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MOD p POINCARE DUALITY FOR p-ADIC PERIOD DOMAINS
GUILLAUME PIGNON-YWANNE

ABSTRACT. In this article, we introduce a new class of smooth partially proper rigid analytic varieties
over a p-adic field that satisfy Poincaré duality for étale cohomology with mod p-coefficients : the varieties
satisfying "primitive comparison with compact support". We show that almost proper varieties, as well
as p-adic (weakly admissible) period domains in the sense of Rappoport-Zink [RZ96], belong to this class.
In particular, we recover Poincaré duality for almost proper varieties as first established by Li-Reinecke-
Zavyalov [LRZ24|, and we compute the étale cohomology with F,-coefficients of p-adic period domains,
generalizing a computation of Colmez-Dospinescu-Niziol [CDN21] for Drinfeld’s symmetric spaces. The
arguments used in this paper rely crucially on Mann’s six functors formalism for solid O /7 coefficients
as developed in [Man22].
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1. INTRODUCTION

1.1. Main results. Let K be a nonarchimedean field of mixed characteristic (0,p), C' be a complete
algebraically closed extension of K, and A = Z/nZ be a fixed ring of coefficients for some n € N5;. Let
X be an analytic variety over C, in an sense that we voluntarily keep imprecise for now.

There are fully developed theories of étale cohomology for sheaves of A-modules on analytic varieties
over K in many incarnations of analytic geometry, constructed by Berkovich [Ber93], Huber [Hub96],
or Scholze [Sch17]. When n is coprime to p, étale cohomology admits similar properties to the ones
satisfied by étale cohomology of schemes in characteristic zero, as developed by Grothendieck and Verdier
in [GV72]. Indeed, the derived! category of étale sheaves of A-modules over some X : Dg (X, A) admits a
six functor formalism ; in particular, it satisfies Poincaré duality. However, the Poincaré duality for rigid
analytic spaces fails badly when p | n - famously, it does not hold for the open unit ball over C' (see, for
example, [LRZ24, Rk 6.4.11]).

Nonetheless, there have been recent advances in establishing Poincaré duality with IF,-coefficients for
some class of nice analytic spaces. It has been proven for smooth and proper rigid-analytic varieties
over C' simultaneously by L.Mann in [Man22| and B.Zavyalov in |Zav24b| (following unpublished ideas
of O.Gabber). This has then been extended to Zariski-open subsets of such smooth proper rigid analytic
varieties in [LRZ24], extending upon the approach of Zavyalov.

In this paper, we extend Poincaré duality to smooth partially proper rigid analytic varieties satisfying an
analogue of the primitive comparison theorem for compactly supported étale cohomology, expanding on
Mann’s approach in [Man22].

Our main result is as follows :
Theorem 1.1.1. (c¢f. 5.2.2) Let K be a complete extension of Qp, K be its algebraic closure, and C' be

the completion of K. Let X be a partially proper rigid analytic variety over K that is smooth of pure
dimension d, and let X be its base change to C'.

Let L be an overconvergent’ étale sheaf of Fp-vector spaces on X and Lc denote its pullback to Xc.
Assume furthermore that, for any i € N, the natural morphism :

Hét,c(Xcv ‘CC) ® Oc/p — Hét,c(XC> Lo® O}Ec/p)

is an almost isomorphism of Oc/p-modules. When this is the case, we say that X¢ satisfies primitive
comparison with compact support with respect to L.
Then, for all 0 < k < 2d, there exists a natural Gal(K / K)-equivariant isomorphism :

Héct(XCW ‘Cg(d)) = Home(H%lik(XCa ‘CC)’Fp)a

ét,c
where L, denotes the dual sheaf L, = Homg (L, Fp), and (d) denotes a Tate twist.
A proof sketch of the above will be laid out in 1.2.

Note that the Poincaré duality in the above theorem does not always come from a perfect pairing :
HY(Xe, £8) ®r, H2F(Xe, Lo) — Fy(—d)

ét,c
as cohomology groups may not be finite dimensional. In particular, one cannot a priori recover compactly
supported cohomology groups H¢, . from H,.

If we furthermore assume X to be proper and L to be a local system, primitive comparison with compact
support follows from Scholze’s primitive comparison theorem [Sch12, Thm 5.1|, so that the above theorem
recovers Poincaré duality as in [Man22, Thm 1.1.1].

When X is not necessarily proper, primitive comparison with compact support does not hold in general,
even for £ =T, - a direct computation shows that the open unit disk over C' does not satisfy it.

1One needs to pass to left-completion in the setup of spatial diamonds.

2j.e. the stalks of £ are constant on specializations (cf. 2.3.4 for a precise definition). This includes local systems and
Zariski-constructible sheaves in the sense of [BH21, Defi 3.1].
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We also establish primitive comparison with compact support for so-called "almost proper" varieties, i.e.
rigid analytic varieties that can be written as a Zariski open subset of a smooth proper rigid analytic
variety. In particular, we recover a version of [LRZ24, Corro 1.1.2] :

Corollary 1.1.2. (c¢f. 5.3.2) Let K be a complete extension of Q,, K be its algebraic closure, and C be
the completion of K. Let X be a smooth proper rigid analytic variety over K of pure dimension d, and
U C X be a Zariski open subset. Let L be an étale local system of Fy-vector spaces on U.

Let Uc denote the base change of U to C, and Lo be the pullback of L to Uc. Then Ug satisfies primitive

comparison with compact support with respect to L¢, so that, for any 0 < k < 2d, there is a natural
Gal(K/K)-isomorphism :

HY(Ue, £E(d)) = Homg, (H2*(Ue, L), Fyp).

ét,c

This corollary follows straightforwardly from Thm. 1.1.1, together with a version of the primitive com-
parison theorem for Zariski-constructible coefficients, as considered in [BH21].

In the second part of the article, we prove that p-adic period domains, in the sense of Rappoport-Zink
[RZ96, Defi 1.36] satisfy primitive comparison with compact support. Let us first state our result for
Drinfeld symmetric spaces, which are important examples of such period domains :

Proposition 1.1.3. Let C be the completion of an algebraic closure of Qp, and d > 1 be a fized integer.
Let Qép be the Drinfeld symmetric space of dimension d over Qp, and let Q‘é be its base change to C.

Then, Qdc satisfies primitive comparison with compact support with Fy,-coefficients.

In particular, Q% satisfies Poincaré duality with Fp-coefficients, so that, for any 0 < k < 2d, there is a
natural Gal(Q,/Qp) x GLa41(Qp)-equivariant isomorphism :

Héft(Qd va(d)) = Home(HQdik(Qd va)7Fp)-

ét,c

It now follows from the computation of compactly supported cohomology of Drinfeld symmetric spaces in
[CDHN21, Corro 6.8] that the étale cohomology of Drinfeld symmetric spaces with Fj-coefficients is given
by the Tate-twisted dual of a generalised Steinberg representation, as defined in [CDN21, Section 4.1] for
al0< k<d:?

HE,(9¢,Fp) = Sty (Fp) (k).
This recovers the computation of [CDN21, Thm 1.1]. Note that the approach of loc.cit. does not stem from
a Poincaré duality result, but rather an explicit computation using formal models and Aj;, ;-cohomology,
in the sense of [BMS16].
The above result stems from a more general statement about primitive comparison with compact support
for p-adic period domains, as follows (cf. section 6 for a more detailed introduction) :

Let @, denote the completion of the maximal unramified extension of Q,. Consider the datum (G, [b], {1})
consisting of :
e A connected and quasi-split reductive algebraic group G over Q.
e An element [0] of the Kottwitz set B(G) of o-conjugacy classes in G(Q,), associated to some b €
G(Qp) that is assumed to be basic and of s-decent? for some integer s > 1.
e A conjugacy class {u} of geometric cocharacters of G.

Let E be the field of definition of {u}, also known as its reflex field. The datum of (G, {u}) induces a flag
variety .7 (G, {u}), defined over F, classifying par-equivalence classes of cocharacters in {u}.

Let £ = E - (@p, and Jp be the inner form of G defined as the o-centralizer of b. The period domain
associated to (G, [b],{n}), denoted Z"*(G, [b],{p}), is the admissible partially proper open subset of

Z (G, {u}) @ E parameterizing weakly admissible filtrations of type {u} on N,. It admits a canonical
model over Eg := E - Qps, still denoted .#“*(G, [b],{1}), and is endowed with a natural action of J,(Qy).

3Note that the Steinberg representation is sometimes denoted Sp (for SPecial representation) in the litterature.
4The decency hypothesis is not a constraint, as any conjugacy class contains a decent element.
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We may now state our result :

Theorem 1.1.4. (c¢f. 7.0.1) Let (G,b,[u]) be as above, and F**(G,[b],{u}) be the associated period
domain over E,. Let C = Eg, and let FE* be the base change of #"*(G, [b],{u}) to C.

Then, Z5° satisfies primitive comparison with compact support with Fy-coefficients.

It hence Satisﬁesiomcaré duality, in the sense that, letting d be its dimension, for all 0 < k < 2d, there
is a natural Gal(Es/Es) x Jp(Qp)-equivariant isomorphism :

HE(FE Fy(d)) = Homp, (HZH (74 Fy), Fy).

ét,c

The proof of the above theorem relies on adapting the computation of étale cohomology with compact
support of Z#*, done in [CDHN21] with F-coefficients, to O /p coefficients. This relies on a stratification
of the Complement of the inclusion of Z#H wa inside the flag variety .#¢ due to |Orl05a]. Using geometric
arguments, we reduce to establishing a Comparison result for Schubert cells, for which Scholze’s primitive
comparison theorem holds.

In particular, using the computation of the compactly supported cohomology of period domains in
[CDHN21, Thm 1.2|, the above theorem allows us to compute the étale cohomology of F#* with F-
coefficients. We now state the result after introducing the necessary notation.

Let Gg, := Gal(Es/E;) denote the absolute Galois group of Fj.

Let T be a maximum torus of G such that p factors through 7', and W = N(T')/T be the absolute Weyl
group of G with respect to T', which acts naturally on X, (7).

Let WH be the set of Kostant representatives with respect to W/ Stab(u). The action of Gg, on W
preserves WH. To each Gg,-orbit [w] € W#/Gg,, we associate :

e Its length, an integer denoted by [[,), defined as the length of any element of the orbit.
e A Fy-module pp,(Fp) of Fp-valued functions on [w], equipped with the induced Gg,-action twisted
by (=l)), and pj,)(Fp)* denotes its Fy-linear dual.

Consider a maximal Q,-split torus S of the derived group Jj g¢r of Jp, contained in 7', and a maximal Q-
parabolic subgroup Py of J containing S. Let A C X*(S) be the associated set of relative simple roots. For
any I C A, we let P; be the corresponding standard parabolic subgroup of Jy,, and X; = Jy(Qp)/Pr(Qp),
viewed as a profinite topological space. We let :

v (Fp) = LC(X,,Fp)/ Y LO(Xp,Fy)
cr
be the corresponding generalized Steinberg representation of J;,(Q),), where LC(—, F,) denotes the module

of locally constant [F,-valued functions. We let vi}; (Fp)* = Hom(v}ﬁ; (F,),F,) be the dual Steinberg
representation, equipped with trivial Galois action.

Fix an invariant inner product (—, —) on G. For each Gg_-orbit [w] of some w € WH we define
I[w] = {Oé € Av (U)/.L - ana) < 0}7 P['w] = PI[w]7
where (wa)aea € X«(S) ® Q forms the dual basis of A.

Corollary 1.1.5. Let FH&* be a period domain as in the above setup over C = E,, and let d be its
dimension.” Assume furthermore that p > 5 and that F5° is nonempty.°

Then, there is a Jp(Qp) X GE, -equivariant isomorphism :

Ho ( FLa. p(d)) ~ @ ]‘_{,l[’ ](Fp)* & Plw] (FP)* [_2d + n[w]]
[wleWr /Gg,

5Note that d can be explicited as d = (2p,v5) where p denotes the half sum of the positive roots of A, vy is the slope
morphism associated to b as defined in 6.2.21, and (—, —) is the natural pairing between characters and cocharacters.
6By [DOR10, Thm 9.5.10], the non-emptiness is equivalent to b being acceptable for {u}, in the sense of [RV14, Section 2.2].



MOD p POINCARE DUALITY FOR p-ADIC PERIOD DOMAINS 5

This follows directly from Poincaré duality 1.1.4 and the computation of compactly supported cohomology
in [CDHN21, Thm 1.2].

The condition "p > 5" in the above theorem stems from a technical statement [CDHN21, Thm 1.8] where
it is needed to establish the vanishing on some Ext! groups between generalized Steinberg representations.
It is expected from the authors of loc. cit. that this hypothesis is likely not needed.

Let us now briefly explain our strategy for the proof of the main theorem 1.1.1.

1.2. The proof of the main result. The proof of 1.1.1 relies heavily on Mann’s six functor formalism
with Ot /p-coefficients.

In his thesis [Man22], L.Mann attaches, to every untilted small v-stack X over Q,, a category DY (X, 0% /p)
of solid quasi-coherent sheaves of almost (’)}L( /p-modules, which admits a six functor formalism.

He also constructs a fully faithful "Riemann-Hilbert functor"
(=) ® Ox"/p: Dat(X,Fp)* — DE(X, Ox /p),

relating his category to the left-completed derived category of overconvergent étale sheaves of Fp-vector
spaces on X . From the six-functor formalism, it is relatively straightforward to establish Poincaré duality
on the essential image of the Riemann-Hilbert functor, in the following sense :

Theorem 1.2.1. (cf. 2.4.2) Let C be a complete algebraically closed extension of Qp, and O¢ be its ring
of integers. Let f : X — Spa(C,O¢) be a smooth locally noetherian analytic adic space that is pure of
dimension d.

Let L be an overconvergent étale sheaf of Fp-vector spaces on X. Assume that there exists a complex
Fr € De(Spa(C, Oc), Fp) together with an zsomorphzsm in D§(Spa(C, O¢), O

f!Mann<£ ® Oj‘(“/p) ~Fr® O;;a(C,Oc)/p'

Spa C,0¢) /p)

Then, for any 0 < k < 2d, there exists a natural isomorphism :
HE,(X, £Y)(d) ~ Homg, (mh—24(Fr), Fp),
where m_oq(Fr) denotes the k — 2d-th homology group of the complex F.

Our key technical statement is that, for a partially proper f as above, the complex fM*™" (L ® (’)+“ /D)
computes the compactly supported cohomology RT¢ (X, L ® O%/p) up to an almost 150m0rph15m SO
that it suffices to verify primitive comparison with compact support in the sense of Theorem 1.1.1 - in
which case the condition of 1.2.1 is satisfied with Fz = Rl'¢ (X, £).

The precise statement is as follows :

Theorem 1.2.2. (cf. 4.0.1) Let C be a complete algebraically closed extension of Qp, and O¢ be its ring
of integers. Let f : X — Spa(C,O¢) be a smooth and partially proper rigid analytic variety over C, and
L be an overconvergent étale sheaf of Fp-vector spaces on X.

Then fMan(L & OF /p) is a discrete object of DY (Spa(C, O¢), Od

Moreover, there is an natural isomorphism of almost modules :
fMam (L @ O% [p) & RTa,o(X, L © O [p)*,
where we implicitly use the identification of [Man22, Prop 3.3.16/.

Spa(C,0¢) /).

The "discreteness" is to be taken in the sense of condensed mathematics - discrete objects are the ones
with trivial condensed structure.

Hence the main theorem 1.1.1 directly follows from 1.2.1 and 1.2.2. The proof of 1.2.2 is the technical heart
of this paper, and occupies most of section 4. The gist of the proof consists in establishing localization
triangles of the form :

RT.(X,L® O%/p) = RI(X,L® OF /p) — lim RT'(X\ U, ZX\U£®(’)X\U/p)
Uedx
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where the colimit is taken along quasicompact open subsets U C X, in both Mann’s six functor formalism
and an appropriate almost quasi-coherent version of the formalism of standard étale cohomology.

Using the five lemma, we reduce to a variant of the second part of 1.2.2 for f, instead of fi, for which we
establish the following :

Proposition 1.2.3. (¢f. 2.5.9) In the setup of 1.2.2, there is a natural isomorphism
(fyann(ﬁ ® OJr,a/p))w [ Rrét(X, L® O}f—(/p)a

through the natural identification of [Man22, Prop 3.3.16], where (=), denotes the discretization functor
of [Man22, Defi 3.2.20].

This is a variant of [Man22, Example 3.3.17]. Note that the functor fM%" does not preserve discrete
objects in this setup.

1.3. Outline of the paper. In section 2, after a recollection about the sheaf O /p on locally spatial
diamonds, we briefly present Mann’s six functors formalism and introduce the results that will be needed
later. We also extract from the formalism a version of Poincaré duality on the essential image of the
Riemann-Hilbert functor, as stated in 1.2.1.

In section 3, we provide technical topological results on locally spatial diamonds and partially proper
analytic adic spaces, that will be used in section 4. We also establish a localisation sequence in classical
étale cohomology.

Section 4 is the technical heart of the paper, and is dedicated to the proof of theorem 1.2.2, following the
path exposed in section 1.2.

In section 5, we deduce Poincaré duality for almost proper spaces, after a recollection on the primitive
comparison theorem.

Section 6 is an introduction to the theory of period domains and their geometry, and, in section 7, we
establish primitive comparison with compact support for such spaces.

1.4. Conventions and notations. In what follows, p denotes a fixed prime number, and N denotes the
set of nonnegative integers.

For an abelian category A use the upright D(A) to denote its 1-derived category, and D(A) to denote
its associated oco-derived category. We work with homotopical notation, and, for C € D(A), we let 7 (C)
denotes its k-th homology group.

Recall that, in a stable oo-category, a square :

X —Y
0 Z

is cartesian if and only if it is cocartesian. When this is the case, we say that X — Y — Z forms

an exact sequence (this corresponds to a distinguished triangle on the homotopy category). Moreover,

a reduced functor between stable infinity categories preserves fiber sequences if and only if it preserves
cofiber sequences, and, when this is the case, we say that the functor is exact.

—

Using the natural embeddings, we canonicaly identify rigid analytic varieties with their associated analytic
adic space (cf. [Hub96, 1.1.11.(d)]), analytic adic spaces with their associated locally spatial diamond (cf.
[Sch17, Defi 15.5]), and locally spatial diamonds with their associated small v-stack (cf. [Sch17, Remark
12.2)).

We use the subscript of superscript "M" to denote the functors f*, fM,..., as constructed by Mann
in [Man22| (that was denoted "Mann" in the introduction). We use the letter "H" to denote functors
as defined by Huber in [Hub96|, and "S" to denote their improvements to the setup of diamonds as
constructed in [Sch17].

Note that Mann’s functors are always implicitely derived, whereas, the functors f7, f!H , f&s f!S , ... are
not, and we denote Rf;, Rf!H, Rfg, Rf!S, ... their derived version.
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2. A CrASH COURSE IN MANN’S SIX FUNCTOR FORMALISM

In this section, we review some of the main ideas and results of Mann’s six functor formalism [Man22],
focusing on the comparison results with more standard objects, and we prove Poincaré duality on the
essential image of the Riemann-Hilbert functor (see 2.4.1). All categories considered will be co-categories.

2.1. The structure sheaf O /p for locally spatial diamonds. Note that we could replace p with a
fixed pseudo-uniformizer m throughout this section. For simplicity, we stick with = = p.

Recall that any locally spatial diamond X admits both an étale site X¢ and a quasi pro-étale site
Xyproeét, defined in [Sch17, Def 14.1]. There is a natural morphism of sites vx : Xgproet — Xeér, which
induces a geometric morphism of topos given by the pushforward I/i( : XC;”, oet — X5 and a pullback
vy 1 X — X(;;mét.

Recall that any analytic adic space X over Z, can naturally be viewed as a locally spatial diamond X°
that admits an homeomorphic underlying topological space, as well as an isomorphic étale topos to the
one of X (cf. [Sch17, Lemma 15.6]).

A process described in [MW20, Section 2| endows every diamond X over Spd(Z,) with quasi-pro-étale
structure sheaves, O x and @}, and, hence every diamond X over Spd(Q,) with a pro-étale sheaf (5} /D,
viewed as the cokernel of the multiplication by p. This sheaf can be constructed as the pro-étale sheafi-
fication of the presheaf defined on the basis of perfectoid spaces over X by S — (’);ﬁ(Sﬁ) /p, where S*
denotes the untilt of S associated to the composition S — X — Spd(Q,). Note that it is important to
remember the structure morphism to Spd(Q,), as, otherwise, a lot of information is lost.

As is shown in [MW20, Lemma 2.7|, if X is a locally noetherian analytic space over Spa(Qp,Z,), the
restriction v @} /p to the étale site simply coincides with the classical étale structure sheaf (9} /p, viewed
as the mod p reduction of the étale sheaf Y € X — O (Y). We also refer the reader to [Zav24a, Section
6] for a detailed analysis the of étale, pro-étale, and v-structure sheaves in the setup of pre-adic spaces.

In the following, we show that, if X — Spd(Q)) is a locally spatial diamond, the pro-étale sheaf (’A)} /D
comes from the pullback of an étale sheaf, that we may then reasonably call (’)} /p.”

Recall the following lemma :

Lemma 2.1.1. Let f : X — Y be a quasi-pro-étale morphism of locally spatial diamonds, and F € Yo -

Then, the pullback f*F is given by the restriction of F to Xgproet, i-€, for any quasi-pro-étale U — 'Y,
f*FU)=F(U — X), where we consider the quasi-pro-étale composition U =Y — X.

The same result holds by replacing "quasi-pro-étale" by "étale" everywhere.

Proof. By the general formalism (cf. [Sta23, Section 00VC], or [Sta23, Section 03PZ| in the étale case),
the inverse image f*F is given by the sheafification of the following :

U/X — hﬂ FV/Y),
(Vip)eu)or
where Iy denotes the category of pairs (V) ¢) defined by :

e Ob(Iy)={(V,p):V €Yproet,p: U=V xxY}
e Hom((V,¢),(V',¢")) ={g:V — V' quasi-pro-étale , gy o = ¢’} where gy denotes the base change

Voxx Y XYy ¥ of g.

"That this is claimed in the proof of [Sch17, Theorem 25.1], but, as far as I know, the proof of this statement does not
appear explicitly in the litterature.
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Since f is quasi-pro-étale, we may view any U/X as quasi-pro-étale over Y, so that we may view (U, oy :
U — U xxY) as an object of I;;. Moreover, for any (V, ¢y) € Iy, there is a natural morphism g : U — V
given by the composition U — V xx Y — V| that is quasi-pro-étale by the two-out-of-three property
[Sch17, Prop 10.4] applied to the composition U — V — Y.

It is straightforward to check that this induces a morphism (U, ¢y) — (V,¢v) in Iy, so that (U, ¢p) is
an initial object of Iy, i.e. a final object of (I;7)°?. Hence, the colimit alongside (I;7)°P simply computes
F(U — YY), which clearly defines a sheaf, so that there is no need to sheafify. This concludes. ]

Proposition 2.1.2. Let X a locally spatial diamond over Spd(Qy).
Then, there exists an étale sheaf on X7}, denoted (’)}/p, such that @}/p = V}‘(O}/p.

Proof. Since this property is Zariski-local over X, we may assume that X is spatial, so that there exists
a surjective quasi-pro-étale morphism f : Y — X from a strictly totally disconnected perfectoid space, by
[Sch17, Pro 11.24].

By definition, (’j} is such that, for any morphism Z — X from a totally disconnected affinoid perfectoid
space, @}(Z) = OJZFIj (Z%), where Z* is the untilt of Z viewed through the composition Z — X — Spd(Z,)
- there is no need to sheafify, using [Sch17, Theorem 8.7]. This construction is clearly compatible with
restrictions, so that, by the above lemma, f*@} is simply @;5 . Since pullbacks commute with small
colimits, the same holds for O/p.

Since Y is perfectoid, it follows from the proof of [MW20, Lemma 2.7| that the pro-étale sheaf @; actually
comes from the pullback of an étale sheaf, and so does (’A);E/p Hence, by [Sch17, Thm 14.12], the sheaf
(’j} /p on X comes from the pullback of an étale sheaf, that we denote (’)} /- O

We’ll also use the following lemma.

Lemma 2.1.3. Let f: X =Y be a quasi-pro-étale morphism of locally spatial diamonds over Spd(Qy).
Then O;/p = g‘t(ﬂ}/p, where fi, denotes the pullback of étale sheaves along f.

Proof. We start by establishing the commutativity of the following diagram :

*

~ ét ~
X ét Yét

V}l ly{,

~ aproét .
quroét Y;]proét
All of the four arrows in this diagram are induced from morphisms of sites, which are themselves induced
by continuous functors satisfying the conditions of [Sta23, Proposition 00X6|. Hence, if suffices to consider
the following diagram :°

Z—ZxxY
Xet < =

z‘dl i
-

. % .
quroet Z>ZxxY Y;]proet

Here, the vertical arrows are obtained by viewing any étale cover as a pro-étale one, so that the diagram
obviously commutes. It follows from functoriality of morphisms of sites [Sta23, Lemma 03CB]| that both
compositions vy o f and f;‘proét ovy are equal to the pullback along the morphism of site induced by the
diagonal X¢ — Yyproet, so that the first diagram commutes.

8Here7 the arrows are continuous functors, and the associated morphisms of site are contravariant.


https://stacks.math.columbia.edu/tag/00X6
https://stacks.math.columbia.edu/tag/03CB
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Let us now prove that cj“tO /p = OF +/p- From the lemma 2.1.1 and the proof of 2.1.2, it follows that

or Oet@;ﬁ /p = ~ OF +/p. By commutation of the above diagram, we have

Z/;(O;r(/p = O /p fqproetyi*/o}t/p = V;(fékto}t/p

Finally, by [Sch17, Prop 14.8], v v} 2 id, so that O% /p = f3,05 /p. O

2.2. Mann’s functors Dg(_, 0" /) and DY(_, O /7)?. Mann associates to any untilted small v-stack
X, with a fixed pseudouniformizer 7, an oo-category D&(X, (’)} /) consisting of complexes of almost,
quasi-coherent, solid sheaves of O}L( /m-modules on X.

For an analytic adic space X, objects of D% (X, O} /) are not explicit - rather, this category is constructed
by gluing from an adequate basis of the pro-étale topology, given by (a loosely improved class of) totally
disconnected perfectoid spaces, as follows :

Definition 2.2.1. Let X = Spa(A, AT) be an affinoid perfectoid space that is of weakly perfectly finite
type over some totally disconnected space (for example : the spectrum of a perfectoid field), and let m be
a pseudo-uniformizer of A.
Then, let D&(X, 0% /m) = DY(AT /) be the derived oco-category of solid almost AT /m-modules, con-
structed as follows :
o Let D(AT/m) denote the co-derived category of the category of condensed A% /m-modules.
o Let Do(At/r) C D(AT/m)™ be the full subcategory formed by solid objects, with respect to AY /.
o We say that a morphism f : M — N in Do(A™/7) is an almost isomorphism if, in fib(f), the
multiplication by any pseudo-uniformizer is zero.
Finally, let D&(AT /7) be the localization of Do(A™ /) with respect to almost isomorphisms.

An object of D (AT /m) can be thought of a complex of solid (i.e. "complete" for some topology) A™ /7-
modules, up to an almost isomorphism, in the sense of Faltings.

Remark 2.2.2. More generally, Mann defines and studies analogue over animated rings. In this more
general setup, one replaces the derived category by the category of "modules" over the animated ring, in
the sense of Lurie’s higher algebra [Lurl7, Def 7.1.1.2]. In this paper, we always consider static (i.e. not
animated) rings, so that this is simply a derived category by [Lurl7, Remark 7.1.1.6].

Recall that small v-stacks, defined in [Sch17], form a generalization of analytic adic spaces, using a stacky
approach, so that they are best used in descent problems. In order to properly endow a small v-stack X
with a sheaf (9} /m, we need to chose an untilt’ X* of X, and a pseudo-uniformizer 7. Let VStaCkEr denote
the associated category.

Proposition 2.2.3. ([Man22, Thm 1.2.1]) There exists a unique hypercomplete v-sheaf of co-categories :
(X, X* 7) € (vStack®)? s DE(X, OF /7) € Catoo

extending the map defined in 2.2.1. This construction admits a sixz-functor formalism.

Remark 2.2.4. If X = Spa(C,O¢) for some complete algebraically closed field C with ring of integers
Oc, we simply let D (Spa(C, O¢), Og/p) D& (Spa(C, O¢), OSpa(C OC)/p)

While we do not precisely define what a six functors formalism is'’, let us present the main characteristic
properties, as in [Man22, Theorem 1.2.4].

Proposition 2.2.5. The mapping"' X + DY(X, 0% /) has the following properties :

INote that, contrary to what the notation might suggest, the sheaf O; /7 depends on the choice of the untilt X* and should
maybe rather be denoted OF /T

10A precise definition was coined in [Ma1122 Definition A.5.7]. See also lectures notes by Scholze [Sch22].

Hpor simplicity, we simply denote (X, X¥, ) as X.
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(1) For any X, the category D&(X, 0% /™) is closed symmetric monoidal, i.e. admits a tensor product
—@M— which admits a right adjoint, given by an internal Hom functor Hom™ .

For any X, the unit of the tensor product over X is OF /.

(2) Any morphism f : X — Y induces adjoint functors : fM : DY(X,0% /) = DY(Y,0F /7) : fi,
where the left adjoint fy, is called a pullback functor, and M s a pushforward. Both are compatible
with composition.

(8)  Any bdes'? morphism f : X — Y induces an adjoint pair : fM : D&(X,0% /m) = DY(Y, 0 /7) : fis,
where the left adjoint f!M is called a proper pushforward, and fM is an exceptional pullback. Both
are compatible with composition. Both are compatible with composition of bdcs morphisms.

(4) Let f: X —Y be a bdcs morphism. If f is proper, then f!M = fM_ If f is étale, then f]'\/[ = far-

(5) (Projection formula) Let f : X —'Y be a bdcs morphism, M € DY(Y, Oy /) and N € DY(X, Ox /7).
Then there exists a natural isomorphism :

JHWN ® fi (M) = fFEN @ M.
(6) (Proper base change) Consider the following cartesian square :

x -y

[ ]
x Ly

Assume that f is bdcs. Then, there is a natural isomorphism of functors :

g o fi M f ° G-
(7) Let f: X =Y be a smooth morphism of locally noetherian analytic spaces adic over Q, of equidi-
mension d. Then, there is a canonical isomorphism f3,0f /7 = f3,0% /m(d)[2d].

As is classical whenever we have a six functor formalism, we may define a notion of cohomology (resp.
cohomology with compact support) of some X as the pushforward fM (resp f) of the unit object

/7, where f: X — Spa(C,O¢) is a structural morphism to a point. This should be interpreted as a
form of "almost étale (’)} /m-cohomology", that should, at least in some cases, coincide, up to an almost
isomorphism, with the standard cohomology groups of the étale sheaf OF /m (cf. [Man22, Ex. 3.3.17]
and 4.0.1 for precise such statements). From the properties above, we may formally deduce some nice

properties for this version of cohomology, such as the Kiinneth formula (for cohomology with compact
support) and Poincaré duality (see [HM24, Ex. 1.0.1 and 1.0.2]).

In order to descend from OV /m-cohomology groups to some Fp-cohomology groups, we need to take
some form of Frobenius invariants. Assuming that 7 | p, a reasonable approach is to start from the
Artin-Schreier exact sequence for sheaves on X :

0—F,—»O%/r

P —x

S 08 /n =0

And consider some form of associated long exact sequence in cohomology (or, rather, a derived refinement).

The key technical difficulty is Mann’s category only captures the information of the O /r-cohomology
up to an almost isomorphism, which need not commute with taking Frobenius invariants. This is not
an artifact of Mann’s formalism, as, in practice, most computations of OF or O /r-cohomology rely on
the fundamental result of almost vanishing of cohomology affinoid perfectoid spaces [Sch17, Lemma 8.8],
which only holds in the almost sense.

This idea can be adapted in a less naive way. Whenever 7 | p, the unit object O3 /7 € DY(X, 0% /7r) is

naturally endowed with a Frobenius endomorphism ¢, which endows the whole category D& (X, ot /™)
with a Frobenius endomorphism ¢3,.

12Bdcs morphisms are defined as locally compactifiable (i.e written locally as the composition of an étale and a proper
map) and "p-cohomologically bounded". This is a technical assumption that is satisfied by every morphism of rigid analytic
varieties, and by any morphism of analytic adic spaces that is locally weakly of finite type, cf. [Man22, Prop 3.5.14].
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Definition 2.2.6. A -module in DY(X, 0% /7) is the datum of an object C € DY(X, 0% /), together
with a specified isomorphism ¢3,C ~ C. We let

DE(X, 0% /m)* = eq ( DE(X, 0% /7) 7> DE(X, 0% /) )

be the category of w-modules in DY (X, 0% /m)¢.

Remark 2.2.7. Note that DD(X O%/m)# is very far from being a full subcategory of DE(X, 0% /).
Indeed, morphisms in DY (X, 0% /m)¢ should be thought of as Frobenius-equivariant morphisms.

There is a canonical "forgetful" functor DY (X, 0% /7)? — DE(X, 0% /x), that forgets the p-module
structure.

Moreover, the assignment X — DZ(X, 0% /p)¥ is particularly well behaved, since it also satisfies a six-
functor formalism, and all properties of 2.2.5 are satisfied with D (X, (’)} /p)¥ in place of D& (X, (’)} /D).

2.3. Classical F,-étale sheaves and the Riemann-Hilbert adjunction. Let us start by recalling
some facts about the classical theory of étale sheaves in analytic geometry, as considered by Huber in
[Hub96], and refined by Scholze in [Sch17].

Fix S a locally noetherian analytic adic space, and some n € N. To any locally noetherian adic space X
over S, Huber associates in [Hub96| a 1-category D¢ (X,Z/nZ), as the derived category of étale Z/nZ-
sheaves on X. He shows that, whenever n is invertible in (’):Sf (and when restricting to spaces of finite
type over S, the setup D (X, Z/nZ) admits a six functor formalism.

Remark 2.3.1. While Huber works 1-categorically, and the notion of "six functor formalism" was not
properly formalized yet, his constructions can be translated in an oco-categorical setup, and can be shown
to be an actual six-functor formalism. This has been checked thoroughly by Zavyalov in |Zav23a, Section
8] (see also [Zav23b, Section 6.1]). In particular, it satisfies all the properties of 2.2.5. In what follows,
we always work oo-categorically.

When 7 is not invertible in O¢, most of the constructions still apply, but some key properties are lacking.
In particular, there is no general proper base change (see [Man22, p. 4] for a crucial counter-example),
nor a general projection formula.

Remark 2.3.2. Most of Huber’s theory (at least in the ¢ # p setup) has been generalized by Scholze in
[Sch17] in the generality of small v-stacks, and the constructions coincide for locally noetherian analytic
adic spaces. We'll use both theories, usually preferring the more modern notations of [Sch17].

Let X be a locally spatial diamond, and X¢; the associated étale site. Following [Sch17, Prop 14.15], we
let D(X¢,Fp) be the oo-derived category of sheaves of F,-modules over X¢. This category needs not be
left-complete in general’®, and we denote its left completion D¢ (X, Fp).

Remark 2.3.3. If X is of p-cohomologically finite dimension, the category D(Xg,F)p) is already left-
complete by [Sch17, Prop 20.17].

This is functorial, in the sense that for any morphism f: X — Y of locally spatial diamonds, there is an
adjoint pair of functors, constructed by Scholze'?

RfY : Dy(X,F,) S Dey(Y,Fp) : RFE

13Recall that a stable oo- category C with a t-structure is said to be left-complete if, for all objects A of C, the natural
morphism A — @n 72™ A is an isomorphism, where 72" denotes the truncation. The left completion of C is then defined

. Sn i
by C = @1”62 7="C, which remains a stable co-category.

M1¢ X and Y come from locally noetherian analytic adic spaces, they coincide with the ones defined by Huber : RfS = RfH
and Rfs = Rff.
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Moreover, for any X, the category D¢ (X, F,) admits a well behaved derived tensor product ®%p, which
admits a right adjoint, a derived internal Hom, denoted'’ RH&IM

Let us now introduce overconvergent sheaves.

Definition 2.3.4. An étale complex F € De(X,F)p) is said to be overconvergent if, for any quasi-pro-
étale morphism T : Spa(C,Ct) — X from an algebraically closed perfectoid field C' with open bounded

valuation subring CT, the natural map :

Fz— .FIT
is an isomorphism, where x° denotes the natural composition Spa(C,C°) — Spa(C, O¢) z, X, where C°
denotes the subring of bounded elements in C.
We let D(X¢t,Fp)°¢ C D(Xet, Fp) be the full subcategory of overconvergent étale Fy-sheaves on X, and
denote D (X, Fp,)%¢ its left completion. It is stable under pullbacks and (derived) tensor product.

Let us now introduce the Riemann-Hilbert and (-invariants functor, as well as a few of their properties.
Both of these functors are defined by descent, so that we start from the local situation. Let us recall the
construction from [Man22, Prop. 3.9.8].

Let X = Spa(A, A™) be a strictly totally disconnected perfectoid space with pseudo-uniformizer m € A™.
On such a space, étale covers split, so that is a natural equivalence of categories :

Der(X, Fp)* = D(Fp(X))
with the derived category of Fj(X)-modules, where F,,(X) denotes the ring of continuous maps | X| — F,,.
The natural morphism of étale sheaves (F,)x — O% /7 induces a map :
Fp(X) = HY(X, (Fp)x) — HY(X, 0% /m) = AT /n
where the last isomorphism follows from the vanishing of higher étale cohomology groups on strictly totally
disconnected perfectoid spaces. This map induces a morphism of analytic rings Fp,(X) — A™® /7.

Definition 2.3.5. The Riemann-Hilbert functor D(F,(X)), — DY(X, AT /7)? is defined as the base
change (—) ®r,(x) AT/ along the morphism of analytic rings constructed above, in the sense of [Man22,
Defi 2.12.25.(c)], with the o-structure on A™®/m given by the Frobenius morphism.

This local construction glues to the following :

Definition 2.3.6. Let K be a complete extension of Q,, with pseudo-uniformizer m such that w|p. For
X an untilted locally spatial diamond over Spd(K), Mann defines [Man22, Defi 3.9.21] :

(1) A "Riemann-Hilbert" functor — @ O%* /7 : Dg(X,Fp)o¢ — DY(X, O /7)¢

(2) Its left adjoint, a functor of p-invariants : (—)% : DY(X, 0% /m)? — Der(X,Fp)°

When X = Spa(K, Ok) is the spectrum of an complete non-archimedean field with pseudo-uniformizer m,
we simply denote the Riemann-Hilbert functor as —® O /.

Remark 2.3.7. This Riemann-Hilbert functor can be seen as an analogue of the one introduced by Bhatt-
Lurie in [BL17|, relating IF,-étale sheaves over a fixed scheme X of characteristic p with quasicoherent
modules over X equipped with a Frobenius.

The key fact for our purposes is as follows :
Proposition 2.3.8. (/[Man22, Thm 3.9.23]) The Riemann-Hilbert functor is fully faithful.

Moreover, when restricting both sides of the equivalence to the full subcategories of dualizable objects,
L.Mann proves that the Riemann-Hilbert functor induces an equivalence of category. In [Man22|, this is
the result used by Mann to establish his form of Poincaré duality. Dualizable objects of D¢ (X, F,)° can
be seen to correspond to perfect complexes, i.e. the ones that are locally quasi-isomorphic to bounded
complexes of finite dimensional.

15This is neither the notation of [Hub96] nor [Sch17], but mimics the one of Mann.
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In this paper, we're interested in the étale cohomology of non-proper spaces, for which cohomology groups
may be infinite dimensional, and, hence, non dualizable. We’ll nonetheless prove that the Poincaré duality
holds on the essential image of the Riemann-Hilbert functor.

2.4. Poincaré Duality on the essential image of Riemann-Hilbert. For any F € D¢ (X, F)p), we
define its dual " := RHomp, ( xr,) (L, (Fp)x), where (Fp)x denotes the constant sheaf associated to )
on X¢. We establish the following :

Theorem 2.4.1. Let K be a complete extension of Q,, Ok be its ring of integers, and let ™ be a pseudo-
uniformizer, such that w|p. Let f : X — Spa(K,Ok) be a smooth locally noetherian analytic adic space
that is pure of dimension d. Let L € Dg (X, Fp)%°

Assume that there exists Fr € Dg(Spa(K, Ok),Fp) and an isomorphism in D& (Spa(K, Ok), 0% /7) :
ML @O0} 7) ~ Fr @ OF /7.
Then, there is an isomorphism in De(Spa(K, Ok),Fp) :
RFFCY(d)[2d) = FY.
Note that, if f is additionally proper and L is a perfect (e.g. a local system), the primitive comparison

theorem [Man22, Corro 3.9.24] applies, so that the assumption is automatically verified with F, = RfM L
(this is overconvergent since f is quasi-compact). In that setup, this recovers [Man22, Corro 3.10.22].

Proof. By taking stalks from Spa(K, O%), we may freely identify De(Spa(K, Ok ),F,) with the derived
oo-category of IF,-vector spaces equipped with a Gal(K /K)-action, with its natural symmetric monoidal
structure. In particular, all étale sheaves on Spa(K, Ok) are necessarily overconvergent.

The Riemann-Hilbert functor is symmetric monoidal and commutes with pullbacks. Hence, for any
A € Dy (Spa(K, Ok),Fp) = D (Spa(K, Ok ), Fp)%¢, we have :

1 ((c ok, RffA) 0 Of/r) = [ ((L® 0% /m) &M (RfjA© OF"/7)
= M (L@ 0% /m) @™ fi(Ae O /)
= (ML oo /m)) oM (Aw OF/n)
~ (Fr @O /m)® (A®(9;2‘1/7T)
~ (Fr ®IF A) @ O /.
where the third isomorphism follows from the projection formula (cf. fifth point of 2.2.5), and the fourth
one follows from the hypothesis. From there, we compute :

Homp,, (spa(k,05).5,) (A, RETLY (d)[2d])

~ Homp,, (x.,), (R firA, RHomg (L,F,) (d) [2d]) By adjunction
~ Homp,, (x s, (R fRA®% L.F,(d) [2d]) By adjunction
= Hombg(o}“/w)w ((Rf}*IA ®F L) ® 0%/, 0% /7 (d) [2d]> By full faithfulness of (—) ® O%*/p
= Homy, o (04 /m)e ((RfHA ®F L) ® 03/, f]!\/[O?—(a/ﬂ') By the last point of 2.2.5
= Homy, o (01 /m)* (f. ((Rf}}A ®%p L)® O}a/ﬂ) ,O}G/Tr> By adjunction
~ Homp‘%(o}a/ﬂ)v ((.7:[; ®%p A)® O, (’)}a/ﬂ) By the above
= Homp,, (x,F,)oc (.7'2 ®%p A, Iﬁ‘p> By fully faithfulness (—) ® O%*/p

= Homp,,(x F,) <A, RHomyp (Fr, IF‘,;)) . By adjunction
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We conclude using Yoneda’s lemma. O

The following corollary will be the version used in practice.

Corollary 2.4.2. Let C be a complete algebraically closed extension of Qp, and Oc be its ring of integers.
Let f : X — Spa(C, O¢) be a smooth locally noetherian analytic adic space that is pure of dimension d.

Let L be an overconvergent étale sheaf of Fp-vector spaces on X. Assume that there exists some Fp €
D¢ (Spa(C, O¢),Fp) and an isomorphism in D& (Spa(C, Oc), O /p) :

(L ® O% [p) = Fr @ O /p.
Then, for all 0 < k < 2d, there exists an isomorphism :
HE(X, £Y)(d) ~ Homp, (m5_24(Fz), Fp).

Proof. We apply 2.4.1, and then take homotopy groups mi_og on both sides. Since £ is concentrated in
degree zero, so is £V, and we compute :

Toa—r (RFF(LY)(d)[2d)) = RF £ LY(d) = HE (X, £Y)(d)

~

Moreover, [, is an injective object of D¢ (Spa(C, O¢),F,) = D(F,) the derived category of F,-modules,
so that we get :

ng,k(RHOH}D(FP)(.FL, Fp)) = Home (ﬂ'k,gd(]:ﬁ),Fp)
This yields the desired result. O

Remark 2.4.3. The above computation can be made functorially in £, provided that F, can be chosen
functorially in £. In particular, if a group G acts analytically on X or Y such that :
e [ is G-equivariant.
e For all g € G, there is a natural isomorphism morphism gb;M]:l; = ]—"¢;H£, compatible with the
action of G, where ¢, : v € X = g - x.
e The isomorphism in the hypothesis is G-equivariant.

Then the Poincaré duality isomorphism is G-equivariant.

2.5. Standard almost O /m-étale sheaves and discrete objects in DZ(X, 0% /7). This section
follows [Man22, Section 3.3|.

2.5.1. Standard almost O /m-étale sheaves. Let X be an untilted locally spatial diamond over a complete
extension K of Qp, with pseudo-uniformizer 7. We will define a left-complete category'® D (X, 0% /)
of almost quasi-coherent étale sheaves of (9} /m-modules over X, that compatible with pushforwards and
pullbacks.

Let f: X — Y be a morphism of such untilted locally spatial diamonds. While the étale pushforward f2
of an (9} /m-module is naturally an (’)¢ /m-module, the pullback f& does not preserve O /r-modules, so
that we should consider a different notion of pullback of quasi-coherent sheaves.

Let us first recall the setup in the non-almost case, following [Sta23, Chapter 03A4].

Definition 2.5.1. Let X be an untilted locally spatial diamond over a complete extension K of Q,, with
pseudouniformizer .

We may view the sheaf O /m as a sheaf of rings on Xet, and consider the ringed topos (Sh(Xe), O% /)
associated to the ringed site (Xg, O% /7).

Every morphism of locally spatial diamonds X — Y induces a morphism of ringed sites (X, (’)}/p) —
(Y, 0 /p). This defines a pullback functor

f;ﬂCOhF — (’)}/W ®f§0;/7r f; g.

16T his is denoted Shv”(Xe, O%*/m) in [Man22].
1TNote that, what we denote f* here is usually denoted f~! in a quasi-coherent context, while what we denote f
usually just referred to as f*.

*,qcoh is


https://stacks.math.columbia.edu/tag/03A4
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We let Mod(O% /) denote the abelian (1)-category of sheaves of OF /m-modules on Xe¢t, and D(Xer, OF /)
be its derived co-category. Any morphism f: X — Y induces an adjoint pair :

Rff : D (X, O}/ﬁ) S Dy (Y, O;/W) . Rf;,qcoh.

Defining the almost version Dg (X, (’)}“ /7), it is a bit more tricky, as the object "(’);E“ /7" does not exist
as a sheaf of classical rings in Sh(X¢,F,). Instead, we may define a classical sheaf F of O}a /m-modules
on X as a sheaf on Xg;, valued in the category of almost (’)} /7(X)-modules, together with the compatible
structure of an OF /7(U)-module on F(U) for all U € X.

We then let D(X¢, O%%/m) be the derived oo-category of the above category, and Dg (X, O3%/m) be its
left completion, as in [Man22, Defi 3.3.12]. See also [GR03, Paragraph 5.5.1] for the classical theory of
almost étale sheaves over schemes.

Here are the main properties that will be useful to us (cf. [Man22, Lemma 3.3.13|).

Proposition 2.5.2. Let f : X — Y be a morphism of locally spatial diamonds over a complete nonar-
chimedean field K, with pseudo-uniformizer w. Then, there exists an adjoint pairs of functors :

Rf : Dy(X, 0% /1) S Dey(Y, 05 /) - RFGI".
Moreover, there is a natural t-exzact almostification functor :
(=) : Det(X, O% /) = Det( X, 0% /)

It is computed as F*(U) = F(U)?, where the second "a" denotes the almostification for derived O% /p(X)-
modules. The functor (—)® is compatible with the formation of pushforward and pullbacks.

Remark 2.5.3. Note that there is a natural morphism — ®ﬂ;p O%/p : Da(X,Fp) — Da(X,0%/m),
obtained by left-completing the derived tensor product. Composing this with the almostification functor
Det(X, 0% /7) = Der(X, 0% /m) defines a functor that it closely related to the Riemann-Hilbert functor,
cf. 2.5.7.

The same definition as in 2.3.4 allows us to consider overconvergent objects in Dg (X, O%%/7), and we
denote the full subcategory of overconvergent étale sheaves of O%®/m-modules as D (X, 0% /m)%¢ (cf.
[Man22, Defi 3.3.14] for more detail).

Note that this is really a notion of overconvergence for almost sheaves, in particular, the sheaf OF /p itself
is not overconvergent when viewed as an étale sheaf of F)-modules. It is, however, almost overconvergent.

Let us now explain how to identify this category with the subcategory of discrete objects in D& (X, OF /).

2.5.2. Identification of discrete objects. Recall that there is a fully faithful inclusion of rings into condensed
rings (viewed as sheaves of rings on the category of profinite spaces), given by constant sheaves, which
factors through solid objects. The essential image of this functor is the full subcategory of discrete rings.

For any strictly totally disconnected affinoid perfectoid space Spa(A, A™), we may consider the subcategory
DY (At /7), C DY(AT /) of discrete (derived) AT /m-modules. This construction descends to a subfunctor
of discrete objects DY (0% /7)., C DE(OF/x) for any untilted v-stack X, defined as follows.

Definition 2.5.4. (c¢f. [Man22, Def 3.2.17])

Let X be a locally spatial diamond, with pseudo-uniformizer w.

We let DY (X, 0% /)0 C DE(X, O% /) be the full subcategory formed by objects F such that, for any map
f:Y = X from a totally disconnected affinoid perfectoid space, the pullback fy,F is discrete.

This subcategory satisfies the following :

Proposition 2.5.5. For any untilted small v-stack X, the subcategory DY(O% /7). is stable under col-
imits, and the inclusion DY(O% /7)., C DY(O%/7) admits a right adjoint, called the discretization and
denoted (=) .

Discrete objects identify with overconvergent standard almost étale sheaves, in the following sense.
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Proposition 2.5.6. Let X be an untilted locally spatial diamond, with pseudo-uniformizer w. Assume
moreover that X admits a map to an affinoid perfectoid space.

Then, there is an equivalence of co-categories :
Jx : DH(X, 0% /7)w = Da(X, O /)%

Moreover, for all morphism f : X — Y of untilted locally spatial diamonds over an affinoid perfectoid
space, there is a canonical isomorphism of functors D&(Y, OF /7)w — Da(X, 0% /7)o :

Jx o fir = RIE" o Jy.

Proof. This is [Man22, Prop 3.3.16]. Note that the hypothesis that X admits a map to an affinoid
perfectoid space allows implies that X admits "enough pseudouniformizers", in the sense of [Man22, Defi
3.2.6]. O

If X = Spa(C,O¢), we denote for simplicity Jo := Jspa(c,00)-

At this point, we constructed tools for two natural functors D (X, Fp)* — DY(X, O} /7) ; the Riemann-
Hilbert functor, and the almostification of the tensor product of classical étale sheaves. We show that
they actually coincide (this was informally remarked in [Zav23b, Paragraph 6.2]).

Proposition 2.5.7. Let X be an untilted locally spatial diamond, with pseudo-uniformizer w. Suppose
that X admits a map to an affinoid perfectoid space.
Let F € D¢y (X, Fp)°¢. Then, the following square commutes :

—®O;r(a T

Der(X, ) Dy (X, O /m)&

(-eh05) | ol

J
Det(X, 0" /1) —— DE(X, 0% /)

Here, the top horizontal arrow is the Riemann-Hilbert functor of 2.5.0, the rightmost vertical arrow is the
restriction to discrete objects of the forgetful functor described in 2.2.7, the leftmost vertical arrow is the
functor described in 2.5.3 (it preserves overconvergent objects, since taking stalks commutes with tensor
products), and the lower horizontal arrow is the identification of 2.5.6.

Proof. Tt follows from [Man22, Lemma 3.9.18.(i)], the proof of [Man22, Prop 3.3.16|, [Man22, Remark
3.9.11] and [Man22, Lemma 3.2.19.(i)] that the four categories satisfy pro-étale descent, so that it suffices
to check the commutation on a basis of strictly totally disconnected affinoid perfectoid spaces.

For such spaces, using the identifications from [Man22, Lemma 3.3.15.(ii)|] [Man22, Lemma 3.9.18.(iii)],
this is simply the definition of the Riemann-Hilbert functor, recalled in 2.3.5. U

Moreover, since the equivalence Jo is compatible with pullback, it is also stable by the right adjoints of
such maps. This give the following compatibility with pushforwards :

Corollary 2.5.8. Let C be a complete algebraically closed extension of Qp, and let f : X — Spa(C, O¢)®
be a locally spatial diamond. Let F € DY(X, O}/p)w.
Then, there is a natural isomorphism : Jo ((fMF),) = RfS (Jx(F)).

Proof. By 2.5.6, the two functors f; o J;' and Jy' o R fgwh’* define two naturally isomorphic functors
D (Spa(C, Oc/p),Fp) — DY(X, O;/ﬂ')w . We’ll deduce the result above by passing to right adjoints.
Since Jx and Jg are equivalences of categories, they are naturally adjoint to their inverse.

Recall that fy, preserves discrete objects by definition. By composition of right adjoints, the pullback
f3r : D&(Spa(C, Oc¢), O /)0 — DE(X, 0% /7)., restricted to discrete objects admits the right adjoint
(fM ), where (—),, is the discretization functor described in 2.5.5.
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All étale sheaves over C' are overconvergent, and R fgmh’* : Det(Spa(C, O¢), 0L /1) = Dar( X, 0% /m)o°
admits the right adjoint Rf?.

Since naturally isomorphic functors admit naturally isomorphic adjoints, there is a natural isomorphism
Jo o ((fM=),) = RfS o Jx, which concludes. O

In particular, we have the following :

Corollary 2.5.9. Let C be a complete algebraically closed extension of Qp, and let f : X — Spa(C,O¢)®
be a locally spatial diamond. Let L be an overconvergent étale sheaf of Fp-vector spaces over X.

Then, there is a natural isomorphism : Jo ((fM (L ® O%%/7))w) = (RfS (L @5, OF/7))".

Proof. This follows directly from 2.5.7 and 2.5.8 applied to F = £ ® O3*/, together with the commu-
tation of (—)® with pushforwards. O

Remark 2.5.10. In the setup of the corollary above, assume furthermore that f is quasi-compact, so
that fM preserves discrete objects by [Man22, Lemma 3.3.10.(ii)].

Letting £ = F,, we get ﬁ”o}’“/p = Jal ((Rff(’)}/p)a), which recovers a variant of [Man22, Example
3.3.17]. Informally, this means that fM O;’a /p computes, up to an almost isomorphism, RT'¢ (X, (9} /D).

3. ABOUT THE TOPOLOGY OF LOCALLY SPATIAL DIAMONDS

This section contains many technical results that will be useful in section 4.

3.1. The closed complement of an open sub variety. A standard problem in p-adic geometry is the
fact that, unlike for schemes, the complement of an open subset of a rigid analytic variety needs not admit
a structure of an rigid analytic variety, nor of an analytic adic space. Indeed, every morphism of analytic
adic space is generalizing (in a topological sense, cf. [Sta23, Section 0060]), so that the complement of a
non-specializing open subset never admits an analytic structure.

However, this is not the only problem. Consider the natural inclusion of the open unit disk in the closed
unit disk over C,, viewed as adic spaces. The topological complement contains a single point of rank 2,
and hence does not admit an analytic structure.

In the realm of rigid-analytic varieties, one often uses the following :

Lemma 3.1.1. Let U be an quasi-compact admissible open subset of a quasi-separated rigid analytic
variety X. Then, the complement X \ U is an admissible open subset of X.

Proof. This is [Hub96, Prop 5.6.5] or [Van92, Lemma 1.5|. O

Recall that the topology on rigid-analytic spaces is a Grothendieck topology, so we may decompose a
connected rigid-analytic variety as the disjoint union of two admissible open subsets, as long as the
covering is not admissible.

Fix K a complete extension of Q,, and let r be the functor from the category of rigid-analytic varieties
over K to the category of analytic adic spaces over Spa(K, O) constructed in [Hub96, Paragraph 1.11].

Lemma 3.1.2. Let X be a quasi-separated rigid-analytic variety over a complete non-archimedean field
K, and U C X a quasi-compact admissible open subset.

Then, (X \U) = (r(X)\ r(U))°, where T° denotes the interior of a topological space T'.

Proof. Recall that, since X is quasi-separated, by [Hub96, Paragraph 1.1.11|, r induces an increasing
bijection between quasi-compact admissible open subsets of X and quasi-compact open subsets of r(X).
Moreover, for any open U of X, r(U) N X = U, so that r is a isomorphism of posets.

Since r is order-preserving, r(X) =r(X \U)uUU) C r(X \U)Ur(U), so that (U \ X) C r(X) \ r(U).
By 3.1.1, the complement U \ X is an admissible open of X, so that r(X \ U) is open in r(X), and we
have r(X \U) C (r(X) \ r(U))°.
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Since 7(X) admits a basis of quasi-compact open subsets, we may write (r(X) \ r(U))° as the union

of all quasicompact open subsets contained in 7(X) \ 7(U). Let V be such a quasicompact open. By
the properties of r, we may write V' = (W) for some quasicompact admissible open W of X, so that
r(W)Nnr(U) = 0. Since r is order-preserving, we have r(W NU) C 7(W)Nr(U) =0, so that WNU =0
since r is injective, and W C X \ U, so that V. =r(W) C r(X \ U).

Hence (r(X)\ r(U))° C r(X \ U), which concludes. O

Huber, in [Hub96|, defines a theory of pseudo-adic spaces, so that any "nice" (convex and pro-constructible)
subset of an analytic adic space admits a pseudo-analytic structure, and, in turn, an étale site. In this
paper, we’ll bypass the use of pseudo-adic spaces, using locally spatial diamonds instead.

Note that by [Sch17, Prop 11.15], open subsets of locally spatial diamonds naturally admit a structure of
a diamond, which is then a locally spatial diamond by [Sch17, Prop 11.20].

We use some notations from [Sch17]. In particular, for X a diamond, we denote | X]| its underlying topo-
logical space, and, for T a topological space, we let T denote the v-sheaf given by T'(X) := Cont(|X|,T).
We will use the following lemma, :

Lemma 3.1.3. Let X be a locally spatial diamond, and F C X be a generalizing closed subset of X.
Then F is the underlying space of a sub-locally spatial diamond, still denoted F', given by the fiber product
of v-sheaves F' = F x| x| X.

Proof. By [Ans+}22, Lemma 2.7|, the above defines a closed sub v-stack of underlying topological space
F'. It is also a v-sheaf, since the fiber product can be taken in the category of v-sheaves.

By [Sch17, Prop 11.10], it is naturally a diamond, and, by [Sch17, Prop 11.20], it is locally spatial. O

Hence, the complement of a specializing open subset of an analytic adic space needs not admit a structure
of an analytic adic space always admit the structure of a locally spatial diamond. In that setting, we
furthermore have a localization (or excision) sequence for étale sheaves, as developed in the following.

3.2. Localization for locally spatial diamonds. For a partially proper open immersion j of locally
spatial diamonds, we consider the proper pushforward Rj!S as taken in the sense of [Sch17, Defi 19.1],
as the left adjoint to Rj§. It coincides with the functor defined by Huber in [Hub96|, when j is defined
between locally noetherian analytic adic spaces by 4.1.1.

Proposition 3.2.1. Let X be a locally spatial diamond whose underlying topological space decomposes as
the union |X| = |[U|U |F| of an open and a closed subset respectively, such that |F| is generalizing. Let
j:U—= X andi: F — X be the associated open (resp. closed) immersion of diamonds.

For any sheaf F of abelian groups on Xg, there is an exact sequence in De(X,Z), functorial in F :
RjPj5F — F — RilisF

Proof. To simplify the notations, we consider implicitly every functor to be in the sense of Scholze.

The morphisms come from (co)unit of the adjunctions. The étale site of X has enough points, cf. [Sch17,
Prop 14.3], so that it suffices to check the exactness on stalks. Let T : Spa(C,C") — X be a quasi-pro-
étale geometric point of X, where C is algebraically closed, C™ C C is an open and bounded valuation
subring, and T maps the unique closed point of Spa(C,C™) to some = € X.

We compute the stalks using the following lemma, which immediately concludes :

Lemma 3.2.2. Under the hypothesis of 3.2.1, we have :

0 otherwise

0 otherwise

(Rjroj " F)z = { and (Riy 0i*F)z = {

We apply base change ([Sch17, Prop 19.1], resp. [Sch17, Corro 16.10.(ii)]) to the diagrams :
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U xx Spa(C,C) — Spa(C, CH) F xx Spa(C,C) —— Spa(C, C)
[# [ [ |
U J , X F i X

It follows that :
(Rj1j*F)z = RU(Rj{ 0T *j*F) = RT(Rjij* T* F) and (Ri,i*F)z = RU(Ri, 7'*i* F) = RU(Ri,i'"*T* F),
where RT" denotes the derived global section functor on Spa(C,C™).

From [Sch17, Prop 12.10|, we know that there are surjections :
U xx Spa(C,CT)| = U] x|x| |Spa(C, CT)| and |F xx Spa(C,C™)| = |F| x|x| | Spa(C, CT)|.

Here, the fiber product on the right hand side is taken as topological spaces. Topologically | Spa(C, CT)]
is a totally ordered chain of specializations. It admits a unique closed point, which is a specialization of
every other points. since continuous maps preserves specializations, the image of | Spa(C,C™)| in |X] is
contained in the set of generalizations of x.

Assume that = ¢ |U|. Since |F| = |X|\ |U]| is a generalizing subset of |X| by hypothesis, the image of T
is contained in | F|, and hence disjoint from [U|, so that the fiber product |U] x x| | Spa(C, C")| is empty.
Hence, U x x Spa(C,C™") maps surjectively to the empty set, hence is empty, so that x’* is zero, and
hence (Rjij*F)z = 0, as desired.

The exact same argument holds for = ¢ |F|, since |U] is generalizing (as it is open), so that, for x ¢ F,
Now, assume that = € |U|. We'll show that Rjjj'*F = F. The topological space |U x x Spa(C,CT)|
identifies with an open subset of | Spa(C,C")| containing the unique closed point z € Spa(C,C%), so
that, |[U x x Spa(C,C™)| = |Spa(C,C*)|. Since j’ is an open immersion, it’s an injection of perfectoid
spaces, so that the combined [Sch17, Prop 5.3] and [Sch17, Prop 5.4] prove that j is an isomorphism,
hence Rjjj'* = id, which gives the desired stalk.

Finally, if # € |F|, which is generalizing, the image of | Spa(C,C™)] is included in |F|. Since, by 3.1.3,
F = F x| x| X, the morphism x : Spa(C, C') — X then factors through F', so that there exists a diagonal
map xr making the diagram commute :

F x x Spa(C,C+) —— Spa(C,C™)

F i X

By the universal property of fiber products, this diagonal map x induces a splitting of 7', which is hence
surjective. Finally, a surjective closed immersion of perfectoid spaces is an isomorphism (cf. [Sch17,
Lemma 5.3 and 5.4]), so that i’ induces an isomorphism of diamonds.

Hence Ri/'* = id, which concludes. O
Remark 3.2.3. In the above setup, we may rewrite the fake base change results [Sch17, Thm 19.2 and
Rk 19.3| as a real base change result, without needing to go through pseudo-adic spaces.

Note that this also holds when we consider quasicoherent pullbacks, as defined in 2.5.1.

Corollary 3.2.4. Let X be an untilted locally spatial diamond with pseudo-uniformizer w, whose under-
lying topological space decomposes as the union | X| = U U F of an open and a closed subset respectively,
such that F is generalizing. Let j : U — X andi: F — X be the associated open (resp. closed) immersion
of diamonds.

For any sheaf F of O% /m-modules on Xy, there is an ezact sequence in D (X, 0% /) :

RGP F — F — RS F
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This construction is moreover functorial in F.
This directly follows from the following lemma :
Lemma 3.2.5. Let f: X — Y be a quasi-pro-étale morphism of locally spatial diamonds.

Then there is an natural isomorphism of functors fgwh’* >~ fL.

This is in particular the case if f is an open immersion or a generalizing closed immersion.

Proof. Recall that, for any sheaf F of O5 /m-modules, the quasicoherent pullback fgc‘)h’* is defined as the
tensor product f§f®f§(o;/ﬂ) (’)}/ﬂ. But, for a quasi-pro-étale f, it follows from 2.1.3, f§ (’);/w = O;E/T(,
which yields the desired result.

Finally, open immersions are quasi-pro-étale by definition, and generalizing closed immersions are quasi-
pro-étale by [Sch17, Corro 10.6]. O

3.3. A convenient open covering. In this section, we construct two intertwined covering of any par-
tially proper analytic adic space : one consisting of qcgs open, and the other one consisting of partially
proper open subsets. Such a covering will play an important technical role in the following section.

Before anything else, let us first establish two topological lemmas.
Lemma 3.3.1. Let X be a topological space that admits a basis of quasi-compact quasi-separated (qcqs
for short) open subsets and such that, for any quasi-compact open U C X, the closure U is quasi-compact.

Then, there exists a filtered poset (I,<) and a decomposition of X as an increasing union of qcqs open
subspaces (X;)ier, such that :

(1) For any i € I, there are only finitely many j € I such that j < i.
(2) Foranyi<i, X; C Xy.
Proof. Since X admits a basis of qcqs open subsets, we may chose a covering X = (J o, X\ by some
qcgs open Xy. Let us denote P, (A) the set of finite subsets of A.
For any J € P, (A), let X; = Jyey X, so that the (X ;) jep, (a) form a filtered covering of X by qcgs open
subsets. For any J € P, (A), consider the open cover X; C |J ;- X . Since X is quasi-compact, we can
extract a finite subcover, so that there exists some m(.J) € P, (A) such that J C m(J) and X; C Xy ).
By construction, for any J € Py(A), J C m(J) and X7 C X,z
Now, define a partial order on P, (A), denoted <’, by :

A<'B& A= Borm(A)CB.
By construction, it satisfies both desired properties.
It is moreover filtering since, for any A, B € P,(A), both A < m(A)Um(B) and B <' m(A)Um(B). O

Lemma 3.3.2. Let X be a topological space that admits a basis of quasi-compact open subsets.

Let F be a quasi-compact closed subset of X, and U an open subset such that FF C U. Then there exists
a quasicompact open 'V of X such that F C'V C U.

Proof. Since the quasi-compact opens form a basis of the topology, every x € F admits a quasi-compact
neighborhood contained in U, denoted U,. Then, F' C |J,cp Uz Since F' is quasi-compact, one may
bextract a finite sub-covering F' C |J;_; Uy,. Then V = |J;"_, Uy, satisfies the desired property. O

We may now state our result. Note that it can be seen as a more general variant of the covering used in
the proof of [ABM24, Prop 6.2.5]. Compare also with the covering constructed in [AGN25, Corro 2.29],
or with [Hub96, Lemma 5.3.3].

Proposition 3.3.3. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic
spaces, with taut Y. Then, there exists a filtered poset (I,<), together with two open coverings of X :

e An increasing open cover X = J..; X; by qcgs open subsets.

el
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o An increasing open cover X = J;c; Us by partially proper open subsets.
such that :

(1) For any i € I, there are only finitely many i’ < i.

(2) Forallic I, X; CU; and for any i < j, U; C X;.

(3) Foranyi<j, X; C Uj, and the morphism X; — X; factors through the universal adic compactifi-
cation X; of X; overY, as constructed in [Hub96, Thm 5.1.5].

Proof. Since f is a partially proper, it is taut, so that, since Y is taut, X is also taut. Moreover, X
admits a basis of affinoid open subsets, so that the assumptions of 3.3.1 apply. Let (I, <) and (X;);er be
a filtered open cover of X by qcgs open subsets, satisfying the conditions of 3.3.1.

For any i € I, let Y; = X; be the closure of X; in X. Since X is taut, Y; is quasi-compact in X.
Let Z; = Y; \ X;, which is a quasi-compact closed subset of Y;. The above lemma 3.3.2, applied to
Zi (Y3 \ Uj<i Y;) in Y;, yields a quasi-compact open subset V; of Y; such that Z; C V; C Y; \ Uj<i Y;.

Since Z; € V;, X; NV; = 0, and X; is open, so that X; N V; = (. Let U; = Y; \ V;, so that, for all
i < j; X; C U; C Xj using the second hypothesis from 3.3.1. We claim that the map U; — X is partially
proper. It suffices to show that U; is specializing, hence that V; is generalizing. V; is quasi-compact,
hence retrocompact, so, by [FK17, Ch 0, Corro 2.2.27], V; is simply the closure under specializations of
V;. Since X; is an analytic adic space, all specializations are vertical, and, by [Hub96, Lemma 1.1.10.(i)],
the set of generalizations (or specializations) of any given point forms a chain, so that V; is stable under
generalization. Hence the U; are specializing open subsets of X, hence partially proper.

It suffices to prove the last property. For any ¢ < j, there is a natural inclusion X; C U; C Xj;. Since
X; — U; — Y is the composition of an open immersion and a partially proper morphism, it defines a
compactification of X; over U, so that, by [Hub96, Thm 5.1.1], the morphism X; — U; factors through

. . . ~Y .. .
the universal compactification X; . Hence, it is also the case for the morphism X; — Xj. O

In [ABM24, Section 6.2], it is crucial for some arguments that a covering as constructed above can be made
to be countable. We show that this is equivalent to a the more standard paracompactness assumption.

Let’s say that a rigid-analytic variety is paracompact if it admits a locally finite covering by admissible
affinoids, cf. [JP96, Definition 2.5.6].

Proposition 3.3.4. Let X be a connected partially proper rigid-analytic variety over Spa(C, Oc)'®, where
C is a complete algebraically closed extension of Q,. Then, the following are equivalent :

(1) X is paracompact.

(2) X is countable at infinity in the sense of [ABM24, Defi 6.2.5], i.e. we may write may write X =
Unen Xn as a countable increasing union of qcqs open subspaces X, such that, for each n, the
inclusion X,, C Xn41 factors through the adic compactification Y, of X, over C.

Note that the "connected" hypothesis is purely technical - otherwise it is possible that X admits uncount-
ably many connected components, and one may not expect to find a countable covering.

Proof. (i) = (i) Since X is connected, we may choose a countable admissible locally finite affinoid
covering in 3.3.1, using [JP96, Lemma 2.5.7|. Then, the construction of 3.3.3 produces such a result.

(i) = (i). Write X = (J,,cy Xn @s a strictly increasing countable union of qcgs open subsets, as in
the definition of countability at infinity, and let Y,, be the adic compactification of X,, over Spa(C, O¢).
Consider Y;, \ X,,—1 as a closed subset of X, 11\ Y,,—2. By the separation lemma 3.3.2, for all n € N, there
exists qeqgs open subsets U, in X1 such that Y, \ X,,—1 C U, C X411 \ Y,,—2. By construction, each U,
might intersect U1, but not any Uy, for |k —n| > 1.

Each U, is a quasi-compact open subset of X, which can hence be written as a finite union of affinoids.
Such collection of affinoids is locally finite by construction, so that X is paracompact. O

18The argument would work mutatis mutandis for locally noetherian analytic adic spaces over a more general base, but we
stick to the generality used in the litterature.
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Remark 3.3.5. Note that the above applies to period domains, as they are paracompact by [Harl3,
Lemma A.3].

4. COMPATIBILITY BETWEEN MANN’S AND HUBER’S PROPER FORMALISMS

The goal of this section is to identify Mann’s f!M and Huber’s R f!H (whose construction will be shortly
recalled in paragraph 4.1) for partially proper morphisms f. The precise statement is as follows :

Proposition 4.0.1. Let f : X — Spa(C,O¢) be a partially proper locally noetherian analytic adic space
over a complete algebraically closed extension C' of Q,. Let L be an overconvergent étale sheaf of IF,-
modules on X.

oc .

There is a natural isomorphism in Dg (Spa(C, O¢), Og’a/p)

Jo (FM(L@ 0" /p)) = (BRI (£ @, 0F/p)",
where Jo denotes the identification functor from 2.5.0.
Here is a sketch of the proof.

Proof sketch 4.0.2. Fiz an open covering of X by partially proper open subsets (U;);er, as constructed
in 3.5.5. We will proceed in four steps, as follows :

(1) Prove that, for any standard étale sheaf F of (’)}/p—modules on X, there is an exact sequence in
De(Spa(C, Oc), O /p) -

RfFF— RFEF —tim RfF o ix\Uid o X\ g
el

X\U;

were, 1 denotes the closed immersion of locally spatial diamonds X \ U; — X.

(2) Prove that fM preserves discrete objects.
(3) Establish, for any F € DY(X, O}/p)w, the following exact sequence in D& (Spa(C, O¢), Og/p)w :
FF = (F(F)),, = tim (£ 0l o i\ )
iel “
where the notations are the same as in the first point.
(4) Identify the second and third terms of the two exact sequences above, and deduce an isomorphism
between the first terms.

Let us do so in order. The first point is an essentially standard result (cf. [AGN25, Corro 2.17|), but is
usually written for rigid analytic varieties, where the colimit is taken along a covering by quasi-compact
open subsets, and the complement is taken in the rigid-analytic sense, as in 3.1.1. We will recover this
result in 4.1.6, by viewing the complement as a locally spatial diamond, as in 3.1.3.

4.1. Proper pushforward for almost quasi-coherent classical étale sheaves. First, let us recall
Huber’s definition of direct image with compact support R f!H [Hub96, Defi 5.2.1] for a partially proper
morphism f.

For any separated morphism of locally noetherian adic spaces f : X — Y, we may define a left exact
functor f : X =Yy by:

fHF:UeYy— {secT'(U xy X,F), supp(s) is proper over U}.

Whenever f is étale, f!H is exact, and if f is furthermore separated, f,H is left adjoint to f7; by [Hub96,
Lemma 2.7.6.(i) and Prop 5.2.4]. When f is proper, f!H = fH,

For a general morphism f, we should not expect the derived functors of f!H to have good properties -
rather, for morphisms f that can be written as a composition f = p o ¢ of a proper morphism p and
an open immersion 4, we should define the derived pushforward R f!H as Rp o ’L,H , where z,H implicitely
denotes the extension of the exact functor to the derived category.
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However, for partially proper morphism f of analytic adic spaces, the derived functors of f!H admit rea-
sonable properties. In [Hub96|, Huber considers a right derived functor R* f : D*(X4,Z) — DT (Y, Z)
at the level of the bounded below derived 1-categories, and additionally constructs a fully derived functor
RfH : D(X¢,Z) — D(Yg,Z) under some finite dimensionality assumption on f. However, using [Sta23,
Lemma 070K]| and the discussion at the beginning of [Sta23, Section 07A5], we may define a right derived
functor RfH : D(X4,F,) — D(Yg,F,) for any partially proper morphism f, as the (unbounded) derived
functors of fi. Indeed, the categories of modules on a site form Grothendieck abelian categories (cf. [Sta23,
Section 07A5]).

This construction naturally admits an oco-categorical enhancement (cf. [Lurl?7, Section 1.3.5]), i.e. there
exists a canonical morphism of oo-categories Rf{l : D(X¢,Fp) — D(Ye,Fp), that induces the mor-
phism above at the level of homotopy categories, and it passes to left completions to a morphism
Rf: Duy(X,Fy) = Dey(Y,F,).

Likewise, we can check that, for any partially proper morphism f : X — Y and any sheaf F of Ox /p-
modules on X, f!H F admits a natural structure of an Oy /p-module, viewing every f!H F(U) as asubmodule
of (U xy X).

Hence, the derived functor Rf{! induces a functor D (X, 0% /p) — Da(Y, OF /p).

Remark 4.1.1. Note that this approach is not the one of [Sch17, Defi 22.13]. In loc. cit, Scholze defines,
for 7 an open immersion, j!S as the left adjoint of j§, and the definition of f for a general f is defined by
Kan extension from the setup where one may write f = po j as the composition of a proper map and an
open immersion (with p!S =p?).

It is however clear from definitions that, if j : X — Y is a separated open immersion between locally

noetherian adic spaces, j3; = j§ so that, by uniqueness of left adjoints, j!H ~ j,S .

Lemma 4.1.2. Let f: X — Y be a partially proper morphism of locally noetherian analytic adic spaces,
with taut Y. Let (Uj;)ier be an increasing covering of X by partially proper open subsets as in 3.3.3.

Then, for any sheaf F of abelian groups over X¢, there is a natural isomorphism in Dg (X, 7Z) :
lim Rf o jff o ity uF = RATF.
i€l
Remark 4.1.3. For technical reasons, the result is stated with a colimit alongside partially proper open,

but the colimit is the same when taken along qcgs open subsets, as one can take intertwining cofinal
coverings as in 3.3.3.

Proof. For any i € I, there is a natural morphism Rjg | j[*]Z gF — F induced by the counit of the
adjunction. Everything lives in the bounded below subcategory Dt (Xg,F),) C De(X,F,), so that we
may forget about the left completions. In order to check that it is an isomorphism in the derived category, it
suffices to show that it is a quasi-isomorphism, i.e. to check that it is an isomorphism on homotopy groups.
By the proof of [Lurl7, Prop 1.3.5.21], since we're working over the derived category of a Grothendieck
abelian category, the functors 7, commute with filtered colimits, so that :

Tn (@ R o oj&,ﬁ) = lim R"f!" o jil, o iy, uF-
i€l i€l

We easily check that the covering (U;);er satisfies the conditions of [Hub96, Lemma 5.3.3.(ii)], so that the
result follows from [Hub96, Lemma 5.3.3.(iii)]. O

We may now establish the announced exact sequence.

Proposition 4.1.4. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic
spaces, with taut Y. Let (U;)ier be an increasing covering of X by partially proper open subsets as
constructed in 3.3.5.

For any i € I, we let Z; be the complement of the partially proper U;, viewed as a closed locally spatial
subdiamond of X® by 3.1.5. Let iz, : Z; — X° be the associated closed immersion. Then, for any sheaf F
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of abelian groups over X, there is a natural exact sequence in Dg(Y,Z) :
RfHF - RfEF — lingf 0i%,, 0iy, oF.
el
Note that we implicitly identify the étale site of X with the étale site of X°, so that the composition
RfE o zgz* makes sense, even though Z; only admits the structure of a locally spatial diamond.

Proof. Using the localization sequence established in Proposition 3.2.1, there is a short exact sequence
of sheaves of abelian groups on Yy :

0= jg 1 ji,.sF = F = i% iy gF — 0.

This induces an exact sequence in Dg (X, Z). Applying the exact functor Rf yields the exact sequence :
Rf o jfi 10 b, sF = RISF = Rff 0if, oy, gF.

We then form the colimit over I. Since the the morphisms from passing from ¢ to some j > i are induced
by (co)units of the adjunctions, the diagram is homotopy coherent, and, since colimits of exact sequences
remain exact (as they can be viewed as cofiber sequences), we have :

lim Rf o Rjf,y 0 j, sF — RS F = ImRfT oy, oy, gF.

el el
By 4.1.1, the functors j; and jy, coincide in Huber and Scholze’s formalism, so that the first term
identifies to R f!H F by 4.1.2, which concludes. O

Now, we prove a version for sheaves of O /p-modules.

Corollary 4.1.5. Consider the setup of 4.1.4 over K, and let F be an étale sheaf of O;E/p—modules on
X. Then, there is an exvact sequence :
RITF — RFIF = lim Rf o il 0if 150" F.
i€l
Proof. By 3.2.5, the quasi-coherent pullback z*ZquI_?h coincides with the pullback i}, j; as étale sheaves,

so that this directly follows from the above result, since the natural forgetful functor De (X, (9} /p) —
Det(X,7Z) respects exact sequences. O

We conclude this paragraph by noting that we can deduce an alternative writing of 4.1.4, that remains in
the realm of analytic adic spaces, in the spirit of [AGN25, Corro 2.17|. Following 3.1.2, we replace the Z;
by the interior of the complement of some qcgs open subspaces. This is what is done in the following :

Corollary 4.1.6. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic
spaces, with taut Y. Let (X;)ier be an increasing covering of X by quasicompact open subsets.

Foranyi €I, let Y; = (X \ X;)° = X \ X;, which admits an analytic structure as an open subset of X.
Let jy, : Y; = X denote the associated open immersion. Then, for any étale sheaf F of abelian groups on
Xe¢t, there is an exact sequence :

Rf'F = RfIF = lim RfT o jil, o 5y, g F.

1€l

Proof. Up to reducing I, we may assume that, for any ¢, there is only finitely many j such that j < 4.
By the proof of 3.3.3, we may construct partially proper open subsets (U;)icr such that X; C U; C X for
all ¢ < j, satisfying the properties of 3.3.3.
We reuse the notations from the previous proposition. Hence, it suffices to check that there is a canonical
isomorphism @ie] RfH o ’LI{{* o i}in}_ — @ie] RfH OjZ* oj}th.
From the properties of the covering, for any ¢ < j in I, we have Y; C Z; C Y;, so that both families of
subsets are cofinal in one another. Since the category D(Xg, Z) admits all colimits, the colimit alongside
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alternating Z and Y’s exists, and can can be computed alongside one family or the other, so that both
two colimits coincide. O

4.2. Mann’s proper pushforward preserves discrete objects. Let us proceed with the established
program in 4.0.2. This subsection is dedicated to the proof of the following :

Proposition 4.2.1. Let f : X — Y be a partially proper morphism of locally noetherian analytic adic
spaces over a complete extension K of Q.

Then, for any F € D&(X, 0% /p)w, fMF is discrete in DE(Y, OF /p).
To avoid busy notations, until the end of this paragraph, all functors are implicitly in the sense of Mann,
and we drop the superscript "M". We moreover fix such a field K.

We will reduce the the case where f factors as the composition of a partially proper open immersion
and a proper morphism. Note that, the pushforward by a proper morphism preserves discrete objects by
[Man22, Lemma 3.3.10.(ii)], so that it will then suffice to deal with open immersions. We need with the
following lemma :

Lemma 4.2.2. Let (I,<) be a filtered partial order, and (U;);cr be an increasing open covering of a locally
spatial diamond X over K. For any i € I, let g; : Uy — X denote the open immersion.
Then, there is a natural isomorphism F = ligiel gi1 g7 F for any F € DY(X, (’)}/p).

Proof. For any j € I, g; = g;- admits the left adjoint g;;. The counit of the adjunctions defines a
morphism %ﬂie] 9 gi F — F.
By (hyper)v-descent [Man22, Thm 1.2.1], there is an isomorphism :
DE(X, 0% /p) = lim D (Y, O /p), where Y = | |Usand Y, =Y*" = | | Uy xx - xx Ui,
neA iel i1,eeyin €1
Hence, it suffices to check the isomorphism after pulling back to all such U;, xx--- xx U, for fixed n € N
and (i1,...,7,) € I. Since all the U; are open subsets of X, the fiber product is simply the intersection,

and, since [ is filtered, every such morphism U;; xx --- xx U;, — X factors through U; for some large
enough j € I. Hence, it suffices to prove that, for all j € J, the map :

9; (Hggugi‘f> — g;F

el

is an isomorphism. Since g;f admits a right adjoint, it commutes with colimits, so that it suffices to prove
that :

lim g5 9197 F = g5 F

i€l
Since the covering is increasing, the fiber product U; xx Uj is Upin(i j)- Since I is filtered, the subset
J={ie€l,i>j}is cofinal in I, so that we may compute the limit alongside .J. For any i € J, consider
the following cartesian diagram :

U‘*)Ui

|

Uj*)X

<

By proper base change (cf. [Man22, Thm 1.2.4]), we see that, for all i € J, g7gi1g; F = g;F. Hence, the
colimit along J is trivial, which concludes. (Il

Remark 4.2.3. Under the setup of 4.2.2, a similar argument shows that and F = I'&Hiel g g;y F for
any F € DY(X, 0% /p).

Moreover, using a technical lemma on (00, 2)-categories [HM24, p. D.4.7], we may improve the adjunction
triangle g% g g% to the expected adjunctions between the following three functors :
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e The map (F;)ier € @D&(Ui, (’)JUFi/p) — @ielg“}—i € DL(X, 07 /p)

e Aright adjoint F € DE(X, 07 /p) = (F = (g F))ier € lim,_, DE(Us, O /p)

e A right adjoint of the above map (F;)icr € @ie] D&(Us, (’)a_/p) — yLniE[ gi+ F € DE(X, 0% /p)
Here, the limits @z‘e s DY (Ui, (9;1_ /p) is taken along pullbacks. The above proposition shows that the

counit of the first adjunction and the unit of the second one are isomorphisms, both these statements
being equivalent (|Lur25, Corollary 02FF]), to the full faithfulness of the middle arrow.

Let us now prove that partially proper open immersions preserve discrete objects. We start by doing so
for totally disconnected perfectoid spaces. Note that the proof follows roughly [Zav23b, Lemma 6.2.1 and
6.2.2], which moreover assumes U to be a Zariski open subset.

Lemma 4.2.4. Let X be a totally disconnected perfectoid space over K and j : U — X be a partially
proper open immersion. Then j preserves discrete objects.

Proof. The map j is partially proper, hence specializing (by the valuative criterion), in the sense that
the image j(U) is stable under specialization. We let V' = |j(U)|.

Consider the natural quotient map 7 : | X| — mp(X). Since X is a totally disconnected perfectoid, by
definition, every connected component of | X| admits a unique closed point, to which any other point in
the connected component specializes. Since V is open and stable under specializations, V' contains the
connected component of every z € U. Hence, V = 7= !((V)). Since 7 is a quotient map, it follows that
m(V) is open in 7(X).

By [Sta23, Lemma 0906], mo(X) is profinite, so that it admits a basis of clopen subsets. Thus, m(V) can
be written as a filtered union of quasi-compact clopen sets ; so that the same holds for V = == (7(V)).
Hence, there exists an filtered poset I such that V' = J,c; Vi is a filtered union of clopen subsets of | X].
For all i € I, let U; = 7' (V;) C U, which admits an analytic structure as an open subset of U.

Consider the map j; : U; — X, which is the inclusion of a clopen subset of X. Let F € D&(U, OJUr/p)w.
By the lemma 4.2.2, F & hglz Jir3; F, so that jF = ji hﬂz Jirgs F = hgl (jogi i F,'9 since jj commutes
with colimits (as it admits a right adjoint).

By definition, pullback preserve discrete objects, and j o j; is the closed immersion of an open subset of Y,
so that (j o j;)1 = (J 0 ji)«, which, by [Man22, 3.3.10.(ii)|, preserves discrete objects. Finally, by [Man22,
lemma 3.2.19.(ii)], (small) colimits of discrete objects remain discrete, so that jiF is discrete. O

Let us now establish the result for general partially proper open immersions.

Lemma 4.2.5. Let j : U — X be a partially proper open immersion of locally spatial diamonds over K.
Then j1 preserves discrete objects.

Proof. Fix a discrete object F € DE(U,Of/p). We will reduce to the situation where X is a totally
disconnected perfectoid space.

As discreteness is defined by descent (cf [Man22, Def 3.2.17]), we need to show that, for every morphism
f:X — X from a totally disconnected perfectoid space X, the sheaf f*jiF is discrete in D (X, O;f6 /D).
Consider the cartesian square below :

By proper base change [Man22, Thm 1.2.4.(iv)], f*jiF = j{ f**F.

Note that, by unraveling the proof of [Man22, Lemma 3.6.2], this is actually the definition of ji for arbitrary open
immersions.
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By definition [Sch17, Defi 10.7], j’ is a separated open immersion. Note that the valuative criteria from
[Sch17, Defi 18.4] is automatically stable under base change, so that j’ remains partially proper, and, by
the above lemma 4.2.4, ji preserves discrete objects.

Finally, pullbacks preserve discrete objects by definition, so that jj f™*F is discrete, which concludes. O
We may now prove the main result 4.2.1.

Proof. (of 4.2.1) Using 3.3.3, we write X = (J;c; X; as an increasing filtered cover by qcqs open subsets,
such that, for any ¢ < j, the inclusion X; C Xj factors through a partially proper U; and such that the

map X; — X factors through Huber’s universal compactification KY of X; over Y. Denote f; : X; =& X
and g; : U; — X the associated open immersions.

By lemma 4.2.2) there is an isomorphism F = li_n%el g9 g; F.

Hence, fiF = fi (hﬂiel gil gf]—") = %ie](f o gih g;F, since left adjoints commute with colimits. By
[Man22|, Lemma 3.2.19.(ii), a (small) colimit of discrete objects remains discrete, so that, as pullbacks
preserve discrete objects, it suffices to show that every (f o g;)1 preserves discrete objects.

Here, g; : U; — X is the inclusion of a partially proper open subset in X. Moreover, the partially proper

map f o g; factors through X;, then, for any ¢ < j, through the adic compactification Y;/ of X; over Y
by the universal property of universal compactifications [Hub96, Defi 5.1.1]. We then have the following
diagram, where U; — Y is partially proper :

gi
U; < >Y;/( > X
\ ;

Y

By [Hub96, Corro 5.1.6], the map Y;/ — Y is proper, so that, by the two-out-of three property for
partially proper morphisms [Hub96, Lemma 1.10.17.(vi)], the open immersion U; — Y; is additionally
partially proper.

Hence, the composition g; o f factors as the composition of a partially proper open immersion and a
proper morphism, and both g; and f preserve discrete objects by the lemma 4.2.5 and [Man22, Lemma
3.3.10.(ii)] respectively. This concludes. O

4.3. Localization sequence in D%(—, O /p). We will use the following result, which is an analogue, in
Mann’s formalism, of the excision result proven in 3.2.1.

Proposition 4.3.1. Let X be an untilted locally spatial diamond over K, together with a partially proper
open immersion j : U — X. By 3.1.3, the complement F = |X|\ j(|U]) admits a structure of a locally
spatial diamond, and we let i : F — X be the corresponding closed immersion.

Let F € DY(X,0% /p). Then, there is a natural ezact sequence in D&(X, 0T /p) :
ity F — F —iMiy, F.
Note that the proof resembles the one of|Zav23b, Lemma 6.2.2|, which only considers Zariski open subsets.

Proof. The morphisms are naturally (co)-unit morphism, so that it suffices to prove the exactness of the
sequence. This can be checked on a basis, i.e. after pullback to any totally disconnected perfectoid space.

By proper base change, we may assume that X admits a map to a perfectoid space?’.

20T his hypothesis is needed to use 2.5.6.
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Since (’);F(/p is the unit of Mann’s tensor product ® on X, we may write F = F @M (’)}/p and, using
the projection formula (cf. 2.2.5), the sequence reduces to :

FeM jMi, 0% jp— F — FoMiMit,0f /p.

Since tensoring with F is exact, we reduced to the case F = (’);r(/p, which is discrete. By the above
proposition 4.2.1 and [Man22, Lemma 3.3.10], all objects appearing in the triangle are discrete. Recall
that there is a functorial equivalence of categories D (X, O} /D)w = Der( X, (’)}’a /p)°¢, as recalled in 2.5.6,
so that we can check that it is exact as a sequence of almost étale sheaves, which are étale sheaves valued
in an abelian category.

Since the étale site X¢; admits enough points by [Sch17, Prop 14.3], it suffices to check the isomorphism
after pullback to geometric points of the form Spa(C,CV), for some complete algebraically closed C, with
open bounded valuation subring C*. Here, the pullback is to be taken in the quasi-coherent sense, and
it coincides with f3, by 2.5.6 (we implicitely use the identification of 2.5.6). Let f : Spa(C,C") — X be
such a morphism.

By proper base change applied to the same diagram as in the proof of 3.2.1, we reduce to the case where
X is a totally disconnected perfectoid space, and U is a partially proper open subset of X, and F is
its complement. Following the proof of 3.2.1, U is either empty or U = X, so that, in both cases, the
exactness is trivial. ([l

Let us now construct the announced exact sequence.
Lemma 4.3.2. Let f : X — Spa(K, Ok) be a partially proper analytic adic space. Let (U;);cr be an open
covering of X by partially proper open subsets, as in 3.3.5.

For any i € I, we let Z; be the complement of the partially proper U;, viewed as a closed locally spatial
subdiamond of X¢ by 5.1.3. Let iz, : Z; — X be the associated closed immersion. Then, for F €
DE(X, (’)}E/p), there is a natural exact sequence :

. . kM
MF = fMF =i fMY i F
i€l

For improved readability of the following proof, everything is implicitely taken in the sense of Mann.

Proof. Let jy, : U; — X denote the associated open immersions. Starting from the excision triangle
from the above proposition 4.3.1, we apply f. and take colimits, as in the proof of 4.1.4. This yields the
following exact sequence :

hﬂf* OjUi! o]*Ulf - f**’r - hglf* OiZi* OZ},'F

iel iel
Let (X;)ier be a covering of X by quasi-compact opens subsets, associated to (U;);er as in 3.3.3.
Let us now establish that f. o jy,1 = fio ju,1.

Consider the following diagram for any i < j € I, where we let Y := Spa(K, Ok), and ij denote the
universal adic compactification of X; over Y :

v s x Ly
NG A
Y
Xj

By [Hub96, Corro 5.1.6], since X is quasi-compact, p; is proper, and so is p; by [Hub96, Lemma 1.10.17.vi)]
since f is separated. Hence :

fiojui=pjiokiji=pj«okij1= fiomjiok; ;1= fsoju,.
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Hence, using 4.2.2 and the fact that fi commutes with colimits (as it admits a right adjoint), we have

lim fs ju, 1 jo, F = 0 fi gy, Jo, F = fi (hgjzji!j?}i]:> = AF

il icl iel
So that the first term of the above exact sequence identifies with fiF, which concludes. O

Let us now apply the discretization functor, to get the sequence announced in 4.0.2.

Corollary 4.3.3. In the situation above, there is a natural exact sequence :

FUF = (F1F),, - lig (szyzZMf)

iel w

Proof.  Apply the exact functor (=), from 2.5.5 to previous result, which commutes with colimits by the
lemma 4.3.6 below. The object f!M F is discrete by 4.2.1, which concludes. ]

Remark 4.3.4. As in 4.1.6, we may rewrite the right hand side as a colimit alongside any complement
of a reasonable covering - in particular a quasi-compact one, using a cofinality argument.

In the proof above, we use the following lemmas. They are purely technical, and can be skipped in first
lecture.

Lemma 4.3.5. Let C be an oco-category that admits colimits and such that finite products coincide with
finite coproducts (for example, an additive category). Let k be a strong limit cardinal.

Let Cond(C) be the category of condensed objects in C as constructed in [Sch19], and (—), : Cond(C) —
Cond(C)y be the functor computed by restricting to k-small extremally disconnected sets.

The functor (=), commutes with colimits.

Proof. Let (F;)ier € Cond(C) = lim | Cond(C)y, where the colimit is computed along strict limit cardi-
nals. Recall from [Sch19, Section 2| that objects of Cond(C) can be seen as C-valued sheaves from the
category of extremally disconnected compact Hausdorff sets, and colimits are given by sheafifying the
pointwise colimit.

The sheaf condition for a presheaf on such extremally disconnected rewrites as mapping finite disjoint
unions to finite products. Since finite products coincide with finite direct coproducts in C, the pointwise
colimit of sheaves remains a sheaf, and there is no need to sheafify.

Hence, for all k-small extremally disconnected set S, the evaluation F € Cond(C) — F(S) commutes
with colimits, so that (=), commutes with colimits. |

Lemma 4.3.6. Let (A, AT) be a perfectoid pair with pseudo-uniformizer m, and k be a strong limit
cardinal. Let DY(AT /m) be Mann’s category of solid almost AT /m-modules, and (—)uq : DEH(AT/7) —
DY (At /7)), be the restriction to k-small objects constructed in [Man22, Defi 3.2.20].

Then (—)x,q commutes with colimits.

Proof. Since AT/ is discrete, it follows from [Man22, Defi 2.3.28] that the almostification functor (—)* :
Do(A* /) — DY(AT /7) restricts to a functor (—)** : Dg(A* /7)., — DY(AT /7)., that is essentially
surjective by definition [Man22, Defi 2.3.3]. Consider the following commutative diagram :

Do(A™ /7). 25 Do(A*/7)

| 25

DE(A* /7). — DY(AT/7)

Here, I, and I? are the inclusion of full subcategories, and the functor (—),, that we are interested in
is defined as the right adjoint of I. Recall that the vertical arrows are localization functors, and that
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(—)® admits both a fully faithful left adjoint (—); and a fully faithful right adjoint (—).. Likewise, (—)®"
admits fully faithful left and right adjoints denoted respectively (=) and (—)%.

The morphism I,, admits a right adjoint, that we denote (—)J, defined as the restriction to the full
subcategories of solid objects of the functor (—), : Cond(D(A* /7)) — Cond(D(A™ /7)), considered in
4.3.5, that commutes with colimits by said lemma (here, D(A" /) denotes the oo-derived category of the
abelian category of AT /m-modules). Hence (—)Y also commutes with colimits.

Since (—)*" admits the fully faithful left adjoint (—)f*, the unit morphism id — (—)%" o (—)f is a natural
isomorphism. It then follows from the commutation of the diagram that I? = (—)% o I, o (—)f, where all
three functors in the composition admit a right adjoint, so that we may write (=), = (—)%% o (=)o (—)..

Since the functor (—)Y respects almost isomorphisms (as this is a pointwise condition), it follows from

the universal property of localizations |[Lur08, Prop 5.2.7.12] that there exists a functor J : D4(AT /7) —
D& (A" /7), such that : Jo (=) 2 (=)%F o (—)H.

As the right adjoint (=), of (—)* is fully faithful, the counit morphism (—)* o (—). — id is a natural

isomorphism, so that J = J o (=)o (=), = (—)*" o (—)Y o (=), hence there is a natural isomorphism

J = (=)k,a. Moreover, the co-unit (—)* o (=) — id is a natural isomorphism, so that :
(D =T ZJo (=)0 (=) =2 (=)™ o (=)o ()
0

The functors (—)*" and (—); commutes with colimits as they are left adjoints, and (—),;’ commutes with
colimits by the argument earlier in the proof. Hence (—)x , commutes with colimits. ([l

4.4. Identification of Mann and Huber’s proper pushforwards. Let us finally prove 4.0.1. Recall
the statement :

Proposition. Let f: X — Spa(C,O¢) be a partially proper locally noetherian analytic adic space over a
complete algebraically closed extension C' of Q.

Let L be an overconvergent étale sheaf of Fp-modules on X. Then, there is a natural isomorphism :
Jo (L@ 0" /p)) = (BRI (£ @8, 0% /p)"

in Der(Spa(C, Oc), O /p), where Jo denotes the identification from 2.5.6.

Proof. Let (X;)icr be a covering of X by partially proper open subsets, as in 3.3.3. For any i, let Z; be
the complement of X; in X, viewed as a locally spatial diamond, and let iz, : Z; — X be the associated
closed immersion. Applying the colimit-preserving exact functor Jo to the exact sequence from 4.3.3
yields :

o (#1(£@ 03°/p) = Jo (£1(€9 0" o)) =l e (£ 0 o 07 (£. 0 OF/p) )
i€

Applying the colimit-preserving exact functor (—)® : Dg(Spa(C, Oc), Of/p) — Der(Spa(C, Oc), 05 /p)
to the exact sequence constructed in 4.1.5, we get the following exact sequence :

(R (L @r, O%/p))" = (RFF (L @, O /p))" = lim (Rf 0iZ,, 0}, (L @8, O%/p))".
el

By 2.5.9, there is a natural isomorphism between the middle terms of both sequences.

We will now prove that, for all ¢ € I, there is a natural isomorphism :

Jo (£ el iz (Lo 0L /D) ) = (R 0if,, 017, 5(L @5, O /p)".
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We may compute the left hand side as :
Je (£ i5,m(L 0 0% /p)) )

= RfP 5,4 2, (5, (L ©5, OF" /D)) By 2.5.8
> RfS i3, ip"S" (Jo(L @, OF/p)) By 2.5.6
= RfS i, . iy " (£ ®r, O%/p)") By 2.5.7
= (RS, 175" (L @r, O% /) By 2.5.2

Moreover, RfY = RfH since f is a morphism between locally analytic analytic adic spaces, and, by

3.2.5, Z*Zf?h &~ Z*ZZ g- Hence, there is a canonical isomorphism between the rightmost terms of the exact
sequences :

. M M . +, ~ e H . . a

limy Jo (£ 0 i iy 0 (L@ OF"/p)) ) = lim (RF! 035, 0 i, (L @5, 0% /p))

iel iel

that is compatible with the isomorphism between the middle terms.

There is then a natural isomorphism between the fibers, which concludes. ]

5. PRIMITIVE COMPARISON WITH COMPACT SUPPORT

In this section, we finally define our notion of primitive comparison with compact support, and prove that
it implies Poincaré duality. We start this section by recalling various improvements around the primitive
comparison theorem, from the litterature.

5.1. Primitive comparison theorem for Zariski-constructible coeflicients. Let us start by recall-
ing the notion of Zariski-constructible complexes from [BH21].

Definition 5.1.1. Let X be a rigid analytic space over a nonarchimedean field K. A sheaf F of Fp,-vector
spaces on X¢; is Zariski-constructible if X admits a locally finite stratification X = J;¢; Xi into Zariski
locally closed subsets X; such that, for alli € I, F|x, s locally constant and admats finite stalks.

We let D°.(X¢i,Fp) C D(Xg,Fp) be the full subcategory formed by bounded complezes F whose homotopy
sheaves m,(F) are Zariski-constructible for all n € Z.

Note that any Zariski-constructible sheaf is automatically overconvergent.

Remark 5.1.2. Recall that, for any finite dimensional®! partially proper morphism of locally noetherian
analytic adic spaces f : X — Y and sheaf F of F;,-modules on X, there is a natural morphism :

RfI'F @5, OF /p = REN(F @F, f05/p) = RF! (F @r, O%/p)
Where the isomorphism is the projection formula of [Hub96, Prop 5.5.1.(iv)| and the second map is induced
by the natural morphism f505-/p — (’)} /D.
In the following, we will need the following version of the primitive comparison theorem :
Theorem 5.1.3. Let K be a complete extension of Q,, K an algebraic closure of K, and C be the
completion of K. Let f: X — Spa(K,Ok) be a proper rigid analytic variety, and let F € D%.(X,F,).
Then, for all n € N, the natural morphism :

(R I F) @r, Of/p = R" I (F @8, 0% /p)

is an almost isomorphism. In particular, for any Zariski-constructible sheaf L of Fp-vector spaces on X,
the natural morphism :
H(Xc, F) @k, Oc/p — Hi(Xc, £ ®F, O% /D)

217 morphism is said to be finite-dimensional if it is of finite transcendence degree. This hypothesis is used in [Hub96] to
ensure that complexes are bounded in the derived category, and is probably not needed.
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is a Gal(K /K)-equivariant almost isomorphism, where the Galois action on the left hand side is diagonal.

Proof. By [BH21, Prop 3.6], the category F € DY.(X,F,) is generated by objects of the form g.[F, for
finite morphism g : Y — X, and, by the arguments of the proof of [Zav24a, Lemma 7.3.6], it suffices to
check the isomorphism for F = ¢,F,. Using |Zav24a, Corro 7.2.8|, we may replace f by go f, and it
suffices to prove the statement for 7 = F,. It suffices to check the isomorphism on stalks Spa(C’, C't),
which reduces to Spa(C’, O¢») following the beginning of the proof of [Sch12]. The result then follows
from [Sch13, Thm 3.17].

The second statement follows from taking stalks with respect to Spa(C, O¢) — X, and using proper base
change as in [Sch17, Thm 16.10], together with the identification of pullbacks of the structure sheaf O /p
by quasi-pro-étale morphisms as in 2.1.1. ]

Remark 5.1.4. Note that primitive comparison theorem does not apply to proper locally noetherian
analytic adic spaces, see [ABM24, Example 5.2.5.(b)| for a counterexample.

5.2. Primitive comparison with compact support and Poincaré duality. Let us define our notion
of primitive comparison with compact support.

Definition 5.2.1. Let f : X — Spa(C,O¢) be a partially proper locally noetherian analytic adic space of
finite dimension over a complete algebraically closed extension of Qp, and L be an overconvergent sheaf of
Fp-vector spaces on X.

We say that X satisfies primitive comparison with compact support with respect to L if the morphism from
5.1.2 is an almost isomorphism, or equivalently if, for all i € N, the induced map :

Hét,c(X’ L) ®r, Oc/p — Hét,c(Xv L® O;r(/p)
is an almost isomorphism of O¢ /p-modules.
Our main result is as follows :

Theorem 5.2.2. Let C be a complete algebraically closed extension of Qp, and f : X — Spa(C,O¢) be
a partially proper locally noetherian analytic adic space over C, that is smooth of pure dimension d.

Let L be an overconvergent sheaf of F-modules on X, and assume that X satisfies primitive comparison
with compact support with respect to L.

Then, for any 0 < k < 2d, there exists a natural isomorphism :
HE(X, £Y(d)) ~ Homg, (HZ " (X, £),Fp).
Proof. Since X satisfies primitive comparison with compact support, the map :
(R Lk, Ocfp)" = (RA (£ 2x, OF/p)"
is an isomorphism in D (Spa(C, O¢), OL*/p).
By 4.0.1, the second term canonically identifies with Jo (f!M (L® O}’a/p)).
By 2.5.7, there is an isomorphism JEI ((Rf!HE ®]ﬁ;p (’)(;/p)“> = (Rf!Hﬁ) ® (’)g’a/p.

Combining the above yields an isomorphism f!M (L® O}’a /p) = (R f!H L®Oc/ p)a.
We may then apply corollary 2.4.2 with Fr = R f!H L, which gives isomorphisms for all 0 < k < 2d :

HEY (X, £Y)(d) ~ Homy, (m5—2q (RfL) ,Fp) .

Finally, 7, _oq4 (Rf!Hﬁ) ~ RQd_kf!Hﬁ >~ H24-F(X, [), which concludes. O

ét,c

We can also make the following Galois-equivariant version.
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Theorem 5.2.3. Let K be a complete extension of Qp and f : X — Spa(K, Ok) be a partially proper lo-
cally noetherian analytic adic space over K that is smooth of pure dimension d. Let L be an overconvergent
sheaf of Fp-modules on X .

Let C' be the completion of an algebraic closure of K, and X¢ denote the base change of X to C, and L¢
denote the base change of L to X¢.

Assume that Xc satisfies primitive comparison with compact support with respect to Lc.

Then, for any 0 < k < 2d, there exists a Gal(K /K)-equivariant natural isomorphism :
H},(Xe, £E(d)) = Homg, (HZ' " (X0, Le), Fp).

ét,c

Proof. The isomorphism follows from 5.2.2 above, so that it suffices to establish Galois equivariance.

By construction, L¢ is equivariant, and the morphism appearing in the primitive comparison with compact
support is Galois-equivariant.

Any g € Gal(K/K) acts on C and X¢ via a morphism that we denote 1, and the induced action on
étale sheaves is then given by the pullback @D; - Using base change with respect to zero-dimensional

morphisms [Hub96, Thm 5.4.6], it follows that 1/};7HRf!HE >~ RfH oL

The equivariance now follows from 2.4.3. O

5.3. Poincaré duality for almost proper varieties. Checking primitive comparison with compact
support behaves nicely with respect to excision. In particular, we have the following technical criterion.

Lemma 5.3.1. Let f: X — Spa(K,Og) be a proper rigid-analytic variety over a complete extension K
of Qp with fized algebraic closure K, and let C' be the completion of K. Let F' be a generalizing closed
subset of X, endowed with the induced structure of a locally spatial diamond as in 3.1.5.

Denote i : F — X be the closed immersion, and h = foi. Let U = X\ F be the complementary open subset
with the induced analytic structure, and j : U — X the associated open immersion. Denote by X, Ug,
and Fo the base change of X,U and F to C, and ic, jc the associated immersions. Let fo : Xo — C be
the structural morphism of X¢o, and ho = fooic.

Let L be an overconvergent étale sheaf of Fp-vector spaces on X, and L¢ its pullback to Xc. Assume that
the natural morphisms :

(1) (RfE.Lc) ©F, Oc/p — RIE(Lo ©r, O% /D)
) (RhE.itsLc) ®F, Oc/p — RAE (it sLo ®F, OF, /p)

are almost isomorphisms. Assume furthermore that X is smooth of pure dimension d.

Then, for any 0 < k < 2d, there exists a natural Gal(K /K )-equivariant isomorphism :
H{,(Ue, j&q £2(d)) = Homg, (HZ' " (Uc, jé i Lo), Fp).-

ét,c

Proof. Recall that ja g = ja g- We can consider every pullbacks and (proper) pushforwards to be taken
in the sense of Scholze, and we drop the "S" superscripts to alleviate notations.

From the localization sequence 3.2.1 applied to L, we get the following exact sequence in Dg (X, Fp) :
RjchjoLe — Lo — RicsicLe
Likewise, by applying the localisation sequence to Lo ® (’)}C /p, we get the following exact sequence in
Da(Xe, 0%, /p)
Rjc1 (jELe ®r, 0%, /p) = Lo ®F, Ox./p = Ric«i&(Le @r, 0%, /p)

We may then apply the exact functor Rfc .« = Rfci to both sequences, and extend the scalars of the first
one to O¢/p. By functoriality of localization sequences, and using the functorial morphism constructed
in 5.1.2, we obtain the following diagram with exact rows :
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R(fc o johi&(Le ©@r, Ox./p) — Rfc«(Lc @, Ok /p) — R(fcoic)«if(Lo ®F, Ox,,/p)

l [ I

(R(fcojehitle) ®F, Oc/p —— Rfcile ®F, Oc/p —— (R(fc oic)sitLe) ®F Oc/p

By the hypothesis (1), the middle vertical arrow induces an almost isomorphism.

Using (2), the rightmost vertical arrow is an almost isomorphism. Indeed, pullbacks commute with tensor
products, and, by 2.1.3 (since generalizing closed immersions are quasi-pro-étale), we have a canonical
isomorphism :

Rhowig(Lo ® OF, [p) = Rhe. (ipLe © OF, [p).

Hence the leftmost vertical arrow is an almost isomorphism. By the same argument as the one used for
the right hand side, this corresponds to the fact that the following morphisms :

HYy (Uc,j*Le ® 0% [/p) = H (Uc,j*Lo) © Oc/p)

are almost isomorphisms for all ¢ € N. We conclude by theorem 5.2.3. U

We may deduce Poincaré Duality for almost proper (also known as Zariski compactifiable) rigid analytic
varieties. Doing so, we recover a result by Zavyalov-Li-Reinecke [LRZ24, Corro 1.1.2].

Note that the approach of loc.cit. uses different tools, as it barely uses perfectoid methods, and, rather,
relies on a study of formal models, and of trace formalisms.

Corollary 5.3.2. Let K be a complete extension of Qp, K a fized algebraic closure, and C' be the comple-
tion of K. Let X be a smooth proper rigid analytic variety over K, and U C X be a Zariski open subset.
Let 7 : U — X denote the associated open immersion.
Then, for any étale Fp-local system L on U, Uc satisfies Poincaré duality with respect to Lc, i.e there is
a natural Gal(K / K )-equivariant isomorphism :

H{,(Uc, LE(d)) = Homg, (HZ' " (Ue, Le), Fy)
Proof. Let F = X \ U, endowed with the reduced structure, making it a proper rigid analytic variety.
Let Eé( = j!HEC. Since j is a Zariski open immersion, it follows from [BH21, Prop 3.11] that j!HEC is
Zariski constructible on X.

Moreover, it follows from base change [Sch17, Thm 19.1] that j¢ 5 8 Lo = Le.

We will use the criterion from 5.3.1 (and the associated notations) to the overconvergent sheaf j!H L. By
base change, Z*C g jg £ =0, so that the second almost isomorphism is trivial. It then suffices to show that
the following morphism is an almost isomorphism :

(RIE. 48 L) &%, Oc/p — RIEGE Lo @F, OF . /p).

This follows directly from the primitive comparison theorem as stated in 5.1.3. ]

The criterion 5.3.1 also allows us to consider other setups, such as Drinfeld’s upper half plane. Let us
start with the following lemma :

Lemma 5.3.3. Let K be a complete extension of Qp, and C be the completion of its algebraic closure.
Let X be a smooth proper rigid analytic variety over K. Let S be a profinite topological space, viewed as a
locally spatial diamond over K, together with a closed immersion S — X. Let U = X \ S, endowed with
the induced analytic structure.

Let Ug be the base change of U to C. Then Ug satisfies primitive comparison with compact support with
respect to the constant local system ).
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Proof. Recall that, by definition of the locally spatial diamond associated to a profinite space, the base
change of S to C' admits the structure of an affinoid perfectoid given by Sc = Spa(C°(S, C), C°(S, O¢)).

Write S as a projective limit S = @iel S; of finite discrete spaces. By [Sch17, Prop 14.9], there is a
natural isomorphism H gt(SC, F) = li%mi6 H gt(S@c, F;) for any étale sheaf F on S¢, where F; denotes the
pullback of F to S; ¢, viewed as a closed subspace of X¢.
For any ¢ € I, S; ¢ is a strictly totally disconnected affinoid perfectoid space (it is a finite disjoint union of
some Spa(C, O¢)), so that étale cohomology coincides with sheaf cohomology of the associated topological
space. Since the S; are finite topological spaces, there is no higher cohomology, and H 0 is simply given
by global sections. Hence,H?,(S¢, F) =0 for j > 0.
Moreover HY,(Sc,F,) = lim, _, Cst(S;,F,) = C°(S,F,) where Cst denotes the ring of constant functions,
and

H°(Sc, 0%, /p) = lim Cst(Sci, Oc/p) = C°(Sc, Oc /p)

el

since O¢/p is discrete.
The natural map C°(S¢,F,) ® Oc/p — C%(Sc, Oc/p) is naturally an isomorphism, which concludes. [

As a corollary, we deduce Poincaré duality for Drinfeld’s upper half plane.

Corollary 5.3.4. Let C = C, be the completion of an algebraic closure of Q,, and Qc = PL \ PYHQ,)
denote Drinfeld’s upper half plane over C.

Then Q¢ satisfies Poincaré duality, i.e., for 0 < k < 2, there is a natural Gal(@p/Qp)—equivariant 180-
morphism :

HQ(QC’FP(D) = Hom(H2_k(QC, Fp)aﬂ?p)-

ét,c
Proof. This follows directly from the above proposition and 5.2.3. g

Note that one can easily check that the above morphism is also GL2(Q))-equivariant using the functoriality
established in 2.4.3.

In the rest of this paper, we prove that such a Poincaré duality result also holds for Drinfeld’s symmetric
spaces of higher dimension, as well as general period domains.

6. PERIOD DOMAINS

In this section, we give a precise definition of period domains, for which we claim no originality. We start
by specializing the theory for GIL,,. Such a context is sufficient to define Drinfeld’s symmetric spaces, is
necessary for the general theory, and contains most of the necessary intuition.

The original construction was developed in [RZ96], see also a short introduction by the first author in
[Rap97]. Concise introductions, somewhat similar to the one below, can be found in [Orl05a], [CDHN21].
The book [DORI10] presents an extensive version of the theory, whose structure we broadly follow.

A more modern interpretation using the Fargues-Fontaine curve is laid out in [CFS17], however we do not
expand on this point of view.

6.1. Filtered isocrystals, and period domains for GL,. Period domains for GL,, are classifying
spaces of weakly admissible isocrystals in the sense of Fontaine, which are viewed as semi-stable objects of
slope zero in an adequate Harder-Narasimhan formalism on the category of filtered isocrystals. In what
follows, we fix a field K.

In the following, we assume some familiarity with Tannakian formalism, and refer the result to [DM82]
or [DOR10, Section 4.
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6.1.1. Filtered vector spaces. Let V be a finite dimensional K-vector space. A Q-filtration FV on V is
the datum of a map F : x € Q — F*V € {K-linear subspaces of V} such that :

e F is decreasing, i.e, for all z <y, FY C F*.
e There exists z < y such that F*V =V and FYV = {0}.
e Forallz, F" =, _, FV.

We define the type of the filtration F to be v(F) = (m’f(l), e 7332(1'))22’ where 1 > --- > x, are the

jumps of the filtration, i.e. {z1,...,2,} = {x ER,gry # {O}}, and n; = dimy (gr7) is the multiplicity
at x;.

The datum of <a:7f(1), e ,mz(i)), where z1 > -+ >z, and Y n; = dim(V) is called the possible type of a
filtration on V.

Definition 6.1.1. Let V be a finite dimensional K -vector space, and let v be the possible type of a filtration
on V. The flag variety (cf. [RZ96, p. 1.31]) F(GL(V),v)** parameterizes filtrations of type v over K,
i.e. it is the projective K-scheme such that, for any field extension K' over K :

F(GL(V),v)(K") = {filtrations on V @ K' of type v}.

It can be constructed as F(GL(V),v) = GL(V)/P(v), where GLL(V) is the reductive group defined by
R +— GL(V ®k R) for all K-algebras R, and P(v) is the parabolic subgroup of GIL(V') stabilizing a given
filtration of type v on V.

It is naturally endowed with an action of the linear group GL(V) = GL(V)(K).

For K/k a field extension, we let Q — Fil,[f denote the category of pairs (V, Fx), where V is a k-vector

space, and Fg is a Q-filtration on the K-vector space V ®; K. A morphism in Q — Fil? is a k-linear map
f:V — W such that, for all z € Q, f ®idg(V*) C W?=.

The category Fil? is an additive k-linear ®-category. It is not abelian (as a change of the filtration cannot
be read on the kernel nor cokernel), but it is quasi-abelian, and is in particular an exact category.

6.1.2. Isocrystals. Let L be a perfect field of characteristic p > 0, Ky = Frac(W (L)), and o be the
Frobenius endomorphism on Kj.

An isocrystal?* over Ky is a pair N = (V,¢), where V is a finite-dimensional vector space over Ky, and
¢ :V =V is a o-linear® bijective automorphism.

We let Isoc(Kp) denote the category of such isocrystals, with morphisms given by Ky-linear maps f :
V — V' such that fopy = ¢y o f. It is an abelian category, and, moreover, we have the following (cf.
[Man63]) :

Theorem 6.1.2. (Dieudonné-Manin classification)
Assume that L is algebraically closed. Then, Isoc(Ky) is semi-simple, and the simple objects are of the
form :

0 1

V;’/s: Kga o1 © o

for any coprime (r,s) € Z x N>q.
More explicitly, any N € Isoc(Ko) can be uniquely written as V = @, Vi for some finite E C Q. Using
the terminology described above, the decomposition as a sum of simple objects yields defines a grading

22Here, the exponent n; indicates that the corresponding v(4) is repeated n; times.

23The more standard notation (cf. [DOR10]) is .Z(V,v). We prefer denoting GL(V) so that our notation coincides with the
general case, where GL(V') will be replaced by a reductive algebraic group.

24This is sometimes referred to as F-isocrystals, where the "F" reminds us of the presence of a Frobenius morphism. We
simply call them Isocrystals for clarity of notation. Dear reader, please remind yourself at all times that isocrystals come
endowed with a Frobenius morphism.

2ie. VA€ Ko, Ve €V, (A -z) = o(N) - p(x).
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functor w : Isoc(Kp) — Q — Gradg,, where Q — Gradg, denotes the category of finite dimensional Ko-
vector spaces equipped with a grading indexed by Q.

6.1.3. Filtered isocrystals. We keep the notation of 6.1.2, and let K be a field extension of Ky. A filtered
isocrystal (V, ¢, FVk) over Ky is the datum of an isocrystal (V,¢) over Ky, together with a Q-filtration
FVk on the vector space Vg =V ®g, K.
We let FilIsocﬁ0 denote the category of such filtered isocrystals. The category FilIsoc%O is endowed with
a Harder-Narasimhan formalism, defined by :

e The rank of (V,p, FVk) is dimg,V,

e The degree of (V,p, F, Vi) is deg(V, ¢, FVk) = Zz -dim (gr=(Vic)) — vr(det(p)),

1€EZ

deg(V, ¢, F Vi)

rk(V, o, FVk) '’
o If (V, ¢, Fk) is a filtered isocrystal, a sub-isocrystal is a triplet (V', ¢, F};) where V' is a subspace
of V stable under ¢, endowed with the induced structure, i.e. ¢’ = @y, and Fj = ]:K|V’®KOK"

e The slope of (V, o, FVk) is v(V, ¢, FVk) =

We say that a filtered isocrystal is weakly admissible if it is semi-stable?® and of slope zero. A nontrivial
result of Faltings and Totaro (cf. [Fal95] and [Tot96]) states the following :

Theorem 6.1.3. The tensor product of semi-stable filtered isocrystals is semi-stable.

Remark 6.1.4. This degree function (and, in turn, the slope function) is the difference of two natural
and classical degree functions : one associated to the isocrystal, and the other to the filtration :

(1) For (V,FxV) € Filf a filtered vector space, the degree deg(V, FxV) =3, i - dimy (gri-Vi) is the
y-axis value of the terminal point of the Hodge polygonal associated to the filtration FVi.

(2) For an isocrystal (V, ¢) over Ky, we consider its degree —v,(det(A)), where A is a matrix representing
the action of ¢ in any given base. It is the y-axis value of the terminal point of the Newton polygonal
associated with the isocrystal (V) ¢).

In other terms, a filtered isocrystal is weakly admissible if and only if its Newton and Hodge polygo-
nals terminate at the same point, and the Newton polygonal of any sub-isocrystal lies above its Hodge
polygonal. This is the original interpretation of Fontaine [Fon94, Defi 4.4.3].

We may now define p-adic period domains for GL,, (cf. [RZ96, Prop 1.36|).
Proposition—Definition 6.1.5. Let (V, ) € Isoc(Ky), and v be the possible type of a filtration on V.
There exists an open subset defining a smooth, partially proper rigid-analytic variety over Ky :
F(GL(V),p,v) C F(V,v)
such that, for any complete field extension K of K,
FYUGL(V), o, v)(K) = {F € Z(GL(V),v)(K),(V @k, K, p @5, idx, F) is weakly admissible}.
We call it the period domain associated to (GL(V), p,v).

Let us conclude this section by some examples of such period domains.

6.1.4. Drinfeld’s symmetric spaces. Fix n € N>, L a perfect field of characteristic p, Ko = Frac(W (L)),
V =K, and 0 € Aut(K(/Q)) be the Frobenius endomorphism. Let v = (n —1,—1,...,—1).

For any field extension K /Ky, .# (GL(V),v)(K) parametrizes filtrations on V ® g, K with only two jumps
: a 1-dimensional jump at n — 1, and a (n — 1)-dimensional jump at (—1).

Any such filtration Fx € .Z(GL(V),v)(K) is of the following form, for some K-line Lr C V ®, K:

Vor, K if r<—1
Frz=1Lr if —l<z<<n-1.
{0} if n—-1<z

26Recall that an object is said to be semi-stable if every sub-object has a non-greater slope.
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Such filtrations hence correspond one-to-one to lines Lr of V ®g, K.
Hence, .# (GL(V),v) = P(V) is the Ky-variety whose K-points are P(V)(K) :=P(V ®k, K).
We may now define Drinfeld’s symmetric spaces as open subsets of those flag varieties. Endow V with

the the trivial isocrystal structure 0*™. One can check that a filtration F is semi-stable if and only if the
line L is not contained in any Ky-rational hyperplane. Hence,

FU(GL(V),v) (K) =P"(K)\ ] H
HeHk,
where H describes all Ky-rational hyperplanes of V. Such a space will be denoted Q?(O, and is called
Drinfeld’s symmetric space of dimension n over Kj.
It is naturally the base change to Kg of the Drinfeld space over Q,, given by :

8, =P\ U H

HeHg,

where H describes all Ko-rational hyperplanes of Q.

6.2. Period domains for arbitrary reductive groups. We’ll define period domains relative to more
general reductive algebraic groups. In the case G = GL,,, we will recover the above. The construction
will be mostly the same, except that we replace :

e Isocrystals by isocrystals with G-structure.
e Filtrations by 1-parameter subgroups.
e Type of filtrations with conjugacy classes of 1-parameter subgroups.

6.2.1. Gradings and filtrations. Let k be any field, and K/k be a fixed field extension. Let G be a
connected algebraic group over k.

Definition 6.2.1. We let Rep,(G) be the category of finite dimensional representations of G over k.

An object of Rep(G) is of the form (V,p) where V is a finite dimensional k-vector space, and p is a
morphism of affine group schemes G — GLy, i.e. contains the compatible data of morphisms pr : G(R) —
GL,(V ® R) for any k-algebra R. The category Repy(G) is naturally equipped with a tensor product, and
the fiber functor obtained by forgetting the representation w< : (V,p) € Repy(G) — V € Vecty,.

This makes it a Tannakian category over k.

Our goal is to understand filtrations of the fiber functor w%. Let us first introduce graduations. We let
Q — Grady, denote the category of finite dimensional k-vector spaces, equipped with a grading indexed by
Q,as V = @er V. Morphisms of such graded vector spaces are linear maps respecting the gradation.

Consider the functor wy : Q—Grady — Vecty, obtained by forgetting the grading : wg | V = @ Vel = V.
z€Q

Remark 6.2.2. This category of Q-grading is related to the category of Q-filtrations introduced in 6.1.1.
Indeed, there exists a functor fil : Q — Grad, — Q — File , obtained by

il: V=P Ve |V, FVk=> V0K
z€Q y>z

More generally, if we let Q — Grad? denote the category of vector spaces V over k together with a
Q-gradation on Vg, the above definition extends to a functor fil : Q — GradkK — File .

In the other direction, there exists a functor gr : Q — File — Q — Gradg obtained by F +— @gr}ﬂ_— Fr.
zeQ

Note that, while fil respects the underlying vector space (i.e. commutes with fiber functors), gr does not,
even if K = k.
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In order to study the category of Q-gradings, we introduce the slope torus Dy = @1 Gy, i, as studied

neN
in [DOR10, p. IV.2]. We review its major properties in the following.

Proposition—Definition 6.2.3. We define a functor Dy : R € Ab°? — Spec(k[R]) € AffSchy. It is left
adjoint to Spec(R) — R*. By construction, Dy(Z) = Gy, , so that :

o1 ) .
neN neN neN

We let Dy, = Dy(Q) be the slope torus. The multiplication by any x € Q induces a map xz : Dy —
Dy(Z) = G i, viewed as a character of Dy,.

Proposition 6.2.4. The category Q — Grady is a neutral Tannakian category over k, and w is a fiber
functor over k. Moreover, there is a natural equivalence of category :

Rep,(Dx) — Q — Grady

(Vip) = V=DV
z€Q

where Vy, = {v € V, p(9)v = xz(9) - v,Yg € D(Q)} is the weight space of V associated to x € Q.
Proof. cf. [Riv72|, IV.1.2.1. O

6.2.2. Relative gradings and filtrations. We keep the notations from 6.2.1. Let Gx = G Xgpec(r) Spec(K)
denote the base change of G to K.

Definition 6.2.5. A Q-grading of w® over K is a tensor functor Gr : Repy(G) — Q — Gradg such that
the diagram below commutes :

wG®kK

Rep,(G) » Vect i

&‘ %
Q — Gradg

Note that such functors are automatically exact and faithful.

Proof. The faithfulness is clear. The exactness follows from the exactness of w®, hence of w® @y, K, and
the fact that wy both preserves and reflects exact sequences. O

Lemma 6.2.6. There is a one-to-one correspondence between Q-gradings of w® over K and homomor-
phisms D — G.

Proof. This follows from Prop. 6.2.4 and a form of Tannakian duality, cf. [DOR10, Corro 4.1.19]. O

Note that such a grading can be seen as the compatible data of a grading on V @y, K for each representation
(V,p) of G (cf. [DOR10, Remark 4.2.5.(ii)| for a more precise formulation).

Definition 6.2.7. A Q-filtration of w® over K is a tensor functor F : Repy(G) — Q — Fili( such that
the diagram below commutes :

Rep,(G) = Vecty,
R y

Q — Fikk

and such that the composition Repy(G) SRt Q — Fillf &5 Q — Gradg (where gr is from 6.2.2) is exact.
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Remark 6.2.8. Note that, by definition, such a filtration F defined over K induces, for all representation
(V,p) of G, a filtration F* on V ®j K. One can reformulate the above definition as the compatible data
of filtrations F? on V ®; K, cf. [DORI10, Defi 4.2.6].

The exactness condition ensures we can recover the filtration from the grading.

Proposition 6.2.9. Every Q-grading of w® over K naturally induces a Q-filtration of w® over K.

Proof. Let Gr be such a grading. The morphism fil from 6.2.2 commutes with fiber functors, so that the
forgetful functor wp : Q — Grady x — Vectx factors through Q — Filg. We have :

Rep,(G) = > Vecty,

e
Q — Gradyx — % Q— Filff

igr

Q - GradK

The dashed arrow will be our filtration.

It suffices to show that the long curved composition Rep,(G) — Q — Gradg is exact. The map (V —
(V,Gr(V)) is exact by the remark 6.2.5, and fil and gr can be checked to be exact by an easy linear
algebra argument. ]

We conclude this paragraph by showing that gradings and filtrations relative to GL(V') correspond to
"standard" grading and filtrations on V' (see also [DOR10, Remark 4.2.11]).

Example 6.2.10. Let G = GL(V). Then, Q-gradings of w over K correspond to graduations on V@K,
and Q-filtrations of w% over K correspond to filtrations on V ®y, K.

Indeed, any Q-grading of w© over K induces a Q-grading on V through the standard representation of
GL(V) acting on V. Reciprocally, a Q-grading V = @er V induces a morphism D(Q) — GL(V) as :

g Z ioxz(g)-idy,
zeQ

where i : Gy, — GIL(V') denotes the diagonal embedding, and x : D(Q) — Gy, is the map from 6.2.4.
Likewise, filtrations on w% induce filtrations on any representations, and one can consider the standard
representation on V ®, K. Reciprocally, consider a filtration on V @i K. As a filtration on a finite
dimensional vector space, it is necessarily split (i.e. lies in the image of the morphism fil from 6.2.2).
Hence, by the discussion above, it defines a grading on w® over K. Then the filtration given by 6.2.9
works.

6.2.3. Cocharacters and flag varieties. We keep the notations of 6.2.1. We fix k%P a separable closure of
k containing K.

Definition 6.2.11. A Q-one-parameter subgroup (or Q-cocharacter) of G defined over K is a morphism
of algebraic groups Dx — G . We let X*(G)g denote the set of such cocharacters.

We call X*(G)(ﬁ the set of rational cocharacters, and X*(G)gw the set of geometric cocharacters.

Remark 6.2.12. The literature is quite inconsistent on whether a cocharacter denotes a rational cochar-
acter, or a geometric one.?” In this paper, we always specify the field of definition.

By 6.2.4, elements of X, (G)g are equivalent to gradings of w® over K. In particular, they induce filtrations
of w® over K, by 6.2.2.

2TThis is partly due to the fact that most literature of algebraic groups was written in the language of algebraic varieties
over algebraically closed fields.
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Definition 6.2.13. We say that two 1-parameter subgroups A\, € X, (G)Q are par-equivalent if they

G

define the same filtration on w* over K.

For A € X, (G)Q, we let Py be the subgroup of Gi defined, for any K-algebra R, by :
Py\(R) = {g € G(R),}g% At)ogoA(t)™ ex1sts} .

Proposition 6.2.14. Assume that G is reductive. Then :

(1) All filtrations of w® over K are splittable, i.e. come from a grading by 6.2.9.

(2) For any )\ € X, (G)g, Py is a parabolic subgroup of G .

(3) Let \,\N € X, (G)Q, and Fy (resp. Fy) be the filtration on w® associated to X (resp. N ). The
following are equivalent :
(a) Fx=Fy, i.e X and N are par-equivalent.
(b) There exists g € Py\(K) such that N = goXog™!.

Proof. cf. [MFK94, Def 2.3/Prop 2.6] and [DOR10, Thm 4.2.13|. O

Finally, we turn our attention to conjugacy classes of such Q-parameter subgroups, and the associated

flag variety. There are two natural and compatible actions on X*(G)(S :

e Assume K/k is Galois. The Galois group Gal(K/k) acts, for o € Gal(K/k) and X € X*(G)g, by :

TN=0G, o)\oaﬂgll(,

where o (resp op, ) is the natural action of I'p on Gk (resp. D).

e The group G(K) acts by conjugation, via :
IN:=g-\- g—l

where the right hand side uses the natural action of G(K) on G-
There is a natural inclusion X*(G)”c C X (G)Q compatible with the action of G, and it follows from
Galois descent (cf. [BLR90, Theorem 6.1.6.a and Paragraph 6.2.B]) that (X, (G)Q )Gal(K/k) =~ X*(G)(’&.
For simplicity (and following the literature), we simply denote X.(G)/G = X(G )ksep /G(k*P) the group
of conjugacy classes of geometric cocharacters. It is a discrete Gal(k*P/ k:)—module

We may now define our flag varieties of interest, that will classify filtrations of fized type. This will be
replaced by a conjugacy class of geometric cocharacters.

Every conjugacy class {1} € X.(G)g/G, is defined over a finite extension of k, called its reflex field :
E(G,{n}) = (k)"0 where (3 = Stabgaser /i) ({1}) = {g € Gal(k*?/k),VA € {u}, IA(t) € {u}}
Proposition—Definition 6.2.15. Let G be a connected reductive group over k, and {u} be a conjugacy

class of geometric cocharacters of G, with reflex field E. Fix a separable closure E*P of E.

There exists a unique projective reduced scheme ofﬁmte type over E, denoted F (G, {u}), whose K-points,
for any intermediary field extension Esep/K/E are :

F (G, {u})(K) = {X € X.( G)g,)\ € {u}} / par-equivalence
= {F € Filg (W), 3N € {u}, F = F}.
This is called the flag variety associated to (G,{pu}).

Proof. The equivalence of the descriptions follows from the definition and first point of 6.2.14.

Assume G is quasi-split. Then, a lemma of Kottwitz (cf. [Kot84, Lemma 1.1.3] (see also the proof of
[Kot85, Prop 6.2])) shows that there exists an element p € {1} defined over E. Let P, g be the parabolic
subgroup of G associated to p under 6.2.3. Then F (G, {u}) = Gg/P, E satisfies the above property, by
6.2.14. The unicity follows by descent from an algebraically closed field, where reduced schemes of finite
types can be viewed as algebraic varieties.
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If G is not quasi-split, we refer to the argument of [DOR10]. O

In the GIL(V') setup, this coincides with the flag varieties defined in 6.1.1. We will then define period
domains as analytic open subsets of the above flag varieties, corresponding to semi stable isocrystals.

6.2.4. Isocrystals with additional structure. Let G' a connected reductive algebraic group over Q,, and
Ky = @p. Recall that the category Isoc(K() defined in 6.1.2 is naturally endowed with the tensor product
(Vi, 1) ® (Va, p2) == (V1 @ Va, 01 ® 2), which makes it a (non neutral !) Q,-linear”® Tannakian category,
whose associated fiber functor is the forgetful functor wisec : Isoc(Ky) — Vectg,.

Definition 6.2.16. An isocrystal with G-structure is a ®-ezact functor Repg, (G) — Isoc(Ko).

It follows from the definition that such a functor commutes with fiber functors, since G is connected (cf.
[DOR10, Remark 9.1.6]).

Example 6.2.17. Let V be a Qp-vector space of dimension n, and G = GL(V') be the group scheme
defined by R — GL(V ®q, R) (so that there is a non canonical isomorphism GL(V) = GLy,).

Through the canonical representation of GL(V') acting on V', we can attach to any isocrystal with GL(V')-
structure a (standard) isocrystal over V ®q, Ko.

It follows from the classification of irreducible representations of GL(V') via Schur functors that, recipro-
cally, the structure of an GL(V')- isocrystal is fully determined by its value on the standard representation
(cf. [RRI6, Remark 3.4.(i1)]) - so that GLL(V')-isocrystals correspond one-to-one with structure of isocrys-
tals on the vector space V Qq, Ko.

Any b € G(Kj) induces the isocrystal with G-structure Ny, : (V, p) — (V ®q, Ko, pk, (b)(id @ ¢)).

Proposition 6.2.18. All isocrystals with G-structure are of the form Ny, for some b € G(Ky).
Moreover, there is an isomorphism of exact ®-functors Ny, = Ny if and only if there exists g € G(Kp)
such that b = gbp(g) .

Proof. This relies on Tannakian duality, cf. [DOR10, Lemma 9.1.4 and Remark 9.1.6]. O

We define B(G), the Kottwitz set of G, as the quotient of G(K() by the above equivalence relation. Hence,
B(G) classifies isocrystals with G-structure. For any b € G(Kj), we denote [b] its associated class in B(G).

6.2.5. Period domains. We reuse the notations from 6.2.4.

Definition 6.2.19. Let G be an algebraic group over Qp, and b € G(Ky), with associated isocrystal with
G-structure Ny. Recall that the datum of a point F € (G, {u})(K) C Filg(w®) defines a filtration F°
on V @y K for all representations (V, p) of G by 6.2.8.

We say that (b,z) is weakly admissible if, for all representation (V,p) of G, the filtered isocrystal
(Np(V), F*V @y, K) is weakly admissible in the sense of 6.1.5.

By the tensor product theorem 6.1.3, this is equivalent to asking that (Ny(V), F*V ® K) is weakly
admissible for some faithful representation of G (see also [RZ96, Defi 1.18|).

We may finally define general period domains. Fix the datum (G, [b], {u}) of :

(1) A connected quasi-split group G over Q,.
(2) An element [b] of the Kottwitz set B(G), i.e. a o-conjugacy class in G(K)).
(3) A conjugacy class {u} € X.(G)/G of geometric cocharacters of G.

Definition 6.2.20. Let (G, [b],{p}) be a datum as above. Let E = E(G,{u}) be the associated reflex
field, and E = FE - Ky. There exists a unique partially proper open subset :

FU G b, {p}) € F(G An}) ©p E

2814 is not Ky linear, as endomorphisms of the unit object (Ko, idk, ), are endomorphisms Ko — Ko commuting with the
Frobenius, so that they correspond with elements of K§ = Q.
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such that, for any field extension K/E,
FUG, b, {u})(K) = {F € Z(G,{u})(K), the filtered isocrystal (Ny, F) is weakly admissible} .

This is called the period domain associated to (G,b,{p}). Moreover, it can be obtained as the analytifi-
cation of a Berkovich space.

Proof. cf. |[RZ96, Prop 1.36] in the rigid analytic setup and [DOR10, Prop 9.5.3| in the Berkovich
setup. ]

Note that, up to an isomorphism, the period domain only depends on the class [b] € B(G). Indeed, if &’ =
gbo(g)~! for some g € G(Kj), the map A —9\ induces an isomorphism .#%“%(G, b, {u}) = F*(G,V,{u}).
Let Jy, denote the automorphims group of N, defined, for any Q,-algebra R, by :

Jh(R) = {g € G(Qy ®q, R), gbo(g) ™" = b}
The group J,(Q,) acts naturally on .Z“%(G, b, {u}), via J5(Q,) C G(Kp) via conjugation X —9\.

6.2.6. Decency and basicness. We reuse the notations from 6.2.4. For any b € G(Qp), Kottwitz [Kot85,
sec 4.2]) defines a slope morphism v, : Dg, — G, as follows :

Definition 6.2.21. For any V € Rep@p(G), the Q-grading on the vector space V Qq, Ko associated with

the representation of the pro-torus Dy, 2, Gk, Plo, GL(V ® Ky) coincides with the Dieudonné-Manin
slope decomposition of the isocrystal Ny, as recalled in 6.1.2.

Note that, if b = gbo(g)~!, then vy = Int(g) o vj.
Definition 6.2.22. We say that an element b € G(Ky) is s-decent for an integer s > 1 if :

o The morphism s - vy, : Dg, — Gk, factors through Gy, k,,

e The following equality holds in G(Ko) x 0% : (bo)® = (svp)(p)o®.
Since G is connected, every class [b] € B(G) contains an s-decent element, for some s > 1 (cf. [DORI10,
lemma 9.1.33, remark 9.1.34]). By [DOR10, lemma 9.6.19], if G is furthermore assumed to be quasi-split,
each [b] € B(G) contains an s-decent element b such that v is defined over Q.

Proposition 6.2.23. Let (G, [b],{p}) be a datum as above. Let s > 1, and assume that b is s-decent,
with reflex field E. Then, the period domain #"*(G,b,{u}) admits a model over Es := E - Qps.

Proof. cf. [DORI10, Prop 1.36.(ii)]. O

Definition 6.2.24. We say that an element b € B(Ky) is basic if the slope morphism vy, factors through
Zr,, where Z denotes the center of G. We let B(G)pasic denote the subset of B(G) consisting of basic
elements.

Note that an element b is basic if and only if J; is an inner form of G.

7. PRIMITIVE COMPARISON THEOREM WITH COMPACT SUPPORT FOR PERIOD DOMAINS

The goal of this section is to show that period domains, as defined in the previous paragraph, satisfy
primitive comparison with compact support (the main result is 7.0.1). This computation is based on
standard sheaf techniques, together with a non-trivial geometric stratification of the complement .7 \ .# "¢
of period domains, constructed by S.Orlik in [Orl05a).

In loc.cit., Orlik uses his geometric decomposition to compute the étale cohomology with compact support
of period domains with Z/¢"Z coefficients. In [CDHN21], the authors adapt the computation for ¢ = p.
While the geometric part of the argument does not really depend on the coefficients, working with p-adic
coefficients adds a lot of representation-theoretic complexity, as one needs to compute some Ext! groups
between Steinberg representations.
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In this section, we compute the O /p cohomology with compact support of period domains. Going from
F, to OT /p-coefficients adds no representation theoretic complexity, as only the "geometric" part of the
argument is needed.

In this article, we black-box the origin of the geometric decomposition (which uses ideas from geometric
invariant theory, cf. [MFK94]), and directly study the consequences for period domains, as they will be
reviewed in Prop 7.1.1.

Compared to the previous expositions of the geometric decomposition and its consequence on cohomology
appearing in the literature, we provide the following technical improvements :

(1) Throughout most of the computation, we work with coefficients in a general abelian étale sheaf.
Doing so, we remove a superfluous overconvergence hypothesis.

(2) We work directly over the field of definition of the period domains, rather than over a complete
algebraic closure. This allows to properly keep track of the Galois action.

(3) We work with the language of locally spatial diamonds throughout, rather than pseudo-adic spaces.

Let us now precisely state our result :

We fix a datum (G, [b], {¢+}) as in 6.2.20, where we assume furthermore b to be basic and s-decent for some
integer s > 1, and we use notations of section 6.

For simplicity, we simply denote .# = .#(G,b,{u}) and FV* = .ZY(G,b,{u}), with field of definition
Es (as in 6.2.23), and .Zg, be the base change of .7 to Es, and Y = Fpg, \ Z", viewed as a locally
spectral diamond over E4 by 3.1.3. Let J := J, be the inner form of G associated to the basic element b.

We also let OES/Z? = Og_pa(Es Og )/p

We fix E an algebraic closure of E;, C be a completion of E,, and Z¢, ZE* and Yo be the respective
base change to C.

In the rest of this section, every pullback and pushforward is in the sense of Scholze (and coincides with
the one of Huber between analytic adic spaces).

Theorem 7.0.1. In the above setup, let j : F* — Fg, be the open immersion, and jo : FH* — Fc be
its base change. Let L be an étale Fp-local system on Fg,, and Lo be its pullback to F¢.

Then, FH satisfies Poincaré duality with respect to jEL, i.e, for any 0 < k < 2d, there is a J(Qp) X

Gal(Es/ Es)-equivariant isomorphism :

HE(Fc, jeLe) = Homg, (HZEF(Fe, jéLe), Fy)

ét,c
where d denotes the dimension of F¢.
Using the criterion 5.3.1, the statement reduces to a establishing primitive comparison on %¢ and on
Yo. As ¢ is smooth and proper, the primitive comparison on .%¢ follows directly from the primitive

comparison theorem 5.1.3, so that it suffices to establish the following (applied to the pullback of a local
system on %g_, and base changing to C' using [Sch17, Prop 16.10]) :

Proposition 7.0.2. Let h : Y — Spa(FEs, Og,) denote the structure morphism of Y. Let L be an étale
Fp- local system onY . Then, for all g € N, the natural map :

is an almost isomorphism in the category of étale (’)Es /p-sheaves over Spa(Es, Op,).

Note that this morphism (as well as the primitive comparison morphism on .%#¢) is naturally J(Q,)-
invariant, so that the J(Qp)-invariance in 7.0.1 follows from 2.4.3 by mimicking the proof of 5.2.3.

7.1. Orlik’s geometric decomposition. Let us fix an étale [Fj-local system £ on Y. In this section, we
present a geometric decomposition of Y, due to Orlik in [Orl05a] (see also [Orl99] for the simpler analogue
over finite fields).

Fix S a maximal Q,-split torus of J, and let A be a basis of the relative root system of G, which is a
finite set. The following proposition regroups the properties that we will need :
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Proposition 7.1.1. Let Py be a fized minimal parabolic subgroup of J containing S. For any I C A, let
Pr be the associated standard parabolic subgroup of J.

There exists a finite set of rigid-analytic subvarieties Yr C Y indexed by subsets I C A together with a

stratification :
vi= U U ¢ Ml
[ANI|=1 g€J(Qp)
such that:

(1) For any I C A, Y7 is the analytification of a proper algebraic variety over Es (that is moreover a
Schubert variety).

(2) ForanyI,JCA,YINY;=Yn.

(3) (J/P1)(Qy) = J(Qp)/Pr(Qy).

(4) The action of J(Qp) on Fg, restricts to an action of Pr(Qp,) on Y.

Proof. Cf. |Orl05a, Section 3| or [CDHN21, Section 5.4]. O

From the above stratification, we will construct a functorial resolution C(F) of any sheaf of abelian group
F on Yy, relating the cohomology of F on Y to the cohomology of F restricted to the Y7, for varying
I C A. This exactness was only considered in [Orl05a] for overconvergent étale sheaves F, but, as we will
see, this assumption is not needed, so that it also works for F = £ ® OF v /D

The strategy to prove primitive comparison with compact support for Y is as follows :

(1) From the functorial resolution C(F), construct a spectral sequence, whose first page computes the
cohomology of F on the Y7, and which converges to the cohomology of F on the Y - in a way that
is functorial in the sheaf F.

(2) Use the primitive comparison theorem to compare the first page of the spectral sequence with coef-
ficients in £ or in £ ® O /p*.

(3) Prove that this comparison goes through the convergence of the spectral sequence in order to deduce
a primitive comparison result for the cohomology of Y.

For any I C A, we let X; = J(Qp)/Pr(Qp). By the third point of 7.1.1, this is a profinite set - as it
identifies to the Qp-points of a proper algebraic variety (which can then be seen as Z,-points using the
valuation criterion). We will need the following lemma.

Lemma 7.1.2. For any compact open subset T C J/P;(Qp), the space ZT = UgeTg ‘Y7 admits a natural
structure of a closed locally spatial sub-diamond of Y.

Proof. Note, by that 7.1.1, g - Y7 is well defined for g € J/Pr(Qp) = J(Qp)/Pr(Qp) as the action of
Pr(Qp) stabilizes Y.

Fix a compact open T' C X;. By 3.1.3, it suffices to show that the underlying topological space of Z}F is
closed and generalizing. It’s closed by the proof of [Orl05a, Lemma 3.2]. All of the g-|Y7| are generalizing
since they are Zariski closed subsets, and a union of generalizing spaces remains generalizing. O

For any compact open subset T C X, we let Z}F be as above and 7 : Z}F — Y be the associated closed
immersion.
Definition 7.1.3. We let Disjx, be the category of covers of Xy by disjoint nonempty open subsets, with
morphisms given by refinements. Such disjoint covers are necessarily finite, as Xy is compact.
Objects of Disjx, will be denoted ¢ = {T}}1<p<n(c)-

n(c)
For any c € Disjx, and any étale sheaf F on'Y, we let F. := @ sz*sz}" and Fr = lﬂceDwJXI Fe.

k=1

29Here, the primitive comparison theorem will suffice, but one can explicitly compute the F,-cohomology groups of the Y7
(at least after base change to an algebraically closed base) ; cf. [CDHN21, Corrolary 5.11]
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Note that, if F is J(Qp)-equivariant, then Fj is also J(Q,)-equivariant.

For a fixed ¢, F. admits a natural interpretation as the étale sheaf on X; whose sections are locally
constant sections of F, trivialized on the disjoint covering c. Likewise, F; can be thought of as the sheaf

of locally constant sections of [],cy, nylad. This is made more explicit in [Orl05a, p.538|.

Remark 7.1.4. Let us briefly explicit the transition morphisms appearing in the colimit. Let ¢ =
{Tk }1<k<n(c) be an object of Disjx,, and ¢ = {Sk1}1<k<n(c)i<i<m(k) be a refinement of ¢, in the sense
that, for any 1 <k < n(c), the (Sk)i<i<m(r) form a disjoint compact open covering of T,

The morphism F. — F. is then given as a direct sum of the natural morphisms : iSk,z*i*Sk,lf — iTk*z’}k}"
induced by the unit of the adjunction F — ig.igF together with the natural isomorphism :

igkyl*igk,l]: > isk’l*igk,liTk*i}kF

induced by the unit of the adjunction F — Z'Tk*i*Tk]-" . The fact that it is indeed an isomorphism can be
checked on stalks using 3.2.2.

Let us study the sheaves F;. We start with the following lemma (which is a version of [CDHN21, Prop
6.11.(a)| over an arbitrary base field, and in the language of diamonds) :

Lemma 7.1.5. Let T be a geometric point of Yg, with underlying topological point x, and F be an étale
sheaf of abelian groups over Y. The stalk of Fr at T identifies with :

(Fr)z = LC(X(z), Fz)

where Xi(z) = {g € X1,z € g- Y1} is a closed subset of X1, and LC denotes the set of locally constant
functions on Xi(x) (with the topology induced by Xr), with value in the stalk Fz.

Proof. Taking stalks commutes with colimits, so that :
n(c)

(Fr)e = lim Pz, «it, F)z
ceDistI k=1

Using 3.2.2, since iy, is a generalizing closed immersion, it follows that, for all 1 <k < n(c) :

o Fs if 2 €Ty Yy, ie. if TN X(2) # 0
(sz*szf)f = .
0 otherwise

We may then replace all terms in the direct sum by ir, XJ(I),*i*Tkm X ( z)]—" )

If ¢ = {Th}1<k<n(c) € Disjx,, the Ty N X;(x) form a disjoint compact open cover of X;(z). Reciprocally,
any ¢ € Disjx, () can be refined by a covering of the above form, by the lemma 7.1.6 below.
Hence, coverings of the form {Tp N X7(2)}1<p<n(e) for {Tk}t1<k<n(e) € Disjy, form a cofinal system in
Disjx, (4, s0 that :
n(c) n(c’)
(Frz= lm P (imxfmn;ml(x)f)f >~ lim P Fr= LO(X(2), Fr).

cEDistI k=1 c’EDistI(r> k=1
The last isomorphism follows from identifying a locally constant function to the set of its value over any
disjoint trivializing cover (that is necessarily finite since Xj(z) is compact). O
The following lemma was used in the proof :

Lemma 7.1.6. Let X be a profinite topological space, and F' C X be a closed subset.
Let ¢ = {Tk }1<p<n(cr) € Disjp. Then, there exists { Sk} 1<k<n(c),1<i<m(k) € Disjx such that, for all k, the
{8k NT}i<i<m(ry form a disjoint clopen union of Tj.

30Note that, since coverings are disjoint, if such a refinement exists, the refinement map is uniquely determined.
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Proof. For any 1 < k < n(c), Ty is an open subset of F', so it can be written as T, = Uy N F' for some
open subset Uy of X. Consider the open cover X = (X \ F) UU << () Uk of X. By [Sta23, Lemma
08ZZ|, we may find a refinement by a disjoint cover formed by clopen subsets of X :
X — S(/) L |_| S]::,l
1<k<n(c),1<I<m(k)

where S C X \ F and, for all k,[ in range, S} ; C Uy.

We then let Sy ; := Sllc,l NT, which are closed and open subsets of T'. Pick some arbitrary (ko,ly) in range.
After replacing S, i, by Sko.1, U S, the family {Sy;} satisfies the desired properties. O

7.2. Orlik’s fundamental complex. We may now define the fundamental complex, promised in 7.1.1.

Proposition 7.2.1. Let F be a sheaf of abelian groups on Yz . The following is complex of étale sheaves
on Yy 1s exact :

C(F):0—=F — @ Fr— @ Fr— - — @ Fr—Fyp—0
|A\T|=1 |A\I|=2 |A\T|=|A|-1

where the morphisms are defined as follows : fir I C I' C A with |I'\ I| = 1, The inclusion P; C Pp

induces a quotient map pyp: X; — Xp. For any x € Xp, we consider a map Fy.y, — ]-"plyl,(gc),yl induced

by the natural inclusion x - Y7 C pyp(x) - Yp. The collection of such maps defines a map fr r: Fp — Fr.
Finally, recall that the root system A is naturally ordered, so that we may write I'={a1 < - < an},
and I = 1"\ {o;}. We then let drp = (—1)'pr,p : Fr — Fr, and consider the direct sum along I,1I'.

When F is a sheaf of Z/nZ-modules for some n prime to p, the exactness is due to [Orl05a, Thm 3.3].
This has been generalized in [Orl05b, Thm 2.1] (see also [CDHN21, Thm 6.13]) for overconvergent étale
sheaves of abelian groups.

Proof. The étale topos of Y has enough points by [Sch17, Prop 14.3|, so that it we may check exactness
on stalks. Let n: T — Y be a geometric point, and = € Y be the image of the unique closed point.

By 7.1.5, the stalk at T is :

C(F)z:0— Fz— @ LC(X((z), Fz) = -+ — @ LC(X(z), Fz) = LC(Xy(z), Fz) — 0.
[A\I|=1 |A\T|=|A-1

However, by [Sch19, Thm 5.4] (result attributed to Bergman), the modules of locally constant maps on
profinite spaces are free, so that C(F)z = C(Z)z ®z Fz. Since free Z-modules are flat, it suffices to show
that C(Z)z is exact, which follows from [Orl05b, Thm 2.1]. O

Remark 7.2.2. Note that the above proof also shows that, for any two sheaves F, G of abelian groups
on Yy, we have C(F ®7 G) = C(F) ®zG.

Remark 7.2.3. The proof of [Orl05a, Thm 3.3] can in fact be adapted to work directly in the above setup.
Indeed, it is shown that the above localized complex C(F)z computes the cohomology of the constant
sheaf®! Fy on a topological space obtained as the geometric realization of some simplicial subcomplex of
the topologized combinatorial Tits building of J, which can be shown to be contractible - and hence has
trivial cohomology for arbitrary constant sheaves.

We may now consider the spectral sequence obtained by applying Rh, to C(F), (recall that h : Y —
Spa(Es, Op,) is the structure morphism of Y'). Considering the filtration on C(F) (minus the F term)
obtained by truncations, we deduce a spectral sequence :

EPYF):=Rh. | P Fr| = BT = ELIF).
|A\I|=p+1

31Note that, in that setup, constant sheaf cohomology needs not coincide with singular cohomology.
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The above spectral sequence is clearly functorial in F. We will show the following :

Proposition 7.2.4. Let L be a local system of Fy-vector spaces on'Y. Then, for all p,q € N, the natural
morphism :

Rh, | P Li|@r0f/p—>Rh| P (Lor O0F/p),
[A\I|=p+1 |ANI|=p+1
s an almost isomorphism.
Before proving this proposition, let us show that it implies 7.0.2.

Proposition 7.2.5. Assume that the result of 7.2.4 holds. Then, for all ¢ > 0, the natural morphism :
(R?h.L) ®F, Ogs/p — R (L ® OF /p)

is an almost isomorphism, so that 7.0.2 holds (and, in turn, so does 7.0.1).

Proof. There is a natural morphism of complexes of sheaves on Yy :
C(L) @r, h*OF, /p — C(L) ®F, OF [p = C(L @F, OF /p)
using the isomorphism from 7.2.2. This induces a morphism of complexes on Spa(FEs, Og, )¢t :

RIn.C(L) ®x, OF /p — Rih, (C(L) @5, h*OF, /p) — RIh.C(L @x, OF /p)

where the first map is the one of 5.1.2, and the second one is induced by the map h*(’)gs /p — O;E/p using
7.2.2. This induces a morphism of spectral sequences E} (L) @r, OF, /p = EYY(L ®F, OF /p).

All morphisms above commute with the localization to the category of sheaves of almost OES /p-modules,
which is a an abelian category. By 7.2.4, the considered morphism of spectral sequences induces an almost

isomorphism on FE7, so that it also induces an almost isomorphism on F,. This is the desired result by
construction of the spectral sequence. O

7.3. Proof of Prop 7.2.4. Let us rewrite the terms appearing in the proposition. Fix an étale F)-local
system £ on Y, and let F be an arbitrary étale sheaf of abelian groups on Y.

Since Y is proper, it necessarily qegs, so that the morphism Y — Spa(Es, Op,) is a coherent morphism of
algebraic topoi (cf. [Sch17, Section 8]). Then, by [GV72, Thm 5.1, R?h, commutes with filtered inductive
limits.
Direct sums and the colimit along Disjy, are filtered, so that, for all p,q € N :
n(c)
Rh| @ F|= @ RuF= P lim P R% (in.inF).
[A\T|=p+1 |A\T|=p+1 |A\I|=p+1 ¢€Disix; i=1
The map i7;, is a closed immersion, hence, by [Sch17, Lemma 21.13|, R%h, o i« = RI(f oig,)«.
Hence, we reduced to the following :
Lemma 7.3.1. For any q € N, the morphism :
n(c) n(c)
lim @ R (ini5, L) @, OF /p = lim @D RUh.(in,.if, (£ @F, OF /p))
ceDistI k=1 cEDistI k=1
s an almost isomorphism.
The key idea will be to view the U + R?h,(iy.i{;F) as presheaves on the profinite space X7, and
hgceDistI @:1:(01) RYh, (iTk*i*Tk]: ) as a form of sheafification of the above presheaves. Proving such an

isomorphism of sheaves reduced to proving an isomorphism on stalks, which will compute the étale coho-
mology of the Y7, for which the primitive comparison theorem 5.1.3 applies.
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Definition 7.3.2. We let, for all T C X7 and ¢ >0 :
SUF)T) := RIh,(ip«i7pF) € Sh(Spa(Es, Op, )et, Ab).

We let B denote the set of all clopen subsets of X1. Since X7 is profinite, this forms a basis of the topology
on X1 by [Sta23, Lemma 08Z7].

Recall the notion of (pre)sheaves on a basis, as in [Sta23, Section 009H]. In this formalism, the S?(F) are
presheaves on B valued in the abelian category Sh(Spa(Fs, O, )et, Ab).
Let us start by two quick lemmas regarding sheaves on profinite spaces.

Lemma 7.3.3. Let X be a profinite topological space, and B be the basis formed by clopen subsets of X.
Let A be an abelian category, and G be an A-valued presheaf on B.

Then, the presheaf on B defined, for any U € B by GHU) = lim <Disi @Z(:CI) G(Ty) defines a B-sheaf on
C 18] 7
X, valued in A (in the sense of [Sta23, Definition 009J]).

Proof. We will apply the criterion of [Sta23, Lemma 009L]. For any U € B, the set of disjoint clopen
coverings is cofinal®” in the coverings of U by elements of B.

Hence, it suffices to check the sheaf condition relative to a disjoint clopen covering U = | |,; U;, where
I is finite. Since the covering is disjoint, the cocycle condition is trivial, so that it suffices to check that

GH(U) = @;er G* ().
For all ¢ = {T} }1<k<n(c) € Disjy, the covering {Ty NU;} (1 i)cax 1 remains in Disj;; and forms a refinement
of the covering {U; };c1, so that the subcategory whose objects are :

Ob (DisjU‘Ui) = {Th}1<ken(e) € Disiy, Vi € 1,31 < k < n(e), Ty, C Ui}

and whose morphisms are given by refinements, is cofinal in Disj;;. Since the choices of refinements in
Disj;; are canonical, the second condition of [Sta23, Definition 04E6] is automatically satisfied. Hence, we
can compute the colimit defining G* alongside Disjyy,, so that :

n(ci) n(c)

n(c)
Pdw) =P lim Po(Th)= lm Po(Va)= lim PG(Va) =G ).

iel i€l ci€Disjy, k=1 ceDisjy|uy; k=1 ceDisjy k=1

This concludes. OJ

Remark 7.3.4. G¥ can be thought of as the B-sheafification of G. The construction above is the analogue,
with respect to the basis B, of the standard "plus" construction (as in [Sta23, Section 00W1]), that usually
needs to be applied twice to sheafify. Here, once suffices, even for non separated presheaves.

Recall that, for G a B-presheaf on X, one can compute its stalk at some z € X by F, = @UGB el FU).
Note that the plus construction of the above lemma is functorial. We have the following :

Lemma 7.3.5. Let X be a profinite topological space, with basis B of clopen subsets as above.

Let F, G be two B-presheaves on X, together with a morphism f : F — G of B-presheaves. Assume that
f induces isomorphisms on stalks F, = G, for all x € X.

Then, the induced morphism f*: F* — G is an isomorphism of B-sheaves.

Proof. By [Sta23, Lemma 009R], there is a functorial equivalence of category between B-sheaves on X
and sheaves on X, denoted F ~ F¢ such that, for all U € B, F'(U) = F(U), and, for all x € X,
Fet = F,.

Hence, the morphism f* induces a morphism of sheaves (F#)¢** — (G#)°**, that induces an isomorphism
of stalks, so that it is an isomorphism of sheaves.

32Helre, we use cofinality in the sense of the lemma of loc. cit. We do not claim cofinality in the sense of [Sta23, Definition
04E6], as the second condition needs not hold.
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Hence, so that, for all U € B the map (F#)(U) = (F})rt(U) — (GF)**(U) = (G*)(U) is an isomorphism.
This concludes. U

Let us now come back to the proof of 7.2.4. Using the notations above, it is equivalent to the fact that :
a
SUL) &, OF /p = SUL @ OF: /p).

Hence, by 7.3.5, it suffices to show that the morphism SY(£) ®r, (’)Es /p — SUL @, OF /p) of B-sheaves
on X7 induces an almost isomorphism on stalks.

Lemma 7.3.6. For any x € X7, let Neigh, be the category of compact open neighborhoods of x € Xj.
Let F be a sheaf of abelian groups on Yg. Then, there is a natural isomorphism

SUF)y 2 RI(hoig)siyF
where, for x € Xy, i, denotes the closed immersion x - Y; C X.

Proof. Fix x € X;. By [Orl05a, Lemma 4.4], for any family (W;)sen of compact open neighborhoods of
the point 1 - Pr(Qp,) € X7 such that [,cy W = {1- Pr(Qp)}, we have [,y 7" = Y;. Fix such a family
Ws. Hence, for all 2 € X the family {z - Wy} sen forms a family of compact open neighborhoods of = such
that (,en 2 - Ws = {2}, and (,cy ZEWe =z v7.
We let Ws(z) =z - Ws. Then {Ws(z)}sen forms a cofinal family in Neigh,,.
Moreover, since h is qcgs, by [Sch17, Prop 14.9], R7h, commutes with filtered colimits, so that :

SUF), = hﬂ RI(h oiw )iy F = Rh, hﬂ iw ity F

WeNeigh,, WeNeigh,,

Since z - Y; C Z}/V(m) for all compact open neighborhood W (x) of z, there is a natural morphism (as in
the discussion in 7.1.4) :
li%m Iwslyy F — GgslinF
W eNeigh,,
It suffices to prove that it is an isomorphism of étale sheaves on Y, and we will check this on fibers. Let
n: Spa(C,CT) — Y be a geometric point, and y € Y be the image of the unique closed point.

Then, by 3.2.2 we have, for any W & Neigh,, :

]:g if yex- Y]
0 otherwise

]:y lf T € Z}/V
0 otherwise

(i 15 F )= { and (iwy iy F)y = {

Since stalks commute with colimits, it follows that

1 w
lig iy F | Fr Y € Mwenein, 21
W eNeigh, 0 otherwise

Yy

This concludes since [Ny eneign ZW =z -Yr, as we explicited a cofinal system W;(z). O
We are now ready to prove 7.3.1, hence 7.2.4.

Proof. of 7.3.1. Using the reformulation above, we want to prove that the natural morphism :
SUL) @F, OFf, — SUL ®F, OF /p)*

is an almost isomorphism. By the combined lemmas 7.3.5 and 7.3.6 , this reduces to proving that, for all
x € Xy, the morphism :

RI(hoiy)wiz(L) @r, OF /p— Ri(hoiy).is(L® OF /p)

is an almost isomorphism. Pullbacks commutes with tensor products, and, since i, : x - Yy — Y is a
generalizing closed immersion, 2.1.1 shows that Z;O; /p = O;F_YI /p. Moreover, the pullback i¥L defines
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an Fj-local system on x - Y7, and h o4, is the structure morphism of « - Y7, which admits a structure of a
proper rigid analytic variety, by 7.1.1.

The result now follows from the primitive comparison theorem 5.1.3. U
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