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Abstract

In this thesis, we generalize the recent result of Poincaré Duality for mod p étale cohomology of smooth
and proper rigid analytic varieties defined over a complete algebraically closed extension C of Q,, proven
independently by Mann and Gabber-Zavyalov. Specifically, we establish said Poincaré duality for smooth,
partially proper rigid analytic varieties over C' whose compactly supported étale cohomology groups satisfy
a primitive comparison result, in the sense that the natural map H}; .(X,F,) ® Oc/p — H}, (X, 0% /p)
is an almost isomorphism for all integers n.

As an application, we recover Poincaré duality for Zariski-open subsets of smooth proper varieties,
established by Li-Reinecke-Zavyalov, using different methods. We moreover prove Poincaré duality for p-
adic period domains, leading to the computation of their étale F,,-cohomology groups, generalizing a known
result of Colmez-Dospinescu-Niziot for Drinfeld’s symmetric spaces. Finally, we obtain a classification
result for rigid analytic curves satisfying primitive comparison with compact support, and we precisely
explain the failure of this primitive comparison for the open unit disk, for which Poincaré duality is known
not to hold.

The proof of our main result makes extensive use of Mann’s six-functor formalism for quasicoherent, solid,
almost O /p-coefficients, together with novel comparison results between Mann’s formalism and the
classical theory of étale cohomology, in the sense of Huber and Scholze.

In order to compute the compactly supported étale O /p-cohomology of p-adic period domains, we expand
on an argument due to Orlik, which relies on an explicit geometric stratification of their complement
inside a flag variety. In the specific case of Drinfeld’s symmetric spaces, we also present an alternative
method, adapting a computation of Schneider-Stuhler.

Keywords : p-adic geometry, mod p étale cohomology, Poincaré duality, primitive comparison, period
domains, six-functor formalism.



Résumé

Dans cette theése, nous généralisons la dualité de Poincaré pour la cohomologie étale modulo p des variétés
analytiques rigides propres et lisses, définies sur une extension compléte et algébriquement close C' de Q,,
obtenue indépendamment par Mann et Gabber-Zavyalov. Plus spécifiquement, nous établissons une dualité
de Poincaré pour les variétés analytiques rigides lisses et partiellement propres sur C pour lesquelles les
groupes de cohomologie étale a support compact vérifient un résultat de comparaison primitive, au sens
oli l'application naturelle H}, .(X,F,) ® Oc/p — H}, (X, 0% /p) est un presque isomorphisme pour tout
entier n.

En guise d’application, nous retrouvons la dualité de Poincaré pour les ouverts de Zariski de variétés
propres et lisses, établie via des méthodes différentes par Li-Reinecke-Zavyalov. Nous établissons également
cette dualité pour les espaces de périodes p-adiques, permettant ainsi de calculer leur cohomologie étale a
coefficients dans F,, généralisant un résultat de Colmez-Dospinescu-Niziot pour les espaces symétriques
de Drinfeld. Enfin, nous obtenons un résultat de classification des courbes rigides analytiques satisfaisant
la comparaison primitive a support compact, et nous expliquons précisément pourquoi cette comparaison
échoue dans le cas du disque unité ouvert, qui ne vérifie pas la dualité de Poincaré.

La preuve de notre résultat principal repose sur la puissance du formalisme des six-foncteurs a coefficients
dans des presque-O* /p-modules quasi-cohérents et solides, construit par Mann, que nous enrichissons de
résultats de comparaison avec la théorie classique de la cohomologie étale, au sens de Huber et Scholze.

Afin de calculer la cohomologie O /p a support compact des espaces de périodes p-adiques, nous
généralisons une approche due a Orlik, qui repose sur une stratification géométrique explicite de leur
complémentaire dans une variété de drapeaux. Dans le cas particulier des espaces symétriques de Drinfeld,
nous présentons également une autre approche du calcul, adaptée d'une méthode de Schneider-Stuhler.

Mots-clés : géométrie p-adique, cohomologie étale modulo p, dualité de Poincaré, comparison primitive,
espaces de périodes, formalisme des six-foncteurs.
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1.1

Introduction

Notations

In this introduction :

* pdenotes a fixed prime number.

* (@ denotes the field of rational numbers.

* C denotes the field of complex numbers.

* K denotes a complete extension of the field of p-adic numbers Q,, endowed with the extension of
the p-adic norm | - |,.

* ( denotes a complete algebraically closed field containing K, together with the extended norm, still
denoted | - |,. Let O¢ = {x € C, |z|, < 1} be its ring of integers, and m¢ = {x € C, |z|, < 1} be the
unique maximal ideal of O¢.

Motivation and the main result

Tate discovered a new category of analytic-algebraic objects with a structure rich enough to make possible the
impossible : analytic continuation over totally disconnected ground fields - [BGR].

The first modern attempt at formulating a theory of p-adic geometry was conceived by John Tate in the late
1950’s, as part of his work on the uniformization of elliptic curves over p-adic fields. Explicit computations
suggested that some class of elliptic curves over C' could be realized as a quotient of the punctured
affine line C* by a discrete group action. However, such a statement cannot properly be expressed in
the language of algebraic geometry, as the quotient map is transcendental, i.e., not locally expressible as
quotients of polynomial functions.

This statement would be a natural p-adic analogue’® of the uniformization of complex elliptic curves, which
can be written as a quotient of C by a lattice A, with a holomorphic quotient map, given by the Weierstrass
function pp and its derivative. This allows to view complex elliptic curves as analytic objects — namely,
Riemann surfaces — a theory whose rigidity leads to precise classification results of complex elliptic curves,
which is far from being the case over incomplete topological fields such as Q.

This observation led Tate to develop an analogue of complex analytic geometry over p-adic fields, with
functions being locally defined as converging power series. One main challenge compared to the complex
setting is that, as a topological field, C is totally disconnected, so that no nontrivial open subsets are
connected.

Hence, naively adapting the definitions from complex geometry does not yield a reasonable notion of
connectedness.? Tate’s approach to p-adic analytic geometry is rather inspired by its algebraic counterpart,

1By passing to the exponential map, one can see complex elliptic curves as quotients of C*. One needs to work with C; at the
p-adic level, as the p-adic exponential function is not globally defined.

2There is a notion of K -analytic manifold, defined by local charts given by analytic functions (defined for example in [Ser92]), but
they admit no reasonable (not totally disconnected) topology.
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namely, the theory of schemes that was being developed concurrently by Grothendieck.® He defined a
notion of "rigid-analytic spaces" as glued together from the spectra (in the sense of maximal ideals) of
affinoid algebras, defined as quotients of the Tate algebras :

T,.(C)=C(Xy,.... X,)

k k k .
> Gk, XXX gy, €0, lm ag ]y =0
K1,oikon €N K1y kn—s00

For example, Spm(7,,(C)) defines the closed unit (poly)disk of radius 1 of dimension n over C' (together
with an adequate topology and structure sheaf). 7,,(C), in turn, should be understood as the ring of power
series that converge on this disk.”.

The equivalent of the Zariski topology makes this disk disconnected, contradicting the geometric intuition.
Hence, Tate introduced a more rigid topology, called the admissible topology, obtained by restricting the
allowed open coverings, leading to the notion of rigid analytic varieties. Tate’s theory of rigid analytic
theory resembles in many aspects the theory of schemes but encapsulates fundamentally different> spaces,
of analytic nature, such as the closed unit disk described above.°

One of the key features of this theory is étale cohomology. Introduced in [SGA4] in the setup of schemes,
étale cohomology of constant sheaves yields a purely algebraic way of encoding precise information
about the shape of a scheme, by understanding its étale covers - an algebraic analogue to covering maps.
In particular, the étale cohomology of a nice” scheme over C recovers the Betti (singular, de Rham, ...)
cohomology of its complex analytification, viewed as a complex manifold. The idea that one could associate
topological information to a scheme defined over an arbitrary base field turned out to be very successful,
as étale cohomology over finite fields became a key ingredient in the proof of the Weil conjectures.

From there, one may try and construct a version of étale cohomology for rigid-analytic varieties, which, as
in the complex case, should carry some information about the geometry of the variety — starting from its
number of connected components — which is already a surprising feat over a totally disconnected base
field. This program was laid out in [Ber93], [JJP96] and [Hub96].

Consider a fixed ring of coefficients A = Z/¢Z, for a prime ¢. Etale cohomology with coefficients in A is
well-behaved whenever ¢ # p, in the sense that it admits a six-functor formalism, and, hence, behaves
similarly to the scheme-theoretic setup. In particular, it satisfies Poincaré duality, in the following sense.

Theorem 1.1.1. [Hub96, Cor 7.5.6]
Let X be a (separated, taut) rigid analytic variety over C that is smooth of pure dimension d. Let A = Z/(Z,
for a prime £ # p. Then, for all k € N, there exists a natural isomorphism® :

HY (X, A(d)) = Homy (HQd—’f(X, A), A) .

ét,c

3 After some initial reluctance, made famous in a letter to Serre, Grothendieck contributed directly to the foundations of rigid-analytic
geometry.

4Indeed, elements x1, ..., z, € C define a natural evaluation mapping €Vgy
This follows from the non-archimedean property of the norm | - |,.

50ne may embed schemes into rigid analytic varieties, since polynomials are power series. The technical statement is the existence
of an analytification functor from schemes of locally finite type over C to rigid-analytic varieties, respecting many geometric
properties (smoothness, being an immersion for finite type morphisms ...), and satisfying the analogue of Serre’s GAGA theorem
in the complex analytic setup - see [Con99].

6In particular, Tate was able to make sense of the quotient C*/ < ¢% > as an analytic torus, constructed by gluing together annuli
of different radii, and classify elliptic curves with j-invariant |j| > 1 as such analytic tori, completing his initial motivation.

7i.e. smooth and locally of finite type.

8The more classical formulation is the existence of a perfect pairing between cohomology and compactly supported cohomology
group. This is equivalent to the presentation above when cohomology groups are finitely dimensional, which is not the case in
the above setup (This already fails when X is an infinite disjoint union of points).

zn : Tn(C) — Cif and only if |z;|, < 1 for all 4.

yeeny
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In the above, H, denotes étale cohomology groups, H¢,
and (d) denotes a Tate twist.

denote compactly supported étale cohomology groups,

(&

The statement of Poincaré duality has a long history, starting from the foundations of algebraic topology in
the Analysis Situs, in what we would call today simplicial homology, and has since become a key feature
of many cohomology theories. In particular, a similar statement holds for singular cohomology and for
étale cohomology of schemes in characteristic zero, with no restriction on the characteristic of the torsion
coefficients.’

One may wonder whether the above statement still holds when ¢ = p. As is shown by the next example,
Poincaré duality does not hold in general.

Example 1.1.2. Let Do = Spm (73 (C)) be the closed unit disk of radius 1, which is smooth of pure dimension
d = 1. An explicit computation yields :

{0} ifi=0 F, ifi=0
H (Do, Fp) = 4 {0} ifi=1 and Hi[Dc,Fp) 4N ifi=1
M ifi=2 {0y ifi=2,

where M and N are infinite dimensional F,-vector spaces.’’

However, recent results by L.Mann [Man22] and B.Zavyalov [Zav24b] establish Poincaré duality when
¢ = p for smooth and proper'! rigid-analytic varieties. Moreover, [LRZ24] extends this result to so-called
Zariski-compactifiable'? varieties, which are Zariski open subsets of proper varieties. Furthermore, explicit
computations of [CDHN21] and [CDN21] suggest that Poincaré duality should also hold for Drinfeld’s
symmetric spaces, which are not Zariski-compactifiable.

Hence, there should be some intrinsic reason to why Zariski-compactifiable spaces and Drinfeld’s symmetric
spaces satisfy Poincaré duality, while other very natural spaces, such as the closed (or open'®) unit disk,
do not.

In this thesis, we partially answer this question by introducing a criterion, that can be computed on
compactly supported étale cohomology groups'“, and that implies Poincaré duality.

The main result of this thesis is (a more general version of)'° the following :

Theorem 1.1.3. (Simplified version of theorem 1.4.1)

Let X be a partially proper'® rigid analytic variety over C that is smooth of pure dimension d. Assume
furthermore that X satisfies primitive comparison with compact support, i.e., for all i € N, the natural
morphism :

1, J(X.F,) ® Oc /p = Hiy, (X, 0% /p) .

ét,c

9A similar "¢ # p" restriction holds for schemes over a field of characteristic p.

10Moreover, the dimension of M and N depends on the cardinal of C. This also shows that other expected properties of cohomology,
such as smooth base change, fail when ¢ = p.

HThis is the analogue of compactness in algebraic or analytic geometry. For proper spaces, compactly supported cohomology
coincides with cohomology.

12These varieties are sometimes known as "almost proper". This terminology is somewhat unfortunate, as it is unrelated to the
language of almost mathematics, that will appear shortly.

13The open unit disk is defined as the union of closed unit disks of radii < 1, cf. example 2.1.18.

14For partially proper spaces, compactly supported étale cohomology groups are defined as derived functors of defined, for partially
proper spaces, as the derived functors of compactly supported sections, i.e. sections that are zero outside of a proper subspace.

15The general version establishes a Galois-equivariant Poincaré duality for varieties which admit a model over K, and allows
coefficients in overconvergent étale sheaves (provided that primitive comparison with compact support holds for said coefficients).

16A rigid analytic variety is partially proper if it is universally specializing, separated, and locally of weakly finite type. This condition
includes many non proper examples such as the open unit disk, the analytic affine line, and Drinfeld’s symmetric spaces. Partially
proper should be thought of as spaces without boundary, and quasicompact partially proper spaces are proper.

1.1 Motivation and the main result 3
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is an almost!” isomorphism of O¢ /p-modules.

Then X satisfies Poincaré duality, in the sense that, for all 0 < k < 2d, there exists an isomorphism :

H, (X, F,(d)) = Homg, (HZ/T¥(X,F,).F, ) (1.2)

ét,c
where (d) denotes a Tate twist.

Here, the étale sheaf O /p computes the mod p reduction of the sheaf of analytic functions on X of norm
bounded by 1. Its definition and relevance will be explained in the next paragraph.

Furthermore, this thesis aims to show that the criterion above :

* Can be checked in practice ;

* Recovers Poincaré duality for proper and Zariski-compactifiable varieties ;

* Confirms Poincaré duality for Drinfeld’s symmetric spaces ;

* Extends Poincaré duality to p-adic period domains (in which setting it was unknown), allowing to
compute new F,-cohomology groups.'®

In the following two paragraphs, we motivate and introduce the necessarily tools to sketch the proof of
our main theorem. Then, in section 1.4, we present the other results of this thesis, which mainly consist in
computation of the étale cohomology of the sheaf Ot /p, and consequences of the above theorem.

In order to understand the relevance of equation (1.1), and especially the role played by the sheaf O /p,
we first need to talk about the primitive comparison theorem [Sch12a, Thm 5.1].

Primitive comparison and perfectoid spaces

At this point, it is long overdue to mention that rigid analytic varieties are not the only incarnation of
p-adic analytic spaces. Let us mention a few of the important concepts.

* Formal geometry, whose relationship to rigid geometry was studied by M.Raynaud, studies spaces at
the integral level, i.e. defined over Ok . They admit a generic fiber, which is a rigid-analytic space
over K, as well as a special fiber, which is a scheme over O /p.

* Berkovich geometry, introduced by V.Berkovich, solves the problem of connectedness by adding more
points to rigid-analytic varieties, yielding a more Euclidean topology, which is Hausdorff, locally
compact, and locally path connected.

* Adic geometry, introduced by R.Huber, adds even more points, leading to a topology resembling the
one of schemes.!? It allows to work on more general bases, and allows to consider formal schemes,
their special and their generic fibers in a unified setup.

These theories are far from being independent. There exists a fully faithful functor from (nice) Berkovich
spaces to rigid analytic varieties, and from (nice) rigid analytic varieties to adic spaces. Moreover, there
exist fully developed theories of étale cohomology in the Berkovich and adic setup, developed respectively
in [Ber93] and [Hub96], compatibly to these functors.

17This is to be taken in the sense of Faltings. A morphism of O¢ /p-modules is an almost isomorphism if its kernel and cokernel are
killed by all p. In this introduction, we mostly treat almost isomorphisms as if they were isomorphisms, for the sake of simplicity.

81n that setup, étale cohomology groups are not finite dimensional. Our more general version of theorem 1.1.3 allows to establish an
equivariant version of Poincaré duality, with respect to the action of a Galois group as well as a p-adic Lie group ; cf. theorem 1.4.1.

19All adic spaces are locally spectral, in the sense that they are locally homeomorphic to an affine scheme (in a non-constructive
manner).
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As adic spaces will be the default language?® of the rest of this thesis, let us give some technical baseline
of the formalism. In some sense, the passage from rigid to adic geometry is similar to the passage from the
classical theory of algebraic varieties to the theory of schemes.

Adic spaces are locally ringed spaces that are locally affinoid, i.e. locally of the form Spa(A, AT), for some
complete topological®! ring A, and an open subring A" of integral elements. Moreover, Spa denotes the
valuative spectrum??, defined by equivalence classes of valuations | - |, on A, satisfying | - |, < 1 on A*,
endowed with an adequate topology.

Example 1.2.1. The closed adic unit disk over C is Spa(C(T"), Oc(T)).

More generally, there exists a fully faithful functor Spm(C') — Spa(C, C°) from rigid analytic varieties to
adic spaces, where C° = {z € C, {z" },,en is bounded}.

Adic spaces admit two structure sheaves, namely O : Spa(R, R*) — R, and the integral structure sheaf
O7 : Spa(R,R*) — R™*. In the following, we consider the sheaf O /p, defined as the mod p reduction of
the étale sheaf O ; or, equivalently, the sheafification?® of the étale presheaf Spa(R, R*) — R* /p.

Hence, the étale cohomology of OT /p, encodes some mod p coherent information, regarding bounded
analytic functions on étale coverings of X. This compares with étale F,-cohomology, which encodes
information about the shape of the variety, by the primitive comparison theorem [Sch12a, Thm 5.1] :

Theorem 1.2.2. Let X be a smooth®* proper rigid analytic variety over C. Then, for any k > 0, the natural
morphism :
Héct(Xa FP) ®Fp OC/p — Hét(Xa O+/p)

is an almost isomorphism. Moreover, all H%,(X,F,) are finite dimensional.

The primitive comparison theorem lies at the heart of the proofs of Poincaré duality for proper spaces
as given by L.Mann and B.Zavyalov, who establish some form of Poincaré duality for O /p-coefficients,
before descending to F,, coefficients by the primitive comparison theorem.?” Note that the properness
assumption is necessary, as primitive comparison (for classical and compactly supported étale cohomology)
fails even for the closed unit disk, as well as the open unit disk.

Hence, our main result theorem 1.1.3 shows that Poincaré duality holds for (smooth, partially proper)
adic spaces that satisfy the equivalent of primitive comparison for compactly supported cohomology. In
order to apply it, one needs a practical way to compute the cohomology of the sheaf O /p.

The sheaf O /p resembles the structure sheaf of schemes over fields of characteristic p, for which the
equivalent of the primitive comparison theorem is the less-celebrated [Sta23, Lemma 0A3P], stemming
from Artin-Schreier theory. In this setup, étale cohomology of the structure sheaf is easy to compute, since

20This is, in great part, to encapsulate perfectoid spaces, which will be introduced below.

21There are some additional conditions, cf. definition 2.1.7.

22There is a natural comparison with the usual spectrum of prime ideals Spa(A, AT) — Spec(A), taking the kernel of norms

23This sheafification is needed, even on the closed disk introduced in example 1.1.2, as Hgt (De, 0% /p) # Oc <T>/p, cf. section 2.6.
Passing to almost coefficients does not solve this issue.

24The smoothness assumption has been removed in [Sch13, Sec 3] using resolution of singularities. In this thesis, we work with
smoothness assumptions throughout.

25From the Artin-Schreier exact sequence of étale sheaves on X : 0 — (Fp)x — O%/p LinciitN 0% /p — 0, so that Fp-
cohomology should be able to be recovered from O /p-cohomology by taking Frobenius invariants. One must be very careful
with this kind of statements, as the almost isomorphism in the primitive comparison theorem need not be compatible with the
Frobenius morphism. One usually solves this issue by passing to the tilted structure sheaf Og(, but this becomes trickier outside
of the proper case.

1.2 Primitive comparison and perfectoid spaces 5
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* FEtale cohomology of coherent sheaves coincides with its sheaf cohomology on the underlying
topological space, with the usual Zariski topology.
* For any affine scheme Z = Spec(R) :
R ifi=0

0 ifi>0

In other words, the sheaf O is étale-locally acyclic and can hence be computed by an explicit Cech complex;
taking Frobenius invariants yields F,,-cohomology groups.

In p-adic geometry, the situation is a bit more complicated. While, by Tate’s acyclicity theorem, the
analogue of equation (1.3) holds for the étale (or analytic) cohomology of O on affinoid spaces, it does
not hold for O, nor O /p.

The key input was introduced by Scholze, following ideas of Faltings : The sheaf O /p is pro-étale-locally
(almost) acyclic.

Let us start with an example of a pro-étale cover. Consider the p-adic torus®®, given by the rigid analytic
variety Tc = Spm(C (T, T~')). It admits a natural tower of étale coverings, each of degree p :

oo S ) S 0 (4)) s () - 5

While the projective limit of this tower does not exist as a rigid analytic variety, it makes sense as an adic
space, as the so-called perfectoid torus :

Te = Spa (C <Ti1/P°°> 00 <Ti1/p°°>) .

This is an example of a perfectoid space, which are highly ramified and non-noetherian adic spaces (see
definition 2.2.1 for a precise definition), and the morphism Te — Te is pro-étale, as a projective limit of
étale morphisms. The O /p-cohomology of perfectoid spaces is easy to compute, at least up to almost
isomorphism, by the following almost acyclicity result [Sch17, Prop 8.5.iii] :

Proposition 1.2.3. Let Z = Spa(R, RT) be an affinoid perfectoid space. Then :

Rt/p ifi=0
0 ifi >0,

IR=

Hét<Z7 O+/p)

a
where = denotes an almost isomorphism.

More generally, any so-called adic space X over a field?” admits a surjective pro-étale morphism from a
perfectoid space f : X — X, which can be written as a projective limit of étale morphisms, and can be
thought of as a pro-p covering of X2¢. While f is not étale, it can be shown that the cohomology of O* /p

26The same image does not work for the perfectoid unit ball, as the natural morphism Spm (C <T1/ P>) — Spm (C (T)) is not
étale at 0. One can view the torus as a punctured unit disk, removing the problematic point. A perfectoid cover of the unit disk
will be discussed in section 2.6.

27The correct notion is that the adic space needs to be analytic.

28Recall that any nice topological space Y admits a universal covering Y — Y from a simply connected (hence, cohomologically
simpler) space Y. The analogy only goes so far, as, here, there is no canonical choice of a perfectoid covering of X . Note that, in
[Heu21, Def 4.6], Heuer defines a canonical pro-finite étale covering, but the covering space is not necessarily perfectoid.
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might as well be computed with pro-étale covers [Sch17, Prop 14.7]. In particular, from the covering
{X’ — X}, one gets the Cech-to-cohomology spectral sequence :

EY'=H [ X xx- xx X,07/p| = HE(X, 0% /p), (1.4)
—_—

t times

where all of the spaces X x x --- x x X are perfectoid, so that their cohomology can be computed from an
affinoid cover and proposition 1.2.3.

The purpose of this is twofold. Firstly, it gives us an explicit blueprint for computing O* /p-cohomology
groups. Secondly, from a more conceptual point of view, it gives us a new way of thinking about O /p-
cohomology and associated concepts : start from perfectoid spaces, and descend to rigid analytic varieties.
This leads to the concept of diamonds, which are p-adic spaces defined as quotients of perfectoid spaces,
via pro-étale equivalence relations, introduced in [Sch17].%°

A striking application of this philosophy is due to Lucas Mann in his proof of Poincaré duality in [Man22].
He established a fully well-behaved theory of solid, almost, quasicoherent O /p-cohomology, satisfying a
six-functor formalism, at the cost of additional layers of abstraction. As the use of this theory is crucial to
the proof of our main result theorem 1.1.3, let us present it in more detail.

Mann'’s six-functor formalism and a sketch of proof

A six-functor formalism is the data of a closed symmetric monoidal derived category of sheaves D(X)
attached to any geometric object X, in a highly functorial manner, the compatibility between those functors
encoding many properties of cohomology, such as proper base change, a Kiinneth formula, Poincaré
duality® ...

In particular, any morphism f : X — Y induces two covariant morphisms, a pushforward f, and a proper
pushforward f; :
fes fr: D(X) = D(Y)

which encode relative versions of cohomology. In particular, they should compute cohomology groups
(resp. compactly supported cohomology groups) when Y is a geometric point.

Following ideas of [Sch19], one could not expect a geometrically sound®! coherent six-functor formalism
in p-adic geometry without restricting to complete objects in some topological sense.*> Hence, Mann uses
the formalism of condensed mathematics due to Clausen-Scholze, where solid objects correspond to the
complete objects.

Combining this idea with the ones of the previous paragraph, Mann defines a six-functor formalism with
solid, almost O /p-coefficients in a way that is tailored to make functorial and descent properties work.
Rather than explicitly defining a category D(X) for all X, Mann defines it for (some) perfectoid spaces as
follows, and extends the definition for arbitrary spaces using descent.

29They are, in some sense, the analytic equivalent of the notion of algebraic spaces.

30The ¢-adic version Poincaré duality from theorem 1.1.1 (as well as most known versions of Poincaré duality) stems from a
six-functor formalism.

31In algebraic geometry, it is possible to make a six-functor formalism encoding coherent cohomology in some degenerate way that
does not match the geometry ; for example, by declaring every quasicompact morphism to be cohomologically proper.

32The main issue is that the proper pushforward along open immersions should commute with products ; which fails for the étale
sheaf Ot /p, as the localisation of rings does not commute with products.
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To a (strictly totally disconnected) affinoid perfectoid space Spa(A, A*) over K, Mann defines :
Dt (Spa(A, AT), 0" /p) == DE (A" /p)

as the localization with respect to almost isomorphisms of the (infinity) derived category of solid A™ /p-
modules. This first glues to perfectoid spaces, and extends to more general spaces by descent. In particular,
for any pro-étale surjection X — X onto an adic space, where X is perfectoid , we define (compare with
equation (1.4)) :

DY(X,0%/p) = lim D [ X xx - xx X, 0" /p

[nlea n times

where the limit is taken along the simplex category. Here, the right hand side consists of (the infinity
categorical version of) a descent datum : Letting X,, be the n-th fiber product of X over X (which is
perfectoid), an element of the above limit is the data of M, € D% (X)), together with an isomorphism
between the two pullbacks to D% (X,), a homotopy in D% (X3) realizing the cocycle condition, etc.

The main properties are recapitulated in the following [Man22, Thm 1.2.1].

Theorem 1.3.1. There exists a unique sheaf of co-categories :
X € {Diamonds over C} — DE(X, 0% /p),

extending the above definition for strictly totally disconnected perfectoid spaces.

Each D&(X, 0% /p) is a closed symmetric monoidal category, with unit O /p. This construction admits a
six-functor formalism ; the pushforward and proper pushforward are denoted respectively fM and fM.

Hence, we have at our disposal an abstract, difficult to compute, yet well-behaved notion of almost solid
O /p-cohomology, which is fully explicit for affinoid perfectoid spaces — although it is not clear a priori
whether fM and fM recovers classical O /p-cohomology (resp. compactly generated cohomology) groups.
In order to extract results in classical O /p cohomology (and, ultimately, in F,-cohomology), one may try
and establish compatibility results between the classical étale formalism, and Mann’s formalism.

Let us state two important such results appearing in Mann’s thesis.

Proposition 1.3.2. (¢f [Man22, Sec. 3.3 and 3.9]).
For any diamond X over K, the category D&(X, 0% /p) relates to usual sheaves in two important ways :

* There exists a "Riemann-Hilbert" functor :
(=) ® Ox"/p: Dat(X, Fp)** — DE(X, O /p) (1.5)

from the derived category of overconvergent™ étale F,-sheaves on X.

*  The full subcategory D& (X, 0% /p). of discrete objects (i.e. the ones admitting a trivial solid structure)
identifies naturally with (D%, (X, 0% /p)°)", the localization with respect to almost isomorphisms of
the (left completed) derived category of overconvergent étale sheaves of O% /p-modules on X. In the
following, we freely identify the two.

In this thesis, we obtain the two following additional compatibility results, which broadly claim that, under
extra hypotheses, the cohomology groups (resp. compactly supported cohomology groups), as computed

33An étale sheaf is said to be overconvergent if its stalks on affinoid fields Spa(k, k*) do not depend on the choice of k™.
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in Mann’s category, recover the classical cohomological groups (resp. compactly supported cohomology
groups), up to an almost isomorphism.

Proposition 1.3.3. (¢f corollary 3.5.6 and proposition 4.3.1).
Let f: X — Spa(C, O¢) be an adic space.**

We let RT¢(X, 0" /p) (resp. RT¢ (X, O /p)) denote the complex computing the étale cohomology groups
(resp. compactly supported étale cohomology groups) of the sheaf O /p, as constructed by Huber in [Hub96].

* There is an almost isomorphism :
(£0%/p) = RLa(X.0%/p).

where (—),, is the functor forgetting the solid topology.
In particular, if X is quasi-compact, the (—),, functor is unnecessary, and the above recovers [Man22,
Example 3.3.17].

e If X is furthermore partially proper, there is an almost isomorphism :
FMOY" /p = RUar,o(X, 0% /p).

While the first point follows essentially directly from Mann’s formalism, the second
one is more subtle, and lies at the technical heart of this thesis. It relies on establishing localization
triangles of the form :

R, (X,0%/p) = R (X,0%/p) » lim RT(X\U,0%,/p),
Uedx
in both Mann’s six-functor formalism and an appropriate almost quasi-coherent version of standard étale
cohomology. Here, the colimit is taken along quasicompact open subsets U C X, and X \ U admits the
structure of a locally spatial diamond by lemma A.1.3. We may then compare the middle and right-most
terms using the first point of proposition 1.3.3, which concludes.

From there, the hypothesis of primitive comparison with compact support of equation (1.1) amounts to
comparing the F,-étale cohomology with objects computed in Mann’s category.

Proposition 1.3.4. (¢f proposition 5.2.2)
Under the hypothesis of the above proposition, X satisfies primitive comparison with compact support with
coefficients in L if and only if the natural map :

RU4 (X, L)@ O /p — M (L@ 0% /p) (1.6)

is a isomorphism in D&(O¢/p)., where f : X — Spa(C,O¢) is the structure map. Here, both tensor
products are given by the Riemann-Hilbert functor.

The following computation follows directly from properties of the six-functor formalism and properties of
the Riemann-Hilbert functor®” :

Proposition 1.3.5. (¢f theorem 3.3.1).
Let f: X — Spa(C,O¢) be a smooth (locally noetherian, analytic) adic space that is pure of dimension d.

34This works more generally for locally spatial diamonds. In this case, we replace the classical notion of étale cohomology with the
one of [Sch17].

35We use the fact that the Riemann-Hilbert functor is fully faithful onto the category D (Spa(C, O¢), OF /p)? whose objects are
almost, solid, derived O¢ /p-modules equipped with a Frobenius, and whose morphisms are Frobenius-equivariant maps.

1.3 Mann’s six-functor formalism and a sketch of proof 9
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Let F € D (Spa(C, O¢),Fp) such that there exists a Frobenius-equivariant almost isomorphism :
(0% /p) = F o0& /p.
There is an isomorphism in D¢ (Spa(C, O¢),F)) :
RTe (X, Fp)(d)[2d] ~ RHomy, (F,Fp),

where (d) denotes a Tate twist, [2d] denotes the shift of complexes, and RHomy, = denotes the internal Hom in
the derived category of étale sheaves of IF,,-vector spaces on X.

Combining the results above leads to a proof of our main result, as stated in theorem 1.1.3. Indeed,
assuming that a partially proper X satisfies primitive comparison with compact support, by
proposition 1.3.4, there is an isomorphism :

Rrét,c(Xa Fp) & Ogﬂ/p = f!MO;?a/p

which is compatible with the Frobenius. We may hence apply proposition 1.3.5 with F = Rl (X, F,),
yielding :
Homg (Rlét,e(X,Fp), Fp) = RUé (X, Fp)(d)[2d].

Passing to cohomology groups yields Poincaré duality as in equation (1.2).

Examples and non-examples of Poincaré duality

Before mentioning the other important results on this thesis, let us state our main result in full generality,
and compare it with the version of theorem 1.1.3.

Theorem 1.4.1. (c¢f. theorem 5.2.4)

Let f : X — Spa(K, O) be a partially proper rigid-analytic variety over K that is smooth of pure dimension
d. Let L be an overconvergent étale sheaf of F,-modules on X. Let X¢ denote the base change of X to C, and
L denote the base change of L to X¢.

Assume that X satisfies primitive comparison with compact support with respect to L¢, in the sense that, for
all i € N, the natural morphism :

HYy o (Xo, Le) @r, Oc/p = Hy o (Xe, Lo ® OF /p)

is an almost isomorphism of O¢ /p-modules.

Then, for any 0 < k < 2d, there exists a Gal(K / K)-equivariant natural isomorphism :

HE, (Xo, £2(d)) = Homg, (HQd—’f(XC, cc),Fp) .

ét,c

Where L/, = RHomy (Lc,F,) is the dual sheaf of Lc, and (d) denotes a Tate twist.

Moreover, if X admits a group action by any group G for which L¢ is equivariant, then the Poincaré-Duality
isomorphism is G-equivariant.

Compared to the version of theorem 1.1.3 :

Chapter 1



* This version of Poincaré duality is equivariant with respect to various group actions on X, starting
from the Galois action.

* This version of Poincaré duality works for arbitrary overconvergent étale sheaves, provided that
primitive comparison is satisfied for said sheaf. Note that, even for proper X, one should not expect
primitive comparison to hold for such general coefficients, as the most general known version of
primitive comparison holds for Zariski-constructible coefficients, in the sense of [BH21].%°

Compared to the simplified version presented above, the proof of this version adds little difficulty, and
follows from carefully extending proposition 1.3.3, proposition 1.3.4 and proposition 1.3.5 to this setup.

The first point is particularly relevant, as, for many applications in this thesis, cohomology groups will be
infinitely dimensional, so that establishing an abstract isomorphism is not very insightful. This version
allows us to compute étale cohomology groups with the additional structure of a representation.

Let us now present the other main results obtained in this thesis.

Firstly, we recover the Poincaré duality for Zariski-compactifiable spaces, as established in [LRZ24, Cor
1.1.2] :

Corollary 1.4.2. (c¢f corollary 5.3.2).
Let X be a smooth proper rigid analytic variety over K of pure dimension d, and U C X be a Zariski-open
subset. Let L be an étale [Fp-local system on U.

Let Ug denote the base change of U to C, and L¢ be the base change of L to Uc.

Then Uy satisfies primitive comparison with compact support with respect to L¢, so that, for any 0 < k < 2d,
there is a natural Gal(K / K)-isomorphism :

HY, (Uc, £2(d)) = Homs, (HEH(Uc, £0),F,)
The proof of the above follows from the primitive comparison theorem for Zariski-constructible coefficients
on X, together with a version of excision for étale sheaves, obtained in proposition A.2.1.

Furthermore, we explicitly compute O /p-cohomology groups of the closed unit disk of various radius, by
taking an explicit pro-étale covering, and applying the method described in section 1.2. We obtain the
following :

Proposition 1.4.3. (¢f proposition 2.6.1)
For r,n € log(T"), consider the inclusion of Dc(|p™*"|) C D¢ (|p™|), which induces a map in O /p-cohomology.
We have the following :

e Ifr>p/(p—1), the image of HY,(Dc(|p|™), OF/p) — HY, (D (|p|™*™), OF /p) is almost isomorphic to
Oc/p.

e Ifr > 1, theimage of H},(Dc(|p™|), O /p) — H},(Dc(|p|™t"), OF /p) is almost zero.

e Forallr, ift>2, H:,(Dc(|p|"), O /p) is almost zero.

By excision in P, we may deduce :

Corollary 1.4.4. (c¢f proposition 2.7.4)

Let D¢ = U,en- Di (|72/7|) denote the open unit disk over C.

36The original version due to Scholze in [Sch12a, Thm 5.1] was formulated with local systems, and the extension to the Zariski-
constructible setup is due to [Zav24a, Lemma 7.3.7].
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Then Helt7c(]]°))c, Ot /p) and H (D¢, O /p) are not almost finitely generated, and not almost free as O¢ /p-

ét,c

modules. In particular, D¢ does not satisfy primitive comparison with compact support.

The open unit disk is known not to satisfy Poincaré duality, by [LRZ24, Ex. 6.3.3], so that the above result
was expected.

Actually, for rigid analytic curves, we obtain the following characterisation of primitive comparison with
compact support, and one can easily check that the open unit disk does not satisfy (iii).

Theorem 1.4.5. (c¢f. theorem 5.5.1).
Let X be a smooth, connected, partially proper rigid-analytic curve over C. Assume furthermore that X is of
finite genus, in the sense of [Liu87, Sec. 1].37

The following are equivalent :

(D X satisfies primitive comparison with compact support with respect to IF,,.
(ii) The natural map HY,(X,F,) ® Oc/p — HY% (X, 0% /p) is an almost isomorphism.
(ii) O (X)=Oc¢
(iv) There exists a smooth projective algebraic curve Y over C, such that X is open in Y*", and the
complement is compact for the canonical topology of Y °".

A key ingredient of the proof of the above is a result of Qing Liu [Liu87, Theorem 3.3], which proves the
implication (iii)) = (iv).

In the second part of this thesis, we establish primitive comparison with compact support for a class of
partially proper varieties of higher dimension admitting a nontrivial action of p-adic Lie groups : the p-adic
period domains, in the sense of Rappoport-Zink [RZ96, Def 1.36].

Let us first state our result for Drinfeld symmetric spaces, which are important examples of such period
domains :

Proposition 1.4.6. (Special case of theorem 1.4.7)
Let de =Fg, \ Upey be the Drinfeld symmetric space of dimension d over Q,, where H denotes the set of
Q,-rational hyperplanes. Let Q% be its base change to C, admitting a natural GL,.1(C) action.

Then, Q& satisfies primitive comparison with compact support with coefficients in F,,.
In particular, Q% satisfies Poincaré dudlity, so that, for any 0 < k < 2d, there is a natural Gal(Q,/Q,) x
GLaq+1(Qp)-equivariant isomorphism :

Héct(QdCW ]Fp(d)) = Homle (H2d_k(Qf:l" Fp)’ Fp)-

ét,c

It follows from the computation of compactly supported cohomology of Drinfeld symmetric spaces in
[CDHN21, Cor 6.8] that the étale cohomology of Drinfeld symmetric spaces with F-coefficients is given
by the Tate-twisted dual of a generalised Steinberg representation (denoted Sp for "special").

Indeed, forall 0 < k < d:
Hé’ct(QdCJFp) = SpZ(Fp)(k)-

This recovers the computation of [CDN21, Thm 1.1]. Note that the approach of loc.cit. does not stem from
a Poincaré duality result, but rather an explicit computation using formal models and A,,, s-cohomology, in
the sense of Bhatt-Morrow-Scholze [BMS16].

37The genus of a curve is defined as the supremum of the genus of its affinoid open subsets, for which it computes as the genus of
their canonical reduction, viewed as an algebraic curve. If X is of the form (iv) below, its genus is simply the genus of Y.
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We give two different proofs of the above statement :

1. The first one is based on adapting the proof strategy of Schneider-Stiihler [SS91] to O /p-coefficients.
This relies on the "stalk-invariance" property of O /p-cohomology, in the form :

lim HE (X x Do(|p"), 0" /p) = HE (X, O /p)
reN
for smooth proper X. This follows from proposition 1.4.3, together with a weak Kiinneth formula

extracted from Mann’s six-functor formalism, see section 6.2.
2. The second one is by adapting the method of S.Orlik in [Orl05a].

The second method is more general, as it works for more general period domains, whose definition is
detailed in chapter 7. Let us state the result.

Let Q p» denote the completion of the maximal unramified extension of Q,. Consider the datum (G, [b], {¢})
of :

* A connected and quasi-split reductive algebraic group G over Q,, .
* An element [b] of the Kottwitz set B(G) of o-conjugacy classes in G(@ p), associated to some
b € G(Q,) that is assumed to be basic and of s-decent®® for some integer s > 1.

* A conjugacy class {u} of geometric cocharacters of G.

Let E be the field of definition of {u}, also known as its reflex field. The datum of (G, {¢}) induces a flag
variety % (G, {u}) defined over E, classifying par-equivalence classes of cocharacters in {u}.

Let E = E - @p, and J, be the inner form of G defined as the o-centralizer of b. The period domain
associated to (G, [b], {1}), denoted .F**(G, [b], {i}), is the partially proper open subset of # (G, {u}) ®g E
parameterizing weakly admissible filtrations of type {u} on N,. It admits a canonical model over
E, := E - Qps, still denoted .#7"*(G, [b], {1}), and is endowed with a natural action of J,(Q,).

We may now state our result :
Theorem 1.4.7. (cf. theorem 8.0.1)

Let (G,b,[u]) be as above, and .Z"*(G, [b], {i}) be the associated period domain over E;. Let C be the
completion of the algebraic closure of E;, and #X* be the base change of #"*(G, [b],{u}) to C.

Let j : Zv(G,[b),{pn}) — ZF(G,{u}) be the open immersion, with base change to C :
jo : FEUG, B {n}) = Fo(G Anb).

Let L be a local system on % (G, {p}), and j& L be its pullback to FE°.

Then, FX® satisfies primitive comparison with compact support with j¢ Lc-coefficients.

It hence satisfies Poincaré duality, i.e., letting d be its dimension, for all 0 < k < 2d, there is a natural

Gal (Es/Es) x J,(Qp)-equivariant isomorphism :

HY, (78, (jeLe) (d) = Homg, (HETH(FE joLo),Fy) .
The proof of the above theorem relies on adapting the computation of étale cohomology with compact
support of .#%%, done in [CDHN21] with F-coefficients, to O /p coefficients. This relies on a stratification
of the complement of the inclusion of ##* inside the flag variety .%¢ due to [Orl05a]. Using geometric

38The decency hypothesis is not a constraint, as any conjugacy class contains a decent element.
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arguments, we reduce to establishing a comparison result for Schubert cells, which are proper, hence the
primitive comparison theorem applies.

In particular, using the computation of the compactly supported cohomology of period domains in
[CDHN21, Thm 1.2], the above theorem allows us to compute the étale cohomology of .Z#* with F,-
coefficients, in a Gal(E;s/Es) x J,(Q,)-manner, which were unknown (outside of Drinfeld’s symmetric
spaces).

Since the statement of this result requires the introduction of lots of additional notations, we postpone it
to corollary 8.4.1.

Structure of the manuscript

In chapter 2, we start by giving precise definition of some concepts that were mentioned in this introduction
: adic and perfectoid spaces, diamonds, (pro)-étale sites, and the formalism of almost mathematics. We
then turn our attention to the explicit computation of the O /p of the closed unit disks and associated
spaces, as in proposition 1.4.3 and corollary 1.4.4.

In chapter 3, we introduce the necessary tools from Mann’s six-functor formalism. We also establish
the version of Poincaré duality on the essential image of the Riemann-Hilbert functor, as exposed in
proposition 1.3.5, and we establish the first compatibility result of proposition 1.3.3.

In chapter 4, we expend on new comparison results between the objects appearing in Mann’s six-functor
formalism and classical objects, centered around the proof of proposition 1.3.3.

In chapter 5, we deduce our main result theorem 1.4.1 from the above, and give our first applications.
We recover Poincaré duality for Zariski-compactifiable spaces as in corollary 1.4.2, and we establish the
criterion for rigid analytic curves exposed in theorem 1.4.5.

In chapter 6, we compute the compactly supported Ot /p-cohomology of Drinfeld’s symmetric spaces,
adapting a method from Schneider-Stuhler.

In chapter 7, we define p-adic period domains, and, in chapter 8, we compute their compactly supported
O /p-cohomology.

This document contains two appendices. The first one, Appendix A, contains technical results regarding
the topology and étale cohomology of locally special diamonds, and is mostly used in chapter 4. We also
obtain a general excision result, which is used throughout this thesis.

The second one, Appendix B, contains technical results regarding Tits buildings and the geometric
realisation of simplicial profinite spaces, which are useful in section chapter 8, and, to a lesser extent,
chapter 6. Its primary goal is to make more precise an argument of Orlik, and laying the first stones of a
bridge between the 2 proofs of proposition 1.4.6.

Conventions and notations

Throughout this thesis, p denotes a fixed prime number. Unless mentioned otherwise, K denotes a
complete extension of Q,, K denotes an algebraic closure of K, and C denotes a complete algebraically
closed field containing K (that will sometimes be assumed to be the completion of K).
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The symbol := is used to define objects, and N denotes the set of nonnegative integers. The symbol =
denotes a canonical isomorphism, while ~ denotes a specified isomorphism.

Using the natural embeddings, we canonicaly identify rigid analytic varieties with their associated analytic
adic space (cf. [Hub96, 1.1.11.(d)]), analytic adic spaces with their associated locally spatial diamond (cf.
[Sch17, Def 15.5]), and locally spatial diamonds with their associated small v-stack (cf. [Sch17, Remark
12.2]). We try as much as possible to state results for the most general type of space in the above list.

For an abelian category A, we use the upright D(.A) to denote its 1-derived category, and the calligraphic
D(A) to denote its associated co-derived category. Following [Man22], we work with homotopical notation,
i.e., for C € D(A), we let m(C) € A denotes its k-th homology group.

Recall that, in a stable co-category, a square :
X —Y
0 —— 7

is cartesian if and only if it is cocartesian. When this is the case, we say that X — Y — Z forms an
exact sequence (this corresponds to a distinguished triangle on the homotopy category). Moreover, a
reduced functor between stable infinity categories preserves fiber sequences if and only if it preserves
cofiber sequences, and, when this is the case, we say that the functor is exact.

We use the subscript or superscript "M" to denote the functors f3,, fM, fM, ..., as constructed by Mann in
[Man22]. We use the letter "H" to denote functors as defined by Huber in [Hub96], and "S" to denote their
improvements to the setup of diamonds as constructed in [Sch17].

Mann’s functors are always implicitly derived, whereas, the functors f}, f, %, £, ... are not. We denote
Rfj, RfE,Rfs, Rf?, ... their derived version.
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The O" /p-cohomology of disks

Content of this chapter

In this chapter, we start by introducing many concepts that were motivated in the introduction, namely

adic spaces, perfectoid spaces, diamonds, (pro)-étale sites.

In section 2.4, we expand on foundational results of [MW20a], by defining a structure sheaf O /p on

general locally spatial diamonds.

After recalling the necessary notions from almost mathematics, we then compute the O /p-cohomology of
some classical one-dimensional rigid analytic spaces, following the method laid out in the introduction.
The results are as follows :

1. We show that, for r large enough', there is an almost isomorphism :

Oc/p ifn=0
0 ifnZl’

ll=

Im (Hy,(Dc, 0T /p) = H (De(lp")), 0T /p))

where D¢ (|p”|) denotes the closed unit disk of radius [p”| (defined in example 2.1.16). This result is
used in chapter 6, where we deduce a stalk-invariance property.

2. As a consequence, we show that the adic affine line A satisfies the primitive comparison theorem.

3. We show that the open unit disk D¢, defined as the increasing union of closed adic disks of radii
R < 1 (cf. example 2.1.18), does not satisfy primitive comparison with compact support.?

While these results do not appear in the litterature, the methods used are very classical.

IWe give a precise bound on r depending on n, cf. proposition 2.6.11.
2This is good news, since the open unit disk is known not to satisfy Poincaré duality.
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Recollection on adic geometry

Let us start by defining basic concepts of adic geometry, which are used throughout this thesis. As many of
these concepts are classical, or were already motivated in the introduction, we give a rather streamlined
presentation.

In this section, we fix a complete and nonarchimedean field K, that is either of mixed characteristic (0, p)
or of characteristic p, endowed with the norm | - |x, and pseudo-uniformizer 7x (simply denoted | - | and
« when there is no ambiguity).

We let Ox = {z € K, |z|x < 1} denote the ring of integers of K, which admits a unique maximal ideal,
mg = {.Z‘ eK, |l‘|K < 1}.

Definition of adic spaces

Let us start by recalling the definition of adic spaces.

The classical reference for the material presented here is [Hub96] ; we rather follow the presentation of
[SW20]. Good introductions also include [Wed15], [Mor19], and [Hii24].

Definition 2.1.1. A topological ring A is said to be Huber if it admits an open subring Ay C A whose
topology is I-adic, for some finitely generated ideal I of Ay. Such a ring Ay is called a ring of definition of A,
and I is called an ideal of definition of A.

A subset M C A is called bounded if M C a - Ag for some a € A and some ring of definition Ay. We say
that an element x € A is power-bounded if the set {z"},cn is bounded. We let A° denote the subset of
power-bounded elements.

Definition 2.1.2. An Huber pair is a pair (A, A") consisting of a Huber ring A and an open and integrally
closed subring AT C A°.

A morphism of Huber pairs (A, AT) — (B, B") is a continuous ring morphism ¢ : A — B such that the
p(AT) c BT.

Definition 2.1.3. A Huber ring A is said to be Tate if it contains a topologically nilpotent unit. We say that a
Huber pair (A, AT) is Tate if A is.

As example, the pairs (K(T"), Ok (T)) and (K(T'), Ox + mg(T)) are Huber pairs, which are Tate, as = is a
topologically nilpotent unit.*

Definition 2.1.4. Let (A, A*) be a Huber pair. A continuous valuation® on A is a morphism |-| : A — TU{0}
onto some totally ordered abelian group I' (denoted multiplicatively), such that, for all a,b € A :

1. 10j=0 1|=1
2. la-b| =lal- bl and |a + b| < max(|al, |b]).
3. Forallvy €T, theset {a € A,|a| <~} is open.

We then let :
Spa(A, A*) = {Continuous valuations | - | on A,Vz € A, |z| <1}/ ~,

3The Tate algebras are considered to be endowed with the 7-adic topology (in fact, K (T') is the completion of K [T] with respect to
the 7-adic topology).

4While the convention is to speak of them as valuations, it would be perhaps more intuitive to call them norms, as they are written
multiplicatively.
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where two valuations are equivalent if they define the same order relation on A. We denote the valuations
symbolically as f — |f(z)| for x € Spa(A, AT).

We endow Spa(A, AT) with the topology generated by rational subsets, defined as :

U (fgf) — {2 € Spa(d, A%), Vi, | fi(2)] < |g(z)| and |g()| # 0}

for (f1,..., fn) generating A as an ideal, and g € A.

For any Huber pair (A4, A™), the topology of Spa(A4, A1) is spectral ; i.e. there exists a (non-explicit) ring
B with a homeomorphism Spa(A4, A*) ~ Spec(B), where Spec(B) is endowed with the Zariski topology.

Definition 2.1.5. Let (A, A™) be a Huber pair, and X = Spa(4, A™).

Let Ay be a ring of definition of A, and I an ideal of definition.

We define two structure presheaves Oy and O3 on X, given on U (f 1"'9"f ") by :

e Ox(U)=4 <f1, ey fn> is the completion of Ag {fl, ceey f”} with the topology generated by powers
g g g g
of the ideal I - Ag [h7...,ﬂl ;
g g
* O%(U) is the completion of the integral closure of A" [J;L7...,JZL} viewed as a subring of

g g

By construction, any rational open U is affinoid and U = Spa(Ox (U), 0% (U)).

For any W C X, we let:

OLW)= lm  OL),
UCW, U rational

and likewise for Ox. The data of x € Spa(A, A") induces a valuation on each O% (U), inducing a valuation
on the local ring Ox , = fm Ox(U).

An affinoid adic space is the data of the topological space Spa(A, A™) for some complete Huber pair (A, A™),
endowed with the topology, structure sheaves, and equivalence classes on local rings defined above.

Definition 2.1.6. We say that (A, AT) is sheafy if the presheaf Ox is a sheaf. When this is the case, O% is
also a sheaf.

All of the Huber pairs that appear in this thesis are sheafy. This does not come for free however, and
requires extra assumption ; usually either of noetherianity, or of being perfectoid.”

We finally arrive at our definition of adic spaces :

Definition 2.1.7. An adic space is the data of a triple (X, Ox, {| - |zcx }) where X is a topological space,
Ox is a sheaf of topological rings on X, and, for all z € X, | - |, is an equivalence class of valuations on

Ox . ; that is locally isomorphic to an affinoid adic space Spa(A, A1) for some sheafy, complete® Huber pair
(4, A7).

5All perfectoid spaces are sheafy [Sch12b, Thm 6.3], as well as all stably uniform adic spaces [BV15, Thm 7]. See also [SW20, Sec
3.4] for a discussion on non sheafy adic spaces.

6For any Huber pair (4, AT), Spa(A, AT) is equal to the spectrum of the completions Spa(A, AA*'). We may hence assume that all
Huber pairs are complete.
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A morphism of adic spaces is a morphism of locally ringed spaces such that the morphism of sheaves is
continuous and compatible with the valuations. The functor (A, AT) — Spa(A, A™) is fully faithful.

We will also need the following notion :

Definition 2.1.8. We say that a point x of an adic space X is analytic if there exists an open neighborhood
U of x such that Ox (U) is Tate.

We say that an adic space is analytic if all of its points are analytic.

It follows from definitions (cf. [Hii24, Lemma 6.6]) that any adic space over a field is analytic.

As in the setup of schemes, we say that an adic space is quasi-compact or quasi-separated if its underlying
topological space is. We say that a morphism of adic spaces is an open immersion, if the underlying map
of locally ringed space is.

An important issue with the theory of adic spaces, compared to the setup of schemes, is that the closed
complement of an open adic subspace need not admit an analytic structure’, outside of the specific case of
so-called Zariski-open subset, whose complement is Zariski-closed.

Definition 2.1.9. Let F' C X be a subset of a locally noetherian adic space.

We say that F is Zariski-closed in X if F is locally of the form Spa(A/J, AT /(J N A™1)), where J is an ideal
of A. We say that some U C X is Zariski-open if its complement admits a structure of a Zariski-closed subset.

Zariski-open subsets hence locally correspond to the locus on non-vanishing of a function, i.e. U = {f # 0}.
They are not rational opens, but can be seen as the increasing union of the rational opens {|f| < ¢}.

Classical properties of adic spaces

Let us define a notion of noetherianity for adic spaces.

Definition 2.1.10. An adic space is said to be locally noetherian if it is locally of the form Spa(A, A™) for
some A such that A (Ty,...,T,) is noetherian for all n € N.

In the book [Hub96], Huber works under a running assumption to guarantee that every space appearing in
the book is sheafy, which often reduces to being locally noetherian. When applying results of the standard
theory, we thus often make a locally noetherian assumption, although it is not clear precisely when this
hypothesis is needed.

Let us introduce two subtle finiteness properties of adic spaces.

Definition 2.1.11. A morphism of adic spaces f : X — Y, with analytic Y, is :

* Locally of T-weakly finite type if it is locally given by Spa(A, AT) — Spa(B, B*) with complete B,
corresponding to some continuous ring map ¢ : B — A such that ¢ factors through® a continuous,
surjective and open map B (T4, ...,T,) — A, and such that there exists a finite subset E C B such that
BT is the smallest ring of integral elements containing (AT) U E.

* Locally of finite type if it is locally of T-weakly finite type and it is locally of the form Spa(A, AT) —
Spa(B, BT) such that there exists an open subring C of B containing BY, such that B™ is integral over
Cand f: AT — C factors through a continuous, surjective and open map A* (Ty,...,T,) — C.

7We will see in lemma A.1.3 that passing to the language of locally spatial diamonds somewhat solves this issue, by constructing
diamantine structure on the complement of any generalizing open subset
8This is not the standard definition, but follows from the criterion [Hub94, Lemma 3.3.(iii)] (as X is assumed to be analytic.)
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In this thesis, we define a quasi-separated rigid-analytic variety over K as a quasi-separated, locally of
finite type, adic space over Spa(K, Ok).

Remark 2.1.12. The classical definition of rigid-analytic varieties due to Tate, is in [Tat71]. In [Hub96],
Huber defines a fully faithful functor :

r : {Rigid analytic spaces over K} —  {Adic spaces over Spa(K,Ok) }
Spm(A) +— Spa(A4, A°)

This induces an equivalence of category between quasi-separated rigid analytic varieties over K and locally of
finite type quasi-separated adic spaces over Spa(K, Ok ), reviewed in [Hub96, p. 1.11].

Hence, we may view quasi-separated rigid analytic varieties as a full subcategory of adic spaces ; this is the
point of view taken here.

We may now define a notion of smoothness, that is very similar to the one for schemes.

Definition 2.1.13. We say that a morphism f : X — Y of adic spaces over K is smooth if it is locally of
finite type and, for any Huber pair (A, AT) and ideal I C A such that I? = {0}, the natural map :

Homy (Spa(A4, A™), X) — Homy (Spa (A/I, A" /(I N A")%), X)

is surjective (where A" /(I N A1)¢ denotes the integral closure of A™ /(I N AT)in A/I).
We may now define a notion of (partial) properness.

Definition 2.1.14. We say that a morphism of analytic adic spaces f : X — Y is partially proper if it is :

1. Locally of *-weakly finite type, in the sense of definition 2.1.11).

2. Separated, i.e. the diagonal A(X) C X xy X is closed.

3. Universally specializing, i.e, for every morphism of adic spaces g : Y/ — Y, the projection 7 :
X xy Y' = Y’ is specializing, in the sense that its image is closed under specializations (i.e, for all
ren(X),{z} Cn(X)).

We say that f is proper if it is locally of *-weakly finite type, separated and universally closed (i.e., for every
g:Y' =Y, the projection X xy Y' — Y’ is closed).

Note that, by definition, smooth and partially proper adic spaces over a field are automatically rigid
analytic varieties.

Clearly, proper spaces are partially proper. Partially proper spaces are the analytic equivalent of the rather
obscure notion of essentially proper morphism of schemes, defined in [Rk 18.10.20, EGA4].

It is however a crucial notion in adic geometry. This discrepancy can be explained by the following.

Proposition 2.1.15. [Hub96, Lemma 1.3.4] Let f be a partially proper (resp. essentially proper) morphism
of analytic adic spaces (resp. schemes).

Then f is quasi-compact if and only if f is proper.

In algebraic geometry, most spaces of interest are qcgs (quasi-compact and quasi-separated)®, which is far
from being the case in adic geometry.

We conclude this section with a few notable examples of some one-dimensional partially proper adic
spaces, that will appear throughout this thesis.

9When introducing essentially proper spaces, Grothendieck names the notable counterexamples of Picard schemes and Néron-Severi
schemes.
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We refer the reader to [Hii24] for a detailed introduction to these spaces.

Example 2.1.16. Let T" denote the value group of K. For any r € log(T"), we define the closed disk of radius
|7|" over K as :

D (|7"]) = Spa (K (7~ "T) ,Ox (x~"T))

= {Z anﬂ-_rn Tny |an| —n—soc0 0} = {Z bnTna |bn77rn|n __>> OOO}

neN neN

There are natural open immersions Dg (|7"|) C Dk (|w®|) whenever r > s, given by the inclusion of the
rational subset |T| < |n"|.

Remark 2.1.17. For any r,s, the disks Dg (|7"|) and D (|7*|) are naturally isomorphic, by scaling the
formal parameter.

By abuse of notation'?, we’ll also let Dg (|77]) := D (|7|").

Example 2.1.18. We let Dy := Dy (|7'/7|) denote the open unit disk over K.

reN*

We let Ak := ...y Dx (|7~ "|) denote the adic affine line over K.

reN

Both the open unit disk and the affine line are examples of partially proper spaces, yet not proper. Indeed,
they are not quasicompact, as we cannot extract a finite subcover of the affinoid cover defining them.

Example 2.1.19. The projective line P}, is defined as the gluing of two closed disks, with coordinate noted T
and S respectively, by identifying the boundaries |T'| = 1 and |S| = 1 via the map T — S~L.

One of the key features of adic geometry is the presence of canonical compactifications. In particular, we
will need the compactified closed unit disk (see [LRZ24, Sec. 4.2]).

Example 2.1.20. The canonical compactification of D, denoted D%, is defined as :

% = Spa(K(T), O +mg(T)).

It is a proper space, with an open immersion Dx — D% ; and is furthermore universal for those properties.
The closed complement inside P of the disk Dy centered around zero is the compactified disk DS,
centered at infinity.

Perfectoid spaces and tilting

Let us now define perfectoid spaces, as introduced by Scholze in [Sch12b]. Recall the typical example of
the perfectoid torus

T = Spa (c <Tﬂ/P°"> L Oc <T1/P°°>)

from the introduction.

10This is allowed by the fact that, for two pseudo-uniformizers =, 7’ with |w| = |’|, the spaces Dy (|7"|) and Dx (|='"|) are
naturally isomorphic.
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We follow the approach of [SW20, Sec. 6].'!

Definition 2.2.1. A ring R is said to be perfectoid if :

1. The set R° of power-bounded elements of R is bounded in R.

2. There exists a topologically nilpotent unit w € R such that w? divides p in R°. Such an element w is
called a pseudo-uniformizer.

3. The Frobenius morphism induces an isomorphism R°/m — R°/=wP.

Definition 2.2.2. A perfectoid space is an adic space that can be covered by Spa(R, R™) for some perfectoid
rings R. Morphisms of perfectoid spaces are simply morphism of adic spaces.

A weird, yet useful example of perfectoid spaces, is given by profinite topological spaces, as follows.

Example 2.2.3. Let S be a profinite space. Letting S¢ := Spa(Cont (.S, C'), Cont(S, Og)) defines a perfectoid
space over C.

Let us now define our notion of (pro-)étale morphisms, and the associated (pro-)étale sites. We will do so
directly at the level of diamonds, so that we start from the perfectoid level.

Definition 2.2.4. A morphism of perfectoid spaces X — Y is finite étale if, for any affinoid open
Spa(B,Bt) C Y, the pullback X xy Spa(B,B™) is of the form Spa(A, A™) where A is a finite étale
B-algebra, and A™ is the integral closure of the image of B in A.

A morphism of perfectoid spaces X — Y is étale if it is locally the composition of an open immersion and a
finite étale map.

Definition 2.2.5. A morphism f : X — Y of perfectoid spaces if affinoid pro-étale if X and Y are affinoid,
and we can write X = LiLHXi — Y as a (small) cofiltered inverse limit of affinoid spaces, such that the
induced map f; : X; — Y is étale.

A morphism [ : X — Y of perfectoid spaces is pro-étale if it is locally affinoid pro-étale.

We may hence define an étale and pro-étale site on every perfectoid space X, whose objects are étale (resp.
pro-étale) maps Y — X, and covers are given by jointly surjective families of étale (resp. pro-étale) maps.

Any perfectoid space admits a pro-étale map from a so-called strictly totally disconnected perfectoid space,
as follows.

Definition 2.2.6. Let X be a perfectoid space. We say that X is strictly totally disconnected if it is qcgs and
every étale cover splits. Equivalently (cf [Sch17, Prop 7.16]), it is affinoid and its connected components are
of the form Spa(C, CT) for some algebraically closed field C.

In particular, the étale site of a strictly totally disconnected is equivalent to its topological site. Pro-étale
locally, every perfectoid space is strictly totally disconnected, as follows.

Lemma 2.2.7. [Sch17, Lemma 7.18]. Let X be an affinoid perfectoid space. Then it admits a surjective,
universally open map XX from a strictly totally disconnected affinoid perfectoid space.

The historic motivation of perfectoid theory is that they allow for a bridge between mixed characteristic
(0, p) and characteristic p, through the tilting operation.

HNote that this is not the orginal definition of [Sch12b]. Many similar notions co-exist in the litterature, see for example [BMS16,
Sec 3] for a short survey. The definition chosen here is tailored for geometric applications.
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Definition 2.2.8. Any perfectoid ring R admits a tilt, which is a ring of characteristic p defined by :

We view en element of R’ as a compatible sequence (z,,)nen, such that a? | = z,,. The ring R’ is endowed
with the termwise multiplication, and addition defined by :

(zn) + (yn) = ( hg”l (Thyn + yk+n)pk> .
neN

k— o0

There is a natural multiplicative map 4 : R* — R defined by (z¢,z1,...)* = zo.

Our basic example is the following.

Example 2.2.9. Fix F is a complete extension of Q,, and let C' be the completion of an algebraic closure of F.
Then C is perfectoid, and its tilt C” admits the pseudo-uniformizer p°, and norm |z|c» := |2°|c.

This notion of tilting geometrizes to perfectoid spaces, and the tilt functor respects étale sites. (cf. [Sch12b,
Prop. 6.17], [Sch12b, Thm 7.12])

Proposition 2.2.10. The functor Spa(R, RT) — Spa(R’, R*") glues to a functor X — X’ from perfectoid
spaces over C' to perfectoid spaces over C”.

In moreover induces an equivalence of étale sites.

Let us now introduce diamonds, viewed as quotients of perfectoid spaces by pro-étale equivalence relations,
as defined in [Sch17] (see also [SW20]).

Diamonds and (pro)-étale sites

We let Perf be the category of all'?

perfectoid spaces of characteristic p. We consider its attached big
pro-étale Perf,,,¢;, whose objects are perfectoid spaces, and covers are jointly surjective families of

pro-étale maps.

We may now introduce our notion of locally spatial diamonds.

Definition 2.3.1. A diamond is a sheaf Y on the pro-étale site Perf,,.¢; that can be written as Y = X/R,
where X is a perfectoid space (identified with the sheaf it represents), and R C X x X is a representable
equivalence relation such that the two projections s,t : R — X are pro-étale.

Its underlying space is the topological space |Y | := | X|/|R|. A diamond Y is said to be locally spatial if |Y|
admits a basis of quasi-compact open subsets.

We may define a notion of étale and (quasi) '*>-pro-étale morphisms between diamonds, by descent from
the perfectoid setup. This will lead to our notion of (pro)étale site of analytic adic spaces, as we will see in
definition 2.3.6 that analytic adic spaces embed naturally into diamond.

120ne should work with a fixed cutoff cardinal «, and restrict to spaces of size bounded by x.
13Such maps are called quasi pro-étale since a quasi-pro-étale morphism between perfectoid space is not necessarily pro-étale.
Nevertheless, we think about them as pro-étale morphisms.
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Definition 2.3.2. Let f : X — Y be a morphism of diamonds. We say that f is étale (resp. quasi-pro-étale)
if f is locally separated and, for every strictly totally disconnected perfectoid space Z — Y, the pullback
X Xy Z is representable, and the based change map X xy Z — Z is étale (resp. pro-étale).

This allows us to define a notion of étale and pro-étale sites. The notion of surjectivity is to be understood
as stacks.

Definition 2.3.3. Let X be a locally spatial diamond. Its étale site, denoted X, is the site whose objects are
locally separated étale maps from diamonds Y’ — Y, and coverings are jointly surjective étale maps.

For the étale site, we restrict to locally spatial diamonds as, otherwise, it is unclear whether the site has
enough objects.

Definition 2.3.4. Let X be a diamond. Its quasi-pro-étale site, denoted X gproct, is the site whose objects are
locally separated quasi-pro-étale maps from diamonds Y’ — Y, and coverings are jointly surjective étale maps.

There is a natural comparison map between the two sites. An important technical result is as follows
[Sch17, Prop. 14.8] :

Proposition 2.3.5. Let Y be a locally spatial diamond, and (u) , pi3,) : Y57 — Y, s, denote the associated

geometric morphism of topos.
Then, for any sheaf of abelian groups F on Y, F 2 vY v F and, foralli > 1, RvY vy F =0
In particular, the cohomology of étale sheaves is the same when computed on the étale or pro-étale site.

We finish this paragraph by explaining how to embed analytic adic spaces into locally spatial diamonds, as
follows (cf. [Sch17, Def 15.5]).

Definition 2.3.6. Let X be an analytic adic space over Z,. We let X° be the locally spatial diamond, whose
represented sheaf on Perf is defined as :

X°:Y ePerf = {(Y4 ), f: YY)/ ~,

where, for Y € Perf, the pair (Y*,1) is an untilt of Y, i.e. Y* is a perfectoid ring and v is an isomorphism :
v (Y’ ~ Y, and f is a morphism of adic spaces. The equivalence relation ~ denotes isomorphisms between
such untilts.

This defines a locally spatial diamond by [Sch17, Lemma 15.6].

Definition 2.3.7. Let X be an analytic adic space. We define its étale (resp. pro-étale) site of an analytic
adic space as the étale (resp. quasi-pro-étale) site of its associated diamond X°.

It follows from [Sch17, Lemma 15.6] that this coincides with the more classical notion of étale sites, due
to Huber'#. For the pro-étale site, this definition does not coincide with the one of [Sch12a, Defi. 3.9], but
it follows from the arguments of the proof of [Bral7, Prop. 2.3.7] that the cohomology groups coincide.

Definition 2.3.8. For a Huber pair (A, A1) over Z,, we let Spd(A, A™) be the spatial diamond Spa(A, A™)°.

By abuse of notation, we also Spd(Z,) be the pro-étale sheaf, mapping a perfectoid space X to the equivalence
class of its untilts. It is not a diamond.

Let us now define an étale sheaf O /p on a general locally spatial diamond.

141t also agrees with the generalization to the non-noetherian setting of [KL15, Defi. 8.2.19].
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The structure sheaf O /p for locally spatial diamonds

For an analytic adic space X, the equivalence of étale sites shows that an object of site X, can be viewed
as an analytic adic space Y étale over X. Defining Y — O (Y) defines an étale sheaf on X,;. We let
O% /p be the sheafification of Y — O*(Y)/p, that can be pulled back to a sheaf v (0% /p) on X, p¢:.

In [MW20b, Sec 2], Mann and Werner endow every diamond X over Spd(Z,) with a quasi-pro-étale
sheaves, O, defined as the of the presheaf mapping a perfectoid space Y over X to O+ (Y'*), where Y*
is the untilt of Y associated to the composition Y — X — Spd(Z,). We likewise define a diamond over
Spd(Q,) with a mod p sheaf o+ /p, viewed as the sheafification of Y + O (Y*#) /p (this is equivalent to
the mod p reduction of O).

As is shown in the proof of [MW20b, Lemma 2.8], if X is a locally noetherian analytic space over
Spa(Qy,Z,), the restriction V}‘(@} /p to the étale site coincides with the classical étale structure sheaf
(9} /p (see also [Zav24a, Sec 6] for a detailed overview of these notions).

In the following, we show that, more generally, if X — Spd(Q,,Z,) is a locally spatial diamond, the
pro-étale sheaf @} /p comes from the pullback of an étale sheaf, that we may then reasonably call O /p.*

Recall the following lemma :

Lemma 2.4.1. Let f : X — Y be a quasi-pro-étale morphism of locally spatial diamonds, and F € Yproet.-
Then, the pullback f*F is given by the restriction of F to Xgproet, 1., for any quasi-pro-étale U — Y,
f*FU) =F(U — X), where we consider the quasi-pro-étale composition U — Y — X.

The same result holds by replacing "quasi-pro-étale" by "étale" everywhere.

Proof. By the general formalism (cf. [Sta23, Section 00VC], or [Sta23, Section 03PZ] in the étale case),
the inverse image f*F is given by the sheafification of the presheaf :

U/Xw  lim FV/Y),
(Vip)e(Iu)er

where I;; denotes the category of pairs (V, ¢) defined by :

e Ob(Iy)={(V,¢):V €Yyproct,p: U=V xx Y}
* Hom((V,p),(V',¢')) = {g : V — V' quasi-pro-étale , gy o ¢ = ¢’} where gy denotes the base
changerXYMH// xx Y of g.
Since f is quasi-pro-étale, we may view any U/X as quasi-pro-étale over Y, so that we may view
(U,ou : U = U xx Y) as an object of I;;. Moreover, for any (V, ¢y ) € Iy, there is a natural morphism

g : U — V given by the composition U — V xx Y — V, that is quasi-pro-étale by the two-out-of-three
property [Sch17, Prop 10.4] applied to the composition U — V — Y.

It is straightforward to check that this induces a morphism (U, o) — (V, ¢v) in Iy, so that (U, ¢y ) is
an initial object of Iy, i.e. a final object of (I;;)°?. Hence, the colimit alongside (I;;)°? simply computes
F(U — Y), which clearly defines a sheaf, so that there is no need to sheafify. This concludes. O
Proposition 2.4.2. Let X a locally spatial diamond over Spd(Q,).

Then, there exists an étale sheaf on Xj;, denoted OF; /p, such that O% /p = v 0% /p.

I5This is claimed in the proof of [Sch17, Thm 25.1], but, as far as I know, the proof of this statement does not appear explicitly in
the litterature.
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Proof. Since this property is Zariski-local over X, we may assume that X is spatial, so that there exists a
surjective quasi-pro-étale morphism f : Y — X from a strictly totally disconnected perfectoid space, by
[Sch17, Pro 11.24].

The construction of O is compatible with restrictions, so that, by lemma 2.4.1, f *(’j} is simply @;5 Since
pullbacks commute with small colimits, the same holds for O /p.

Since Y is perfectoid, it follows from the proof of [MW20b, Lemma 2.7] that the pro-étale sheaf (’5{5
actually comes from the pullback of an étale sheaf, and so does (’5? /p. Hence, by [Sch17, Thm 14.12], the
sheaf O} /p on X comes from the pullback of an étale sheaf, that we denote OF; /p. O

We will also use the following compatibility lemma.

Lemma 2.4.3. Let f : X — Y be a quasi-pro-étale morphism of locally spatial diamonds over Spd(Qj).

Then Oy /p = f3,0% /p, where f;, denotes the pullback of étale sheaves along f.

Proof. We start by establishing the commutativity of the following diagram :

~ fét ~
Xét Yét

* *
”xl l”y
*

- faprost < o
quroét Y:;z)roét
All of the four arrows in this diagram are induced from morphisms of sites, which are themselves induced
by continuous functors satisfying the conditions of [Sta23, Proposition 00X6]. Hence, if suffices to consider

the following diagram :'°

Xet

Xgproét W Yoproet
Here, the vertical arrows are obtained by viewing any étale cover as a pro-étale one, so that the diagram
obviously commutes. It follows from functoriality of morphisms of sites [Sta23, Lemma 03CB] that both
compositions vy o f, and fy ., © vy are equal to the pullback along the morphism of site induced by the
diagonal X¢; — Y proet, SO that the first diagram commutes.

Let us now prove that f} 05 /p = O /p. From the lemma 2.4.1 and the proof of proposition 2.4.2, it
follows that f*. ..O5/p = O /p. By commutation of the above diagram, we have :

proét
vxO% /0= O% /D = fproary OF [P = Vi [5O3 /.
Finally, by [Sch17, Prop 14.8], vXv% = id, so that O% /p = 3,07 /p. O

In what follows, we then identify the étale and pro-étale sheaves O% /p and (’5} /p for locally spatial
diamond over Spf(Q,). By proposition 2.3.5, so that their cohomology in the étale or pro-étale sites
coincide.

16Here, the arrows are continuous functors, and the associated morphisms of site are contravariant.
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2.5 A tiny bit of almost mathematics

28

The notion of almost mathematics, due to Faltings, has been extensively studied in [GR03]. See also
[Zav24a] for an account of the derived version of the theory.

In this thesis, we only encounter almost setups with respect to m. We make the definition only in that
setup.

Definition 2.5.1. Let A be an Oc-module.
We say that A is almost zero if, for all pseudo-uniformizer = of C and any a € A, w- A = 0.

Let f : A — B be a morphism of Oc-modules. We say that f is almost injective (resp. almost surjective) if
ker(f) (resp. Coker(f)) is almost zero.

We say that f is an almost isomorphism if it is both almost injective and almost surjective. When two modules
are quasi-isomorphic, we denote A ~ B.

The following criterion is useful in practice.

Lemma 2.5.2. A morphism f : A — B between two O¢-algebras is an almost isomorphism if and only if
f®o, mc: A®o, mc — A ®o, mc is an isomorphism.

Proof. This is clear. O

For A an O(-algebra, we may define a category of almost A-modules as the localization of the category of
A-modules with respect to quasi-isomorphisms. This defines a functor (—)?® : A — Mod — A% — Mod, that
admits both a left and a right adjoint, denoted respectively (—); and (—)..

We may now state the following crucial result for the computation of O /p-cohomology.
Proposition 2.5.3. Let X = Spa(R, R™") be an affinoid perfectoid space. Then :

R*/p ifi=0

Hét(Xa O+/p) = n
ifi >0,

a
where = denotes an almost isomorphism.

Proof. This follows from the analogue statement for O+ -coefficients [Sch17, Lemma 8.8], together with
the long exact sequence associated to the short exact sequence 0 — 0% =2 Of — 0% /p — 0 of étale
sheaves over X. O

The following lemmas will be useful throughout this thesis.

Lemma 2.5.4. Let (R, R") be a Huber pair over C, and R° denote the subring of power-bounded elements of
R. Then the natural injection R™ — R° is an almost isomorphism, with respect to the almost setup associated
to the maximal ideal of C.

Proof. The ring R° is the union of all possible rings of definition, so that the injection is well defined. Let
z € R, and w be a pseudo-uniformizer of C. We need to show that Coker(R* — R°) is killed by w, i.e.
x-w € RT. Clearly, @ -z € R°° C R°
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2.6.1

Since R™ is an open neighborhood of zero, and (w - )" — 0, there exists n large enough such that
(w-2x)™ € RT. Now, R is integrally closed, so thatww -z € R*. O

Lemma 2.5.5. Let 7 be a pseudo-uniformizer of C. Let M be an O¢ /m-module, and u,, € R’ be a decreasing
sequence converging to zero such that, for all n € N, M /u,, M is of u,11-torsion. Then M is almost zero.

Proof. Let r € log(T"). The sequence (u, + u,+1) is decreasing and converging to zero, such that there
exists n € N such that (u,, + up41) < 7.

By hypothesis, w4»T%n+1 . M = (), so that 7" M = 0, which concludes. O
We will need the following Mittag-Leffler condition in the almost category (see also [GR0O3, Lemma

2.4.2.iii] for a similar result under a weak "almost surjectivity" hypothesis), in order to guarantee the
exactness of some projective limits.

Lemma 2.5.6. Let M, be a sequence of almost finitely presented O /p™-modules, with f, : My, 11 — M,,.

Assume that the natural inclusion Im(f,,) C ﬂ Im(fr4po---o fn)is an almost isomorphism.
pEN

Then R'lim _ M, is almost zero.

Proof. By definition, for all 7, 7" - R! fm M, = R im (7" M,). The family 7" - M,) satisfies the
usual Mittag-Leffler condition (i.e. the family 7" - Im(f,4, © - - - © f,)p>0 stabilizes for all n), so that, by
[Sta23, Lemma 0598], the R! lim vanishes. O

We are now finally equipped to compute the cohomology of the unit disk. We follow the method laid out
in the introduction, by constructing an explicit perfectoid cover.

The cohomology of the unit disk

Recall that C' is a complete and algebraically closed extension of Q,. The goal of this paragraph is to
establish the following :

Proposition 2.6.1. For r,n € log(T"), consider the inclusion of D¢ (|p™*"]) C De(|p™|), which induces a map
in O /p-cohomology. We have the following :

e Ifr>p/(p—1), the image of H),(Dc(|p|™), OF /p) — HY, (D (|p|™*™), OF /p) is almost isomorphic to
Oc/p.

* Ifr > 1, theimage of H},(Dc(|p™|), O /p) — H},(Dc(|p|™t"), OF /p) is almost zero.

e Forallr, ift>2, H:,(Dc(|p|™), O /p) is almost zero.

By remark 2.1.17, up to scaling everything, we may assume that n = 0.

The geometric picture
Let us fix a framing, i.e. an embedding of the closed unit disk into the torus'” T¢ :

D¢ = Spa (C (T), Oc (T))) < Te = Spa (C (X*1), Oc (X*1))

17This choice of embedding already appears in [Heu21, Lemma 6.10].
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1
induced by X — 1 +pT (and X ! — = —1)"p"T™ € O¢ (T)).
induced by + pT (an T %( )"p c(T)

Recall that the torus admits a natural pro-étale surjection from the so-called perfectoid torus, T¢ =
Spa (C (T*Y/P™), Oc (T*1/P™)). Consider the cartesian square :

ﬁ)c%’fc

L

D —— Te.

The morphism D¢ — D¢ is a pro-étale covering (as it is the base change of a pro-étale covering). The
associated Cech-to-cohomology spectral sequence yields :

Ey'=H;

proét

De Xpe -+ Xne Do, O /p | = HFL (X, 07 /p).

proét

t times
By proposition 2.5.3, pro-étale cohomology of O /p coincides with étale Ot /p-cohomology. Let us make
explicit the spaces appearing on the left hand side.
Fix a compatible system of p™-th roots of unity : (¢, (p2,...) in C.

We consider the continuous action of the topological group Z, acting on O¢ <Ti1/ P ), such that its
topological generator v = 1 acts via y - T/P" = (,» - T'/P" . Its fixed points are exactly Oc (T+'), so that
Tc/Zp = Te.

It then follows from [Sch17, Prop 11.3.(ii)] that the morphism T¢ — T¢ is a Galois cover of group Ly, i.e.
WNTC XTg 1~1'C & ’f‘c x Z,. Hence :

ﬁ)c XDg ]ﬁ)c =~ (']Afc XTq Dc) XDg (ifc XTq Dc)
= De XTq (’]ﬁfc XTo ']ch)

& ﬁ)c X Zp.
This leads to the following :
Lemma 2.6.2. There is a spectral sequence :
E;’t = Hion (ZINHét (ﬁ)Ca O+/p>> = H::_t (DC’ O+/p) )

where H* denotes continuous group cohomology (defined as the cohomology of the complex of continuous
cochains, cf. [Ser97, Sec 2.2]). Here H., (D¢, O /p) is endowed with the discrete topology.

Proof. For all s € N*, iterating the above computation yields :

]D)C XDe " XDe ]D)C 'EDC X Zz_l

s times
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2.6.2

We write Z,, = hm 7 /p"Z, so that D¢ x Z5t = hm o Te x (Z/p"Z)P~" (since fiber products commute
with limits). It follows that :

1}, (Do x 2™, 0% fp) = tim HY, (Do x (Z/p"Z)"™, 0" /p)
neN
~tim @ #, (Be, 0" /p)
neN (z/pnz)s—1

= liy Cont ((Z/p"Z)Sfl,Hét (Jﬁc,O*/p))

neN

= Cont ((Zp)s_lv Hét (]ﬁ)c, O+/p)) '

Where we used [Sch17, Prop 14.9], the commutation of étale cohomology with colimits, and lemma B.1.10,
respectively.

Hence, the Cech complex of equation (2.6.1) is the complex computing the continuous group cohomology
H . (Zp, HY, (}]5)0, ot/ p)) This concludes the proof. O
It will then suffice to understand the cohomology groups of D¢, endowed with the Zjy-action. The following
lemma shows that it suffices to do up to an equivariant almost isomorphism.

Lemma 2.6.3. Let G be a profinite topological group f : M — N be a G-equivariant almost isomorphism of
discrete Oc-modules.

For all n € N, f induces an almost isomorphism H”..(G, M) = gn

cont cont

(G, N).

Proof. Composition with f induces a map Cont(G*, M) — Cont(G*, N) at the level of complexes, and
we need to show that its kernel and cokernel are almost zero. Since the functor Cont(G", —) is exact on
discrete modules (this is clear if G is finite, and exactness commutes with direct limits), it suffices to check
that, if M is an almost zero Oc-module, Cont(G™, M) is almost zero as an O¢-module.

This is clear, as, for all » € log(I") and f : G™ — M, (7" f)(—) =" - f(—) = 0. O

Reduction to an explicit complex

We may now deduce the following.

Corollary 2.6.4. H},(Dc, O /p) is computed, up to an almost isomorphism, as the cohomology of the
complex

He, (ZpaHgt (ﬁcaOJr/p)) .

Proof. It follows from lemma 2.6.3 that we only need to identify Hgt(f))C, O™ /p) up to an (equivariant)
almost isomorphism. Since D¢ is affinoid perfectoid, it follows from proposition 2.5.3 that its étale
cohomology is almost trivial in degree ¢ > 1.

The spectral sequence from lemma 2.6.2 passes to the almost category, in which it degenerates at page 2,
admitting only one nonzero line. This concludes. O

Let us write H~)C = Spa(R, RT), where (cf. [Hub96, Prop 1.2.2.(a)]) :

R=C(X""™) @opxe C<Xp_1> ~C (X7 <Xp_ 1>.
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It follows from [Heu24, Rk 1.2.9] that Rt = R°.

Remark 2.6.5. Note that one can adapt what we have done so far if D¢ is replaced by X = Spa(C (T) , A™)
for any ring of definition A™.

Indeed, we may consider the same framing, and it follows from the description of fiber products of adic spaces
(¢f [Hub96, Prop 1.2.2.a]) that the fiber product X xt,, Tc. is of the form Spa(R, R') for R as above, and
some ring of definition R’ of R.

It moreover then follows from lemma 2.5.4 and lemma 2.6.3 that

H;,(Spa(C (T), AT), 0 /p) £ H,(De, O /p).

It follows from proposition 2.5.3 that H%, (D¢, OF/p) = Rt /p, so that it suffices to determine R™, and
understand the associated Z,-action. These computations can be done after tilting, since, by definition,
R*[p= (R")"/p’.

The following is an integral variant of [Heu21, Lemma 6.10] :
Lemma 2.6.6. There is an isomorphism :1°
Di = Spa (C* (217} 0L (2177,

b

where Z is a formal variable corresponding to b
p

Here, X = (X, XY?, XY%" ) € R, and p’ = (p,pl/p,pl/pZ,...) is a pseudo-uniformizer of C”.
Moreover, ﬁ)g admits a natural Z,-action, induced by

el/Pm (Xt o s/

L zl/pt - -
v LG TIRGE

where ¢ = (1,(p, (p2, ... ) € C”.

Proof. D¢ corresponds to the rational open subset U (%) of the perfectoid torus. Hence, by [Sch12b,

Lemma 6.4], ]I~)bc is the rational open subset U (ij1> of the tilted perfectoid torus :
T = spa (0 (y=0 ) 0% (y#1r™)),

where the formal variable Y corresponds to the tilt of X.
In particular, the Z,-action is given by - Y1/?" = c1/p"y1/»",

Write ]ﬁ)bc = Spa(S, S1). Since D¢ is of the form Spa(R, R°), it follows from [SW20, Lemma 6.2.2] that
St = (R°)* = (R*)° = S°. By [Sch12b, Lemma 6.4] :'°

Sx~cP <Yi1/P”> <Yp_bl> .

18This gives an untilted version D¢ 2 Spa (C <U1/pOC > ,Oc <U1/1°oo >) ; although it is unclear how to express U as a function of

the coordinate T of the disk. In particular, the natural morphism Do — D¢ is not induced by T +— U, as such a morphism is not
pro-étale at the origin.

oo 1/p™
19This lemma also gives S° = oz, <Yi1/p > < (ijl> > The method shows here upgrades this almost isomorphism to an

isomorphism.
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p
02 (Z1/P™), hence the result, and the description of the action. O

There is a natural almost isomorphism S ~ C” (z 1/p= ), sending Z to This naturally maps S° to

Lemma 2.6.7. The Koszul?’ complex, viewed in cohomological degrees 0 and 1
Oors? [277] 2= s |27
computes H3,(Dc, O /p), up to almost isomorphism.

Ker(y —1) ifn=0
EXpllCltly, H;(Dc, O+/p) & Coker(ﬂy — 1) lfTL =1
0 ifn>2.

Proof. Recall the complex of corollary 2.6.4. The space D¢ = Spa(R, R°) is affinoid perfectoid, with
tilt D2, = Spa(R’, R°"), which satisfies R°/p = R°"/p", so that H%,(D¢, Ot /p) = HY,(Db¢, O /p°) by
proposition 2.5.3.

=

By lemma 2.6.6 and lemma 2.6.3, we have :

18, (Be, 0% /p) £ B p (07 (Spa (" (2107) .01 (277)))) /!
S o (25 Jy
Sops [27].
Since M = O, /p’ [Z'/7™] is discrete, it follows from [BMS16, Lemma 7.3] that the continuous group

cohomology coincides?! with the cohomology of the discrete group Z. For clarity, we let G = Z, so that
there is an isomorphism Z[G] = Z[t*!] with the Laurent ring of polynomials.

Consider the acyclic resolution Z[t*!] XD, Z[t*'] of Z as a Z[G]-module. Recall that group cohomology

can be interpreted as the derived functor of the functor

N € {G — Mod} — M = Homyq|(Z, M).

Applying Homgy ¢ (—, M) to the above resolution yields the desired complex. O

Let us make the action of (y — 1) fully explicit.

Lemma 2.6.8. The action of v — 1 on O%,/p’[Z"/P™] is given, for k € N* prime to p and n € 7Z, by :

0 ifn<0
(f}/ — 1) . Zk‘/pn — . gl/Pn 1 k .
((EZ)l/p +W) _Zk/p lfn20
X" —1 n X/t
Proof. Recall that Z corresponds to ———, so that Z 1/P" corresponds to (()b)upn'
p p

20In this setup, one does not need the theory of Koszul complexes, as this is simply the complex of [Bro82, eq. II.1.4.5]. For
computation in higher dimension, when X embeds in some T, the natural construction is to use a Koszul complex (cf. [BMS16,
Lemma 7.3]), hence the terminology used here.

21This also holds for modules that can be written as l<i£1nEN M, for discrete p™-torsion modules M,,.
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Moreover, 7 - (X")l/pn =gl/P" (X")l/pn.
By definition, v is a morphism of algebras, so that :

- 7R (7 : Zl/p”)k

)(b 1/p" __])

v 1/p

(-
<61/P Xb ;;p >
(-

)
k
VP ()P 2 1] — 1)

k

)1/p"
k

/P" 1
- ( Z <pb)1/p">

n 1/p™ _
For n < 0, the following lemma shows that both £'/?" — 1 and E(bw are divisible by p”, hence zero in
p
Ou/p'1ZMP7]. O
1
Lemma 2.6.9. For all n > 1 and k prime to p, v, (Cfn — 1) = — 5D
p”l— . p —

Moreover, for all n € Z and k prime to p,

n 1
k/p" ) = -
w (¢ 1) P ip—1) “”d”“<<pb>k/p") -1y

Proof. Foranyn > 1, let :

P.(x)= ] (X-g{;‘@:%:i}(ﬁ

1<k<pn—1 r=0

Hence, n = Py (1) = [[7_," (1 - ¢k.). We prove the first point by induction on n.

For n = 1, this yields 1 = Y?_] v, (1 —¢p), where all the terms of the sum admit the same p-adic
valuation, as they are Galois conjugated, which yields the result.

For n > 2, we write : P, (X) = [[;_, ®,a(X), where ®,a(X) =[], cpcpi pyn(X — C;fd) is the cyclotomic
polynomial of order p?. Note that ®,q(X) it is irreducible, so that all its roots are conjugated, hence admit
the same valuation. We compute :

n=v,(Pa(1)) =Y o(p?) - vp(Gpe — 1)
d=1
= ™) v (Cpn — S I
= (p") - vp(Gm — 1) + ; AT TP

Where ¢(n) = #{m € N,gdc(m,n) = 1} denotes Euler’s totient function. It is well known that, for all
k € N*, p(p*) = p*~1(p — 1), since p is prime. This gives the first point.

Moreover, by the definition of tilting : (¢*/?" — 1) = (x¢, 1, x2,...) where :

= i (¢ 1) = iy (Groen —1)"

r—00 T—>00
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2.6.3

All terms appearing in the limit are of valuation , so that the same holds for the limit. Recall

1
PG 1)
that p’ = (p,pl/P,pl/Pz, ... ), which yields the result. O

From this description, it becomes clear that these cohomology groups are hard to compute ; in particular,
both Ker(y — 1) and Coker(y — 1) are infinitely dimensional over O¢ /p.

Remark 2.6.10. Both Ker(y — 1) and Coker(y — 1) are not free as O¢ /p-modules.

Indeed, (p°)' ==Y . Z € Ker(y — 1) is of (p°)'/P~Y-torsion, but not divisible by any positive power of p’.
Likewise, Z is of (p*)*/(?—V-torsion in Coker(y — 1), but not divisible.

Restriction to smaller disks and H"

In what follows, we compute the image of morphisms induced via restriction to smaller disks, for
r € log(I') NRY =

H, (Do, O [p) — HZ(De(|pl"), 0T /p)
According to [Sch12a, Lemma 5.6], this image is almost finitely presented over O¢ /p.

Recall that the inclusion of the rational subset D¢ (|p"|) C D¢ defined in example 2.1.16, corresponds to
the inclusion of the rational subset |T'| < [p"].

Consider the diagram with cartesian squares :

De([p') Dc Tc

| L

De(p"|) —— Do —— Te.

The inclusion D¢ (|p”|) € D¢ corresponds to the morphism

ot {057 ) et () )

. . y -1\ W (Y =1\
sending Y*'/7" to Y’ *1/7" and () to p"/P" . ( ) )
D pr
. . . ~ ~ .Y -1 Y -1 ) .
There is an isomorphism D¢ (|p”|) ~ D¢ sending to , as in remark 2.1.17, through this

r

identification, the inclusion ﬁ)bc(\ ") — ﬁbc corresponds to the endomorphism of f))bc given by :

0L (217 ) = O (2177

VAT N (pb)r/p"Zl/p"

P, :

Note that the formation of the Koszul complex can clearly made to be functorial, so that, using lemma 2.6.7,
the result proposition 2.6.1 reduces to the following.

Proposition 2.6.11. Consider the diagram :
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Op/p [21177] 2 Oy (2177
l’y—l l’y—l
O fp? [ZVP7] s O fph [2177],
Where W, is the mod p® reduction of ®,. Then :

1. Assume that r > p/(p — 1). The image of the induced ¥, : Ker(y — 1) — Ker(y — 1) is isomorphic to
Ou/v’-
2. Assume that r > 1. The image of the induced ¥, : Coker(y — 1) — Coker(y — 1) is almost zero.

Let us start by the first point.

Lemma 2.6.12. Assume that r > p/(p — 1). The image of ¥,. : Ker(y — 1) — Ker(y — 1) is 0% /p’.
Proof. Let F =Y, axnZ"/7" € Ker(y — 1), and W,.(F) = 3, | bp.n Z"/P", where by, = (0°)"/7" aj .
We will show that all non-constant terms of ¥,.(F) are zero.

Assume by contradiction that ¥,.(F') admits non-constant terms. Let ny > 1 be maximal such that there
exists some k prime to p such that by, ,, is nonzero mod p". Let kg > 1 be maximal among such k.

By lemma 2.6.8, for all (k,n), there exists ¢ ; ,, such that :

n—1
(v — 1)(ak,nZk/pn) = Qk,n - (gl/pn - I)Zk/pn + Z Ck,i,nZi/pn
1=0

By maximality of (ng, ko), the coefficient of Z*o/?"* in (y — 1)F is exactly a, n, - (¢!/70 — 1), which is
assumed to be zero mod p’.

By lemma 2.6.9, it follows that v, (axyn,) > 1 —

- w(no)
r- ko 1 r 1 r
Hence, Upb(bko,no) = ’Upb (ako,no) + o — - W + ]% >1- m + ]%
r 1
. _ . o . b . .

Since r > p/(p — 1), it follows that e > 1= 1)’ so that by, », is zero modulo p°. This contradicts
our hypothesis. Hence, ¥,.(F’) is constant.

Moreover, U, restrict to the identity on constant functions, so that it is surjective on O /p’. O

Vanishing of the H*

We now consider the second point of proposition 2.6.11. We start with the following lemma.

Corollary 2.6.13. For all m < n € N* and k € N, there exists Gy n.m € OL/p" [ZV/P7] and ckpm €
O /p” such that :
(pb)l/@(pm) . (pbz)k/p” = (fy — 1)(Gk,n7m) + Chonm

And v, (Cipm) > .
p (Chnm) o(p™)

Proof. Fixing m < n € N*, we proceed by induction on k. In order to simplify the notations, we let
u=e—1,sothat u!/?" = /P" —1foralln > 1.
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The computation of lemma 2.6.8 with k£ = 1 shows that :

1/
—_1). gz — 1/p" . y1/p" K
o . (p°)1/ ™) . 1 1 .
Multiplying everything by ~—~——— (of valuation — > 0) yields :
pt/e e(p™) ™)
. n byV1/0(p™) " . "
()o@ V" = (4 — 1) ((P Ll/pn 71/p ) — (p")Ver™) =", (2.1)

Multiplying everything further by (p”)!/?" yields the result for k = 1.
Let k > 1, and assume that the result holds for all 1 < k&’ < k — 1. If k is divisible by p, this reduces to a
result for lower m, n, so that we may assume p | k.

e gk/r” 1 e/r" 1 ) _
For simplicity, we let C = ————and D = ————. Both are invertible.
el/p™ 1 (pb)l/cp(M)
The computation of lemma 2.6.8 shows that :
k

1 n
(y=1)- 27" = ((e2)""" + p — Zhv"
K (p)1/e"

k/ n k:/ n k_l k i/ n Ml/p7L
= (5 p —I)Z p +Z (Z>(€Z> p ((pb)l/pn>
=0

k—1

k/p™ i
/1,1/11"

Multiplying everything by (p’) yields :

C.D- ()o@ . (2P

1/pm 1/pm K2l g i/p" k—i
_ yers BT ) b 1
- ('Y - 1) . ((p ) /et /J/l/pn Z /p ) - Ml/pn <Z> <€p Z) (,LL /p ) y

i=0

where the last term rewrites as :

,ul/pm k-1

ul/p" Z <I:) (5pr)i/p" (ul/pn,)k—i

=0

= (ﬂl/pm) (,ul/pn)k_l +D- kil (f) gt/ (ul/p”>k_1_i . [<pb)1/¢(pm) . (pr>i/P"]
i=1

The induction hypothesis applies to the bracket, and (y — 1) is OZ,/p’-linear, so that we get the desired
form. Since (u'/?") (pu!/ P")k*1 is of valuation larger than 1/¢(p™) by lemma 2.6.9, this concludes. [

We may now prove the second point of proposition 2.6.11.

Proposition 2.6.14. Assume that r > 1. Then, ¥, is almost zero on Coker(y — 1).

Proof. We may assume that r = 1 (as ¥, factors through ¥, for » > 1).

Let M = O /p’ [Z'/?™], and let N = Coker(y — 1).
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Consider the induced morphism ¥,. : N — N. We will show that its image is almost zero. We apply
the criterion of lemma 2.5.5, so that it suffices to establish that, for all m € N*, N/(p*)/*®") N is of
(p*)M/¢@™ ) torsion.

Let F = Z agnZ*?" € M, and G = 0, (F) = Z g (PP ZEIP,
k.n k.n

It suffices to show that there exists ¢ € O¢/p” such that

)P G g () P 2P e Tm(y — 1).

Modulo (p°)*/#(™), all coefficients ay ,,(p”)*/?" where k # 0 and n < m of G are zero, so that, so that we
may assume that F' = ag + Yy ) nom @n 2P

We then apply corollary 2.6.13 to all nonconstant and nonzero coefficients of G, so that there exists a
constant cy such that

(P")V2TD (@ = ag) + co(p”) D € Tm(y - 1).

The equation (2.1) for m = n shows that :

b1 m
(pl’)l/w(pm)—l/p’" =(y—1)- (M::))Zl/pm> _ (pb)l/w(pm)Zl/pm'
1]

A quick computation shows that 1/¢(p™) — 1/p™ = 1/¢(p™*1). Hence, equation (2.6.4) follows with
c=ap— Cgp. O

This concludes the proof of proposition 2.6.1.

Cohomology of the affine space and open unit disk

We deduce from the above the computation of the cohomology of the affine space.
Proposition 2.7.1. Let A denote the adic affine line over C. We have :

Oc/p ¥n=0

H{,(Ac, 0% /p) = _
0 ifn>1

Proof. By definition, Ac = (J,cyDeo(lp7"]). We let f, : Dc([p~"|) — Ac be the associated open
immersions, so that :

RU&(De(|m~ "), 0% /p) = Rl&(Ac, fr.O% /p)

Since the D¢ (|p~"|) cover Ac, for any étale sheaf 7 on Ac, F = hm fr«fF (this can be checked on
geometric points, where it follows from lemma A.2.2).

Then, [Sta23, Lemma OD6K] yields a short exact sequence, for alln € N :

0 R'lim H " (Ac, o0 /p) — HE(Ac, Rlim .0 /p) = lim HE (Ac, f,,.0™ [p) = 0.
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For n = 1,2, it follows from proposition 2.6.1 that the images of the transition morphisms of the system
HY Y (Ac, fr.O% /p) almost stabilize. This family hence satisfies the Mittag-Leffler condition in the almost
category, so that, by lemma 2.5.6, R* 1£ﬂ is almost zero.

Oc¢/p ifn=0

Hence, H%(Rlim_f,,O% /p) = lim H(Ac, fr. O /p) = ,
LR, &= e ifn>1

It then suffices to show that Rlim __ f,..O% /p = lim _ f.O%/p, in the category of sheaves of almost
Oc¢/p-modules on Ac. We apply [Sta23, Lemma OBKY] to the pro-étale site of Ax (as we can compute
O /p-cohomology on the pro-étale site), with basis given by strictly totally disconnected affinoid perfectoid
spaces (who have trivial higher cohomology).

Let U — A¢ be a map from a strictly totally disconnected affinoid perfectoid space. It suffices to show
that R' lim H, (U, f,,.O* /p) vanishes.

By definition of pushforward, H?, (U, f,..O" /p) = H2,(U xa. De(|p~"]), OF /p). We will show that the
morphisms
HG(U xpe De(Ip™")), 0 /p) = HG(U xae De(lp™" 1)), O /p)

are surjective, so that the system is Mittag-Leffler, hence admit trivial R* 1&1 by [Sta23, Lemma 0598].

The morphisms D¢ (|p~"|) — A¢ is a quasi-compact open immersion, so that the same holds for the base
change U x4, Dc(|p~"]) — U. Since U is strictly totally disconnected, its étale site is equivalent to its
topological site.

Topologically, U is profinite, and U x4, D¢(]p~"|) corresponds to a quasi-compact open subset of U
It follows from the second point of [Sta23, Proposition O0OA3G] that the morphism

HO(U x5, De(lp~"|), 0 /p) — HO(U xu. De(|p~" 1), OF /p) is surjective. This concludes. O

Remark 2.7.2. In [Ber95, Lemma 2.2], Berkovich shows that the affine space is universally acyclic for étale
[F,-cohomology of constant sheaves, relying on a statement of Liitkebohmert [Liit93, Thm 2.1], claiming that
finite étale coverings of a disk are trivial near the origin.

The proof of the result of Berkovich cannot directly be applied to O /p-coefficients, as one needs to control
non-finite étale covers.

Remark 2.7.3. Another approach for the computation of the étale cohomology of the affine space is to use
excision when embedded into the projective space PL,, whose complement is simply a point. From the primitive
comparison theorem, this yields the compactly supported cohomology groups of Ac, and we may deduce the
above result using Poincaré duality for O /p-coefficients.

This is done in example 5.3.3, and explored for general rigid analytic curves in section 5.5.
Proposition 2.7.4. Let H3>c denote the open unit disk over C, as defined in example 2.1.18. The natural map

H! ;,(Dc,F,) @5, Oc/p % Hi ;(De, OF /p)

is not an almost isomorphism for i € {1, 2}.
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Proof. Consider the open immersion ]ﬁ)g — P}. By construction, the closed complement of this open
subset identifies to the universal compactification of the closed unit disk centered at infinity (exposed in
example 2.1.20) : D = Spa(C (S),0c + 5 - me (9)).

The excision triangle, established in proposition A.2.1, yields the following diagram with exact** rows :

RUgo(De, Fp) &k Oc/p + RUa(Ph,Fy) @k Oc/p + RUa(DE",F,) ®% Oc/p

! | !

RT (De, OF /p) —— RT¢ o(PL, OF /p) —— RT¢ (DS, OF /p).

It follows from the primitive comparison theorem that the middle vertical arrow is an isomorphism.

=

By remark 2.6.5, H},(D¢, 0" /p) = HY, (Do, O /p). Moreover, by [Hub96, Corro 2.6.7], we have an
isomorphism H}, (D¢, F,) = HZ, (D¢, F).

Recall (or cf. proposition 6.1.3) that H}, (P, F,) = 0. It follows from definition of compactly supported
cohomology [Hub96, Def 5.2.1] that Hgtvc(]ﬁc, F,) = 0, as they are no nontrivial compactly supported
global sections of the constant étale sheaf F,,.

This yields the following diagram, with exact rows :

0 + HY(PL,F,) @, Oc/p » HY (DL,F,) @5, Oc/p + HYy (De,Fy) @5, Oc/p + 0

b ! -

# —— HY(PL, 0% /p) ———— HY(Dg, 0 [p) ———— H}, (D, 0% /p) — 0

ét,c
If h were an almost isomorphism, it would follow from the five lemma (applied in the almost category)
that g is an isomorphism, contradicting remark 2.6.10.

Likewise, we also get the following diagram with exact rows :

0 — Hc}t(DC’Fp) OF, Oc/p — He?t(]D)C7FP) ®F, Oc/p — Hgt(Plcan) ®F, Oc/p — 0

L b I

0 —— H}(Dc, 0% /p) ——— H, (Dc, OF /p) ———— HE(Pe, O /p) —— 0
If 1’ were an almost isomorphism, so would ¢’ by the five lemma, contradicting. remark 2.6.10. This
concludes. O

Remark 2.7.5. Note that the open unit disk does not satisfy Poincaré duality, as noted in [LRZ24, Rk 6.4.11].
It was then indeed expected not to satisfy primitive comparison with compact support, as to not contradict our
main result theorem 5.2.3.

22This exactness is taken in the co-categorical sense, i.e. the lines are (co)fiber sequences. This can be also be interpreted as exact
triangles on the homotopy category.
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A crash course on Mann’s six
functor formalism

Content of this chapter

In this chapter, we review some of the main ideas and results of Mann’s six-functor formalism [Man22],
focusing on the comparison results with classical objects in étale cohomology.

We claim no originality for the majority of this section, with the notable exception of the following two
results, which, while they are essentially contained in [Man22], do not appear explicitly, and will be
crucial in the rest of the thesis (namely in chapter 4).

The first one establishes a form of Poincaré duality on the essential image of the Riemann-Hilbert functor
(a simplified version was presented in the introduction proposition 1.3.5) :

Theorem 3.0.1. (c¢f. theorem 3.3.1)
Let f : X — Spa(K,Ok) be a smooth locally noetherian adic space that is pure of dimension d. Let
L€ Dy (X,Fp)ee.

Assume that there exists . € D¢ (Spa(K, Ok),F,) and an isomorphism in D¢ (Spa(K, Ok), O /p)? :
(L ® 0% [p) = Fr @ OF* /p.
Then, there is an isomorphism in D¢, (Spa(K, Ok),Fp) :
RFF LY (d)[2d) ~ FY.

Where f\/ = RHomD(Xé,,,IFp) (..F, Fp).

The proof of the above is purely a formal juggling with the properties of the six-functor formalism, together
with the fully faithfulness of the Riemann-Hilbert functor.

We also obtain the following comparison result between the cohomology computed in Mann’s category
and in the classical setting.

Corollary 3.0.2. (cf corollary 3.5.6)
Let C be a complete algebraically closed extension of Q,, and let f : X — Spa(C, O¢)° be a locally spatial
diamond. Let L be an overconvergent étale sheaf of IF-vector spaces over X.

Then, there is a natural isomorphism :
T ((fM(C® 0% m).) = (RF (L &r, OF/m))",

where (—),, denotes a discretization functor (i.e. forgets about the condensed structure).

In this section, all categories are co-categories, and all functors live implicitly at the derived level.
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The functors D2 (—, O /x) and D (—, O /x)?

In his thesis [Man22], Lucas Mann associates, to any diamond (more generally, to any untilted small
v-stack) X, with a fixed pseudo-uniformizer 7, an oo-category D& (X, O /7) consisting of complexes of
almost, quasi-coherent, solid sheaves of (’)} /m-modules on X.

For an analytic adic space X, objects of D2 (X, O} /7) are not explicit - rather, this category is constructed
by gluing from an adequate basis of the pro-étale topology, given by (a loosely improved class of) totally
disconnected perfectoid spaces, for which the construction is as follows :

Definition 3.1.1. Let X = Spa(A, A™) be an affinoid perfectoid space that is of weakly perfectly finite type’
over some totally disconnected’ perfectoid space (such as C), and let 7 be a pseudo-uniformizer of A.

Then, let D& (X, 0% /7) := DE(A* /) be the derived oo-category of solid almost A* /m-modules, constructed
as follows :

o Let D(A* /7)™ denote the oo-derived category of the category of condensed At /m-modules, viewed as
sheaves on extremally disconnected compact Haussdorf sets, as in [Sch19].3

» Let Dg(At/m) C D(AY /m)eon? be the full subcategory formed by solid objects, with respect to At /.

*  We say that a morphism f : M — N in Dg(A*t/x) is an almost isomorphism if, in fib(f), the
multiplication by any pseudo-uniformizer is zero.
Finally, let DY(A™ /7) be the localization of Dpy(A™ /m) with respect to almost isomorphisms.

An object of DY(A™ /m) can be thought of a complex of solid (i.e. "complete" for some topology) A™ /-
modules, up to a (derived) almost isomorphism.

Remark 3.1.2. More generally, Mann defines and studies analogue over animated rings. In this more general
setup, one replaces the derived category by the category of "modules" over the animated ring, in the sense of
Lurie’s higher algebra [Lurl7, Def 7.1.1.2]. In this thesis, we always consider static (i.e. not animated) rings,
so that this is simply a derived category by [Lurl7, Remark 7.1.1.6].

Recall that small v-stacks, defined in [Sch17], form a generalization of analytic adic spaces (and of
diamonds). In order to properly endow a small v-stack X with a sheaf O /7, we need to chose an untilt*
X* of X, and a pseudo-uniformizer 7. Let vStacka denote the associated category.

Proposition 3.1.3. ([Man22, Thm 1.2.1]) There exists a unique hypercomplete v-sheaf of oo-categories :

(X, X*,7) € (vStack®)?P s DE(X, 0% /7) € Cato

extending the map defined in definition 3.1.1. This construction admits a six-functor formalism.

While we do not precisely define what a six-functor formalism is, let us present the main characteristic
properties, as in [Man22, Theorem 1.2.4]. We refer the reader interested in general six-functor formalisms
to [Man22, Sec A.5] or [Sch26].

LThis is the perfectoid variant of the notion of finite type introduced in definition 2.1.11, we ask that the morphism of algebra
factors through a continuous, open and surjective map B <T11 /P e ,T,{/ PEN A

2This is a weaker notion than the one of strictly totally disconnected, where we instead ask that every open cover splits, rather than
all étale covers

3In [Man22], this is simply denoted D(A* /7).

“Note that, contrarily to what the notation might suggest, the sheaf (9;"( /m depends on the choice of the untilt X#, and should
maybe rather be denoted O; § /T
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Proposition 3.1.4. The mapping® X + D2(X, 0% /) has the following properties :

1. For any X, the category D&(X,0% /) is closed symmetric monoidal, i.e. admits a tensor product

—®M —, which admits a right adjoint, given by an internal Hom functor Hom™.

For any X, the unit of the tensor product over X is O%®/, sometimes denoted 1 x.

2. Any morphism f : X — Y induces adjoint functors :
FMDE(X, 0% /m) 2 DE(Y, 05 /) : fir,

where the left adjoint f3, is called a pullback functor; and fM is a pushforward. Both are compatible
with composition, and f}, preserves the unit object.

3. Any bdcs® morphism f : X — Y induces an adjoint pair :
F DX, O fm) = DE(Y, 05 /7) « fur,

where the left adjoint f is called a proper pushforward, and f}, is an exceptional pullback. Both are
compatible with composition.Both are compatible with composition of bdcs morphismes.

Let f : X — Y be a bdcs morphism. If f is proper, then fM = fM. If f is étale, then f; = fi,.

5. (Projection formula) Let f : X — Y be a bdcs morphism, M € Dg(Y, Oy /7) and N € D&(X, Ox /7).
Then there exists a natural isomorphism :

fMN @ fr (M) = fMN @ M.

6. (Proper base change). Consider the following cartesian square :

x L.y
[l
x Ly

Assume that f is bdcs. Then, there is a natural isomorphism of functors :
g © f!M = f!’M o G-

7. (Smooth base change)’. Consider the same cartesian square as above. Assume that f is bdcs. Then there
is a natural isomorphism of functors :

U M M2
farfol = £ o g

8. Let f: X — Y be asmooth morphism of locally noetherian analytic spaces over Q,, of pure dimension
d. Then, there is a canonical isomorphism f},05 /7 = f3,05 /m(d)[2d], where (d) denotes a Tate twist,
and [2d] denotes a shift of complexes.

As is classical whenever we have a six-functor formalism, we may define a notion of cohomology (resp.
cohomology with compact support) of some X as the pushforward fM (resp f) of the unit object
O /m, where f : X — Spa(C,Oc¢) is a structural morphism to a point. In this specific setup, it should be
interpreted as a form of "almost étale OF; /7-cohomology", that should hopefully, at least in some cases,

5For simplicity, we simply denote (X, X# 7) as X.

6Bdcs morphisms are defined as locally compactifiable (i.e written locally as the composition of an étale and a proper map) and
"p-cohomologically bounded". This is a technical assumption that is satisfied by every morphism of rigid analytic varieties, and by
any morphism of analytic adic spaces that is locally weakly of finite type, cf. [Man22, Prop 3.5.14].

7This statement can be deduced from proper base change, by passing to right adjoints.
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coincide, up to an almost isomorphism, with the standard cohomology groups of the étale sheaf 0% /7.A
main goal is to obtain such comparison results.

In order to descend from O /r-cohomology groups to some F,,-cohomology groups, we need to take some
form of Frobenius invariants. Assuming that = | p, the classical approach is to start from the Artin-Schreier
exact sequence for sheaves on X :

0> F, = Of /n 22222 0f /r — 0,

and consider some form of associated long exact sequence in cohomology (or, rather, a derived refinement).

The key technical difficulty is Mann’s category only captures the information of the O /r-cohomology
up to an almost isomorphism, which need not commute with taking Frobenius invariants. This is not an
artifact of Mann’s formalism, as, in practice, most computations of OF or O /n-cohomology relies on the
fundamental result of almost vanishing of cohomology affinoid perfectoid spaces [Sch17, Lemma 8.8],
which only holds in up to almost isomorphism.

This idea can be adapted in a less naive way. Whenever 7 | p, the unit object O% /7 € D&(X, 0% /7) is
naturally endowed with a Frobenius endomorphism ¢, which endows the whole category D2 (X, 0% /)
with a Frobenius endomorphism ¢7%,.

Definition 3.1.5. A ¢-module in D& (X, 0% /x) is the datum of an object C € D&(X, O /), together with
a specified isomorphism ¢%,C ~ C. We let

5y
DE(X, 0% /m)? GQ< Di(X, 0% /m) —2 Di(X, 0% /7) )

id

be the category of p-modules in D&(X, O3 /)%.

Remark 3.1.6. Note that D& (X, 0% /7)¥¢ is very far from being a full subcategory of D& (X, 0% /). Indeed,
morphisms in D¢ (X, 0% /7)¥ are Frobenius-equivariant morphisms.

There is a canonical "forgetful" functor D&(X, 0% /m)% — D& (X, O% /), that forgets the p-module structure.

Moreover, the assignment X — Dg(X, 0% /p)¢ is particularly well behaved, since it also satisfies a six-
functor formalism, and all properties of proposition 3.1.4 are satisfied with D& (X, 0% /p)? in place of
Di(X, Ox /p).

We conclude this section by establishing a Kiinneth isomorphism, as well as a formal Poincaré duality
statement, that are formally deduced from the properties of six-functors in proposition 3.1.4. These proofs
are highly classical (cf. [HM24, Ex. 1.0.1 and 1.0.2]).

We recall these computations, as they display the power of a six-functor formalism.

Proposition 3.1.7. Let X, X be two bdcs untilted small v-stack over C, with and structure morphisms denoted
px,py respectively. Let A : X x Y — Spa(C, O¢) be the diagonal morphism. Then :

AM(Lxxy) = p¥ 1x @ pYly.

Proof. Consider the cartesian square :
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XXY—>Y

[ \ [

X —2 5 Spa(C,00)
Then, we compute :
AM Ly =AM 1x @ f7 M 1y) = 0X)ro ()M (Foulx @ fa1y).
We may then apply the projection formula, so that :
(X o () (fxmlx @ fyyly) = (P¥)(ly ® f{fvﬂf;(,MﬂX)
We then apply proper base change, so that :
(PX )Ly @ f94f% arlx) = (pX )i(ly ® pi ypyilx)
Apply once again the projection formula :
(PX )1(ly @ px ppyilx) = p¥ lx @ pyi 1y
This is the desired result. O

We will study more subtle variants of this Kiinneth isomorphism in section 6.2.

We now obtain a version of Poincaré duality

Proposition 3.1.8. Let X — Spa(C, O¢) be a smooth morphism of locally noetherian analytic adic spaces of
pure dimension d. We have Poincaré duality in Mann’s category, in the following sense :

Hompa (0. /) (fi'1x,1c) = £} 1x(d)[2d]
Proof. For any M € D& (O¢/p), we have :

Hompe (0c/p) (M, [ [ir1c(d)[2d])

= HomD&(OC/p)(M M) By smoothness
= HOHlDaD(OC/p)( Lt 1) By adjunction
&= HomDE(oc/p)(f. (frr @M 1x),10) Since 1 x is the tensor unit
= Hompa (0 /p) (fM1xeM 10) By the projection formula
= HomDa (0 /p) (M, Hom(f; Mix,10)) By adjunction
We conclude by Yoneda’s lemma. O

We also get the following relative variant, sometimes known as Verdier duality.

Proposition 3.1.9. Let f : X — Y be a bdcs map between two v-stacks over C.
Then, for any F € D&(X, 0% /p) and G € D&(Y, O /p), we have :

Hom De (v, o+/p)(f'}— G) = f*Hom 2 (X,0% /p) (F, f G).
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Proof. This is [Man22, Cor 3.6.17]. The proof follows the same steps as proposition 3.1.8. O

Classical IF,-étale sheaves and the Riemann-Hilbert
adjunction

Let us start by recalling some facts about the classical theory of étale sheaves in analytic geometry, as
considered by Huber in [Hub96], and refined by Scholze in [Sch17].

Fix S a locally noetherian analytic adic space, and some n € N. To any locally noetherian adic space X over
S, Huber associates in [Hub96] a 1-category D¢ (X, Z/nZ), as the derived category of étale Z/nZ-sheaves
on X. He shows that, whenever n is invertible in Of (and when restricting to spaces of finite type over S,
the setup D(X¢t, Z/nZ) admits a six-functor formalism.

Remark 3.2.1. While Huber works 1-categorically, and the notion of "six-functor formalism" was not properly
formalized yet, his constructions can be translated in an oo-categorical setup, and can be shown to be an actual
six-functor formalism. This has been checked thoroughly by Zavyalov in [Zav25, Sec 8] (see also [Zav23,
Sec 6.1]). In particular; it satisfies all the properties of proposition 3.1.4. In what follows, we always work
oo-categorically.

When 7 is not invertible in O¥, most of the constructions still apply, but some key properties are lacking.
In particular, there is no general proper base change (see [Man22, p. 4] for a crucial counter-example),
nor a general projection formula.

Remark 3.2.2. Most of Huber’s theory (at least in the £ # p setup) has been generalized by Scholze in [Sch17]
in the generality of small v-stacks, and the constructions coincide for locally noetherian analytic adic spaces.
We will use both theories, usually preferring the more modern notations of [Sch17].

Let X be a locally spatial diamond, and X, the associated étale site. Following [Sch17, Prop 14.15], we
let D(X,,,F,) be the co-derived category of sheaves of F,,-modules over X;;. This category need not be
left-complete in general®, and we denote its left completion D¢, (X, F,).

Remark 3.2.3. If X is of p-cohomologically finite dimension, the category D(X¢,F,) is already left-complete
by [Sch17, Prop 20.17].

This is functorial, in the sense that for any morphism f : X — Y of locally spatial diamonds, there is an
adjoint pair of functors, constructed by Scholze in [Sch17] :

Rf2 : Dey(X,F,) S DY, F,) : RfE.

If X and Y are locally noetherian analytic adic spaces, these notions coincide with the ones defined by
Huber : RfS = RfF and Rf% = Rf}.

Moreover, for any X, the category D¢, (X, F,) admits a well behaved derived tensor product ®%p, which
admits a right adjoint, a derived internal Hom, denoted’ RHomy .

Let us now introduce overconvergent sheaves.

8Recall that a stable co-category C with a t-structure is said to be left-complete if, for all objects A of C, the natural morphism
A — yinnez 72" A is an isomorphism, where 72" denotes the truncation. The left completion of C is then defined by

C= yﬁlnez 72", which remains a stable co-category.
9This is neither the notation of [Hub96] nor [Sch17], but mimics the one of Mann.

Chapter 3



Definition 3.2.4. An étale complex F € D¢ (X, F,) is said to be overconvergent if, for any quasi-pro-étale
morphism T : Spa(C,Ct) — X from an algebraically closed perfectoid field C with open bounded valuation
subring C, the natural map :

Fzr— Fs

is an isomorphism, where x° denotes the natural composition Spa(C,C°) — Spa(C, O¢) Z X.

We let D(X¢,Fpp)°° C D(Xer, Fp) be the full subcategory of overconvergent étale F,-sheaves on X, and denote
Der (X, Fp)o¢ its left completion. It is stable under pullbacks and (derived) tensor product.

Let us now introduce the Riemann-Hilbert and (-invariants functor, as well as a few of their properties.
Both of these functors are defined by descent, so that we start from the local situation. Let us recall the
construction from [Man22, Prop. 3.9.8].

Let X = Spa(A, A™) be a strictly totally disconnected perfectoid space with pseudo-uniformizer = € A*.
On such a space, étale covers split, so that is a natural equivalence of categories :

Det (X, Fp)* = D(Fp(X))

with the derived category of F,,(X )-modules, where F,(X) denotes the ring of continuous maps |X| — F,,.

The natural morphism of étale sheaves (F,,) y — O% /7 induces a map :

Fp(X) = HY(X, (Fy)x) = H(X, 0% /m) = AT /7
where the last isomorphism follows from the vanishing of higher étale cohomology groups on strictly
totally disconnected perfectoid spaces. This map induces a morphism of analytic rings F,,(X) — A" /7.

Definition 3.2.5. The Riemann-Hilbert functor D(F,(X))., — D&(X, AT /7)? is defined as the base change
(=) ®r,(x) A**/m along the morphism of analytic rings constructed above, in the sense of [Man22, Def
2.12.23.(c)], with the o-structure on AT/ given by the Frobenius morphism.

This local construction glues to the following :

Definition 3.2.6. Let K be a complete extension of Q,, with pseudo-uniformizer m such that w|p. For X an
untilted locally spatial diamond over Spd(K), Mann defines [Man22, Def 3.9.21] :

1. A 'Riemann-Hilbert" functor — @ O%*/m : Dey(X,F,)o¢ — D (X, 0% /7)¢.
2. Its left adjoint, a functor of p-invariants : (—)? : D4(X, 0% /7)¢ — Dey(X,Fp)°c.

When X = Spa(K,Ok) with pseudo-uniformizer m, we simply denote the Riemann-Hilbert functor as
- ® 0.

Remark 3.2.7. This Riemann-Hilbert functor can be seen as an analogue of the one introduced by Bhatt-Lurie
in [BL17], relating F-étale sheaves over a fixed scheme X of characteristic p with quasi-coherent modules
over X equipped with a Frobenius.

The key fact for our purposes is as follows :
Proposition 3.2.8. ([Man22, Thm 3.9.23]) The Riemann-Hilbert functor is fully faithful.

Moreover, when restricting both sides of the equivalence to the full subcategories of dualizable objects,
L.Mann proves that the Riemann-Hilbert functor induces an equivalence of category. In [Man22], this
is the result used by Mann to establish his form of Poincaré duality. Dualizable objects of D¢, (X, F),)°°
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can be seen to correspond to perfect complexes, i.e. the ones that are locally quasi-isomorphic to bounded
complexes of finite dimension.

In this thesis, we are interested in the étale cohomology of non-proper spaces, for which cohomology
groups may be infinite dimensional, and, hence, non dualizable. We will nonetheless prove that the
Poincaré duality holds on the essential image of the Riemann-Hilbert functor.

Poincaré duality on the essential image of Riemann-Hilbert

For any F € D (X, F,), we define its dual 7V := RHomp,, x r,)(F. (Fp)x), where (F,)x denotes the
constant sheaf associated to F,, on X¢;.

We establish the following :

Theorem 3.3.1. Let K be a complete extension of Q,, Ok be its ring of integers, and let = be a pseudo-
uniformizer, such that «|p. Let f : X — Spa(K, Ok) be a smooth locally noetherian adic space that is pure of
dimension d. Let £ € D (X,F,)°

Assume that there exists . € D¢ (Spa(K, Ok),F,) and an isomorphism in D& (Spa(K, Ok), Of /7) :
ML ® 0% n) ~ Fr @ OF* /7.
Then, there is an isomorphism in D¢ (Spa(K, Ok),F,) :

RfELY(d)[2d) ~ FY.

Note that, if f is additionally proper and £ is a perfect (e.g. a local system), the primitive comparison
theorem [Man22, Cor 3.9.24] applies, so that the assumption is automatically verified with 7, = RfM L
(this is overconvergent since f is quasi-compact). In that setup, this recovers [Man22, Cor 3.10.22].

Proof. By taking stalks from Spa (K, O%), we may freely identify D¢, (Spa(K, Ok),F,) with the derived
oo-category of F,,-vector spaces equipped with a Gal(K /K)-action, with its natural symmetric monoidal
structure. In particular, all étale sheaves on Spa(K, Of) are necessarily overconvergent.

The Riemann-Hilbert functor is symmetric monoidal and commutes with pullbacks. Hence, for any
A € D¢ (Spa(K, Ok),Fp,) = Dey(Spa(K, Ok ), Fp)°¢, we have :

M ((C ok, RigA) © 0% /x) = fM (L © O3 /m) o (RffA© 0%"/m)
R (Lo ofm) &M fi(A® O /)
(fMLe 0*%)) oM (A® 0% /)
~ (Fr ® O /m) @M (A® 01 /)

= (F; &k, A)® O3 /.

12

12
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where the third isomorphism follows from the projection formula (cf. fifth point of proposition 3.1.4), and
the fourth one follows from the hypothesis. From there, we compute :

Homp,, (spa(k,0),5,) (A, R LY (d)[2d))

= Homp,,(x F,) (Rf}i,A, RHomg (£,F)) (d)[Qd]) By adjunction
= Homp,, (x,r,)o (Rf}';A ®%, L,F, (d) [2d]) By adjunction
= Homp, (o4 /) ((R fA®k L) ® 0% /m, 0% /x (d) [zd]) By full faithfulness
o HomDE(O;a/ﬂ)w ((Rf}}A ®%P L) ® 0%/, f]’v[(’)}a/ﬂ) By the proposition 3.1.4
= Hompa (0t /) (f,M ((Rf}'fIA ®F, L) ® O}“/w) ,O}a/vr) By adjunction
o~ HomD&(o;a/ﬂ)V, ((]—"L ®%p A)® OF*/, O}a/w) By the above
= Homp,, (x,F,)ec (.7:5 ®%p AJFP) By fully faithfulness (—) ® O%*/p
= Homp,, (xF,) (A,RHﬂIFP (Fe, ]Fp)) . By adjunction
We conclude using Yoneda’s lemma. O

The following corollary is the version used in practice.

Corollary 3.3.2. Let C be a complete algebraically closed extension of Q,, and O¢ be its ring of integers. Let
f:+ X — Spa(C, O¢) be a smooth locally noetherian adic space that is pure of dimension d.

Let L be an overconvergent étale sheaf of F,-vector spaces on X. Assume that there exists some F, €

De(Spa(C, O¢),F,) and an isomorphism in DE(Spa(C, O¢), Og/p) :

ML ® 0% /p) = Fr @ O p.

Then, for all 0 < k < 2d, there exists an isomorphism :
HE (X, L£Y)(d) ~ Homg, (mr—2a(Fr), Fp).

Proof. We apply theorem 3.3.1, and then take homotopy groups m;_24 on both sides. Since L is
concentrated in degree zero, so is £V, and we compute :

maa—k (RfF(LY)(d)[2d]) = R*£7£Y(d) = HE/(X, LV)(d)

Moreover, F,, is an injective object of D¢, (Spa(C, O¢),F,) = D(F,) the derived category of F,,-modules,
so that we get :
T2d—k (RHOIHD(]FP) (}—E, Fp)) = HOII’I]FP (’/kagd(‘/—'.g), IFp)

This yields the desired result. O
Remark 3.3.3. The above computation can be made functorially in L, provided that F. can be chosen
functorially in L. In particular, if a group G acts analytically on X or Y such that :

* L is G-equivariant.
* Forall g € G, there is a natural isomorphism morphism by mFe = }'¢; Lo compatible with the action
of G, where ¢y :x € X — g-x.
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* The isomorphism in the hypothesis is G-equivariant.

Then the Poincaré duality isomorphism is G-equivariant.

Quasi-coherent standard almost O /r-étale sheaves

This section follows [Man22, Sec 3.3].

Let X be an untilted locally spatial diamond over a complete extension K of QQ,, with pseudo-uniformizer
7. We will define a left-complete category'® D, (X, 0%* /) of almost quasi-coherent étale sheaves of
OF /m-modules over X, that is compatible with pushforwards and pullbacks.

Let f : X — Y be a morphism of such untilted locally spatial diamonds. While the étale pushforward f~
of an O /r-module is naturally an Oy’ /w-module, the pullback fZ does not preserve O+ /r-modules, so
that we should consider a different notion of pullback of quasi-coherent sheaves.

Let us first recall the setup in the non-almost case, following [Sta23, Chapter 03A4].

Definition 3.4.1. Let X be an untilted locally spatial diamond over a complete extension K of Q,, with
pseudo-uniformizer .

We may view the sheaf O /m as a sheaf of rings on X4, and consider the ringed topos (Sh(X¢), O% /)
associated to the ringed site (X, 0% /7).

Every morphism of locally spatial diamonds X — Y induces a morphism of ringed sites (X, 0% /p) —
(Y, OF /p). This defines a pullback functor :1!

f§,QCohf = O;’;/Tr ®f§(9;§/w f5G.

We let Mod(OF; /m) denote the abelian (1)-category of sheaves of O% /m-modules on X4, and D(X s, O% /)
be its derived oo-category. Any morphism f : X — Y induces an adjoint pair :

RfS : Da(X, 0% /7) S DY, 05 m) - RFGM.

Defining the almost version D¢, (X, 0% /7), it is a bit more tricky, as the object "O%* /7" does not exist as
a sheaf of classical rings in Sh(X¢;,F,). Instead, we may define a classical sheaf F of O}“ /m-modules on
X as a sheaf on X, valued in the category of almost 07 /7(X)-modules, together with the compatible
structure of an 0% /7(U)-module on F(U) for all U € X.

We then let D(X¢;, O /7) be the derived co-category of the above category, and De, (X, 0% /) be its
left completion, as in [Man22, Def 3.3.12]. See also [GRO3, Paragraph 5.5.1] for the classical theory of
almost étale sheaves over schemes.

Here are the main properties that will be useful to us (cf. [Man22, Lemma 3.3.13]).

Proposition 3.4.2. Let f : X — Y be a morphism of locally spatial diamonds over a complete
nonarchimedean field K, with pseudo-uniformizer w. Then, there exists an adjoint pairs of functors :

RS : DX, 05 /) S DY, 03% ) s BRI

10This is denoted Shv” (X, OF*/7) in [Man22].
1Note that, what we denote f* here is usually denoted f—! in a quasi-coherent context, while what we denote f*:2¢°h is usually
just referred to as f*.
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Moreover, there is a natural t-exact almostification functor :
(=) : Det(X, 0% /1) = Der(X, 0% /7).

It is computed as F*(U) = F(U)®, where the second "a" denotes the almostification for derived O /p(X)-
modules. The functor (—)* is compatible with the formation of pushforward and pullbacks.

Remark 3.4.3. Note that there is a natural morphism — ®%p O%/p : Dau(X,Fp) — Du(X,0%/7),
obtained by left-completing the derived tensor product. Composing this with the almostification functor
Der(X, 0% /1) = Dut(X, 0% /) defines a functor that it closely related to the Riemann-Hilbert functor; cf.
proposition 3.5.4.

The same definition as in definition 3.2.4 allows us to consider overconvergent objects in D¢, (X, 0% /7),
and we denote the full subcategory of overconvergent étale sheaves of O%* /7-modules as D¢, (X, 0% /7)°°
(cf. [Man22, Def 3.3.14] for more detail).

Note that this is really a notion of overconvergence for almost sheaves, in particular, the sheaf O /p itself
is not overconvergent when viewed as an étale sheaf of F,-modules. It is, however, almost overconvergent.

Let us now explain how to identify this category with the subcategory of discrete objects in Dg (X, O% /7).

Discrete objects inside D (X, OF /)

Recall that there is a fully faithful inclusion of rings into condensed rings (viewed as sheaves of rings on
the category of profinite spaces), given by constant sheaves, which factors through solid objects. The
essential image of this functor is the full subcategory of discrete rings.

For any strictly totally disconnected affinoid perfectoid space Spa(A, AT), we may consider the subcategory
D&(A* /m), C DE(AT /m) of discrete (derived) A* /m-modules. This construction descends to a subfunctor
of discrete objects D& (0% /7)., C DE(O% /) for any untilted v-stack X, defined as follows.

Definition 3.5.1. (¢f [Man22, Def 3.2.17])
Let X be a locally spatial diamond, with pseudo-uniformizer .

We let D& (X, 0% /7)., C DY(X, 0% /) be the full subcategory formed by objects F such that, for any map
f:Y — X from a totally disconnected affinoid perfectoid space, the pullback f7;F is discrete.

This inclusion admits a natural right adjoint, as follows.

Proposition 3.5.2. For any untilted small v-stack X, the subcategory D¢ (0% /7)., is stable under colimits.

Hence, the inclusion D& (0% /7)., C D&(O% /7) admits a right adjoint, called the discretization and denoted
(_)w'

The key result is now that discrete objects identify with overconvergent standard almost étale sheaves, in
the following sense.

Proposition 3.5.3. Let X be an untilted locally spatial diamond, with pseudo-uniformizer w. Assume
moreover that X admits a map to an affinoid perfectoid space. Then, there is an equivalence of co-categories :

Jx : DE(X, 0% /7)w 2 Der(X, 0% /)
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The functor Jx* should be thought of as a global section functor, while Jx maps a module to the associated
quasi-coherent sheaf.

It is functorial in the sense that, for any morphism f : X — Y of untilted locally spatial diamonds over an
affinoid perfectoid space, there is a canonical isomorphism of functors D& (Y, OF /7)., — Der(X, 0% /m)°¢ :

JX Of;c/[ ~ ngcoh,* OJY.

Proof. This is [Man22, Prop 3.3.16]. Note that the hypothesis that X admits a map to an affinoid perfectoid
space allows implies that X admits "enough pseudo-uniformizers", in the sense of [Man22, Def 3.2.6]. O

If X = Spa(C, O¢), we denote for simplicity Jc := Jspa(c,00)-

At this point, we constructed tools for two natural functors Dg, (X, F,)°¢ — D& (X, 0% /7) : the Riemann-
Hilbert functor, and the almostification of the tensor product of classical étale sheaves. We show that they
actually coincide (this was informally remarked in [Zav23, Paragraph 6.2]).

Proposition 3.5.4. Let X be an untilted locally spatial diamond, with pseudo-uniformizer m. Suppose that X
admits a map to an affinoid perfectoid space.

Let F € D¢ (X, F,)°c. Then, the following square commutes :

oc 7®O;a/ﬁ a +
Dét(Xva) E— DD(Xv OX/W)ﬁ

(-et,087)° 1 |

+a oc Ix a +
Der(X, 0% /1) ——— DE(X, 0% /7)w

Here, the top horizontal arrow is the Riemann-Hilbert functor of definition 3.2.6, the rightmost vertical arrow
is the restriction to discrete objects of the forgetful functor described in remark 3.1.6, the leftmost vertical arrow
is the functor described in remark 3.4.3 (it preserves overconvergent objects, since taking stalks commutes
with tensor products), and the lower horizontal arrow is the identification of proposition 3.5.3.

Proof. It follows from [Man22, Lemma 3.9.18.(i)], the proof of [Man22, Prop 3.3.16], [Man22, Remark
3.9.11] and [Man22, Lemma 3.2.19.(i)] that the four categories of the above diagram satisfy pro-étale
descent, so that it suffices to check the commutation on a basis of strictly totally disconnected affinoid
perfectoid spaces.

For such spaces, using the identifications from [Man22, Lemma 3.3.15.(ii)] [Man22, Lemma 3.9.18.(iii)],
this follows from the definition of the Riemann-Hilbert functor as the composition of (—)* and a base
change functor. functor. O

Moreover, since the equivalence J¢ is compatible with pullback, it is also stable by the right adjoints of
such maps. This give the following compatibility with pushforwards :

Corollary 3.5.5. Let f : X — Spa(C, O¢)° be a locally spatial diamond. Let F € DE(X, 0% /p)e-

Then, there is a natural isomorphism : Jo ((f) F).) = RfS (Jx (F)).

Proof. By proposition 3.5.3, the two functors f3,0J;" and Jy' o R fg“’h’* define two naturally isomorphic
functors Dy (Spa(C, Oc/p),F,) — D&(X, 0% /7). . We will deduce the result above by passing to right
adjoints. Since Jx and J¢ are equivalences of categories, they are naturally adjoint to their inverse.
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Recall that f;, preserves discrete objects by definition. By composition of right adjoints, the pullback
fir : D&(Spa(C, O¢), Of /7). — DE(X, 0% /7)., restricted to discrete objects admits the right adjoint
(fM ), where (—),, is the discretization functor described in proposition 3.5.2.

All étale sheaves over C are overconvergent, and Rf4”"* : D, (Spa(C, Oc), O5*/7) — Der(X, 0% /m)°
admits the right adjoint Rf?.

Since naturally isomorphic functors admit naturally isomorphic adjoints, there is a natural isomorphism
Jo o ((fM-),) = Rf? o Jx, which concludes. O

*

In particular, we have the following :

Corollary 3.5.6. Let C be a complete algebraically closed extension of Q,, and let f : X — Spa(C, O¢)® be
a locally spatial diamond. Let L be an overconvergent étale sheaf of Fp-vector spaces over X.

Then, there is a natural isomorphism :
Jo (FM(L® 03 m).) = (RFE (L ®F, O% /)" .

Proof. This follows directly from proposition 3.5.4 and corollary 3.5.5 applied to F = L ® O%*/, together
with the commutation of (—)® with pushforwards. O

Remark 3.5.7. In the setup of the corollary above, if f is furthermore quasi-compact, then fM preserves
discrete objects by [Man22, Lemma 3.3.10.(ii)].
Letting £ = F,,, we get fMOY /p= J' ((Rf50%/p)").

This recovers a variant of [Man22, Ex 3.3.17]. Informally, this means that fM ©}®/p computes, up to an
almost isomorphism, the classical object RT ¢ (X, O% /p).

We conclude this section with a description of the internal Hom inside the subcategory of discrete objects,

that will be used in section 5.4.

Lemma 3.5.8. For any untitled v-stack X with pseudo-uniformizer =, the category D& (X, 0% /7)., is closed
symmetric monoidal, with internal Hom functor defined by :

Homp, (x, 0% /m),, (4, B) := Hotpa (x 0t /) (((A), 4(B))o
where i : D&(X,0% /7)., — DY(X, 0% /7) denotes the natural inclusion, and ()., denotes its right adjoint.

Proof. By [Man22, Lemma 3.2.19.(ii)], the category Dg (X, 0% /7)., is symmetric monoidal with tensor
product given by restriction of the one of Dg (X, 0% /7) (so that i commutes with tensor products). It
suffices to prove that said tensor product admits a right adjoint.

The functor ¢ is fully faithful, as it is the inclusion of a full subcategory ([Man22, Def 3.2.17]).
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For any N, My, M, € D(X, 0% /p)., we compute :

/

N, HomDE(X,O}/p) (Z(Ml); Z(M2))UJ)

Hombﬁ(x,o;/p) (i(N)7mDaD(X,O;/p) (Z(M1)>Z(M2)))

Hompa (x,0% /p)..

[R=

=

Hompﬁ(x,o;/p) (i(N) @ i(My),i(Mz))

=

Hompa (x ot /p) (((N @ M1),i(Ms))

=

Homp, (x ot p),, (N © M, M) .

This yields the desired result. O

On the level of geometric points, this internal Hom functor can be made fully explicit.

Lemma 3.5.9. Let C be a complete algebraically closed field. The functor of lemma 3.5.8 on D&(O¢/p)w :
Homp o, /pye (M*, N®) = Homp o, /p—moa) (M, N)*.

Proof. The category D&(O¢/p)¢ is simply the almostification of the derived category of O¢ /p-modules,
for which an internal Hom functor was constructed by Zavyalov in [Zav24a, Def 2.4.5]. Since the tensor
products coincide in both settings (as they are simply the almostification of the classical derived tensor

product, see [Man22, Lemma 2.2.10.(v)], [Man22, Prop 2.1.11] and [Zav24a, Prop. 2.4.13]), the internal
Hom coincides.

The first isomorphism now follows from Zavyalov’s description of the internal Hom [Zav24a, Def 2.4.4],
together with [Zav24a, Prop 2.4.8]. O

Remark 3.5.10. It is also possible to deduce lemma 3.5.9 directly from Mann’s construction. We can reduce

to the derived internal Hom by establishing showing the commutation of the almostification (—)® with the
discretization (—),,.

It suffices to show that the left adjoints (—), and i commute, which follows from an explicit computation.
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Compatibility with classical étale
cohomology

Content of this chapter

This chapter is the technical heart of the present thesis. Its goal is to identify Mann’s f* and Huber’s R f{
(whose construction will be shortly recalled in paragraph section 4.2) for partially proper morphisms f.
The precise statement is as follows :

Proposition 4.0.1. (¢f proposition 4.5.1)
Let f : X — Spa(C,O¢) be a partially proper locally noetherian analytic adic space over C. Let L be an
overconvergent étale sheaf of F,-modules on X.

There is a natural isomorphism in D (Spa(C, Oc), 0L /p) :
Jo (L@ 0L /p) = (R (L @r, O%/p)",

where Jo denotes the identification functor from proposition 3.5.3.

In order to do so, we prove that f preserves discrete objects, and establish localization : sequences in
both Mann’s formalism and a quasicoherent version of O+ /p-sheaves :

RT.(X,0% /p) = RT(X, 0" /p) — lim RT(X \ U;, O* /p), (4.1)
iel
where the colimit is taken a well-chosen covering of X, constructed in Appendix A (namely,

proposition A.3.3). We may now deduce the result for f; from the comparison for the middle and
rightmost term established in corollary 3.5.6.

In Appendix A, we also contains a discussion on how to endow complements of partially proper open
subvarieties with a structure of a locally spatial diamond, as well as a localization sequence for open-
closed decomposition, both results that will be used throughout this chapter. We encourage the reader to
familiarise themself with Appendix A before diving into the present chapter.
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4.1 Overview

The proof of proposition 4.0.1 follows the following program :

Proof sketch 4.1.1. Fix an open covering of X by partially proper open subsets (U;);c1, as constructed in
proposition A.3.3. We proceed in four steps, as follows :

1. Prove that, for any standard étale sheaf F of O% /p-modules on X, there is an exact sequence in
Det(Spa(C, Oc), Of/p) :

RfFIF = REFF 5 lim RfF 02\ 05\ F,
i€l

were, i~ \Ui denotes the closed immersion of locally spatial diamonds X \ U; — X.
Prove that fM preserves discrete objects.

Prove that, for F € D&(X,0%/p). , there is an exact sequence in Dg(Spa(C, O¢), 0% /p). :

w

FMF = (F1F), — lim (f,f” o i \UiM oz‘ﬁ\U“*f) ,
iel

where the notations are the same as in the first point.

4. Identify the second and third terms of the two exact sequences above, and deduce an isomorphism
between the first terms.
We will tackle the different points in order.

The first point is an essentially standard result (cf. [AGN25, Cor 2.171), but is usually written for rigid
analytic varieties, where the colimit is taken along a covering by quasi-compact open subsets, and the
complement is taken in the rigid-analytic sense, as in lemma A.1.1.

4.2 Proper pushforward for almost quasi-coherent classical
sheaves

First, let us recall Huber’s definition of direct image with compact support Rf’ [Hub96, Def 5.2.1] for a
partially proper morphism f.

For any separated morphism of locally noetherian adic spaces f : X — Y, we may define a left exact

functor f : X;; — Y by:

fHF:U €Yy {s€T(U xy X, F), supp(s) is proper over U}.

Whenever f is étale, the functor f is exact, is left adjoint to f}; by [Hub96, Lemma 2.7.6.(i) and Prop
5.2.4]. When f is proper, fif = fI.

For a general f, we should not expect the derived functors of f{ to behave nicely - rather, for morphisms
f that can be written as a composition f = p o7 of a proper morphism p and an open immersion i, we
should define the derived pushforward Rf{ as Rp!! oilf, where if! implicitly denotes the extension of the
exact functor to the derived category.
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However, for partially proper morphism f of analytic adic spaces, the derived functors of f# admit
reasonable properties. In [Hub96], Huber considers a right derived functor R* ff : D*(X¢,Z) —
D" (Yg,Z) at the level of the bounded below derived 1-categories, and additionally constructs a fully
derived functor Rf{ : D(X¢,Z) — D(Ys, Z) under some finite dimensionality assumption on f. However,
using [Sta23, Lemma 070K] and the discussion at the beginning of [Sta23, Section 07A5], we may define
a right derived functor Rf# : D(X¢,F,) — D(Ye,F,) for any partially proper morphism f, as the
unbounded derived functors of f;. Indeed, the categories of modules on a site form Grothendieck abelian
categories (cf. [Sta23, Section 07A5]).

This construction naturally admits an co-categorical enhancement (cf. [Lurl7, Sec 1.3.5]), i.e. there exists
a canonical morphism of co-categories Rf# : D(Xs,F,) — D(Yz,F,), that induces the morphism above
at the level of homotopy categories, and it passes to left completions to a morphism Rf : Dy (X, F,) —
D¢ (Y, F,). Note that all of Huber’s functors have been extended to the co-categorical setting in [Zav25,
Sec 9].

Likewise, we can check that, for any partially proper morphism f : X — Y and any sheaf F of Ox /p-
modules on X, the sheaf f/ F admits a natural structure of an Oy /p-module, obtained by viewing every
section f{f F(U) as a submodule of T(U xy X).

Hence, the derived functor Rf{ induces a functor D¢ (X, 0% /p) — DY, OF /p).

Remark 4.2.1. This approach is not the one of Scholze [Sch17, Def 22.13]. In loc. cit, he defines, for j an
open immersion, j{° as the left adjoint of j%. For a general f, the pushforward f{ is defined by Kan extension
from the setup where one may write f = p o j as the composition of a proper map and an open immersion
(with p;g = pd).

It is however clear from definitions that, if j : X — Y is a separated open immersion between locally

noetherian adic spaces, ji; = j% so that, by uniqueness of left adjoints, j = ;5.

Let us establish the following result.

Lemma 4.2.2. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic spaces,
with taut Y. Let (U;);cr be an increasing covering of X by partially proper open subsets as constructed in
proposition A.3.3.

Then, for any sheaf F of abelian groups over X, there is a natural isomorphism in D¢y (X, Z) :

lim Rf o jff o ji, nF = RfTF.
i€l

Remark 4.2.3. For technical reasons, the result is stated with a colimit alongside partially proper open, but
the colimit is the same when taken along qcgs open subsets, as one can take intertwining cofinal coverings as
in proposition A.3.3.

Proof. For any i € I, there is a natural morphism Rj{}, j;; yF — F induced by the counit of the
adjunction. Everything lives in the bounded below subcategory D (X¢;, F,,) C D¢ (X, F,), so that we may
forget about the left completions.
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It suffices to check that it induces an isomorphism on homotopy groups. By the proof of [Lurl7, Prop
1.3.5.21], since we’re working in the derived oo-category of a Grothendieck abelian category, the functors
m, commute with filtered colimits, so that, for alln € N :

Tn (1_ng Rf o i, oj@ﬁ) = lim R" £ 0 jjy 0 jir, -
el el

We easily check that the covering (U;);c; satisfies the conditions of [Hub96, Lemma 5.3.3.(ii)], so that the
result follows from [Hub96, Lemma 5.3.3.(iii)]. O

We may now establish the announced exact sequence.

Proposition 4.2.4. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic spaces,
with taut Y. Let (U;);cs be an increasing covering of X by partially proper open subsets as constructed in
proposition A.3.3.

For any i € I, we let Z; be the complement of the partially proper U;, viewed as a closed locally spatial
subdiamond of X° by lemma A.1.3. Let iy, : Z; — X° be the associated closed immersion. Then, for any
sheaf F of abelian groups over X, there is a natural exact sequence in D¢ (Y, 7Z) :

Rf{'F = RfIF = limRf oif , oiy sF.
icl

Proof. Using the localization sequence established in proposition A.2.1, there is a short exact sequence of
sheaves of abelian groups on Y; :

0= jo ji, s F = F =i, iy F — 0.

This induces an exact sequence in D¢ (X, Z). Applying the exact functor Rf yields the exact sequence :

RfF ojb oil sF = RFFF = Rff oif , oiy oF.

We then form the colimit over I. Since the morphisms from passing from ¢ to some j > i are induced
by (co)units of the adjunctions, the colimit diagram is homotopy coherent, and, since colimits of exact
sequences remain exact (as they can be viewed as cofiber sequences), we have :

thff o Rj5. o jf sF = RFEF — @Rff oiy , oiy F.
i€l i€l

By remark 4.2.1, the functors ji; and jy, , coincide in Huber and Scholze’s formalism, so that the first
term identifies to Rf{ 7 by lemma 4.2.2, which concludes. O

Now, we prove a version for sheaves of O /p-modules.

Corollary 4.2.5. Consider the setup of proposition 4.2.4 over K, and let F be an étale sheaf of O /p-modules
on X. Then, there is an exact sequence :

RI{'F = RESF = lm R o il o i35 F.
el
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4.3

Proof. By lemma A.2.5, the quasi-coherent pullback z}q‘}fl’h coincides with the pullback iy, , as étale

sheaves, so that this directly follows from proposition 4.2.4, since the natural forgetful functor
Der(X, 0% /p) — De (X, Z) respects exact sequences. O

We conclude this paragraph by noting that we can deduce from the above a version that remains in the
realm of analytic adic spaces, in the spirit of [AGN25, Cor 2.17]. Following lemma A.1.2, we replace the Z;
with the interior of the complement of some qcgs open subspaces. This is what is done in the following :

Corollary 4.2.6. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic spaces,
with taut Y. Let (X;);cs be an increasing covering of X by quasicompact open subsets.

Foranyi € I, let Y; = (X \ X;)° = X \ X, which admits an analytic structure as an open subset of X
(and is the rigid-analytic complement of X;, via lemma A.1.2). Let jy, : Y; — X denote the associated open
immersion. Then, for any étale sheaf F of abelian groups on X, there is an exact sequence :

RfFF = REIF = W RET 0y 0 5, T
el

Proof. Up to reducing I, we may assume that, for any ¢, there is only finitely many 5 such that j < 1.
Following proof of proposition A.3.3, we may construct partially proper open subsets (U;);c such that
X; C U; C Xj for all i < j, satisfying the properties of proposition A.3.3.

We reuse the notations from proposition 4.2.4. It suffices to check that there is a canonical isomorphism
lim, Rfffoiff ,oip yF — lim, Rfoj . 0iy nF-

From the properties of the covering, for any ¢ < j in I, we have Y; C Z; C Y}, so that both families of
subsets are cofinal in one another. Since the category D(X¢;, Z) admits all colimits, the colimit alongside

alternating Z and Y’’s exists, and can can be computed alongside one family or the other, so that both two
colimits coincide. O

Mann'’s proper pushforward preserves discrete objects

Let us proceed with the established program in proof sketch 4.1.1. This paragraph is dedicated to the
proof of the following :

Proposition 4.3.1. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic spaces
over K.

Then, for any F € D&(X, 0% /p)., the sheaf fM F is discrete in D& (Y, O /p).

To avoid busy notations, until the end of this paragraph, all functors are implicitly in the sense of Mann,
and we drop the superscript "M".

We will reduce the case where f factors as the composition of a partially proper open immersion and a
proper morphism. The pushforward by a proper morphism preserves discrete objects by [Man22, Lemma
3.3.10.(ii)], so that it suffices to deal with open immersions. We use the following lemma :

Lemma 4.3.2. Let (I, <) be a filtered partial order, and (U;);c be an increasing open covering of a locally
spatial diamond X over K. For any i € I, let g; : U; — X denote the open immersion.

Then, there is a natural isomorphism F = %nie 1909 F for any F € Dg(X, O%/p).
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Proof. Forany j € I, g; = g;. admits the left adjoint g;,. The counit of the adjunctions defines a morphism
ling, rgirg; = F.

LetY :=||,.; U;. By (hyper-)v-descent [Man22, Thm 1.2.1], we have :

el

DY(X, 0% /p) = lim DE(Ye, O, /p) where Y, = V" = | | Uy, xx - xx Ui

In*

neA 01 yeeyin €1

Hence, it suffices to check the isomorphism after pulling back to every U;, xx --- xx U;, , for fixed n € N
and (41,...,4,) € I. Since all the U; are open subsets of X, the fiber product is simply the intersection,
and, since [ is filtered, every such morphism U;, xx --- xx U;, — X factors through U; for some large
enough j € I. Hence, it suffices to prove that, for all j € J, the map :

n

9; (Hggugi‘f> — g;F

iel
is an isomorphism. Since g7 admits a right adjoint, it commutes with colimits, so that it suffices to prove
that :
lim g5 g1 i F = g5 F

el

Since the covering is increasing, the fiber product U; x x Uj is Upyin(,;)- Since [ is filtered, the subset
J={iel,i>j}iscofinal in I, so that we may compute the limit alongside J. For any ¢ € .J, consider
the following cartesian diagram :

U —— U,

L

Uj — X
By proper base change (cf. [Man22, Thm 1.2.4]), we see that, for all i € J, 9791197 F = g; F. Hence, the
colimit along J is trivial, which concludes. O
Remark 4.3.3. Under the setup of lemma 4.3.2, a similar argument shows that : F = @ie s gM g¥ . F for
any F € D5(X, 0% /p).

Moreover, using a technical lemma on (oo, 2)-categories [HNM 24, p. D.4.7], we may improve the adjunction
triangle g} — g7, = g to the expected adjunctions between the following functors :
e Themap:
(Fi)ier € @D%(Unoa/m — lim g1 Fi € D(X, 0% /p);
iel

* A right adjoint the above map :

F € D(X, 0% /p) = (9 Fier € lim D (Us, O /p);
1€l

* Aright adjoint of the above map :

(Fi)ier € WmDE(Us, O, /p) = lim g; . F € DE(X, 0% /p).
el el
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Here, the limits m, Dg (U, Oi_ /p) is taken along pullbacks. The above proposition shows that the counit
of the first adjunction and the unit of the second one are isomorphisms, both these statements being equivalent
(cf: [Lur25, Corollary 02FF]), to the full faithfulness of the middle arrow.

Let us now prove that partially proper open immersions preserve discrete objects. We start by doing so
for totally disconnected perfectoid spaces. Note that the proof follows roughly [Zav23, Lemma 6.2.1 and
6.2.2], which moreover assumes U to be a Zariski open subset.

Lemma 4.3.4. Let X be a totally disconnected perfectoid space over K and j : U — X be a partially proper
open immersion. Then j, preserves discrete objects.

Proof. The map j is partially proper, hence specializing, in the sense that the image j(U) is stable under
specialization. We let V' = |j(U)].

Consider the natural quotient map 7 : | X| — mo(X). Since X is a totally disconnected perfectoid space, by
definition, every connected component of | X| admits a unique closed point, to which any other point in
the connected component specializes. Since V' is open and stable under specializations, V' contains the
connected component of every z € U. Hence, V = 7~ !(7(V)). Since 7 is a quotient map, it follows that
m(V) is open in 7(X).

By [Sta23, Lemma 0906], o (X) is profinite, so that it admits a basis of clopen subsets by lemma B.1.12.
Thus, 7(V') can be written as a filtered union of quasi-compact clopen sets ; so that the same holds for
V = n~(x(V)). Hence, there exists a filtered poset I such that V = | J,, V; is a filtered union of clopen
subsets of | X|. For all i € I, let U; = j71(V;) C U, which admits an analytic structure as an open subset of
U.

Consider the map j; : U; — X, which is the inclusion of a clopen subset of X. Let F € D& (U, (’)(J]r /D)w-

i

with colimits (as it admits a right adjoint).

By the lemma 4.3.2, F = hﬂz JirjiF, so that i F = j ligi Jinji F = hﬂz (joji)ji F,! since j; commutes

By definition, pullback preserves discrete objects, and j o j; is the immersion of clopen subset of X, so that
(j 0 ji)1 = (j © ji)+, which, by [Man22, 3.3.10.(ii) ], preserves discrete objects. Finally, by [Man22, lemma
3.2.19.(ii)], (small) colimits of discrete objects remain discrete, so that j.F is discrete. O

Let us now establish the result for general partially proper open immersions.

Lemma 4.3.5. Let j : U — X be a partially proper open immersion of locally spatial diamonds over K. Then
Ji preserves discrete objects.

Proof. Fix a discrete object F € DY (U, Of;/p). Let us reduce to the situation where X is a totally
disconnected perfectoid space.

As discreteness is defined by descent (cf [Man22, Def 3.2.17]), we need to show that, for every morphism
f: X — X from a totally disconnected perfectoid space X, the sheaf f*j F is discrete in Dg (X, (’);IE /D)-
Consider the cartesian square below :
715X
f’l lf

U—15Xx

1By unraveling the proof of [Man22, Lemma 3.6.2], this is actually the definition of 4, for arbitrary open immersions.
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By proper base change [Man22, Thm 1.2.4.(iv)]1, f*jiF = ji f™*F.

By definition [Sch17, Def 10.7], j' is a separated open immersion. Note that the valuative criteria from
[Sch17, Def 18.4] is automatically stable under base change, so that j' remains partially proper, and, by
lemma 4.3.4, j| preserves discrete objects.

Finally, pullbacks preserve discrete objects by definition, so that j{ f"*F is discrete, which concludes. [
We are now equipped to prove proposition 4.3.1.

Proof. (of proposition 4.3.1). Using proposition A.3.3, we write X = (J,.; X; as an increasing filtered
cover by qcqs open subsets, such that, for any ¢ < j, the inclusion X; C X; factors through a partially
proper U; and such that the map X; — X; factors through Huber’s universal compactification Yiy of X;

over Y. Denote f; : X; — X and g; : U; — X the associated open immersions.
By lemma 4.3.2, there is an isomorphism F = hl%e 19195 F.

Hence, fi F = fi <ligie 19197 F ) = ligiel( fogigrF, since left adjoints commute with colimits. By
[Man22], Lemma 3.2.19.(ii), a (small) colimit of discrete objects remains discrete, so that, as pullbacks
preserve discrete objects, it suffices to show that every (f o g;)1 preserves discrete objects.

Here, g; : U; — X is the inclusion of a partially proper open subset in X. Moreover, the partially proper
map f o g; factors through X;, then, for any i < j, through the adic compactification Y}f of X, over Y,
by the universal property of universal compactifications [Hub96, Def 5.1.1]. We then have the following
commutative diagram, where U; — Y is partially proper :

By [Hub96, Cor 5.1.6], the map Y;/ — Y is proper, so that, by the two-out-of three property for partially
proper morphisms [Hub96, Lemma 1.10.17.(vi)], the open immersion U; — Y;f is additionally partially
proper.

Hence, the composition g; o f factors as the composition of a partially proper open immersion and a
proper morphism, and both g; and f preserve discrete objects by the lemma 4.3.5 and [Man22, Lemma
3.3.10.(ii)] respectively. This concludes. O

. . . a +
Localization sequence in D& (—, O" /p)
We start with the following localization sequence for open-closed decomposition, which is an analogue, in
Mann’s formalism, of proposition A.2.1.

Proposition 4.4.1. Let X be an untilted locally spatial diamond over K, together with a partially proper
open immersion j : U — X. By lemma A.1.3, the complement F = | X |\ j(|U|) admits a structure of a locally
spatial diamond, and we let i : F' — X be the corresponding closed immersion.
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Let F € D&(X, 0% /p). Then, there is a natural exact sequence in D& (X, 0% /p) :

My F = F —iMiy, F.

As in the previous section, every functor will implicitly be in the sense on Mann. Note that the proof
resembles the one of [Zav23, Lemma 6.2.2], which only considers Zariski open subsets.

Proof. The morphisms are naturally (co)-unit morphism, so that it suffices to prove the exactness of the
sequence. This can be checked on a basis, i.e. after pullback to any totally disconnected perfectoid space.
By proper base change, we may assume that X admits a map to a perfectoid space?.

Since OF /p is the unit of Mann’s tensor product ® on X, we may write F = F ® O /p and, using the
projection formula (cf. proposition 3.1.4), the sequence reduces to :

F®5jj*0%/p - F - F @ i.i*O% /p.

Since tensoring with F is exact, we reduced to the case F = 0} /p, which is discrete. By the above
proposition 4.3.1 and [Man22, Lemma 3.3.10], all objects appearing in the triangle are discrete. Recall that
there is a functorial equivalence of categories D& (X, OF /p)., = Det(X, 0% /p)°¢, cf. proposition 3.5.3.
It then suffices to check that the above is exact as a sequence of almost étale sheaves, which are étale
sheaves valued in an abelian category.

Since the étale site X, admits enough points by [Sch17, Prop 14.3], it suffices to check the isomorphism
after pullback to geometric points of the form Spa(C, CT), for some complete algebraically closed C, with
open bounded valuation subring C*. Here, the pullback is to be taken in the quasi-coherent sense, and
it coincides with f;, by proposition 3.5.3 (we implicitly use the identification of proposition 3.5.3). Let
f :Spa(C,CT) — X be such a morphism.

By proper base change applied to the same diagram as in the proof of proposition A.2.1, we reduce to the
case where X is a totally disconnected perfectoid space, and U is a partially proper open subset of X, and
F is its complement. Following the proof of proposition A.2.1, U is either empty or U = X, so that, in
both cases, the exactness is trivial. O

Let us now construct the announced exact sequence.

Lemma 4.4.2. Let f : X — Spa(K,Ok) be a partially proper analytic adic space. Let (U;);c; be an open
covering of X by partially proper open subsets, as in proposition A.3.3.

For any i € I, we let Z; be the complement of the partially proper U;, viewed as a closed locally spatial
subdiamond of X° by lemma A.1.3. Let iz, : Z; — X° be the associated closed immersion. Then, for
F € D&(X, 0% /p), there is a natural exact sequence :

hF = £ F = lim foiz, iy F.

iel

Note that this resembles [ABM24, Prop 6.2.5]. The proof follows the same ideas.

2This hypothesis is needed to use proposition 3.5.3.
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Proof. Let jy, : U; — X denote the associated open immersions. Starting from the excision triangle from
the above proposition 4.4.1, we apply f. and take colimits, as in the proof of proposition 4.2.4. This yields
the following exact sequence :

hﬂf* O.jUi! O](*]qf*) [ F = hﬂf* oiZq‘,* OZ*ZfF
iel iel
Let (X;);cs be a covering of X by quasi-compact opens subsets, associated to (U;);cs as in proposition A.3.3.

Let us now establish that f, o jy,1 = fi o ju,1-

Consider the following diagram for any ¢ < j € I, where we let Y := Spa(K, Ok ), and ij denote the
universal adic compactification of X, over Y :

v, 2y x Ly
7\'11\ /
YjY

By [Hub96, Cor 5.1.6], since X; is quasi-compact, p; is proper, and so is ; by [Hub96, Lemma 1.10.17.(vi)]
since f is separated. Hence :

frojuir=pj1okiji=pj.0okiji = feomjioki = fioju

Hence, using lemma 4.3.2 and the fact that f; commutes with colimits (as it admits a right adjoint), we
have

lim fi ju, 1 jo, F = W fi o, jo, F = 0 (hgjui!jf}i}_> = hF

el icl el

So that the first term of the above exact sequence identifies with f;.F, which concludes. O

Let us now apply the discretization functor, to get the sequence announced in proof sketch 4.1.1.

Corollary 4.4.3. In the situation above, there is a natural exact sequence :

BF = (£.F), = lim (fuiz, i3 F)

iel
Proof. Apply the exact functor (—), from proposition 3.5.2 to previous result, which commutes with
colimits by the lemma 4.4.6 below. The object f,F is discrete by proposition 4.3.1, which concludes. O
Remark 4.4.4. Asin corollary 4.2.6, we may rewrite the right hand side as a colimit alongside the complement

of any reasonable covering, using a cofinality argument.

It then suffices to check the commutation of (—),, with colimits. The following two lemmas are purely
technical, and not very insightful.

Lemma 4.4.5. Let C be an oo-category that admits colimits and such that finite products coincide with finite
coproducts (for example, an additive category). Let « be a strong limit cardinal.

Let Cond(C) be the category of condensed objects in C as constructed in [Sch19, p.15], and (=), : Cond(C) —
Cond(C),, be the functor obtained by restricting to sheaves on x-small extremally disconnected sets.

Then, the functor (—), commutes with colimits.
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Proof. Let (F;)icr € Cond(C) = lim | Cond(C), where the colimit is computed along strict limit cardinals.
Recall from [Sch19, Sec 2] that objects of Cond(C) can be seen as C-valued sheaves from the category of
extremally disconnected compact Hausdorff sets, and that colimits are given by sheafifying the pointwise
colimit.

The sheaf condition for a presheaf on such extremally disconnected rewrites as mapping finite disjoint
unions to finite products. Since finite products coincide with finite coproducts in C, the pointwise colimit
of sheaves remains a sheaf, and there is no need to sheafify.

Hence, for all x-small extremally disconnected set S, the evaluation 7 € Cond(C) — F(S) commutes with
colimits, so that (—), commutes with colimits. O

Lemma 4.4.6. Let (A, AT) be a perfectoid pair with pseudo-uniformizer w, and r be a strong limit cardinal.
Let D&(A* /7) be Mann’s category of solid almost At /m-modules, and (—)y,q : D4(AY/7) — DE(AT /7)),
be the restriction to x-small objects constructed in [Man22, Def 3.2.20].

Then (—),, commutes with colimits.

Proof. Since AT /r is discrete, it follows from [Man22, Def 2.3.28] that the almostification functor
(—)* : Dg(A*/m) — DY(AT/x) restricts to a functor (—)** : Dg(A* /7)., — DY(A' /7)., that is
essentially surjective by definition [Man22, Def 2.3.3].

Consider the following commutative diagram :

DAt /7)., 25 Do(At /)

| |

a

D (A /7). 5 DE(AY /7).

Here, I, and I? are the inclusion of full subcategories, and the functor (—)™“ that we are interested in is
defined as the right adjoint of I%. Recall that the vertical arrows are localization functors, and that (—)*
admits both a fully faithful left adjoint (—), and a fully faithful right adjoint (—)... Likewise, (—)%" admits
fully faithful left and right adjoints denoted respectively (—); and (—)~.

The morphism I,, admits a right adjoint, that we denote (—)%, defined as the restriction to the full
subcategories of solid objects of the functor (—), : Cond(D(A* /7)) — Cond(D(A* /7)), considered
in lemma 4.4.5), that commutes with colimits by said lemma (here, D(A* /1) denotes the co-derived
category of the abelian category of A* /r-modules). Hence (—)~ also commutes with colimits.

Since (—)%* admits the fully faithful left adjoint (—){*, the unit morphism id — (—)*" o (—){* is a natural
isomorphism. It then follows from the commutation of the diagram that I? = (—)* o I,; o (—)f, where all
three functors in the composition admit a right adjoint, so that we may write (— ), = (=)o (=)o (-)..

K

Since the functor (—)~ respects almost isomorphisms (as this is a pointwise condition), it follows from
the universal property of localizations [Lur08, Prop 5.2.7.12] that there exists a functor J : D& (A* /7)) —
DE(A*/7), such that : Jo (—)® = (—)%* o ().

K

As the right adjoint (=), of (—)“ is fully faithful, the counit morphism (—)® o (=), — id is a natural
isomorphism, so that .J 2 .J o (—)% o (=), = (—)** o ()2 o (—)., hence there is a natural isomorphism

K

J = (—)x,q. Moreover, the co-unit (=) o (—); — ¢d is a natural isomorphism, so that :

I

(o Z T Z T o (=)0 (=) = (=) o (=) o ()
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The functors (—)** and (—),; commutes with colimits as they are left adjoints, and (—)J

colimits by the argument earlier in the proof. Hence (—), , commutes with colimits. O

commutes with

|dentification of Mann and Huber’s proper pushforwards

We may now prove the announced statement proposition 4.0.1 :

Proposition 4.5.1. Let f : X — Spa(C, O¢) be a partially proper locally noetherian analytic adic space over
a complete algebraically closed extension C of Qp,.

Let £ be an overconvergent étale sheaf of F-modules on X. Then, there is a natural isomorphism :
Je (fM(L® 0% /p)) = (RF(L @5, O% /p))"
in D¢ (Spa(C, Oc), 0% /p), where Jc denotes the identification from proposition 3.5.3.

Proof. Let (X;);cs be a covering of X by partially proper open subsets, as in proposition A.3.3. For any i,
let Z; be the complement of X; in X, viewed as a locally spatial diamond, and let iz, : Z; — X be the
associated closed immersion. Applying the colimit-preserving exact functor J to the exact sequence from
corollary 4.4.3 yields the following exact sequence :

Jo (L@ 0L /) = Jo (L@ 0% /p)u) = limJo (17 0 il L o iy w(L@ 0L /1)) . 4.2)
icl

Applying the colimit-preserving exact functor (—)* to the exact sequence constructed in corollary 4.2.5,
we get the following exact sequence :

(R (L@, 0% /p)" — (RIF(L @r, OF/p)" = lim (RfF 0iF, , 0iy, s(L@p, O%/p)".  (4.3)

icl

By corollary 3.5.6, there is a natural isomorphism between the middle terms of both sequences.

We now prove that, for all ¢ € I, there is a natural isomorphism :
Jo (M oif, oy a(L@ 0% /p),) = (RfF 0if, . ot s(£ v, OF/p)".
We may compute the left hand side as :

Jo (M iz (L@ 0% p),)

~ Rf2 i3, Iz, (iy, (L @8, O%*/p)) By corollary 3.5.5
~ RfS i3, z*quOh (Jo (L ®r, O /p)) By proposition 3.5.3
~ Rf2i% i*Z’qu"h (£ ®r, 0% /p)%) By proposition 3.5.4
= (Rff i . z}chOh (£ ®F, O}/p))a By proposition 3.4.2.
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Moreover, Rf% = RfH since f is a morphism between analytic analytic adic spaces, and, by lemma A.2.5,

k,gcoh Ay

iyly" =iy g. Hence, there is a canonical isomorphism between the rightmost terms of the exact
sequences equation (4.2) and equation (4.3) :

lim Jor (2 0 il L o i, a(£® O /p)), ) 2 liny (RfF 03, , o i, 5(£ @, O%/p))"
i€l i€l

that is compatible with the isomorphism between the middle terms.

There is then a natural isomorphism between the fibers, which concludes. O

Passing to cohomology groups yields the following.

Corollary 4.5.2. Let f : X — Spa(C, O¢) be a partially proper locally noetherian analytic adic space, and L
be an overconvergent étale sheaf of F,,-modules on X.

Then, for all n € N, there is a natural isomorphism :

mon (Je(F(L© 0% p)) ) = HEy o (X, £ 08, O3 /p)"

Proof. This follows directly from proposition 4.5.1, together with the fact that (—)® is t-exact. O
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Primitive comparison with compact
support

Content of this chapter

In this chapter, we reap the benefits of the technical results of the previous chapters.

We start in section 5.1 with a reminder on the notion of Zariski-constructible coefficients, and a proof of
primitive comparison in that setup, by piecing together arguments scattered throughout the litterature.

In section 5.2, we finally define our notion of primitive comparison with compact support, and prove
our main result : primitive comparison with compact support implies Poincaré duality. Let us recall the
statement (cf. theorem 5.2.3) :

Theorem. Let X be a partially proper rigid analytic variety over C that is smooth of pure dimension d.

Let L be an overconvergent sheaf of F,-modules on X, and assume that X satisfies primitive comparison with
compact support with respect to L.

Then, for any 0 < k < 2d, there exists a natural isomorphism :

ok, (X, LY (d)) ~ Homg, <H2d_k(X, L), 1Fp> :

ét,c
where £V = Homy (£,F,) and (d) denotes a Tate twist.

The proof follows directly from the main result of chapter 4, together with the fully faithfulness of the
Riemann-Hilbert functor from corollary 3.3.2.

We then deduce some consequences of this result, and more generally of the hypothesis of primitive
comparison with compact support.

In section 5.3, we recover Poincaré duality for Zariski-compactifiable rigid analytic varieties, as was
shown in [LRZ24, Cor 1.1.2]. This follows directly from our main result, together with the localization
triangle for open-closed decomposition established in proposition A.2.1, and with primitive comparison
for Zariski-constructible coefficients.

In section 5.4, we show that, assuming primitive comparison with compact support, we can extract from
Mann’s formalism a Poincaré duality statement for classical O /p-cohomology. From there, under some
extra finiteness hypothesis, we can deduce a primitive comparison statement for non compactly supported
étale cohomology.

While this result is interesting by itself, the specific application we have in mind is in section 5.5, where it
is used to prove "(i) = (ii)" of the following classification result :
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Theorem 5.0.1. (cf. theorem 5.5.1) Let X be a smooth, connected, partially proper rigid-analytic curve over
C. Assume furthermore that X is of finite genus, in the sense of [Liu87, Sec. 1].!

Then, the following are equivalent :

(D X satisfies primitive comparison with compact support with respect to F,,.
(i)  The natural map HY,(X,F,) ® Oc/p — H2,(X,0% /p) is an almost isomorphism.
(ii) O (X)=Oc¢
(iv) There exists a smooth projective algebraic curve Y over C, such that X is open in Y*", and the
complement is compact for the canonical topology of Y *".

The typical example of a curve satisfying (iv) is Drinfeld’s upper half plane Q}, = P, \ P}(Q,).
The proof of "(iii) = (iv)" uses a striking result of Qing Liu [Liu87, Thm 3.3.].

The proof of (ii) = (iii) is easy, and the proof of (iv) = (i) follows from a direct computation based
on the localization sequence for open-closed decomposition, obtained in proposition A.2.1.

IThe genus of a curve is defined as the supremum of the genus of its affinoid open subsets, for which it computes as the genus of
their canonical reduction, viewed as an algebraic curve.
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5.1 Primitive comparison theorem for Zariski-constructible
coefficients

Let us start by recalling the notion of Zariski-constructible complexes from [BH21], and the primitive
comparison result for them.

Definition 5.1.1. Let X be a rigid analytic space over a nonarchimedean field K. A sheaf F of F,-vector
spaces on X¢; is Zariski-constructible if X admits a locally finite stratification X = |J,., X; into Zariski
locally closed subsets X; such that, for all i € I, F|x, is locally constant and admits finite stalks.

We let D% (X4, F,) C D°(X4,F,) be the full subcategory of bounded complexes F of étale sheaves whose
homotopy sheaves m,,(F) are Zariski-constructible for all n € Z.

Note that any Zariski-constructible sheaf is automatically overconvergent.

Remark 5.1.2. Recdll that, for any finite dimensional® partially proper morphism of locally noetherian
analytic adic spaces f : X — Y and any F € D(X¢,F,), there is a natural morphism :

RIFF &k Of fp= RfF (F ek, 1508 /p) - A (F ok, 0%/p)
Where the isomorphism is the projection formula of [Hub96, Prop 5.5.1.(iv)] and the second map is induced
by the natural morphism f305 /p — O% /p.
In the following, we will need the following version of the primitive comparison theorem :

Theorem 5.1.3. Let f : X — Spa(K, Ox) be a proper rigid analytic variety, and let F € D% (X,F,). Then,
for all n € N, the natural morphism :

(R" {1 F) @x, Oxc[p = R f(F ©x, O%/p)
is an almost isomorphism. In particular, if C is the completion of K, the natural morphism :
H}(Xc, Fo) @, Oc/p — HE(Xo, Fo @F, 0%, /D)
is a Gal(K / K)-equivariant almost isomorphism, where the Galois action on the left hand side is diagonal.

Proof. By [BH21, Prop 3.6], the category F € D% (X,F,) is generated by objects of the form g¢.F, for
finite morphism g : Y — X, and, by the arguments of the proof of [Zav24a, Lemma 7.3.6], it suffices to
check the isomorphism for 7 = g.F,. Using [Zav24a, Cor 7.2.8], we may replace f by g o f, so that it
suffices to prove the statement for 7 = F,,.

By [Sch17, Prop. 14.3], it suffices to check the isomorphism on stalks Spa(C’, C’"), which reduces to
Spa(C’, O¢) following the beginning of the proof of [Sch12a, Thm. 5.1]. The result then follows from
[Sch13, Thm 3.17].

The second statement follows from taking stalks with respect to the geometric point Spa(C,O¢) — X,
and using proper base change as in [Sch17, Thm 16.10], together with the identification of pullbacks of
the structure sheaf O /p by quasi-pro-étale morphisms as in lemma 2.4.1. O

2A morphism is said to be finite-dimensional if it is of finite transcendence degree. This hypothesis is used in [Hub96] to ensure
that complexes are bounded in the derived category, and is probably not needed.
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Remark 5.1.4. Without the smoothness assumption, one really needs to work with rigid analytic varieties. In
particular primitive comparison does not hold for proper locally noetherian analytic adic spaces, see [ABM24,
Example 5.2.5.(b)] for a counterexample.

Remark 5.1.5. A version of a relative primitive comparison theorem for the Gross-Hopkins period map
appears in [JLH20, Prop. 5.2.2]. This seems to be unrelated to our setup.

Primitive comparison with compact support and Poincaré
duality

Let us define our notion of primitive comparison with compact support.

Definition 5.2.1. Let X be a finite dimensional partially proper locally noetherian analytic adic space over C,
and L be an overconvergent sheaf of Fy,-vector spaces on X.

We say that X satisfies primitive comparison with compact support with respect to L if the morphism from
remark 5.1.2 is an almost isomorphism, or equivalently if, for all i € N, the induced map :

H}y (X, L) @x, Oc/p — Hiy (X, L@ 0% /p)

ét,c
is an almost isomorphism of O¢ /p-modules.

The following reformulation will be useful. This allows to view primitive comparison with compact support
as a compatibility statement between Huber’s étale cohomology of £ and Mann’s f{.

Proposition 5.2.2. Under the hypothesis of the above proposition, X satisfies primitive comparison with
compact support with coefficients in L if and only if the natural map :

RU4 (X, L) ® O /p — M (L& 0% /p) (5.1)

is a isomorphism in D%(O¢/p)., where f : X — Spa(C,O¢) is the structure map. Here, both tensor
products are given by the Riemann-Hilbert functor.

Proof. Let us start by defining the map. Recall that, by proposition 3.5.4, there is a natural isomorphism

J&' ((RPae(X, £) @k, Oc/p)") = RUa.o(X, £) © O5“ /p.

Moreover, since f is partially proper, we proved in proposition 4.5.1 the identification :
Jo" ((RAT (£ 2w, O /p)") = £ (L@ OL" /).

Hence, the morphism equation (5.1) is given, through the above identifications, by the almostification of
the map from remark 5.1.2. The map of equation (5.1) is an almost isomorphism if and only if the map :

(RTe0.c(X, £) &%, Oc/p) = (RTar.e(L ©x, OF /p))"

is an isomorphism, which is clearly equivalent to primitive comparison with compact support by taking
homotopy groups.
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We may now deduce our main result :

Theorem 5.2.3. Let X be a partially proper rigid analytic variety over C that is smooth of pure dimension d.

Let L be an overconvergent sheaf of F,-modules on X, and assume that X satisfies primitive comparison with
compact support with respect to L.

Then, for any 0 < k < 2d, there exists a natural isomorphism :

H{,(X, £Y(d)) ~ Homs, (HZ' " (X, £),F,).

ét,c

Proof. By proposition 5.2.2, primitive comparison with compact support rewrites as :

ML OF/p)~ RELDOL® /p.

We then apply corollary 3.3.2 with 7, = RT'¢ (X, £), yielding isomorphisms :

HY (X, £Y)(d) & Homg, (124 (R er,e(X, L)), Fp) .

This concludes. O

We can also make the following Galois-equivariant version.

Theorem 5.2.4. Let X be a partially proper rigid analytic variety over K that is smooth of pure dimension d.
Let £ be an overconvergent sheaf of F,-modules on X.

Let C be the completion of K, X¢ denote the base change of X to C, and L¢ denote the base change of L to
Xc¢. Assume that X satisfies primitive comparison with compact support with respect to L¢.

Then, for any 0 < k < 2d, there exists a Gal(K / K)-equivariant natural isomorphism :

HY(Xc, £4(d)) ~ Homg, (HZ' ¥ (Xe, Lo), Fp).

ét,c
Proof. The isomorphism follows from theorem 5.2.3, so that it suffices to establish Galois equivariance.
By construction, L¢ is Gal(K/K) equivariant, and so is the morphism of proposition 5.2.2.

Let v, denote the action on X of an element g € Gal(K/K). The induced action on étale sheaves on
Xc is then given by the pullback ¢} ;. It follows from base change with respect to zero-dimensional
morphisms [Hub96, Thm 5.4.6] that 4% , Rf" L = Rfy% L.

The equivariance then follows from remark 3.3.3. O

Remark 5.2.5. The same argument shows that the Poincaré duality isomorphism can be made G-equivariant,
for any group G acting on X¢ such that Lo is G-equivariant.

As a first consequence of our main result, let us recover Poincaré duality for Zariski-compactifiable varieties.
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Poincaré duality for Zariski-compactifiable varieties

Let U C X be an open subvariety. Using the localization triangle with respect to an open-closed
decomposition obtained in proposition A.2.1, verifying primitive composition with compact support for U
reduces to a computation on X, and on the complement X \ U.

The precise result is as follows.

Proposition 5.3.1. Let f : X — Spa(K, Ok) be a proper rigid-analytic variety, and let C' be the completion
of K. Let j : U — X be the open immersion from a partially proper open subset, with complement F, endowed
with the induced structure of a locally spatial diamond as in lemma A.1.3.

Let i : F' — X be the closed immersion, and h = f oi. Denote by X¢,Uc, and F¢ the base change of X,U
and F' to C, and i¢, jo the associated immersions. Let fo : X¢ — C be the structural morphism of X, and
hc = fc e} ic.

Let L be an overconvergent étale sheaf of Fp,-vector spaces on X, and L its pullback to X¢. Assume that, for
all n € N, the natural morphisms :

H}, (Xo, Lo) ©F, Oc/p = HE (Xo, Lo © OF /p) (5.2)
HY (Fo,itLo) ®r, Oc¢/p — HE, (Fc,iéﬁc QF, O+/p> (5.3)

are almost isomorphisms. Assume furthermore that X is smooth of pure dimension d.

Then, for any 0 < k < 2d, there exists a natural Gal(K /K )-equivariant isomorphism :

HY, (Uo, joL4(d) = Homg, (HETH(Uo, joL0), Fy)
Proof. In this proof, every functor is taken in the sense of [Sch17].

From the localization sequence proposition A.2.1 applied to L, we get the following exact sequence in
Dét (Xc,Fp) .
ch}jéﬁc — ,CC — Ric s i*cﬁc

Likewise, by applying the localisation sequence to L& ® O}C /p, we get the following exact sequence in

Da(Xe, 0% /p) :

Rjc1(j&Le @r, 0%, /p) = Le @, O%_/p — Ric.it(Lo ©r, O%, /D)
We may then apply the exact functor Rfc . = Rfc to both sequences, and extend the scalars of the first

one to O¢/p. By functoriality of localization sequences, and using the functorial morphism constructed in
remark 5.1.2, we obtain the following diagram with exact rows :

(R(fcojo)itle) ®F Oc/p — Rfesle @5 Oc/p — (R(fc oic)«izLe) @5, Oc/p

| | |

R(fcoje)is(Le @r, O% /p) + Rfc«(Lc @r, O%_/p) + R(fc oic)«it(Le ©F, O%,/p)

By equation (5.2), the middle vertical arrow induces an almost isomorphism in the derived category.
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Using equation (5.3), the rightmost vertical arrow is an almost isomorphism. Indeed, pullbacks commute
with tensor products, and, by lemma 2.4.3 (since generalizing closed immersions are quasi-pro-étale), we
have an isomorphism :

Rhewic (Lo @ 0% [/p) = Rhe (icLe © OF /p) -

Hence the leftmost vertical arrow is an almost isomorphism (this is the five lemma in cohomology groups).
By the same argument as the one used for the right hand side, this corresponds to the fact that the
following morphisms :

H, (Ue, j* Lo ® OF, [p) = Hy (Uc, 5" L) ® Oc/p)
are almost isomorphisms for all 7 € N. We conclude by theorem 5.2.4. O

We may deduce Poincaré duality for Zariski-compactifiable rigid analytic varieties.

Corollary 5.3.2. Let X be a smooth proper rigid analytic variety over K, and U C X be a Zariski open
subset. Let j : U — X denote the associated open immersion.

Let C be the completion of K. Then, for any étale F,-local system L on U, Uc satisfies Poincaré duality with
respect to L, i.e there is a natural Gal(K / K)-equivariant isomorphism :

ét,c

HE, (Uc, £4(d)) = Homg, (H?dfk(UC, £c),IFp) .

Proof. Let F = X \ U, which is a Zariski closed subset of X (viewed with its reduced structure), making it
a proper rigid analytic variety over K. Since j is a Zariski open immersion, it follows from [BH21, Prop
3.11] that 5, L is Zariski constructible on X.

Moreover, it follows from base change [Sch17, Thm 19.1] that j¢.jc Lo = Le.

We will use the criterion from proposition 5.3.1 (and the associated notations) to the overconvergent sheaf
H
Jgit L.

By base change [Sch17, Cor 16.10], i{. jo £ = 0, so that the almost isomorphism of equation (5.3) is
trivial.

It then suffices to show that the following morphisms are almost isomorphism :

HY, (Xovjor £o) ©x, Oc[p = HE (jor Lo ©F, 0% /p) -

This follows directly from the primitive comparison theorem for Zariski-constructible coefficients, as stated
in theorem 5.1.3. O

This recovers [LRZ24, Cor 1.1.2]. Note that the approach of loc.cit. uses different tools, as it barely uses
perfectoid methods, and, rather, relies on a study of formal models, and of trace formalisms. In particular,
it barely relies on the theory of perfectoid spaces.

In particular, we may compute étale cohomology of the affine line.
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Example 5.3.3. The affine line A¢ satisfies Poincaré duality with coefficients in any Fp-local system. We have
the following :

0 ifi=0 F, ifi=0
Hy (Ao, Fp) =0 ifi=1 and Hi(Ac,Fp) =<0 ifi=1
F, ifi=2 0 ifi=2,

Proof. The affine line is Zariski-open inside P}, with complement given by the point, so that corollary 5.3.2
applies.

The compactly supported étale cohomology can be computed directly by excision proposition A.2.1, using
the fact that the cohomology of the point is concentrated in degree zero, and that the cohomology of P, is
classically RT (P, F,) = F, & Fp[2].

The non-compactly supported cohomology groups can be deduced by duality. O

We will see in a general statement for rigid-analytic curves. Before doing that, we need to explore other
consequences of primitive comparison with compact support.

Primitive comparison with and without support

We start by establishing a Poincaré duality result for classical O /p-coefficients, under the hypothesis of
primitive comparison with compact support.

Proposition 5.4.1. Let X be a smooth partially proper rigid analytic variety over C' of pure dimension d and
satisfies primitive comparison with compact support with respect to some L € D¢ (X, Fp)°°.

Assume moreover than L is dualizable® inside D¢, (X, F,)°°.

Then, for all 0 < k < 2d, there is an almost isomorphism :

HY, (X, £ @ OF [p(d)) = Homoy, (HEH(X, £ OF /p), Oc /p) .

ét,c

This is a statement of Poincaré duality for O /p-coefficients. Note that we really need the primitive
comparison with compact support hypothesis in the proof, even if the F,-cohomology does not appear
explicitly in the result. The proof is purely formal, but surprisingly tricky.

Proof. In order to simplify the notations, we do not write down the functor J¢ from proposition 3.5.3,
and implicitly identify both sides.

By relative Poincaré duality in Mann’s category (cf. proposition 3.1.9), we have :
Homp (0, /) (1 (£® Tx), 16) 2 fM Homp, (v ot 1) (£ L, Tx(d)[2d)) 5.4)
By primitive comparison with compact support (cf. proposition 5.2.2), we have :

RU¢ (X, L)@ OL" [p = fM(L® 0L /p).

3By [Man22, Lemma 3.9.20], this is equivalent to £ being perfect, which is defined by descent from the usual notion of perfect
complexes in a derived category. If £ is concentrated in degree 0, this is equivalent to being finite dimensional.
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We will apply the discretization functor (—),,, then take homotopy groups of the above. We start by
focusing on the left hand side of equation (5.4).

Hence, by lemma 3.5.8, proposition 3.5.4 and lemma 3.5.9 :

(Hompy (0 (fi(£ @ 1x), ]lc))w = Homp o, /pya (Bleto(X, £) ® O /p, O% /p)
= Homp(o,./pye (RDere(X, £) @k, OF/p, O /)
= Homp o, /p),, (Rret (X, L) ®%, Oc/p, OC/P)
= Homp o /p)., (Rléto(X, L O% /p), Oc/p)"

Here, the category D(O¢/p). is simply the derived category of O /p-modules. As we are only interested
in the homotopy groups, the internal Hom functor might as well be computed in the 1-derived category
D(O¢/p), where it satisfies (cf. [Sta23, Equation 0A64])

mpHomp o, /p) (Ces Do) = Homp (o, /p)(Ce, De[n]).

We hence have :

7 ((Hompy (o (7 (£9 1), 10)) ) 2 Homogp(RTet.o( X, £ & O /p), Oc/plK])".

By primitive comparison with compact support, the complex R« (X, L&O% /p) = Rl ¢ (X, £)®%p Oc/p
is free, hence projective, as a complex of O¢ /p-modules, so that :

Homp (o /p) (Rl ét.o(X, £) @ Oc/p, Oc/p[k]) = Home,, ;p(HE, (X, L © O% /p), Oc/p).
Finally, we have :

7 (Hompe o, (f (£ 1x, 10)) ) 2 Homoy jp(HY (X, £& 0% /), Oc/p).  (55)

We now turn our attention to the right hand side of equation (5.4). Since £ is assumed to be dualizable, it
follows from [Man22, Thm 3.9.23] that :

M HomDa (X.0% /p) (L&O% /p, 0% /p(d)[2d]) = Homp v, (£, Fp) @0F/p(d)[2d] = LY @ 0% /p(d)[2d]
We may now apply corollary 3.5.6, so that :
FMHomp (x oty (£ © O% /p, 0% [p(d)2d)) = (RFF(LY &5, 0% /m)(d)[2d)".  (5.6)

We apply moq—k. Since (—)¢ is t-exact,

maa—k (RI(LY @5, OF /m)(d)[2d])" = HE(X, £7)(d). (5.7)

The result now follows from combining equation (5.4), equation (5.5), equation (5.6) and equation (5.7).
O
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Remark 5.4.2. It’s unclear what we can say without the hypothesis of primitive comparison with compact
support ; the issue is that there might be non-trivial higher Ext-groups between O¢ /p-modules. In particular,

the short exact sequence :

1/2

L1/2
0— Oc/p L— Oc/p'? = Oc/p—0

does not split as O¢ /p-modules.

Under moreover that cohomology groups are finite dimensional, we show that primitive comparison with
compact support implies primitive comparison without support.

Corollary 5.4.3. Let X — Spa(C, O¢) be a smooth partially proper rigid analytic variety, of pure dimension
d, that satisfies primitive comparison with compact support with respect to some £ € D¢ (X, F,)%°.

Then, for all k € N such that H2~*(X, L) is of finite dimension over F,,, there exists an almost isomorphism :
HE(X,LY)® Oc/p = HE(X, LY @ OF /p).
Proof. We may apply Poincaré duality for £ @ OT /p-coefficients as in proposition 5.4.1, yielding :

HE (X, £Y© OF [p(d)) & Homo, (HZT* (X, £© 0% /p), Oc/p) -

ét,c

By hypothesis of primitive comparison with compact support, He?t‘f;k (X, L&0% /p) = He?t‘fgk(X ,L)®OL /p,
so that :

HE (X, LY ® 0% /p(d)) = Homo,, ;,(HZ' H (X, L) ® Oc/p, Oc/p)

ét,c

2 Home(H?d_k(X, L),0c/p).

ét,c

Since HZ'~*(X, L) is finite dimensional over F,, it is dualizable, so that

ét,c

Homp, (H?dik(X, L),0c/p) = Homp, (Hgd*k(X, L£),F,) @ Oc/p.

ét,c ét,c

The result now follows from Poincaré duality with coefficients in £, as in theorem 5.2.3. O

Remark 5.4.4. It is unclear what one can say without the finite dimensionality hypothesis.

If X is an infinite disjoint union of copies of Spa(C, O¢) indexed by some I, we have H),(X,F,) =[], F,
and Hp,(X.F,) =[], Oc/p.

Getting a comparison statement would require a notion of completed tensor product such that

(I1, Fp) ®Oc /p ~ (I1; Oc/p). That the solid tensor product is not suited for this purpose.

For a more geometric example, Drinfeld’s upper half plane Q¢ . It is known that H},(2%,F,(1)) = Sp(F,)* is
a dual Steinberg representation. We will see that 2, satisfies primitive comparison with compact support with
respect to F,, so that :

HYL(X, 0% /p(1)) = (Sp(F,) ® Oc /p)*

is the O¢-linear dual of the Steinberg representation with O¢-coefficients, which is not the dual Steinberg
representation with coefficients in O¢ /p.
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5.5 Primitive comparison for rigid analytic curves

One may wonder which rigid analytic curves satisfy primitive comparison with compact support, and,
hence, Poincaré duality. We give a full characterisation for curves of finite genus.

Theorem 5.5.1. Let X be a smooth, connected, partially proper rigid-analytic curve over C. Assume
furthermore that X is of finite genus, in the sense of [Liu87, Sec. 1].%

The following are equivalent :

(D X satisfies primitive comparison with compact support with respect to F,,.
(i) The natural map HY,(X,F,) ® Oc/p — HY,(X, 0% /p) is an almost isomorphism.
@iii) OT(X)=O¢
(iv) There exists a smooth projective algebraic curve Y over C, such that X is open in YY", and the
complement is compact for the canonical topology of Y *".

Proof. (i) = (ii). It follows from theorem 5.2.3 that X satisfies Poincaré duality with FF,, coefficients,
and, in particular (ignoring Tate twists) :

Hgt(Xa Fp) = Homle (H2 (X, Fp)v]Fp)v

ét,c

where HY,(X,F,) = F, since X is connected. Hence H?

ér.o(X,Fp) = F, is finite dimensional, and the

result follows from corollary 5.4.3.

(ii) = (iii). By definition of the étale sheaf OF, HY, (X, O") = O*(X). There is a natural injection
Oc — OT(X), inducing an almost isomorphism O¢/p =~ ot (X)/p by hypothesis. Since O (X) is
p-torsion free, this is an isomorphism. Since both O¢ and O (X) are p-adically complete, this lifts to an
isomorphism O¢ = O*(X).

(#i1) = (4v). This is contained in [Liu87, Thm 3.3.].

(iv) = (i). We let S denote the complement of X in Y*", viewed as a locally spatial diamond. We will
prove the result by using the criterion from proposition 5.3.1, stemming from excision. The topology on
the analytification Y *" is profinite for the canonical topology, as this is locally induced by the one on C, so
that S is profinite.

The set S with a structure of a locally spatial sub-diamond of (Y%")° over C, by lemma A.1.3. It even
admits the structure of an affinoid perfectoid space, as constructed in example 2.2.3 :

Sc = Spa (C°(S,C),C°(S,0¢)) . (5.8)
The proof reduces to the following lemma, which is a primitive comparison result for profinite spaces.” [J

Lemma 5.5.2. Let S be a profinite set, viewed as a perfectoid space Sc over C as in equation (5.8). Then, for
all i € N, the natural map
H,(Sc, Fp) @, Oc/p — Hi(Sc, OF /p)

is an almost isomorphism. It is moreover trivial outside of degree 0.

4The genus of a curve is defined as the supremum of the genus of its affinoid open subsets, for which it computes as the genus of
their canonical reduction, viewed as an algebraic curve. If X is of the form (iv) below, its genus is simply the genus of Y.

SProfinite spaces are proper when viewed as diamonds by [Sch17, Rk 18.2], so that primitive comparison coincides with primitive
comparison with compact support.

5.5 Primitive comparison for rigid analytic curves 79



80

Note that this essentially appeared in the proof of [JLH20, Prop. 5.2.2].

Proof. Write S as a projective limit S = Wm, S;, for finite S;. By [Sch17, Prop 14.9], for any étale sheaf
F on Sg, there is a natural isomorphism

He’t(SCw/—'.) = ligl‘ll‘[e,t(svi,ca-F.i)v
iel
where F; denotes the pullback of F to S, ¢, the perfectoid space associated to S;.

For any i € I, S; ¢ is a finite disjoint union of geometric points Spa(C, O¢), ao that their étale cohomology
is the cohomology of the underlying topological space S;. There admit no higher cohomology, and
HY,(Si.c, F) = Fun(S;, F(Spa(C, O¢))).

Hence, we compute :

* H(Sc,Fp) =lim,_ Fun(S;,F,) =2 LC(S, Fp) by lemma B.1.10.
* HY(Sc,0%, /p) = lim. _ Fun(S;, Oc/p) = LC(Sc, Oc /p) by lemma B.1.10.

The result now follows from lemma B.1.11. O
The point (iii) of theorem 5.5.1 can be reinterpreted as a p-adic analogue of the "Liouville property"
from complex geometry, claiming that all bounded holomorphic functions are constant. Even finding an

analogue of (iv) = (i) in complex geometry is very complicated, as, even for spaces of the form P} \ S,
the Liouville property depends on the Hausdorff dimension of S (cf. [Youl5, Sec. 2]).

Remark 5.5.3. It is a bit surprising that, in the p-adic case, the result (iii) = (iv) holds without assuming
that C is spherically closed.

As a typical example, let X be rigid analytic variety obtained by removing a point of type 4 from P, (viewed
as a Berkovich space). This admits the structure of a rigid analytic variety, with a morphism to P, that is
bijective on rigid points, but it not an isomorphism - X is hence not of the form P, \ S.

One can show, via explicit computations, that X indeed admits non constant bounded holomorphic functions
on X, so that O%(X) # O¢ (this is [GP80, Ch. 1V, Prop. 1.3.2]).

As a corollary, we deduce Poincaré duality for Drinfeld’s upper half plane. Note that it is somewhat the
typical example of a space satisfying (iv).

Corollary 5.5.4. Let C be the completion of K, and algebraic closure of Q,, and Q¢ = PL \ P1(Q,) denote
Drinfeld’s upper half plane over C.

Then Q¢ satisfies Poincaré duality. For 0 < k < 2, there is a natural Gal(Q,/Q,)-equivariant isomorphism :

Hé’gt(QCW Fp(l)) = Hom(H27k(QC'7 FP)? FP)'

ét,c

Proof. Since P!(Q,) is compact, 2}, satisfies primitive comparison with respect to F,,, follows directly from
the above proposition and theorem 5.2.4. O

Note that one can easily check that the above morphism is also GL3(Q,)-equivariant, using the functoriality
established in remark 5.2.5.

In the next chapter, we extend primitive comparison with compact support to Drinfeld’s symmetric spaces
of arbitrary dimension, for which the computation is very geometrically and combinatorially involved.
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The O* /p-cohomology of
Drinfeld’s symmetric spaces

Content of this chapter

In this chapter, we compute the O /p-cohomology of Drinfeld’s symmetric spaces, adapting the strategy
of [SS91]. The main result is as follows :

Proposition 6.0.1. Let d € N, K be a complete extension of Q,, and C be a complete algebraically closed
extension of K.

Let H? denote the set of K-rational hyperplanes of P, and Q% = P% \ Uy cqa H be Drinfeld’s symmetric
space of dimension d over K.

Then, for all n > 0, there is a GL,,;1(K)-equivariant’ almost isomorphism :

llR=

Heth,c(QdC',O+/p> Spden(IFP) & OC/p,

where Spy,_,, (F,) denotes the (2d — n)-th generalized Steinberg representation of GLg11(K), valued in F,,.

By [CDHNZ21], the compactly supported étale F,-cohomology of Q¢ is given by Sp,,_,,(F,), so that the
above proposition is a weak form? of primitive comparison with compact support. The full comparison
with compact support, will be obtained in chapter 8, where we instead adapt a method of S.Orlik (which
shares many technical similarities).

The main interest of the method presented here is that, besides being more explicit, it relies on a mostly
axiomatic point of view on cohomology, which can be adapted mutatis mutandis to other cohomology
theories.® In particular, the arguments given here can easily be adapted for ¢-adic or de Rham cohomology,
and are expected to work for solid ©’-cohomology, as developed in [ABM24].*

The two main differences with [SS91] are as follows :

* Inloc.cit. the authors work on non-compactly supported étale cohomology, by considering limit of
relative cohomology, relative to intermediary spaces. Here, we use the same geometric construction,
but work on compactly supported étale cohomology instead, by considering the colimit of the
cohomology of the complement of such spaces, in a dual manner.® This relies on the excision result
established in proposition A.2.1.

For simplicity, we do not compute the Tate twist here. This will be handled in chapter 8.

2We do not show that the comparison morphism Hgt’C(Q‘é, Fp,)®Oc/p — H ‘Z,C(Qd ,O7 /p) is an almost isomorphism. This will
be handled in chapter 8.

3The method of chapter 8 is well-suited for computing the cohomology of many étale sheaves, but crucially uses the étale formalism.

“4See the relationship with problems of chromatic homotopy theory, at least in dimension 1, as in [Man25]. See also [Bar+25],
where results of chromatic homotopy theory are obtained by considering the condensed O*-cohomology of Drinfeld’s symmetric
spaces.

5Actually, it would be more accurate to say that the computation of [SS91] is dual to the one performed here.
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* In loc.cit. the authors work under the assumption that the cohomology theory is invariant with
respect to the open unit disk, i.e. H*(X) ~ H*(X x D¢). Here, we work with a less restrictive
assumption of stalk-invariance, in the sense that :

Im H*(X x De(lp])) ~ H*(X)

r—>00

for smooth proper X (see proposition 6.3.1). For O" /p-cohomology, this will follow from the
computation in proposition 2.6.1, together with some weak version of the Kiinneth formula.

It would be possible to perform most of the computation in the language of Mann’s six-functor formalism.
For readability, we chose to formulate the results in the classical language of étale cohomology, using
Mann’s category in the proofs when necessary, in section 6.2.

This chapter relies lightly on the appendix section B.1, which gives some notions regarding the geometric
realization of simplicial profinite spaces and its cohomology, as well as topologized Tits buildings.

Many computations can only be made up to almost isomorphism. This can make the notations a bit heavy,
but poses essentially no extra difficulty (the only non-trivial part is lemma 6.5.3).
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6.1 The geometry of the complement

Let K be a complete extension of Q,, with value group I'i, and C be a complete algebraically closed
field containing K. Let H? denote the set of K-rational hyperplanes of P¢., and Q% = P% \ Uy cya H be
Drinfeld’s symmetric space of dimension d over K, and ¢ denote its base change to C.°

Convention 6.1.1. By convention (following [SS91]), in this chapter; we always write projective coordinates
[20 : -~ zq) € P4(CO) such that :

1. Foralli, |z| <1
2. There exists an ig such that |z;,| = 1.

Let F = P2 \ Q4, viewed as a closed topological subset of P,. The starting point is the following excision
exact sequence in the derived category of almost O¢/p-modules, as (the almost version) of the one
established in proposition A.2.1, together with lemma 4.2.2 :

RT¢;,o(Q%, 0" /p)* — R (PG, OF /p)® — lim R (U, 0% /p)? (6.1)
FcU

where the colimit is taken over qcgs open neighborhoods of F'.

Remark 6.1.2. Note that the right-most term can be seen as the étale cohomology of F, viewed as a locally
spatial diamond by lemma A.1.3.

We stick with the weaker version written above, as this allows us to stay close to the language of rigid-analytic
geometry used in [SS91], and this generalizes better to the setup of solid O°-cohomology, as the version of
above is the only available version of excision in that setup (cf. [ABM24, Prop 6.2.5]).

The étale cohomology of P¢, is well-known.

Proposition 6.1.3. Foranyn € N:

a |O ifnisevenand 0 <n < 2d
(B8, 0 ) & L 0P ==
0 otherwise.

Proof. By the primitive comparison theorem [Sch12a, Thm 5.1], the natural morphism
H;(P(é, IFP) ® OC/p - Hgt(]P)dCa O+/p)

is an almost isomorphism.

The F,-cohomology of the scheme P, is classical (this follows from the fact that étale cohomology in
characteristic zero is a Weil cohomology theory), and this passes to the analytic setup using [Hub96, Thm
3.7.2]. O

Our goal is ultimately to understand the leftmost term of equation (6.1), so that we will focus on computing
the rightmost term.

We start by considering standard neighborhood of K -rational hyperplanes.

6Even though most of these notions depend on K, we drop it from the notation.
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Definition 6.1.4. Let ¢ € T'N]0, 1], typically of the form |p|" for n € N, and H € H?. There exists a

unique (up to a unit) unimodular (i.e. of norm one) linear form (g : (’)gfrl — Oc¢ such that H = {z €

PY(C), Ly (2) = 0}.
We let H(e) = {z € P4(C), |¢(z)| < €} be the e-neighborhood of H. It is the C-points of a quasi-compact

open subset of P¢..

For all € € T'kN]0, 1], we may write (Jcya H C Uyeya H(e). Since the left hand side is compact as a
closed subset of P%,, the covering can be refined by a finite covering.

In fact, one can produce an explicit subcovering, as follows :

Definition 6.1.5. We say that two hyperplanes H, H' € H® are congruent mod p™ for n € Nif {5 and (.
are equal modulo p™.

We let H,, denote the quotient of H? by the above equivalence relation, which is finite. There are natural
inclusions H,+1 C Hy.

Recall that, if V' is a vector space, the space of hyperplanes in P(V') naturally identifies with P(V*). Hence,
there are natural isomorphisms :

H, =P ((OéJrl)* /pn> ]
These are compatible with the inclusions, and yLnneN H, = HL

The following description will be useful.

Proposition 6.1.6. Any H, H' € H? are congruent modulo p" iff H(|p|") = H'(|p|").
Proof. Thisis [SS91, Sec.1, Lemma 2]. O

Note that any H (|p|") is naturally isomorphic (up to a linear endomorphism of P%) to P4 " x D¢ (|p|™),
where D¢ (]p|™) denotes the closed unit ball of radius |p|", as defined in example 2.1.16. More generally,
we obtain the following statement regarding intersections of such neighborhoods :

Proposition 6.1.7. Let Hy, ..., H;, € H.

There exists a unique integer 0 < s < d and some unique ap < --- < a; € log(I'x) NRY, together with a
linear transformation ¢ of P such that, for alln € N :

o Ho(lp|") NN Hi(|p|™) ~ {[zo ieeeizg] € Pd(C),VO <i<s, )zl < \p|"_°‘1} .

Proof. Thisis [SS91, Sec.1, Lemma 5]. We recall the proof, as we will need some of its ideas.

Let M = Zf:o Oc¢ - g, viewed as an O¢-submodule of ((’)dc“)*. By definition,

Ho(|p|") -+~ 0 Hi(Ip|") = {2 € P&, Ve € M, |0(2)] < [p|"} . (6.2)
By the stacked basis theorem (as O¢ is a principal ideal domain), we may pick a basis ¢y, . .., {4 of (Og“) ’
and some unique o < --- < a5 in log(T' k) such that (p“°4y, ..., p**{s) is a basis of M.
Applying the linear transformation mapping the basis ({g,...,¢4) of (Og+1)* to the standard basis
([20 : =+t za] = 2i)g<;<, Yields the result. O

Definition 6.1.8. For Hy, ..., H;, € H% let M = Zf:o Oc¢ - ly, be as in the proof above.
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We let vk, (Ho, ..., Hy) € [0,d + 1] be the rank of M /p" M, defined as its minimal number of generators as
an (O%)*-module.

We may now state the following.

Proposition 6.1.9. Let Hy,...,H, € H% and (ao,...,as) be given by proposition 6.1.7. Let
r =rk,(Hy,...,Hy).

1. Ifr=d+1, Ho(p[") N--- N Hy(|p|") = 0.
2. Ifr < d, there is a natural C-linear endomorphism of P% sending :

r—1

Ho(lp[") 0+ 1 Hy(p|") = P& x T DE(lp" ).
i=0

Proof. We reuse the notations of the proof of proposition 6.1.7.
Let v = max{0 < i < s, < n}. We start by showing that v’ = r.

Since (p*°{o,...,p*(,) is a basis of M, the quotient M /p" M is generated by (pi - ¢;) where ¢;

denotes the mod p™ reduction of ¢;. Hence v’ > r.

0<i<r’?

Assume by contradiction that v’ > r, i.e. there exists a generating family <%, - 76;,_1) of M/p™M. Take
arbitrary lifts ¢, of ¢} in M.

By construction, the family (¢;)o<;<, —1 U (p® ™" - £;),1+1<i<s generates M, which is impossible, since M
is free of rank s + 1. Hence r = 7’.

The first point is now clear from the description of equation (6.2).
The second point follows from proposition 6.1.7, letting |z4| = 1, and noting that the condition |z;| < p"~ %

is vacuous exactly when n > «; (under convention 6.1.1). O

For Hy,...,H, € H%, rk,(Hy,..., Hy) increases as n grows larger, and it converges to the element
denoted s in proposition 6.1.7. We then denote it 7k (Ho, . . ., Hg).

Remark 6.1.10. For every nand Hy, ..., Hy, € H%, rk,(Hy, ..., Hy) depends only on the class of Hy, . .., Hy,
in Hy.

Forn € N, let Q, = Upcya H(IP|") = Upep, H(|p["). When n grows larger, this forms a decreasing
set of gegs open neighborhoods of F'. The family {Q,, },en is furthermore cofinal in the set of such open
neighborhoods.

Hence the colimit in equation (6.1) rewrites as :

lim RT¢,o(U,OF /p) = lim RT¢, (R, O /p) = lim R ( U #p"), 0+/p> : (6.3)

FCcU neN neN HeHn

When d = 1, it follows from proposition 6.1.9 that the covering (<, H(|p|") is disjoint, so that the
cohomology can be computed easily.

For general d, the open subset are not necessarily disjoint. However, the intersections are of a known form
by proposition 6.1.7, and the combinatorics of such intersections can be encoded in a spectral sequence.

Lemma 6.1.11. For all n € N, there exists a spectral sequence of O¢ /p-modules :
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Ey'(n) = E**(n)
&b H, (ﬂ Hk(lpl”%@*/p) - Hé”( U H(Ip"l),(9+/p>
Ho,.o,Hs €M k=0 HeH,

Moreover, the differential morphism d, : E}"(n) — E;T""(n) is given by the alternating sums of the maps
induced by removing the i-th hyperplane.

Proof. This is the Cech-to-cohomology spectral sequence’ [Sta23, Theorem 030W] associated to the étale
covering | |y ¢y, H([p[") = Q. O

Remark 6.1.12. It would be possible to construct this spectral sequence by working directly in the Mann’s
formalism, although the (co)-categorical language makes it more cumbersome.

This is done by applying the Bousfield-Kan spectral sequence (cf. [Lurl7, Variant 1.2.4.9]) in the opposite
category of almost O¢ /p-modules, together with proposition 3.5.3.

Moreover, this process is compatible with natural inclusion H (|p|"**') ¢ H(|p|") (where, for H € H, 1,
H denotes the class of H in #,). This yields morphisms E;(n) — E;(n + 1).

Moreover, the convergence of spectral sequences naturally commutes with colimits and localizations, so
that :

(%EI‘(H)) = <h_n}1E'(n)> . (6.4)

neN
We may rewrite lim _ FE7*(n) as lim _ Tm (EY*(n) — E}*(n+3)),® so that it suffices to study the
image of the morphisms increasing n.

By proposition 6.1.9, this reduces to studying the image of morphisms :

Hz, (P x [ Delp=), 0% /) — H, (PE ™ < T Be(pl™+*=),0%/p) 6.5)

in the almost category.

Recall that the image of the restriction morphism in O /p-cohomology between closed disks was studied
in proposition 2.6.1. We may then deduce the necessary statement by a variant of the Kiinneth formula,
even though the spaces considered are not proper.

A weak Kinneth formalism

This section relies heavily on Mann’s six-functor formalism. All spaces considered will be qcgs, so that,
by remark 3.5.7, for any rigid analytic variety f : X — Spa(C, O¢), the object fM1x is discrete and
computes the classical étale cohomology RTs:(X, 0T /p), up to almost isomorphism.

Recall the Kiinneth’s isomorphism for proper spaces.

Proposition 6.2.1. Let (X;);cs be a finite family of proper adic spaces over C. Then, there exists a natural
morphism in D, (Oc /p)* :

7Note that this is not the most standard form of the Cech-to-cohomology spectral sequence, as one usually writes down the second
page.
8The integer 3 is chosen for reasons that will become clear in proposition 6.3.2.
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Q) Rra(X:, 0% fp)* = B (T] %:. 0% /p)”

iel
Proof. This is proposition 3.1.7, together with the fact that, for proper objects,the cohomology computed

in Mann’s category coincides with standard étale cohomology remark 3.5.7. O

We start by defining a Kiinneth map for not necessarily proper spaces (that need not be an isomorphism).

Proposition 6.2.2. Let (X;);cs be a finite family of qcqs smooth rigid analytic varieties over C. There exists
a natural morphism in D (Oc¢/p)®

a
& Ra(Xi, 0% /p)* - RTw (] X:.0*/p)
iel
It coincides with the map from Kiinneth isomorphism from proposition 6.2.1 if the X; are additionally proper.

It is moreover functorial in the X.

Proof. By induction on |I|, we may assume that |I| = 2. Let X;, X, be two smooth and qcgs rigid analytic
varieties. We work implicitly in Mann’s formalism, dropping the "M" superscripts for clarity. As all spaces
are quasi-compact, it follows from remark 3.5.7 that fM computes classical étale cohomology groups.

Consider the cartesian diagram :

/

X1 XX2—>X2

o= b

X1 —> Spa(C,O¢)

For any map h: X — Y and F € D&(X, 0% /p), G € D&(Y,O" /p), the unit h* o h, — id of the adjunction
h* = h, yields a map :
h* (heF @ F) =2 h*h F @h*G — F @ (h*G).

This yields, by adjunction, a "projection formula map" :

hF @G — ho(F @ h*G). (6.6)

By smooth base change (cf. proposition 3.1.4), for all F € D& (X2, O" /p); there is a natural isomorphism
f*g.F = ¢’ f'" F. We may then construct a Kiinneth morphism as the composition of the following maps :

[ilx, @ gulx, — fullx, ® ffg:1lx,) By equation (6.6)
=~ f.(lx, @g.f 1x,) By smooth base change

— [ (gL (97 1x, ® f71x,)) By equation (6.6)

~A, (¢ 1x, ® f1x,) By composition

2 Adx, xx, Since 1 is the unit object.

This extends the result for proper space, as the computation is the same than the proof of proposition 3.1.7.
This construction is clearly functorial. O

Proposition 6.2.3. Let X,Y be two smooth rigid analytic varieties over C, of pure dimension dx and dy
respectively.
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Assume that X is proper; and Y is qcgs.

Then, the map constructed in proposition 6.2.2 induces an almost isomorphism :
RT«(X,07/p) ® RU(Y, 0" /p) = RT&(X x Y, 07 /p).

Proof. As in the proof above, we go through Mann’s six-functor formalism, and drop the M superscripts.

Consider the cartesian square :

Xxy —2 5 x
|
Ty fx

Y —2 s Spa(C,0c)
The product X x Y is smooth over C of dimension dx + dy, so that Poincaré duality in the sense of
proposition 3.1.8 yields :

a
Adxyy = RHOHID&(OC/]D)@ (A!]lXxy(dX + dy)[?dx + 2dy]7 ]lc)

a

= RHomp, (0¢ /) (Fx11x(dx)[2dx] @ fyaly (dy)[2dy], 1c)

a

= RHomDE((’)C/p)%ﬁ (fo]lX(dx)pdx], RHompﬁ (0c/p)* (fyg]ly(dy)pdy], ]lc')) 5

where the second isomorphism is Kiinneth’s formula for compactly supported cohomology (as in
proposition 3.1.7), and the third one follows from (internal) adjunction.

Since X is proper, its étale cohomology complex is perfect, hence dualizable. Hence, we have, by [Man22,

Lemma 3.7.4.iii] :

RHomp, (s /) ( fxlx (dx)[2dx], RHoma, (o ) (fr1 Ty (dy) [2dy], ]10))

a

= RHomyp. (o /)¢ (Fx11x(dx)[2dx], o) ® RHomp, (o /e (fyily (dy)[2dy], 1o)

(fX)*]lX ® (fY)*]lY

1=

Where the last line followed by re-applying Poincaré duality as in proposition 3.1.8. This yields the desired
result by remark 3.5.7. O

|dentification of the transition morphisms

We may now study the image of the morphism of equation (6.5).

Let us start by isolating the following "stalk-invariance" property :

Proposition 6.3.1. Let X a smooth proper rigid analytic variety over C. Then, for all n > 0, there is an
almost isomorphism :

HE, (X, 0 Jp) & lim HJ (X x De(pH)). O /p)
keN

Proof. This follows from proposition 6.2.3 and proposition 2.6.1. O
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Proposition 6.3.2. Let c,b,s € N, j1,...,j, €N, ig,...,is € N, and let r € log(T') such that r > p/(p—1).

For any n € N, the image of the morphism :

®: Hy ( & x P& x HDC(IPI“"),OWp)

k=0
b s @
— Hg; ( CC X H De (|p|Jk) X H De (|p|ik+7"+l) ,(’)+/p>
k=1 k=0

is given by :
(@) a | Oc/p ifnisevenand 0 <n < 2c;
m =

0 otherwise.

Note that, by proposition 6.1.3, this is the result one would obtain if Ot /p cohomology were D¢-invariant.

Proof. The morphisms D¢ (|p[’*) — P¢ factors through D¢ (|p|?*~"), so we may assume that b = 0.

Using proposition 6.2.3, together with the cohomology of projective space computed in proposition 6.1.3,
we reduce to the case ¢ = 0.

It then suffices to prove that :

Im (Hi (H Dc(lpli’“%@*/p) — H}, (H De (|p[**7), 0*/1?) )

k=0 k=0
O¢/p ifn=0

0 otherwise.

=

For any k € N, we let D% (|p|*) be the canonical compactification of D¢ (|p|*), viewed as an adic space.
There are natural inclusions D¢ (|p|**1) € D& (|p|**+t) € De(|pl*).

By proposition 6.2.2, we have the following commutative diagram :

& R (De(|pl™*) , O /p)* ———— RUe ([IDc(|pl'*) , O /p)”

pe

Q® RT¢;, (D% (|p|*+1), Ot /p)* —=— RTy ([ID%(p|* ), OF /p)”

| |

® RTe; (Do(lp|™* ), 07 /p)" ——— RU ([IDo(|p[* "), 07 /p)"

i |

® RT¢ (De(fptr+), 0% /p)* ----- » Ry (IIDc(|p=+m+t), 0% /p)*

Where the second horizontal arrow is an isomorphism by proposition 6.2.1.

The desired morphism can be obtained as the composition of the dashed arrows, in particular, it factors
through f. It follows from proposition 2.6.1 that f is zero, outside of degree zero.
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In degree zero, every morphism of the diagram induces the identity on the submodule corresponding
to constant functions, identified to O /p. Hence O /p is included in the image of the composition. By
proposition 2.6.1, the image of f in degree zero is O¢/p, so that the image of the composition is exactly
Oc¢/p. This concludes. O

We may now go back to the spectral sequence, constructed in lemma 6.1.11.

Lemma 6.3.3. Fixsome H;,,...,H; € Hy13. Welet I?lk denote their natural image in H,,. The image of
the morphism :

v HY, (h ffik<p|“),o+/p>  H, (ﬁ Hik<|p|”+3>,o+/p>

k=0 k=0
is given by :
a |Oc/p iftisevenandt/2 < d— rkpis(Hiy,- .., H;,).
Im(¥) = '
0 otherwise.
Proof. Letr = Tkn+3(Hioa ey Hlk)

Ifr=d+1, ﬂ H;, (|p|™*?) = 0, and the result vacuously holds.
k=0

Assume that r < d. By proposition 6.1.9, up to a linear endomorphism of P%,, we have :

D r—b—1

() Hi(pI") = PE < [ De (Ip* ),
k=0 =0

with b =r — vk, (H;,, . . ., IAL,C). This linear endomorphism restricts to some :
p r—1

() (%) = B [T D (7).
k=0 i=0

The result now follows from proposition 6.3.2. O

We arrive at the following :

Proposition 6.3.4. For s,t > 0and n € N, we let

@ Oc¢/p iftiseven,

(Ho,...,H)ey " t3:d=t/2)

=

Im (B} (n) — EY' (n + 3))

0 otherwise,

where Y\ = {Hy, ... Hy € Hp,rkn(Ho, ..., Hy) < t}h.

For simplicity, we let F;"*(n) := Im (Ey n) = EY(n+ 3))a. For fixed n, this admits the structure of the
first page of spectral sequence as s, t vary.

By construction of E, * and equation (6.3), we have :

lim F7(n) = lim H3 (2, 0" /p)°
neN neN
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6.4

Remark 6.3.5. There is a natural GL411(K)-action on both sides. This spectral sequence is equivariant with
respect to the action.’

The next step is to understand the differential morphisms appearing in F;*. This has to do with the

simplicial structure of the VARRE

Before moving on to the next section, let us isolate a small result.

Lemma 6.3.6. For 0 < k < d — 1, the natural morphism :
Oc/p = HE (Bh, 0% /p) — lim HE(Q,, 0" /p)
neN

is almost injective.

Proof. 1t suffices to prove the injectivity for all fixed n. Consider the map :
Oc/p = HEf (PG, O Jp) — HEF (Q, OF [p) — HE(H(|p]"), O /p)

for some arbitrary H € H,,. We will show that the composition is almost injective.

~

Since H(|p"|) = Dc(]p?|) x P&, by proposition 6.2.3, this reduces to showing that the map
H2k (PR, OF /p) — H2F(PE™, O /p) is an isomorphism for k < n.

This follows from a relative version of the primitive comparison theorem, together with a known explicit
computation for F,-cohomology (which reduces to the algebraic setting). O

The simplicial structure on hyperplanes

Our next step is to understand the morphisms appearing in proposition 6.3.4, in term of the simplicial

structure on Y™,

Recall that we defined Y{"") = {Hy, ..., H, € H,,rkn(Ho, ..., Hs) < t}.

Varying s, this admits a natural structure as a simplicial set, with face maps d; given by removing the i-th
hyperplane, and degeneracy maps given by duplicating one.

We define C* (Y("vt), Oc¢/ p) := Homyg (Z [Ys("’t)} ,Oc/ p). Varying s, this naturally admits a structure of
a cosimplicial O¢ /p-module.

Then, proposition 6.3.4 rewrites as :

Proposition 6.4.1. There is an almost isomorphism of O¢ /p-modules :

Co(Y(n43.d=t/2) \Oq /p)  iftis even,t >0

lR=

P (n) ,
0 otherwise.

The differential morphisms d; : F*'(n) — Fy 7" (n) induced by the one on F; have been made explicit in
lemma 6.1.11. Hence, the second page F'*(n) can be computed as follows.

?Note however that the action does not stabilize the ©,,, but it passes to the colimit (cf. [SS91, 2nd remark at the end of §3]).
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Proposition 6.4.2. We have :

He (C*(Y(n+3.4=t/2) 'O [p)™~)  iftiseven,t >0

0 otherwise,

=

5 (n)

where (C*(Y (34712 O /p))” denotes the cochain complex associated to the cosimplicial object
C (Y (n+3.d=t/2) O /p), with differential obtained by taking alternate sums of codegeneracy maps (cf
definition B.1.2).

When ¢ is even, this is the complex computing the simplicial cohomology groups of the simplicial set
Y32 with O /p-coefficients.

We are interested in what happens when n — oo. Let F**(00) := lim E>*(n).

For fixed s, t, we let v = fm Y™ endowed with the limit topology, making it a profinite space. By

construction, this can be explicited as :
v, = {Hy,...,H, € H?,7koo(Hy, ..., H,) < t},

Moreover, the limit topology coincides with the topology as a subset of (P?(C)*)"*!. Since the degeneracy
and face maps are clearly continuous, varying r, this admits a natural structure of a simplicial profinite
space.

Let |Y(®)|Pre denote the geometric realization of the simplicial profinite space Y.(t), as defined in the
section B.1.

LC (Ys(dfmx (’)C/p) iftiseven, t >0

=

Lemma 6.4.3. li F2t(n)
“nen 0 otherwise.

Proof. This follows from proposition 6.4.1 and lemma B.1.10. O

As in proposition 6.4.2, the second page is given by the cohomology of the complex. This can be interpreted
geometrically.

a | Hgy (|Y(d*t/2)|pm,@) ®Oc/p iftiseven, t >0

o, T 37t
Proposition 6.4.4. We have : lim _ F, (n) _
0 otherwise,

where H§, ; <|Y(d*t/2) |Pre, &) denotes the sheaf cohomology of the constant sheaf F,,.

Proof. It follows from proposition B.1.3 that, for t evenand ¢ > 0 :

limy 15" (n) = Hy (Y27, 00 /p)
neN

By lemma B.1.11, the terms appearing in the complex lemma 6.4.3 are free O¢/p-modules. By flatness,
cohomology commutes with tensor products, hence the result. O

It suffices to understand the sheaf cohomology of |Y'(?~*/2)|, with F,-coefficients. This was done in [SS91];
let us recall the computation.

We introduce the following auxiliary complex :
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Definition 6.4.5. Let T,*) be the simplicial profinite space defined, for 1 < k <d, by :
TR = {Wo c Wy C - C W, C (KTY)* such that 1 < dimg (W;) < k}.

This admits a simplicial structure when r varies.

We endow each T;™ with the finest topology such that the natural GLg41(K)-action induces homeomorphisms
GLy1(K) 7= GLg11(K)/Pr(K).

Remark 6.4.6. When k = d, this is exactly the Tits building of GLgy1, described in example B.2.2. Its
topology will be generalized in definition B.2.3.

Let |Tr(k) [P be the geometric realization of the above, viewed as a simplicial profinite space. Note that
it admits a natural GL,(K)-action, as all 7%) do, and that the face and degeneracy maps are clearly
GL441(K)-equivariant.

Proposition 6.4.7. \T.(k)\f’”’ and |Y.(k)|1’m have isomorphic sheaf cohomology with F,-coefficients (as a
representation of GLg41(K)).

Proof. This is Prop 5 of section 3 of [SS91] for Z-coefficients, and follows for F,, coefficients using the
universal coefficient theorem. O

In order to describe their cohomology groups, we need to introduce generalized Steinberg representations.

Definition 6.4.8. Let T and B be the standard maximal torus and Borel subgroups of the algebraic group
GLgy1. Let A ={1,...,d}, be a basis of the associated relative root system.

For each subset J C A, we let P; denote the corresponding parabolic subgroup of GLg. 1.

For M an abelian group and I C A, we let

Sp;(M) := LC(G/Pr, M)/ Y LC(G/Pruy, M)
i€A\T

be the associated generalized Steinberg representation with coefficients in M, with natural G-action induced
by left multiplication.

For 0 <r <d, welet Sp,(M) :=Spgy 5 4 (M).
Note that Sp, is the usual Steinberg representation, while Sp,(M) = M.

Lemma 6.4.9. For any F,-vector space M, Sp;(M) = Sp;(F,) ® M.

Proof. This follows from lemma B.1.11, together with the commutation of tensor product with quotients.
O

We may now state the following result.

Proposition 6.4.10. There is a natural G L, (K )-equivariant isomorphism :

0 ifr#£0,k—1;
” oo L )F ifr=0and k # 1;
Hy (IO, Fpy =9 7 .
LC(P((K*1H)*),F,) ifr=0and k=1,
Spy(Fp) ifr=k—1landk # 1.
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Proof. This is [SS91, Section 3, Prop 6], and [SS91, Section 4, Lemma 1] for Z-coefficients. This passes to
[F,-coefficients using the universal coefficient theorem (One can check that there is no nontrivial Ext' as
the cohomology groups appearing are free), together with lemma B.1.11 and lemma 6.4.9. O

Convergence and splitting of the spectral sequence

It follows from proposition 6.4.4 that the second page of the spectral sequence has the following form :

Proposition 6.5.1. We have natural GL441 (K )-equivariant isomorphisms :

Oc¢/p ifs=0,t >0isevenand d —t/2 > 1;
P (oe) & LC@wKwaJ@)®0@@ ifs=0,t=2d—2

Spy_t/2(Fp) ® Oc/p ift>0isevenand s =d —t/2 — 1,

0 otherwise.

Here is a diagram of the nonzero terms of F;"*(c0) :

t
2d — 2
2d -3
2d — 4 .
3
2 .
1
0 ‘ . s
o 1 .. .. d-1

Note that all arrows in the subsequent pages F.,r > 2 are trivial (as they all have either trivial domain or
codomain), so that F*(c0) = F%!(oc0) for all s, t.

Recall furthermore, that F*(c0) = limg HZ (Q, OF /p)".

We have hence established the following.

Proposition 6.5.2. The cohomology groups liETHOO H},(Qy,, 0" /p) admit the following description, with
GLg41(K)-action :

* Forteven, 0<t<d—11lm H, (Q,,0% /p) = Oc/p
* Fortodd 0<t<d-1lim H (2, OF/p)=0.
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* Forteven, d—1<t< 2d— 2, there is an exact sequence of almost O¢/p|G Lq4+1 (K )]-modules :

n—o0

0= (Oc/p)* — ( liy H, (Qn,0+/p)> — (SP2a—1-4(Fp) @ Oc/p)”* — 0. (6.7)
e Fortodd d—1<t<2d—2, thereis, GLyy1(K)-equivariantly :

lim HYy (2,07 /p) = Spag_1_4(Fp) @ Oc/p.

n—0o0

* Thereis a GL4y1(K)-equivariant isomorphism :

limg B2 (2,0 /p) 21C (P (K*)",F,) @ Oc/p.

n—roo
* Fort>2d-2 lim H:, (Q2,,0% /p) 20.
The only missing part for a complete description is following lemma :

Lemma 6.5.3. The short exact sequence of equation (6.7) admits a GL4+1(K)-equivariant splitting, as
almost O¢ /p-modules.

Proof. Apply the functor (—);, which is exact by [GR03, Cor 2.2.22]. By definition [GR03, Def 2.2.19], for
any O¢/p-module M, (M*), 2 M®®o,. m¢. Indeed, a computation yields (M*), = (M®), ®o,, mc. Since
(M%), is almost isomorphic to M, they become isomorphic after tensoring with m¢ (by lemma 2.5.2).

This yields a GL41(K)-equivariant short exact sequence of classical modules :

0= me/p— lim HZ? (Qn, 0% /p) ®0c /p Mo /P = SPaa—1-+(Fp) @ me/p — 0. (6.8)

n—00

We will show that this is split. By the m¢ /p-analogue of [CDHN21, Lemma 6.19], the middle term is a
smooth representation.

By [CDHN21, Thm 2.1], Ext]}p[G] (Spy(Fp),F,) = 0 (see [CDHN21, Rk 1.9] for the case p = 2), where the
Ext group is taken in the category of smooth representations. Moreover, by [CDHN21, Prop 6.1], there is
natural resolution as smooth F,, [GL41 (K )]-modules :

-+ = LC(X,,F,) — LC(X4,F,) — LC(Xy,F,) — Sp,(Fp)

for some explicit profinite spaces X,,, endowed with a GL,(K)-action.

The above is a projective resolution in the category of smooth representations (cf. [Sch15a]). Since m¢ is
flat over I, (as I, is a field), we have a projective resolution :

-+ = LO(X3,Fp) ® mg — LC(X1,Fp) @ me — LC(Xo,Fp) ® me — Spy(Fp) @ me

Hence, Ext;, e (Spi(Fp) ® me, me) can be computed by the complex :

Hommc[g] (LC(Xg,mc),mC) — Hommc[g] (LC(Xl,mc),mc) — Hommc[G} (LC(Xmmc),mc) (69)

But, for all 7, Hommc[g] (LC(X;,me), m¢) = Hom[gp[g] (LC(Xi,]Fp), me).
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Since Ext%p[G] (Fp,Sp,(Fp)) =0, the complex :

Hom]Fp[G] (LC(XQ,FP),]FP) — HomFP[G] (LC(Xl, Fp),Fp) — Hom]Fp[G] (LC(X(), Fp), Fp)
is exact. By the universal coefficient theorem for cohomology, so is the complex of equation (6.9).

Hence, the short exact sequence equation (6.8) splits equivariantly. We may then apply the additive
functor (—)®, which satisfies (—)® o (=), = id. This concludes. O

We may now go back to the study of Rl'¢; .(Q%, O /p).

Recall the excision equation (6.1), and the cofinal covering established in equation (6.3). We have the
exact sequence
RT¢t,e(Q, 0% /p) = RT4(PE, O [p) — lim RT¢; (25, O /p).
nelN
Recalling the cohomology of the projective space computed in proposition 6.1.3, we obtain the following
long exact sequence in the almost category, for any & > 0 (where cohomology is implicitly taken with
O /p-coefficients) :

0 limg HEH(Q,) = HEL(4) D Oc/p— tim HE(Q,) = HE©@E) -0, (6.10)
n—o0 n—oo

For all k # d, it follows from lemma 6.3.6 that f is almost injective, which yields :

a
1. An almost isomorphism lig HZF(Q,,0F /p) = HE (QL, 0 /p).
2. A short exact sequence :

n—roo

0 (Oc/p)" — ( lim HEZ (2, 0*/19)) — Hi 71 (98,07 /p)* — 0,

where the first term identifies to HZF(PZ, O /p)°.

It then follows from proposition 6.5.2 that :
« For0<t<d-—1, H, (O, O /p)=0.

* Foranyevend <t <2d—2, H, (Q&,O0"/p) = Spag—:(Fp) @ Oc/p.

* For any off d < t < 2d — 2, there is an exact sequence :
0= (Oc/p)* % (Oc/p® Spy_(Fp) © Oc/p)" — Hf, (U, OF /p)* — 0.

Where g is induced by the inclusions ©,, C P4. By construction, g identifies with the first morphism
of equation (6.7) (i.e. the inclusion of O¢/p), through the identification of proposition 6.5.1. Hence

Hét,c(Q%’a O+/p) = Spd—t(]Fp) ® OC/p

* There is a short exact sequence :

0 = (Oc/p)* -5 LC (P F,) © Oc/p* — H2-1 (94, 0% /p)* — 0.

ét,c
It follows from the definition of £ in lemma 6.1.11 that the natural map :

HE2 (P, O [p) = EY* 7 (n) = () HE*(H, 0" /p)
HeH,
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is induced by the diagonal embedding of the inclusions H C PZ.

This passes to Fj(o0), and, through the identification of lemma 6.4.3, the morphism O¢/p —
LC(YO(D, Oc¢/p) maps any « to the constant function valuing x.

This then passes to cohomology in Fy(oo) (which corresponds to connected components of the
simplicial object), so that the image of g is given by constant functions.

Hence, we have :

H21(QE, Oc /p) £ (LC(B((K*)*),F,) /F,) @ Oc/p = Spy (F,) @ Oc/p.

e TFor k = d, the long exact sequence equation (6.10) yields :
HZ (Q,0c/p) = Oc/p.

« Fort > 2d, H!, (%, Oc/p) 0.

€

This finally concludes the proof of proposition 6.0.1.

Before passing to more general period domains, it is interesting to wonder exactly which properties of
O /p-cohomology were used in this computation.

Recall the four axioms used in [SS91] : The ﬁc-invariance of cohomology, the cup product structure, the
triviality of the cohomology of the point, and the form of the cohomology of the projective spaces.

Here, we used the following :

The triviality of the cohomology of the point (implicitly) ;

A weak excision property, as in equation (6.1);

The homotopy invariance property with respect to @n—m D(|p|™), in the form of proposition 6.3.2;
The cohomology of the projective space proposition 6.1.3, as well as the relative version in
lemma 6.3.6;

H W=

5. Some representation theoretic argument to show the splitting of the short exact sequence
equation (6.8).

While working with almost coefficients everywhere is technically cumbersome, it poses no major difficulty.
The story is the same regarding the condensed formalism associated to O°-coefficients.
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The notion of p-adic period
domains

Content of this chapter

In this chapter, we give a precise definition of period domains, for which we claim no originality. The
original construction was developed in [RZ96], see also a short introduction by the first author in [Rap97].
Concise introductions, somewhat similar to the one below, can be found in [Orl05a], [CDHN21]. The book
[DOR10] presents an extensive version of the theory, whose structure we broadly follow.

We start by specializing the theory for GL,, as such a context is sufficient to define Drinfeld’s symmetric
spaces, is necessary for the general theory, and contains most of the necessary intuition, before passing to
the general case.

Compared to the rest of the cited litterature, we make sure to precisely lay out how the GL,, case embeds
into the general setup.

We briefly touch on the modern interpretation using the Fargues-Fontaine curve, as laid out in [CFS17].
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Filtered isocrystals, and period domains for GL,,

Period domains for GL,, are classifying spaces of weakly admissible isocrystals in the sense of Fontaine,
which are viewed as semi-stable objects of slope zero in an adequate Harder-Narasimhan formalism on the
category of filtered isocrystals. In what follows, we fix a field K.

In the following, we assume some familiarity with Tannakian formalism, and refer the reader to [DM82]
or [DOR10, Section 4].

Filtered vector spaces and isocrystals
Let V be a finite dimensional K -vector space. A Q-filtration 7V on V is the datum of amap F : x € Q —
F*V € {K-linear subspaces of V} such that :

e Fis decreasing, i.e, for all x < y, F¥ C F*.

* There exists x < y such that 7V =V and F¥V = {0}.

* Forallz, 7 =, _, F".
We define the type of the filtration F to be v(F) = x’f(l), 2t D)1 where 2y > --- > x, are the
jumps of the filtration, i.e. {z1, ... ,2,} = {z € R, gr¥ # {0}}, and n; = dimy (gr%) is the multiplicity

at ;.

The datum of (x’f(l), e ,xﬁ(i)), where 1 > --- > z,, and > n; = dim(V) is called the possible type of a
filtration on V.

Definition 7.1.1. Let V be a finite dimensional K-vector space, and let v be the possible type of a filtration
on V. The flag variety (cf. [RZ96, p. 1.31]) Z (GL(V),v)? is the scheme parameterizing filtrations of type v
over K. It is the projective K-scheme such that, for any field extension K’ over K :

Z(GL(V),v)(K') = {filtrations on V @x K’ of type v}.

It can be constructed as 7% (GL(V),v) = GL(V)/P(v), where GL(V) is the reductive group defined by
R — GL(V ®k R) for all K-algebras R, and P(v) is the parabolic subgroup of GL(V) stabilizing a given
filtration of type v on V.

It is naturally endowed with an action of the linear group GL(V) = GL(V)(K).

For K/ a field extension, we let Q — Fil} denote the category of pairs (V, Fx ), where V is a k-vector
space, and Fj is a Q-filtration on the K-vector space V ®; K. A morphism in Q — File is a k-linear map
f:V — W such that, forall x € Q, f ® idg (V®) C W=,

The category FilX is an additive k-linear ®-category. It is not abelian (as a change of the filtration cannot
be read on the kernel nor cokernel), but it is quasi-abelian, and is in particular an exact category.

Let L be a perfect field of characteristic p > 0, Ky = Frac(W (L)), and ¢ be the Frobenius endomorphism
on Kj.

IHere, the exponent n; indicates that the corresponding /(i) is repeated n; times.
2The more standard notation (cf. [DOR10]) is .# (V,v). We prefer denoting GL(V') so that our notation coincides with the general
case, where GL(V') will be replaced by a reductive algebraic group.
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7.1.2

An isocrystal® over K is a pair N = (V, ), where V is a finite-dimensional vector space over K, and
¢ :V — V is a o-linear* bijective automorphism.

We let Isoc(Ky) denote the category of such isocrystals, with morphisms given by Kj-linear maps f :
V — V' such that f o oy = gy o f. It is an abelian category, and, moreover, we have the following (cf.
[Man63]) :

Theorem 7.1.2. (Dieudonné-Manin classification)
Assume that L is algebraically closed. Then, Isoc(Ky) is semi-simple, and the simple objects are of the form :

0 1
Vr/s: ng 1 c 0

for any coprime (r,s) € Z x N>q.

More explicitly, any N € Isoc(Ky) can be uniquely written as V = @, V. for some finite E C Q. Using
the terminology described above, the decomposition as a sum of simple objects yields defines a grading functor
w : Isoc(Ky) — Q — Gradg,, where Q — Grad g, denotes the category of finite dimensional Ky-vector spaces
equipped with a grading indexed by Q.

Filtered isocrystals

We keep the notation of subsection 7.1.1, and let K be a field extension of Kj. A filtered isocrystal
(V,p, FVk) over K is the datum of an isocrystal (V, ¢) over Ky, together with a Q-filtration FVj on the
vector space Vi =V ®g, K.

We let FilIsocf0 denote the category of such filtered isocrystals. The category FilIsocﬁ0 is endowed with a
Harder-Narasimhan formalism, defined by :

* The rank of (V, ¢, FVk) is dimg, (V)
e The degree of (V, ¢, F, Vi) is :

deg(V, 0, FVic) = Y i~ dimg (gr(Vic)) — vK, (det())
€L
deg(V, p, FVk)

o If (V,¢, Fk) is a filtered isocrystal, a sub-isocrystal is a triplet (V’, ¢’, ) where V" is a subspace of

V stable under ¢, endowed with the induced structure, i.e. ¢’ = ¢y, and Fj, = Fxlv'e Ko K+

* The slope of (V,p, FVk) is v(V,p, FVk) =

We say that a filtered isocrystal is weakly admissible if it is semi-stable® and of slope zero. A nontrivial
result of Faltings and Totaro (cf. [Fal95] and [Tot96]) states the following :

Theorem 7.1.3. The tensor product of semi-stable filtered isocrystals is semi-stable.

Remark 7.1.4. This degree function (and, in turn, the slope function) is the difference of two natural and
classical degree functions : one associated to the isocrystal, and the other to the filtration :

3This is sometimes referred to as F-isocrystals, where the "F" reminds us of the presence of a Frobenius morphism. We simply call
them Isocrystals for clarity of notation. Dear reader, please remind yourself at all times that isocrystals come endowed with a
Frobenius morphism.

4e. VA € Ko,V €V, p(\-x) = a()\) - ().

5Recall that, in a Harder-Narasimhan formalism, an object is said to be semi-stable if every sub-object has a non-greater slope.
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1. For any filtered vector space (V, Fx V') € Fily a filtered vector space, the degree

deg(V, FxV) = > i~ dimg (g’ Vi)

is the y-axis value of the terminal point of the Hodge polygonal associated to the filtration F V.

2. For an isocrystal (V, ) over K, we consider its degree —v,(det(A)), where A is a matrix representing
the action of ¢ in any given base. It is the y-axis value of the terminal point of the Newton polygonal
associated with the isocrystal (V, ).

In other terms, a filtered isocrystal is weakly admissible if and only if its Newton and Hodge polygonals
terminate at the same point, and the Newton polygonal of any sub-isocrystal lies above its Hodge polygonal.
This recovers the original interpretation of Fontaine [Fon94, Def 4.4.3].

We may now define p-adic period domains for GL,, (cf. [RZ96, Prop 1.36]).

Proposition-Definition 7.1.5. Let (V, ¢) € Isoc(Ky), and v be the possible type of a filtration on V. There
exists an open subset defining a smooth, partially proper rigid-analytic variety over K :

FY(GL(V), ¢, v) C F(V,v)

such that, for any complete field extension K of Ky,

FGLV), . ) (K) = {]—' e Z(GL(V),v)(K), } .

(V®k, K, ®Qk, idx,F) is weakly admissible

We call it the period domain associated to (GL(V), ¢, v).

Let us conclude this section by viewing Drinfeld’s symmetric spaces, as defined in chapter 6, as a period
domain.

Drinfeld’s symmetric spaces

Fix n € N*, L a perfect field of characteristic p, Ky = Frac(W (L)), V = K}, and o € Aut(K,/Q,) be the
Frobenius endomorphism. Let v = (n — 1, -1, ..., —1).

For any field extension K/K, # (GL(V),v)(K) parametrizes filtrations on V ® k, K with only two jumps
: a 1-dimensional jump at » — 1, and a (n — 1)-dimensional jump at (—1).

Any such filtration Fx € .Z (GL(V), v)(K) is of the following form, for some K-line Lr C V ®k, K:

V®KOK if .’L‘S—l
Fre=1LFr if —l<z<n—-1.
{0} if n-1l<z

Such filtrations hence correspond one-to-one to lines Lz of V @k, K.

Hence, .# (GL(V),v) = P(V) is the K{-variety whose K-points are P(V)(K) :=P(V ®k, K).
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We may now define Drinfeld’s symmetric spaces as open subsets of those flag varieties. Endow V with the
the trivial isocrystal structure ¢*™. One can check that a filtration F is semi-stable if and only if the line
L r is not contained in any Kj-rational hyperplane. Hence,

FU(GL(V), ,v) (K) =PY(K)\ | H
HeM e,

where #H describes all Ko-rational hyperplanes of V. Such a space will be denoted 2, , and is called
Drinfeld’s symmetric space of dimension n over Kj.

It is naturally the base change to K| of the Drinfeld space over Q,, given by :

6, =P\ U #
HGHQP

where #H describes all Ky-rational hyperplanes of Q.

Link with crystalline representations and the admissible
locus

In the spirit of Fontaine’s famous "weakly admissible implies admissible" conjecture, such period domains
are deeply related to Galois representations.

Definition 7.2.1. Let K be a discretely valued extension of Q,, with residue field k, and let G denote the
absolute Galois group of K. Let Ko = W (k)[1/p] be the maximal unramified subextension of K.

Then, there is a fully faithful functor from the category of finite-dimensional crystalline representations of G i
to the category of filtered isocrystals Fillsoc?’, given by

Vi (Bcrys QK V)GK

where the filtration on (Berys @ x V)CGr ®q, Ko = (V ®q, Byr)¢* is induced from the natural filtration
Fil' Byr = t'Bj, on the de Rham period ring.

We say that a filtered isocrystal is admissible if it lies in the essential image of the above functor.

Fontaine’s famous conjecture, which is now a theorem, is as follows :

Theorem 7.2.2. Let (V, ¢, F) be a filtered isocrystal in the above context. Assume furthermore that K is a
finite extension of Q.

Then (V, p, F) is weakly admissible if and only if it is admissible.
Proof. "Admissible implies weakly admissible" is straightforward (as the terminology suggests), and was
proven in [FW79, Proposition 5.4.2.(i)].

The reciprocal is one of the most important result in p-adic Hodge theory. It was conjectured in the
above article of Fontaine ([FW79, Conjecture 5.6.9]), and first proven in [CFOO]. The modern and more
insightful viewpoint, using the Fargues-Fontaine curve, is developed in [FF18]. O
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One can then be tempted to think of period domains as moduli spaces of admissible crystalline
representations, but one needs to be careful. Crucially, the above equivalence does not hold when K is an
infinite extension. It is unclear how we can associate Galois representations to K-points of .Zv%,
whenever K is infinite. Rappoport and Zink conjectured the existence of an admissible locus .Z¢ C %,
which is better suited for the study of crystalline representations, as it forms the essential image of the
crystalline period morphism.

How one should precisely define an admissible locus was unclear for a long time, but was finally settled
thanks to works of Fargues-Scholze regarding the geometry of the Fargues-Fontaine curve (cf. [CFS17].
See also [Sch15b, Appendix]). The "weakly admissible implies admissible" , for any finite K/ Ky, #* and
Z™a have the same K-points - but they do not coincide as geometric spaces. In some space, the space of
interest really should be .Z¢, and .Z™® can be seen as an approximation of it. It is however much trickier
to compute the cohomology of the admissible locus, as there is no known explicit geometric stratification
of the complement.

The results of [CFS17] establish an explicit criterion (see also [Har13] for the GL,, case) under which the
weakly admissible and admissible loci coincide. The reader only interested in the admissible locus can
assume that we work under that hypothesis (Hodge-Newton decomposability of B(G, n)) throughout.

Period domains for arbitrary reductive groups

We will define period domains relative to more general reductive algebraic groups. In the case G = GL,,,
we will recover the above. The construction will be mostly the same, except that we replace :

* Isocrystals by isocrystals with G-structure.
* Filtrations by 1-parameter subgroups.
* Type of filtrations with conjugacy classes of 1-parameter subgroups.

Gradings and filtrations

Let k be any field, and K /k be a fixed field extension. Let G be a connected algebraic group over k.

Definition 7.3.1. We let Rep,,(G) be the category of finite dimensional representations of G over k.

An object of Repy, (G) is of the form (V, p) where V is a finite dimensional k-vector space, and p is a morphism
of affine group schemes G — GLy, i.e. contains the compatible data of morphisms pr : G(R) — GL,(V®xR)
for any k-algebra R. The category Rep,, (G) is naturally equipped with a tensor product, and the fiber functor
obtained by forgetting the representation w® : (V, p) € Rep,(G) — V € Vect.

This makes it a Tannakian category over k.

Our goal is to understand filtrations of the fiber functor w®. Let us first introduce graduations. We let
Q — Grady, denote the category of finite dimensional k-vector spaces, equipped with a grading indexed by
Q,asV = @er V... Morphisms of such graded vector spaces are linear maps respecting the gradation.

Consider the functor wy : Q — Grady, — Vecty, obtained by forgetting the grading : wy [ V = @ Vo] —» V.
z€Q
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Remark 7.3.2. This category of Q-grading is related to the category of Q-filtrations introduced in
subsection 7.1.1. Indeed, there exists a functor fil : Q — Grad, — Q — Fil¥, obtained by

il: V=PV |Vk.FVk=> V, 0K

zeQ y>w

More generally, if we let Q — GradkK denote the category of vector spaces V over k together with a Q-gradation
on Vi, the above definition extends to a functor fil : Q — Grady — Fil.

In the other direction, there exists a functor gr : Q — Filf — Q — Gradg obtained by F @ 97 Fk.
zeQ

Note that, while fil respects the underlying vector space (i.e. commutes with fiber functors), gr does not, even if
K=k

Les us now introduce the slope torus, as studied in [DOR10, p. IV.2].

Proposition-Definition 7.3.3. We define a functor Dy, : R € Ab°? — Spec(k[R]) € AffSchy. It is left
adjoint to Spec(R) — R*. By construction, Dy(Z) = Gy, , so that :

We let D, = Dp(Q) == @nEN* G 1 be the slope torus, where transition maps are given by the Frobenius
morphism. The multiplication by any x € Q induces a map x, : Dy, — Dy(Z) = G, 1, viewed as a character
Of Dy.

Proposition 7.3.4. (c¢f. [Riv72, p. IV.1.2.1.]. The category Q — Grady, is a neutral Tannakian category over
k, and w is a fiber functor over k. Moreover, there is a natural equivalence of category :
Repk (Dk) — Q — Grady,

z€Q

where V, = {v € V, p(g)v = xx(g) - v,Vg € D(Q)} is the weight space of V associated to = € Q.
Let Gk = G Xgpec(r) Spec(K) denote the base change of G to K.

Definition 7.3.5. A Q-grading of w® over K is a tensor functor Gr : Rep,,(G) — Q — Gradg such that the
diagram below commutes :

G
Rep,(G) w B Vect i

Q — Gradg

Note that such functors are automatically exact and faithful.

Proof. The faithfulness is clear. The exactness follows from the exactness of w®, hence of w® ®;, K, and
the fact that w both preserves and reflects exact sequences. O

Lemma 7.3.6. There is a one-to-one correspondence between Q-gradings of w® over K and homomorphisms
Dy — G.
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Proof. This follows from proposition 7.3.4 and a form of Tannakian duality, cf. [DOR10, Cor 4.1.19]. O

Note that such a grading can be seen as the compatible data of a grading on V ®,, K for each representation
(V, p) of G (cf. [DOR10, Remark 4.2.5.(ii)] for a more precise formulation).

Definition 7.3.7. A Q-filtration of w® over K is a tensor functor F : Rep,(G) — Q — Fil* such that the
diagram below commutes :

Rep, (G) = Vecty,
x y

Q — Fiky

and such that the composition Rep,(G) 50— Filf 25 Q — Gradg (where gr is from remark 7.3.2) is
exact.

Remark 7.3.8. Note that, by definition, such a filtration F defined over K induces, for all representation
(V, p) of G, a filtration F* on V ®y, K. One can reformulate the above definition as the compatible data of
filtrations F? on V ®y, K, cf. [DOR10, Def 4.2.6].

The exactness condition ensures we can recover the filtration from the grading.

Proposition 7.3.9. Every Q-grading of w® over K naturally induces a Q-filtration of w< over K.

Proof. Let Gr be such a grading. The morphism fil from remark 7.3.2 commutes with fiber functors, so
that the forgetful functor wy : Q — Grady, xk — Vecty factors through Q — Fil;lg. We have :

G

Repy (G) — = Vecty,

< (V,Gr(V)
Q — Grady, x Ti Q - Fillf

ar

Q — Gradg

The dashed arrow will be our filtration.

It suffices to show that the long curved composition Rep,(G) — Q — Gradk is exact. The map (V —
(V,Gr(V)) is exact by the definition 7.3.5, and fil and gr can be checked to be exact by an easy linear
algebra argument. O

We conclude this paragraph by showing that gradings and filtrations relative to GL(V') correspond to
"standard" grading and filtrations on V' (see also [DOR10, Remark 4.2.11]).

Example 7.3.10. Let G = GL(V). Then, Q-gradings of w® over K correspond to graduations on V @, K,
and Q-filtrations of w® over K correspond to filtrations on V @y, K.

Indeed, any Q-grading of w® over K induces a Q-grading on V through the standard representation of GL(V)
acting on V.. Reciprocally, a Q-grading V = P, Vz induces a morphism D(Q) — GL(V) as :

g > ioxa(g) -idy,
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7.3.2

where i : G,, — GL(V) denotes the diagonal embedding, and x, : D(Q) — G, is the map from
proposition 7.3.4.

Likewise, filtrations on w® induce filtrations on any representations, and one can consider the standard
representation on V ®y, K. Reciprocally, consider a filtration on V ®y K. As a filtration on a finite dimensional
vector space, it is necessarily split (i.e. lies in the image of the morphism fil from remark 7.3.2). Hence, by

G

the discussion above, it defines a grading on w™ over K. Then the filtration given by proposition 7.3.9 works.

Cocharacters and flag varieties

We keep the notations of subsection 7.3.1. We fix k°¢? a separable closure of k containing K.

Definition 7.3.11. A Q-one-parameter subgroup (or Q-cocharacter) of G defined over K is a morphism of
algebraic groups D — G . We let X *(G)g denote the set of such cocharacters.

ksep

We call X *(G)(’é the set of rational cocharacters, and X..(G)g ~ the set of geometric cocharacters.

Remark 7.3.12. The literature is quite inconsistent on whether a cocharacter denotes a rational cocharacter,
or a geometric one.® In this thesis, we always specify the field of definition.

By proposition 7.3.4, elements of X *(G)g are equivalent to gradings of w” over K. In particular, they
induce filtrations of w® over K, by remark 7.3.2.

Definition 7.3.13. We say that two 1-parameter subgroups A\, \' € X, (G)g are par-equivalent if they define

G

the same filtration on w® over K.

For A € X *(G)g , we let Py be the subgroup of Gk defined, for any K-algebra R, by :

P\(R) = {g € G(R), lim A(t) 0 g o A(t) ™ exists} .

Proposition 7.3.14. Assume that G is reductive. Then :

1. All filtrations of w® over K are splittable, i.e. come from a grading by proposition 7.3.9.

2. Forany \ € X*(G)g, P, is a parabolic subgroup of G.

3. Let A\ N eX *(G)g, and F (resp. Fy) be the filtration on w® associated to \ (resp. \'). The following
are equivalent :
a) Fr= Fyn,ieXand X are par-equivalent.
b) There exists g € P\(K) such that \' = goXog™ 1.

Proof. cf. [MFK94, Def 2.3/Prop 2.6] and [DOR10, Thm 4.2.13]. O

Finally, we turn our attention to conjugacy classes of such Q-parameter subgroups, and the associated flag
variety. There are two natural and compatible actions on X *(G){Qf :

* Assume K /k is Galois. The Galois group Gal(K/k) acts, for o € Gal(K/k) and A € X.(G)§, by :
TAN=0ag, O)\OO']I;j(,

where o¢ (resp op, ) is the natural action of I'y on G (resp. Dg).

6This is partly due to the fact that most literature of algebraic groups was written in the language of algebraic varieties over
algebraically closed fields.
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e The group G(K) acts by conjugation, via :
IN=g-X-g !

where the right hand side uses the natural action of G(K) on Gk.

There is a natural inclusion X, (G) 6 C X. (G)g compatible with the action of G, and it follows from Galois
descent (cf. [BLROO, Theorem 6.1.6.a and Paragraph 6.2.B]) that (X*(G)g)Gal(K/k) o X*(G)(’é.

ksep

For simplicity (and following the literature), we simply denote X.(G)/G = X..(G)g /G(k*??) the group
of conjugacy classes of geometric cocharacters. It is a discrete Gal(k*¢?/k)-module.

We may now define our flag varieties of interest, that will classify filtrations of fixed type. This will be
replaced by a conjugacy class of geometric cocharacters.

Every conjugacy class {u} € X.(G)q/G, is defined over a finite extension of k, called its reflex field :

(G, {1}) = (k7)) where T'(, = Stabaigeees/i ({1}) = {g € Gallk™ [k), YA € {u}, "A(t) € {u}}

Proposition-Definition 7.3.15. Let G be a connected reductive group over k, and {u} be a conjugacy class
of geometric cocharacters of G, with reflex field E. Fix a separable closure E*°P of E.

There exists a unique projective reduced scheme of finite type over E, denoted .7 (G, {u}), whose K-points, for
any intermediary field extension E*? /K/E, are :

(G {pu})(K) = {X € X.(G)§, A € {u}} / par-equivalence
= {F € Filg(w®),3IN € {u}, F = F}.

This is called the flag variety associated to (G, {y}).

Proof. The equivalence of the descriptions follows from the definition and first point of proposition 7.3.14.

Assume G is quasi-split. Then, a lemma of Kottwitz (cf. [Kot84, Lemma 1.1.3] (see also the proof of
[Kot85, Prop 6.2])) shows that there exists an element 1 € {u:} defined over E. Let P, g be the parabolic
subgroup of G associated to p under definition 7.3.2. Then .# (G, {u}) = Gg/P, g satisfies the above
property, by proposition 7.3.14. The unicity follows by descent from an algebraically closed field, where
reduced schemes of finite types can be viewed as algebraic varieties.

If G is not quasi-split, we refer to the argument of [DOR10]. O

In the GL(V) setup, this coincides with the flag varieties defined in definition 7.1.1. We will then define
period domains as analytic open subsets of the above flag varieties, corresponding to semi stable isocrystals.

Isocrystals with additional structure

Let G a connected reductive algebraic group over Q,, and K, = Q,. Recall that the category Isoc(Ky)
defined in definition 7.1.1 is naturally endowed with the tensor product (Vi,¢1) ® (Va,p2) := (V1 ®
Va, 1 ® p2), which makes it a (non neutral !) Qp—linear7 Tannakian category, whose associated fiber
functor is the forgetful functor wisec : Isoc(Ky) — Vectg,.

7Tt is not Ky linear, as endomorphisms of the unit object (K, id Ko, )> are endomorphisms Ko — Ko commuting with the Frobenius,
so that they correspond with elements of KJ = Q.
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7.3.4

Definition 7.3.16. An isocrystal with G-structure is a ®-exact functor Repg, (G) — Isoc(Kj).

It follows from the definition that such a functor commutes with fiber functors, since G is connected (cf.
[DOR10, Remark 9.1.6]).

Example 7.3.17. Let V be a Q,-vector space of dimension n, and G = GL(V') be the group scheme defined
by R — GL(V ®q, R) (so that there is a non canonical isomorphism GL(V) = GL,,).

Through the canonical representation of GL(V') acting on V, we can attach to any isocrystal with GL(V)-
structure a (standard) isocrystal over V ®q, Ko.

It follows from the classification of irreducible representations of GIL(V') via Schur functors that, reciprocally,
the structure of an GIL(V)- isocrystal is fully determined by its value on the standard representation (cf. [RR96,
Remark 3.4.(ii)]) - so that GIL(V')-isocrystals correspond one-to-one with structure of isocrystals on the vector
space V ®q, Ko.

Any b € G(K,) induces the isocrystal with G-structure Ny, : (V, p) — (V ®q, Ko, p, (b)(id @ ¢)).

Proposition 7.3.18. All isocrystals with G-structure are of the form N, for some b € G(Ky).
Moreover, there is an isomorphism of exact ®-functors N, = Ny if and only if there exists g € G(K) such
that b’ = gbp(g) .

Proof. This relies on Tannakian duality, cf. [DOR10, Lemma 9.1.4 and Remark 9.1.6]. O

We define B(G), the Kottwitz set of GG, as the quotient of G(K) by the above equivalence relation. Hence,
B(G) classifies isocrystals with G-structure. For any b € G(Kj), we denote [b] its associated class in B(G).

Period domains

We reuse the notations from subsection 7.3.3.

Definition 7.3.19. Let G be an algebraic group over Q,, and b € G(Ky), with associated isocrystal with
G-structure Ny, Recall that the datum of a point F € F (G, {u})(K) C Filg(w®) defines a filtration F* on
V ®y K for all representations (V, p) of G by remark 7.3.8.

We say that (b,z) is weakly admissible if, for all representation (V,p) of G, the filtered isocrystal
(Np(V), F*V ®y, K) is weakly admissible in the sense of subsection 7.1.2.

By the tensor product theorem theorem 7.1.3, this is equivalent to asking that (N,(V), F*V ®; K) is
weakly admissible for some faithful representation of G (see also [RZ96, Def 1.18]).

We may finally define general period domains. Fix the datum (G, [b], {u}) of :

1. A connected quasi-split group G over Q,.
2. An element [b] of the Kottwitz set B(G), i.e. a o-conjugacy class in G(Kj).
3. A conjugacy class {u} € X.(G)/G of geometric cocharacters of G.

Definition 7.3.20. Let (G, [b],{u}) be a datum as above. Let E = E(G, {u}) be the associated reflex field,
and E = E - K. There exists a unique partially proper open subset :

FUU G0, {p}) € F (G {u})) ©p E
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such that, for any field extension K/E,

FUG, b, {p})(K) = {F € Z(G, {u})(K), the filtered isocrystal (Ny, F) is weakly admissible} .

This is called the period domain associated to (G, b, {u}). Moreover, it can be obtained as the analytification
of a Berkovich space.

Proof. cf. [RZ96, Prop 1.36] in the rigid analytic setup and [DOR10, Prop 9.5.3] in the Berkovich
setup. O

Note that, up to an isomorphism, the period domain only depends on the class [b] € B(G). Indeed, if b’ =
gbo(g)~ for some g € G(K,), the map A —9) induces an isomorphism .Z (G, b, {u}) = .Z2*(G, ¥, {u}).

Let J, denote the automorphims group of N,, defined, for any Q,-algebra R, by :
Jy(R) = {g € G(Q, ®q, R), gbo(g)~" =b}.

The group J,(Q,) acts naturally on Fwa(G,b,{pu}), via Jp(Qp) C G(Ky) via conjugation \ —9I\.

We conclude this chapter with the definition of basic and decent elements. We reuse the notations from
subsection 7.3.3. For any b € G(@p), Kottwitz [Kot85, sec 4.2]) defines a slope morphism v, : Dg, — G,
as follows :

Definition 7.3.21. For any V' € Repg, (G), the Q-grading on the vector space V ®q, Ko associated with the

representation of the pro-torus Dx, ~= Gx, Lro, GL(V ® Kj) coincides with the Dieudonné-Manin slope
decomposition of the isocrystal Ny, as recalled in theorem 7.1.2.

Note that, if ' = gba(g)~*, then vy = Int(g) o vp.
Definition 7.3.22. We say that an element b € G(K)) is s-decent for an integer s > 1 if :

* The morphism s - vy : D, — Gk, factors through G, ,,
* The following equality holds in G(Kg) x o2 : (bo)® = (svp)(p)o®.

Since G is connected, every class [b] € B(G) contains an s-decent element, for some s > 1 (cf. [DOR10,
lemma 9.1.33, remark 9.1.34]). By [DOR10, lemma 9.6.19], if G is furthermore assumed to be quasi-split,
each [b] € B(G) contains an s-decent element b such that v, is defined over Q,,.

Proposition 7.3.23. (c¢f [DORI10, Prop 1.36.(ii)]). Let (G, [b], {u}) be a datum as above. Let s > 1, and
assume that b is s-decent, with reflex field E. Then, the period domain .% (G, b, {1}) admits a model over
E,:= E-Q,.

Definition 7.3.24. We say that an element b € B(Ky) is basic if the slope morphism v, factors through Z,,
where Z denotes the center of G. We let B(G)pqsic denote the subset of B(G) consisting of basic elements.

Note that an element b is basic if and only if J, is an inner form of G.
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The cohomology of p-adic period
domains

Content of this chapter

The goal of this chapter is to compute the O /p-cohomology of period domains, as defined in the previous
paragraph, and show that they satisfy primitive comparison with compact support, as follows.

Theorem 8.0.1. Fix a datum (G, [b], {1:}) as in definition 7.3.20, where b is to be basic and s-decent for some
integer s > 1.

For simplicity, we denote . = Z(G,b,{u}) and F** = F**(G,b,{u}), with field of definition E,, and
Fr, be the base change of .7 to Es. Let Y = Fg_\ #“% and J := J, be the inner form of G associated to
the basic element b.

We fix E, an algebraic closure of E;, C be a completion of E,, and F¢, ZX* and Y¢ be the respective base
change to C. Let jco : FE* — ¢ denote the open immersion. Let L be an étale F,-local system on Fg,, and
L be its pullback to F¢.

Then, X satisfies Poincaré duality with respect to j5L, i.e, for any 0 < k < 2d, there is a J(Q,) x
Gal(E,/E,)-equivariant isomorphism :

HE(Fc,jeLe) ~ Homp, (HZ M (Fe, jeLe), Fp)

ét,c

where d denotes the dimension of %¢.

From there, they satisfy Poincaré duality for IF,-coefficients by our main result theorem 5.2.4, so that
we may compute their F,-étale cohomology as the dual of their compactly supported étale cohomology,
computed in [CDHN21, Thm 1.2], for p # 2. We do so in corollary 8.4.1.

This computation is based on a geometric stratification of the complement .% \ .%%“* of period domains,
constructed by S.Orlik in [Orl05a], together with standard sheaf-theoretic techniques.

In loc.cit., Orlik uses his geometric decomposition to compute the étale cohomology with compact support
of period domains with Z/¢"Z coefficients. In [CDHN21], the authors adapt the computation for ¢ = p.
While the geometric part of the argument does not depend on the coefficients, working with p-adic
coefficients adds a lot of representation-theoretic complexity, as one needs to compute some Ext' groups
between Steinberg representations.

Going from F, to O /p-coefficients adds no representation theoretic complexity, as only the "geometric"
part of the argument is needed, via a spectral sequence argument.

Compared to the previous expositions of this computation appearing in the literature, we provide the
following technical improvements :

1. Throughout most of the computation, we work with coefficients in a general abelian étale sheaf.
Doing so, we remove a superfluous overconvergence hypothesis from [Orl05a].
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2. We work directly over F,, rather than over a complete algebraic closure. This allows to properly
keep track of the Galois action.
3. We work with the language of locally spatial diamonds throughout, rather than pseudo-adic spaces.

Moreover, we justify two imprecise steps from [Orl05a].

The first one relies on a punctual-to-global result on equivariant étale sheaves, which reduces to an explicit
computation of sheafification of presheaves on profinite spaces. This is handled in section 8.3.

The second one is a statement regarding the vanishing of cohomology of convex subcomplexes of the
topological Tits building. As the necessary tools are quite remote from the main topic of this thesis, we
postpone it to proposition B.4.4.

Using the criterion proposition 5.3.1, the statement theorem 8.0.1 reduces to a establishing primitive
comparison on .%¢ and on Y¢. As % is smooth and proper, the primitive comparison on .%¢ follows
directly from the primitive comparison theorem theorem 5.1.3, so that it suffices to establish the following
(applied to the pullback of a local system on %, and base changing to C using [Sch17, Prop 16.10]) :

Proposition 8.0.2. Let h : Y — Spa(E,, Op,) denote the structure morphism of Y. Let L be an étale F -
local system on Y. Then, for all q € N, the natural map :

Rh.L® OF [p — Rh.(L @F, OF /p)

is an almost isomorphism in the category of étale OES /p-sheaves over Spa(Es, Og_).

Note that this morphism (as well as the primitive comparison morphism on .%#¢) is naturally J(Q,)-
invariant, so that the J(Q,)-invariance in theorem 8.0.1 follows from remark 5.2.5.
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8.1 Orlik’'s geometric decomposition

Let us fix an étale F,-local system £ on Y. In this section, we present a geometric decomposition of Y,
due to Orlik in [Orl05a] (see also [Orl99] for the simpler analogue over finite fields).

Fix S a maximal Q,-split torus of J, and let A be a basis of the relative root system of G, which is a finite
set. The following proposition regroups the properties that we will need :

Proposition 8.1.1. Let Py be a fixed minimal parabolic subgroup of J containing S. For any I C A, let Py
be the associated standard parabolic subgroup of J.

There exists a finite set of rigid-analytic subvarieties Y; C Y indexed by subsets I C A together with a

vi= U U ¢ ml

|ANI|=1 g€J(Qp)

stratification :

such that:

1. Forany I C A, Yj is the analytification of a proper algebraic variety over E, (that is moreover a
Schubert variety).

2. Forany I,J C A, YiNY; =Y.

3. (J/PD)(Q) = J(Q)/Pi(Qy).

4. The action of J(Q,) on Fg, restricts to an action of P;(Q,) on Y.

Proof. Cf. [Orl05a, Section 3] or [CDHNZ21, Section 5.4]. O

From the above stratification, we will construct a functorial resolution C(F) of any sheaf of abelian group
F on Yy, relating the cohomology of F on Y to the cohomology of F restricted to the Y7, for varying
I C A. This exactness was only considered in [Orl05a] for overconvergent étale sheaves F, but, as we will
see, this assumption is not needed, so that it also works for 7 = L ® (9¢ /-

The strategy to prove primitive comparison with compact support for Y is as follows :

1. From the functorial resolution C(F), construct a spectral sequence, whose first page computes the
cohomology of F on the Y7, and which converges to the cohomology of 7 on the Y - in a way that is
functorial in the sheaf F.

2. Use the primitive comparison theorem to compare the first page of the spectral sequence with
coefficients in £ or in £ ® Oy /p.

3. Prove that this comparison goes through the convergence of the spectral sequence in order to deduce
a primitive comparison result for the cohomology of Y.

Forany I C A, welet X; = J(Q,)/P:(Q,). By the third point of proposition 8.1.1, this is a profinite space
- as it identifies to the Q,-points of a proper algebraic variety (which can then be seen as Z,-points using
the valuation criterion). We will need the following lemma.

Lemma 8.1.2. For any compact open subset T C J/P;(Q,), the space ZT = Uyer 9 - Y1 admits a natural
structure of a closed locally spatial sub-diamond of Y.

1Here, the primitive comparison theorem will suffice, but one can explicitly compute the Fp,-cohomology groups of the Y7 (at least
after base change to an algebraically closed base) ; cf. [CDHN21, Cor 5.11]
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Proof. Note, by that proposition 8.1.1, g - Y7 is well defined for g € J/P;(Q,) = J(Qp)/Pr(Q,) as the
action of P;(Q,) stabilizes Y7.

Fix a compact open T' C X;. By lemma A.1.3, it suffices to show that the underlying topological space
of ZT' is closed and generalizing. It is closed by the proof of [Orl05a, Lemma 3.2]. All of the g - |Y;|
are generalizing since they are Zariski closed subsets, and a union of generalizing subspaces remains
generalizing. O

For any compact open subset T C X/, we let Z7 be as above and it : Z7 — Y be the associated closed

immersion.

Definition 8.1.3. We let Disjy, be the category of covers of X by disjoint nonempty open subsets, with
morphisms given by refinements. Such disjoint covers are necessarily finite, as Xy is compact.

Objects of Disjy, will be denoted c = {T}}1<p<n(c)-

n(c)
For any c € Disjy, and any étale sheaf F on Y, we let F. := @iTk*i*Tk}—; and Fr := lim . ; F
C 18, Xr
k=1

Note that, if F is J(Q,)-equivariant, then 7 is also J(Q,)-equivariant.

For a fixed ¢, F. admits a natural interpretation as the étale sheaf on X; whose sections are locally constant
sections of F, trivialized on the disjoint covering c. Likewise, F; can be thought of as the sheaf of locally
constant sections of [ [, ., Fyygaa. This is made more explicit in [Orl05a, p.538].

Remark 8.1.4. Let us briefly explicit the transition morphisms appearing in the colimit. Let ¢ = {Tk }1<p<n(c)
be an object of Disjx,, and ¢’ = {Sk,i}1<k<n(c);1<i<m(k) be a refinement of c, in the sense that, for any
1 <k < n(c), the (Sk,1)1<i<m(r) form a disjoint compact open covering of Ty.”

The morphism Fo, — F. is then given as a direct sum of the natural morphisms : is, ,«i5, \F — in.iqp, F

induced by the unit of the adjunction F — ig.i5F together with the natural isomorphism :

iSk,L*ing“F = isk,[*igk,liTk*i;kf
induced by the unit of the adjunction F — i, «i7, F. The fact that it is indeed an isomorphism can be checked
on stalks using lemma A.2.2.

Let us study the sheaves F;. We start with the following lemma (which is a version of [CDHN21, Prop
6.11.(a)] over an arbitrary base field, and in the language of diamonds) :

Lemma 8.1.5. Let T = Spa(C,C™) — Y be a geometric point of Yz, with underlying topological point =,
and F be an étale sheaf of abelian groups over Y. The stalk of Fr at T identifies with :

(F1)z = LC(X(z), Fz),

where X1(z) = {g € X1,x € g- Y7} is a closed subspace of X, and LC denotes the set of locally constant
functions on X;(z) (with the topology induced by X;), with value in the stalk Fz.

2Note that, since coverings are disjoint, if such a refinement exists, the refinement map is uniquely determined.
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Proof. Taking stalks commutes with colimits, so that :

n(c)

(Frz = lim Pl .it, Fr

c EDistI k=1
Using lemma A.2.2, since i, is a generalizing closed immersion, it follows that, for all 1 < k < n(c) :

Fr fxzeTy, - Yy, ie. if Ty, ﬂX](x) 7& 1]

(imxi, F)z = ,
0 otherwise.

We may then replace all terms in the direct sum by i7, x, (z) « i7, X (@)

If ¢ = {Tk }1<k<n(c) € Disjx,, the Tp N X;(x) form a disjoint compact open cover of X;(x). Reciprocally,
any ¢’ € Disjx, (, can be refined by a covering of the above form, by the lemma 8.1.6 below.

Hence, coverings of the form {Tx N X7(z)}1<k<n(c) fOr {Tk }1<k<n(e) € Disjx, form a cofinal system in
Disj x, (2, SO that :

n(c) n(c")
Fie= lm @ (inox@einone?) = ln @ Fr = LOX (@), o).
c€Disjy, k=1 ¥ eDisix, (4 k=1

The last isomorphism follows from identifying a locally constant function to the set of its values over any
disjoint trivializing cover (that is necessarily finite since X;(z) is compact). O

The following lemma was used in the proof :

Lemma 8.1.6. Let X be a profinite topological space, and F' C X be a closed subset.
Let ¢ = {T} }1<k<n(c) € Disjp. Then, there exists { Sy} 1<k<n(c),1<i<m(k) € Disjx such that, for all k, the
{Sk1 N T} <i<mk) form a disjoint clopen union of Ty.

Proof. For any 1 < k < n(c), Ty is an open subset of F, so it can be written as Ty, = Uy N F for some open
subset Uy, of X. Consider the open cover X = (X \ F)UlU; ;< () U of X. By [Sta23, Lemma 08ZZ], we
may find a refinement by a disjoint cover formed by clopen subsets of X :

X == S(l) L |_| S//C,b
1<k<n(c), 1<1<m(k)

where S; C X \ F and, for all &, in range, S}, ; C Uy.

We then let S := S,’C’l N T, which are closed and open subsets of T'. Pick some arbitrary (ko, ly) in range.
After replacing Sy, i, by Sk,.i, U S), the family {Sj;} satisfies the desired properties. O

Orlik’s fundamental complex

We may now define the fundamental complex, promised in proposition 8.1.1.
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Proposition 8.2.1. Let F be a sheaf of abelian groups on Y. The following is complex of étale sheaves on
Yz, is exact :

CF:0-F— P Fi> P Fio—> P F-F-0
INVEES! |A\I|=2 |A\I|=|A|-1

where the morphisms are defined as follows : fix I C I' C A with |I' \ I| = 1, The inclusion P; C Py induces
a quotient map pr, : Xy — Xp. For any x € Xy, we consider a map Fy.y,, — Fp,, ,(x)-y; induced by the
natural inclusion « - Y C pr /(x) - Yr.. The collection of such maps defines a map fr . : Frr — Fi.

Finally, recall that the root system A is naturally ordered, so that we may write I' = {a; < -+ < a,, }, and
I =1\ {a;}. Wethenletd; = (—1)'ps 1 : Frr — Fi, and consider the direct sum along I,I'.

When F is a sheaf of Z/nZ-modules for some n prime to p, the exactness is claimed in [Orl05a, Thm 3.3].
This has been generalized in [Orl05b, Thm 2.1] (see also [CDHN21, Thm 6.13]) for overconvergent étale
sheaves of abelian groups.

While Orlik’s original proof is incomplete, we give a precise argument, relying on results obtained in
Appendix B.

Proof. The étale topos of Y has enough points by [Sch17, Prop 14.3], so that it we may check exactness
on stalks. Let p : T — Y be a geometric point, with z = Spa(C’, C’'+) for some complete algebraically
closed field C, and let x € Y be the image of its unique closed point.

We let |[A(J)| be the geometric realization of the Tits complex of J, as introduced in section B.2.

By lemma 8.1.5, the stalk at T is :

CF)r:0—=Fr— P LOXi().Fr) » @ LCXi(2),Fr) — ... (8.1)
jA\T=1 INVI=INE

By proposition B.1.3, the complex equation (8.1) computes the reduced sheaf cohomology groups, valued
in F7, of the topological space obtained as the geometric realization of a subcomplex of |A(J)|, whose
vertices are exactly :

F= {gPA\{l}gilvg € J(Qp)7x €g- YA\{z}(C/)7Z € A}?

interpreted as a simplicial profinite topological space, via the topology induced from |A(J)|"°, as defined
in definition B.2.5. Since Y7 is a proper variety and the group action is continuous, F is closed subset of
the set of vertices (for the profinite topology).

Moreover, by construction, (cf. [Orl99, p.10]), the varieties Y; can be defined as the locus of strict
negativity with respect to a slope function, so that F rewrites as {\ € |A(J)[, u(z, A) < 0}.

It is shown in [Orl99, Lemma 3.3] (this in in the setup of finite fields, but the argument goes through
similarly in the local field case - see [CDHN21, Par 5.3.5]) that the function u(x, —) naturally extends on
the whole of |A(G)] in a way that is affine on each chamber, and that the space {\ € |A(G)|, u(z, A) < 0}
is convex, in the sense of definition B.4.1 (this relies on an argument of Mumford [MFK94, Cor 2.16]).

It now follows from proposition B.4.4 that the subspace of |A(J)[P"® whose vertices lie in F' is admits
trivial sheaf cohomology, with coefficients in Z. By the universal coefficient theorem, it follows that the
complex equation (8.1) is acyclic. O
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Remark 8.2.2. Note that the above proof also shows that, for any two sheaves F, G of abelian groups on Yz,
we have C(F ®7 G) =2 C(F) ®z G.

We may now consider the spectral sequence obtained by applying Rh. to C(F), (recall that h : ¥ —
Spa(FEs, Og,) is the structure morphism of Y). Considering the filtration on C(F) (minus the F term)
obtained by truncations, we deduce a spectral sequence :

EPYF):=Rh, | P Fr| = RVINF = EL(F).
|A\T|=p+1
The above spectral sequence is clearly functorial in F. We will show the following :

Proposition 8.2.3. Let L be a local system of Fy-vector spaces on Y. Then, for all p,q € N, the natural
morphism :

R @ Li)os 0=k | @ (Los 0f/p),
[A\I|=p+1 [A\I|=p+1

is an almost isomorphism.
Before proving this proposition, let us show that it implies proposition 8.0.2.

Proposition 8.2.4. Assume that the result of proposition 8.2.3 holds. Then, for all ¢ > 0, the natural
morphism :
(R'h.L) @F, OF /p— Rh.(L® OF /p)

is an almost isomorphism, so that proposition 8.0.2 holds (and, in turn, so does theorem 8.0.1).

Proof. There is a natural morphism of complexes of sheaves on Yy, :

C(L) ®s, h*OF [p = C(L) ®F, O /p = C(L @5, Oy /p)

using the isomorphism from remark 8.2.2. This induces a morphism of complexes on Spa(E;, Og_)s: :

R.C(L) ®&, OF /p — RIh. (C(L) @r, h*OF; /p) — RIN.C(L @, OF /p),

where the first map is the one of remark 5.1.2, and the second one is induced by the map h*OF, /p — OF /p
using remark 8.2.2. This induces a morphism of spectral sequences E?(L) ®p, OES /p = EYY(L ®F,

Oy /p)-

All morphisms above commute with the localization to the category of sheaves of almost (’)gs /p-modules,
which is a an abelian category. By proposition 8.2.3, the considered morphism of spectral sequences
induces an almost isomorphism on FE1, so that it also induces an almost isomorphism on E,. This is the
desired result by construction of the spectral sequence. O

A primitive comparison result

Let us rewrite the terms appearing in the proposition. Fix an étale F-local system £ on Y, and let F be an
arbitrary étale sheaf of abelian groups on Y.
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Since Y is proper, it is necessarily qcgs, so that the morphism Y — Spa(Es, Og,) is a coherent morphism
of algebraic topoi (cf. [Sch17, Section 8]). Then, by [SGA4, Thm 5.1], R?h, commutes with filtered
inductive limits.

Direct sums and the colimit along Disj y, are filtered, so that, for all p,q € N :

n(c)

Rh| P A= P RrE=E P In R, (im iy, F) -
|A\T|=p+1 |A\T|=p+1 |A\I|=p+1 c€Disjx, i=1

The map iy, is a closed immersion, hence, by [Sch17, Lemma 21.13], R7h, o ir, . = RI(f 0T, )«-

Hence, we reduced to the following :
Lemma 8.3.1. For any q € N, the morphism :

n(c)

3
=

o)

lim D R (in,ip, £) ©, OF /p = lim R, (i, i, (L @5, OF /D))
c eDistI k=1 c eDistI k=1

is an almost isomorphism.

The key idea will be to view the U — R%h,(iy.ij;F) as presheaves on the profinite space X;, and
lim €Disix, EB?:(Cl) R1h, (z’Tk*i*Tk F) as a form of sheafification of the above presheaves. Proving such an
isomorphism of sheaves reduced to proving an isomorphism on stalks, which will compute the étale
cohomology of the Y7, for which the primitive comparison theorem theorem 5.1.3 applies.

Definition 8.3.2. We let, for all compact open T C X;and g > 0:

SUF)T) := Rh(ir«ipF) € Sh(Spa(Es, Og, Jet, Ab).

We let B denote the set of all clopen subsets of X;. Since X is profinite, this forms a basis of the topology on
X by lemma B.1.12.

Recall the notion of (pre)sheaves on a basis, as in [Sta23, Section 009H]. In this formalism, the S?(F) are
presheaves on B valued in the abelian category Sh(Spa(Fs, Og, )et, Ab).

Let us start by two quick lemmas regarding sheaves on profinite spaces.

Lemma 8.3.3. Let X be a profinite topological space, and B be the basis formed by clopen subsets of X. Let
A be an abelian category, and let G be an A-valued presheaf on B.

n(c)
Then, the presheaf G* on B defined, for any U € B by G*(U) = lim @ G(Ty.), defines a B-sheaf on X,

c€eDisjy; k=1
valued in A (in the sense of [Sta23, Definition 009J]).

Proof. We will apply the criterion of [Sta23, Lemma 009L]. For any U € B, the set of disjoint clopen
coverings is cofinal® in the coverings of U by elements of .

Hence, it suffices to check the sheaf condition relative to a disjoint clopen covering U = | |,.; U;, where
I is finite. Since the covering is disjoint, the cocycle condition is trivial, so that it suffices to check that

gﬁ(U) = @ie[ gu(Ui)-

3Here, we use cofinality in the sense of the lemma of loc. cit. We do not claim cofinality in the sense of [Sta23, Definition 04E6], as
the second condition need not hold.
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For all ¢ = {1} }1<k<n(c) € Disjy, the covering {Tx NU;} (,i)c ax 1 remains in Disj;; and forms a refinement
of the covering {U, };cr, so that the subcategory whose objects are :

Ob (DiSjU|U,;) = {{Tk}lgkgn(c) € Disjy,Vie I,31 < k <n(c), Ty C Ui}

and whose morphisms are given by refinements, is cofinal in Disj;;. Since the choices of refinements in
Disj;; are canonical, the second condition of [Sta23, Definition 04E6] is automatically satisfied. Hence, we
can compute the colimit defining G* alongside Disj UlU» SO that :

n(ci) n(c) n(c)
Do) =P lim PoT)= lm PG(Va)= lim PG(Va) =g ).

el i€l ci€Disjy, k=1 c€Disjy|u; k=1 c€Disju k=1
This concludes. O

Remark 8.3.4. G! can be thought of as the B-sheafification of G. The construction above is the analogue,
with respect to the basis B, of the standard "plus" construction (as in [Sta23, Section 00W1]), that usually
needs to be applied twice to sheafify. Here, once suffices, even for non separated presheaves.

Recall that, for G a B-presheaf on X, one can compute its stalk at some z € X by F, = i oo ).
Note that the plus construction of the above lemma is functorial. We have the following :

Lemma 8.3.5. Let X be a profinite topological space, with basis B of clopen subsets as above.

Let F, G be two B-presheaves on X, together with a morphism f : F — G of B-presheaves. Assume that f
induces isomorphisms on stalks F, = G, forall z € X.

Then, the induced morphism f* : F¥ — G* is an isomorphism of B-sheaves.
Proof. By [Sta23, Lemma 009R], there is a functorial equivalence of categories between B-sheaves on

X and sheaves on X, denoted F — F¢*!, such that, for all U € B, F¢*'(U) = F(U), and, for all z € X,
Feot = F,.

Hence, the morphism f* induces a morphism of sheaves (F*)¢** — (G#)¢**  that induces an isomorphism
of stalks, so that it is an isomorphism of sheaves.

Hence, so that, for all U € B the map (F#)(U) = (F*)**'(U) — (G*)***(U) = (G*)(U) is an isomorphism.
This concludes. O

Let us now come back to the proof of proposition 8.2.3. Using the notations above, it is equivalent to the
fact that :
SUL) @s, OF /p = SUL® OF/p)*.

Hence, by lemma 8.3.5, it suffices to show that the morphism S9(£) @, OF, /p — SU(L ®r, OF /p) of
B-sheaves on X; induces an almost isomorphism on stalks.

Lemma 8.3.6. For any x € X, let Neigh, be the category of compact open neighborhoods of v € X;. Let F
be a sheaf of abelian groups on Yg;. Then, there is a natural isomorphism

SUF)y 2 RI(hoiyg). iy F

where, for x € X, i, denotes the closed immersion x - Yy C X.
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Proof. Fix x € X;. By [OrlO5a, Lemma 4.4], for any family (WW;),en of compact open neighborhoods of
the point 1 - P;(Q,) € X such that (), W, = {1- P;(Q,)}, we have ),y 7+ = Y;. Fix such a family
W,. Hence, for all « € X the family {z - W, };cn forms a family of compact open neighborhoods of z such
that (,cy 2 - W, = {z}, and N,y 27" =2 - Y7.

We let W (z) = x - W,. Then {W;(z)}sen forms a cofinal family in Neigh.

Moreover, since h is qcgs, by [Sch17, Prop 14.9], R?h, commutes with filtered colimits, so that :

SUF)y = lim R¥(hoiw)«iyy F = Rih, lim iwsiyy F
W €Neigh,, W eNeigh,,

Since z- Yy C Z}/V(I) for all compact open neighborhood W (x) of z, there is a natural morphism (as in the
discussion in remark 8.1.4) :
lim iy F = ipeip F
W eNeigh,,

It suffices to prove that it is an isomorphism of étale sheaves on Y, and we will check this on fibers. Let
n: Spa(C,CT) — Y be a geometric point, and y € Y be the image of the unique closed point.

Then, by lemma A.2.2 we have, for any W € Neigh,, :

F& ifyexz-Y] F5 ifreZlV
Y Y v ! and (’LW* ’L;V]:)g = v o 1

(ix* Z;’f )?2 . .
0 otherwise 0 otherwise.

Since stalks commute with colimits, it follows that

; 114

li ZW ’L*W.F ~ ./_'.g lfy € mWENeighI ZI

m N =
W eNeigh, _ 0 otherwise.

This concludes since (e eign. ZV = x - Yy, as we explicited a cofinal system W(z). O

We are now ready to prove lemma 8.3.1, hence proposition 8.2.3.

Proof. of lemma 8.3.1. Using the reformulation above, we want to prove that the natural morphism :
SUL) @5, OF — SUL&F, O /p)*

is an almost isomorphism. By the combined lemmas lemma 8.3.5 and lemma 8.3.6 , this reduces to
proving that, for all z € X, the morphism :

RI(hoiy). i3(L) @5, OF, [p = RI(hoi,). it(L ® OF /p)

is an almost isomorphism. Pullbacks commutes with tensor products, and, since i, : x - Y; — Y is a
generalizing closed immersion, lemma 2.4.1 shows that i* O3 /p = O;YI /p. Moreover, the pullback i £
defines an IF,,-local system on « - Y7, and h o i, is the structure morphism of « - Y7, which admits a structure
of a proper rigid analytic variety, by proposition 8.1.1.

The result now follows from the primitive comparison theorem theorem 5.1.3. O
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8.4 [ ,-étale cohomology of period domains

In this section, we compute the F,-étale cohomology groups of p-adic period domains. As we have
established primitive comparison for F,-coefficients, Poincaré duality holds, so these étale cohomology
groups are simply dual of the compactly supported étale cohomology groups with IF,,-coefficients, computed
by [CDHN21, Thm 1.2].

Let us state the result.
Let Gg, := Gal(E,/Es) denote the absolute Galois group of Ej.

Let T be a maximal torus of G such that u factors through T, and W = N¢(T)/Z¢(T) be the absolute
Weyl group of G with respect to T, which acts naturally on X, (7).

Let W* be the set of Kostant representatives with respect to W/ Stab(u). The action of G, on W preserves
Wt. To each Gg_-orbit [w] € W#/Gg_, we associate :

* Its length, an integer denoted by [}, , defined as the length of any element of the orbit.
* ATF,-module pp,(F,) of F,-valued functions on [w], equipped with the induced G, -action twisted
by (—l}.), and p,) (F,)* denotes its F,,-linear dual.

Consider a maximal Q,-split torus S of the derived group J; e, of J;, contained in 7, and a maximal
Qp-parabolic subgroup F, of J containing S. Let A C X*(5) be the associated set of relative simple roots.

For any I C A, we let P; be the corresponding standard parabolic subgroup of .J,, and
X1 = J(Qp)/Pr(Q,), viewed as a profinite topological space. We let :
Uig; (Fp) = LC(X1, Fp)/ Z LC(Xp,Fy)

Icr

be the corresponding generalized Steinberg representation of J,(Q,), where LC(—, F,) denotes the module
of locally constant F,-valued functions.

We let v}])’; (Fp)* = Homg, (vl‘ﬁ’; (Fp), Fp> be the dual Steinberg representation, equipped with trivial Galois
action.

Fix an invariant inner product (—, —) on G. For each Gg_-orbit [w] of some w € W, we define
I[w] ={a €A, (wp—v,ws) < 0}, P[w] = PI[wlv

where (wa)aca € X« (S) ® Q forms the dual basis of A.

We may now state the result.

Corollary 8.4.1. Let F&° be a period domain as in the above setup, and let C be the completion of E. Let
F & be the dimension” of FX°.

Assume furthermore that p # 2 and that F is nonempty.”
Then, there is a J,(Q,) X Gg,-equivariant isomorphism :

He’t(ygaa Fp(d)) = @ U;?,w] (IFP)* & Plw) (]Fp)* [*Qd + n[w]]-
[w]eWr /G,

“4Note that d can be explicited as d = (2p, v},) where p denotes the half sum of the positive roots of A, vy, is the slope morphism
associated to b as defined in definition 7.3.21, and (—, —) is the natural pairing between characters and cocharacters.
5By [DOR10, Thm 9.5.10], the non-emptiness is equivalent to b being acceptable for {y}, in the sense of [RV14, Section 2.2].
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Proof. This follows directly from Poincaré duality theorem 5.2.3 and the computation of compactly
supported cohomology in [CDHN21, Thm 1.2]. O

The condition "p # 2" in the above theorem stems from a technical statement [CDHN21, Thm 1.8] where it

is needed to establish the vanishing on some Ext! groups between generalized Steinberg representations.
It is expected from the authors of loc. cit. that this hypothesis is likely not needed.
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Appendix - On the topology of
locally spatial diamonds

Content of this chapter

In this chapter, we establish a few technical results regarding the topology of locally spatial diamonds, and
their étale cohomology, to be used mainly, but not exclusively, in chapter 4.

In the first section, we explore the structure of locally spatial diamond on the complement of open
subvarieties, and how it relates to the rigid-analytic notion of complement.

In the second section, we obtain the following localization triangle for open-closed decompositions of
locally spatial diamonds (as in the étale case), which is used throughout this thesis.

Proposition A.0.1. (cf proposition A.2.1).

Let X be a locally spatial diamond whose underlying topological space decomposes as the union |X| = |U|U|F|
of an open and a closed subset respectively, such that |F| is generalizing. Let j : U — X and i : F' — X be the
associated open (resp. closed) immersion of diamonds.

For any sheaf F of abelian groups on X, there is an exact sequence in Ds:(X,7Z), functorial in F :
RjfjsF — F — RiZi%F,

where the functors are taken in the sense of [Sch17].

In the third and final section, we construct cofinal open coverings of rigid analytic varieties. More precisely,
we show that partially proper open spaces can admit two intertwining covers, comprised of quasicompact
and partially proper opens respectively ; a construction that is used in chapter 4 (and very useful when
studying compactly supported étale cohomology), and generalizes the countable case used in the proof of
[ABM24, Prop 6.2.5].
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The closed complement of an open sub variety

As exposed in the end of subsection 2.1.1, a standard problem in p-adic geometry is the fact that, unlike
for schemes, the complement of an open subset of a rigid analytic variety need not admit a structure of
an rigid analytic variety, nor of an analytic adic space. Indeed, every morphism of analytic adic space is
generalizing, so that the complement of a non-specializing open subset never admits an analytic structure.

This is not the only problem. Indeed, consider the natural inclusion of the open unit disk in the closed unit
disk over C, viewed as adic spaces. The topological complement contains a single point of rank 2, and
hence does not admit an analytic structure.

In the realm of rigid-analytic varieties, one often uses the following :

Lemma A.1.1. Let U be an quasi-compact admissible open subset of a quasi-separated rigid analytic variety
X. Then X \ U is an admissible open subset of X.

Proof. This is [Hub96, Prop 5.6.5] or [Put92, Lemma 1.5]. O

Recall that the topology on rigid-analytic spaces is a Grothendieck topology, so we may decompose a
connected rigid-analytic variety as the disjoint union of two admissible open subsets, as long as the
covering is not admissible.

Let r be the functor from the category of rigid-analytic varieties over K to the category of analytic adic
spaces over Spa(K, Ok) constructed in [Hub96, Paragraph 1.11]. It can be seen that a family (r(U;)):er
covers r(X) if and only if the covering (U;);cs is an admissible covering of X.

Hence, if X is connected, »(U) U r(X \ U) cannot be a covering of r(X). We however get the following.

Lemma A.1.2. Let X be a quasi-separated rigid-analytic variety over a complete non-archimedean field K,
and U C X a quasi-compact admissible open subset.

Then, r(X \U) = (r(X) \ r(U))°, where T° denotes the interior of T.

Proof. Recall that, since X is quasi-separated, by [Hub96, Paragraph 1.1.11], r induces an increasing
bijection between quasi-compact admissible open subsets of X and quasi-compact open subsets of r(X).
Moreover, for any open U of X, r(U) N X = U, so that r is a isomorphism of posets.

Since r is order-preserving, r(X) = r(X \U)UU) C r(X \U)Ur(U), so that 7(U \ X) C r(X) \ r(U).
By lemma A.1.1, the complement U \ X is an admissible open of X, so that (X \ U) is open in r(X), and
we have r(X \U) C (r(X) \ r(U))°.

Since r(X) admits a basis of quasi-compact open subsets, (r(X) \ »(U))° can be written as the union
of all quasicompact open subsets contained in r(X) \ »(U). Let V be such a quasicompact open. By
the properties of r, we may write V = (W) for some quasicompact admissible open W of X, so that
r(W)nr(U) = (. Since r is order-preserving, we have r(W NU) C r(W)Nr(U) =0, sothat WNU = ()
since r is injective, and W C X \ U, so that V = (W) C (X \ U).

Hence (r(X) \ r(U))° € (X \ U), which concludes. O

Huber, in [Hub96], defines a theory of pseudo-adic spaces, so that any "nice" (convex and pro-constructible)
subset of an analytic adic space admits a pseudo-analytic structure, and, in turn, an étale site. In this
thesis, we will bypass the use of pseudo-adic spaces, using locally spatial diamonds instead.
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Note that by [Sch17, Prop 11.15], open subsets of locally spatial diamonds naturally admit a structure of a
diamond, which is then locally spatial by [Sch17, Prop 11.20].

We use some notations from [Sch17]. In particular, for X a diamond, we denote |X| its underlying
topological space, and, for T a topological space, we let T denote the v-sheaf given by
T(X) := Cont(|X|,T). We will use the following lemma :

Lemma A.1.3. Let X be a locally spatial diamond, and F C X be a generalizing closed subset of X. Then F’
is the underlying space of a sub-locally spatial diamond, still denoted F, given by the fiber product of v-sheaves
F=F X|X| X.

Proof. By [Ans+22, Lemma 2.7], the above defines a closed sub v-stack of underlying topological space F.
It is also a v-sheaf, since the fiber product can be taken in the category of v-sheaves.

By [Sch17, Prop 11.10], it is naturally a diamond, and, by [Sch17, Prop 11.20], it is locally spatial. =~ [
Hence, the complement of a specializing' open subset of an analytic adic space need not admit a structure
of an analytic adic space, yet always admit the structure of a locally spatial diamond.

In that setting, we furthermore have a localization (or excision) sequence for étale sheaves, as developed
in the following.

Localization for locally spatial diamonds

In this section, we work with the left completed derived category of étale sheaves on a locally spatial diamond,
as considered in section 3.2.

For a partially proper open immersion j of locally spatial diamonds, we consider the proper pushforward
les as taken in the sense of [Sch17, Def 19.1], as the left adjoint to Rj%. It coincides with the functor
defined by Huber in [Hub96], when j is defined between locally noetherian analytic adic spaces by
remark 4.2.1.

Proposition A.2.1. Let X be a locally spatial diamond whose underlying topological space decomposes as
the union |X| = |U| U |F| of an open and a closed subset respectively, such that |F| is generalizing. Let
j:U— Xandi: F — X be the associated open (resp. closed) immersion of diamonds.

For any sheaf F of abelian groups on X, there is an exact sequence in D¢ (X, Z), functorial in F :
Rj{jeF — F — RilisF
This generalizes the version of [Hub96, Rk. 5.5.11.iv].

Proof. To simplify the notations, we consider implicitly every functor to be in the sense of Scholze in
[Sch17].

The morphisms come from (co)unit of the adjunctions. The étale site of X has enough points, cf. [Sch17,
Prop 14.3], so that it suffices to check the exactness on stalks. Let T : Spa(C, C*) — X be a quasi-pro-étale
geometric point of X, where C is algebraically closed, Ct C C is an open and bounded valuation subring,
and T maps the unique closed point of Spa(C,C™) to some z € X.

11t would be hopeless to expect a more general statement, as, even in the language of v-stacks, arbitrary morphisms are (weakly)
generalizing, cf. [Ans+22, Lemma 2.4].
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We compute the stalks using the following lemma, which immediately concludes :

Lemma A.2.2. Under the hypothesis of proposition A.2.1, we have :

Fz ifze|U Fz ifxelF
(Rji o j" F)z = FoelUL nd (RivoirFe= el
0 otherwise 0 otherwise

We apply base change ([Sch17, Prop 19.1], resp. [Sch17, Cor 16.10.(ii)]) to the diagrams :

U xx Spa(C,C+) L5 Spa(C,C+)  F xx Spa(C,C*+) 5 Spa(C, CH)

=] e s

v——7? . x F—* X
It follows that :

(Rj1j*F)s = RU(Rj| o7 *j*F) = RT(Rjlj"* T* F)
(Ri,i*F)z = RU(Ri., 7' * i* F) = RD(Rii'"* T* F),

where RI" denotes the derived global section functor on Spa(C,C™).

From [Sch17, Prop 12.10], we know that there are surjections :

U xx Spa(C,CF)| — U] xx | Spa(C, CT)
|F xx Spa(C,CH)| - |F| x| x| | Spa(C,C")|.

Here, the fiber product on the right hand side is taken as topological spaces. Topologically | Spa(C,CT)|
is a totally ordered chain of specializations. It admits a unique closed point, which is a specialization of
every other points. Since continuous maps preserves specializations, the image of | Spa(C,C™")]| in | X]| is
contained in the set of generalizations of z.

Assume that z ¢ |U|. Since |F| = |X| \ |U| is a generalizing subset of | X| by hypothesis, the image of T
is contained in |F|, and hence disjoint from |U|, so that the fiber product |U| x| x| | Spa(C, C")| is empty.
Hence, U x x Spa(C, C+) maps surjectively to the empty set, hence is empty, so that 2’ * is zero, and hence
(Rj13*F)z = 0, as desired.

The exact same argument holds for « ¢ |F|, since |U| is generalizing (as it is open), so that, for « ¢ F,
(Rii* F)z = 0.

Now, assume that = € |U|. We will show that Rj{j'*F = F.

The topological space |U x x Spa(C, C")| identifies with an open subset of | Spa(C, C")| containing the
unique closed point z € Spa(C,C™), so that |[U x x Spa(C,C*")| = |Spa(C,C™)|. Since j' is an open
immersion, it’s an injection of perfectoid spaces, so that the combined [Sch17, Prop 5.3] and [Sch17, Prop
5.4] prove that j is an isomorphism, hence Rjj'* = id, which gives the desired stalk.

Finally, if x € |F|, which is generalizing, the image of | Spa(C,C7)| is included in |F|. Since, by
lemma A.1.3, F = F x|x| X, the morphism z : Spa(C, C*) — X then factors through F, so that there
exists a diagonal map x making the diagram commute :
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F xx Spa(C,CT) BN Spa(C,C™)

| £

j QeSS X

By the universal property of fiber products, this diagonal map z induces a splitting of 7', which is hence
surjective. Finally, a surjective closed immersion of perfectoid spaces is an isomorphism (cf. [Sch17,
Lemma 5.3 and 5.4]), so that 7' induces an isomorphism of diamonds.

Hence Ri’i'* = id, which concludes. O
Remark A.2.3. In the above setup, we may rewrite the fake base change results [Sch17, Thm 19.2 and Rk
19.3] as a real base change result, without needing to go through pseudo-adic spaces.

This result also holds for quasicoherent pullbacks, as defined in definition 3.4.1.

Corollary A.2.4. Let X be an untilted locally spatial diamond with pseudo-uniformizer w, whose underlying
topological space decomposes as the union |X| = U U F of an open and a closed subset respectively, such that
F is generalizing. Let j : U — X and i : F' — X be the associated open (resp. closed) immersion of diamonds.

For any sheaf F of (9} /m-modules on X, there is an exact sequence in Dy (X, O;} /)

RjS 1" F — F — RiSiy" F.

This construction is moreover functorial in F.
This directly follows from the following lemma :

Lemma A.2.5. Let f: X — Y be a quasi-pro-étale morphism of locally spatial diamonds.

Then there is an natural isomorphism of functors fgwh’* ~ fe.

This is in particular the case if f is an open immersion or a generalizing closed immersion.

Proof. Recall that, for any sheaf F of Of /7-modules, the quasicoherent pullback fg,c"h’* is defined as

the tensor product f{F ® F2(OF /) O% /7. But, for a quasi-pro-étale f, it follows from lemma 2.4.3 that
f50F /m = OF /=, which yields the desired result.

Finally, open immersions are quasi-pro-étale by definition, and generalizing closed immersions are quasi-
pro-étale by [Sch17, Cor 10.6]. O

A convenient open covering

In this section, we construct two intertwined covering of any partially proper analytic adic space : one
consisting of qegs open, and the other one consisting of partially proper open subsets. Such a covering will
play an important technical role in the following section.

Before anything else, let us first establish two topological lemmas.

Lemma A.3.1. Let X be a topological space that admits a basis of quasi-compact quasi-separated open subsets
and such that, for any quasi-compact open U C X, the closure U is quasi-compact.
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Then, there exists a filtered poset (I,<) and a decomposition of X as an increasing union of qcqs open
subspaces (X;)ic1, such that :

1. Forany i € I, there are only finitely many j € I such that j < i.
2. Foranyi<i, X; C X;.

Proof. Since X admits a basis of qcgs open subsets, we may choose a covering X = J, ., X\ by some
gecgs open X . Let us denote P, (A) the set of finite subsets of A.

Forany J € P, (A), let X; = J,o; X», so that the (X ;) jep, (a) form a filtered covering of X by qcgs open
subsets. For any J € P, (A), consider the open cover X; C J,.,, X, . Since X is quasi-compact, we can
extract a finite subcover, so that there exists some m(.J) € P,,(A) such that J € m(J) and X; C X,

By construction, for any J € P,,(A), J C m(J) and X; C X,,()-

Now, define a partial order on P, (A), denoted <’, by :
A<'B& A=Borm(A) C B.

By construction, it satisfies both desired properties.

It is moreover filtering since, for any A, B € P, (A), both A </ m(A) Um(B) and B <' m(A)Um(B). O

Lemma A.3.2. Let X be a topological space that admits a basis of quasi-compact open subsets.

Let F' be a quasi-compact closed subset of X, and U an open subset such that F' C U. Then there exists a
quasicompact open V of X such that F C V C U.

Proof. Since the quasi-compact opens form a basis of the topology, every x € F admits a quasi-compact
neighborhood contained in U, denoted U,,.

Then, F C J,r Us. Since F is quasi-compact, one may extract a finite sub-covering F* C |J;"_; Uy,. Then
V =, U,, satisfies the desired property. O

We may now state our result. Note that it can be seen as a more general variant of the covering used in
the proof of [ABM24, Prop 6.2.5]. Compare also with the covering constructed in [AGN25, Cor 2.29], or
with [Hub96, Lemma 5.3.3].

Proposition A.3.3. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic spaces,
with taut Y. Then, there exists a filtered poset (I, <), together with two open coverings of X :

* An increasing open cover X = |J..; X; by qcgs open subsets.

el

* An increasing open cover X = |J..; U; by partially proper open subsets.

il
such that :

1. Foranyi € I, there are only finitely many i’ < i.

2. Foralliel, X; CU;and forany i < j, U; C Xj.

3. Foranyi < j, X; C Uj, and the morphism X; — X factors through the universal adic compactification
Yiy of X, overY, as constructed in [Hub96, Thm 5.1.5].

Proof. Since f is a partially proper, it is taut, so that, since Y is taut, X is also taut. Moreover, X admits a

basis of affinoid open subsets, so that the assumptions of lemma A.3.1 apply. Let (I, <) and (X;);c; be a
filtered open cover of X by qcgs open subsets, satisfying the conditions of lemma A.3.1.
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For any i € I, let Y; = X; be the closure of X; in X. Since X is taut, Y; is quasi-compact in X.
Let Z, = Y; \ X,, which is a quasi-compact closed subset of Y;. The above lemma A.3.2, applied to
Z; C (Vi \ Uj<i Y;) inY;, yields a quasi-compact open subset V; of Y; such that Z; C V; C Y; \ Uj<i Y;.

Since Z; C Vi, X; N'V; = (), and X; is open, so that X; NV; = . Let U; = Y; \ V,, so that, for all i < j;
X, C U; C X, using the second hypothesis from lemma A.3.1. We claim that the map U; — X is partially
proper.

It suffices to show that Uj; is specializing, hence that V; is generalizing. V; is quasi-compact, hence
retrocompact, so, by [Fo17, Ch 0, Cor 2.2.27], V; is simply the closure under specializations of V;. Since
X; is an analytic adic space, all specializations are vertical, and, by [Hub96, Lemma 1.1.10.(i)], the
set of generalizations (or specializations) of any given point forms a chain, so that V; is stable under
generalization. Hence the U; are specializing open subsets of X, hence partially proper.

It now suffices to prove the last property. For any ¢ < j, there is a natural inclusion X; C U, C X;. Since
X; — U; — Y is the composition of an open immersion and a partially proper morphism, it defines a
compactification of X; over U;, so that, by [Hub96, Thm 5.1.1], the morphism X; — U, factors through
the universal compactification Yiy. Hence, it is also the case for the morphism X; — X. O

In [ABM24, Section 6.2], it is crucial for some arguments that a covering as constructed above can be
made to be countable. We show that this is equivalent to a more standard paracompactness assumption.

Let’s say that a rigid-analytic variety is paracompact if it admits a locally finite covering by admissible
affinoids, cf. [JJP96, Definition 2.5.6].

Proposition A.3.4. Let X be a connected partially proper rigid-analytic variety over Spa(C, O¢)?, where C
is a complete algebraically closed extension of Q,. Then, the following are equivalent :

1. X is paracompact.

2. X is countable at infinity in the sense of [ABM24, Def 6.2.5], i.e. we may write X = J,.y Xn as a
countable increasing union of qcqs open subspaces X, such that, for each n, the inclusion X, C X,
factors through the adic compactification Y,, of X,, over C.

Note that the "connected" hypothesis is purely technical - otherwise it is possible that X admits uncountably
many connected components, and one may not expect to find a reasonable countable covering.

Proof. (i) = (i7) Since X is connected, we may choose a countable admissible locally finite affinoid
covering in lemma A.3.1, using [JJP96, Lemma 2.5.7]. Then, the construction of proposition A.3.3
produces such a result.

(i) == (i). Write X = J,,cy Xn as a strictly increasing countable union of qcqs open subsets, as in
the definition of countability at infinity, and let Y;, be the adic compactification of X,, over Spa(C, O¢).
Consider Y;, \ X,,_1 as a closed subset of X, 1 \ ¥,,_o. By the separation lemma A.3.2, for all n € N, there
exists qcgs open subsets U,, in X,, 11 such thatY,, \ X,,_1 C U,, C X,,4+1 \ Y,,—2. By construction, each U,

might intersect U,,+1, but not any Uy, for |k —n| > 1.

Each U, is a quasi-compact open subset of X, which can hence be written as a finite union of affinoids.
Such collection of affinoids is locally finite by construction, so that X is paracompact. O

Remark A.3.5. The above applies to p-adic period domains as they are paracompact by [Har13, Lemma A.3].

2The argument would work mutatis mutandis for locally noetherian analytic adic spaces over a more general base, but we stick to
the generality used in the litterature.
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Appendix - On topological Tits
buildings

Content of this chapter

The goal of this chapter is to recall the construction and classical properties of Tits buildings over p-adic
fields, equipped with a topology introduced in [BS76], mixing a profinite and a Euclidean topology. We
moreover establish a few novel results, that are used in chapter 8 (and, to a lesser extent, in chapter 6).

In particular, we prove in proposition B.2.9 that the topology introduced by Borel-Serre in [BS76] can be
reformulated as the geometric realization of a simplicial profinite set, as appeared in [SS91], making fully
explicit an idea that was implicit in the litterature (cf. [SS91, Rk, p.84]).

Our main result is proposition B.4.4, which establishes a vanishing result of cohomology groups of some
specific convex subsets of topological Tits buildings. This is obtained by carefully adapting the proof of
[BS76, Thm. 2.6].

These convex subsets appear in the proof of the acyclicity of Orlik’s fundamental complex, which was
introduced in proposition 8.2.1. The proposition B.4.4 is then used to fill in an incomplete argument of
Orlik in [Orl05a] (which also appeared in [Orl05b], [DOR10] and [CDHN21]).

Along the way, we make a few mildly interesting remarks about the topology of simplicial profinite spaces,
contractibility, and their cohomology.
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The realization of simplicial profinite spaces

A simplicial space is defined as a simplicial object of the category Top, i.e. a functor X : A°? — Top,
where A denotes the simplex category (of nonempty finite ordinals and increasing maps).

In particular, a simplicial profinite space is as simplicial object of the category Prof of profinite spaces.

For a simplicial profinite space X, we denote X,, := X|[n], and, for all increasing map « : [m] — [n], we let
a* : X, — X,, be the associated continuous map. Such a data is equivalent to a sequence of profinite
spaces (X, )nen, together with continuous face and degeneracy maps, satisfying the usual commutation
relations.

Any simplicial space X admits a (thin)' geometric realization (introduced in [Seg68]), defined as follows :

Definition B.1.1. For any n € N, we let A" := {(xo,...,2,) € R}, Y x), = 1} denote the standard
topological n-simplex. Any « : [n] — [m] € A induces natural affine maps ., : A™ — A™, endowing A*® with
a cosimplicial structure.

Let X be a simplicial profinite space. Its thin geometric realization, denoted’ | X |P"°, is defined as the

quotient :
‘X|Pro _ |_| X, X An/N
neN

by the equivalence relation identifying
(z,0:p) € Xy x A™ ~ (a*z,p) € X, X A"

forall «: [n] — [m).

Such geometric realizations are poorly behaved topological spaces. Indeed, they are not locally contractible
(outside of trivial cases), and need not have the homotopy type of a CW-complex. As a consequence, their
constant sheaf cohomology need not coincide with their singular cohomology.

However, for any reasonable cohomology theory, the cohomology of | X |P"® can be computed from the
cohomology of the X,,. We start with a useful notation.

Definition B.1.2. Let A be a cosimplicial object of an abelian category A, i.e. a functor A : A — A. We
let A™ denote the associated cochain complex, with A}y = A[n], and morphisms A}, — A}, given by the
alternate sums of the coface maps.

In the following, we will mostly be interested in constant sheaf cohomology, for which we have the
following.

Proposition B.1.3. Let X be a simplicial profinite space. For any n € N, we let (X,,, A) denote the set of
locally constant functions X,, — A. The simplicial structure on X induces a natural cosimplicial structure on
LC(X,, A).

The associated cochain complex (LC(X, A))~ computes the cohomology H§, (| X |P", A) of the constant sheaf
Aon |X|Pre.

IThis is different from the fat geometric realization, where one does not quotient by the degeneracy maps. For so-called good
simplicial spaces, both construction are homotopy equivalent ; this is a priori not the case for simplicial profinite spaces. Indeed,
simplicial profinite spaces are never good, as one can check that a pair (A, X) for a profinite X is a (strong) neighborhood
deformation retract if and only A = X.

2This notation is not standard. We try to avoid ambiguity with the realization of X viewed as a simplicial set, forgetting the
levelwise topology, that will also appear.
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Proof. By [Seg68, Prop 5.1], for any generalized cohomology theory k*, there is a spectral sequence :
B = HY(K(X)™) = R9(|X]7)

We apply it with k(X)) := HJ, ;(X, A). A classical computation [Sta23, Lemma 0A3F] shows that, for a

profinite space S :

; LC(S,A) ifi=0

HShf(Sv A) = e
0 ifi>0

Hence, the second page of the above spectral sequence only has one nontrivial line, so that £, = F», and
one can read the limit on E.,. This concludes. O

Remark B.1.4. The same argument shows that the cochain complex (Fun(X, A))”™ of non-necessarily
continuous functions computes singular cohomology Hg;,,, (| X[, A).

Indeed, for S a profinite space, Hging(S, A) is given by all functions S — A, and there is no higher cohomology,
as continuous maps A™ — S are constant.

Hence, singular cohomology of | X |P™° does not see the topology on the X,,.

To any simplicial profinite space X, we consider its underlying simplicial set X, defined as the composition
A°P — Top — Set with the forgetful functor. Let | X| be its geometric realization. The spaces | X| and
| X |P™ admit the same underlying set, that we simply denote | X |, but not the same topology.

Lemma B.1.5. The topology | X| is finer than | X|Pe.
Proof. It follows from definition B.1.1 that | X| LN | X |P"° is continuous. O

By remark B.1.4 |)A(: | and | X|P"° have the same singular cohomology groups.®

In general, the singular and sheaf cohomology of | X |P"° do not coincide, as shown by the example below.
This example also shows that it is possible for | X | to be contractible, while | X [P is not.*

Example B.1.6. Let S = {1/n,n € N*} U {0}, endowed with its topology as a subset of R, making it a
profinite space (as it is compact, Hausdorff, and extremally disconnected).

Consider the simplicial profinite space X such that Xo = X x {0,1} and X; consists of edges linking :
* (s,0)with (s,1) forall s € S,
. (1,1) and (1,O> for all n € N*,
n n+1
* (0,0)and (1,0).

and no nontrivial information in higher dimension. Its geometric realization | X|P"° is homeomorphic to the
following topological space, endowed with the topology induced from R? :

This is homeomorphic to the Warsaw circle, which is known (cf. [Bor75]) to satisfy :
Hslhf (|X|pr0’ Z) = Za

as sheaf and Cech cohomology coincide for paracompact Hausdorff spaces. It is a fortiori not contractible.

3Moreover, the singular and constant sheaf cohomology of | X | coincide, as | X| is paracompact and locally contractible.
41 don’t know whether the converse is possible.
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However; the geometric realization |)? | is homeomorphic to a half line (as it "does not see" the vertical
segment linking (0,0) and (0,1) as consisting of accumulation points). It is hence contractible, so that
Hg; (|1 X770, Z) = Hg,o(|X|, Z) = 0.

Remark B.1.7. In [Mor96, p. 352], F.Morel asks whether the contractibility of | X| implies that | X |P"° is
cohomologically trivial, when X is additionally a Kan complex. This question has not been answered, but is
related to proposition B.4.4.

The following proposition will be needed in the rest of the appendix. It shows that the geometric realization
can be recovered from the data of non-degenerate simplices.

Proposition B.1.8. Let X be a profinite simplicial space. For any n € N, we define the subset of non-
degenerate simplices X! C X,, as the subset of simplices who do not lie in the image of any degeneracy maps,
equipped with the induced topology.

Assume that X is of dimension d for some d € N (i.e., X/, # ) and, for all n > d, X, = (). Then, there is a

natural homeomorphism :
d

|X|p'r»o o~ |_| X;L X An/ ~,
n=0
where ~ is the restriction of the equivalence relation of definition B.1.1.
For simplicial sets, this is [GJ09, Chap 1, Prop 2.3].
Proof. Denote temporarily |X'[P™® = | | .y X, x A"/ ~. There is a natural continuous injection f :
| X'[PT° — | X|P"° induced by the inclusions X — X,,.

It follows from the Eilenberg-Zilber lemma (cf. [GZ67, p.26-27]) that every element x € X, is of the form
a*y for some y € X, and « : [n] — [k]. Hence, by definition of the equivalence relation, f is surjective.

It is then a homeomorphism, as |X'[P" is compact (as a quotient from a compact set) and | X|P"° is
Hausdorff by [SP13, Thm 1.1]. O
Remark B.1.9. In the above proposition, assume furthermore that all face maps induce surjections X, —
X _q foralln < d.

Then, the morphism X/ x A™ — | X |P™° is surjective.

We conclude this section with a few lemmas, that are useful at various places of this thesis.

Lemma B.1.10. Let S = @neN S be a profinite space (with finite S,), and T be discrete. Then

Cont(S,T) =LC(S,T) = lim Fun(S,,T).
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Proof. Since T is discrete, continuous functions S — T are necessarily locally constant. Moreover, any
locally constant function S — T necessarily factors through a finite quotient of S, which itself factors
through some S,,. O

Lemma B.1.11. Let S be a profinite space. Then, for all abelian group A, LC(S, A) is a free A-module.
Moreover, LC(S, A) 2 LC(S,Z) ® A.

Proof. The first part is [Sch19, Thm 5.4] (attributed to Nébeling [N6b68]). The second part follows from
lemma B.1.10, as tensor products commute with colimits. O

Lemma B.1.12. Any profinite set admits a basis formed by clopen subsets.

Proof. This is [Sta23, Lemma 08ZZ]. O

The topologized combinatorial Tits building

In this section, we view how to endow spherical Tits building with the topology of the realization of a
simplicial profinite space. Let us start by recalling standard facts and notations.

We fix K a complete extension of Q,, and G a connected reductive algebraic group over K. Fix a maximal
K-split torus T' C GG, a minimum parabolic subgroup B containing 7', and let A be an associated relative
root system, such that subsets I C A correspond to standard parabolic subgroups (Pr)r-a of G, containing
B. The map I — P; is increasing, with Py = B, PA = G.

Let r be the semi-simple rank of G, i.e. the cardinal of A.
We will freely use the following standard facts :

e All subgroups of G containing B are of the form P; for some I C A (cf. [Tit, Prop 3.2.2]).

e All parabolic subgroup of G are conjugated, under an element of G(K), to a unique Py (cf. [Bor91,
Prop 21.12]).

* The quotient G(K)/P;(K) = (G/Pr)(K) is the K-points of some projective scheme over K (cf.
[Bor91, Prop 20.25]). In particular, it is compact Hausdorff.

* The intersection of two parabolic subgroups contains a conjugate of 7' (cf. [Bou07, Ch 4, Sec 2.6,
Prop 5]).

» If two parabolic subgroups are conjugated, their intersection is not parabolic (cf. [Bou07, Ch 4, Sec
2.6, Thm 4.(ii)]1).

* The minimal parabolic subgroups containing 7" are conjugated under the action of the Weyl group
W = Ng(T')/Zc(T), which is finite (cf. [Bor91, Prop 11.19]).

Let P denote the set of maximal proper parabolic subgroups of G ; i.e. the subgroups conjugated to some
Pp\yiy for some i € A.

The combinatorial Tits building associated to G, denoted A(G), is classically defined as the abstract
simplicial complex whose simplices are the proper parabolic subgroups of G (cf. [Tit] for a good reference
on this theory). In other words, its vertices are given by elements of P, and its d-dimensional simplices are
the (P, ..., P;) € P such that Py N---N Py is parabolic.
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We are then interested in the geometric realization of this abstract simplicial complex. In order to fit into
the framework of section B.1, and define an alternative topology, we would rather view this geometric
realization as the geometric realization of a simplicial set.

The conjugacy action on P admits finitely many orbits, corresponding to the subgroups P\ ;) fori € A.
We arbitrarily order these conjugacy classes, and extend this order® to P. We then define the simplicial set
AJ(G) by :

A(G)={Py<---< P, €P,PyN---N P, is parabolic},

where degeneracy (resp. face) maps are given by repeating (resp. forgetting) a parabolic subgroup.
Non-degenerate simplices are given by :

A (G)={Py<---< P, €P,PyN---N P, is parabolic}.
The sets A, (G) (and A/ (G)) admit a natural G(K)-action, given by conjugation. By definition, A(G) is
of dimension r — 1, in the sense of remark B.1.9.

It follows essentially by definition that the geometric realization of A(G), viewed as an abstract simplicial
complex or as a simplicial set, are homeomorphic (cf. [Cur71, Def 1.29]). We denote this topological space

|A(G)|, with underlying set |A(G)|. This comes equipped with a G(K)-action, such that any = € |A(G)] is
conjugated to an element of the (closed) simplex associated to B.

Lemma B.2.1. Let P be a parabolic subgroup of G. Then there exists a unique n € Nand Py < --- < P, € P
suchthat P=FPyN---NP,.

Proof. Up to conjugation, we may assume that P is a standard parabolic subgroup P = (,c; Pa\(s}- The
subgroups it contains are exactly the P, for I C J, so that the maximal parabolic subgroups are exactly
the Pa\ (4}, and there is only one way to order them. O

Hence, the subset of non-degenerate simplices |A] (G)| is exactly the set of parabolic subgroups of G
conjugated to some P; with |I| = r — 1 — n. Let us introduce the most classical example.

Example B.2.2. For G = GL,, the set of parabolic subgroups of G is in bijection with the set of partial
flags, i.e. family of K-linear subspaces {{0} C Fy C --- C F}, C K™}. Parabolic subgroups correspond to the
stabilizer of such flags.

Viewed as a simplicial set, we have :

ASLn = {Flags {0} C Fy CF, C---C F, C K"}.

A simplex is non-degenerate if the corresponding flag is strict, i.e F; C F;11 for all i.

This is the simplicial set that appeared in definition 6.4.5, where it was endowed with the structure of a
simplicial profinite space.

Let us define this topology in the general setting.

Definition B.2.3. For all n, the set A,,(G) contains the G(K)-orbit of all parabolic subgroups P; alongside
thel C Awith|I|<r—1—n.

5We will never need to compare parabolic subgroups from the same conjugacy class.
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We endow it with the finest® topology whose restriction to each orbit :
G(K) - Pr = (G/Pr)(K)

is a homeomorphism.

This definition mimics the one of [SS91, p. 66], and does not depend on the choice of B, nor S. An
equivalent description is as follows.

Remark B.2.4. The set P can decomposes into G(K)-orbits as :
P = | |(G/Pavii))(K) - Paygiy-
icA
This defines a profinite topology on P. For any n > 0, there is a natural injection A!,(G) — P™*1 defined by
lemma B.2.1, which is G(K)-equivariant by construction of the order.
This extends to an equivariant injection on A,,(G) by the following :”

57,/_](‘, Zd k
MG~ | ] AUG) = | ] Pkupn,

0<k<n 0<k<n
where the leftmost isomorphism removes redundancies, and 6,,_, : P — P" ¥ is the diagonal morphism.
The topology on A, (G) of definition B.2.3 makes each A,,(G) a closed subset of P".

We may now define an alternate topology on |A(G)|.

Definition B.2.5. We let |A(G)|P"° be the geometric realization of the simplicial profinite space A(G), as
defined in definition B.1.1.

In the rest of this section, we show that the topology |A(G)|P™ coincides with a more classical (and, in
some sense, more tractable) one, due to Borel-Serre [BS76, Sec 1.3]. Let us recall their definition.

Definition B.2.6. Let |Ap| C |A(G)| be the geometric realization of the simplex corresponding to the B.
There is a natural surjection :

G(K) x |Ap| = AL(G) x |Ap| - |A(G)],

where the first morphism is given by (g,v) — (gBg~',v), and the second one is from remark B.1.9. As

elements of B(K) stabilize the action, this morphism factors though (G/B)(K) x |Ap|.
We endow |A(G)| with the quotient topology from (G/B)(K) x |Ag|, denoted |A(G)|B5.
This topology does not depend on the choice of B.

Example B.2.7. If G = GLy(K), with maximal torus given by diagonal matrices and minimal parabolic
subgroup given by upper triangular matrices, A contains one element, and |A(G)| = P!(K).

—_~—

While |A(G)| is endowed with the discrete topology, |A(G)|P™ and |A(G)|P* correspond to the topology on
P'(K) induced from the one on K.

The original motivation for |A(G)|?S in [BS76] is the following.

6This admits the following explicit description : An subset U C A, (G) is open if and only if its intersection with each orbit is open
in (G/P)(K).

7Outside of A,,(G), one needs to pick G(K )-equivariantly a convention for repeating elements of . We arbitrarily chose to repeat
the smallest one, for the order on P.
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Remark B.2.8. The set |A(G)| corresponds to the boundary at infinity of the Bruhat-Tits building of G, that
we denote here BT(G). The topology |A(G)|P* was introduced so that BT(G) U |A(G)|P% is a suitable
compactification® of BT(G) (c¢f. [BS76, Thm 5.4]), used to compute the compactly supported cohomology of
BT(G).

For G = GL2(Qy), the Bruhat-Tits building is the regular tree of degree p + 1, whose ends indeed correspond
to P1(Q,).

We now prove that, in general, the Borel-Serre topology coincides with |A(G)|P"°.

Proposition B.2.9. The identity map induces an homeomorphism :
[A(G) e = |A(G)] P2,

Proof. We apply proposition B.1.8, noting that A(G) is of dimension r, and that A/(G) = (G/B)(K).
Hence :

Ao = ((G/B)(K)xm L] |A;<G>|xA”)/~,

0<n<r

where the equivalence relation is the restriction from the one in definition B.1.1. We have the following
commutative diagram :

(G/B)(K) x A"~ ((G/B)(K) x A" Uy e, 184,(G)] x A7)

| |

A(G)["S AG)re,
where vertical arrows are quotient maps. The map f is continuous, hence so is id. |A(G)|P¥ is compact
(as the quotient of a compact set), and |A(G)|P"° is Hausdorff by [SP13].
The morphism id is then a continuous closed bijection, hence a homeomorphism. O

—_~—

Remark B.2.10. The same argument shows that |A(G)| admits the quotient topology from (G /B)(K)%s¢ x
|A"|, where (G /B)(K)%*¢ is endowed with the discrete topology.

In [BS76, Corollary 3.3], the authors prove that the sheaf cohomology of |A(G)|Z* is computed by the
complex of locally constant functions on the A, (G). Using the identification of proposition B.2.9, this
reduces to proposition B.1.3.

In the next section, we introduce a notion of geodesics on |A(G)|2?, yielding to a notion of convex subsets.

We will need to introduce another point of view on |A(G)|, focused on the notion of apartment.

The Curtis-Lehrer-Tits version of the building

We keep the notations of the above section. Let us review a variant of the building |A(G)|, as constructed
by C.Curtier, G.Lehrer and J.Tits in [CLT80]. It is a continuous version of the building constructed by
Mumford in [MFK94], and already appeared in the short note [Rou78].

8This is far from being the only reasonable one !
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The Curtier-Lehrer-Tits building® is a topological space is in bijection to the geometric realization |A(G)|
of the combinatorial Tits building considered above. Rather than focusing on a simplicial structure, it is
built from gluing together apartments, which are homeomorphic to Euclidean spheres.

For any maximal K-split torus S of G, we let :

B(S) == (X.(S) @z R) /R
be the set of half-lines in the space of real cocharacters on S (Here, X, (S) is the set of morphisms G,,, — S
over K, as in definition 7.3.11).

B(S) is naturally homeomorphic to the Euclidean sphere of dimension r — 1.

For any maximal split torus S, the sphere 5(.5) can be decomposed as a Coxeter complex, with chambers
corresponding to the parabolic subgroups of GG containing S. Hence, to each b € 5(.S), we may associate a
parabolic subgroup P(b) of G, corresponding to the chamber containing b (cf. [CLT80, Section 1]).

We may now define the Curtis-Lehrer-Tits building of G as :

B(G) := <|_| B(S)) / ~, (B.1)
S

where the union is taken on all maximal K-split tori of GG, and the equivalence relation is given by b ~
b <= 3dg € P(b)(K),b' = g-b-g L. It admits a natural G(K)-action by conjugation. We may extend the
mapping b — P(b) in an equivariant manner, to a surjective mapping B(G) — {Parabolic subgroups of G}.

For any such S, the natural mapping B(S) — B(G) is injective by [CLT80, Lemma 2.2.ii], and its image is
referred to as an apartment of 5(G).

The building B(G) is related to |A(G)| by the following ([CLT80, Prop 6.1]) :

Proposition B.3.1. Assume that G is semi-simple. Then, there exists a (non canonical) G(K)-equivariant
bijection :

such that, for all x € |A(G)|, the parabolic subgroup P(7(z)) is the one associated to the unique simplex
containing x in its interior. Moreover, for all maximal K-split torus S, the restriction of T on |Ag| (which is
the subcomplex of parabolic subgroups containing S) induces a triangulation of B(S).

For a general G, one has |A(G)| ~ B(G4er), and B(G) is a suspension of B(G 4., ), cf. [CLT80, Prop 7.2].

Proof. Let us recall the proof, as some elements will be used in the following.

For any parabolic subgroup P of G containing a maximal split torus S, it can be shown (cf. [CLT80, Sec.
1]) that the set C(P) := {b € B(G), P C P(b)} is a subset of B(.5), corresponding to a simplex of a Coxeter
complex, and is then homeomorphic (with the topology induced by the topology on the Euclidean sphere)
to the simplex |Ap| of |Z(\CT)| associated to P.

Hence, fix a bijection 75 : |[Ap| = C(B).

We extend it G(K)-equivariently, in the following way : for all z in |A(G)|, there exists some g € G(K)
such that grg=! € |Ag|. We then let 7(z) = g~ - 7g(gxg~!) - g. This is well defined (i.e. independent of
the choice of ¢g) by [CLT80, Prop 2.2.(i)]. O

9This terminology is non standard. Usually, both notions of buildings are identified, and apartments are freely defined as subsets of
|A(G)|. Here, since we are specifically interested in the topology |A(G)|Z*, which is not the standard choice from the litterature,
we try and keep the terminologies distinct.
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The two following properties B(G) are crucial (cf. [Tit, Thm 5.2]).

Proposition B.3.2. 1. Any two points z,y € |A(G)| lie in a common apartment (i.e. there exists a
maximal K-split torus S such that 7(z), 7(y) € B(S) ).
2. For any two z,y belonging in two apartments B(S) and B(S"), there exists a g € G(K) such that
gSg~t = §’, stabilizing both z and x'.

Since B(G) is built together from Euclidean spheres, it is well-suited to define a notion of distance, and of
convexity.

Convexity and contractibility

We present here are a spherical variant of [BT72, Section 2.5]. Some notions were present in [CLT80,
Section 8].

We simply define the distance, and the notion of convexity, in any fixed apartment.

Definition B.4.1. Let z,y € B(G). Let S such that x,y € B(S5).
We say that x,y are antipodal if they are antipodal in the sphere B(S).

If x,y are not antipodal, the geodesic linking x and y, denoted [z,y] € B(G), is defined as the small arc
of the unique great circle passing through x and y in B(S). This is are independent of the choice of S, by
proposition B.3.2.

For A C B(G), we say that A is convex'’ if, for all x,y € B(G), = and y are not antipodal, and [z, y] C A.

We define the angular distance d(z,y) € [0, x| as the angle between x and vy, taken in any appartment.
By construction, the mapping (z,y) — d(z,y) is G(K)-invariant.

Remark B.4.2. The topology induced on B(G) by the distance d is homotopy equivalent to the topology of
|A(G)| as the quotient of the disjoint union of Euclidean spheres as in equation (B.1) (cf. [CLT80, Section 8]).

The distance d is however not compatible with the topology induced by |A(G)[P™°. Indeed, for G = GLy over
Qp, recall example B.2.7. Any two distinct points are antipodal, hence of distance .

—~

We may now obtain contractibility results for convex subsets of |A(G)|. For the topology |A(G)], this is
relatively straightforward.

—_~—

Proposition B.4.3. Let A C |A(G)| be a convex subset. Then A is contractible.

Proof. For any s,s’ € B(S) and A € [0,1], welet A+ s+ (1 — A) - s’ be the unique point of [s, s’] such that
d(s, s+ (1 —=X)-s")=X-d(s,s). It is well defined by proposition B.3.2.

We will show that A is starred. Let y € A. Define the contracting map :
H:(x,)\) € Ax[0,1] = 7 (A\7(z) + (1 = N7 (y)) € 4,

This is well defined by convexity of A. It defines a homotopy between id 4 and the constant map valuing y,
so that it suffices to prove that H is continuous.

10This notion is adapted from [MFK94, Ch 3, Def 2.10].
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This follows from a spherical variant of [BT72, Lemma 2.5.15] (see also [CLT80, Lemma 8.2]). By
projecting everything to an apartment, may assume that we are working inside a fixed B(.S), for which the
continuity is clear. O

It is unclear whether contractibility holds for the topology |A(G)[P™° ; we saw in example B.1.6 that this
does not follow for free from the above. In particular, the contracting map H of the above proof need
not be continuous for the topology induced by |A(G)|?“. The problem is that any open neighborhood of
1 € (G/B)(K) intersects all cells of the Bruhat decomposition.

We however establish the following weaker version, which is enough for the application we have in mind
(namely, proposition 8.2.1). This is the main result of this appendix.

Proposition B.4.4. Let y: P — R be a function such that F := {P € P, u(P) < 0} is closed'! inside P, for
the topology of remark B.2.4. We extend p to a function i : |A(G)| — R, that is affine on every simplex of

IA(G)]-
Assume that A := {x € |A(G)|, p(xz) < 0} is convex, in the sense of definition B.4.1.

Let X be the simplicial profinite subset of A(G) whose simplices are exactly the simplices of |A(G)| whose
vertices lie in A.

Then, the reduced sheaf cohomology groups ffghfﬂX |Pre; Z) are zero.

Proof. In order to simplify the notations, cohomology is implicitly sheaf cohomology. We let H* denote
compactly supported sheaf cohomology groups.

We adapt the proof strategy of [BS76, Thm 2.6], which computes the cohomology of the whole space
|A(G)|P° (It is zero outside of degree r — 1, where it is huge). Let us recall the notations used in loc. cit..

Let C be a chamber of |A(G)| such that C N | X |P"° # (), corresponding to a minimal parabolic subgroup B.
Let T be a maximal K -split torus inside B. We view |A(G)|P as the quotient of (G/B)(K) x C, and let 7
denote the quotient map. For I C A, we let P; be the associated family of standard parabolic subgroups,
and, for any I C A, we let C1 denote the face of C' whose vertices correspond to the Py, fori € I.

Let X be the set of reflections alongside elements of A, generating W. We identify implicitly > and A, by
associating to « € A the reflection s, € X.

We let N be the cardinal of W, and order the elements of the Weyl group with nondecreasing length'?
(with respect to ), i.e., we let W = {w1,...,wy} such that i < j = l(w;) < l(wj).

For any 1 < m < N, we define I,, := {s € &, l{(ws, - $) > l(wn)} C A.
It satisfies I = %, Iy =0 and § C I, C ¥ whenever 1 < k < N — 1 (cf. [Bou07, Sec. 1, Ex. 3, p. 37D.

Forany 1 <m < N, welet L,, := Uldm él, such that L; = C and Ly = 0.
They can be written as the complement of some faces of codimension 1 in C' :

Lpn=C\ |J Cays-

SEX\ I,

11 This hypothesis is probably not needed. If F is not closed, then, X, defined below, is not necessarily a simplicial profinite space,
but one can still consider its geometric realization as a simplicial space.

12The length of an element w € W is defined as the minimal ¢ € N such that w writes asw = s1 0 - - - o sq, forsi,...,sq € 3 (cf.
[Bou07, Sec. 1, Defi. 1.1]).
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Recall the Bruhat decomposition (cf. [Bor91, p. 14.12]) :

G(K) = | | BEK)wB(K), hence (G/B)(K)= || (B(K)wB(K))/B(K).
weWw weWw

For w € W, we denote C(w) := (B(K)wB(K))/B(K). For 1 <m < N, we let :

En:= |J C(wy)C(G/B)(K)and Yy, := m(Ep x C).

1<k<m

The family F,, forms an increasing filtration of (G/B)(K) by closed subsets, so that the Y,, form an
increasing filtration of |A(G)[P™ by closed subsets. Moreover, every C(wy,) is open inside Fy, so that every
C'(wy) is Hausdorff and locally compact.

From [BS76, Lemma 2.4], there is a homeomorphism Y;, \ Y,,,_1 ~ C(w,,) x L,,, where the reciprocal
maps (g,v) € C(wy) X Ly, to gug~t € Y, \ V1.

For J C A, welet D; C (G/B)(K) defined by :
Dj(w) :={g € C(w) such that, Vi € A, gP;g™' € F < i & J},

endowed with the induced topology. It is closed inside an open subset of C(w).
By construction, Y7 N | X [P™° = C'N|X P, and, for all 2 < m < N, there is a homeomorphism :
(Yo \ Yin 1) N X[ ~ | | Dy(wm) x (Lm0 Cy). (B.2)
JcAa

Moreover, we have :

L,NnC;=Cj\ ( U (Cavgsy N CJ)) =Cy\ ( U C.m(A\{s})) :

€S\, SEX\I

The topological space (J,cs, 1, Cun(a\(s}) is contractible in all but the following cases :

1. I,,=0,ie.m=1.
2. I, =%,i.e.m=N.
3. There exists s € ¥ such that J = {s} and [,,, = X\ {s}.

Let us start by handling the third case.

Lemma B.4.5. Let 2 < m < N — 1, and assume that there exists s € ¥ such that J = {s} and I, = £\ {s}.
Then D j(wy,) = 0.

Proof. Assume by contradiction that there exists g € Dy} (w,,) and write g = bw,, b’ for b,b" € B(K). Up
to conjugating everything by b, we may assume that b = 1.

Let S be a maximal torus contained in both B and gBg~!, such that B(S) contains all chambers C,, =
wCw~! for w € W. We freely identify B(S) with the union of these chambers, by the morphism 7 from
proposition B.3.1.
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Fix an arbitrary point 2 € C' N |X|. By definition of Dy} (w,), the only vertex of the face w,, - C' - w,!
belonging in A is ts the vertex corresponding to wy, - Pa\ (s} - wy,,". Since A is convex, the geodesic in B(T)
joining x to the point corresponding to wy, - Pa\{s} - w,,;} is contained in A.

By the spherical version of [BT72, Prop 2.5.7], this geodesic is contained in a minimal gallery of |A(G)],
so that :

(i) It only visits chambers wCw™! for I(w) < I(w,y,).
(i) It exits C\,,, by going to a neighboring chamber C,,.,/ for some s’ € X such that I(w,, - s') < {(wy,).

By (i), this geodesic is contained in Y,,. By construction, s’ ¢ I,,, so that, by hypothesis, s’ = s.

In particular, this geodesic passes through the face corresponding to me{S}w;Ll, and is contained in A.
By definition of A, at least one of the vertices of the face w,, P(; w;,' belongs to F.

This contradicts the hypothesis g € D4 (wp,). O

We may now establish the following.

Lemma B.4.6. Forany2 <m < N —land J C A:
HZ (Dy(wm) % (L 1 C),2) =0,
where H} denotes compactly supported sheaf cohomology groups.

Proof. If Dj(wy,) = 0, the result is trivial, so that, by lemma B.4.5, we may assume that
Usgz\]m Cin(a\{s}) is contractible.

Both D;(w,) and (L,, N Cy) are Hausdorff and locally compact topological spaces. Hence, by [KS90,
Exercise 11.18], we have a Kiinneth formula for compactly supported cohomology of sheaves'® :

RT. (Dj(wy,) x (L, NCy),Z) = RT. (Dj(w,),Z) @ RT. (L, N Cy,Z). (B.3)

As L,, N Cj is open in C;, we have a (localization) exact sequence, which follows from proper base change
[KS90, Prop 2.6.7] (as in proposition A.2.1) :

RTe(Lm NCy,Z) = RT(Cy,Z) » RU [ () (Cavsy NCy).Z | (B.4)
s€X\ I,

The space C} is contractible, and so is (UseE\Im(OA\{S} N CJ)) by lemma B.4.5.

They have trivial sheaf cohomology, so that RI'.(L,, N Cy, Z) is trivial. The result follows from
equation (B.3). O

It follows from lemma B.4.6 and equation (B.2) that, whenever 2 < m < N — 1,

H (Y \ Yiuo) 01X 7, 2) = 0.

13Both this Kiinneth formula and the localization sequence below follow from a six-functor formalism for compact, locally Hausdorff
spaces, cf. [Vol25] (see Prop 6.13, as well as Cor. 4.5, together with Lemma 6.5).
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For any 2 < m < N — 1, the localization sequence from equation (B.4) associated to the pair (Y, N
| X P70, Y1 N |X|P7°), yields isomorphisms in reduced cohomology :

H* (Y 0| X|P7°,Z) ~ H* (Y1 N |X [P0, Z) .

The space Y; N | X|P"° is contractible, so that its reduced cohomology is trivial. Hence, a quick induction
on m shows that H*(Yx_1 N |X|P"°,Z) = 0.

The localization sequence of the pair (YN N|X|Pre, Yy_1 N|X |P“’) yields :
- (|X|P’“°,z) ~ [* ((YN NYn_1)N |X|PT0,z).

This reduces the proof of proposition B.4.4 to the following :

Proposition B.4.7. H* ((YN \Yn_1)N |X\p’"°,Z) =0.

Proof. By equation (B.2), we have (Yy \ Yn_1) N | X P70 ~ |_| Dj(wy) x (Ly NCy).
Jca

Since Ly = CO', the intersection Ly N C; is empty whenever J # (). Hence :

o

(YN \ YN—l) N |X|pr0 ~ D@(U)N) x C.

We will prove that Dy(wy) = 0, which concludes.

By definition, Dy(wy) = {g € C(wn),Vi € A, gP;,g~* € F}, which is non-empty if and only if the whole
chamber w,,Cw;, ! is contained in | X |P"°, hence in A.

However, the chamber w,,Cw; ' is the chamber opposed to C, and C N F # (). Since A is convex, it
contains no pair of opposite points. Hence Dg(wy) = 0. O

This concludes the proof of proposition B.4.4. O

Remark B.4.8. It is unclear to me whether or not, in the above setup, | X |P"° is contractible. It may be possible
to iteratively construct a deformation retract between Y,,,_1 N | X |P"° and Y,,, N | X |P"°.
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