CARTAN MOTION GROUPS: REGULARITY OF K-FINITE
MATRIX COEFFICIENTS

GUILLAUME DUMAS

ABSTRACT. If G is a connected semisimple Lie group with finite center and
K is a maximal compact subgroup of G, then the Lie algebra of G admits a
Cartan decomposition g = £ @ p. This allows us to define the Cartan motion
group H = p x K. In this paper, we study the regularity of K-finite matrix co-
efficients of unitary representations of H. We prove that the optimal exponent
k(G) for which all such coefficients are «(G)-Ho6lder continuous coincides with
the optimal regularity of all K-finite coefficients of the group G itself. Our
approach relies on stationary phase techniques that were previously employed
by the author to study regularity in the setting of (G, K). Furthermore, we
provide a general framework to reduce the question of regularity from K-finite
coefficients to K-bi-invariant coefficients.

1. INTRODUCTION

In his proof of his strengthening of property (T") for SL(3,R), Lafforgue used the
fact that SO(2)-invariant matrix coefficients of unitary representations of SO(3) are
-Holder continuous outside of some singular points ([Laf0g]).

In [Dum24bl [Dum?24al, we obtained generalizations of this regularity result for
many Lie groups. Given a Lie group G, the aim is to find some compact subgroup
K and the largest value of a > 0 such that all K-bi-invariant - and even K-finite -
matrix coefficients of unitary representations of G are of class C*.

As explained in [Dum24b], a nice context to answer such questions is to assume
that (G, K) is a Gelfand pair. In that case, obtaining regularity results for K-
bi-invariant coefficients reduces to the boundedness of a specific family in Holder
spaces, the family of spherical functions (see Section .

If M is a Riemannian symmetric space, we can associate a natural Gelfand
pair (G, K) such that M = G/K, which we call a symmetric Gelfand pair (see
Section . If M is simply connected, then M splits as a direct product M =
M, x M_ x My where M, is of compact type (positive curvature), M_ is of non-
compact type (negative curvature) and My is a Euclidean space (zero curvature).

Spaces of non-compact type correspond to quotient spaces G/K where G is a
semisimple Lie group with finite center and K a maximal compact subgroup. The
regularity of their coefficients was studied in [Dum24a]. Such a space is always
simply connected. If U is a compact real form of G, then U/K is a symmetric
space of compact type, which we call the compact dual of G/K. The symmetric
pairs (U, K) with U compact semisimple were studied in [Dum24b] and the results
were improved in [Dum24a].
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The purpose of this note is to study the flat case. As pointed out in [Dum24bl
Lemma 2.9], in compact and non-compact type there is essentially one connected
symmetric Gelfand pair which represents M. This is far from being true in the
Euclidean case. Indeed, consider M = R™. The group of displacement G(M) is
R™ itself, and the natural Gelfand pair is (R™,{0}). Then the spherical functions
are just x — e2™@Y) for y € R, which are not bounded in any Holder space.
On the other hand, the group of all automorphisms (of symmetric spaces) of M
is G = R" x GL,(R), the group of affine map. For any compact subgroup K
of GL,(R), we obtain a symmetric Gelfand pair (R™ x K, K). If for example
K = 50(n), the group G is called the Euclidean motion group and the spherical
functions of G can be expressed in terms of Bessel functions ([Vil68, Chapter XIJ).
Thus, the behavior is very different in that case.

We will focus on pairs arising from Cartan motion groups. Let G be a semisimple
Lie group with finite center, then there is a Cartan decomposition g = £ @ p where
£ is the Lie algebra of a maximal compact subgroup K. Then K acts on p, seen
as a vector space, by the adjoint representation. Let H = p x K. Then (H, K)
is a symmetric Gelfand pair and H/K is a Euclidean symmetric space. Note that
we can thus obtain three natural Gelfand pairs related to G: (G, K) is a pair of
non-compact type, (U, K) is a pair of compact type for U compact real form, and
(H, K) a flat pair.

Our goal in this paper is to find the optimal value (r,d) € N x [0, 1] such that
any K-finite matrix coefficient of H belongs to the Holder space C(9)(H,) (see
Section for the precise definition of these Holder spaces). Here, H,. is the dense
open subset of regular points of G (see Section for the definition).

If a is a maximal abelian subspace of p, we can consider the associated root
system ¥ C a* and a choice of positive roots ©* (see Section for more details,
in particular for the definitions of those objects). For A € a*, define

n\) = > m()

aext
(a,\)#0
and set o)
n
G)= inf —=.
w(G) Aegl\{o} 2

The values of x were computed for Lie groups in [Dum24al Appendix A, Tables 1
and 2] (see also Section where we reproduce the tables for classical simple Lie

groups). For example, in the case of the special linear group, x(SL,(R)) = "Tfl

We also point out that when G has rank 1, the formula takes the simpler form
_ dimG/K -1 dimp—1

k(G) 5 5

Our main result is the following.

Theorem A. Let G be a connected semisimple Lie group with finite center and
H = p x K its Cartan motion group. Let r = |k(G)| and § = k(G) —r. Then
any K-finite matriz coefficient of a unitary representation of H is in C"9(H,.).
Furthermore, this result is optimal in the sense that for any &' > &, there exists a
K -finite (even K -bi-invariant) coefficient which is not in C™0")(H,.).

Comparing with [Dum24al Thm. A and B], the regularity obtained for H on
H, is exactly the regularity that was previously obtained for the semisimple group
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G, and the regularity that was obtained for its compact real form U (only on a
small open subset). Thus, all three Gelfand pairs arising from G exhibit a similar
behavior in terms of the regularity of their K-finite coefficients.

We first explain how to reduce this question to understanding spherical functions
of a Gelfand pair. In Section [2.2] we show that spherical functions dictate the
behavior of all K-bi-invariants. In Section we prove that this is enough to
understand all K-finite coefficients. Such a result was already proved in|Dum24bl
Section 5] and [Dum24al Section 3.2] in special cases (namely compact and non-
compact type). Here, we give a general proof under some assumptions on the
existence of a K AK decomposition. Section[3]is devoted to preliminaries on Cartan
motion groups and their harmonic analysis. We also prove some results on K AK
decomposition in this context (Section. Finally, we prove Theoremin Section
To do so, we proceed in a similar fashion to [Dum24al. Indeed, spherical functions
are expressed as an oscillatory integral, thus we may understand their asymptotics
through the stationary phase approximation. The phase functions appearing in
these integrals were studied in [DKV83].

Acknowledgments. I am grateful to Alexandre Afgoustidis and Jean-Louis Clerc
who pointed out the question of Cartan motion groups to me. I would like to thank
my Ph.D. advisor Mikael de la Salle for his involvement.

2. REDUCTION TO HARMONIC ANALYSIS ON A GELFAND PAIR

2.1. Holder spaces.

Definition 2.1. Let (X, d) be a metric space and U open subset of X, (E,].||) a
normed vector space, a €]0,1]. A function f : U — E is a-Holder if for any compact
subset K of U, there is Cx > 0 such that Va,y € K, ||f(z) — f(y)|| < Crd(z,y)“.

If X is also a normed vector space and r € N, we say that the map f belongs
to C)(U,E) if f € C"(U,E) and the r-th differential D" f is a-Holder as a
map from U to the vector space of multilinear r-forms. We extend to a = 0 by
CrO(U,E)=C"(U,E).

For K a compact subset of U and f € C("®) (U, E), define

D" f(z) — D
[fllceo x5y = max {5?3" SugHDkf(x)H, sup 1D/ () fWl } .
ST xe

z,yeK,x#y d(l‘, y)a

The family of semi-norms ||| (x gy for K a compact subset of U makes the
space C("®) (U, E) into a Fréchet space.

Finally if (X, d) is a Riemannian manifold, we say that f € C(") (U, E) if for
any chart (¢, V) of U, fop™t € C(p(V),E).

Remark 2.1. If U is locally compact, a function f: U — F is a-Holder if and only
if for any « € U, there exists a neighborhood U, of x and a constant C, > 0 such
that for any y, 2 € Uy, || f(y) — F()]| < Cad(y, 2)°.

We will denote C(®) (U, C) by C™)(U).
The following lemma will be useful throughout the article and can be found in
[Dum24bl, Lemma 2.1]

Lemma 2.2. Let (X,d) and (Y,d') be two Riemannian manifolds and U,V open
subsets of X,Y respectively. Let o > 0 and r € N. Let o : U = V be a function of
class C®. Then @, : f = f o maps C*) (V) to C)(U) and is continuous.
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2.2. Gelfand pairs.

Definition 2.2. Let G be a locally compact topological group with a left Haar
measure dg and K a compact subgroup with normalized Haar measure dk. The
pair (G, K) is a Gelfand pair if the algebra of continuous K-bi-invariant functions
on G with compact support is commutative for the convolution.

A spherical function of (G, K) is a continuous K-bi-invariant non-zero function
on G such that for all z,y € G,

/ o(aky) dk = p(2)p(y).
K

A standard result (see [vD09, Coro. 6.3.3]) gives a link between spherical func-
tions of (G, K) and unitary representations of G.

Proposition 2.3. If (G, K) is a Gelfand pair, then for any irreducible unitary
representation ™ of G on a Hilbert space H, the subspace HX of K -invariant vectors
is of dimension at most 1.

The positive-definite spherical functions of G are exactly the matriz coefficients
g — (m(g)v,v) with ™ an irreducible unitary representation of G and v a K-
mvariant unit vector.

If G is compact, any spherical function is positive-definite.

More details on Gelfand pairs can be found in [vD09, Ch. 5,6,7].

Given a Gelfand pair (G, K), it is natural to study spherical functions in order to
get results on K-bi-invariant matrix coefficients of unitary representations. Indeed,
any matrix coeflicient of a unitary representation decomposes into an integral of
spherical functions - an infinite sum if G is compact. Then studying boundedness
of positive-definite spherical functions in some Holder spaces is enough to obtain
regularity for all K-bi-invariant matrix coeflicients of unitary representations. More
precisely, the optimal regularity of such coefficients is exactly the optimal uniform
regularity of spherical functions. The proof of the following two lemmas can be
found in [Dum24bl Section 2.2].

Lemma 2.4. Let (G, K) be a Gelfand pair with G second countable. Let ¢ be a
K -bi-invariant matriz coefficient of a unitary representation m on an Hilbert space
H. Then, there exists a standard Borel space X and a o-finite measure u on X
such that

‘P:/ Copzdp()
X

where o 18 a positive-definite spherical function of (G,K) for any x € X and
ce LYX,u).

Lemma 2.5. Let (G, K) be a Gelfand pair with G a Lie group endowed with a
Riemannian metric d and U any open subset of G. Let (px)aca be the the fam-
ily of positive-definite spherical functions of (G,K). Then (vx)aea s bounded in
CTO(U) if and only if any K -bi-invariant matriz coefficient of a unitary represen-
tation of G is in CT9)(U).

2.3. From K-bi-invariant to K-finite coefficients. Let G be a Lie group and
K a compact subgroup of G.

Definition 2.3. Let 7 be a unitary representation of G on H and (p, V') a repre-
sentation of K. We say that £ € H is
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e K-finite if span(7(K)¢) is finite dimensional,
o of K-type V if span(m(K)E) ~ V as a representation of K.

Note that this definition of K-type V is not standard.

The aim of this subsection is to prove that a regularity result on the space
of all K-bi-invariant coefficients of G implies that the same regularity holds for
all K-finite coefficients of G. This was done in [Dum24bl Section 5] for compact
symmetric pairs, and then extended in [Dum24al Section 3.2] in the non-compact
case. We here give a unified proof which holds under some mild assumptions on
the pair (G, K).

The first step is a lemma which first appeared in [dLMdIS16, Lemma 2.2] and
was extended in [Dum24a, Lemma 3.6]. Let U = K x K. Let (p, E) be a finite-
dimensional unitary representation of U. For g € G, let U, be the stabilizer of g
under the action of U by left-right multiplication, i.e.

U, = {(k1,k2) € U| k1ghky ' = g}.

Let E, = EYs the subspace of vectors fixed by Uy, and P, : E — E, the orthogonal
projection.

Lemma 2.6. For any go € G, there exists a smooth function 1) : G — B(E) such
that

(1) Vu e U,g € G, P(u.g) = d(g) o p(u) ™",
(2) Yui,v3 € E, g — ((g)v1,v2) is a matriz coefficient of a unitary represen-
tation of G,

(3) ¥(g90) = Py

With this lemma in hand, we can now prove regularity for K-invariant coeffi-
cients. However, although Lemmal[2.6]holds without assumption, we need to assume
that the pair (G, K) has some sort of a KAK decomposition to carry on - in the
spirit of the well-known K AK decomposition of semisimple Lie groups.

Definition 2.4. Let G be a Lie group and K a compact subgroup of G. Let G,
be an open subset of G which is invariant by multiplication on the left and right
by elements of K. We say that (G,, K) has a well-behaved K AK decomposition if
there exists a submanifold A, of G and a subgroup M of K such that:

e for any g € G, there exists a unique a(g) € A, such that g € Ka(g)K;

e the map a: G, — A, is smooth;

e the stabilizer of a € A, under the left-right multiplication action of K is
A(M) = {(k,k)| k € M} and thus independent of a;

e for any x € G, there exists a neighborhood O, and a choice of g — k;(g)
defined on O, ¢ = 1,2 such that k; is smooth and for any g € O,, g =

k1(g)a(g)ka(g)~"

The existence of a K AK decomposition of a semisimple Lie group is well-known,
and it is proven in [Dum24al, Prop. 3.3] that it is well-behaved on a specific dense
open subset. A similar result holds for compact semisimple Lie groups ([Dum24bl
Prop. 5.8]) and we will show this for Cartan motion groups in Section

Let 7 be a unitary representation of G on H and &, € H of K-type V,W
respectively, for V, W irreducible representations of K. Denote V¢ = span(n(K)E).
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Then there is an isomorphism é¢ : V' — V¢ C H, denote &, = zgl(f) Similarly,
define V;;, 4, and n9. Then the map
BH) — L(V,W)xV'eW
(2.1) Foma’ S i Aig
is K x K equivariant.
For the associated matrix coefficient, we have

e(g) = (m(9)&,m) = {f(x(9))0: m0)-

Now denote (p, E) the irreducible representation of U = K x K on V*®@W. The
U-equivariance of f means that for any (k, k') € U and A € B(H), we have

(2.2) fr(k) A (k")) = p(k, K')(f(A)).
Furthermore, there are vy,--- ,v, € F and &, ,&n,M1,- - ,Nn € H such that
(2.3) FA) = (A&, mi)vs

i=1

Proposition 2.7. Let G, be an open subset of G such that (G, K) has a well-
behaved K AK -decomposition. Assume that any K-bi-invariant matriz coefficient
© of a unitary representation of G is in C9)(G,), then the map f o m is in
Cc9 (G, E).

Proof Let go € G and P glven by Lemma n 6| for the representation (p, E). Let
figm U(g)(f( ). By (2.2) and (1) of Lemma. we have

(2.4) f(u-g) = w(U-g)(f(ﬂ(uy))) = U(9)p(u) " p(u)(f(7(9)) = f(9)
so f is a K-bi-invariant map.
Let (e1,---,eq) be an orthonormal basis of E, by (2) of Lemma [2.6] there are
(m;j, Mi;) unitary representations of G and a;;, b;; € H;; such that
(W(g)vi, e5) = (mij(g)aij, bij)
s0 P(g)vi = 35 (mij(9)ass, bij>€j and finally with (2.3),

(2'5) f(g) = Z Z Tij ® 7T azj ® gz)v bij ® le‘>€j

i=1 j=1

Hence, f is a sum of K-bi-invariant matrix coeflficients of unitary representations
of G, so by the hypothesis, f € Cco(G,, E).

Since (G,, K) has a well-behaved K AK decomposition, consider A,, M from
Definition Then for any a € A,, U, = A(M). Thus, E, = Ej is indepen-
dent of a € A,. If g = (k1,ko).a = kyak; ', we have (k,k') € U, if and only if
(ky 'kky, by 'k k2) € A(M) and so E, = p(k1, k2) Fo.

Let go = koaoké_l and Eq = E,,. Since ¢¥(go) = Py,, there is an orthonormal
basis adapted to F; such that

¥(g0) = <I(()i 8) :

Furthermore, since 1 is smooth, there is A4, neighborhood of gy such that

¥(g) = <A(g) *>

* *
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with g — A(g) smooth, A(g) invertible for any g € Ay . Up to restricting A, , by
assumption on (G,, K), we have g = ki(g)a(g)k2(g) ™" with k1, ko smooth on A, .
By (2.4), for any g € A,,, we have

F(9) = flalg)) = f(koa(g)ky ).

But then f(m(koa(g)ky ")) € B, aoyp,— = P(ko, ko) Eo = Er. Set

_ 1y [(Alkga(g)ky )™ 0
¥(5) = ok (9)8 " Ralgpiy 1) (Aonpho ™70
It is a smooth map on Ay because A is smooth invertible, k1, k2 are smooth and p is

a finite dimensional representation of U thus smooth. Since f (Tr(koa(g)kré)_l)) € E,
we have

9)¥(9)(f(m(koalg)ky ™))
)

= f(7(9))

Now let B : B(V)xV — V be the bilinear map sending (u, v) to u(v). We showed
that on A,,, fom = Bo (®,f). Since ® is smooth on A, and f € C(G,, E),
we get by Leibniz formula that fog € C(T"S)(Ago, E).

So for any go € G, there exists a neighborhood A, such that

foreCmI (A, E).
Thus, for € C"9(G,, E). O

Theorem 2.8. Let G be a Lie group, G, be an open subset of G and K a compact
subgroup of G such that (G,,K) has a well-behaved K AK -decomposition. The
optimal regularity of K -bi-invariant matrixz coefficient of unitary representations of
G on G, is equal to the optimal regularity of K-finite matriz coefficients of unitary
representations of G on G,.

Proof. One inequality is trivial since K-bi-invariant coefficients are K-finite.

For the other inequality, let (r,d) such that any K-bi-invariant matrix coefficient
of unitary representations G is in C("9(G,.). Let ¢ : g — (m(g)€,n) be a K-finite
matrix coefficient of a unitary representation.

If ¢, n are of K-type V, W respectively, with V, W irreducible representations of
K, we showed that ¢(g) = (7(9)&,n) = (f(7(g))&,n0) and in Proposition [2.7] that
fome CrI(G,), thus p € C9(G,).

For the general case, if £, 1 are K-finite, Vg, V,, are finite dimensional repre-
sentations of K, so they decompose into a finite number of irreducible repre-
sentations. Thus, ¢ is a finite sum of matrix coefficient of the previous case, so
€ C(@G,). O

3. CARTAN MOTION GROUPS

3.1. Flat symmetric spaces and Gelfand pairs.
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Definition 3.1. A symmetric space is a smooth manifold M together with a
smooth map u : M x M — M, denoted u(x,y) = x -y, which verifies the fol-
lowing properties:

(1) Ve e M, z-x = x;

(2) Ve,y e M,z (z-y) =y;

(3) Va,g,2 € M,z (y-2) = (1) - (& 2);

(4) Yz € M, there is a neighborhood U C M of x such that if y e U, z -y =

y=x=y.

Let G be a connected Lie group, o an involutive automorphism of G and G the
subgroup of fixed points of o. If K is a subgroup of G such that (G7)y ¢ K C G,
then the quotient space M = G/K carries a natural structure of symmetric space
with 2K -yK = zo(z) to(y)K ([Loo69al). When K is compact, (G, K) is a Gelfand
pair, which we call a symmetric Gelfand pair, and M is Riemannian.

Conversely given a Riemannian symmetric space M and o € M, there exists a
canonical connected Lie group G(M) called the group of displacements of M, which
is a subgroup of the group Aut(M) of all automorphisms of symmetric space of M.
Let K(M) be the isotropy group of o which is compact, then (G(M), K(M)) is a
symmetric pair and M ~ G(M)/K (M) as a symmetric space.

If M is a simply connected symmetric space, there are My, M., M, respectively
Euclidean, of compact type and of non-compact type such that M = My x M. x M.
We say that M is semisimple if G(M) is a semisimple Lie group.

The following lemma can be found in [Dum24b, Lemma 2.9]

Lemma 3.1. Let (G, K) be a symmetric pair and M = G/K the associated sym-
metric space. If M is semisimple, then there is a bijection between spherical func-
tions of (G, K) and spherical functions of (G(M), K(M)), such that the image of
@ induces the same function as p on M.

This lemma essentially means that when M is semisimple, the behavior of spher-
ical functions (and thus, the regularity of K-bi-invariant matrix coefficients of G)
does not depend on the choice of a symmetric pair representing M.

When M is of compact or non-compact type, then M is semisimple. The associ-
ated pairs were studied in [Dum24bl [Dum24al. On the other hand, for a Euclidean
symmetric space, there is a variety of pairs representing the space which exhibit
different behaviors.

Let n € N, and consider M = R™. Then G(M) = R" and Aut(M) = R™ %
GL,(R). Let K be a compact subgroup of GL,(R) and H = R"x K, then (H, K) is
a symmetric Gelfand pair (with the involution o(z, g) = (—z, g) for any (x,g) € H).
Clearly, when K is the trivial group, there exist coefficients of unitary represen-
tations of R™ that are continuous, but not Holder continuous (for any exponent).
However, it is interesting to ask what happens when K is non-trivial.

3.2. Cartan motion groups. Let G be a connected real semisimple Lie group
with finite center and g its Lie algebra. Let 6 be a Cartan involution of g and
g = t ® p be the decomposition of g in +1-eigenspaces of §. Then K = expt is
a maximal compact subgroup of G. The subspace p is stable by Ad(k) for each
k € K, thus we can define the semi-direct product H = p x K, called the Cartan
motion group associated to G. As explained in Section (H, K) is a symmetric
Gelfand pair and H/K is isomorphic to the Euclidean symmetric space p.
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Consider a a maximal abelian subspace of p. Let { = rankG = dima. For
a € a*, define g, = {X € g|VH € a,[H, X]| = a(H)X} the root space associated
to a. Let m(a) = dim(g,) and ¥ = {a # 0|m(a) > 1} be the set of roots. We say
that X is the restricted root system of G. Let m = gg N¢. Then the Lie algebra of
G decomposes as

s-msas P
acd

The Killing form of g induces an inner product on a, denoted (-,-). Then for
A € a*, there is a unique Hy € a such that for any H € a, \(H) = (Hy, H). We
use the isomorphism A — H) to define an inner product on a* by

(A ) = (Hx, Hy).

Let W be the Weyl group of the root system X, which is the subgroup of O(a*)
generated by the reflections s, : ¢ +— = — %a. The group W also acts on a by
wHy = Hy and is isomorphic to Nk (a)/Zk (a) ([Kna02, Thm. 6.57]). By [Varl3,
Thm. 4.3.24], this action can be extended to automorphisms of the Lie algebra g.
In particular, we get that g** = w(g®) and so m(wa) = m(a). The hyperplanes
{a(H) = 0} divide a into |W| connected components. We choose one, which we
denote a™ and call the positive Weyl chamber, and we define the positive roots
Yt ={ae€X|VH € at,a(H) > 0}. Then ¥ = X7 U (-X"). We say that a € B+
is simple if it cannot be decomposed as o« = B + v with 3,7 € . Let A be the
set of simple roots. Then A is a basis of a* and we can write A = {aq,--- , az}.
Given o € 1, o = Zle n;(a)a with n;(a) € N. Furthermore, the group W is
generated by the reflections {s, taca ([BouO7, Ch. VI, Thm. 2]). For any «a € A,
the reflection s, permutes the positive roots that are not proportional to a ([Bou07,
Ch. VI, Prop. 17)).

For \ € a*, define

(3.1) nA\) = > m()

aext
<CE,)\);$O
and set
. n(A) 1 .
62 KO =\l T 3, 2 @)
acxt
ni(a)>1

The values of k can be found in [Dum24a, Appendix A]. The values of £k when G is
a classical simple Lie group are reproduced here in Tables|I|and [2| Tt is also proven
in [Dum?24a] that x(G) is the optimal regularity of K-finite matrix coefficients of
G.

Proposition 3.2 ([Gin67]). The positive-definite spherical functions of (H, K) are
Oy - X '_>/ el)\(Ad(k)X)dk
K

for X e a*.

The Killing form induces a scalar product (-,-) on p and its subspace a. Then
for A € a*, there exists Hy € a such that \(X) = (X, Hy). Furthermore, for any
k € K, we have

(Ad(k)X,Y) = (X, Ad(k")Y).



10 GUILLAUME DUMAS

TABLE 1. Values of k(G) for complex simple Lie groups.

G dim G rank G k(Q)
SL(n,C) 2(n?—1) | n—1 n—1
SO(2n+1,C) | 2n(2n+1) n 2n—1
Sp(2n,C) 2n(2n+1) n 2n —1
lifn=2
SO(2n,C) 2n(2n — 1) n 3ifn=3
2n — 2 else

TABLE 2. Values of k(G) for real simple Lie groups.

G rank G Kk(G)
SL(n,R) n—1 ol
SU*(2n) n—1 2(n—1)
SU(p,q) | min(p,q) 2ip = 3 2

p+q— 3 else
% ifp=q=2
SOo(p,q) |min(p,q) | Jifp=g¢=3
% — 1 else

Sp(2n,R) n n—1
S5ifp=qg=2

Sp(p, min(p,
(P, q) (p,q) 2p+q)— 5 else

n(n—%) ifn<3
4nf%ifn>3
SO*(4n + 2) n dn—3

SO*(4n) n

Since K is compact, we may use the change of variable k <+ k~! to obtain the
following expression for the spherical functions:

(3.3) or(X) = / GIXAAR) HA) g
K

Remark 3.3. When G = SOq(n, 1), K = SO(n) acts on p ~ R™ by its usual action.
Thus, the Cartan motion group associated to G is the Euclidean motion group. In
this case, the spherical functions are Bessel functions ([Vil68, Ch. XI]).

The integral formula in Proposition [3.2]is a generalization of the integral formula
for Bessel functions.

3.3. KAK decomposition. In this section, we prove the existence of a well-

behaved K AK decomposition for Cartan motion groups, in order to apply results
from Section 2.3
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The following proposition is a consequence of well-known results in the theory
of semisimple Lie groups, which are essentially the ingredients used for the K AK
decomposition at the level of the semisimple group G itself.

Proposition 3.4. Let g € H = p x K. Then there exists a unique a € at and
such that g € K(a,Id)K. Furthermore, if ki,ko are such that

9= (07 kl)(av Id)(oa kgl)

and if a € at then ki is unique up to multiplication on the right by an element of

Proof. Let g = (x,k). Since (0,k;)(a,1d)(0,k5 ) = (Ad(k1)(a), k1k; *), it suffices
to show that for any x € p, there exists a unique a € a¥ such that z € Ad(K)a.

Ezistence. Since all maximal abelian subspaces of p are conjugated under K, we
have p = [JAd(k)a ([Kna02, Thm. 6.51]). Thus, there exist ag € a and ko € K such
that 2 = Ad(ko)ag. Then by the theory of root systems, there exists a € at the
closure of the positive Weyl chamber and w € W such that w.a = ag ([Hal03, Prop.
8.29]). Since W = Ng(a)/Zk(a), w is represented by k,, € K and = = Ad(koky)a.

Uniqueness. Assume that © = Ad(k)a = Ad(K¥)d’ for k, k' € K and a,a’ €
at. Then a,a’ are conjugated under K thus by [Kna02, Lemma 7.38], a,a’ are
conjugated under Ng(a). So there is w € W such that w.a = o’ hence by [Hal03,
Prop. 8.25], a =d'.

Finally, the element k such that = Ad(k)a is unique up to multiplication on
the right by an element of Zx (a). When a € at, Zx(a) = M = Z(a). O

By Proposition we may define P : H — aT such that P(g) is the only
element of a™ such that g € K(P(g),Id)K. Set

H,={g e H| P(9) € a*},

this is a dense open subset of H that we call the set of regular points of H. We
now want to study the regularity of the decomposition.

Lemma 3.5. The map

K xKxat — H,
Tk kaya)  — (Ad(kD)a, ik )

is a submersion.

Proof. If k € K, denote Ly and Ry the translations by k on the left and right
respectively. Let m : G x K — K be the multiplication map, its differential at
(a,b) is
T.K xT, K — T K

(Xa, Xp)  +— ToRp(Xo)+TpLa(Xp)

We can identify T K with ¢ by the isomorphism 7. L;. Under this identification,
we have Vg,h € K, Ty L, = Id and T,R, = Ad(g~'), so that the tangent map
becomes T, p)m(Xa, Xp) = Ad(b™')(X,) + Xp. Thus by the chain rule we have

T(a,b)m :

T . ExExa — pxE
kb)) X, V) s (Ad(k)(Y + ad(X1)a), Ad(k)(X1) — X3)
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We know that Ad(k) is an isomorphism of p. Thus, the map T, 1, m)q is surjective
if and only if

Exa — P

(X,Y) — Y +[X,q]

is surjective. For a € Xt let £ = €N (g®* D g~ %) and p* =p N (g® ® g~%). From
[Loo69b, Ch. VI, Prop. 1.4], we get

t=me P t*=mal

u:

aext
p=ad P p*=adb.
aext
We also get that for o € XT, there exists Zy. 1, s Za,m(a) basis of g%, such that

setting Zot’i =Zoi+0(Zay) and Z ;= Zo i — 0(Za i), {Z;rl} is a basis of £, and
{Z. .} is a basis of p,.
Clearly, a C Imu. Furthermore, for o € ¥7,1 <14 < m(a),

U(Z;wo) = [Zoti’ ]

(Zaisa) + 024, a
[Za,i,a]l + 0[Zq,i, —a)
= —a(a)Za,; + (a)0Zq;

=—a(a)Z,,;.

a

Since a € at, a(a) # 0 for all « € ¥ thus Z, ; € Imu and u is surjective. O

Proposition 3.6. The map P : H, — a™ is smooth on H,. Furthermore, for each
g € H,, there exists a neighborhood U, of g in H, and a choice of g — k;(g) such
that k; is smooth on Uy, i = 1,2 and for any g € Uy,

9= (0,k1(9))(P(9),1d)(0, k2(9)™").

In particular, Propositions and imply that (H,, K) has a well-behaved
KAK decomposition in the sense of Definition [2.4

Proof. Let A(M) = {(m,m)|m € M} denote the diagonal subgroup of K x K. By
Lemma the map
(K x K)/A(M) x at — H,
((k1, ko) mod M,a)  +— (Ad(k1)a,kiky ")

is a well-defined smooth bijection between manifolds of the same dimension.

Let p: K x K — (K x K)/A(M) be the projection. It is a surjective submersion.
Let ¢ be the submersion defined in Lemma we have ¢ = ¢ o (p,1d). Thus, for
any (z,a) € (K x K)/A(M) x a™, we have T, 4G surjective. But it is a linear map
between vector spaces of the same dimension, so it is invertible. Thus, by the local
inversion theorem and since ¢ is bijective, ¢ is a smooth diffeomorphism.

Let (z,P) : G, — (K x K)/A(M) x a* be a smooth inverse. We get that P
is a smooth map. From [Lee03| Proposition 4.26], since p is a submersion, any
(k1,k2) € K x K is in the image of a smooth local section of p. Let g € H,., since p
is surjective, x(g) = p(k1, k2). There exists a neighborhood V of z(g) and a smooth
section s = (s1,82) : V = K x K such that s(xz(g)) = (k1, k2).
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Let U = 27}(V) be a neighborhood of g, then k; = s; o x is smooth on U and
9= (0,k1(9))(P(9),1d)(0, k2(g) ™). 0

4. BOUNDEDNESS OF SPHERICAL FUNCTIONS

Theorem 4.1. Let G be a connected semisimple Lie group with finite center and
H =p x K its Cartan motion group. Let r = |k(G)] and § = k(G) —r. Then the
family of positive-definite spherical functions of (H, K) is bounded in C% (H,.).

Proof. Up to composition with the smooth map P, it suffices to consider the group
variable in a*. Let A € a*, a € a and t € R. Let D be the differential operator
with respect to the variable a. Denote

N a,k,t) = et @AdBEY) ¢ 0 (g x gt x K x R).

Then by induction on s, there is a polynomial P € C*®(a* x at x K x a¥)[t] of
degree s such that for any X € a¥,

D*f(X a,k, 1)(X) = P()(A, 0, k, X)e't (A1),
For 0 <j <s,let gj(A a,X) € C®(K) be defined by

1@ s o\ —it(a, Ad(k)Hy)

t=0
Then we have

(4.2) Do (a)(X) =)t/ / eHaAdRHN) 6 (X a, X) (k)dk.
=0 7K

We want to apply the method of stationary phase to understand the asymptotics
of these integrals as t — oco. Let fo x : k +— (a, Ad(k)H) be the phase function. By
[DKVS83, Prop. 1.2], the critical set of fq x is Cx = [, ey Fuwhx where Ky = Zg())
and k,, is a representative of w € W (since M = Zg (a) C K this does not depend
on the choice of k). By [DKV83| Prop. 1.4], the Hessian of f, x at k,m, m € Kj,
is diagonal in the basis adapted to the orthogonal decomposition of p = m @& @ p,,
where po, = p N (ga ® g—o), with eigenvalues —a(H,y)(wa)(a) in each pg.

We now proceed as in [DKV83| Prop. 9.2]. Let S be the unit sphere in a* and
L a compact subset of a™. Fix A\g € S,a9 € L. Let ko € C,, we can find a chart

,(/} . Uk:(, — UxV C RAimCxg R"(AO)
LA (z,y)

around ko such that (ko) = (0,0) and C, is given in these local coordinate by
{y = 0}. Treat f, (k) as a function of y with parameters a,\,z. Then f has
a unique nondegenarate critical point y = 0 at (a,A\,xz) = (ag, Ao,0). Thus, by
[Hor83, Thm. 7.7.6], there exists a neighborhood Uy, x Uy, x Uy of (ag, Ag,0) and
a continuous seminorm v on C*°(K), such that for any a € U,,, A € Uy,, = € Uy,
geC>®(K)andt>1,

/ eitfa,‘x(ll’_l(%y))g(q)[}*l(x7y))dy < V(g)fn(/\o)/Z < V(g)fﬁ(G).
\%

By compactness we may cover L x .S by a finite number of open subset U,, x Uz, so
up to changing the seminorm and Uy, we may assume holds for any a € L, \ €
S. Similarly by compactness, we can cover K by a finite number of open subset
of the form Uy x V. Using a smooth partition of unity and summing estimates in

(4.3)
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(4.3), we obtain a seminorm v such that for any a € L, A € S, g € C*(K) and

t> 1,
(4.4) ‘/K e”f“’k(k)g(k‘)dk‘ < v(g)t™"D,

Now if a € L,A € S and t < 1, then by we get that

(4.5) ID*¢ur(a)]] < Dl a, X)(k)| < Crs

a€L,\ES, kEKHX =1

where Cp, s > 0 depends only on the compact L and the order of differentiation.
On the other hand for ¢ > 1, combining (4.2]) and (4.4)), we obtain

I1D*eux(a)]| = e [D*pix(a) (X))

< sup Z t

I1Xill=11=

/ eitfen®) g (X a, X)(k)dk
(4.6)

< Zt] S v(g;(€,n,Y, X))t
=0

< D ts K(G)

where Dy, ; > 0 depends again only on the compact L and the order of differentia-
tion.

Thus combining (4.5) and (4.6)), for any A € a*, a € L, s <,
(47) \|Dscp>\(a)|| S max(C’L,s,DL,s) = ML,s-

Thus the differentials of the family of spherical functions are bounded indepen-
dently on A up to order r. If r = k(G), the proof is complete.

Otherwise, k(G) —r = 1. Then using (4.6) for s = r and s = r + 1, we show

that for any z,y € L, £ € S;n € C, t > 1, we have on the one hand
(4.8) ID"ux(x) = D o (W)l < | D"pin(@)l| + ID" i (y)l| < 2D,/

and on the other hand, we get by the mean value theorem that

(49) 10" ()= Do)l < (59plID" s @1 ) o] < Dt -l
Thus, combining (4.8) and . 4.9)) yields

(4.10) ID" o (2) = Do ()| < (2DppDir1)'? [l =yl

Hence, setting M; = max ((QDL,TDL7,«+1)1/2,C’L,r+1(diamL)1/2), we have that
for any \ € a*, z,y € L,

(4.11) ID"x(x) = DT pa(y)]| < Mz —y|" 9. 0
We will now show that this result is optimal. We will use the following lemma

([Dum24al Lemma 4.5]) which essentially states that families of exponential maps
are not bounded in Hélder spaces.
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Lemma 4.2. Let E be a finite dimensional real vector space, U an open subset of E
such that0 € U. Letuy,--- ,u, € E* distinct and non-zero, and f1,--- , fn : E — C
continuous functions such that for any U’ open subset of U, there is x € U’ such
that Y~ |fj(x)| # 0. Then there exists C >0, d > 0, x € U, and an open set V' with
0 € V such that for ally =2z +h,h €V, meN and N > &

iRl
2
1m+N71 n ) .
v 3 |E h@em® — et >
t=m |j=1

In order to prove optimality, we will show that a particular subfamily of the whole
family of positive-definite spherical functions is already unbounded in Hélder spaces
of higher order.

Theorem 4.3. Let G be a connected semisimple Lie group with finite center and
H =p x K its Cartan motion group. Let r = |k(G)] and 6 = k(G) —r. For any
6" > 4, the family of positive definite spherical functions of (H, K) is not bounded
in C9)(H,.).

Proof. Fix A € a* such that n(\) = 2x(G), and such that (@, \) > 0 for any o € I+
It suffices to show that the family (¢sx),cp is not bounded in C)(at). Asin
the proof of Theorem [.1] let fo x : k — (a, Ad(k)Hy) be the phase function. Since
fa,x is right Ky -invariant, we may see the integral on the quotient manifold K /K.
More precisely, let d(ky) be the image of the Haar measure on K under the quotient
map K — K/Kj, then for all ¢t > 1,

pia(a) = / Mer (kI ).
K/Kx

This will simplify the proof, as the critical set of fq x is thus C = U, cpy kuw K a
finite set in K/K). Asin (4.2), foranya €a,t>1, X € a”,

(4.12) D" (a)(X) = th/ etlan) gi(a, X) (k)d(kK)y).

o JK/Kx
Let I;(a, X,t) = [, e (k)g;(a, X)(k)d(kKy). Let Wy denote the stabilizer of A
under the action of the Weyl group W. Let also

ST ={a €T [a, ) # 0}

and
ow=— 3 mla)se(la ) wa)(Y).
aeXt(N)#£0

Let dyok denote the Riemannian measure on K induced by the bi-invariant metric
defined by the Killing form on €. Let do(kK,) be the volume measure on K/K,
associated to the (invariant) Riemannian metric induced by the restriction of the
inner product —(-,-) on £. Denote Vol(K/K,) = fK/KH do(K/K,). By uniqueness
of the invariant measure on K/K,, we have d(kK,) do(kK,). For

weW,geC®(K/K)),aca", set

= Vol(I%/K#)

m(e)
(a,\) o

e (wa) (a)‘ WQ

(413)  cualg) =€ ]

aeXt(N)

(kwKA)-
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Then, by the stationary phase approximation ([Hor83, Thm. 7.7.6],[Dum24al Thm.
5.5]), for any a € a™, there is a neighbourhood U, of a in a™ and D(a) > 0 such
that for any 0 < j <r,t>1,d € U, and X with || X;| =1 for all 4,

(110) LX)~ 3 N O, (g, X)) < Dla) O
W/Wa
We use that g; is smooth in all variables hence bounded on compact sets and that
the bound is uniform in the parameter a’ of the phase function.
The end of the proof relies on Lemma and is similar to [Dum?24al, Thm. 4.4].
Combining (4.12)) with (4.14)) for 0 < j < r, for any a there is a neighbourhood
V, of a and a constant C'(a) such that for any ¢ > 1, o’ € V, and X with | X;|| =1,
(4.15) |D"pix(a’)(X) —t"I.(a', X,t)| < Cla)t™".

For X fixed with [ X;| = 1, let Si(2) = >y, et wN@e,  (g-(x, X)). Com-

bining (4.15)) and (4.14)), if t > 1, and z,y € U, NV,
(4.16)

7018y () = Se(y)| < DSy (@) — I(w, X, t)] + 7| T (2, X, 1) — T (y, X, 1)
+ 17| (y, X, 1) — 798, (y))|
< 2D(a)t 0 # |t 1 (2x, H,t) — D ppx(2)(X)]
+ [D"pex(x)(X) — D"pen (y) (X))
+ D oua(y)(X) — t" 1 (y, X, t)|
<2D(a)t™" "t +2C(a)t ™" + [D o () (X) — D oun(y) (X))
<|ID"pi(x) = D"pur(y)ll +2(C(a) + D(a))t ™",

Now the functions ¢, 5 (g, (z, X)) are all zero at x if and only if g, (z, X)(kwKy) =0
for all w € W. But
gr(2, X)(kK,) = [ [(Xi, Ad(k) Ha).
i=1
Thus given any open subset of a™, we can choose z, X such that g,.(z, X)(e) # 0.
Thus the hypotheses of Lemma hold for the family of functions f,, : * —
Cwz(gr(z,X)), for U = at. Let C,d,z,V be given by Lemma Wy =a+V

such that for any y € W,, m € N, N > Hx%dyﬂ’
m—+N—1
(4.17) > [8i(x) = Si(y)]> = CN.
t=m

From now on, we choose a = x given above. Let M = 4(C(z) + D(z))?

from (4.16) that for any t > 1, y € U, NV, N W,

, we get

t—26
@18) 150 - SR < 1D o) - Den @) + Mt

Assume now that the family of positive definite spherical functions of (H, K)
is bounded in C(T"sl)(cﬁ) for 6’ > 4. In particular, up to reducing U, NV, N W,
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to a bounded subset of diameter L if necessary, there is D > 0 such that for any
yeU,NV,NW, and t > 1,

(4.19) ID"pux () = D@ ()] < Dllz — y||”
For y fixed, set m, N such that
1 1
(4.20) s <m < ——— + 1
lz —yll° |z —yl°
and
(4.21) I on< 1 4
|z —yll [z —yll
Combining (4.17)), (4.18) and (4.19)) gives
CN N 2
2(m+N>25 = Z T|St(x) - St(y)‘Q
t=m
m+N-—1
4.22 _
(4.22) < Y (ID"en@) ~ Do) + M)
t=m
r MN
<ND?||z -yl + e
thus
(423) o < Do~y + L < (D 4 M) — g
2(m + N)20 — m2 —
by (4.20). But by (4.20) and (4.21f), we have
(4.24)
d 1 1 s
m+N<——+14——s+1< —— <d+2||x—y||+||x—y|| )
|z —yll |z —yll |z —yll
< — (d + 2L + L1*5')
[l
hence (4.23]) becomes
C ,
(4.25) s5lle = yl? < (D? + M)z —y[*.

2(d+ 2L+ L'-9)
Since (4.25) holds for any y € U, NV, NW,, with the constant involved independent

fromﬁy and ¢’ > 4, we get a contradiction as y goes to x (which is possible because
0€V hence x € U, NV, NW,). O

Finally, we can prove the main theorem as a consequence of these results.

Theorem 4.4. Let G be a connected semisimple Lie group with finite center and
H = p x K its Cartan motion group. Let r = |k(G)| and § = k(G) —r. Then
any K-finite matriz coefficient of a unitary representation of H is in C"9(H,.).
Furthermore, this result is optimal in the sense that for any &' > 0, there exists a
K -finite (even K-bi-invariant) coefficient which is not in C™9)(H,.).

Proof. By Propositions and (H,, K) has a well-behaved K AK decomposi-
tion. Thus by Theorem [2.8] it suffices to consider K-bi-invariant matrix coefficients.
The result is then an immediate consequence of Lemma [2.5] and Theorems [£.1] and
4. 3] [
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Remark 4.5. Given any compact Lie group and any orthogonal representation 7 :
K — O(V) on a finite dimensional real vector space V, we can form the semi-
direct product H =V x K. In general, there is no reason for H to be the Cartan
motion group of a semisimple Lie group. However, (H, K) remains a Gelfand pair,
so we may ask if we can find the optimal regularity of K-finite matrix coeflicients
of unitary representations of H. By Mackey’s theory ([Mac49]), we can still find
the irreducible representations of H with a nonzero K-invariant vector and thus
compute the positive definite spherical functions. Indeed, K acts on V the space
of characters of V. Given some xy : 2 — e/ € V_ let Ky = Stab(x,) = Stab()\)
and Hy =V x K. Then for any (p,V,) € K irreducible representation of K, we
may consider the induced representation IndgA (x» ® p) acting on L*(H/Hy;V,).
Mackey’s result is that those representations are irreducible, and that they exhaust
the irreducible representations of H. It is not difficult to see that the induced
representation has a K-invariant vector if and only if y) ® p has a Ky-invariant
vector, thus by irreducibility of p, if and only if p is the trivial representation. In
that case, the one-dimensional space of invariant vectors is the space of constant
functions. Thus, the spherical function associated to IndgA (xA®1) can be expressed
by

SD)\(U):/ 6i()\,7r(l<:)v>dk
K

with A € V, and ¢, = ¢y if A\, X are in the same K-orbit. So the spherical functions
are still oscillatory integrals. However, the lack of semisimple structure makes it
difficult to understand the orbits and the critical points of the phase functions.

The simplest case to consider is K = SO(3) and 7 irreducible. In the case
of Cartan motion groups, the representation on p is irreducible if and only if the
ambient semisimple Lie group G is simple. By the classification of simple Lie
groups, we see that the only irreducible representations of SO(3) which appear
in Cartan motion groups of semisimple Lie groups are the 3-dimensional and the
5-dimensional representations. Thus, the first case outside the world of Cartan
motion groups to consider seems to be the 7-dimensional representation of SO(3)
on the space V3 of harmonic homogeneous polynomials of degree 3 in 3 variables
with real coefficients. In this specific case, we may be able to make the necessary
computations without the additional semisimple structure.
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