𝑗 ), with strict inequality if 𝑖 > 𝑗 . (𝐶1)

It is in Popov form if moreover, for all 𝑖 ,

𝑝𝑖𝑖 is monic and deg(𝑝𝑖𝑖 ) > deg(𝑝𝑖 𝑗 ), 𝑖 ≠ 𝑗 . (𝐶2)

Finally, for a shift 𝒔 = (𝑠0, . . . , 𝑠𝜇−1) ∈ Z𝜇
, the matrix is in 𝒔-Popov

form if it satisfies (𝐶2), while (𝐶1) is replaced by

deg(𝑝𝑖 𝑗 ) + 𝑠𝑖 ≤ deg(𝑝 𝑗 𝑗 ) + 𝑠 𝑗 , with strict inequality if 𝑖 > 𝑗 .

For any given 𝒔, a K[𝑥]-submodule of K[𝑥]𝜇 of rank 𝜇 admits a

unique basis in 𝒔-Popov form.

2.2 Computing modulo K[𝑥]-relations
For 𝜇 ≥ 2, N𝜇 has a basis {𝑓 , 𝑦 − 𝑎 rem 𝑓 , . . . , 𝑦𝜇−1 − 𝑎𝜇−1

rem 𝑓 },
which is not minimal. Its matrix is triangular, with determinant 𝑓 .

Thus, all bases of N𝜇 have determinant 𝜆𝑓 for some 𝜆 ∈ K \ {0}. It
turns out that a minimal basis of N𝜇 can be computed efficiently,

along with reductions with respect to this basis.

Proposition 2.3 (Minimal basis & reduction). Let 𝑛 ≥ 𝜇 > 0,
let 𝑓 ∈ K[𝑥] have degree 𝑛, and let 𝑎 ∈ K[𝑥]<𝑛 . The minimal basis
in Popov form 𝑅 ∈ K[𝑥]𝜇×𝜇 ofN𝜇 from Eq. (2) can be computed using
𝑂̃ (𝜇𝜔−1𝑛) operations in K and satisfies ⌈𝑛/𝜇⌉ ≤ deg(𝑅) ≤ 𝑛. Given
ℓ polynomials 𝑢0, . . . , 𝑢ℓ−1 in K[𝑥]<𝑛 , using 𝑂̃ (⌈ℓ/𝜇⌉𝜇𝜔−1𝑛) opera-
tions inK one can compute polynomials𝑈0, . . . ,𝑈ℓ−1 inK[𝑥,𝑦]< (𝛿,𝜇 )
such that𝑈 𝑗 (𝑥, 𝑎) = 𝑢 𝑗 mod 𝑓 , where 𝛿 = deg(𝑅).

Proof. Let 𝑎𝑖 = 𝑎
𝑖

rem 𝑓 , 0 ≤ 𝑖 < 𝜇. The Popov basis 𝑅 (with

shift (0, . . . , 0)) for the module N𝜇 of solutions of the linear system

𝑎0𝑝0 + · · · + 𝑎𝜇−1𝑝𝜇−1 = 0 mod 𝑓 (3)

can be computed in 𝑂̃ (𝜇𝜔−1𝑛) operations in K [28, Thm. 1.4]. The

degree 𝛿 = deg(𝑅) satisfies ⌈𝑛/𝜇⌉ ≤ 𝛿 ≤ 𝑛, since the sum of the

column degrees of 𝑅 is exactly deg(det(𝑅)) = deg(𝑓 ) = 𝑛.
In fact, both 𝑅 and𝑈0, . . . ,𝑈ℓ−1 are computed in 𝑂̃ ((𝜇 + ℓ)𝜔−1𝑛)

operations in K, using the same algorithm with the equation

𝑎0𝑝0 + · · · + 𝑎𝜇−1𝑝𝜇−1 − 𝑢0𝑞0 − · · · − 𝑢ℓ−1𝑞ℓ−1 = 0 mod 𝑓 (4)

and the shift 𝒔 = (0, . . . , 0, 𝑛, . . . , 𝑛) ∈ Z𝜇+ℓ
, where 0 appears 𝜇 times

and 𝑛 appears ℓ times, the unknowns being the 𝑝𝑖 ’s and 𝑞 𝑗 ’s. Indeed,

writing the corresponding basis as

𝑃 =

[
𝑃0 𝑃1

𝑄0 𝑄1

]
∈ K[𝑥] (𝜇+ℓ )×(𝜇+ℓ ) ,

where 𝑃0 is 𝜇 × 𝜇 and 𝑄1 is ℓ × ℓ , we now show that 𝑃0 = 𝑅, 𝑄0 = 0,

𝑄1 = 𝐼ℓ and, most importantly, 𝑃1 = [𝑈𝑖 𝑗 ], with𝑈 𝑗 =
∑

0≤𝑖<𝜇 𝑈𝑖 𝑗𝑦
𝑖
.

Note first that, by definition of 𝒔-Popov forms, the principal

submatrices 𝑃0 and 𝑄1 are in (0, . . . , 0)- and (𝑛, . . . , 𝑛)-Popov form,

respectively. Also, Eq. (𝐶2) implies deg(𝑃) ≤ deg(det(𝑃)), while
this is at most deg(𝑓 ) = 𝑛, by the same reasoning as for N𝜇 above.

Thus, the choice of shift 𝒔 and the definition of 𝒔-Popov form ensure

that deg(𝑄0) + 𝑛 < deg(𝑃0) ≤ 𝑛, hence 𝑄0 = 0. This implies that

𝑃0 is the (0, . . . , 0)-Popov basis of the solutions of Eq. (3), hence

𝑃0 = 𝑅 by uniqueness.

Next, since both det(𝑃) and det(𝑅) are equal to 𝑓 up to multipli-

cation by a nonzero constant, det(𝑄1) is itself a constant, and thus

𝑄1 = 𝐼ℓ , since the identity matrix is the unique unimodular matrix

in (𝑛, . . . , 𝑛)-Popov form.

As a result, writing 𝑃1 = [𝑈𝑖 𝑗 ] for the entries of 𝑃1, the fact that

the (𝜇 + 𝑗)-th column of 𝑃 is a solution of Eq. (4) implies that∑︁
𝑖<𝜇

𝑎𝑖𝑈𝑖 𝑗 = 𝑢 𝑗 mod 𝑓 , that is,
∑︁
𝑖<𝜇

𝑈𝑖 𝑗𝑎
𝑖 = 𝑢 𝑗 mod 𝑓 .

Finally, deg(𝑈𝑖 𝑗 ) < deg(𝑅𝑖𝑖 ) follows from the fact that 𝑃 is in 𝒔-
Popov form. By uniqueness of 𝑃 , there is only one set of polynomials

𝑈𝑖 𝑗 satisfying these degree bounds and Eq. (4), hence𝑈𝑖 𝑗 =𝑈𝑖 𝑗 .

The claimed cost bound comes from applying the above method

on ⌈ℓ/𝜇⌉ lists, each containing ≤ 𝜇 of the polynomials 𝑢𝑖 . □

The composition algorithm, and its components in Sections 3

and 4, use the following consequence of Proposition 2.3.



ISSAC ’26, July 13–17, 2026, Oldenburg, Germany Vincent Neiger, Bruno Salvy, Éric Schost, and Gilles Villard

Corollary 2.4. Let 𝑛 ≥ 𝜇 > 0, let 𝑓 ∈ K[𝑥] have degree 𝑛,
let 𝑎 ∈ K[𝑥]<𝑛 , and let 𝛿 be the degree of a minimal basis of N𝜇 .
Using 𝑂̃ (𝜇𝜔−1𝑛) operations inK, one can compute polynomials𝐴 𝑗 , 𝐵 𝑗

in K[𝑥,𝑦]< (𝛿,𝜇 ) for 0 ≤ 𝑗 < 𝜇, such that 𝐴 𝑗 (𝑥, 𝑎) = 𝑎 𝑗𝜇 mod 𝑓 and
𝐵 𝑗 (𝑥, 𝑎) = 𝑎 𝑗𝜇

2

mod 𝑓 for all 𝑗 .

Proof. By Proposition 2.3, the sought ℓ = 2𝜇 polynomials are

found in 𝑂̃ (𝜇𝜔−1𝑛) from 𝑎 𝑗 = 𝑎
𝑗𝜇

rem 𝑓 and 𝑎𝜇+𝑗 = 𝑎 𝑗𝜇
2

rem 𝑓 for

𝑗 = 0, . . . , 𝜇 − 1, themselves computed iteratively in 𝑂̃ (𝜇𝑛) ops. □

The above results come from deterministic algorithms which

support any 𝑎 and 𝑓 . In modular composition, we use the following

bound that holds generically. The proof is in Appendix A.

Lemma 2.5. Let 𝑛 ≥ 𝜇 > 0 and 𝑓 ∈ K[𝑥] have degree 𝑛. For a
generic 𝑎 ∈ K[𝑥]<𝑛 , any minimal basis of N𝜇 has degree ⌈𝑛/𝜇⌉.

The genericity is characterized by a nonzero polynomial Φ𝑓 ,𝜇 ∈
K[𝑎0, . . . 𝑎𝑛−1] (the 𝑎𝑖 ’s are new indeterminates) whose zero set

must be avoided by the coefficients of 𝑎; it is given in Appendix A.

The detection of non-generic input is straightforward by inspecting

the degrees in a minimal basis of N𝜇 , whose efficient computation

is independent from genericity aspects, as seen above.

2.3 Computing modulo K[𝑦]-relations
The module M𝜇 from Eq. (1) is more delicate to compute with.

We rely on our previous work on this module [30]. Minimal bases

ofM𝜇 have degree ⌈𝑛/𝜇⌉ for generic 𝑎 (see Appendix B). However,
for their computation, we exploit a truncation technique whose

success requires additional genericity conditions.

Proposition 2.6 (Minimal basis [30, Algo. 5.1 and § 7.3.2]).

Let 𝑛 ≥ 𝜇 > 0 and 𝑓 ∈ K[𝑥] have degree 𝑛 > 0 with 𝑓 (0) ≠ 0.
There is an algorithm which takes as input any 𝑎 ∈ K[𝑥]<𝑛 with
gcd(𝑎, 𝑓 ) = 1 along with the truncated powers

[𝑥𝑖𝑎−𝑘−1
rem 𝑓 ]𝜇−1

0
for 0 ≤ 𝑖 < 𝜇 and 0 ≤ 𝑘 < 2𝛿,

and, using 𝑂̃ (𝜇𝜔−1𝑛) operations in K, either returns a minimal basis
of M𝜇 of degree 𝛿 = ⌈𝑛/𝜇⌉ for generic 𝑎 or detects that 𝑎 does not
satisfy the genericity condition.

Proof. Algorithm 5.1 of [30] first computes the truncated pow-

ers of the proposition. Next, its Steps 2 and 3 compute a weak Popov

matrix 𝑅 ∈ K[𝑦]𝜇×𝜇 of degree at most 2𝛿 in 𝑂̃ (𝜇𝜔−1𝑛) operations
inK [30, Prop. 5.6 and its proof]. For a generic 𝑎 and when 𝑓 (0) ≠ 0,

this matrix 𝑅 is a basis of M𝜇 with determinant of degree 𝑛 [30,

§ 7.3.2, p. 46]. It follows that deg(𝑅) = ⌈𝑛/𝜇⌉ [30, Prop. 5.6].
The genericity in 𝑎(𝑥) is precisely characterized by a polynomial

Δ𝑓 ,𝜇 [30, Prop. 7.6] and by the requirement gcd(𝑎, 𝑓 ) = 1, which can

be characterized as the non-cancellation of the resultant Res(𝑎, 𝑓 ).
The detection of non-generic input is performed algorithmically by

the flag NoCert in Algo. 5.1 of [30]. □

For the reduction of a polynomial inK[𝑥,𝑦]< (𝜇,· ) with respect to

this basis, we rely on a minimal nullspace basis computation [36].

Lemma 2.7 (Reduction). Given a nonsingular 𝑅 in K[𝑦]𝜇×𝜇 of
degree ≤ 𝛿 and whose columns are relations of M𝜇 , and given a
polynomial 𝑔(𝑥,𝑦) in K[𝑥,𝑦]< (𝜇,· ) of 𝑦-degree in 𝑂 (𝑛), one can

compute a polynomial 𝐺 (𝑥,𝑦) in K[𝑥,𝑦]< (𝜇,𝛿 ) such that 𝐺 (𝑥, 𝑎) =
𝑔(𝑥, 𝑎) mod 𝑓 , using 𝑂̃ (𝜇𝜔 (𝛿 + 𝑛/𝜇)) operations in K.

For a detailed algorithm in the specific case of this lemma, and a

proof of the complexity bound, we refer to [30, Sec. 4.2].

3 Bivariate Modular Composition
In this section, we are given 𝑓 inK[𝑥] of degree 𝑛, 𝑎 inK[𝑥]<𝑛 , and
𝐺 ∈ K[𝑥,𝑦]< (𝑚,𝑑 ) for some positive integers𝑚,𝑑 , and we prove

the following proposition on the cost of computing 𝐺 (𝑥, 𝑎) mod 𝑓 .

Theorem 1.1 will easily follow (in that theorem, we suppose that

𝑚𝑑 is Θ(𝑛), and we assume 𝑎 is generic).

Proposition 3.1. Consider integers 𝑛,𝑚,𝑑 and 𝜇, with 𝑑1/3 ≤
𝜇 ≤ 𝑛. Given 𝑓 in K[𝑥] of degree 𝑛, 𝑎 in K[𝑥]<𝑛 , 𝐺 ∈ K[𝑥,𝑦]< (𝑚,𝑑 ) ,
and the polynomials (𝐴 𝑗 )0≤ 𝑗<𝜇 and (𝐵 𝑗 )0≤ 𝑗<𝜇 from Corollary 2.4,
one can compute the composition 𝐺 (𝑥, 𝑎) mod 𝑓 in 𝑂̃ (𝜇𝜔 (𝛿 +𝑚𝜇))
operations in K, where 𝛿 is the degree of a minimal basis of N𝜇 .

3.1 Algorithm and proof of Prop. 3.1 & Thm. 1.1.
The principle is to use an inverse Kronecker substitution. Since

𝑑 ≤ 𝜇3
, we can write any index 𝑖 < 𝑑 as 𝑖 = 𝑖0 + 𝑖1𝜇 + 𝑖2𝜇2

with all

0 ≤ 𝑖 𝑗 < 𝜇, and then map the monomial 𝑦𝑖 to 𝑦
𝑖0
0
𝑦
𝑖1
1
𝑦
𝑖2
2
. By linearity

this gives a map

K[𝑥,𝑦]< (𝑚,𝑑 ) → K[𝑥,𝑦0, 𝑦1, 𝑦2]< (𝑚,𝜇,𝜇,𝜇 )

𝐺 (𝑥,𝑦) ↦→ 𝐺 (𝑥,𝑦0, 𝑦1, 𝑦2) .
The evaluation at 𝑦 = 𝑎 mod 𝑓 amounts to computing modulo the

collection of relations 𝑦 𝑗 = 𝑎 𝑗 mod 𝑓 for 0 ≤ 𝑗 < 𝑑 , in the K[𝑥]-
module K[𝑥,𝑦]< ( ·,𝑑 ) . Through the above map, for 0 ≤ 𝑗 < 𝜇, these

relations become

𝑦
𝑗

0
= 𝑎 𝑗 mod 𝑓 ; 𝑦

𝑗

1
= 𝐴 𝑗 (𝑥,𝑦0) mod 𝑓 ; 𝑦

𝑗

2
= 𝐵 𝑗 (𝑥,𝑦0) mod 𝑓

that we use to compute 𝑆 (𝑥,𝑦0) =𝐺 (𝑥,𝑦0, 𝑎
𝜇 , 𝑎𝜇

2 ) mod 𝑓 .

Step 1: computing partial sums. Writing the coefficients of 𝐺 as

𝐺 (𝑥,𝑦0, 𝑦1, 𝑦2) =
∑︁

0≤𝑖1,𝑖2<𝜇
𝑠𝑖1𝑖2 (𝑥,𝑦0)𝑦𝑖1

1
𝑦
𝑖2
2
,

one first computes the sums

𝑠𝑖2 =
∑︁

0≤𝑖1<𝜇
𝑠𝑖1𝑖2 (𝑥,𝑦0)𝐴𝑖1 (𝑥,𝑦0) ∈ K[𝑥,𝑦0]< (𝑚+𝛿,2𝜇 ) , 0 ≤ 𝑖2 < 𝜇.

The simultaneous computation of the sums 𝑠𝑖2 can be expressed as

the product of the 𝜇×𝜇 matrix with entries 𝑠𝑖1𝑖2 ∈ K[𝑥,𝑦0]< (𝑚,𝜇 ) by

the vector in K[𝑥,𝑦0]𝜇< (𝛿,𝜇 ) with entries 𝐴𝑖1 . Using the 𝑦0

⌈𝛿/𝜇 ⌉
-adic

expansion of these polynomials, this vector can be expanded into an

𝜇 × 𝜇 matrix with entries in K[𝑥,𝑦0]< ( ⌈𝛿/𝜇 ⌉,𝜇 ) . This matrix product

can thus be computed at the announced cost 𝑂̃ (𝜇𝜔 (𝛿 +𝑚𝜇)).
Step 2: computing 𝑆 (𝑥,𝑦0). The computation of

𝑆 (𝑥,𝑦0) =
∑︁

0≤𝑖2<𝜇
𝑠𝑖2 (𝑥,𝑦0)𝐵𝑖2 (𝑥,𝑦0) ∈ K[𝑥,𝑦0]< (𝑚+2𝛿,3𝜇 )

is a straightforward loop. Each summand can be computed naively

in 𝑂̃ (𝜇 (𝛿+𝑚)) operations inK; the total is a negligible 𝑂̃ (𝜇2 (𝛿+𝑚)).
Step 3: Horner evaluation. Finally, given 𝑆 (𝑥,𝑦0), Horner evalua-
tion at𝑦0 = 𝑎 mod 𝑓 yields 𝑆 (𝑥, 𝑎) mod 𝑓 at a cost of 𝑂̃ ((𝑛+𝑚+𝛿)𝜇)
operations. Since 𝛿 ≥ 𝑛/𝜇, this is 𝑂̃ (𝜇2𝛿 +𝑚𝜇), which is negligible

compared to the cost of the other operations.
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Altogether, the cost is 𝑂̃ (𝜇𝜔 (𝛿 +𝑚𝜇)), which establishes Propo-

sition 3.1.

In the statement of Theorem 1.1, our assumption is that𝑚𝑑 ∈
Θ(𝑛), which implies 𝑑 ≤ 𝑐𝑛 for some constant 𝑐 , hence 𝑑 ≤ 𝑛3

for 𝑛 large enough, so the previous proposition applies. In this

context, we choose 𝜇 = ⌈𝑑1/3⌉ ∈ Θ(𝑑1/3). If furthermore the co-

efficients of 𝑎 belong to the Zariski open set V𝑓 ,𝑑 defined with

the polynomial Φ𝑓 ,⌈𝑑1/3 ⌉ from Lemma 2.5, the degree 𝛿 is equal

to ⌈𝑛/𝜇⌉ ∈ Θ(𝑛/𝑑1/3). In addition to the cost in Proposition 3.1,

we first need to compute all polynomials 𝐴 𝑗 and 𝐵 𝑗 . By Corol-

lary 2.4, this is 𝑂̃ (𝜇𝜔−1𝑛) operations in K, that is, 𝑂̃ (𝑑 (𝜔−1)/3𝑛).
This is 𝑂̃ (𝑚𝑑 (𝜔+2)/3), since 𝑚𝑑 ∈ Θ(𝑛). The runtime for bivari-

ate composition itself is 𝑂̃ (𝑑𝜔/3 (𝑛/𝑑1/3 +𝑚𝑑1/3)) operations in K,
and using again𝑚𝑑 ∈ Θ(𝑛), this is also 𝑂̃ (𝑑𝜔/3 (𝑚𝑑2/3 +𝑚𝑑1/3)) =
𝑂̃ (𝑚𝑑 (𝜔+2)/3). This proves Theorem 1.1.

3.2 Multipoint evaluation: proof of Thm. 1.2
Proof. It follows the steps of Nüsken and Ziegler’s algorithm. From

(𝑥1, 𝑦1), . . . , (𝑥𝑛, 𝑦𝑛), we first compute 𝑓 =
∏(𝑥 − 𝑥𝑖 ) and the

interpolating polynomial 𝑎 ∈ K[𝑥]<𝑛 such that 𝑎(𝑥𝑖 ) = 𝑦𝑖 for

all 𝑖 , both in 𝑂̃ (𝑛) operations in K [13]. Given 𝐺 in K[𝑥,𝑦]< (𝑚,𝑑 )
and from Theorem 1.1, if the coefficients of 𝑎 are in V𝑓 ,𝑑 ∩ K𝑛

,

ℎ = 𝐺 (𝑥, 𝑎) mod 𝑓 is obtained in 𝑂̃ (𝑚𝑑 (𝜔+2)/3) operations in K.
The desired values are then deduced by univariate multipoint

evaluation of ℎ at 𝑥1, . . . , 𝑥𝑛 , again in 𝑂̃ (𝑛) operations in K. The
points (𝑦1, . . . , 𝑦𝑛) ∈ K𝑛

for which the coefficients of 𝑎 are in

V𝑓 ,𝑑 ∩ K𝑛
are in the image W𝜉,𝑑 of V𝑓 ,𝑑 by the invertible Van-

dermonde matrix constructed from 𝜉 = (𝑥1, . . . , 𝑥𝑛), which is thus

also a non-empty Zariski open set.

Arbitrary sets of points. Theorem 1.2 and Nüsken and Ziegler’s

results hold for points with pairwise distinct 𝑥-coordinate. For

arbitrary sets of points, a natural approach (going back to [31]) is to

apply a random change of coordinates, since with high probability,

this guarantees that all 𝑥-coordinates are distinct. However, we

do not expect this to be sufficient to have small-degree relation

matrices needed for the target complexity bound, and further work

will be needed here as well to obtain a Las Vegas algorithm.

When𝑚 = 𝑑 =
√
𝑛, Nüsken and Ziegler’s algorithm has com-

plexity 𝑂̃ (𝑛 (𝜔2+2)/4), which is in𝑂 (𝑛1.313), while Theorem 1.2 gives

𝑂̃ (𝑛 (𝜔+5)/6), which is in𝑂 (𝑛1.229). Without changing variables, the

best result we are aware of for arbitrary inputs is in [18], with a

runtime of 𝑂̃ (𝑛2−2/(𝜔+1) ) ⊂ 𝑂 (𝑛1.41) operations in K. Note that

several other results are known in an amortized model [15–18, 29],

some of them also requiring generic inputs.

4 Truncated powers
Step (4.2) of the new composition algorithm computes the truncated

powers [𝑥𝑖𝑎−𝑘 rem 𝑓 ]𝑚−1

0
for 0 ≤ 𝑖 < 𝑚, 0 ≤ 𝑘 ≤ 2𝑑 . Using the

small-degree polynomials 𝐴 𝑗 and 𝐵 𝑗 in Step (3.3) lets us improve

the previous result for this computation [30, Prop. 3.6].

Proposition 4.1. Consider integers 𝑛,𝑚,𝑑 and 𝜇, with 𝑑1/3 ≤
𝜇 ≤ 𝑛. Given 𝑓 in K[𝑥] of degree 𝑛, 𝑎 in K[𝑥]<𝑛and the polynomials
(𝐴 𝑗 )0≤ 𝑗<𝜇 and (𝐵 𝑗 )0≤ 𝑗<𝜇 from Corollary 2.4, one can compute the
truncations [𝑏𝑎𝑘 rem 𝑓 ]𝑚−1

0
for 0 ≤ 𝑘 < 𝑑 using 𝑂̃ (𝜇𝜔 (𝛿 +𝑚𝜇))

operations in K, where 𝛿 is the degree of a minimal basis of N𝜇 .

In this section, we use the bracket notation [·]𝑚−1

0
with bivariate

polynomials: it stands for the first coefficients𝑚 with respect to 𝑥 .

Also, while the proposition computes truncations of terms 𝑏𝑎𝑘 rem

𝑓 , we will apply this with 𝑎 replaced by its inverse modulo 𝑓 .

4.1 Simultaneous truncated products
The first ingredient is the simultaneous computation of several

truncated products with a specific structure.

Lemma 4.2. Let 𝑛, 𝜇, 𝜇, 𝛿,𝑚 ∈ N>0 with 𝜇 ∈ 𝑂 (𝜇2) and 𝛿 ≤ 𝑛.
Given 𝑓 in K[𝑥] of degree 𝑛, ℎ in K[𝑥,𝑦]< (𝛿,𝜇 ) , and 𝜂1, . . . , 𝜂𝜇 in
K[𝑥,𝑦]< (𝛿,𝜇 ) , one can compute all truncated products

𝑅 𝑗 = [𝑥𝑛−𝛿ℎ𝜂 𝑗 rem 𝑓 ]𝑚−1

0
∈ K[𝑥,𝑦]< (𝑚,𝜇+𝜇−1) , 1 ≤ 𝑗 ≤ 𝜇

using 𝑂̃ (𝜇𝜔 (𝛿 +𝑚𝜇)) operations in K.

Proof. Use segmentation with respect to 𝑦 to write

ℎ(𝑥,𝑦) =
∑︁

0≤𝑖<𝜇
ℎ𝑖 (𝑥,𝑦)𝑦𝜇𝑖 ,

with ℎ0, . . . , ℎ𝜇−1 ∈ K[𝑥,𝑦]< (𝛿,𝜇 ) and 𝜇 ∈ 𝑂 (𝜇). Set 𝐻𝑖 = 𝑥
𝑛−𝛿ℎ𝑖 . It

is enough to compute, for all 0 ≤ 𝑖 < 𝜇 and 1 ≤ 𝑗 ≤ 𝜇,

𝑅𝑖 𝑗 = [𝐻𝑖𝜂 𝑗 rem 𝑓 ]𝑚−1

0
∈ K[𝑥,𝑦]< (𝑚,2𝜇−1) .

Indeed, all 𝑅 𝑗 =
∑

𝑖 𝑅𝑖 𝑗𝑦
𝜇𝑖
can then be deduced in linear time with

respect to the total size of the 𝑅𝑖 𝑗 ’s, which is in 𝑂 (𝑚𝜇3). Since all
products 𝑅𝑖 𝑗 have 𝑦-degree less than 2𝜇 − 1, we compute them as

polynomials in B[𝑥], with B = K[𝑦]/⟨𝑦2𝜇−1⟩.
For the computation, we use Algo. 3.6 from [30]. While the

original presentation assumes that we work over a field, rather

than a ring such as B, it is readily checked that all operations

are performed in the ring. A more serious issue is that a direct

application of Lemma 3.5 in [30] does not give the runtime we

expect, as it does not take into account that 𝐻𝑖 rem 𝑥𝑛−𝛿 = 0 and

deg𝑥 (𝜂 𝑗 ) < 𝛿 . Thus, we revisit the steps of that algorithm, and

analyze how these two properties improve its runtime.

Steps 2 and 3 compute 𝐻𝑖 = 𝑥
𝑛−1𝐻𝑖 (1/𝑥,𝑦), which has 𝑥-degree

less than 𝛿 , and 𝜂 𝑗 = 𝑥
𝑛−1𝜂 𝑗 (1/𝑥,𝑦), which vanishes modulo 𝑥𝑛−𝛿 .

This does not cost any arithmetic operation.

Step 3 also computes the power series expansions 𝛾 𝑗 = 𝜂 𝑗/ ¯𝑓 mod-

ulo 𝑥𝑛−1
, where

¯𝑓 = 𝑥𝑛 𝑓 (1/𝑥). Since the 𝑥-valuation of 𝜂 𝑗 is ≥ 𝑛−𝛿 ,
each such expansion takes 𝑂̃ (𝛿) operations in B, for a total of

𝑂̃ (𝜇2𝛿) operations in K.
Step 4 defines matrices 𝑃1 and 𝑃2: the 𝑖th row of 𝑃1 is obtained

by segmenting the coefficients of 𝐻𝑖 with respect to 𝑥 , into slices

of 𝑥-degree less than𝑚; 𝑃2 is obtained from 𝑃1 by discarding its

last column. In the original presentation, these matrices have up to

𝑂 (⌈𝑛/𝑚⌉) nonzero columns, but here the rightmost ones are zero

because𝐻𝑖 has 𝑥-degree < 𝛿 . Discarding these columns in 𝑃1 and 𝑃2

leaves us with matrices 𝑃1, 𝑃2 for both, with 𝜇 rows and 𝑂 (⌈𝛿/𝑚⌉)
columns, and entries in B[𝑥]<𝑚 .
Step 4 also defines matrices 𝑄1 and 𝑄2, obtained by segmenting

the polynomials 𝛾 𝑗 , as we did for 𝐻𝑖 . For valuation reasons, many

bottom rows of these matrices are zero and can be discarded, leaving

us with matrices 𝑄1, 𝑄2 with 𝑂 (⌈𝛿/𝑚⌉) rows and 𝜇 columns, and

the same type of entries as those of 𝑃1, 𝑃2.
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Step 5 performs the matrix products 𝑃1𝑄1 and 𝑃2𝑄2, as well as

𝜇𝜇 products of polynomials in B[𝑥]<𝑚 ; the latter take a total of

𝑂̃ (𝑚𝜇3) operations inK. For computing a product 𝑃𝑖𝑄𝑖 , considering

the two cases𝑚𝜇 ∈ 𝑂 (𝛿) and 𝛿 ∈ 𝑂 (𝑚𝜇) leads to the complexity

bounds 𝑂̃ (𝜇𝜔𝛿) and 𝑂̃ (𝑚𝜇𝜔+1), respectively.
Step 6 is unchanged, and amounts to 𝑂 (𝜇2) multiplications in

B[𝑥]/⟨𝑥𝑚⟩, that is, another 𝑂̃ (𝑚𝜇3) operations in K.

The four terms arising in the cost are thus𝑚𝜇3
, 𝜇2𝛿 , and either

𝜇𝜔𝛿 or𝑚𝜇𝜔+1
. They are all in 𝑂 (𝜇𝜔 (𝛿 +𝑚𝜇)). □

4.2 High part of a Euclidean remainder
The following lemma is extracted from the proof of [30, Lem. 3.5].

B is a commutative ring.

Lemma 4.3. Let 𝑓 be monic of degree 𝑛 in B[𝑥], let 𝑃 be in B[𝑥]<𝑛 ,
and let 𝑄 in B[𝑥]<𝑑 for some 𝑑 ∈ {1, . . . , 𝑛}. Given 𝑄 and the high
part [𝑃]𝑡+𝑑−2

𝑛−𝑡−𝑑+1
for some 𝑡 ∈ {1, . . . , 𝑛 −𝑑 + 1}, one can compute the

high part [𝑃𝑄 rem 𝑓 ]𝑡−1

𝑛−𝑡 in 𝑂̃ (𝑑 + 𝑡) operations in B.

Proof. Write the Euclidean division 𝑃𝑄 = ℎ𝑓 + 𝑟 , thus with
𝑟 = 𝑃𝑄 rem 𝑓 , and consider the reversed polynomials given by

𝑃 = 𝑥𝑛−1𝑃 (1/𝑥), 𝑄 = 𝑥𝑑−1𝑄 (1/𝑥),
¯𝑓 = 𝑥𝑛 𝑓 (1/𝑥), 𝑟 = 𝑥𝑛−1𝑟 (1/𝑥), ¯ℎ = 𝑥𝑑−2ℎ(1/𝑥),

all being in B[𝑥]. By construction, we have 𝑃𝑄 = ¯ℎ ¯𝑓 + 𝑥𝑑−1𝑟 . Our

input gives us access to 𝑃 mod 𝑥𝑑−1
, so that

¯ℎ can be obtained by

power series division (𝑃𝑄/ ¯𝑓 ) rem 𝑥𝑑−1
in 𝑂̃ (𝑑) operations. Once

ℎ is known, the high part of 𝑟 is obtained in 𝑂̃ (𝑡 + 𝑑) operations by

[𝑟 ]𝑡−1

𝑛−𝑡 =
[
[𝑃]𝑡+𝑑−2

𝑛−𝑡−𝑑+1
𝑄 − ℎ[𝑓 ]𝑡+𝑑−2

𝑛−𝑡−𝑑+1

]𝑡−1

𝑑−1
. □

4.3 New TruncatedPowers algorithm
We turn to the proof of Proposition 4.1. For 𝑘 ≥ 0, we write 𝑐𝑘 =

𝑏𝑎𝑘 mod 𝑓 ∈ A, where A = K[𝑥]/⟨𝑓 ⟩. These are the coefficients of

the generating function

𝐷 (𝑦) = 𝑏

1 − 𝑎𝑦 ∈ A[[𝑦]] .

Our goal can then be restated as computing [𝑐𝑘 ]𝑚−1

0
for 𝑘 < 𝑑 ,

that is, [𝐷 mod 𝑦𝑑 ]𝑚−1

0
; this has size Θ(𝑚𝑑). Computing the first 𝑑

coefficients of 𝐷 before truncating in 𝑥 would yield an intermediate

object of size Θ(𝑛𝑑), which is too large for our target complexity.

We fix 𝜇 = ⌈𝑑1/3⌉. In particular 𝑑 ≤ 𝜇3
, and we focus on com-

puting [𝑐𝑘 ]𝑚−1

0
for all 0 ≤ 𝑘 < 𝜇3

. The key ingredient lies in the

following lemma, which shows how to obtain new coefficients 𝑐𝑘 ,

of high indices, from previously known ones. It makes use of the

polynomials (𝐴 𝑗 )1≤ 𝑗<𝜇 and (𝐵 𝑗 )1≤ 𝑗<𝜇 from Corollary 2.4, and of the

𝑦-reversed counterparts of these polynomials, also in K[𝑥,𝑦]< (𝛿,𝜇 ) :

𝛼 𝑗 = 𝑦
𝜇−1𝐴 𝑗 (𝑥, 1/𝑦) and 𝛽 𝑗 = 𝑦

𝜇−1𝐵 𝑗 (𝑥, 1/𝑦)
for 1 ≤ 𝑗 < 𝜇. We often see 𝛼 𝑗 and 𝛽 𝑗 as being in A[𝑦]<𝜇 , as for
instance in the following lemma.

Lemma 4.4. For 1 ≤ 𝑗 < 𝜇, and for any 𝑘 ≥ 𝜇 − 1, the coefficient
of 𝑦𝑘 in 𝐷𝛼 𝑗 is 𝑐 𝑗𝜇+𝑘−(𝜇−1) , while that of 𝐷𝛽 𝑗 is 𝑐 𝑗𝜇2+𝑘−(𝜇−1) .

Proof. We prove the claim for 𝛼 𝑗 ; the proof is similar for 𝛽 𝑗 . Let

𝑎 𝑗,𝑘 be the coefficient of𝑦𝑘 in𝐴 𝑗 , so that 𝛼 𝑗 = 𝑎 𝑗,𝜇−1 +· · ·+𝑎 𝑗,0𝑦𝜇−1
.

Then, a direct expansion shows that for any 𝑘 ≥ 𝜇−1, the coefficient

of 𝑦𝑘 in the product 𝐷𝛼 𝑗 , working modulo 𝑓 , is

𝑏𝑎𝑘−(𝜇−1)𝑎 𝑗,0 + · · · + 𝑏𝑎𝑘−1𝑎 𝑗,𝜇−2 + 𝑏𝑎𝑘𝑎 𝑗,𝜇−1

= 𝑏𝑎𝑘−(𝜇−1)𝐴 𝑗 (𝑥, 𝑎) = 𝑏𝑎 𝑗𝜇+𝑘−(𝜇−1) = 𝑐 𝑗𝜇+𝑘−(𝜇−1) . □

Thus, if we know 𝐷 mod 𝑦𝑁 , multiplying it by 𝛼 𝑗 gives us all

coefficients 𝑐 𝑗𝜇 , 𝑐 𝑗𝜇+1, . . . , 𝑐 𝑗𝜇+𝑁−1−(𝜇−1) . The same holds for 𝛽 𝑗 , but

with a shift of 𝑗 𝜇2
instead of 𝑗 𝜇. Consider the truncations

𝐷0 = 𝐷 mod 𝑦𝜇+2(𝜇−1) = 𝐷 mod 𝑦3𝜇−2,

𝐷1 = 𝐷 mod 𝑦𝜇
2+𝜇−1, 𝐷2 = 𝐷 mod 𝑦𝜇

3

.

We see 𝐷0 and 𝐷1 as being in B0 [𝑥] and B1 [𝑥] respectively, where

B0 = K[𝑦]/⟨𝑦3𝜇−2⟩ and B1 = K[𝑦]/⟨𝑦𝜇2+𝜇−1⟩.

Recall that our goal is to compute [𝐷2]𝑚−1

0
.

According to the above remarks, multiplying 𝐷0 by 𝛼1, . . . , 𝛼𝜇−1

in B0 [𝑥] gives us all coefficients of 𝐷1 (some of them are computed

twice), and multiplying 𝐷1 by 𝛽1, . . . , 𝛽𝜇−1 in B1 [𝑥] gives us all
coefficients of 𝐷2 (with no repeated calculations this time).

Still, computing 𝐷1 and 𝐷2 in this manner is too costly for our

target. Instead, our algorithm below exploits the fact that we only

seek low degree coefficients of 𝐷2. It starts from 𝐷0 and computes

the high part [𝐷1]𝛿−1

𝑛−𝛿 , then deduces the low part [𝐷1]𝑚−1

0
, and

eventually [𝐷2]𝑚−1

0
.

Step 1: all of 𝐷0. Each product 𝑐𝑘 = 𝑏𝑎𝑘 mod 𝑓 for 0 ≤ 𝑘 < 3𝜇 − 2 is

obtained in 𝑂̃ (𝑛) operations inK, hence a total in 𝑂̃ (𝜇𝑛) operations
in K for 𝐷0.

Step 2: high part [𝐷1]𝛿−1

𝑛−𝛿 . For this computation, it is enough to com-

pute all high parts [𝐷0𝛼 𝑗 ]𝛿−1

𝑛−𝛿 in B0 [𝑥]. For each of these products,

we use Lemma 4.3 with 𝑡 = 𝛿 and input [𝐷0]2𝛿−2

𝑛−2𝛿+1
. Each product

uses 𝑂̃ (𝛿) operations in B0, that is, in 𝑦-degree 𝑂 (𝜇), for a total of
𝑂̃ (𝜇2𝛿) operations in K.

Step 3: low parts of 𝐷1 and 𝐷2. This step computes [𝐷1]𝑚−1

0
and

[𝐷2]𝑚−1

0
, which boils down to computing the low parts of all prod-

ucts 𝐷0𝛼 𝑗 for the former, and 𝐷1𝛽 𝑗 for the latter. Splitting 𝐷0 gives

[𝐷0𝛼 𝑗 ]𝑚−1

0
= [𝐷0]𝑚−1

0
[𝛼 𝑗 ]𝑚−1

0
mod 𝑥𝑚

+
[
𝑥𝑛−𝛿 [𝐷0]𝛿−1

𝑛−𝛿𝛼 𝑗 rem 𝑓
]𝑚−1

0
(5)

in B0 [𝑥], and similarly

[𝐷1𝛽 𝑗 ]𝑚−1

0
= [𝐷1]𝑚−1

0
[𝛽 𝑗 ]𝑚−1

0
mod 𝑥𝑚

+
[
𝑥𝑛−𝛿 [𝐷1]𝛿−1

𝑛−𝛿𝛽 𝑗 rem 𝑓
]𝑚−1

0
, (6)

in B1 [𝑥]. For the products in Eq. (5), we need the low and high parts

of 𝐷0, which are known. For the ones in Eq. (6), we need the high

part of 𝐷1, which we obtained in Step 2, and its low part, which we

derive from using Eq. (5) with 𝑗 = 1, . . . , 𝜇 − 1.

The products in Eq. (5) have lower cost than those in Eq. (6)

since the degree of 𝐷0 is smaller than that of 𝐷1. Thus we focus

on Eq. (6), for 1 ≤ 𝑗 < 𝜇. The first term can be computed directly

using 𝜇 bivariate multiplications modulo (𝑥𝑚, 𝑦𝜇2+𝜇−1), for a total
of 𝑂̃ (𝑚𝜇3) operations. For the second term, we use Lemma 4.2 with

𝜇 = 𝜇2 + 𝜇 − 1, and with a runtime of 𝑂̃ (𝜇𝜔 (𝛿 +𝑚𝜇)).
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Altogether, the cost is 𝑂̃ (𝜇𝑛 + 𝜇2𝛿 +𝑚𝜇3 + 𝜇𝜔 (𝛿 +𝑚𝜇)). Since
𝛿 ≥ 𝑛/𝜇 (see Proposition 2.3), this is bounded by 𝑂̃ (𝜇𝜔 (𝛿 +𝑚𝜇)).

5 Composition algorithm. Proof of Theorem 1.3
To prove our main result, we start with 𝑓 of degree 𝑛 in K[𝑥],
and we first establish the claim under the assumption 𝑓 (0) ≠ 0.

Our first condition on 𝑎 is that it satisfies gcd(𝑎, 𝑓 ) = 1 (this is a

Zariski-generic property in the coefficients of 𝑎).

We choose𝑚 = ⌈𝑛1/4⌉ and 𝑑 = ⌈𝑛/𝑚⌉, which implies both in-

equalities 𝑑1/3 ≤𝑚 ≤ 𝑛. We suppose that 𝑎 satisfies the genericity

conditions of Lemma 2.5 and Proposition 2.6 for 𝜇 =𝑚, so in particu-

lar the minimal bases ofN𝑚 andM𝑚 have degree 𝑑 . Then, consider

the following detailed presentation of the algorithm sketched in

Section 1:

(1) Compute 𝑎 = 𝑎−1
mod 𝑓 , which exists since gcd(𝑎, 𝑓 ) = 1;

(2) Compute a minimal basis of N𝑚 , with degree 𝑑 ;

(3) Reduce 𝑎 𝑗𝑚
𝑖
modulo 𝑓 , for 𝑖 = 0, 1, 2 and 0 ≤ 𝑗 < 𝑚;

(4) Simultaneously reduce the polynomials of (3) by the basis

of (2) to obtain 𝐴 𝑗 , 𝐵 𝑗 in K[𝑥,𝑦]< (𝑑,𝑚) , for 0 ≤ 𝑗 < 𝑚, such that

𝐴 𝑗 (𝑥, 𝑎) = 𝑎 𝑗𝑚 mod 𝑓 and 𝐵 𝑗 (𝑥, 𝑎) = 𝑎 𝑗𝑚
2

mod 𝑓 ;

(5) Use the polynomials 𝐴 𝑗 and 𝐵 𝑗 to compute the truncations

[𝑥𝑖𝑎−𝑘−1
rem 𝑓 ]𝑚−1

0
for 0 ≤ 𝑖 < 𝑚 and 0 ≤ 𝑘 < 2𝑑 ;

(6) From these, compute a basis ofM𝑚 of degree at most 𝑑 ;

(7) Reduce 𝑔 by this basis to obtain𝐺 ∈ K[𝑥,𝑦]< (𝑚,𝑑 ) such that

𝐺 (𝑥, 𝑎) = 𝑔(𝑎) mod 𝑓 ;

(8) Use 𝐺 and the 𝐴 𝑗 ’s and 𝐵 𝑗 ’s to compute 𝑔(𝑎) mod 𝑓 .

The first step takes 𝑂̃ (𝑛) operations in K. Computing the basis

ofN𝑚 at Step 2 and deducing the polynomials 𝐴 𝑗 and 𝐵 𝑗 at Steps 3

and 4 altogether take 𝑂̃ (𝑚𝜔−1𝑛) operations, by Proposition 2.3

and Corollary 2.4. With our choice of𝑚, this is 𝑂̃ (𝑛 (𝜔+3)/4).
To perform Step 5, we apply the algorithm of Proposition 4.1

twice, with parameters𝑛,𝑚′ = 2𝑚−2 (instead of𝑚),𝑑 and 𝜇 =𝑚 (so

that 𝛿 = 𝑑), and input polynomials 𝑓 , 𝑎, and 𝑏 = 𝑥𝑚−1
mod 𝑓 , resp.

𝑏 = 𝑥𝑚−1𝑎𝑑 mod 𝑓 . As in the proof of Theorem 1.1, the runtime is

𝑂̃ (𝑚𝑑 (𝜔+2)/3), which is also 𝑂̃ (𝑛 (𝜔+3)/4) for our choice of𝑚.

Concatenating the results gives [𝑥𝑚−1𝑎−𝑘 rem 𝑓 ]2𝑚−2

0
for 0 ≤

𝑘 < 2𝑑 − 1. From this, Algo. 3.8 and Prop.3.7 in [30] show that we

can deduce the truncations [𝑥𝑖𝑎−𝑘−1
rem 𝑓 ]𝑚−1

0
, for 0 ≤ 𝑖 < 𝑚 and

0 ≤ 𝑘 < 2𝑑 , in time 𝑂̃ (𝑚2𝑑) = 𝑂̃ (𝑛5/4).
For Step 6, thanks to 𝑓 (0) ≠ 0, Proposition 2.6 allows us to

compute a minimal basis of M𝑚 in time 𝑂̃ (𝑚𝜔−1𝑛) = 𝑂̃ (𝑛 (𝜔+3)/4).
Lemma 2.7 then allows us to perform Step 7 in the same asymp-

totic runtime. Finally, Step 8 is handled by Proposition 3.1, using

𝑂̃ (𝑚𝑑 (𝜔+2)/3) operations, which is again in 𝑂̃ (𝑛 (𝜔+3)/4).
The Zariski-open set O𝑓 is defined from the polynomial Φ𝑓 ,⌈𝑛1/4 ⌉

from Lemma 2.5, the polynomial Δ𝑓 ,⌈𝑛1/4 ⌉ from [30, Prop. 7.6] that

we mentioned in the proof of Proposition 2.6, and by the require-

ment gcd(𝑎, 𝑓 ) = 1. This establishes the theorem for 𝑓 such that

𝑓 (0) ≠ 0.

Now, let 𝑓 be arbitrary of degree 𝑛, and write it as 𝑓 = 𝑥𝛼 𝑓 ∗,
with 𝑓 ∗ of degree 𝑛∗ = 𝑛 − 𝛼 and 𝑓 ∗ (0) ≠ 0; let also 𝑎0, . . . , 𝑎𝑛−1 be

indeterminates (that represent the coefficients of 𝑎).

Let Δ be a polynomial in K[ ¯𝑏0, . . . , ¯𝑏𝑛∗−1] that defines the com-

plement of O𝑓 ∗ , and set Δ∗ (𝑎0, . . . , 𝑎𝑛−1) = Δ(𝑟0, . . . , 𝑟𝑛∗−1), where

𝑟0, . . . , 𝑟𝑛∗−1 are the coefficients of the remainder of 𝑎0 + · · · +
𝑎𝑛−1𝑥

𝑛−1
by 𝑓 ∗. In view of the equality Δ∗ (𝑎0, . . . , 𝑎𝑛∗−1, 0, . . . , 0) =

Δ(𝑎0, . . . , 𝑎𝑛∗−1), we deduce that Δ∗
is nonzero.

Suppose then that the coefficients of 𝑎 do not cancel Δ∗
. To

compute ℎ = 𝑔(𝑎) mod 𝑓 , it is enough to compute 𝑎 = 𝑎 mod 𝑥𝛼

and 𝑎∗ = 𝑎 mod 𝑓 ∗, then ˆℎ = 𝑔(𝑎) mod 𝑥𝛼 and ℎ∗ = 𝑔(𝑎∗) mod 𝑓 ∗,
and finally recover ℎ by Chinese Remaindering. Computing 𝑎, 𝑎∗

and Chinese Remaindering, take quasi-linear time in𝑛, so it remains

to discuss the cost of computing
ˆℎ and ℎ∗. In both cases, we use

segmentation on 𝑔.

Computation of ˆℎ. Write 𝑔 =
∑

𝑖≤⌈𝑛/𝛼 ⌉ 𝑔𝑖 (𝑦)𝑦𝑖𝛼 , with all 𝑔𝑖 of de-

gree less than 𝛼 . Using the Kinoshita-Li algorithm [24], we can

compute all 𝑔𝑖 (𝑎) mod 𝑥𝛼 in 𝑂̃ (𝛼 (𝑛/𝛼)) = 𝑂̃ (𝑛) operations. Then,
after the additional computation of 𝑎𝛼 mod 𝑥𝛼 , we can use Horner’s

scheme to recover
ˆℎ = 𝑔(𝑎) mod 𝑥𝛼 in softly linear time in 𝑛.

Computation of ℎ∗. The same procedure applies. Since the coeffi-

cients of 𝑎 do not cancel Δ∗
, the coefficients of 𝑎∗ do not cancel Δ,

so a single composition by 𝑎∗ modulo 𝑓 ∗ takes 𝑂̃ (𝑛∗ (𝜔+3)/4) oper-
ations. The rest of the analysis is similar, and shows that we can

obtain ℎ∗ in time 𝑂̃ (𝑛 (𝜔+3)/4).

6 Complexity equivalences
The problem of modular composition is closely related to those

of power projections and characteristic polynomials in quotient

algebras. See, in particular, [33, 34] and [22, Sec. 6]. This results

in equivalences between some of the subproblems addressed here

that could be used to develop alternative algorithms. First, Proposi-

tions 3.1 and 4.1 show that two subproblems have the same com-

plexity bound. In fact, there is a general relation between them:

Section 6.1 shows that, in terms of straight-line programs, the prob-

lems of truncated powers and bivariate composition are essentially

equivalent, when 𝑓 (0) ≠ 0. This is shown on the right side of Fig. 1.

Next, Section 6.2 explains that, in generic cases, bivariate composi-

tion could be replaced by computations of specific characteristic

polynomials obtained from minimal bases. This provides another

alternative path for composition, shown on the left side of Fig. 1.

Basis of N𝑚

Truncated powers

Basis of M𝑚

Bivariate composition

Composition

Transposition

Characteristic

polynomial

Inverse

composition

Figure 1: Subproblems involved in the new modular composition

algorithm. The dotted lines indicate possible alternative paths.
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6.1 Truncated powers vs bivariate composition
The transposition principle for linear straight-line programs [11,

Thm13.20] states that the product of a matrix by a vector has

essentially the same cost as the product of the transpose of this

matrix by a vector. This leads to complexity equivalences between

linear problems that are solved by straight-line programs, like our

algorithms in Sections 3 and 4. The equivalence in this section is

proved by looking more closely at the linear maps involved in the

computations.

For two polynomials 𝑡,𝑢 ∈ K[𝑥] with deg(𝑢) = 𝑙 , we denote by
𝑀𝑡,𝑢 ∈ K𝑙×𝑙

the matrix of multiplication by 𝑡 modulo 𝑢 in the basis

(1, 𝑥, . . . , 𝑥𝑙−1). The problems of bivariate modular composition and

truncated powers (with the parameters𝑚 and 𝑑) may be addressed

using the following block Krylov matrices [30, Sec. 3.4]:

𝐾𝑚,𝑑 =

[
𝑋 𝑀𝑎,𝑓 𝑋 · · · 𝑀𝑑−1

𝑎,𝑓
𝑋
]
∈ K𝑛×(𝑚𝑑 )

and

𝐿𝑚,𝑑 =

©­­­«
𝑋 T

.

.

.

𝑋 T𝑀𝑑−1

𝑎,𝑓

ª®®®¬ ∈ K(𝑚𝑑 )×𝑛,

where 𝑋 = [I𝑚 0]T ∈ K𝑛×𝑚
. For a given 𝑎, the matrix 𝐾𝑚,𝑑 repre-

sents the linear map of bivariate composition for𝐺 ∈ K[𝑥,𝑦]< (𝑚,𝑑 )
as in Proposition 3.1, while 𝐿𝑚,𝑑 represents that of truncated powers

for 𝑏 ∈ K[𝑥]<𝑛 , as in Proposition 4.1. Note that 𝐿𝑚,𝑑 ≠ 𝐾T
𝑚,𝑑

. Still,

we now argue that truncated powers and bivariate composition are

essentially equivalent problems when 𝑓 (0) ≠ 0.

The following lemmamakes use of two auxiliarymatrices. The re-
versal matrix 𝐽𝑚 ∈ K𝑚×𝑚

is thematrix of the permutation (𝑚, . . . , 1).
The triangular Hankel matrix 𝑆 ∈ K𝑛×𝑛

is defined by 𝑆𝑖, 𝑗 = 𝑓𝑖+𝑗−1

if (𝑛 − 𝑖 + 1) ≥ 𝑗 and 𝑆𝑖, 𝑗 = 0 otherwise. Note that 𝑆 is invertible,

since deg(𝑓 ) = 𝑛. It is a symmetrizer for 𝑎 [26, p. 455], that is, it

satisfies [7, Lem. 2.5]

𝑆𝑀T
𝑎,𝑓

=𝑀𝑎,𝑓 𝑆. (7)

Lemma 6.1. For𝑚 ∈ {1, . . . , 𝑛} and 𝑑 ≥ 1 we have

𝐿𝑚,𝑑 · 𝑃𝑛 = diag(𝑄𝑚, . . . , 𝑄𝑚) · 𝐾T
𝑚,𝑑

(8)

with𝑄𝑚 = −𝑀𝑓 ,𝑥𝑚 𝐽𝑚 and 𝑃𝑛 =𝑀𝑥𝑚 ,𝑓 𝑆 ∈ K𝑛×𝑛 ;𝑄𝑚 and 𝑃𝑛 depend
only on 𝑓 and are invertible if 𝑓 (0) ≠ 0.

Proof. Thematrix𝑄𝑚 arises from the product [26, Eq. (5), p. 456]

𝑀𝑥𝑚 ,𝑓 𝑆 =

(
𝑄𝑚 0

0 𝑇𝑛−𝑚

)
∈ K𝑛×𝑛,

with 𝑇𝑛−𝑚 = 𝐽𝑛−𝑚𝑀 ˆ𝑓 ,𝑥𝑛−𝑚 with
ˆ𝑓 = 𝑥𝑛 𝑓 (1/𝑥). Hence

𝑄𝑚 𝑋
T 𝑆−1 = 𝑋 T𝑀𝑥𝑚 ,𝑓 .

Using Eq. (7) with 𝑎𝑘 , for any integer 𝑘 ≥ 0, gives

𝑋 T𝑀T
𝑎𝑘 ,𝑓

= 𝑋 T𝑆−1𝑀𝑎𝑘 ,𝑓 𝑆. (9)

Combining both equations gives 𝑄𝑚 𝑋
T𝑀T

𝑎𝑘 ,𝑓
= 𝑋 T𝑀𝑥𝑚 ,𝑓𝑀𝑎𝑘 ,𝑓 𝑆,

for an arbitrary 𝑘 ≥ 1, which is also

𝑄𝑚 (𝑋 T𝑀T
𝑎𝑘 ,𝑓

) = (𝑋 T𝑀𝑎𝑘 ,𝑓 ) 𝑃𝑛 ∈ K𝑚×𝑛,

where 𝑃𝑛 =𝑀𝑥𝑚 ,𝑓 𝑆 ∈ K𝑛×𝑛
. This concludes the proof of Eq. (8).

Up to sign, the determinants of 𝑄𝑚 and 𝑇𝑛−𝑚 are 𝑓𝑚
0

and 𝑓 𝑛−𝑚𝑛 .

Thus both 𝑄𝑚 and 𝑃𝑛 are invertible if 𝑓 (0) ≠ 0. □

Applying the transposition principle to the algorithm in Section 3

gives a multiplication by 𝐾T
𝑚,𝑑

in essentially the same complexity

as bivariate modular composition. Multiplying diag(𝑄𝑚, . . . , 𝑄𝑚),
𝑃𝑛 , and their inverses by vectors has quasilinear complexity by

reduction to polynomial multiplication [6, Ch. 2], hence Eq. (8)

gives an algorithm of the same complexity for truncated powers.

The reverse direction works in the same way, by transposing the

algorithm in Section 4 in order to multiply 𝐿T
𝑚,𝑑

by vectors.

There exist techniques to transpose algorithms in a systematic

way [8]. We have not checked whether they would produce exactly

the same algorithms as those presented in Sections 3 and 4.

6.2 Characteristic polynomial vs composition
For any 𝑓 and a generic 𝑎, the determinant of a minimal basis ofM𝜇 ,

made monic, is the characteristic polymonial 𝜒𝑎 of 𝑎 modulo 𝑓 [30,

Prop. 10.1]. Proposition 2.6 can thus be extended to the computation

of 𝜒𝑎 , using also 𝑂̃ (𝜇𝜔−1𝑛) operations [25]. In Appendix C, we show
that the characteristic polynomial and the modular composition

problems are essentially equivalent in the model of computation

by straight-line programs. In particular, a technique commonly

used for parameterizing algebraic varieties enables us to reduce the

modular composition problem and its inverse (see [33, Thm. 3.5; 30,

Sec. 6.2]) to characteristic polynomial computations.
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A Generic bases of N𝜇 : proof of Lemma 2.5
The proof is based on fairly standard results, such as the links be-

tween Popov forms and controllability realizations [21, Scheme II,

p. 427 & Sec. 6.7.2, p. 481]. Let 𝑓 ∈ K[𝑥] be of degree 𝑛. By identify-

ing elements of the quotient 𝑎 ∈ K[𝑥]/⟨𝑓 ⟩ with the corresponding

coefficient vector 𝑣𝑎 ∈ K𝑛
, we view K𝑛

as a K[𝑥]-module through

𝑥 · 𝑣𝑎 = 𝑣𝑥𝑎 . We denote by𝑀𝑥 ∈ K𝑛×𝑛
the matrix of multiplication

by 𝑥 modulo 𝑓 in the basis (1, 𝑥, . . . , 𝑥𝑛−1), so that 𝑥 · 𝑣𝑎 = 𝑀𝑥𝑣𝑎 .

This allows us to relate polynomial relations between the pow-

ers of 𝑎 mod 𝑓 to linear dependencies between vectors in Krylov

subspaces [20, Sec. 3.10].

Lemma A.1. Let 𝑉𝑎 be the matrix [𝑣1 𝑣𝑎 · · · 𝑣𝑎𝜇−1 ] ∈ K𝑛×𝜇 . The
degree of a minimal basis of N𝜇 is the smallest integer 𝛿 such that

rank( [𝑉𝑎 𝑀𝑥𝑉𝑎 · · · 𝑀𝛿−1

𝑥 𝑉𝑎])

= dim(Span({𝑀𝑘
𝑥 𝑣𝑎 𝑗 , 𝑘 ∈ N, 0 ≤ 𝑗 < 𝜇})) = 𝑛.

Proof. The latter dimension is indeed 𝑛, since the span contains

the independent vectors {𝑀𝑘
𝑥 𝑣1, 0 ≤ 𝑘 < 𝑛} = {𝑣1, 𝑣𝑥 , . . . , 𝑣𝑥𝑛−1 }.

We first show that the degree of a minimal basis ofN𝜇 cannot be

less than 𝛿 . By contradiction, assume there exists a minimal basis

𝑅 ∈ K[𝑥]𝜇×𝜇 of N𝜇 whose degree is ℓ < 𝛿 . Let (ℓ1, . . . , ℓ𝜇) be the
column degrees of 𝐵 and 𝐿 ∈ K𝜇×𝜇

be its leading matrix, that is,

𝐿𝑖, 𝑗 is the coefficient of degree ℓ𝑗 of 𝑅𝑖 𝑗 . Since 𝑅 is column reduced,

𝐿 is invertible. Then 𝑃 = 𝑅 diag(𝑥 ℓ−ℓ1 , . . . , 𝑥 ℓ−ℓ𝜇 )𝐿−1
has the form

𝑃 = 𝑃0 + 𝑥𝑃1 + · · · + 𝑥 ℓ−1𝑃ℓ−1 + 𝑥 ℓ 𝐼𝜇 , 𝑃𝑘 ∈ K𝜇×𝜇 .

Since the columns of 𝑅 are in N𝜇 , those of 𝑃 are too, meaning that

[1 𝑎 · · · 𝑎𝑚−1]𝑅 = [1 𝑎 · · · 𝑎𝑚−1]𝑃 = 0 mod 𝑓 . (10)

This translates as 𝑉𝑎𝑃0 +𝑀𝑥𝑉𝑎𝑃1 + · · · +𝑀 ℓ−1

𝑥 𝑉𝑎𝑃ℓ−1 +𝑀 ℓ
𝑥𝑉𝑎 = 0.

From this identity, any vector in {𝑀𝑘
𝑥 𝑣𝑎 𝑗 , 𝑘 ≥ ℓ, 0 ≤ 𝑗 < 𝜇} can

be expressed as a linear combination of the columns of the matrix

[𝑉𝑎 𝑀𝑥𝑉𝑎 · · · 𝑀 ℓ−1

𝑥 𝑉𝑎], which contradicts the minimality of 𝛿 .

We follow a similar path to show that a minimal basis of N𝜇

has degree at most 𝛿 . By definition of 𝛿 , the columns of 𝑀𝛿
𝑥𝑉𝑎

are combinations of those of [𝑉𝑎 𝑀𝑥𝑉𝑎 · · · 𝑀𝛿−1

𝑥 𝑉𝑎]. Therefore
there exist matrices 𝑃0, . . . , 𝑃𝛿−1 ∈ K𝜇×𝜇

such that𝑉𝑎𝑃0 +𝑀𝑥𝑉𝑎𝑃1 +
· · · + 𝑀𝛿−1

𝑥 𝑉𝑎𝑃𝛿−1 + 𝑀𝛿
𝑥𝑉𝑎 = 0. By construction, the matrix 𝑃 =

𝑃0 + · · · +𝑥𝛿−1𝑃𝛿−1 +𝑥𝛿 𝐼𝜇 is nonsingular and its columns are inN𝜇 .

It follows, by minimality, that any minimal basis of N𝜇 has degree

at most deg(𝑃) = 𝛿 . □

Lemma 2.5 can now be proven by considering 𝑎 = 𝑥𝛿 , where

𝛿 = ⌈𝑛/𝜇⌉. Decompose 𝑓 as 𝑓 =
∑

0≤𝑖<𝜇 𝑓
(𝑖 )𝑎𝑖 , with deg(𝑓 (𝑖 ) ) < 𝛿

for 𝑖 < 𝜇 − 1 and deg(𝑓 (𝜇−1) ) ≤ 𝛿 . In the identity


𝑓 −𝑎 −𝑎2 · · · −𝑎𝜇−1

1

1

. . .

1




0 0 · · · 0 1

−1 𝑎 𝑓 (1)

−1

. . .
.
.
.

. . .
𝑎

.

.

.

−1 𝑓 (𝜇−1)


=


𝑎 0 · · · 0 𝑓 (0)

−1 𝑎 𝑓 (1)

−1

. . .
.
.
.

. . .
𝑎

.

.

.

−1 𝑓 (𝜇−1)


in K[𝑥]𝜇×𝜇 , the first matrix in the product is a basis of N𝜇 and

the second one is unimodular. It follows that the right-hand side

is a basis of N𝜇 of degree 𝛿 , and that minimal bases of N𝜇 have

degree at most 𝛿 . Hence, by Lemma A.1, [𝑉𝑎 𝑀𝑥𝑉𝑎 · · · 𝑀𝛿−1

𝑥 𝑉𝑎]
has maximal rank 𝑛. Now consider a generic 𝑎. A fortiori, the latter

matrix still has rank 𝑛, and by Lemma A.1 again, any minimal

basis of N𝜇 has degree at most 𝛿 . Finally, since the sum of the

column degrees of a minimal basis of N𝜇 is exactly the degree

of its determinant, i.e. deg(𝑓 ) = 𝑛, such a basis cannot have a

degree less than ⌈𝑛/𝜇⌉. Therefore, minimal bases ofN𝑚 have degree

exactly ⌈𝑛/𝜇⌉. Based on the above, if 𝑎 =
∑

0≤𝑖<𝑛 𝑎𝑖𝑥
𝑖
, where the

𝑎𝑖 ’s are new indeterminates, then [𝑉𝑎 𝑀𝑥𝑉𝑎 · · · 𝑀𝛿−1

𝑥 𝑉𝑎] has a
nonzero 𝑛-minor Φ𝑓 ,𝜇 ∈ K[𝑎0, . . . 𝑎𝑛−1]. A set of polynomials 𝑎 for

which minimal bases of N𝑚 have degree exactly 𝛿 = ⌈𝑛/𝜇⌉ is thus
given by those whose coefficients avoid the zero set of Φ𝑓 ,𝜇 .

B Generic bases ofM𝜇

We show that for any 𝑓 ∈ K[𝑥] of degree 𝑛, and for generic 𝑎, any

minimal basis ofM𝜇 defined by Eq. (1) has degree 𝛿 = ⌈𝑛/𝜇⌉. We

use techniques very similar to those in Appendix A, which we do

not repeat in detail. Let 𝑀𝑎 be the matrix of multiplication by 𝑎

modulo 𝑓 . We now view K𝑛
as a K[𝑦]-module through 𝑦 · 𝑣 =𝑀𝑎𝑣

for 𝑣 ∈ K𝑛
. By swapping the roles of 𝑎 and 𝑥 in Lemma A.1 we

obtain the following. Since the minimal polynomial of 𝑎 may have
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a degree less than 𝑛, the statement now involves a dimension that

may not be equal to 𝑛. However, this dimension will be 𝑛 in generic

cases.

Lemma B.1. Let 𝑉𝑥 = [𝑣1 𝑣𝑥 · · · 𝑣𝑥𝜇−1 ] = [I𝜇 0]T ∈ K𝑛×𝜇 . The
degree of a minimal basis ofM𝜇 is the smallest integer 𝛿 such that

rank( [𝑉𝑥 𝑀𝑎𝑉𝑥 · · · 𝑀𝛿−1

𝑎 𝑉𝑥 ])

= dim(Span({𝑀𝑘
𝑎 𝑣𝑥 𝑗 , 𝑘 ∈ N, 0 ≤ 𝑗 < 𝜇})) ≤ 𝑛.

Lemma B.1 can be proved by reasoning analogous to that of the

proof of Lemma A.1. Relation matrices 𝑃 for M𝜇 are now matrices

in K[𝑦]𝜇×𝜇 . Equation (10) is reinterpreted in the form

[1 𝑥 · · · 𝑥𝜇−1]𝑃 = 0 mod ⟨𝑓 (𝑥), 𝑦 − 𝑎(𝑥)⟩,
which now translates as 𝑉𝑥𝑃0 + 𝑀𝑎𝑉𝑥𝑃1 + · · · + 𝑀 ℓ−1

𝑎 𝑉𝑥𝑃ℓ−1 +
𝑀 ℓ

𝑎𝑉𝑥𝑃ℓ = 0, when 𝑃 has degree ℓ . The degree of minimal bases

ofM𝜇 in generic cases follows from Lemma B.1 by considering 𝑎

of degree 𝜇. For such an 𝑎, the matrix [𝑉𝑥 𝑀𝑎𝑉𝑥 · · · 𝑀𝛿−1

𝑎 𝑉𝑥 ] has
rank 𝑛. Indeed, since 𝑎 has degree 𝜇, its first 𝑛 columns form an

invertible upper triangular matrix. It can finally be deduced that

there exists a polynomial Ψ𝑓 ,𝜇 ∈ K[𝑎0, . . . 𝑎𝑛−1] whose avoidance
of the zero set makes it possible to characterize polynomials 𝑎 for

which minimal bases ofM𝑚 have degree exactly 𝛿 = ⌈𝑛/𝜇⌉.

C Characteristic polynomial vs composition
Here, we argue informally that for generic 𝑎 and 𝑓 (in the Zariski

sense), the problem of computing the characteristic polynomial

of 𝑎 modulo 𝑓 and modular composition have roughly the same

complexity. We restrict to algebraic algorithms that can be written

as straight-line programs. In this case, each problem can be solved

by an algorithm whose cost is a constant multiple of that of the

other problem, plus 𝑂̃ (𝑛) operations. We then explain how our

approach could exploit this equivalence. Note that, generically, 𝑓

and the characteristic polynomial 𝜒𝑎 of 𝑎 are separable, hence the

minimal polynomial of 𝑎 modulo 𝑓 coincides with 𝜒𝑎 .

The reduction of the (characteristic) minimal polynomial to

composition is frequently used; it can be inferred from Shoup’s

work [33, 34]. The minimal polynomial of 𝑎 modulo 𝑓 can be com-

puted using a randomized algorithm, which requires one modular

composition (allowing 𝑔 to have degree 2𝑛 − 1) and the computa-

tion of the minimal polynomial of a linearly recurrent sequence

in KN
[12, Sec. 12.3]. When 𝜒𝑎 is separable, a deterministic algo-

rithm can be derived using the trace instead of random linear forms

as was done in [34]. (See, for example, [32, Sec. 4.3]).

We now sketch the reduction in the opposite direction, via the

problem of inverse modular composition. Given 𝑎 and 𝑓 as before,

and for a polynomial ℎ ∈ K[𝑥]<𝑛 , inverse modular composition is

the problem of computing 𝑔 ∈ K[𝑦]<𝑛 such that 𝑔(𝑎) = ℎ mod 𝑓

[33, Thm. 3.5; 30, Sec. 6.2]. Assuming that the minimal polynomial

of 𝑎 mod 𝑓 has degree 𝑛, the polynomial 𝑔 always exists and is

unique. To address inverse modular composition, we introduce a

new variable 𝑧 and consider the polynomial 𝑎 + 𝑧ℎ. Using that 𝜒𝑎 ∈

K[𝑦] is separable,ℎ and the characteristic polynomial 𝜒𝑎,ℎ ∈ K[𝑦, 𝑧]
of 𝑎 + 𝑧ℎ modulo 𝑓 can be related as follows ([2, Lem. 2.8] or [3,

Sec. 12.4, Eq. 12.4], valid for an arbitrary field):

−
(
( 𝜕
𝜕𝑧
𝜒𝑎,ℎ)𝑧=0

)
(𝑎)

𝜒 ′𝑎 (𝑎)
= ℎ mod 𝑓 . (11)

If 𝜒𝑎 is the inverse of 𝜒 ′𝑎 modulo 𝜒𝑎 , then

𝑔 = −𝜒𝑎
(
𝜕

𝜕𝑧
𝜒𝑎,ℎ

)
𝑧=0

rem 𝜒𝑎 (12)

is the solution to the problem of inverse composition for ℎ.

A straight-line program C that computes 𝜒𝑎 gives rise to a pro-

gram C𝑧 that computes 𝜒𝑎,ℎ modulo ⟨𝑓 , 𝑧2⟩, giving the derivative at
𝑧 = 0 in the left-hand side of Eq. (11). The divisions that occur in C𝑧
are those already present in C and the overall cost is multiplied by

a constant (see e.g., the proof of [11, Lem. (7.2)]). Note that here

we have considered straight-line programs, but a situation where

the tests on elements modulo 𝑧2
can be done on the coefficients of

valuation 0 could be suitable. Once the above derivative is known,

the solution 𝑔 from Eq. (12) can be computed after applying the

extended Euclidean algorithm to produce 𝜒𝑎 .

Finally, modular composition can be reduced to inverse modular

composition. Indeed, if 𝛼 ∈ K[𝑦]<𝑛 and 𝛾 ∈ K[𝑥]<𝑛 satisfy

𝛼 (𝑎) = 𝑥 mod 𝑓 , 𝛾 (𝛼) = 𝑔 mod 𝜒𝑎, (13)

then we obtain 𝛾 = 𝑔(𝑎) rem 𝑓 in two inverse modular composi-

tions within the announced complexity.

We remark that Eq. (13) defines the K-algebra isomorphism

𝜙𝑎 : K[𝑥]/⟨𝑓 ⟩ → K[𝑦]/⟨𝜒𝑎⟩ (14)

that maps 𝑥 to 𝛼 and 𝑎 to 𝑦, and more generally 𝑢 to 𝑣 such that

𝑣 (𝑎) = 𝑢 mod 𝑓 . Therefore, 𝑝 (𝛼,𝑦) = 0 mod 𝜒𝑎 , with 𝑝 ∈ K[𝑥,𝑦],
if and only if 𝑝 (𝑥, 𝑎) = 0 mod 𝑓 . This implies, in particular, that the

bases ofM𝜇 and N𝜇 for 𝛼 modulo 𝜒𝑎 (after the substitution of “𝑦”

by “𝑥”, and “𝑥” by “𝑦” to make notation match), coincide with the

bases of N𝜇 andM𝜇 for 𝑎 modulo 𝑓 , respectively.

We now discuss our composition approach in light of this com-

putational equivalence. The determinant of a minimal basis of M𝜇

is a multiple of the minimal polynomial of 𝑎 mod 𝑓 [30, Prop. 4.1],

hence gives the characteristic polynomial when the two coincide.

Since this determinant can be computed using 𝑂̃ (𝜇𝜔−1𝑛) opera-
tions [25], obtaining 𝜒𝑎 does not incur an additional cost beyond

the minimal basis cost. According to Eq. (13), modular composition

reduces to two applications of Eq. (12), which essentially corre-

sponds to the computation of the characteristic polynomials of

𝑎 + 𝑧𝑥 modulo ⟨𝑓 , 𝑧2⟩ and 𝛼 + 𝑧𝑔 modulo ⟨𝜒𝑎, 𝑧2⟩. To the extent

that the computation of a minimal basis ofM𝑚 and its determinant

are written in terms of straight-line programs (the isomorphism

of Eq. (14) ensures the relevance for both 𝑎 and 𝛼), we obtain a

different version of the last part of our algorithm, where computing

the two characteristic polynomials above and applying Eqs. (12)

and (13) yields the result of the final bivariate modular composition

of Steps (4.4)-(4.5).
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