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Abstract

Property (T'TT) was introduced by Ozawa as a strengthening of Kazhdan’s
property (T) and Burger and Monod’s property (T T). In this paper, we improve
Ozawa’s result by showing that any simple algebraic group of rank = 2 over a
local field has property (T'T T). We also show that lattices in a second countable
locally compact group inherit property (7 T T). Finally, we study to what extent
Lie groups with infinite center fail to have properties (T'T) and (T T T).

1 Introduction

Let G be a locally compact second countable group. It is well-known that by the
Delorme-Guichardet theorem, G has Kazhdan’s property (T) if and only if every
affine isometric action on a Hilbert space has a fixed point (see [BAIHV08, Ch. 2]).
This result can also be interpreted in terms of cocycles.

Definition 1.1. Let G be alocally compact group and H a Hilbert space. We say that
a Borel locally bounded (i.e. bounded on compact subsets) map b: G — H with a
Borelmapn:G— % (H)isa

* cocycleif 7 is a representation and Vg, h € G, b(gh) = b(g) + n(g) b(h);

* quasi-cocycle if 7 is arepresentation and sup [|b(gh)—b(g)—n(g)b(h)| < +oo;
g,heG

e wq-cocycle if sup ||b(gh) — b(g) —n(g)b(h)| < +oo.
g,heG

It is known that G has property (7) if and only if every cocycle on G is bounded.
In [BM99], Burger and Monod introduced a strengthening of property (T): G has
property (T T) if every quasi-cocycle is bounded. In this article, we study a stronger
property introduced by Ozawa ([Ozalll).

Definition 1.2. Let G be a locally compact group and A a subgroup of G. The pair
(G, A) has relative property (T T T) if any wq-cocycle on G is bounded on A.
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If G has property (T'T), then all quasimorphisms G — R, that is to say maps
¢ : G — Rsuch that {p(gh) (p(g)p(h))"!|g, h € G} is relatively compact, are bounded.
Property (T T T) allows one to study such questions for quasi-homomorphisms, when
the target group is no longer R (see [Ozalll, Thm. A]).

Ozawa showed that for any local field K, the group SL3(K) has property (TTT)
as well as all its lattices ([Ozalll Thm. B]). However, it was not clear to him whether
property (T T'T) passes to lattices that are not cocompact. We show that this is true.

Theorem A. Let G be a locally compact second countable group andT a lattice in G.
Then G has property (TTT) ifand only ifT' has property (TTT).

Our main result is an extension of the result on SL, to higher rank simple alge-
braic groups.

Theorem B. Let G be a connected simple algebraic group over a local field K with
ranky G = 2. Then G (K) has property (TTT).

We follow the same idea as the classical proof of property (T) for these groups:
we reduce the proof to the cases of the classical groups SLs and Sps. As mentioned
before, it is already known that SL3 has property (T T T). We show that for any local
field K, Sp4(K) has property (T T T) in Theorem 3.1}

Finally, Theorem [B|applies to higher rank simple Lie groups with finite center.
But when G has infinite center, it is well-known that G has an unbounded quasi-
morphism ¢ : G — R (see [BG92] Prop. 6]). In particular, G does not have property
(TT) nor (TTT). However, we show in Proposition that the unbounded wq-
cocycles of G are completely controlled by the unbounded wq-cocycles of its center.
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2 Related properties

2.1 Positive definite kernels and completely bounded norm

Let G be a locally compact second countable group endowed with a left Haar mea-
sure. A function 8 € L®(G x G) is a positive definite kernel if for any ¢ € L'(G),
JO0(x, )¢ (x)&(y)dxdy = 0. Equivalently, 6 is a positive definite kernel if and only
if there exists a separable Hilbert space H and a measurable map F : G — H such
that 6(x, y) = (F(x), F(y)) almost everywhere (see [BO08, Appendix D]). If 8 is con-
tinuous, F can be taken to be continuous, and equality holds everywhere. We say
that 0 is normalized if 0(x, x) = 1 for any x € G.



The following inequality will be useful throughout the paper. Let 8 be a normal-
ized positive definite kernel on G. Let x, y, z € G. We have

0(x,2) - 0(y, 2)| = [{F(x) — F(y), F(2))|
<||F(x) - EW)
< (IFI% + IEG)II* = (F(x), F() — (F(y), F(x)))
— \1/2
< (2—6(x,y) —e(x,y))
< \/§|9(x,y)—1|1/2.

1/2

Let 8 € L*°(G x G). We define the cb-norm of 8 by

181lcp = inf{IPIIQI : BQ € L®(G; H),0(x, y) = (P(x), Q(¥))} .

2.2 Property (Tp) and (Tp)
Let G be alocally compact second countable group and A a subgroup of G.

Definition 2.1 ([Ozalll). The pair (G, A) has relative property (Tp) if Ve >0, 36 >0
and K c G compact such that for any 8 : G x G — C Borel normalized positive definite
kernel satisfying

sup [|0(g-,8)-0|,., <8 2.1)
geG
and
sup |0(g, ) —1|<6 2.2)
g 'hek
then
sup |6(x,y) - 1| <e. (2.3)
X,yEA

Remark 2.2. As noticed by Ozawa ([Ozall) Section 3]), it is enough to consider only
continuous kernels instead of Borel kernels. Furthermore, the hypothesis can
be weakened to

sup|0(x,1)—1| < 4. (2.4)
xeK

Indeed, if 6 verifies and (2.4), then for any g, h € G with g~'h € K, there is x € K
such that & = gx so

|o(g, W -1|=|0(g, gx) 1|
<|6(g,gx) -6(1, )| +10(x,1) - 1]
<26

so 6 verifies up to replacing § by 26.



Definition 2.3. The pair (G, A) has relative property (Tg) if Ve > 0,36 >0and K< G
compact such that for any Borel map n : G — % (H) and every unit vector { € H
satisfying

sup ||m(gh)é-n(gn(h)é| <b 2.5
g,heG
and
sup||7(g)¢ ¢ <& (2.6)
gekK
then
sup|m(x)¢—¢ll <e. 2.7
X€A

2.3 Measurable factorisation

Let X be a o-finite measure space such that L? (X) is a separable Hilbert space, for
example X a locally compact second countable group. Then L!(X) is also separa-
ble. If E is a separable Banach space, a function ¢ : X — E* is w*-measurable if
x — {(¢p(x), v) is measurable for any v € E. Since E is separable, let (x;) be a dense
sequence in the unit sphere of E. Then

)1l = suplp(-) (xp)]
neN

is measurable, as the supremum of measurable functions. Thus, we can define
LP(X; E*) as the space of w*-measurable functions ¢ : X — E* such that

Il = IgO 1l < +00

(see [DU77| for more details). By Pettis measurability theorem ([DU77, Ch. II, Thm.
2]), if E* is separable and ¢ : X — E* is such that x — u(¢(x)) is measurable for
any u € E**, then ¢ is Bochner measurable. This implies that when E is a separable
reflexive Banach space, the space L (X;E*) coincides with the space L”(X; E*) of
(Bochner) measurable functions. This holds more generally when E* has the Radon-
Nikodym property (see [DU77, Ch. IV]).

Let E, F be two Banach spaces. We denote E® F the completion of the algebraic
tensor product E ® F for the projective tensor norm (see [DU77, Ch. VIII]). When
E, F are separable, this is a separable Banach space. By [DU77, Ch. VIIIL.2, Coro. 2],
there is an isometric isomorphism

(E®F)" =~ B(E,F*) 2.8)

and ¢ : E®F — C corresponds to the unique bounded operator u: E — F* such that
Vx,y€ ExF, ¢p(x®y) = u(x)(y). Thus, we can define the spaces LS (X; B (E, F*))
when E, F are separable Banach spaces.

Let E be a Banach space. By [DU77, Ch. VIIIL.1, Ex.10], the natural embedding
LY(X)® E — L} (X; E) extends to an isometric isomorphism

LY (X)®E ~ LY (X;E). (2.9)



Furthermore, if E is separable, the map

[P(X;E*) — LYX;E)*

¢ — U~ [y [E0)] (u(x)dx (2.10)

is an isometric isomorphism (see [Coil7, Thm. 1.16] or [Pis16} Prop. 2.20, 2.26 and
Thm. 2.29]).

Let H be a separable Hilbert space and H be the complex conjugate of H. There
is a canonical isometric isomorphism H* = H by Riesz representation theorem, and
a canonical identification H =~ H**. Combining and with E = H*, a func-
tion in L*°(X; H) = Ly (X; H) corresponds to a functional ¢ on LY (X)&H, which is
defined on simple tensors u®y € L' (X) ® H by

Puey) = j;( u(x) & (x), y)dx.

Thus, by (2.8), the map

L®(XG;H — B(L'(X), H)

T 3 — U [y u(Ex)dx

(2.11)

is an isometric isomorphism.

Let E, F be two separable Banach spaces. The above properties give isometric
isomorphisms

LY (X;B(E,F")) = LY (X; (E&F)*) by
~ L' (X; E&F)" by
~ (L' (X)&(E&P) by
~ (E&L' (X)&F)"
~(E&L (X F)” by
~B(E,L'(X,F)*) by 2:8)
~ B(E, L (X;F")) by

and following the path of isomorphisms shows that

LP(X;B(E,F*) — B(ELY(XGFY)

¢ — u— O W (2.12)

is an isometric isomorphism.
Let
T = SRwhere R € B(L' (X), H),
Iy (LI(X),L"O(X)) =4 TeB(L'(X),L®(X)) Se B(H,L™(X)) for some
separable Hilbert space H



with norm y(T) = inf||S|||R||. Let z€ L' (X) ® L!(X). We define

Izl = inf (3 luil?)" (3 hvin?)'"

where the infimum runs over all finite families (u;), (v;) such that for ¢,n € (LY x)*,

IEem@l < (X 1Ew)?) ! (X inwni?)!"2.

Then, || - ||+ is a norm on L' (X) ® L!(X). By [Pis86, Thm. 2.8 and Coro. 2.9], there is
an isometric isomorphism

o (L', LX) = (L' (X) @, L' (X)) (2.13)

where L' (X) ®, L'(X) is the completion of the tensor product L' (X) ® L! (X) for the
norm | -||«. Thus, this space has a separable predual and we can consider the spaces
LR (V;T2 (L1, L®(X))).

If ¢ € L°(X x X), we can define r,, € B(L' (X), L°(X)) by

r(p(f)(s)=fxf(t)<p(t,s)dt.
By [Spro4} Thm. 3.3], ¢ is a Schur multiplier if and only if r, € T, (L' (X), L*(X)), and
in that case, l@llcp =y (ry).
Let ¢ € L (X x X x X) and denote ¢ = ¢(:, x,-). Such a map defines an operator
e LY (X;B(L'(X), L (X)) by
d(x)(u) = fxd)(t,x, Ju(ndt =rg, (w).

If fe L'(X), let f : x— f(x). Then f — f is an antilinear involution of L' (X).

Proposition 2.4. Let G be a locally compact second countable group. Let 0 € L*°(G x
G) be a positive definite kernel on G such that for any g € G, ||g0 — 0|y < 6. Denote
o(x,8,y) =0(gx,8y) —0(x,y). Then there exists a separable Hilbert space H and two
functions a,b € LY (G; B(L'(G), H)) such that for almost every g € G and for every
u,ve L'(G),

(¢ (W] (v) = (a(g) (w), b(g) ()

with || alleoll bl < 6.
Proof. Since ¢y is a Schur multiplier for any g € G, we have
Pe L (GT2(LN(G), L™(B))
with [|plles,r, = supy(ry,) < 6.
geG

By [CLMS21, Thm 5.1], there are two maps a € LY (G; B(L'(G),H)) and b’ €
LY (G; B(L1(G), H*)) such that for almost every g € G and for every u, v € L'(G),

[b(g)w] () = [V (9)(W)] (alg) (w)).



Then by composition of each b'(g) with the antilinear identification H* ~ H — H,
and the antilinear involution L' (G) — L' (G), v — 7, we obtain b € LY (G; B(L}(G), H))
such that for almost every g € G and for every u, v € L' (G),

[b(9)(w)] (v) = (a(g)(w), b(g) V). O

Lemma 2.5. Let H be a separable Hilbert space, X,Y measured spaces such that
L*(X),L?(Y) are separable and Y is complete. Let a,p € LY (Y; B (L1 (X), H)) be two
maps such that for almost every y € Y and every u, v € L' (X),

(a(y)(w), a(y)()) =B (W), B) (). (2.14)

Then there existsamapn:Y — % (H & Zz(l\l)) which is measurable when the group
% (H & 0*(N)) is endowed with the Borel o -algebra coming from the strong operator
topology, such that for almostall y € Y, for allu € L'(X), Uy (a(y)(w)) = B() (w).

Proof. First, by @2.12) with E = L'(X), F = H* = H, the map

LP(V;B(L'(X),H)) — B(L'(X),[P(Y; H))
a — u—a()(w

is an isometric isomorphism. Furthermore, L3’ (Y; H) = L*°(Y; H) since H is a sepa-
rable Hilbert space. Thus, for u € L' (X), the maps y — a/(y)(«) and y — B(y)(u) are
measurable.

Set H' = Ho ¢%(N). Since L}(X) is separable, we can consider (1) en @ dense
sequence in L}(X). Denote Y’ a conull set in Y such that (2.14) holds for all yeY'.

If y € Y, define H, = a(y)(L' (X)), then the sequence (a(y)(un)),,c, is dense in
H,. We apply the Gram-Schmidt process to this family: set ao(y) = a(y) (1) which
is measurable. If we have constructed ay(y), ..., a,-1(y) such that

span(ag(y),..., an-1(y)) = span(a(y)(up),...,a(y)(Un-1))

and each ay is measurable, we set

) =au) - Y, (AW

2
k<n,ak(y)¢0 ”ak(y) ”

Recursively, this give a family of vectors (a,(y)) ,en Which for each y contains an
orthogonal basis of H, and some zero vectors. Since {y|a,(y) # 0} is measurable,
replacing a, (y) by a,(y)/lla,(y)|l on this set still gives a measurable function, and
now (a,(y)) contains an orthonormal basis and some zero vectors for each y e Y.
With the same process, we construct for each y € Y a family (b, (y)) Leny CONtain-

ing an orthonormal basis of K, = f(y) (L1(X)) and some zero vectors such that for
each neN, y— b,(y) is measurable.

The crucial point is that using the hypothesis (2.14), for any y € Y’ we have

an(y)=0<=b,u(y)=0 (2.15)



and
n n
an(y) = Y May) () < bp(y) = 3 Ar(y)BY) (). (2.16)
k=0 k=0
Now, consider an orthonormal basis (e,;),eny 0f H and an orthonormal basis
(fn) nen of £2(N). Since #£%(N) has uncountable dimension, there exists ( f#)nen such
that (f,) U(f;) is linearly independent. Let (g,) = (e, + f;,) U(f»)- This is a total family
in H' = He ¢*>(N). Let

cn(¥) = Pps (8n) = 8n = ) _(@n(¥), gnYan(y)

and
dn(y) = PKyi (8n) = 8n _Z(bn(J/)»gn>bn(Y)

As limits of measurable functions, c;,d, are measurable since Y is complete. The
family (¢, (1)) nen is total in Hj, and linearly independent. Indeed, if there is a rela-
tion Y A;ci(y) =0, then Y7 | A;g; € Hy, but (span(g,) nen) N H = {0} by construc-
tion,so A; =0foranyl<i<n.

Similarly, the family (d,(y)) is total in K;- and linearly independent. Thus, ap-
plying the Gram-Schmidt process produces (aj,(y)),,cy, and (b},(1)),,cn, Which are
also measurable functions and an orthonormal basis of Hj, Kj respectively.

For y € Y’, we have two orthonormal bases of H' = H ® ¢?(N). Thus, there is a
unique unitary map Uy, sending a,(y) to b,(y) and a;(y) to b;l(y), using (2.15) to
ensure that U, is well-defined on the zero vectors in (a,,(y)) On Y\ Y/, we set
Uy =1d.

Using (2.16) we show recursively that forany y€ Y/, neN,

neN*

Uy (a(y)(un) = B(y) (up).
Thus, by density of (1) and continuity of Uy, we get that for any u € LY(X),

Uy(a(y) () = () (w).

Leté € H'. Thenfor ye Y/,

=) ((an),&Yany) +<a,(y), &) ay, ()

n=0

S0
Uy¢ =3 ($an(),§)ba(y) +(a, (), )b, ().
nz=0
Again since Y is complete, y — U, ¢ is measurable as a pointwise limit almost every-
where of measurable functions.
Since this is true for any ¢ € H' and since H' is separable, this implies that y — U, is
measurable for the strong operator topology on % (H'). O



2.4 Relation between properties

Ozawa showed the following implications between these strengthenings of property
(T) ([Ozalll Thm. 1J).

Theorem 2.6.
rel. property (Tp) = rel. property (T TT) = rel. property (Tg).
We aim to show that these properties are all equivalent.

Theorem 2.7. Let G be a second countable locally compact group and A a subgroup
of G. If (G, A) has relative property (Tg), then it has relative property (Tp).

Proof. Let € >0 and 0 be a continuous positive definite normalized kernel verifying
and for some §,K to be determined later. By definition, there exists a
separable Hilbert space H and a continuous map ¢ : G — H such that Vg, h € G,
0(g, h) =((g),¢(h)and VgeG, (gl =1.

By Proposition there exists a separable Hilbert space H' and two functions
a,be L¥(G; B(L(G), H") such that for almost every g € G and for all u, v € L}(G),

fG . (0(gx,gy) —0(x,) u(x)v(y) dxdy = {a(g)(w), b(g)(v))

with [|alleollbllee < 6. Up to multiplying a, b by some constant, we can actually as-
sume that || alls < V0 and || D] o < V8.
With the notation of (2.11), we also get

fG . (0(gx,8y)—0(x,y)) u(x)v(y) dxdy

=(T(g" 'O W), T(g 1O () — (T @) (w), TE) (V).

But then, setting a(g)(u) = w and B(g)(u) = w, we also have

lalloo < V6 and ||B||w < V5. Inthe space H @ H', we have for almost every g € G and
any u, v e L'(G), we get

((T©)(w), alg)w), (TE)(v), alg) (1))
= (T(g7* &) (w), b(g) (W), (T(g™1&)(v), b(g) (1))).
We apply Lemma[2.5[to X =Y = G and
a(@w = (TE)(w),agw), Bw = (T(g dw),bgw),

to getamap 7 : G — % (H @ H' @ £>(N)) which is measurable for the completion of
the Borel o-algebra on G, and such that for almost every g € G and every u € LNG),

m(@)(T ) (w), a(g)(w) = (T(g~" &) (w), b(g)(w). (2.17)



Then,

IT(g™ &) (w) ~ (@ TE W < 1b(g) W)l + 1(T(g™ &) (w), b(g) (W) — (& TE&) Wl
< Vollull + I17(g) (T(&) (), a(g) (W) — m(&) TE) W]l
< Vollull +lla@ @l
<2V5|ul.

But since
n(g)T(f)(u)=n(g)fcu(x)f(x)dx=qu(g)n(g)(f(x))dx= T(m(g) o) (w),
we get that for almost every g,
1T - m(@ oWl <2V5|ul
thus

I1T(g™"¢ () o Ol g1 (), m < 2VB.

Since T is an isometry and ¢ is continuous, for almost every g € G and for all x € G,
1§(gx) ~n(QE 0 <2V5. (2.18)

We want to change 7 so that holds everywhere and = is a Borel map. We
proceed as in [Ozalll. Let M be a Borel subset of G of measure zero such that
holds for all g € G\ M. There exists also a Borel subset N of measure zero such that
7 is Borel G\ N. By regularity of the Haar measure, there exists a G5 set of measure
zero N' =(0,, Uy such that MU N < N'. Let K be any compact neighborhood of G
and consider the map multiplication map m : (G\ N') x (K\ N') — G. Since N’ has
zero measure and K positive measure, m is surjective. Furthermore, for any g € G,

m~'({gh={gk ", Klke K\N',xk' e G\N'}

= U {ek™ bikeKnUs n(G\UD x KO
p,qeN

so m~!({g}) is o-compact. Thus, applying the Lusin-Novikov uniformization theo-
rem ([Kec12] Thm.35.46]), there exists a Borel section s: G — (G\ N') x (K\ N') of m.
Then ¢ = pxos: G— K is a Borel map such that Vg € G, gtgl, ty€ G\N'.

Set(g) = n(gtgl)n(tg), this is a Borel map and Vg € G,

1€(gx) —A(QEM) < 1E(gx) — m(gty NE(1gx)
+l17(gty Vet x) —m(gtg (1) ()|
<2V + [1E(tgx) — (L) E)
<4V§

since (2.18) holds for g and gt 1

10



Let ¢ = &(e). Let us show that and hold for the pair (7%, ¢), in order to
apply relative property (Tp).
By hypothesis 2.2), we have for any g € G, x € K,

10(g,8x)— 11 <6 <> [{{(8),¢(gx)) — 1] < 0.
Thus,

1E(gx) = E@N1* = |I1E@gDNI* + I1E@)I* = (E(gx),£(8)) — (£(8), (g X)) ]
= |1-(E(gx), & (N +11-(E(g), ¢ (gx))l
<2(E(g), E(gx)) - 1]
<290.

Hence, for any g € G, x € K, we have
IE(g0) - &(@)l < V26, (2.19)
Then, if x € K, we have
I7(x)E = &l < 17(X)E(Q) - E@ I+ I1EX) (@) < A+ V2)VE =6

by (2.18) and (2.19).
Let g, h € G. We have that

I7(gh)é—A()A(M)E| < |7(gh)é(e) —E(gh) Il + IIE(gh) — /()¢ (R
+17(g)¢(h) — (A (M) ()l
<4V +4V5 +1E(h) - 7(WE(e)|
<12V5=46".
Now since (G, A) has relative property (Tg), choosing K associated to € in (Tg)

and 6 small enough so that §’,6” are associated to ¢, we get that and hold
for (7,¢). Then we have by relative (Tg) that for any x € A,

7 (x)¢ =&l = 7 (x)E(e) =< (e)ll <e.
Let x, y € A. We have that
10(x,y) =1 = |(€(x), () — 1
=1 =), EMNA =), N
=1-((x), (1)) —(&E(x),E () + |<€(x),€(y)>lz

<2—(E),E)) = (€),EQ)
= &) - EWI?

11



thus

16(x,y) =1 = [1§(x) =W
= [E(x) = A(xX)E () + 17 (x)S () = ()l
+lIEe =@+ 17 (PEe) =<
<4Vo+e+e+daVo=¢

by relative (Tp) and by (2.18).
Hence, we showed for €/, so (G, A) has relative property (Tp). O

It was shown in [Ozalll that both (Tp) and (Tg) passes to lattices, but as no-
ticed in the introduction, it was not clear whether (T T T) passes to non cocompact
lattices. The equivalence of these three properties immediately implies Theorem[A]

Corollary 2.8. Let G be a locally compact group and T a lattice in G. Then G has
(TTT) ifand only ifT has (TTT).

3 The symplectic group Sp,(K)

Let K be alocal field. We consider the symplectic group

Spa)={ge GLyK) | 'gJg =T}

(0 b
]_(—b 0}
Let also $2* (K?) be the vector space of symmetric bilinear form on K? which can be

identified with the space of symmetric matrices in M>(K). Then the group SL;(R)
acts on $>*(K?) by g.B = gB'g.

where

Consider the subgroup

A 0
G = {gA= (0 rA—l) A€ SLz(lK)} =SLz(K)

as well as the two subgroups

N;Z{ng(gz Z) |BeM2(K),fB=B}
and
N, = {X; = (Ié 102) |B€M2([K),tB=B}.
Then the maps

o S XSTID) — Spy(K)
L (A, B) —  Xj8a

12



and
. SLy(K) x S*(K?)  —  Spa(K)

2 (A, B) —  Xjgia
define two group embeddings of SL (K) x S** (K*) with N, N, as images of $** (K?).
It is known that the pair (SL, () x $2* (K?), $2* (K?)) has relative property (T) (see
[BAIHVO08, Coro. 1.5.2]) thus by [Ozall} Prop. 3], it has relative property (Tp).

Theorem 3.1. LetK be a local field. The group Sp4(K) has property (Tp).

We first need a Mautner type lemma adapted to the context of "almost invari-
ance" instead of the usual invariance.

Lemma 3.2. Let G be a locally compact group, 8 : G x G — C a normalized positive

definite kernel such thatsupl|g.0 — 0| ., < €. Let x, y € G be such that
geG

0(y'xy,)-1l<e and 10(y1)-1|<e.

Then
10(x,1) - 1] < 2¢ + 4¢'/2.

Proof. First, note that for any g € G,
0(gy,8)—1=<10(gy,8) -0y, DI+10(y,1) - 1] < 2e¢.
We have

10(x,1)-1<10(x, ) -0y 'xy, DI+10(  xy, 1) -1
<10(x,1) —G(y_lx, y_l)l + IG(y_lx, y_l) —G(y_lxy, D|+e¢
<2e+ |0(y_1x, y_l) —G(y_lx, |+ |6(y_1x, 1) —G(y_lxy, 1|
<2e+ \/§|9(1,y71) - lll/2 + \/EIG(yflxy,yflx) - lll/2
<2e+2v2(2¢e)"2. O

We are now ready to prove Theorem3.1}

Proof of Theorem|3.1} Let € > 0 and (Kp, ) associated to ¢ in property (Tp) for the
pair (SLZ([K) X §2* (IK2), §2* ([K.Z)). We may assume 0 < €. Consider t; and i, the em-
beddings of SL,(K) x $2* (K?) into G = Sp4(K), and set K = 11 (Ky) U 12 (Kp).

Let 0 be a normalized positive definite kernel on Sp,4(K), that we may assume
continuous (by a Remark in [Ozalll Section 3]), such that

supllg.0—0ll.p <6
geG

and

sup 16(g,h)—1]<4.
g lhek
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Then by relative property (Tp) for (SL, (K) x §2* (K?), $2* (K?)), we get that

sup 16(s,1)—1].
seN; UN;
Consider the subgroup
a 0 b 0
01 0 O
H-= c 0 d o lad—bc=1 }=SLy(K)
0 0 0 1

and its two subgroups N* ={ge Hla=d=1,c=0}, N- ={ge Hla=d =1,b=0}.
Since N*UN~ c Ny UN,, foranyse N*UN™, [0(s,1) - 1| <E&.
Ifge H,se N"UN~, we have

10(gs, g)— 11> <210(gs, g) -1
<2(10(gs,8) —0(s, )| +160(s,1) - 1|)
<2(0+¢)<A4e.

But every element g in H can be written as a product of at most 3 elements of
N* U N~ (these corresponds to the transvections in SL,(IK)). Thus, we get that for
any g€ H,

10(g,1)—1|<4e'?+e=¢".

For any A € K, the matrix dj = Diag(A,1,A71,1) is an element of H. For x € K,
consider the matrices

1 x 0 0 1 00 0
o1 0 o o lx 10 o0
aW=ly o 1 of ™ @@=y 5 1 _,
00 —x 1 000 1

Let x € K fixed. If A~ — 0, we have d; ' a(x)d) — 1. In particular, by continuity of 6,
there is A such that IH(d/{la(x) dy,1)—1| <¢€'. Thus, by Lemma we have

10(a(x),1)—1|<2¢' +4Ve =¢".

Similarly, if A — 0, we have d/{la’(x)d,l — 1 and thus |0(a’(x),1) = 1| < €".

Finally, there is some integer ¢ such that any element g € G is a product of at
most ¢ elements of a(K) U a’(K) U Ny UN, (see [NeuO3]).
Thus for any g € G,
10(g,1) - 1| <20Ve"

which shows that G has (Tp). O
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4 Algebraic groups over local fields

We now know that SL3 (K) and Sp4(K) have property (T T T). As in the classical proof
of property (T), we want to use this fact to show that any almost K-simple algebraic
group of rank at least 2 has (T T T), where K is a local field. Before that, we need to
show that (T'T T) is stable under some operations.

If Gy,G, are locally compact group, a quasi-homomorphism is a Borel map
¢ : Gy — G which is regular (i.e. the image of a compact subset of G; is relatively
compact) and such that {(p(gh)‘lw(g)<p(h) |g, h € Gy} is a relatively compact subset
of Gz.

Proposition 4.1. Let Gi,Gz be two locally compact groups. Let ¢ : Gy — G2 be a
surjective quasi-homomorphism. If Gy has (TTT), then Go has (TTT).

Proof. Let b be Borel wg-cocycle on G,. Then since ¢ is a quasi-homomorphism,
bo ¢ is a wq-cocycle on Gj, hence bounded by (TTT). Since ¢ is surjective, b is
bounded. O

Proposition 4.2. Let G be a second countable locally compact group, N <G a closed
normal subgroup. If N and G/ N have (TTT), then G has (TTT).

Proof. Let b be awqg-cocycle on G, and let

D = sup ||b(gh)—b(g) —m(g)b(h)| < +oo
g,heG

be its defect. Then b|y is a wg-cocycle on N, hence bounded by C by property
(TTT). By [Mac52, Lemma 1.1], there exists a Borel section o : G/N — G which is
regular, meaning that the image of any compact subset of G/ N is relatively compact
in G. Denote ng = g 'o(gN). Set b=boo and 7 = moo. Then b is a wg-cocycle on
G/ N associated to 7. Indeed, if g, h € G,

Ib(ghN) - b(gN) - #(gN)b(hN)||
=b(ghngp) — b(gng) —m(gng)b(hny)|
< |b(ghngp) — b(gnghnp)ll+ D
<|b(ghng,) - b(ghn")| + D
< Ib(ghngp) — b(gh) — n(gh)b(ngpll + 1b(gh) — b(ghn") || + | b(ngp)|l + D
<|b(ghn') - b(gh) —n(gh)b(n)| + |b(rn)| +2D+C
<3D+2C,

using that N is a normal subgroup, thus h‘lngh € N. Since G/N has property
(TTT), bisbounded by C'. Thus, for any g € G,

bl < Ib(gng) —b(g) —m(gbng)|l + I b(gng) | + Ib(ng)| < D+C+C'

so b is bounded on G, and thus G has property (T TT). O
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In [Ozalll Thm. 6], Ozawa showed that a lattice in a group with property (T T T)
inherits property (T T T). In fact, his proof also shows the following results.

Theorem 4.3. [Ozalll, Thm. 6] Let H be a closed subgroup of G locally compact sec-
ond countable such that there exists a finite Borel measure on G/ H invariant under
the action of G. If G has property (T TT), then H has property (TTT).

We will now turn to algebraic groups. By algebraic group, we will always mean
an affine algebraic group realised as an algebraic subgroup of GL,,. We will use the
notations of [Mar91, Ch. I], where more details can be found.

Lemma 4.4. LetK be a local field, G a connected semisimple K -group and G its sim-
ply connected cover (in the algebraic sense). Then G(K) has (T TT) if and only if G(K)
has(TTT).

Proof. Let m: G — G be a central K-isogeny. Then by [Mar91, Ch. I, Thm. 2.3.4],
n(G(K)) is a closed normal subgroup of G(K) such that G(K)/7(G(K)) is compact
(thus has (T'TT) as well as a finite Borel measure invariant by G(K)). By Proposition
m(G(K)) has (T'TT) implies G(K) has (T T T). Conversely, by Theorem[4.3] if G(IK)
has (TTT), so does (G(K)).

Furthermore, G(K)/(ker ) (K) — 7(G(K)) is a homeomorphism. Thus, since the
subgroup (ker)(K) is finite hence has (T T T), by Propositions[4.1]and[4.2] G(K) has
(TTT) ifand only if 7(G(K)) has (TTT). O

In [dC09], Yves de Cornulier studied lengths on algebraic groups and showed
the following result. A semigroup length on G is a map ¢ : G — R, which is locally
bounded and such that Vx,y € G, £(xy) < (x) + £(y).

Theorem 4.5. [dC09, Thm. 1.4] Let G be an almost K -simple algebraic group over a
local field K, then every semigroup length on G(K) is bounded or proper.

To prove Theorem [B} we will show using (T'TT) on SL3 and Sp, that a certain
length is not proper, thus is bounded.

Theorem 4.6. Let K be a local field, G a connected almost K -simple K-group with
ranki G = 2. Then G(K) has property (TTT).

Proof. By [Mar91, Ch.I, Prop. 1.6.2], G contains an almost K-simple K-subgroup H
whose (algebraic) simply connected cover is SL3 or Sps. Thus, by [Ozall, Thm.5],
Theorem[3.1]and Lemma[4.4} H(K) has property (TTT).
Let b be a wg-cocycle on G(K). Let C = sup ||b(gh) —b(g) - n(g)b(h)| < +oo.
g,heG
Then b| g is a wg-cocycle on H(K) hence is bounded by (T T'T).

Consider the function ¢: g — [|b(g)|l + C. We have that £(gh) < ¢(g) + ¢(h). Fur-
thermore, ¢ is locally bounded since by definition b is. Then, by [dC09, Thm. 1.4],
¢ is either proper or bounded. But b is bounded on H(K) which is not relatively
compact, thus b is bounded. O
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Remark 4.7. Let G be a connected simple Lie group with finite center of rank at
least 2. Then G is locally isomorphic to the group of R-point of an almost-R-simple
algebraic group, thus has (T TT).

Corollary 4.8. Let K be a local field, G a connected almost K -simple K -group with
rankx G = 2. Let T be a lattice in G(K). ThenT has (TTT).

Proof. This is a direct consequence of the theorem and the fact that (T'TT) passes
to lattices. O

Let ¢ : G — G’ be a quasi-homomorphism. As noticed by Ozawa in [Ozalll, if
b is a wq-cocycle on G, then bo ¢ is a wq-cocycle on G. Hence, if G has property
(TTT) and there exists b a proper wg-cocycle on G’ (i.e. such that {gl bl < n} is
relatively compact in G’ for any n € N*), then any quasi-homomorphism G — G’ has
arelatively compact image.

Corollary 4.9. LetT be a lattice in an higher rank almost K -simple algebraic group.
Then any quasi-homomorphism I — G' where G' admits a proper wq-cocycle has
relatively compact image.

This applies in particular when G’ has Haagerup property, or when G’ is hyper-
bolic. Thus, it gives another proof of [FK16} Coro. 4.3].

5 Simple Lie groups with infinite center

In the previous section, we showed that any connected simple Lie group with finite
center of rank at least 2 has (T T T). We say that a quasi-homomorphism ®: G — R
is homogeneous if for any g € G,n e N, ®(g") = n®(g). In that case, if g, h commute,
then ®(gh) = ®(g)+P(h). Let G be a connected simple Lie group with infinite center
Z(G) and rank at least 2. Then by [BG92| Prop. 6], the space of homogeneous quasi-
morphism is one dimensional. In particular, a nonzero element of this space is a
wq-cocycle (and even a quasi-cocycle) which is unbounded, thus G does not have
property (TTT) (and (T T) as well).

Let g = t@p be a Cartan decomposition of the Lie algebra of G and a be a maximal
abelian subspace of p. Let A, K be the analytic subgroups of G with Lie algebras a, £
respectively. Then G = KAK as in the finite center case. However, note that K is not
compact. Indeed, Z(G) c K is an infinite discrete subgroup, but K/ Z(G) is compact.

The following lemma is due to Yves de Cornulier and Mikael de la Salle in an
unpublished note. We here reproduce their proof.

Lemma5.1. Let G be a connected simple Lie group with infinite center. There exists a
Borel regular section s: G/ Z(G) — G such that

S=1{s(ghZ(G)(s(gZ(G)s(hZ(G)) " | g, he G}

is finite and s(expag(g) (X)) = expg(X) forany X € a.
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Proof. Let ® be a Barge-Ghys morphism, normalized by ®(Z(G)) c Z. Since @ is

homogeneous, we can define s(gZ(G)) by gif ®(g) € [—%, %] Since @ is a quasimor-

phism, there is C > 0 such that |®(gh) — ®(g) — ®(h)| < C. But we have
[D(s(xy) () s0)HI = 2C+D(s(xy)| +D(s(1) I+ (s(x)
3
<2C+-
2
bounded independently of x, y € G/ Z(G). Since {s(xy)s(y) 's(x)"'} € Z(G), it is fi-
nite. O

Note that s(1) = 1. We want to study wq-cocycles on G, up to bounded functions.
Let H be a Hilbert space and 7 : G — % (H) be fixed. Let

Zw(G,m) ={b:G— H|bwqg-cocycle for r}

and By, (G, ) the subspace of bounded Borel functions. We want to understand the
space Hy, (G, ) = Z,,(G, )/ By (G, ).

Let i : Z(G) — G denote the inclusion. Right-composition by i induces a map
iv:Hy(G,m) — Hy(Z(G), ).
Denote zg = gs(gZ(G)) ' € Z(G).
Proposition 5.2. The map i. is injective and
i (Hy(G,m) = {[b] | gEGsY.BEpZ(G)IIH(g)b(Z) - (zg)b(2)|l < +00}.

Proof. Let b be awq-cocycle with defect D such that i, [b] = 0. Then boi is bounded.
The map bo sis also a wg-cocycle on G/ Z(G). Indeed, since s is Borel regular, bo s is
Borel and locally bounded. Furthermore, if g, h € G/ Z(G), then

I1b(s(gh)) —b(s(g) —m(s(g)b(s(h)l < IIb(s(gh)) — b(s(g)s(h) |+ D
= IIb((S(g)S(h))_IS(gh))II +2D

which is bounded in g, & since S is finite. But then since G/ Z(G) has finite center, by
Theorem[4.6] bo s is bounded.
For any g € G, denote zg = gs(gZ(G))"! € Z(G). Thus

bl = D+Ib(s(gZ (Gl + 1b(zg)

so b is bounded and [b] = 0.

Let b be a wq-cocycle on Z(G) with defect D. Suppose that there exists a wq-
cocycle b on G with defect D' such that i.[b] = [b]. Then, for any g € G,z € Z(G),
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using that z, z; commute with G,

I7(8)b(2) — m(zg)b(2)|| < Im(8)b(2) + b(zgs(§Z(G))) — b(g2)
—b(zgs(gZ(G))) + b(zg) + m(zg) b(s(8Z(()))
+b(gz) — b(zg) —m(zg)b(zs(g Z(G)))
+7(2¢)b(zs(8Z(G))) — 7(zg)b(z) — m(zg)m(2) b(s(8 Z(G)))
—7(2g)b(s(8Z(G))) + m(2g)m(2)b(s(gZ(GN) I
<4D' +2|b(s(gZ(G)].

But since bo s is bounded, we get that

sup |In(g)b(z) - m(zg)b(2)|l < +oo.
8€G,ze Z(G)

Now since b|z(g) — b is bounded by assumption, we get the necessary condition

sup |I7(g)b(=) - n(2zg)b(2) |l < +o00 (5.1)
g€G,ze Z(G)

Finally, we show that condition is sufficient. So let b be a wq-cocycle such that
holds and let C be the supremum. Define b(g) = b(gs(gZ(G))™}) = b(zg) which
is Borel and locally bounded. Then b is a wg-cocycle. Indeed, if g, h € G, then

Ib(gh) — b(g) — m(g)b(W) |l = | b(zgp) — b(zg) — m(8) b(zp) |
< | b(zgn) — b(zg) — m(2g) b(zp) |l + | 7(8) b(2) — 7 (24) b(2) |
< |\b(zgp) — b(zgzp) | + D+ C
< |b((zgzn) " zgn) |l +2D + C.

But (s(§Z(G))s(hZ(G)) "' s(ghz(G)) = (zg2p) "' zg), so since § is finite,

sup [1b((zgzp) ' zgn) Il < +o00.
g,heG

Finally, for any z € Z(G), b(z) = b(zs(1)™") = b(z) so that i, [b] = [D]. O

Remark 5.3. In particular, any wq-cocycle on Z(G) associated with 7 : Z(G) — % (H)
induces a wg-cocycle on G, associated to 7’ : G — % (H) defined by

n'(g) =n(gs(gZ(G) ™) = n(zg).

Furthermore, any wq-cocycle on G is bounded on A, since A c s(G/ Z(G)).
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