REGULARITY OF K-FINITE MATRIX COEFFICIENTS OF
SEMISIMPLE LIE GROUPS

GUILLAUME DUMAS

ABSTRACT. We consider a semisimple Lie group G with finite center and K
a maximal compact subgroup of G. We study the regularity of K-finite ma-
trix coefficients of unitary representations of G. More precisely, we find the
optimal value x(G) such that all such coefficients are x(G)-Hoélder continuous.
The proof relies on analysis of spherical functions of the symmetric Gelfand
pair (G, K), using stationary phase estimates from Duistermaat, Kolk and
Varadarajan. If U is a compact form of G, then (U, K) is a compact sym-
metric pair. Developing similar tools in this context, we study the regularity
of K-finite coefficients of unitary representations of U, improving on previous
results obtained by the author.

1. INTRODUCTION

The aim of this article is to investigate the regularity of matrix coefficients of
unitary representations of a (compact or non-compact) semisimple Lie group G
with finite center. The asymptotic behavior of matrix coefficients of unitary rep-
resentations of semisimple Lie groups is well understood (see [HT12, Ch. V]), but
far less is known about the local behavior and regularity of such coefficients. Of
course, by definition, all these functions are continuous, but there is no reason to
expect a better regularity.

If K is a maximal compact subgroup of G, it is known from the work of Harish-
Chandra (JHC53]) that matrix coefficients associated with K-finite vectors of ir-
reducible unitary representations of G (and more generally, admissible representa-
tions) are smooth. Thus, a natural space of matrix coefficients to consider is the
space of K-finite matrix coefficients. Every unitary representation of G decom-
poses as a direct integral of irreducible representations, but since Harish-Chandra’s
estimates depend on the representations, they do not provide any estimates for
arbitrary representations.

Recently, Vincent Lafforgue ([Laf08]) pointed out a surprising fact on local reg-
ularity: matrix coefficients of SO(3) that are SO(2)-bi-invariant are all 1-Hélder
continuous in a neighborhood of any point (outside of some singular points). This
result has strong consequences for the analysis of SL(3,R) and is a key ingredient
in the proof of strong property (7). In broad generality, one may embed SO(3)
(not necessarily as a subgroup) inside SL(3,R) in several ways. Thus, any coeffi-
cient of a (not necessarily unitary) representation of SL(3,R) inherits the 1-Hélder
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regularity in each direction corresponding to an embedding. For a large class of
representations with controlled growth, the local behavior can be promoted to as-
ymptotic decay by combinatorics in the Weyl chamber of SL(3,R). This was further
improved in [HdLI3] to cover the case of Sp(4,R) (and thus by classification, all
higher rank simple Lie groups). Again, Haagerup and de Laat make use of a com-
pact subgroup of Sp(4,R) where some regularity result holds for a class of matrix
coefficients.

These phenomena of regularity have already led to several advances in various
domains. In dynamical systems, strong property (T') plays an important role in the
resolution of several cases of Zimmer’s conjecture on actions of lattices on mani-
folds ([BFH22]). In harmonic analysis, the results were also extended to explore
the behavior of Fourier multipliers, which was much more mysterious than that of
coefficients of representations ([PRAIS22]). In operator algebras, the method per-
mitted to obtain examples of groups without the approximation property (AP) of
Haagerup and Kraus ([LdIS1I]). It also shows that non-commutative LP spaces
associated with some lattices in higher rank groups do not have the (CBAP) for
some values of p ([LdIS11) [dLI3] [dLAIS18]). The values of p where the theorem
holds depend on the group, and come from the regularity result at the level of the
compact subgroup.

A deep open question of Connes is the following: are the von Neumann algebras
of SL,,(Z) and SL,,(Z) non-isomorphic when n # m? The aforementioned result
[dLdIS18, Thm. 1.1] is directly related to this question, as it hints at a different
behavior of the critical parameter p for SL,(Z) as n varies, which comes directly
from the value of the regularity for the SO(n)-bi-invariant coefficients of SO(n+1)
as n varies. However, currently, all those results have been obtained through ad hoc
computations in particular cases. In order to better understand the limits of these
methods, it is then of fundamental importance to completely solve the question of
the optimal regularity of matrix coefficients for the compact semisimple groups.

Haagerup and de Laat ([HdLI13]) noticed that this result can be interpreted in
terms of Gelfand pairs (G, K). In this setting, any K-bi-invariant coefficient of
a unitary representation of G decomposes as a direct integral of positive definite
spherical functions of the pair (G, K) (see Section[2.2). In [Dum24], we explored in a
more systematic way the phenomena for pairs (U, K) such that U/K is a symmetric
space of compact type. In particular, we found the optimal regularity of K-finite
coefficients whenever U/K is of rank 1 or isomorphic to a Lie group ([Dum24, Thm.
A and B]). These results were again the fruit of a particular expression of spherical
functions. Nonetheless, we still conjectured a result in the general case, and we
established several partial results supporting this claim.

In this paper, we aim to provide an (almost) complete answer in the general
case, and thus to answer this conjecture. The novelty in our approach is that
we first consider a different setting in which we study non-compact Gelfand pairs.
Indeed, if G is a semisimple Lie group with finite center and K a maximal compact
subgroup of G, then (G, K) is a Gelfand pair. The quotient space G/K also has a
natural structure of Riemannian symmetric space (of non-compact type). In this
framework, a lot is known about the spherical functions of the pair ([Hel79],[Hel00]).

The key point is that every such symmetric space G/K has a simply connected
dual of compact type, which is of the form U/K, where U is a compact semisimple
Lie group containing K as a subgroup. The pair (U, K) is a Gelfand pair, as studied
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in [Dum24]. Since both G and U can be realized as subgroups of the same complex
Lie group G¢, we will be able to relate the behavior on U to that on G through
complex analysis.

The first goal of the paper is to find the optimal value (r,§) € N x [0, 1] such that
any K-finite matrix coefficient of G is in the Holder space C'™9)(G,.) (see Section
for the precise definition of these Holder spaces). Here, G, is the dense open subset
of regular points of G (see Proposition and afterwards for the definition). We
point out that the restriction to regular points is essential, as our results fail outside
of G, (see Remark . However, this is not a serious limitation in applications,
in particular, this set was sufficient in applications such as in [Laf08].

Given a Cartan involution of g, we have a decomposition g = ¢@p. If ais a
maximal abelian subspace of p, we can consider the associated root system 3 C a*
and a choice of positive roots Xt (see Section for more details, in particular for
definitions of those objects). For A € a*, define

nA)= Y m(a)

acxt
(a,\)#£0
and set 0
n(A
G)= inf —=.
MG = =

Note that this value, which at this point may seem arbitrary, will arise geometrically
later as the minimal codimension of a certain critical manifold

Our first main result provides a complete answer to the question of regularity in
the non-compact setting (Theorem [4.6]in the text).

Theorem A. Let G be a semisimple Lie group with finite center and K a mazimal
compact subgroup of G. Let r = |k(G)| and 6 = k(G) —r. Then any K-finite
matriz coefficient of a unitary representation of G is in C"9)(G,.). Furthermore,
for any ' > 5, there exists a K-bi-invariant coefficient of a unitary representation

of G which is not in C9)(G,.).

As explained above, the idea is to first prove this result for K-bi-invariant coef-
ficients only. In that case, we use the theory of decomposition of a representation
into a direct integral to reduce this problem to a question of boundedness of positive
definite spherical functions in Hélder spaces (Lemmas [2.6) and [2.7). In the setting
of semisimple Lie groups, these spherical functions have a well-known expression as
an oscillatory integral over the maximal compact subgroup K ([Hel00, Ch. IV]).
The key input is then the use of the stationary phase approximation to obtain
estimates on these integrals, using the results from [DKV83|. The last step is to
prove that the regularity obtained for K-bi-invariant coefficients can be enhanced
to all K-finite coefficients. The arguments for this step follow the same idea as in
[Dum?24, Section 5] for compact semisimple Lie groups, but some steps are more
involved due to the lack of a rich finite-dimensional representation theory (Section
32).

If G¢ is the simply connected Lie group with Lie algebra gc, and U the analytic
subgroup corresponding to the subalgebra u = £+:p, it is known that U is a compact
simply connected semisimple Lie group and K C U. As explained above, (U, K) is
a Gelfand pair and U/K is a symmetric space of compact type. Our second goal in
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this paper is to find the optimal value (r, §) € Nx[0, 1] such that any K-finite matrix
coefficient of G is in the Hélder space C(™%)(U,.). As already mentioned, the dual
version of Theorem [A] was obtained in special cases, and we conjectured that the
optimal regularity of K-finite coefficients on the subset of regular points U, should
also be k(G) (see [Dum24, Conjecture 1.3] or Conjecture for the statement).
With the tools of stationary phase approximation developed for the non-compact
case and some complex analysis, we generalize these results and obtain a complete
answer, but in an open subset smaller than U,. (Theorems and in Section
B).

Theorem B. Let G be a semisimple Lie group with finite center and (U, K) defined
as above. Let r = |k(G)] and 6 = k(G) —r. Then, there exists an open subset
V C U, such that any K-finite matriz coefficient of a unitary representation of U
is in O™ (V). Furthermore, for any &' > 8, there exists a K -bi-invariant matriz
coefficient which is not in C8)(U,.).

This result provides a definitive answer to the question in the context of sym-
metric pairs, originally motivated by compact groups. In light of the application
discussed earlier, restricting to the open subset V' is of little consequence, as none
of the results require the use of the entire set U,..

The idea is to use analytic continuation to obtain an expression of spherical func-
tions as an oscillatory integral (Lemma , which allows us to use the stationary
phase approximation. Since the phase function is now complex-valued, the proof is
more involved. Theorem [B| cannot be extended to all of U,., because we only have
such an oscillatory integral in a neighborhood of the identity. However, this still
shows that the conjecture ([Dum24, Conjecture 1.3]) is true at least in some open
subset. Furthermore, given some other partial results obtained in [Dum24], we also
get the full conjecture for several new families of groups (Corollary .

We point out that in this statement, the compact group U must be simply
connected. However, we can obtain from this theorem a general result with no
assumptions on the fundamental group of U (Theorem [5.18).

Some of the ideas in the compact case appeared in [Cle88]. In this paper, Clerc
actually gives an expression as an oscillatory integral for any point of U. However,
the domain of integration lacks compactness. Thus, he could only get estimates for
some specific subfamily of positive definite functions, which is not enough for our
purpose. On the contrary, we obtain uniform bounds on the Hélder norms of all
spherical functions of symmetric Gelfand pairs of compact type.

Organisation of the paper. Section [2| contains preliminaries on Gelfand pairs
and spherical functions, especially in the context of semisimple Lie groups. In Sec-
tion [3| we reduce the main question from K-finite coefficients to K-bi-invariant
(Theorem and we explain how to work at the level of the Lie algebra of G.
Section [ is devoted to the proof of Theorem [A]in the case of K-bi-invariant coef-
ficients. Finally, in Section [5] we study the same questions for compact symmetric
pairs and prove Theorem
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2. PRELIMINARIES
2.1. Holder spaces.

Definition 2.1. Let (X, d) be a metric space and U an open subset of X, (E,||-||)
a normed vector space, « €]0,1]. A function f : U — E is a-Holder continuous if
for any compact subset K of U, there is C'r > 0 such that

Va,y € K, ||f(z) = f(y)|| < Crd(z,y)".

If X is also a normed vector space and r € N, we say that the map f belongs to
Cr)(U,E) if f € C"(U, FE) and the r-th differential D" f is a-Holder continuous
as a map from U to the vector space of multilinear r-forms. We extend to @ = 0
by C-O(U, E) = C"(U, E).

For K a compact subset of U and f € C") (U, E), define

|D"f(x) — D" f(y)ll
fllota = max { max sup Dkf z)||, sup .
e x,m) nax zEKII (@)l i Az

The family of semi-norms || - [|¢(e) (k) for K a compact subset of U makes the
space C»®) (U, E) into a Fréchet space.

Finally, if (X,d) is a Riemannian manifold, we say that f € C("®)(U, E) if for
any chart (o, V) of U, fop™ € C)(p(V), E).

Remark 2.2. If U is locally compact, a function f : U — FE is a-Holder continuous
if and only if for any = € U, there exists a neighbourhood U, of z and a constant
Cy > 0 such that for any y, z € Uy, || f(y) — f(2)]] < Ced(y, 2)*.

We will denote C(’”’O‘)(U7 C) by C(Tﬁoé)(U),
The following lemma will be useful throughout the article and can be found in
[Dum24 Lemma 2.1]

Lemma 2.3. Let (X,d) and (Y,d') be two Riemannian manifolds and U,V open
subsets of X,Y respectively. Let o > 0 and r € N. Let ¢ : U = V be a function of
class C®. Then @ : f = f o maps C*) (V) to C)(U) and is continuous.

2.2. Gelfand pairs.

Definition 2.4. Let G be a locally compact topological group with a left Haar
measure dg and K a compact subgroup with normalized Haar measure dk. The
pair (G, K) is a Gelfand pair if the algebra of continuous K-bi-invariant functions
on G with compact support is commutative for the convolution.

A spherical function of (G, K) is a continuous K-bi-invariant non-zero function
on G such that for all z,y € G,

/ o(aky) dk = ()p(y).
K

A standard result (see [vD09, Coro. 6.3.3]) gives a link between spherical func-
tions of (G, K) and unitary representations of G.

Proposition 2.5. If (G, K) is a Gelfand pair, then for any irreducible unitary
representation ™ of G on a Hilbert space H, the subspace HX of K -invariant vectors
is of dimension at most 1.
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The positive definite spherical functions of G are exactly the matriz coefficients
g — (m(g)v,v) where w is an irreducible unitary representation of G and v a K-
1mvariant unit vector.

If G is compact, any spherical function is positive definite.

More details on Gelfand pairs can be found in [vD09, Ch. 5,6,7].

Given a Gelfand pair (G, K), it is natural to study spherical functions in or-
der to get results on K-bi-invariant matrix coefficients of unitary representations.
Indeed, any matrix coefficient of a unitary representation decomposes into an in-
tegral of spherical functions - an infinite sum if G is compact. Then studying the
boundedness of positive definite spherical functions in some Hélder spaces is enough
to obtain regularity for all K-bi-invariant matrix coefficients of unitary represen-
tations. More precisely, the optimal regularity of such coefficients is exactly the
optimal uniform regularity of spherical functions. The proof of the following two
lemmas can be found in [Dum24, Section 2.2].

Lemma 2.6. Let (G, K) be a Gelfand pair with G second countable. Let ¢ be a
K -bi-invariant matrixz coefficient of a unitary representation m on a Hilbert space
H. Then, there exists a standard Borel space X and a o-finite measure p on X
such that

<P:/ Ca:‘pa:dﬂ'(x)
X

where @, is a positive definite spherical function of (G,K) for any x € X and
ce LNX, ).

Let @K be the unitary spherical dual of (G, K), that is to say the set of all
isomorphism classes of irreducible unitary representations of G with a nonzero
K-invariant vector. It follows immediately from Proposition [2.5] that there is a
bijection between the family of f positive definite spherical functions of the Gelfand
pair (G, K) and Gg. For A € G, we will thus denote ¢, the associated (positive
definite) spherical function.

Lemma 2.7. Let (G, K) be a Gelfand pair with G a Lie group endowed with a
Riemannian metric d and U any open subset of G. Let (@*)Aeéx be the family
of positive definite spherical functions of (G,K). Then (‘p/\)Ae@K is bounded in
CTO(U) if and only if any K -bi-invariant matriz coefficient of a unitary represen-
tation of G is in CO)(U).

2.3. Spherical functions of semisimple Lie groups. Let G be a connected real
semisimple Lie group with finite center and g its Lie algebra. Note that all results
will apply to complex semisimple Lie groups, by viewing them naturally as real Lie
groups. Let 8 be a Cartan involution of g and g = €& p be the decomposition of g in
+1-eigenspaces of §. Then K = exp#t is a maximal compact subgroup of G. Since
all maximal compact subgroups of G are conjugated, whenever we say “a maximal
compact subgroup of G in the sequel, we always assume that it is defined by a
Cartan involution. Consider a a maximal abelian subspace of p. The rank of G is
rank G = dima = ¢. For o € a*, define g¢* = {X € g |VH € o,[H, X| = a(H)X}
the root space associated to a. Let m(«) = dim(g®) and ¥ = {a # 0 | m(a) > 1}
be the set of roots. We say that ¥ is the restricted root system of G. Let m = g N¢.
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Then the Lie algebra decomposes as

g=mdad @go‘.
aEY

The Killing form of g induces an inner product on a, denoted (-,-). Then for
A € a*, there is a unique H) € a such that for any H € a, A(H) = (Hy, H). We
use the isomorphism A — H) to define an inner product on a* by

<>\,/.L> = <HA7HM>'

Let W be the Weyl group of the root system X, which is the subgroup of O(a*)

generated by the reflections s, : © — o — 2<<5’(j>>a. The group W also acts on a

by wHy = Hy,x. By [Varl3, Thm. 4.3.24], this action can be extended to auto-
morphisms of the Lie algebra g. In particular, we get that g*¥* = w(g*) and so
m(wa) = m(a). The hyperplanes {«(H) = 0} divide a into |W| connected com-
ponents. We choose one, which we denote a™ and call the positive Weyl chamber,
and we define the positive roots ¥+ = {a € ¥ | VH € at,a(H) > 0}. Then
Y =Xt U(-XT). We say that « € X7 is simple if it cannot be decomposed as
a = B+~ with 8,7 € ¥*. Let A be the set of simple roots. Then A is a basis
of a* and we can write A = {aq, -+ ,ay}. Given o € X1, o = Zle n;(o)a with
n;(«) € N. Furthermore, the group W is generated by the reflections {s4}aca
(Bou07, Ch. VI, Thm. 2]). For any o € A, the reflection s, permutes the positive
roots that are not proportional to « ([Bou07, Ch. VI, Prop. 17]).

For X\ € a*, define

(2.1) n(A) = Z m(a)

aext
(a,\)#£0
and set
n(\)
2.2 G)= inf —=.
(2:2) ~(G) Ae‘gl\{o} 2

We can express k in a more computable way. First, notice that n is invariant under
the Weyl group. Since every orbit under the Weyl group meets at, k(QG) is also the
infimum over A # 0 such that («, \) > 0 for any o € ©*. For such a \, if a = S+
with a, 8,7 € 1, then (o, \) = 0 implies (3,\) = 0 = (y,A). Thus, if n(A) is
minimal, there is a unique «; € A such that {(a;, A) # 0. Therefore, we get

1 .
(2.3) K(G):§1r£i12£ Z m(«).
aest
n;(a)>1

The values of k were computed for simple groups in [Dum24, Section 4.3, Tab. 3],
in which &(G) is denoted r(M), where M is the compact dual of the symmetric
space G/K. For the sake of completeness, we reproduce this table in Appendix
with the non-compact group G as a label. Note that x(G) can also be interpreted

geometrically as half of the minimum dimension of G/P where P is a parabolic
subgroup of G.
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Let n = @, x5+ 8% Denote A = expa, AT = expa®™, AT = expa® and N =
expn. The Iwasawa decomposition says that
KxAxN — (G

(k,a,n) — kan
is a diffeomorphism ([Kna02, Thm. 6.46]). Let H : G — a be the Iwasawa pro-
jection, that is, the unique map such that Vg € G, g € Kexp H(g)N. Then H is
smooth.

The pair (G, K) is a Gelfand pair. Let p = %Zaew m(a)a. Let af be the
space of R-linear forms on ac. Then the spherical functions of (G, K) are

(2.4)

(2.5) @A:g'—>/ (A=) (H(g)) g,
K

for A € af, where dk is the Haar measure on K with total mass 1 ([Hel00, Ch. IV,
Thm. 4.3]).

Since we want to study unitary matrix coefficients, we only need to consider
positive definite spherical functions. In particular, we want to determine for which
A the function ¢, is positive definite. A complete answer is only known in a few
special cases, see for example [Kos69,[FJK79] in rank 1. In general, it is still an open
problem to completely classify such A\, which is related to understanding the unitary
dual of G. However, some partial results are known. The following proposition can
be found in [Hel00, Section IV, Thm. 8.1 and B.9.(i)] and will be sufficient for our
purposes.

Proposition 2.8. Let A\ € ag, then:

e ) is bounded if and only if In A € C = Conv(Wp),
o If vy positive definite, then ¢y bounded by p(e) =1,
o IfIm A =0, then @y is positive definite.

3. K-FINITE MATRIX COEFFICIENTS

3.1. K-bi-invariant functions on Lie groups vs. Lie algebras. We collect in
this subsection some results on decompositions of semisimple groups that we need
to study K-finite coefficients. Given the previous notations, a semisimple Lie group
with finite center has a K AK decomposition. This means that the K-bi-invariant
functions can be studied as functions on A. The following proposition is [Kna02l
Thm. 7.39].

Proposition 3.1EAK decomposition). For any g € G, there exists k1,ka € K
and a unique a € AT such that g = k1ak2_1. Furthermore, if a € AT, ki is unique
up to multiplication on the right by an element of M = Zk (A).

Denote G, = KATK. Then G, is a dense open subset of G which we call the
set of regular elements. Let also P : G — at be the map such that for any g € G,
g € Kexp P(g)K, which is well-defined by the above proposition. Note that by
definition, P(G,) = at.

Let ¢ be a K-bi-invariant function on G. Let also ¢ = poexp | Then ¢ = ¢oP
by K-bi-invariance. Hence, we can study 1 and recover information on ¢ using P.
Since we want to study regularity of functions, we will use Lemma [2.3] However,
P is not smooth on G, but we will show that it is smooth on G,. We will then only
obtain results on the regular points G,..
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Lemma 3.2. The map

K xKxat — G,
7 (ki ko, H)  +——  kiexp(H)ky'

is a submersion.

Proof. If g € G, denote L, and R, the translations by g on the left and right
respectively. Let m : G x G — G be the multiplication map, its differential at (a, b)
is
T.G xT,G — TG

(Xm Xb) — TaRb(Xa) + TbLa(Xb) ’
We can identify T,G with g by the isomorphism T, L,. Under this identification, we
have Vg,h € G, T,L, = Id and T, R, = Ad(g~"), so that the tangent map becomes
T(a,pym(Xa, Xp) = Ad(b™1)(X,) + X3, Furthermore, if k € K, since Ly (K) = K,
Ty K C TG is identified with ¢ C g. Thus by the chain rule we have

T(mb)m :

T . txExa — g

Uika NS (X0 X5 V) — Ad(ke)(Ad(exp(—H))(X1) + T exp(Y)) — Xo -
We know that Ad(k) is an isomorphism of g and an isomorphism of € in restriction.
Furthermore, T exp : a — a is also an isomorphism. Thus, the map T(x, ., m)q
is surjective if and only if u = Ad(k; ") o Tk, x,.m)q © (Id, Ad(k2), (T exp)~!) is
surjective. We have

U(Xl, XQ, Y) = Ad(exp(—H))(Xl) — X2 + Y.
Fora e Xt let € =¢N(g* @ g~ ®) and p* =pN(g* ® g~ *). From [Loo69, Ch.
VI, Prop. 1.4], we get
t=mo Pt =mol

aexXt
p=ad P p*=asb.
aext
We also get that for « € 7, there exists Zy 1, s Za,m(a) basis of g%, such that

setting Zoti =Zui+0(Z,,;) and Zyi=Zai— 0(Za), {Z;rl} is a basis of €, and
{2} is a basis of p,.

Let also Hy,---, Hy be a basis of a and Y7,---,Y,. a basis of m. Then for H € a,
we have [H,Y;] =0, [H,Z} | = a(H)Z_ ; and [H,Z_ ;] = «(H)Z] ;. Thus, we see
that

e u(0,0,H;) = H;,
e u(Y;,0,0) = e~ 2 (Y;) = Y},
e 4(0,Y;,0) = =Y,
° u(Zj\fi, 0,0) =€~ ad(H)(Z(ii) = cosh(a(H))Z(J;i - sinh(a(H))Z;i,
e u(0,2},,0)=—-2F,.
Since H € a™, a(H) # 0 for any o € ¥ and w is indeed surjective. O

Proposition 3.3. The map P : G — at is smooth on G,. Furthermore, for each
g € G, there exists a neighbourhood Uy of g in G, and a choice of g — k;(g) such
that k; is smooth on Uy, i = 1,2 and for any g € U,, g = k1(g) exp(P(g))k2(g) " .

Proof. The proof is identical to [Dum24, Prop. 5.8] using the previous proposition.
O
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Corollary 3.4. Let ¢ be a K-bi-invariant function on G, then ¢ € C"9(G,) if
and only if p o exp € C%(a™).

Furthermore, if (¢i);c; is a family of K-bi-invariant function on G, then (p;) is
bounded in C%)(G,.) if and only if (¢; o exp) is bounded in C"9 (at).

Proof. This is a direct consequence of Lemma [2.3| and Proposition [3.3 (]

3.2. K-finite matrix coefficients. In this section, we want to show that the
optimal regularity of all K-bi-invariant matrix coefficients of unitary representations
of G coincides with the optimal regularity of all K-finite matrix coefficients of
unitary representations. The ideas are very similar to [Dum24, Section 5] where
the same result is shown for compact symmetric pairs. However, this proof relied
heavily on [dLMAIST6l Lemma 2.2], which only works in the compact case as it
extensively uses finite dimensional representations. Thus, the first step of our proof
is to show a similar lemma in a general setting.

Definition 3.5. Let 7 be a unitary representation of G on H and (p,V) a repre-
sentation of K. We say that £ € H is

e K-finite if span(w(K)E) is finite-dimensional,

e of K-type V if span(m(K)E§) ~ V as a representation of K.

Note that this definition of K-type V is not standard.

Let G be any Lie group and K a compact subgroup of G. If 7 is a unitary
representation of G on a Hilbert space H, we say that £ € H is a smooth vector if
g — m(g)¢€ is a smooth map from G to H. Clearly, matrix coefficients associated
to smooth vector are smooth. Consider the Garding subspace of 7, denoted Ho,
which is the subspace of H spanned by all vectors of the form

(f)E = /G f(g)m(9)édg

for £ € H, f € C°(G), where dg is a left-invariant Haar measure. Then it is well-
known that H is dense in H and every vector of Hoo is smooth ([KnaOIl, Prop.
3.14, Thm. 3.15]). In fact, it is a deep result of Dixmier and Malliavin ([DMT8])
that the Garding subspace coincides with the space of smooth vectors, but we do
not need this. Note also that H is stable under 7(p) for any p complex measure
on G with compact support.

Let U = K x K. Let (p,E) be a finite-dimensional unitary representation of
U. For g € G, let U, be the stabilizer of g under the action of U by left-right
multiplication, i.e.

Uy = {(k1,k2) €U | kighy' = g}.

Let £, = EYs the subspace of vectors fixed by Uy, and P, : E — E, the orthogonal
projection.

Lemma 3.6. For any go € G, there exists a smooth function 1 : G — B(E) such
that
(1) VueU,g € G, d(u.g) = ¥(g) o p(u) ™,
(2) Yui,v9 € E, g ((g)v1,v2) is a matrixz coefficient of a unitary represen-
tation of G,
(3) ¥(go) = Py
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Proof. Let F be the set of all functions ¢ : G — B(V) such that for any vy, vy € E,
the map g — (¢(g)v1,v2) is a matrix coeflicients of a unitary representation of G
with vectors in the Garding subspace of that representation. Then such a map F
is smooth and verifies ( ).

If ¢ € F, define (g fU u)du where du is the Haar probability mea-
sure of U. Since U is compact and d) smooth, ¢ is bounded on the compact orbit
U.g so the integral makes sense. Then a simple change of variables shows that
verifies (1). Let eq,...,eq be an orthonormal basis of E. Let m;; be unitary repre-
sentations of G and &;;5,7;; vectors in the Garding subspace of 7;; such that for all
1<i,j<dand g€ G,

(d(g)eis ej) = (mij(9)€ijs1ij)-
Let u = (k1,k2) € U, then p(u) = p(k1,1x)p(1k, k2). We define functions K — C

such that
d
p(lic,k)ei = Nij
Jj=1
and
plk,1x)e; = Zu”
Then

(V(g)es, 6j>
= [ wwaotuses esyin

Il
=
M= 5
=
i~}
i<}
—~
oyl
E
=
>~
s
i
s
Ea
()
S~—
=
)
=}
~
=
oyl
E
Na)
ol
[ V)
N—
e
=)
~
3
=}
~
<
QL
oyl
E
o8
™
[ V)

d
= / (mq;(9) (Nip(k2)7qs (k3 1 )Eqs) s tipg (k1) (ki )ngz)dkrdky

.S (o) ([ Ao 0t ) ([ s 0 i) )

Since &;; is in the Garding subspace of my;, the same is true for the vectors
S Xip(k2)mg; (kg )§qjdk‘2 and fK tipg (k1) (k7 )ngidki.  Thus, (¥(g)e;,e;) is a
matrix coefficient of @ =1 7qu whose vectors are in the Garding subspace. By
linearity, this is true for vy,v9 € E. Thus, we showed that if ¢ € F, then ¢ € F,
hence v is smooth and verifies (2).

It remains to show that there exists ¢ € F' such that ¢(go) = P,,. Notice that
if u € Uy, then

¥(g0) = ¥(u.go) = ¥(g0) o p(u) .

Thus E,; = ZueUgo Im(p(u) —Id) C kere)(go). Thus, condition (3) is a ”maximal
rank” condition.
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First, let us find ¢ € F such that rank(go) = dim E,,. Consider O ~ U/U,,
the U-orbit of gy in G. Let s be a measurable section, that is to say s : O — U
such that s(u.go) € ulUy,. Let h : O — B(E) be the map x + p(s(x))~'. Then
Jo (u.go)p(u) du = [, p(s(u.go)~'u) du is the identity on Eg,, and by the above
discussion 0 on E;B' Thus [, h(u.go)p(u) du = Py,. Let p be the image of the Haar
measure on O by the map p : u — u.go. Then h € L'(O; B(E), ). By density of
continuous function, there are continuous maps f : O — B(FE) arbitrarily close to
h in |.]]z. But then,

AfW%MWM—AﬁWmMMw séww%wwmmmm

s[ﬂw—hwpwu

— hl|ld
SLWf ldp
< —Hlhs.

So we can take f close enough so that rank [, f(u.go)p(u)du = rank Py,. Then
since O is closed in G normal, by Tietze extension theorem, we can extend f to a
continuous map G +— B(F), that we still denote f.

Let L be a compact subset of G containing go and ¢ > 0. Let f;; : g —
(f(9)ei,ej). By the Gelfand-Raikov theorem ([Foll6, Thm. 3.34], the (irreducible)
unitary representations of GG separate points. An application of Stone-Weierstrass
theorem shows that matrix coefficients of unitary representations (restricted to L)
are dense in the space of continuous functions on G. Thus, for any ¢, j, there exists
a unitary representation m;; of G and a matrix coefficient ¢;; of m;; such that

sup|fij(9) — ¢ij(g)] < e.
geL

Then by density of the Garding subspace, we may find a coefficient éij of 7;; whose
vectors are in the Garding subspace of m;; and such that

sup|¢i;(g) — dij(9)] < e.
geL

Then, define ¢ : G — B(E) by ¢(g)e; = 2?21 QNSZ-J- (9)ej, by construction ¢ € F. So
we can find find ¢ in F' arbitrarily close to f on any compact subset containing go,
in particular on the orbit O. Thus, for ¢ small enough, [;; ¢(u.go)p(u)du is of rank
dim E, .

Finally, we get ¢ € F such that ¢(go) has rank dim E,, and is zero on E;;).
Thus there is A € B(E) such that AY(go) = P,,. Replace ¢ by A¢ and we get the
result. (]

We now return to our setting and finally prove the reduction to K-bi-invariant
matrix coefficients.

Theorem 3.7. Let G be a connected semisimple Lie group with finite center and
K a maximal compact subgroup of G. Assume that any K-bi-invariant matriz
coefficient of unitary representations of G belongs to C"9)(G,.). Let 7 be a unitary
representation of G and ¢ a K -finite matriz coefficient of w. Then ¢ € C"9)(G,.).
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Proof. Let H be the representation space and &£, € ‘H K-finite vectors such that
e(g) = (m(g)& m)-

We first assume that &,n € H are of K-type V, W respectively, for V, W irre-
ducible representations of K. Denote V¢ = span(m(K)¢). Then there is an isomor-
phism i¢ : V — V¢ C H, denote & = i; ' (€). Similarly, define V;,, i, and 7. Then
the map

B(H)

B.1) 57y e o

%
— Z':;Aig
is K x K equivariant.
For the associated matrix coefficient, we have p(g) = (7(9)§,n) = (f(7w(g))&0,M0)-

Now denote (p, V) the irreducible representation of U = K x K on V* @ W*.
The U-equivariance of f means that for any (k, k') € U and A € B(H), we have

(3:2) f(r(k)Am(E)™) = p(k, k') (f(A)).
Furthermore, there are vy, -+ ,v, € V, and &1, -+ , &5, M1, -, € H such that
(3.3) FIA) = (A&, mi)v;

i=1
Let g9 € G, and 1/) given by Lemma for the representation (p,V,). Let
fgm—=(g)(f( ). By (3.2) and (1) of Lemma we have

(3.4) f(U-g) = ¢(U-g)(f(7f(w9))) = ¥(g9)p(w) " p(u)(f(r(9)) = f(9)
SO f is a K-bi-invariant map.
Let (e1,---,eq) be an orthonormal basis of V,, by (2) of Lemma there are
(mij, ;) unitary representations of G and a;;, b;; € H;; such that
(V(g)vi, €5) = (mij(g)aiz, bij)

so ¥(g)v; Z(j 1(mij(g9)aij, bi;j)e; and finally with (3.3)),

n d
(35) .f(g) = Z Z Tij ® 7T azj ® gz)v bij ® le‘>€j

i=1 j=1

Hence, f is a sum of K-bi-invariant matrix coefficients of unitary representations
of G, so by the hypothesis, f € C("9(G,.).

By Lemma [3.1] if a € AT = expa™, we have U, = A(M). Thus, V, = Vp is
independent of a € A*. If g = (ky,k2).a = kyaky ', we have (k, k') € U, if an only
if (ky 'kki, ks 'k'ks) € A(M) and so V, = p(ki, k2)Vp.

Let gy = koaok:(/)_l and Vi = V. Since 9(go) = P,,, there is an orthonormal
basis adapted to V; such that

Id 0

Furthermore, since v is smooth, there is A,  neighbourhood of gg such that

¥(g) = <A(g) *>

* *
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with g — A(g) smooth, A(g) invertible for any g € A,,. Up to restricting A,
by Proposition we have g = ki(g) exp(P(g))k2(g)™' = k1(g)a(g)ks(g) " with
k1, k2 smooth on Ay, .

By , for any g € Ay, we have

F(9) = flalg)) = fkoa(g)ky ).

But then f(m(koa(g)k, ') € Vieator -1 = ko, ko) Vo = Vi. Set

B(g) = (k1 (9)ky " ka(g)ko ") (A(koa(ggkol)—l 8) |

it is a smooth map on A, because A is smooth invertible, k1, k2 are smooth and p is

a finite-dimensional representation of U thus smooth. Since f (w(koa(g)ké_l)) e,
we have

®(9)(f(g)) = ®(g)(f(n(koalg)ky )
( (

= f(n(9))

Now let B : B(V)xV — V be the bilinear map sending (u, v) to u(v). We showed
that on Ay, fom = Bo (P, f) Since ® is smooth on Ay, and fe c9(@,.), we
get by Leibniz formula that fog € C("‘S)(Ago).

So for any go € G,, there exists a neighbourhood A, such that fow €
COD(A,). Thus, for € CUI(G,) and since w(g) = (f(n(g)éo,m0)s @ €
Cr(@G,).

Finally in the general case, if £, n are K-finite, V¢, V,, are finite-dimensional rep-
resentations of K, so they decompose into a finite number of irreducible repre-

sentations. Thus, ¢ is a finite sum of matrix coefficients of the previous case, so
@ € CM(G,). O

Remark 3.8. We point out that this proof heavily relies on the nice behaviour of
the KAK decomposition of G, which was also the case in [Dum24]. In the more
recent paper [Dum26], a general setting was developed to obtain the reduction
from K-finite coefficients to K-bi-invariant coefficients under some assumptions on
a Gelfand pair, which is the existence of such a well-behaved K AK decomposition.

4. BOUNDEDNESS OF POSITIVE DEFINITE SPHERICAL FUNCTIONS

In this section, we study the spherical functions of the pair (G, K) and their
Hélder norms to obtain Theorem [A] We will use the estimates obtained by Duister-
maat, Kolk and Varadarajan in [DKV83] using the method of stationary phase. For
A € af, we denote by 1y = ¢\ o exp|q the spherical functions on the Lie algebra.

Theorem 4.1. Let G be a connected semisimple Lie group with finite center and
K a mazimal compact subgroup. Let r = |k(G)], 6 = k(G) —r. Let C be a bounded
subset of a*. Then the family of spherical functions ¥y of (G, K) with Im X € C is
bounded in C™9) (at).
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Remark 4.2. By Proposition [2.8] this implies that the family of bounded spherical
functions, thus the subfamily of positive definite spherical functions which we are
interested in, is bounded in C"9) (a™).

Proof. For A € ag, we write A = { +4n with £, € a* and for t € R, A\, =t +in.
Denote f(&,n,t,Y, k) = e =) H(exp(Y)E) ¢ 0 (q* x a* x R x a x K). We denote
D the operator which differentiates a function with respect to the variable Y € a.
Let s € N. Then for any Y € a, X = (Xy, -, X,) € a®,

(4.1) Dy, (YV)(X) = /K D* f(€, .1, Y, K)(X)dk.

By induction on s, there is a polynomial P € C*°(a* x a* x a x K x a®)[t] of degree
s such that

(42) D* F(6,0,1,Y, ) (X) = P(t)e" 20,
For 0 <j <s,let g;(§,n,Y,X) € C°(K) be defined by

L ite(Hexp(Y)E)
(4.3) 9= g5 ((D"De ) _
Then we have
(4.4) Dsil)xt(Y)(X)=th/Ke”g(H(e"p(Y)k))gj(&n,KX)(/f)dk~
=0

Let S be the unit sphere of a* and L a compact subset of a*. Up to replacing L by
its convex hull, which is still a compact subset of a™ by Carathéodory’s theorem and
the convexity of a™, we can assume that L is convex. We consider C*°(K) endowed
with the topology given by the family of seminorms p; : g — sup || D'g(k)||.

keK

For (Y,€) € L x S, by [DKV83| Prop. 9.2], there exists a neighbourhood Vy ¢
of Y, in a x a* and a continuous seminorm vy, on C°°(K) such that for any
(Y/,gl) S VY,Ea g c COO(K), t> 1,

(4.5) ‘ / eit&/(H(exp(Y’)k»g(k)dk‘ < vy e(g)tO/2 < vy ¢(g)t=O).
K

Now write a* x C' = ([0,1]S x C) U (R>15 x C).
For any (§,n) € Sx C,0<t<1,Y € L, then (4.4) implies

D%, (Y[l = sup [D*hy, (Y)(X)]
[l XalI=1

< sup th/K||9j(§7777Y7X)||oodk

1Xall=15=0

S
< H;qu Z|!}j(§ﬂ7,Y7X)(k‘)|
ill=1
YeL,(eSneCkeK

<CrLsc

=0

where Cr, s, c > 0 is independent from Y € L, { € S, n € C, using that g; is smooth
hence bounded on compact subsets.
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On the other hand, write L x S = |J  Vyg. Since L x S is compact, there
(Y,£)ELxS
exists a finite subcover Uy, ¢,,--- ,Uy, ¢,. Then for any (§,n7) € S x C, t > 1,
YelL,
[1D*Px, (V)| = sup [D%hy, (Y)(X)]
[I1X:]]=1
S
< sup S| [ ORI g ¢ ) ()
1X:ll=15"0 K

S
< tj . (g; Y. X t*K(G)
_Jz::o T vvig (95(6m, Y, X))

YEL,£ESMEL
< Dy ot* MO
where Dy, ¢ > 0 is independent from Y € L, £ € S, n € C. Again, the last line
comes from the fact that g; is smooth hence any of its differentials is bounded on

compact subsets, and the topology on C*°(K) is given by the seminorm p;, thus if
v is a continuous seminorms, there is ¢ such that v(g) < Cp;(g) = Csup||D*g(k)|.
keK

Thus combining (4.6)) and , for any A such that ImA e C, H € L, s <,
(48) ||Dsw)\(Y)|| S maX(C’L,S’C, DL,s,C) = ML,s~

Thus the differentials of the family of spherical functions are bounded indepen-
dently on A such that Im A € C up to order r. If r = k(G), the proof is complete.

Otherwise, k(G) —r = % Then using for s = r and s = r + 1, we show
that for any z,y € L, £ € S;n € C, t > 1, we have on the one hand

(4.9) D", (2) = D", ()| < D", (@) + |1D"x, (W) < 2D ot ™'/,

with A\; = t£ + in, and on the other hand, since L is convex, we get by the mean
value theorem that
(4.10)

1D, (&) — D™, ()| < (31112 ||DT+1wAt<Y>||) I — 9l < Dppir otz — gl
S

Thus, combining (4.9) and (4.10) yields
(4.11) 1D s, (2) = D"r, (W)l < (2D .0 Dr i) o = ylM/2.

Hence, setting Mj; = max ((2DL,T’CDL’T+1’C)1/2 ,Crry1,c(diam L)1/2), we have
that for any A such that ImA € C, x,y € L,

(4.12) 1D s (2) — D7 (w)]| < My lz — |7 O

Remark 4.3. If Im )\ is allowed to be unbounded, then the functions are not even
bounded in C(a™).

We will now show that this result is optimal. The bounds used in the previous
theorem are not sharp in general, but for a subfamily where n(£) = = 2G ), they are.
Thus, we will show that this particular subfamily is already unbounded in Hélder

spaces of higher regularity.

Theorem 4.4. We keep the notations of Theorem[{.1. For any &' > §, the family
of positive definite spherical functions of (G, K) is not bounded in C(T’5/)(a+).
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Before this, we first prove a lemma showing that complex exponentials are not
bounded in Holder spaces. We will reduce the problem for spherical functions of
(G, K) to such functions.

Lemma 4.5. Let F be a finite-dimensional real vector space, U an open subset of E
such that0 € U. Letu, - ,u, € E* distinct and non-zero, and f1,--- , fn : E = C
continuous functions such that for any U’ open subset of U, there is x € U’ such
that Y |fj(z)| # 0. Then there exist C >0, d >0, € U, and an open set V with

OEVsuchthatforally:m—i—h,hev,meNandNZﬁ,

2

m—+
LIS 1S (5@ - fgemm)| > c.

N-1| n
=m Jj=1

~+

Proof. Up to multiplying f; by = — e"™m4() we can assume that m = 0 as long as
the constants we find depend only on |f;| and not f;. We have that

NE

(£i(@)e @ — fy)et @)

1

_ (fj (x)eituj(w) —fj (y)eituj(y)) (Z (me—ituk(m) _ fk(y)eitwc(y)>>

<.
I

3

J=1 k=1
— Z (fj(x)meit(uj(ﬁf)—uk(éb)) (@) Falg) et @ @)
k=1

— £ () Fe(@)ett s @ —ue@) 4 fj(y)ifk(y)ez't(uj@)—uk(y») .

Note that if z € R\27Z, [N et

is a finite union of hyperplane, thus U’ = U N (E'\ H) is open and non-empty with
0 in its closure.
A . -
Let z in U’ with ||z < T
Then there is a neighbourhood V,, of x in U’ and € > 0 such that for y € V. and
j#k e< u]‘(y);wc(y)’ <rm—cande< uj(ﬂﬂ);wc(y)’ <7—e.

Then, let Vo =V, —x, let hg € Vo \ U, ker u;. Let n = gi—min|u;(ho)| > 0. Let
j

< m The set H = |J;, ker(u; —ux)

and such that there is jo with f; (z) # 0.

2[|hol|
V =Vo\{h € EV1 <j <n,|u;(h)| <nlh|}.

Then V is an open subset of U, containing hg thus such that 0 € V. For any h € V,
by definition we have ||h|| < %\uj(h)\ for any 1 < j <n.
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Hence we get for any y =x +h,h € V, N € N,

2

1 N—-1| n )
Z ( ztu](z _ fj(y)eltug-(y)> >
t=0 |j=1
- fi@) fily
@R+ 1) - — 2L
j=1 N ‘sm%’

L@L@ SO, 15@)5)

7k N‘sinM N ’sinw N‘sinw

Now, for each of the terms with j # k, the assumptions on x,y ensures that the
arguments in sin are bounded away from 0, 7. Furthermore, up to restricting V to
a bounded set if necessary, the functions f; are bounded. Thus, there is Ny such
that for N > Ny, we get

2

N-1| n
% Z Z (fj(m)eitUj(x) _ fj(y)eituj(y)) |fgo Z |fi(x)fi(z+ D)
t=0

i=1 =1 N‘51 uf(h)‘

Up to restricting again V, we may assume that h € V is small enough so that
luj(h)] < 7 for any h € V, 1 < j < n. Then, since the function z — £ is
bounded on [— we can define for any 1 < j <n

up Alfi (@) fi(e + R Ju;(h)]

S
heV | £ ()2 MJTW’

2’2]

dj =

sin

which is finite.
For any N > T o] (h)l by definition of d; we obtain

i@ fi+ D) _ | f(@)

N lsin uJ(h)‘ 4
Thus, for d > (maxd;)/n, then for any y =+ h,h € V and N > max (No, ”—fll‘),
2
1 ~ | () tu; (y) | fio (2)[?
. ituj(z) _ . itug (y > !JJo
Z > (fi@)es@ — pigrer )| > Hieh, O

t=0 |j=1

Proof of Theorem[].]} Consider A € a* such that n(\) = 2x(G), and such that
(a, Ay > 0 for any a € ©T. By Proposition ¢ 1s positive definite for any
teR. Asin (4.4), forany Y €a,t>1, X €a”,

(413) DY Zﬁ / IR g (v, X) (k) dk

Let I;(Y, X,t) = [, e%tk(H(exp(Y)k) g;(Y, X)(k)dk. Let Wy denote the stabilizer of
A under the action of the Weyl group W, and Ky, K be the centralizers of Y, A in
K. Let also

ST ={a e X" [ (o)) # 0}
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and

cu=— 3 mla)sgn({a, \))(wa)(¥)).

a€SH(N)#0

Let dok denote the Riemannian measure on K induced by the bi-invariant metric
defined by the Killing form on €. Let Vol(K) = [, dok. We also denote by dok the
induced Riemannian measure on the submanifold K,wK) - the measure coming
from the restriction of the Riemannian metric of K to a Riemannian metric on the
submanifold. For w € W, g € C*®(K), Y € a™, set
(4.14)

- 1
Cw,a(g) =e'a H / g(k)dok-
aEST(N) Vol(K) Ji,wi,

Then, by [DKV83, Thm. 9.1], for any Y € a™, there is a neighbourhood Uy of Y
in a™ and D(Y) > 0 such that for any 0 < j < r, ¢t > 1, Y’ € Uy and X with
| X;| =1 for all 4,

(4.15) (LY, X, t)— Y et N =m0 (g5 (Y, X)) < DY),
W/W)

We use that g; is smooth in all variables, hence bounded on compacts and that the

bound is uniform in the parameter Y’ of the phase function.

In particular, combining (4.13) with (4.15)) for 0 < j < r, for any Y there is a
neighbourhood Vy of Y and a constant C(Y’) such that for any ¢t > 1, Y’ € V3 and
X with || X;]| =1,

(4.16) DT (Y)(X) = "L (Y, X, 1) < CYV)E
For X fixed with || X;| = 1, let S¢(x) = >y, etwN@e, (g-(r, X)). Com-

bining (4.15)) and (4.16)), if ¢ > 1, and x,y € Uy N Vy,
(4.17)

t7018,(x) — Se(y)| < [t DS, (x) — Lo(x, X, )| + 7|1 (2, X, t) — L.(y, X, 1)
7|1 (y, X, 1) — DSy (y)]
<2D(Y )t~ [t L (2, H,t) — Do (2) (X))
+ [D" e (2)(X) — D"thex () (X)]
+ D" (y)(X) — "1 (y, X, 1)
<2D(Y)E 7 4 2C(YV)t ! + [ D () (X) = D™ (y) (X))
< D"ua(x) = D"ur(y)l| +2(C(Y) + DY)t~

Now the functions ¢, »(gr(z, X)) are all zero at x if and only if g,(z, X) = 0 almost
everywhere on | J K,wK)y. Let fr(z) = H(exp(z)k), then

gr(@, X)(k) = e L@ TTA(D fi(2)(X3)).

i=1
If P, denote the orthogonal projection onto a, by [DKV83, Section 5] we have
D fio(x)(X;) = Pa(Ad(t(exp(z)k)1)(X,))

where t(g) = a(g)n(g) in the Iwasawa decomposition (see (2.4))). The function
kv fr(x) is left K -invariant, and by [DKV83| Prop. 5.6], k — A(fx(z)) is right
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Ky-invariant as Hy € at. Thus, g,(z, X) is constant on K,wK) for any w. Thus
given any open subset of a*, we can choose z, X such that g,(x, X)(e) # 0. Thus the
hypotheses of Lemma hold for the family of functions fy, : © — ¢y 2 (gr(x, X)),
for U = a*. Let C,d,z,V be given by Lemma W, = x + V such that for any

yEWw,mEN N_m7

m+N—1

(4.18) > ISi(@) = Si(y)] = CN.

t=m
From now on, we choose Y = z given above. Let M = 4(C(x) + D(x))?, we get
from (4.17) that for any t > 1,y € U, NV, N W,

—28
(19)  o18i@) S < ID () — D i) + Me~?

Assume now that the family of positive definite spherical functions of (G, K)
is bounded in C(9)(at) for & > §. In particular, up to reducing U, NV, N W,
to a bounded subset of diameter L if necessary, there is D > 0 such that for any
yeU, NV, NW, and t > 1,

(4.20) ID" i () = D™pur(y)]| < Dllz — y[|”
For y fixed, set m, N such that
1 1
(4.21) Ty smS =+ 1
lz = yll° lz = yll°
and
d d
(4.22) — < N<—+ 1.
lz =yl [z =yl

Combining (4.18)), (4.19) and (4.20) gives

CN m+N-—1 t_25
2m + NV < Z T'St( z) — Si(y)?
t=m
m+N-—1
4.23 r -
(4.23) S 3 (D)~ DU + M)
MN
< ND?||z —y|® + —
thus
O ’ M ’
(4.24) Am+ NP = <Dz —y|* + 3 S (D* + M)z —y[|*

by (4.21)). But by (4.21) and (4.22)), we have

d 1
m+ N < +1+ = +1
Iz =yl Iz =yl

(a+2llz =yl + llz = yl1*=*)

1
4.25 < -
(4.25) lz =yl

1 /
< - (d+2L+L1—5)
lz —yll
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hence (4.24)) becomes

C
4.26
(4.26) 2(d+ 2L + L'=7
Since (4.26) holds for any y € U, NV, NW,, with the constant involved independent
from y and 8" > &, we get a contradiction as y goes to x (which is possible because
0 €V hence z € U, NV, NW,). O

B lz = yl** < (D* + M)z — 3>

Theorem 4.6 (Theorem [A]in the introduction). Let G be a connected semisimple
Lie group with finite center and K a mazimal compact subgroup. Let r = |k(G)],
0 = k(G)—r. Then any K -finite matriz coefficient of a unitary representation of G
is in C"9)(G,.). Furthermore, for any §' > 0, there exists a K -bi-invariant matriz
coefficient of G that is not in C9)(G,).

Proof. Tt follows from Lemma[2.7, Corollary 3-4)and Theorems[3.7 [.I]and[£4 O

Remark 4.7. If a = exp(Y') € G\ G, the behaviour around a is more complicated.
Indeed by [DKV83], the critical set of the phase functions becomes J;;, KqwKy. If
Yu(\a) ={ae Xt | (a,\)(wa)(Y) # 0}, then the codimension of the critical set
I8 nw = X hex, (na) M(@). In particular, n,, can be smaller than 2x(G) so that the
regularity of matrix coefficients around a is strictly worse than on G...

5. COMPACT SEMISIMPLE GROUPS

5.1. An upper bound on regularity. We first recall some notations of Section
and introduce new ones (more details in [Cle88| [Hel79]). If g is a semisimple real
Lie algebra, we introduced a decomposition g = ¢ & p into eigenspaces of a Cartan
involution €. Let G¢ be the simply connected Lie group whose Lie algebra is the
complexification g¢ of g. Let G, K be the analytic subgroups of G¢ corresponding to
the subalgebras g, €. Consider u = ¢®ip and U the corresponding analytic subgroup
of G¢. Then U is a maximal compact subgroup of G¢ and is simply connected.
Consider also K¢ the analytic subgroup corresponding to £c. Finally, recall that a
is a maximal abelian subspace of p and n = @yt §¢. Let A, Ac, N, Nc be the
analytic subgroups of G¢ corresponding to a, ac, n, nc.

The involution € extends to gc and thus induces an involution of G¢ , also
denoted 6. The subgroup K is the subgroup of fixed points of 6 in U, so (U, K) is
a symmetric Gelfand pair and the symmetric space M = U/K is the compact dual
of G/K. Since the Killing form of g¢ restricted to g x g coincides with the Killing
form of g, we continue to denote (-,-) both on g and its complexification. It must
be noted that (,-) is C-bilinear on g¢ and not sesquilinear, and thus not a scalar
product.

Such pairs (U, K) were studied in [Dum24]. Note that interesting pairs also arise
when U is not simply connected - for example, (SO(3),SO(2)) -, we will lift this
restriction in Section [5.3] The optimal regularity of K-finite coefficients of U was
found in some specific cases and a conjecture was given in the general case. In what
follows, we will extend the results using methods similar to what we did above in
the non-compact setting.

Let @ be the connected component of a, = {H € a | Va € X,a(H) ¢ 77}
contained in a™ and whose closure contains 0. Then, there is a K AK decomposition
in the group U ([Dum24) Prop. 5.8]).
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Proposition 5.1. For any u € U, there exists a decomposition
u = ky(u) exp(iP(u))ko(u) ™"

where P(u) € Q is unique and ki(u),ka(u) € K. The map u — P(u) is smooth
on the set U, = K exp(iQ)K. Furthermore, for each u € U,., there exists a neigh-
bourhood V,, of w in U, and a choice of u — k;(u) such that k; is smooth on V,,
i=1,2.

The set U, is a dense open subset of U and we call it the set of regular points.
This set will play the same role as GG, in the non-compact case.

As in the previous section for the non-compact setting, we want to study the
spherical functions of the pair (U, K). Let Uk denote the set of classes of irreducible
finite-dimensional representations of U with a non-zero K-invariant vector, which
we call the spherical dual of U. Then Ug (and thus spherical functions of (U, K))
are parameterized by a subset of af. Note that since U is compact, any spherical
function is positive definite ([vD09, Thm. 6.5.1]).

Theorem 5.2 (Cartan-Helgason). Let A = {u € a* | Va € ©F, % ¢ N}. Then

(o,0)
the map which sends a representation to its highest weight is a bijection from Ug
onto A.

There exists p1,---, pue € a* such that
0ifi+#j
ioy) ) yiti=j 20,25
{aj, ) e
2ifi=7,2a;, € X

The elements (u;) are called spherical fundamental weights and A = {>_ m;u;, m; € N}
(see [VreTd]).

Let p# € A and let 7, be an irreducible finite-dimensional representation of U
with highest weight u. Let ex be a unit K-invariant vector. Then %, : u —
(mu(u)er,ex) is a spherical function of (U, K). Since 7, is a finite-dimensional
representation, it is smooth and its differential induces a representation of u, which
extends to uc = gc and is itself the differential of a representation of the simply
connected group G¢. Thus, 7, extends to a representation of G, so ¥, is defined
on all of G¢. Given the notations of Section Yula = P—i(u+p)-

Thus on G, we know that v, has an integral representation. But since the
Iwasawa decomposition does not extend to G¢, the integral does not have meaning
outside of G. However, even if K¢ X Ac X N¢ — Gc is not a diffeomorphism, it is
a diffeomorphism in a neighbourhood of the identity e € G¢ so we can still work
there. The following lemma is [Cle76, Lemme 1].

Lemma 5.3. There exists a neighbourhood V of e in G¢ which is invariant by
conjugation by K and analytic maps k : V — K¢, n:V — Nc and H : V — ac
such that
(1) H(e) =0,
(2) Vg €V, g = r(g)exp H(g)n(g).
The map H coincides with the Iwasawa projection on GNV. Since H(k~gk) =

H(gk) for any g € G, k € K, we can extend the expression of ¢, on GNV to all
of V' by analytic continuation ([Cle76, Lemme 3]).
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Lemma 5.4. Let p € A. For any g €V, .(9) = [, eP(H (k™ gk) .

Unlike the non-compact case, the phase function is now complex-valued. How-
ever, for any u € U NV, Reu(H(k~tuk)) < 0 ([Cle88, Coro. 2.4]) which is the
condition to apply the method of stationary phase (see [Hor83, Section 7.7]).

We will now state the version of the stationary phase approximation on manifolds
that we will use. The proof follows [Cha74], but with a complex-valued phase
function, hence requiring some modifications.

Theorem 5.5. Let (Z,g) be a compact Riemannian manifold of dimension d, dz its
volume measure, and U an open subset of R"™. Let f € C*(Z) and ¢ € C°(Z x U)
be complez-valued functions. Let W, be the set of critical points of ¢q : z — ¢(z,a)
for a € U and assume that W, = W for any a. Assume also that W is finite, and
for any w € W, the Hessian of ¢, at w is non-degenerate. Furthermore, suppose
that Re ¢ < 0, with equality at critical points w € W. Set

Hﬁmﬂ:iéew“”fwﬂz

and fix ag € U. Then there exists a semi-norm v on C*(Z) and an open neigh-
bourhood U' C U of ag such that for anyt > 1, a € U’, f € C*(Z),

,%,1
S det(— Hessy, (w)) s vt

where the square root is taken as the branch of the square root which is deformed
to 1 under the homotopy (1 — s)(— Hessy, (w))) + sId.

Proof. We can cover Z by a finite number of chart open subsets Z;, j € J which
contains at most one element of W. Up to shrinking some sets, we may assume as
well that Z, "W = 7] N W. In particular, whenever Z; N W = ), the differential
D¢, is nonzero on the compact set Z; thus |[Dé,|| is bounded below on Z;. Using
a partition of unity subordinated to this open cover, we can write

(5]‘) I(fuavt) = E Ij(fvavt)
JjeJ
where

(5:2) Lifan= [ @0
Z

i
and > fj(2) = f(z) for any z € Z. In the chart Z;, consider the local coordinates
given by H; : Z; — R%. Let G = det(g; ;) where g;;(z) = g.(9;,0;). Then by
definition of the volume measure on Z, we have

(5.3) Ii(f,a,t) = /R eﬂH{l(r)va)fj(H;l(x)) G(H; ' (z))dz.

For each j € J, we will bound I;(f,a,t). We need to distinguish between two cases,
depending on the size of Z; N W.
Case 1: if Z; N W = 0, by [Hor83, Thm. 7.7.1], for any n > 0, there exists

U;n) C U neighbourhood of ag and C,,, C/, > 0 such that for any t > 1, a € U;n),
Cy cl
1Li(f,a, )l < = > sup|IDM(fVE) ()] < =2 Y sup [ DF(f) ()]

tn
|k|<n |k[<n
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We used Leibniz formula to replace fj\/é by f, up to changing the constant C,, to
some C’ taking into account norms of differentials of G' and of the partition of unity.
In particular, let ng = [4]+1, U; = U;n") and v;(f) = Ch) 221k <, SUP | DF(f)(x)]-
Then for any t > 1, a € Uj,

(5.4) 1 (f,a,t)] < oy (f)t 2

Case 2: if Z; N W = {w}, up to a translation, we may assume that the local
coordinates are such that H;(w) = 0. By [Hor83, Thm. 7.7.5], there exists an open
neighbourhood U; C U of ag such that for any t > 1, a € Uj,

(5.5)

7Td q
(Fs,0) = €92 )G (da(—néij H-l(o») o

Nl

where the square root is taken as in the statement of the theorem. Again, the
semi-norm v; should be applied to fj\/é instead of f, but since it is defined as a
differential operator, by Leibniz formula the inequality remains true with f up to
changing the semi-norm.

For u,v € TyR?, at the critical point we have that

Hess%oH;l (0)(u,v) = Hessg, (w) (DHj_1 (0)u, DHj_l(O)v).

Fix an orthonormal basis of T,,Z with respect to the inner product g,, and consider
the canonical basis %b of ToR?, then

det(—Hess, ,5;-1(0)) = det(— Hessg, (w)) (det DHj_l(O))2 .
But since 0;]w = DHj_l(O) (%ﬁb), we also have that (g;j(w))1<; j<n = “AA where

<
A is the matrix of DH;I(O) in the previous bases, thus G(w) = det(DH;l(O))2.
Thus, (5.5) becomes

(5.6) < (i,

(2m)¢ ) 3

]j(f,a7t) _ et¢a(w)t_d/2fj (w) (det( HeSS¢ (w))

We now combine (5.1)) and (5.4)), (5.6) by triangular inequality. Setting U’ =
Njes Uj, there is a semi-norm v on C*°(Z) such that for any f € C*(Z), a € U,

and t > 1,

I(fat)— 3 ebwa=/2 p(y) LI PP
o det(— Hessy, (w)) -
weW @
which concludes the proof. ([l

We now compute the critical points and the Hessian of the phase function to
make use of the previous theorem. We will use arguments of analytic continuation
to compute the critical manifold from the results of [DKV83] on G, which we used
in Section

For a € V, consider the phase function

K — C

Fos % u(H(Eak))
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which we can define thanks to Lemma For any k, the map a — F, ,(k) is an

analytic continuation of the phase function studied in [DKV83l Section 4]. Denote

H,, € a the unique vector such that for any H € ac, u(H) = (H, H,). Recall

that K, is the centraliser in K of H,. For p € A, H, € at. Then, by [DKV83,

Proposition 5.6] and analytic continuation, the map F, ,, is right K,-invariant.
For z € G, let

K - K

k. +— k(zk) -~

By uniqueness of the Iwasawa decomposition on G, it is clear that for any x € G and

k € K, k(zk) = kx(k~1zk). Now for € V, since we can extend  analytically on

V by Lemma and V is K-invariant, the element kx(k~'zk) € K¢ is well-defined

and the formula

0, :

K — K(C

k' — kr(k—lxk)

extends § on V x K, and = — 0,(k) is analytic on V for each k. Let a € V N U,
such that a = exp(4Y) with ¥ € Q.

0, :

Lemma 5.6. The set of critical points of Fy ,, is

Co=J kuKy
weWw

where W = Nk (a)/Zk(a) and ky, is a representative of w € W.

Proof. We identify TpK with € under the isomorphism T.L;. Then by [DKV83]
Lemma 5.1 and Corollary 5.2], for any « € G, the tangent map of F, ,, at k is

(5.7) ToFyp: Z = (Z,Ad(n(k™ ak) ) (H,)).

Again by Lemma for k € K and Z € ¢t fixed, the right-hand side of (5.7)
extends to a well-defined analytic function of  on V. The map x — F, (k) is also
analytic on V for k € K fixed. For Z € ¢,

ToFy,(Z) = lim Fpu(kexp(tZ)) — Fyp u(k)
t—0 t
and the convergence is uniform for x in a compact set. Thus, as a uniform limit
of analytic functions, Ty F, ,(Z) is analytic in € V. Hence, both sides of
extends analytically to functions of x € V' which coincides on G NV, and so by
uniqueness of analytic continuation, holds for any =z € V.

Similar arguments of analytic continuation will be used several times in what
follows. We will not give full details as the proofs are identical.

By [DKVS83, Prop. 5.4], any k € C, is a critical point of F; , for a € A. For
peMNkeCy, Zctfixed, the map a — T F, ,(Z) is analytic in a € V N Ac and
zero on A. Thus, by analytic continuation it is identically 0 and k is a critical point
of Fy .

Conversely, let k be a critical point of F, ,. Then Ad(n(k~'ak)™')(H,) € gc is
orthogonal to € so Ad(n(k~tak)™*)(H,) € pc. Since H, € a C pc, we get that

Ad(n(k™tak)™")(H,) — H,, € pc.
Furthermore, for any X € n¢, Ad(exp(X))(H,) = ) (H,) = H, mod nc.

Since exp(nc) generates N¢, we get Ad(n)(H,) = H, mod nc for any n € Nc.
Thus,

Ad(n(k~tak)"")(H,) — H, € nc
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SO

Ad(n(k~tak) ) (H,) — H,, € pc Nnc = {0}.
So we get
(5.8) Ad(n(k™'ak))(H,) = H,.

From [DKV83| Lemma 1.1 and Lemma 5.9], we also have for o’ = exp(Y”’) € A,
k € K and Z € ¢ that
TiFar (Z) = —([Y", Ad(0 (k) (H,.)), Z)
where Z = (sinhad(Y’)/ad(Y")) o Ad(k)(Z). By analytic continuation, we extend
this expression to V. In particular for a = exp(iY), we get
TyFuu(Z) = —i([Y, Ad(6a(k)) (H,)), Z)
where Z = (sinad(Y)/ad(Y)) o Ad(k)(Z).

We claim that the map Z + Z is an isomorphism of ¢. Since Ad(k) is an

isomorphism of ¢, it suffices to show that
- _ (_l)n 2n
T = (sinad(Y)/ad(Y)) = T;J ent 1) ad(Y)

is an isomorphism of ¢. Consider the basis of £ used in the proof of Lemma[3.2] Let
Y1,---,Y, be a basis of m = €. For a € X1, let Zo 1, , Zo,m(a) be a basis of g*.
Let Zo,i = Za,i+0(Za;) € & Then (Yi)1<icr U(Z)acs+ 1<i<m(a) is a basis of €.
In this basis, T is a diagonal operator and its eigenvalues are nonzero. Indeed, for
any 1 <4 < r, we have T(Y;) =Y - since Y; commutes with a. For any a € X1 and
1 <i<m(a), we have ad(Y)(Zn,;) = a(Y)Z,,; and ad(Y)0(Z, ;) = —a(Y)0(Z, ;).
Thus, ad(Y)?(Z} ;) = a(Y)?Z} ;. Hence,

—1)"a(Y)?" sin(a(Y
R I

Since we assumed Y € Q, a(Y) & 7Z for any a € ¥ and thus the claim is proved
and T is an isomorphism.

Hence if k a critical point of F, ,, we get that [V, Ad(6,(k))(H,)] € gc is or-
thogonal to ¢ thus [Y, Ad(6,(k))(H,)] € pc. But since 6,(k) € K¢, we also have
Ad(6,(k))(H,) € pc thus
(5.9) [Y, Ad(6.(k))(H,.)] € [pc,pc] Npe = tc Npc = {0}

Since k~'ak € V, by definition of x, H,n, we can decompose

ak = kx(k™ ak) exp(H (k™ ak))n(k~tak) = 0, (k) exp(H (k™ ak))n(k~ ak).
Thus combining (5.8) and (5.9), we get that

[V, Ad(ak)(H,)] = [Y,Ad(0.(k)) o Ad(exp(H (k™ ak))) o Ad(n(k™'ak))(H,)]

= [Y, Ad(0a(k)(H,.)]
=0
Since Ad(a) is an automorphism of Lie algebra and Ac is abelian, we get
[Ad(a™)(Y), Ad(k)(H,)] = [Y, Ad(k)(H,,)] = 0.
Now since k € K and Y is regular, we conclude with [DKV83| Prop. 1.2] that
keC,. O
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We now see F, , as a function defined on K/K,,, whose distinct critical points
are kK, for w € W/W, - thus, there are only finitely many such points. For
aeXt let t* =tN(g* @ g “). Denote Lt (u) = {a € T | (o, ) # 0} and

L= €p ¢
Q€S (1)
Then dim K/K), = dim(l,) = >, c5+ () m(a) = n(p). Let Fy : [, — & be the
orthogonal projection.
Let w € W/W,. The value at a critical point of the phase is Fy, (koK) =
in(w=Y) = i(wu)(Y). By analytic continuation and [DKVS83, Prop. 6.5], the
Hessian at k, K, is given by

Hessp, , (kwK,)(Y,Z) = =Y, Lo pw(Z))

where

1 .
(510) La,,u,w = 75 Z <0‘7HJ> (1 _ 672(wa)(zY)) F,
€S (1)

and —(-,-) is positive definite on €. Finally, to apply the method of stationary
phase, we need to compute the square root of det(—Lg, , )~ which is continuously
deformed to 1 by the homotopy sId+(1 — s)(—Lqg, pw)-

If wa € ¥T, we have

o) (10— €720 = i, e ) sin(wa) (1)

2
and 0 < (wa)(Y) < 7 so we take e'% (a, p)s e3>
root.
If wa € =T, we have

Sy (1= 720 = i, p)e= 00 sin((wa) (V)

sin((wa)(Y))2 as a square

(wa) (Y)
— (wa)(¥)

since —1 < (wa)(Y) < 0, so we take e~ (o, p)2e | sin((wa)(Y))|2 as a

square root.
Let 0w =3~ e+ () m(e) sgn((wa)(Y)). We get
(5.11)
det(—La%w)_% = e tw g Hwpn)(Y) H (o, )™
a€Xt(u)

m(a) _ m(@)

= [sin((wa)(Y))]

where p,, = %Zaezﬂu) m(a)a.

Theorem 5.7. Forp € A, let ¥, =, 0exp |ig. Letr = |k(G)] and § = (G)—r.
Then for any 6’ > 6, the family (V) ., is not bounded in Cm9GQ).

The proof of this result is a variation of the proof of Theorem using the
expression of spherical functions of (U, K) from Lemma and the method of
stationary phase for complex-valued phase functions.

Proof. By , we see that x(G) is attained on a fundamental spherical weight,
which is an element of A. Thus, we can choose € A be such that n(u) =
2k(G). Let V be as above given by Lemma and V' an open subset of @
such that a = exp(1Y) € V for any ¥ € V’'. Let d(kK,) be the image of the
Haar measure on K on K/K,. Then for any n € Nand Y € V', ¥,,(iY) =



28 GUILLAUME DUMAS

fK/K“ enn(H(E™ exp(Y)R) g(L ). As in the proof of Theorem for any X € a”

there are functions g;(Y,X) € C*°(K/K,) which do not depend on n € N such
that

D', (iY)(X)=> n? /K . eFen®) g (Y, X)(K)d(kK,,).
7=0

Let I;(Y,X,n) = [i k. e"Fan®) g.(Y, X)(k)d(kK,) for 1 < j <r. We want to
evaluate this integral as n goes to infinity. Let do(kK,) be the volume measure on
K/K, associated with the (invariant) Riemannian metric induced by the restric-
tion of the inner product —(-,-) on €. Denote Vol(K/K,) = fK/KH do(K/K,). By
uniqueness of the invariant measure on K/K,,, we have d(kK,,) = W/K“)do (kK,).
fweW/W,, ge C®(K/K,), let

(Qﬂ)n(u)/Q

= 2 det(— Loy “3g(kuK,).
cw,Y(g) VOI(K/K#) det( exp(zY),u,w) g(kw u)

By the method of stationary phase (Theorem and the computations on the
phase functions Fy, ,,, there is a neighbourhood Uy of Y and a constant D(Y) > 0
such that for any 1 < j < r, for any n € N*, Y’ € Uy in V/ and X € a" with
| X:|l = 1 for all ¢,

(5.12)

() n(p)
n(p 712; 71.

LY, Xn)— Y e Inm e, (g, (Y, X)| < D(Y)n
weW /W,

We used that g; : V/xa"xK — Cissmooth, so that v(g;(Y’, X) is bounded when
Y’, X stay in compact sets. Using the previous inequality in the cases 1 < j < r,
for any Y € V', there is a neighbourhood Vy of Y and a constant C(Y') > 0 such
that for any n > 1, Y' € Vy and X with || X;||=1forall 1 <i<r,

(5.13) |D" W, (iY")(X) —n"L.(Y, X,n)| < C(Y)n .

Let S, (z) = ZweW/W“ emwm)@e,  (g-(x,X)). Since n(u) = 2x(G) by choice
of p, combining (5.12) with 7 = r and (5.13) yields that for any n € N* and
X,y € Uy N Vy,

(5.14)
n701S(x) = Su(y)| < 0" In” DS, (@) = I(x, X, n)| + n"| 1 (z, X, n) — L(y, X,n)]

+ 07| (y, X, n) —n~ DS, (y)]
<2D(Y)n D= L 0TI (x, H,n) — D", (x)(X)|

+ [ D" W (2)(X) = D" Wi (y) (X))

+ [ D" (y)(X) = n" I (y, X,n)]|
<2D(Y)n~" !+ 2C(Y)n " + [D W (2)(X) — D" (y) (X))
<D™ (2) = D" (y)|| +2(C(Y) + D(Y))n ™",

The hypotheses of Lemmahold for the family of functions « — ¢y 5 (gr(x, X)),
for U = V'. Let C,d,z,V be given by Lemma W, = x + V such that for any
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yeW,, meN N >

Te—yll yH’
m+N-—1
(5.15) > [Su(@) = Su(y)* = CN.
t=m
The end of the proof follows as in Theorem [£.4} O

Theorem 5.8 (Theorem [B] Part 1). Let r = |x(G)] and § = (G) —r. Then for
any 0’ > 8, there exists a K-bi-invariant matriz coefficient of a unitary representa-
tion of U which is not in C9)(U,.).

Proof. By Theorem the family of spherical functions viewed on the Lie algebra
is not bounded in C"9)(Q). By Proposition and Lemma [2.3] it follows that
the family of spherical functions of (U, K') is not bounded in (" 7) )(U,). Thus, the
result follows from Lemma 2.7} O

In [Dum24], we made a conjecture on the expected optimal regularity of coeffi-
cients of (U, K), which should be x(G).

Conjecture 5.9. Let r = |x(G)] and 6 = k(G)—r. Any K-finite matrix coefficient
of a unitary representation of U is in C(T"s)(UT) and this regularity is optimal.

By [Dum24] Thm. 5.2}, it suffices to look at K-bi-invariant matrix coefficients.
This conjecture has been proven in rank 1 and when U/K is a Lie isomorphic to a
Lie group (which is equivalent to G being a complex Lie group), see [Dum24, Thm.
A and BJ. Theorem gives a partial result towards this conjecture : the optimal
regularity cannot be greater than «(G). Furthermore, the conjecture is also shown
in some new specific cases.

Corollary 5.10. The conjecture is true for
o (UK)=(SU(p+q),S(U(p) xUl(q))) with ¢ > p > 2, which corresponds

to G =SU(p,q);
e (U K)=(SO(8),U(4)), which corresponds to G = SO*(8);
e (U ,K)=(50(10),U(5)), which corresponds to G = SO*(10);

e (U K) = (Sp(n),Sp(2) x Sp(n — 2)) with n > 4, which corresponds to
G = Sp(2,n — 2).

Proof. This is a consequence of Theorem and [Dum24] Thm. 4.9 and 4.18]. O

5.2. Towards a lower bound. We now know that the optimal regularity of K-
finite matrix coefficient of U on U, is at most k(G), with equality in many cases.
We will conclude this paper by showing that equality holds in all cases, but only in
some open subset of U,.

In Theorem we used the method of stationary phase to obtain a sharp
estimate of the spherical functions, but only on a subfamily. In order to obtain
a lower bound on regularity, we need estimates for all 4 € A. Clearly, we know
that we cannot obtain sharp estimates of this kind. Indeed, as u varies, the critical
submanifold of the phase function Fj, ,, varies in dimension.

Thus, we cannot treat p as a parameter and use stationary phase approximation
to obtain uniform estimate when p is close to some pg. However, in a local chart,
we can see K in coordinates (x,y) such that K, is given by {y = 0}, and treat
x,a, 1 as parameters, as done in [DKV83, Prop. 9.2] and used in Theorem
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This leads to brutal estimates, as we forget what happens in the x coordinate, but
sufficient for our purposes.

A second issue arises in the statement of stationary phase used before (Theorem
5.5). When choosing a parameter pg € A, we need to consider a neighbourhood
of po in a*. However, a necessary hypothesis is that the real part of the phase is
non-positive, which is only true on A, thus there may not exists a neighbourhood
of o such that this is true.

We begin our proof with another statement of the stationary phase approxima-
tion which is well-suited to holomorphic phase functions - instead of simply C'*° as
in Theorem 5.5

Theorem 5.11 ([Sj682, Thm 2.8 and Rem. 2.10],[BJ20, Prop. 1.3]). Let U x V
be an open subset of C* x CF and T' a k-dimensional real submanifold of V' with
boundary. Let ®,u : U x V. — C be holomorphic functions. For x € U, denote
D,y D(x,y). Let g € U. Assume that there exists a unique critical point yo
of @, in T, which is non-degenerate and in the interior of I and that ®(zg,yo) = 0.
Furthermore, assume that Im ®(xq,y) > 0 for any y € T, and Im ®(zp,y) > 0 for
any y € OT.

Then, there exists an open neighbourhood U' C U of xy such that for any x €
U’, the map ®, has a unique critical point y.(z) close to yo and x — y.(x) is
holomorphic. Furthermore, there exists C > 0 such that for any x € U', t > 1,

e—it‘b(azyc(af))/eit‘i’(w,y)u(%y)dy SCHuHoo,fort_k/Q-
r

If we want to estimate the integral, we need to understand the term e~ #®(@:ve(2))
It is clear that this term is bounded below as t — 400 except when Im @ (z, y.(x)) <
0. But since y.(z) is not necessarily real, even for x real, it is a priori not enough
to understand Im ®(x,y) on real points y.

Lemma 5.12 ([BJ20, Lem. 1.16]). Let ® be as in Theorem[5.11 and y. : U’ — V
given by the theorem. Assume that (zo,y0) € R" x R" and ImHessq, (yo) is
positive. Then there exists an open neighbourhood U"” C U’ of xo such that for any
r € U'NR™ with Im ®(z,y) > 0 for ally € V NRE, then

Im ®(z, y.(x)) > 0.

Remark 5.13. This lemma is stated with the hypothesis that Im ®(x,y) > 0 for
all z,y real - and thus of course, Im ®(z, y.(z)) > 0 for all x real. However it is
clear in the proof that we can remove this assumption by adding positivity of the
Hessian matrix, and we get the result only for = real where the assumption holds,
as stated above. This is exactly what will allow us to take care of parameters g
on the boundary of A.

We now come back to the Lie group setting, and we will use all the notations
introduced in Section[5.1} Notice that since the subgroup K is compact, there exists
a relatively compact open subset K of K¢ such that K C K. By compactness, up
to shrinking the open subset V' given by Lemma we may assume it is invariant
by conjugation by elements of K. Thus, the element F, (k) = u(H(k~'gk)) € C
is well-defined for any g € V, k€ K, p € ag and is holomorphic in all variables.
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Recall also that there are fundamental weights uq,--- , e € a* such that

14

i=1
and that for any u e UNV, u € A,
Re p(H(u)) < 0.
Thus, defining the cone

¢
]\ = {Ztiﬂiti S R+} s

i=1

it is clear that for any u € UNV, p € A,
Re p(H(u)) < 0.

Furthermore, the function v, : g — fK eHH (k1 9k)) gk is also well-defined for any
K€ ag.
Theorem 5.14. For pn € af, let ¥, = ¢, oexplig. Let r = |k(G)] and § =
K(G) —r. Let Qo = {Y € Qlexp(iY) € V}. Then the family (V)5 is bounded
in O (iQy).
Proof. First consider Q = {Y € ac|exp(Y) € V}. Let p € at and Y € Q. Then
the phase function Fexpy,, @ k — p(H(k7texp(Y)k)) is well-defined on K and

holomorphic in all variables. Let ¢t € R, consider Wy, (Y) = [, etfer®dk. Let
s€Nand X € ag. For 0 < j < s, we can consider the functions

1 d s tFa (k) —tFa (k)
i (D@ emtfet)
where D is the differential operator with respect to the variable Y. The functions
g; are holomorphic in all variables. As in Theorem A1} we get that

9i(1, Y, X) k€ K = o

(5.16) DU (Y)(X) = 0 [ Py Y X) ()

Jj=0 K
Let S = {u e A | ||| = min ||u;]|} which is a compact set. For now, fix ug € S,
Yo € Qo, ap = exp(iYy). Let C = C,, be the critical set of F,, ,, computed in
Lemma @ The critical set p varies with p, but it depends on K, hence on the
set of roots orthogonal to p. We can choose a neighbourhood V,,, of p in ag such
that for any u € V,, Na, C, CC.

Consider a tubular neighbourhood of C, that is to a say a vector bundle 7 : £ — C
together with a map J : E — K such that if 05 denote the zero section of the vector
bundle, J(0g(z)) = x and J is a diffeomorphism from an open neighbourhood € of
0z(C) to an open neighbourhood of C (we refer to [Lee03] for more details on the
construction of such a bundle). For any k¢ € C, consider an open neighbourhood
U1k, which is a local trivialization of the bundle. Then Us y, = J(Q N7~} (Uy k,))
is a neighbourhood of ko in K. Notice that if € Uz N Ua g, then 7(J 71 (z)) €
Ui,x NUy . Let Vi, be a neighbourhood of ky in K containing Us ,, which we
may assume up to reducing Us i, to be the domain of an analytic chart

b Ve o €O )
ko (21, 22)
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defined in such a way that Hy, (ko) = (0,0), Hy,(Uz,ky) = Hio (Viee NK) = H(Vi, ) N
(RIM(C) x R"™(K0)) and C is given is those local coordinates by Hy, (Us,k,)N{z2 = 0}.
Indeed, by the computations in Lemma there exists w € W such that ky C
wK,,,, and we may assume that Uy y, NC C wk,. Then set O = expy' (w™Us ),
Oc = O+i0 open subset of ¢c and Vi, = wexp.(Oc) - up to shrinking at each step
so that the exponential map is a diffeomorphism in the neighbourhoods considered.
Then if we consider a decomposition £ = ¢, & F, the chart Hy (k) = exp;(i (wtk)
satisfies the requirements.

Let o = (K Mazl) eVi=Qx VMO Xprl(Hko(Vko))7 y=zneclV= pTQ(Hko(Vko))'
We will treat x as a parameter and apply the stationary phase only in the y coor-
dinate. Let Tog = (Yo, Ho, O) and (P(l’, y) = 7i(FeXp(iY),u(H]g_01 (Zl, 22)) - Fao»#o (ko))
Then ®,, : y — ®(x0,y) has a unique critical point yo = 0 in V5, which is non-
degenerate. Since o € A and Re F, ., (ko) = 0, we also have Tm ®(xg,y) > 0 for
any y € V5. Furthermore, by , the imaginary part of the Hessian matrix of
., at yp is positive definite. By Taylor’s formula, this implies that Im ®(zg,y) > 0
for y real and close to yo. Thus, we can chose a small ball I'y,, C Va2 AR™#0) centered
around yg such that Im ®(zg,y) > 0 for y € T,. Thus, we can apply Theorem
and Lemma Thus, there is an open neighbourhood V{ C V; of xg, which we
may assume to be of the form Vy, (ko) x V,; (ko) x Vi (ko), such that for any = € VY,
the map ®, has a unique critical point y.(x). Up to shrinking, we may assume that
Vi (ko) is a ball centered at 0, whose closure is contained in V,. For x = (Y, i, 21)
real and such that p € A, Lemma ensures that Im ¢(x, y.(z)) > 0. Finally,
there is a constant Cyy 4k, > 0 such that for any holomorphic map g on Vi x Vs,

for any t > 1 and = = (Y, i, z1) € V/ real with p € A,

(5'17) < CY[LNOxkO HQHOOt_n(#O)/z < CYO;Mo,kngHOOt_H(G)'

/ ¢V (2, y)da
FkO

For the last inequality, we used that x(G) < w for any p € a* by definition.

Let Qp, = Hy ' (Vg (ko) NRI™E) x {0}) = H ' (Vg (ko) x T'y) NC. Then Q, is
an open neighbourhood of kg in C, contained in U; 1,. We will construct an ”almost
disjoint” cover of C. Since C = J;,cc S0 is compact, we can extract a finite subcover
Qs Qi Set Vi = Q, and inductively define V; = Qi N (C’\UKJ. VZ)
This construction yields p disjoint open subsets V; of C such that C = Ug?:l?j =

b Vi ulUi_, 9V We have that

oV; C o, vo | C\ Vi
i<j
=0, Uo|J Vi
1<j
c o, Ul ovi
i<j
C o, U ovi.

i<j
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Since dV; = 99, recursively we obtain

ov; c | o,

i<j

But 0€2; is contained in the embedded image of a dimC — 1 dimensional sphere,
thus it has Riemannian volume 0. This implies that each 9V} has volume 0.

Let N; = Hk_]-l (Hy,;(V;) x Ty;) C Uzg; and D = |J)_; Nj. Since Vj are disjoints
up to negligible set, and contained in Uy , local trivialization of the tubular neigh-
bourhood, then N; are also disjoints up to negligible sets (for the volume measure
on K). Indeed, N;NN; C J(QN7=1(dV;)). Note that C C D and set K/ = K\ D.
Then K' N D = 9D C J; Hy' (Hy,; (9V;) x Tx,) U Hy ' (Hy,; (V;) x 9T;) which has
volume 0 again.

Denote Ay, = Q N(j—, V¥, (k;) and Sy, = ;= V,;,(k;), by finiteness of the
intersection, these are still open neighbourhoods of Yy, uo respectively, and we may
assume, up to shrinking if necessary, that they are both bounded. Up to reducing
once again Ay, to a ball, it will be convenient to assume it is convex.

By assumption, for a = exp(:Y) with ¥ € @ and p real in S,,, C,, C C so
F,,,, has no critical point in K’ since C N K’ = 0. By compactness of K’ and
since with these parameters, Re F, ,(k) < 0 for any k& € K, this implies that
| Tk Feoxp(iv),ull* — Re Fy (k) is bounded below by § > 0 for k € K', Y € Ay, and
e Sy, NA. Thus, by [Hor83L Thm. 7.7.1], for any n € N, there exists a semi-norm
VYoo 00 C°(K') such that for any g € C®(K'), Y € Ay,, p € S,, N A and
t>1,

(5.18) | [ et g Ry < v )

Now, as in Theorem let dgk denote the volume measure on K associated to the
invariant Riemannian metric h induced by the inner product —(-,-) and Vol(K) =
Ji dok. Then the Haar measure dk is #(K)dok‘. Let also G(k) = det (hi(0;,0;)).

Denote also

where (z1,22) = Hy,, (k). Since by construction, the set of points counted several
times is negligible, we we can write that for any 1 < j <'s,

14
>
m=1

!
= ‘/K ! T2 ®g; (g, Y,X)w)u()(k)d’“‘

[ g, v, 3000
Np,

/ — / V)G (Y, X) (21, 2) dadin
Hk.m(V) I

km

1 p
T Vol(K) mz::l
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We can now apply (5.17), and (5.18) with n = [k(G)] to get that for any Y € Ay,
weES,NA Xea®andt>1,

’/K etFexPuY)'“(k)gj (M: Ya X)(k)dk‘ < VT'r(G)1,Yo,m0 (gJ (u'a K X)uO)til—K(G)-l

CYO#‘/OJC VOlHk (V7) _
+ Z Vo) am Y X et ™

Now since the functions g; are smooth in all variables, they are bounded in C*°(K)
when p,Y, X remain bounded, thus there exists a constant D, y; ., > 0 such that
for any Y € Ay,, pp € Spy NA, X € a® with ||X;|| =1 and any ¢ > 1,

/K etFeXP(iy):“(k)gj (U? YV7 X)(k)dk

Since S is compact and S C |J
Set

(519) < Dj,Y(h/»LUti

Sue» We can extract a finite cover S, -, 5,

Ho€S .

My = Imax E D; Y,
0,8 — 1<k<q 3, Yo,k

Combining ((5.19)) with (5.16)), for any Y € Ay07 uwe€ S and any t > 1,
(5.20) ID (V)] = s (D (1)(X)] < Myg
Note that A\ {0} C R>1.5, so the previous equation immediately implies that for
any € A\ {0} and s <,
(5.21) [D*Wy, (V)| < My,,s.
Thus if x(G) is an integer, the proof is complete.

Otherwise, 6 = k(G) —r = % Then applying (5.20) with s = r and triangular
inequality gives that for any Y)Y’ € Ay,, p € S5, t > 1,

ID" W4, (Y) = D"y, (Y')|| < 2Myg =12,
On the other hand, using (|5.20) with s = r + 1 and the mean value theorem gives
that for any Y)Y’ € Ay,, p€ S, t > 1,
D0 (V) =D 0, (V)] < sup [D W (DY =Y < My piat Y Y],
Yo

Combining both estimates, we get that for any Y, Y’ € Ay,,u € A\ {0},
(5.22) 1D" 0y, (V) = D"y, (V)| < (2My, o My 1) 2 [V = V7|

which completes the proof when x(G) is not an integer. g

Theorem 5.15 (Theorem [B] Part 2). Consider (U, K) as before. Let r = |x(G)]
and § = K(G) —r. Let Qo = {Y € Q | exp(iY) € V} and Uy = K exp(iQo)K C
U.. Then any K-finite matriz coefficient of a unitary representation of U is in
C(T’é)(UQ).

Proof. By Theorem [5.14] Proposition [5.1] and Lemma [2.3] the family of spherical
functions of (U, K) is bounded in C(™%)(Uy). By Lemma it follows that any
K-bi-invariant matrix coefficient of a unitary representation of U is in C("%)(Up).

Finally, [Dum24, Thm. 5.2] allows to extend this regularity to K-finite coefficients.
O

@)
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Remark 5.16. Combining Theorems|[5.8|and [5.15] we get that Conjecture [5.9]is true
for any compact symmetric pair (U, K), but only in some open subset Uy and not
all of U,.

The same proof cannot extend this regularity to all of U,. It is clear that for
any g € KcAcNc - in particular for any a € U, N Ac - we can consider an analytic
extension of H in a neighbourhood of g. However, since g is not a fixed point of
the action by conjugation it cannot be chosen K-invariant as in Lemma [5.3] thus
we cannot get the integral expression of spherical functions around g to work with.

However Clerc gave in [Cle88] a multivalued analytic extension of H to all of
KcAcNg, as well as an integral formula of spherical functions of (U, K') very similar
to Lemma But the domain of integration in the expression of ¢, (g) is now an
open subset K, of K. Thus, the lack of compactness does not allow for a similar
proof.

When p is regular - meaning that (u,a) # 0 for any root a - Clerc managed
to reduce this integral to a compact subset and get precise estimate of spherical
functions. However, this is not sufficient for our purposes, and this does not work
when p is not regular.

5.3. Non simply connected groups. Until that point, we assumed U to be
simply connected. We will now prove that we can drop this assumption and extend
our results to any symmetric pair (U, K) of compact type.

First, it is pointed out in [Dum24, Lemma 2.9] that the spherical functions of
(U, K) depend only on the symmetric space of compact type M = U/K. Thus, as
soon as M is simply connected, our results extend to the pair (U, K). However,
when M is no longer simply connected, the situation becomes more complicated:
the pair (U, K) may have fewer spherical functions.

Let U be a connected semisimple compact Lie group, let o be an involutive
automorphism of U and K a subgroup such that (U?)o C K CU°. Let M =U/K
be the associated symmetric space. Let U be the universal cover of U, ¢ induces
an automorphism of U and the subgroup K = U° is connected (by [Bor98, Ch.V,
Thm 3.3]). Then M = U/K is simply connected and is the universal cover of M.
Ifp: U—U is the covering map, then F' = kerp is a subgroup of the finite group
Z(U) and p(K) = K.

Recall that ¢ induces the decomposition u = ¢ @ ip. Then choose h a Cartan
subalgebra of u containing ia, ® the root system of hc and ® a choice of positive
roots, such that ¥ = {¢|, | ¢ € T, ¢|4 # 0}.

We recall some facts on the representation theory of compact Lie groups (see
[Kna02l Ch. V]). We say that p € b% is a dominant element if for any a € ®¥,
(1, ) > 0. We say that p is (algebraically) integral if

Vo € 3y, N g
(@, @)

We say that p is analytically integral if for any H € b such that exp(H) = 1,
w(H) € 2miZ. Let P(u) be the set of dominant integral element and P(U) the
set of dominant analytically integral elements. Note that P(U) C P(u) and that
P(U) = P(u) (J[Kna02, Thm. 5.107]). Finally, define a partial order on dominant
integral element: A is higher than u if A — p is a combination of roots in ®* with
coefficients in N.
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By the theorem of the highest weight ([Kna02l Thm. 5.110]), there is a one-one
correspondence between the set U of finite-dimensional irreducible representations
of U (up to isomorphism) and P(U). More precisely, if 7 is a finite-dimensional
representation of u on V', then V is the direct sum of its weight space, i.e. V =
@V where

VY ={veV |VH eb, n(H)v=\H)v}.
If 7 is a finite-dimensional representation of U, we still denote the representation
of u induced by its differential 7. A highest weight of 7 is a weight which is higher
than every other weight appearing in the decomposition of V. Then the theorem
of the highest weight states that
(1) If (m,V) is an irreducible representation of U, there exists a unique highest
weight A, and A € P(U);
(2) If two representations have the same highest weight, they are isomorphic;
(3) For any A € P(U), there exists an irreducible representation (my, Vy) with
highest weight A, and the weight space of A is one-dimensional.
Of course, this theorem applies to U with the set of dominant integral elements
P(u) (equivalently, to the Lie algebra u).

If X € P(U), denote vy a generator of the weight space of A. If \,u € P(U),
consider the tensor representation V' = V) ® V,,. Then the decomposition into
irreducible representations of V' is

vV=vim

with my4, = 1, and the weight space of A + 1 is generated by vy ® v,,.
Finally, recall that by the Cartan-Helgason theorem (Theorem , if we set

A= ueia*|Van§,<M’a> eENy,
(a, @)

then the map which sends a representation to its highest weight is a bijection from

U i to A, where U & is the subset of classes of irreducible representations of U with
a nonzero K-invariant vector.

We now want to understand the set Ay of highest weight of representations of
U with a nonzero K-invariant vector.

Proposition 5.17. Let Ayy = {\ € P(U) | VX # {0}}. Then there exists N € N
such that
NA C Ay CA.

Proof. One inclusion is easy: if A € Ay, there exists an irreducible representation
w € Uk of highest weight A\. Let £, be a generator of the space of K-invariant

vector. Consider the composition 7y = my o p, then 7, € U and &\ is pTH(K)-
invariant. Since K C p~!(Kp) C p~}(K), A € A.

For the other inclusion, we first claim that there is Ny € N such that NoP(u) C
P(U). Indeed, if X\ € P(u), there is an irreducible representation w5 € U on V.

Let vy be a nonzero vector of weight \. Let F' = kerp C Z(U). Then X € P(U) if
and only if 7y descends to U, i.e. mx|p = Id. Now since F is central in U and 7y
is irreducible, by Schur’s lemma F' acts by scalar multiplication. Thus, there exists

a morphism 7 : F' — S' such that 7\(z) = 7\(z)1d for any 2 € F. Let n € N,
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consider v,y = vf\@" € V. seen as a subrepresentation of V/\®". Then on the one
hand, for any = € F, mua(@)vps = Tna(@)vpa. On the other hand, m,) acts as the
tensor representation so

Toa (2)vna = (TA(@)v2) ™ = (12 ()" 0™ = Ta(2™)vpa.
Thus, we obtain that for any A € P(u), x € F, n € N, 7,x(z) = 7a(z™). Thus, let

Ny = |F| the order of the finite group F', then 7n,)» = 1 for any A € P(u), so mn,x
induces an irreducible representation of U. Thus,

(5.23) NoP(u) C P(U).
Let A € AN P(U). Then there exists an irreducible representation (my, Vy) of

U such that m) = ) o p is an irreducible representation of U, and a nonzero K-
invariant vector €. By the proof of the Cartan-Helgason theorem ([Wol07, Thm.
11.4.10]), the generator &y can be chosen as II(vy) where II is the projection on the
space of Kp-invariant vectors. In particular, this implies that (£x,v)) # 0. Clearly
since p(R) = Kj, &\ is Ky-invariant. We want to understand when &) is actually
invariant under the whole subgroup K and not only its connected component.

Since (U, Ky) is a Gelfand pair, the subspace V/\KO is one-dimensional, generated
by &, (Proposition . The connected component K is a normal subgroup of K,
so we get that for any k € K, my (k)& is also a Kp-invariant vector, thus a multiple
of £,. Thus K acts on V/\K0 by scalar multiplication. Since K| acts trivially, this
induces a morphism

: K/Ky — S*

where K /K| is a finite group. Then &, is K-invariant if and only if this character
X is trivial. We will use a similar strategy as in the case of 7 to prove that x is
multiplicative. Let A\, u € AN P(U). We claim that

XA+p = XA X+

As explained before, consider V4, as a subrepresentation of W = V) ® V,,.
Let £ = £\ ®£,. Then for any k € K, we have that

(5.24) (ma @ ) (k)€ = Xa(kKo)éx @ X, (kK0) = xa(kKo) X (kKo)E.

However £ need not be in V\1,, so we cannot argue directly as above. As a U-

representation,
W = @rem
and thus, the space of Ky-invariant vector is

who = é} VKo,
i=1

v

On each summand VX either V%0 is trivial, or it is one-dimensional generated by
&, and K/K acts by multiplication by x,. Since £ € WHo  there exists a unique

decomposition
my,
§=2_D twibuu

v =1

Then for any k € K,

(525) (77/\ X ﬂ-u)(k)f = Z XV: afl/,iﬂ-l/(k)gnu = Z ZV: au7iXV(kK0)§nu~

v oi=1 v i=1
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By uniqueness of the decomposition of £, we obtain combining ([5.24]) and (5.25))
that for any v such that there is ¢ with a, ; # 0, then

Xv = XX Xu-

It now suffices to show that ax4,,1 7# 0 - recall that myy, = 1. But

<§7U)\ ® ’U#> = <§)\7v)\><€/mv,u> 7& 0

so ¢ has a nonzero Vii,-component. Thus, we obtain xx4+, = xaXx, so for any
neN, Ae ANPU), xnr = X¥.

Let Ny = |K/Kp| be the order of the finite group K/Kjy, then yn,» = 1 for all
A € AN P(U) thus 7n, » has a nonzero K-invariant vector. Thus,

(5.26) Ni(ANPU)) C Ay

Set N = NoNi, combining (5.23) and (5.26)), we obtain
which completes the proof. ([

Theorem 5.18. Let (U, K) be a symmetric pair of compact type, let M= U/f( be
the universal cover of U/K with U the universal cover of U. Then (U, K) is the
compact dual of the pair (G,K) for some semisimple Lie group with finite center
G. Letr = |k(G)], 6 = (G) —r. Then
(i) there exists an open set V in U such that any K -finite matriz coefficient of
U is in CO(V);
(i) for any 0’ > ¢, there exists a K-bi-invariant matrix coefficient of a unitary
representation of U which is not in C9) (p(U,.)).

Furthermore, the regularity in (i) can be improved to all of p(U,.) whenever (U, K)
is a pair of rank 1, of the form (K x K, K) or one of the pairs of Corollary .

Proof. (i). This is the easy part: let p: U — U be the covering map. If ¢ is a K-
finite coefficient of a representation 7, then popis a K-finite coefficient of U. Thus
by Theorem there exists an open set Uy such that pop € C(T"S)(Uo). Since
p is a local diffeomorphism, for any @ € V = p(Uy), we can find a neighborhood
U, C V, and an open U, C U, such that p: U, = U, is a diffeomorphism. Thus
by Lemma p € CO(U,). Thus p € C(V).

To obtain the improvement in specific cases, we use the results of [Dum24].

(#9). If 6" > ¢, we know from Theorem that the family (@x)xea of spherical
functions of (U, K) is not bounded in C%)(U,.). Let N be given by Proposition
so that NA C Ay/k. Then it is easy to see from the proof of Theorem that the
subfamily (@x)aena is already not bounded in C(9)(U,.). But since NA C Ak,
P = px o p with ¢y a spherical function of (U, K). Since p is smooth, by Lemma
(©x)aena is not bounded in C9) (p(U,.)). We then conclude with Lemma
as in the proof of Theorem [5.8 ]
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APPENDIX A. COMPUTATION OF k(G)

If G is semisimple with finite center, then G/Z(G) = [[;-, G; with G; simple.
Then, k(G) = min k(G;). Indeed, the restricted root system of G is the

i s.t. G; not compact
direct sum of the restricted root system of the G;’s, and the restricted root system

of a compact group is trivial (because it is its own maximal compact subgroup).
Thus, it suffices to compute x for non-compact simple Lie groups.

Table [1] deals with complex simple Lie groups (viewed as real Lie groups) and
their compact real form U. In this case, all multiplicities are 2. In Table[2] M is the
compact symmetric space dual to G/K, that is to say U/K where U is a compact
real form of G. The computation uses the classification and multiplicities for such
symmetric spaces given in [Loo69, Ch. VII].
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TABLE 1. Values of k(G) for complex simple Lie groups.

G U dim G rank G k(G)
SL(n,C) SU(n),n > 2 2(n?—1) | n—1 n—1
SO(2n+1,C) | SO(2n+1),n>1|2n(2n+1) n 2n—1
Sp(2n,C) Sp(n),n>1 2n(2n +1) n 2n—1
lifn=2
SO(2n,C) SO(2n),n>2 | 2n(2n—1) n 3ifn=3
2n — 2 else
(Ga)c Go 28 2 5
(Fy)c F, 104 4 15
(Eo)c Eq 156 6 16
(Er)c Er 266 7 27
(Es)c Es 496 8 57
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TABLE 2. Values of k(G) for real simple Lie groups.

M G rank G k(Q)
Al SU(n)/SO(n),n > 2 SL(n,R) n—1 ol
AlT SU(2n)/Sp(n),n > 2 SU*(2n) n—1 2(n—1)
. 2ifp=qg=2
AIIL | SU(p+q)/S(U(p) x U(a)),p+q=3| SU(p,q) |min(p,q) 5
p+q— 5 else
% ifp=q=2
BDI | SO(p+q)/SO(p) x SO(q),p+q>3| SOo(p,q) |min(p,q)| 3ifp=qg=3
Z’Qﬂ — 1 else
CI Sp(n)/U(n),n >1 Sp(2n,R) n n—j
. 5ifp=q=2
CII | Sp(p+q)/Sp(p) x Sp(q),p+q =2 Sp(p.q) | min(p, q) 5
2(p+q) — 3 else
n (n - l) ifn<3
SO(4n)/U(2n),n > 1 SO*(4n n 2 -
DIIT (4n)/U(2n),n 2 (4n) dn—Tifn>3
SO(4n +2)/U(2n +1),n > 1 SO*(4n + 2) n dn — 3
El Eee) 6 8
EIT Eg) 4 2
EIIT Eo(_14) 2 2
EIV Ee(_26) 2 8
EV Erer) 7 z
EVI Er(_s) 4 3
EVII Er(_aq 3 221
EVIIT Egs) 8 &
EIX Eg(—24 4 ¥
FI Fya) 4 %
FIT Fy(_a0) 1 L
G Ga2) 2 s
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