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1 Stochastic individual-based processes and rescaling

In the two following subsections are the proofs for steps 2 and 3 of the construction of the model in

the first section of Methods in the main text of the article.

1.1 Reduction of the stochastic model from five to four state variables

The first model corresponds to the stochastic processes acting at the level of C, D, M, Z, X
entities (molecules, cells) (Fig. within a microsite.

Dynamics of C, D, M, Z, X occur in continuous time. M; is the number of bacterial cells at
time t. Z;, Cy, Dy are the numbers of enzyme molecules, SOC molecules, and DOC molecules,
respectively. X; is the number of complexes formed by an enzyme molecule binding a DOC
molecule. DOC enters the microsite at a constant rate. When a cell dies, a fraction p of the
molecules released are recycled into SOC, while the rest is recycled into DOC. A fraction [ of dead
microbes and deactivated enzymes may be lost due to leaching.

We denote by « the structural cost of a cell, which is the number of DOC molecules contained
in one cell, and we denote by o/ the energetic cost of a cell, which is the number of DOC molecules
consumed to produce the energy needed for the synthesis reactions involved in the production of a
cell. We denote the structural cost of one SOC molecule by 3, and the structural and energetic cost
of producing one molecule of enzyme by + and 7/, respectively. We assume that the energetic costs
are carbon released by bacteria as CO that diffuses out of the system instantaneously. We define

the biomass production fraction and enzyme allocation fraction as

1 _ 1
ata’ 2T

The event times are given by independent exponential random variables whose parameters are
defined by event rates (Tables |S1| and . These event rates give an approximation of the average

frequency of each event, however any event may occur at any time. The rates of cell growth and

YM = (Sl)

enzyme production depend on the cell trait ¢. Cell division is the outcome of storing assimilated
DOC until a threshold is reached. A parameter N scales the gradual process of consumption and
storage of DOC. Thus, there can be growth only if there is enough D to cover both the structural
cost, /N, and the energetic cost, o/ /N of this growth, hence the notation 1(p>(atary/ny Which
equals 1if D > (a4 «')/N, 0 otherwise. Likewise 1{p>.+s} is used for the production event of an
enzyme molecule. Growth leads to cell division only if enough D has been consumed and stored.

Enzyme-substrate complexes form at rate AX as one enzyme molecule (e.g. cellulase) bind one
SOC molecule (e.g. cellulose). A complex may either dissociate (with no reaction) at rate A\ ;, or
react at rate i and convert the molecule of SOC into a molecule of DOC while the enzyme is
released and free again to react with new molecules of SOC (Table [S2).

We use K as a scaling parameter for the magnitude of the number of interacting bacteria, which

by definition have access to the same (local) pool of resources. When K = 1, all parameter values
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correspond to the rates observed for a volume of soil V = 1079 cm? that we take as the baseline
volume expected to contain one cell. Increasing K means that the model treats interactions as
well-mixed among an increasing number of cells that occupy an increasingly large volume. As a
consequence, external inputs of SOC or DOC increase with K, and the probability that two enzyme
and SOC molecules encounter, that is proportional to X, decreases. We thus assume that there
are four constant parameters, Ic, Ip, A and K,,;7, such that

_ _ _ A _ _
Jg:Kk”$EJUmAK:R:wdkﬁU:me (S.2)

m

where I is the external input of C, Ip is the external input of D, X is the encountering rate,
and K,y is the uptake half-saturation constant. In our simulations, we will generally assume that
K is equal to 10, which is a good approximation of the number of cells that interact at each time.
Let K be fixed and let
Ce(t), D*(t), Me(t), Z5(t), X°(t)

designate the (stochastic) number of cells, enzymes molecules, SOC molecules, complexes and DOC
molecules at time ¢ in the CDMZX model associated to parameters A\° ; and ji°. Next theorem
ensures that under the assumption that complex dissociation and the decomposition reaction of the

complex are much faster than complex formation:

A, fE >> A
the stochastic CDMZX model can be simplified into the four-compartment stochastic CDMZ model

with structure shown in Fig. and events and event rates listed in Table [52| with
- T [ Vi
VE =3K_H mD (S.3)

mD —

L+i. K
where V,,p corresponds to the maximum decomposition rate when C' is not limiting.

Precisely, we assume that there are two positive constant A_; and fi such that

< 1< 1
)\5_1 = g)\_]_ and [Ls = gﬂ (84)

Let
Y© = (M, Z° + X°,C° + X¢, D°),

then the following result, which is proved in Section [4 holds.

Theorem 1. Assume that holds and that (M€, Z¢,C%, X¢, D¥)(0) converges in L? to the
deterministic vector (My, Zy, Co,0, Dy), when € goes to 0, then for any T > 0, the sequence of
processes (YE(t),t € [0,T))es0 converges in law, in D([0,T],N*) endowed with the Skorohod
topology, to (M, Z,C, D)cjo,r) defined by the 4-boxes model whose rates are described in Table
initial condition is (Mo, Zy, Co, Do) and VWIL(D is defined by .



Table S1. Events involving enzyme-SOC complexes (X) in the CDMZX model. Individual-level

events and event rates.

’ Event

H Event rate ‘

Formation of 1 complex X from 1 Z and 1 C"
(M,Z,C,X,D)— (M, Z—-1,C—-1,X+1,D)

MEzo

Dissociation of 1 complex X into 1 Z and 1 C:
(M,Z,C,X,D)— (M,Z+1,C+1,X —1,D)

2 X

Depolymerization of 1 C' into 8 D (decomposition)
from the effect of Z on C' in complex X
(M, Z,C,X,D)— (M, Z+1,C,X —1,D + p)

e X

Table S2. Events and event rates in both stochastic models (CDMZ and CDMZX). Cells are char-

acterized by their trait value ¢.

’ Event

H Event rate ‘

’ Events relative to M

M grows and accumulates an equivalent
of a/N molecules of DOC,

gives birth to an offspring if its
stock of carbon is equal to «

+ !
Dw— D — 5

— VAV D
N = Yt o 51 o)

M dies
C—C+|(1 —l)p%J,
D—D+[(1-)(1-pal

M produces 1 Z
D= D—(y+7)

¢WZVmU%1{Dzw+M}

’ Events specific to Z, C', D

Deactivation of 1 Z:

(M, Z,C,D)~ (M,Z —1,C,D + | (1 =1)v]) dz 7
External input of 1 C":

(M,Z,C,D)— (M, Z,C+1,D) fg
Loss of 1 C' due to leaching;:

(M, Z,C,D)— (M,Z,C —1,D) ecC
External input of 1 D:

(M,Z,C,D) v~ (M, Z,C,D +1) I

Loss of 1 D due to leaching;:
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| (M,Z,C,D) v (M, Z,C,D — 1) | epD |
’ Event specific to CDMZ model ‘

Depolymerization of 1 C into 5 D (decomposition)
through enzymatic reaction
(M,Z,C,D)— (M,Z+1,C —1,D + ) VE ZC

1.2 Derivation of the hybrid stochastic-deterministic model by rescaling the
stochastic CDMZ model

As explained in Methods in the main text, the biomass represented by a cell is much larger than
the carbon mass of a molecule of enzyme, SOC or DOC, whereas the number of cells is much
smaller than the number of enzyme, SOC and DOC molecules. We took this into account for
approximating the stochastic CDMZ individual-based model by a hybrid deterministic-stochastic
model, which allows to accelerate consequently the model simulations.

To set the approximation rigorously, we introduce a parameter x that gives the order of
magnitude of the biomass of a cell and the number of enzymes, SOC and DOC molecules.

The structural and energetic costs of a bacteria is rewritten
/ /
o =ra and o, = Ka'.

We also set I_g = klc, I_B = klp, _n’iD = VLRD, I_(;;U = kK7, and we are interested in the sequence
A cr Dy
¢ t t
<Mf,wz ,we——,wp——,t >0 ;
k k k K>0

when k converges to co. wy is the averaged carbon mass content of one enzyme, and likewise for

cells (war), SOC (we) and DOC (wp). The w parameters are related to «, # and v according to:

w w w
a:—M, B = —C, and = ey (S.5)
wp wp wp
Using these rescaling parameters allows the system of equations to be expressed in biomass and not
in molecular density, which would be less meaningful and more difficult to interpret.

With further rescaling (such that all parameters of the system are expressed in biomass) and

notations:
Ie = wclg, Ip = wplp, Knuy = wpKnu,
b 1y o v o - o -
Vap = 5 Vmp, Vmu = Z2Vau, ™= A, vz = 25z, (86)
dy = dy, dz = dg, ec = eéc, ep = e€p,

a direct application of Theorem 3.1 of |Crudu et al.| [2012] gives the following theorem.
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Theorem 2. Assume that (M“(O),wz we=—~,Wwp—, ) converges to a deterministic vector

(Mo, 2o, co,dp), then the sequence of processes

ZK CK/ DK
(MtK,WZ 7th7th7t20>
K K

“t
K
converges in distribution, when Kk goes to +oo, to the distribution of a PDMP whose generator is
Af(M,z,c,d) =
d
(1 — QO)’}/MVmUli{dzwD(a+a/)} |:f (M + 1, Z,C, d— WD(O[ -+ a/)) _ f(]\4'7 Z,C, d)i|

—i—cZMM[f (M —=1,z,¢c+ (1 —¢)pawp,d+ (1 —€)(1 —p)awp) — f(M, z,c, d)}

Of(M, z,c,d)
M d
+ (Ic —loe — Vinpzc) 0/(M, 2 ¢,d) é? ¢.d)
d Of(M, z,c,d)
Ip —Ipd+ Vi, 1- —onVm M -
+<D pd+ Viypze+ (1 —€)dzz (’m]VUKmU+d ) 94

This generator corresponds precisely to the generator of the PDMP described at the end of
Section 2.1 of the article.

For the sake of simplicity, the theorem has been written in the case where N =1 in the CDMZ
model, however, it can be directly adapted for N > 1. In our context, approximating the
microscopic model by the limiting PDMP is justified due to the large values of o, = 10'° and
of. = 2.33 - 10'° compared to 3, v and ¥’ (less than 10%). Finally, when N is really large, we
consider that the growth of all cells is also deterministic. However, a rigorous proof of this

approximation is not given in this paper.

2 Simulation algorithm

In this section, we describe the algorithm used to simulate our final model, which is a hybrid
stochastic-deterministic model on the lattice, and used to perform the figures of the paper. The
algorithm is adapted from the ones presented for example in (Champagnat et al. [2006], [Fournier
and Méléard [2004], also known as Gillepsie algorithm [Kierzek, 2002| and from the ones to simulate
PDMP.

The main idea is to couple PDMP models locally among microsites, by accounting for the
diffusion of products (DOC) and dispersal of cells between adjacent microsites. The DOC diffusion
between microsites is modelled by approximating a continuous diffusion with a Euler scheme in
which time is discretized with a fixed time step interval, 7qig. Taigr is chosen sufficiently small to
have a good discretization of the DOC diffusion.

Precisely, the simulation starts with a given amount of M, z, ¢ and d in each microsite at time
t = 0. Two stochastic events (death of a bacteria) can never occur at the same time. Assume that

the process has been computed until time ¢; and let us explain how to compute it until time ¢;11.
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We first simulate 7', an exponential random variable with parameter r(t;) = dy; M (t;), which
corresponds to the death rate of the total bacteria population at time ¢; (M (¢;) being the total

number of bacteria on the entire lattice). And we compute
tiy1 = t; + min (T, 7qif) -

In order to obtain the quantities of enzymes, SOC and DOC (resp. z(ti+1), c(ti+1), and d(t;+1))
in biomass in each microsite at time ¢;;; and the variation in amount of DOC stored within a

bacteria in the corresponding microsite, we use an Euler scheme that solves the dynamical system

( d
2 (t) = LpawDVmU'yZmM —dgz
d(t)=Ic —lgc— Vipzc
d(t)=1Ip —Ipd+ Vypze+ (1 —)dzz — SDOleUKMC]l_{_dM
d
A/t == 1-— Vm L
() = ol — PVt

in each microsite between t; and t;41, where M is the number of bacteria in the microsite at time
t;, A gives the amount variation of DOC stored within a bacteria, A(¢;) = 0 and the other initial
conditions are the biomass of z, ¢, d in the corresponding microsite at time ;.

Note that, within a microsite, the amount variation of stored DOC is equal for all bacteria and
corresponds to A(t;+1). Hence, this amount is added to the amount of DOC stored within each
bacteria living in the corresponding microsite. If, for a bacteria k, the resulting amount gk(ti_l,_l) is
over «, a new bacteria appears. The amount of stored DOC within the new cell and the mother cell
is then updated to be equal to half of Sy(t;;1) — a. To determine the position of the new bacteria,

the following steps are followed:
e A uniform random variable 6, in [0, 1] is thrown.
o If 1 <1 — paisp, the new bacteria is added to the mother cell microsite.
e Otherwise, the new bacteria disperses:
— If empty microsites are available in the four nearest microsites, the new cell is added to
one of them, drawn randomly.

— Otherwise, a uniform random variable 65 in [0, 1] is thrown:

* If 02 <1 — popen, the new cell is added in the mother cell microsite.

* If 03 > 1 — popen, a micro-disturbance happens. That is, one of the four nearest
microsites is chosen at random. All bacteria in this microsite dies. These cells are
removed from the population, an amount of (1 — e)pwpaM is added to variable d
and an amount of (1 —¢)(1 — p)wpaM is added to variable ¢ in this microsite (where

M is the number of dead cells). Finally, the new bacteria is placed in this microsite.
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Our next step in the algorithm consists in imitating a step of the Euler scheme associated with
the diffusion equation
d

ad(m, t) = O'diﬁAd(:L’, t),

in order to mimicking the diffusion of DOC. To this aim, we update the DOC biomass d;;(t;+1) in
the microsite of the j** column and the {** line by replacing it with
Odiff - T
daltin) + e (dj+1,z(ti+1) +dj1i(tivr) + g (i) + djga (tigr) — 4% da;l(twrl))-
Once these previous steps of updating are computed, we verify if a bacteria actually dies at time
tit1-

o Ift,.1 —t; =T, then a bacteria dies at time ¢;41. It is chosen uniformly at random among all
alive cells and it is removed from the population. At the same time, an amount of
(1 —e)pwpa is added to variable d and an amount of (1 —¢)(1 — p)wpa is added to variable ¢

in the corresponding microsite.

o Iftiy1 —t; = maig (i.e. T > Tgifr), no bacteria dies.

All steps are then computed again until a chosen time is reached or until all cells are dead.

3 Parameter values and numerical simulations

In order to evaluate the parameters of our model and give default values based on literature, we
compare the stochastic CDMZ individual-based model (which is our default model) to a
deterministic one. Under the assumption that all entities are in large number, the CDMZ model
can be rescaled as a dynamical system of ordinary differential equations, similar to [Schimel and
Weintraub| [2003] seminal model of litter decomposition (see also |Abs and Ferriere| [2020], Wieder
et al. [2015]). We obtain the scaling of the deterministic model parameters relative to the

individual-level process parameters.

3.1 Deterministic approximation of the stochastic CDMZ model

In this subsection we assume that all cells have the same trait value, ¢, so that there is only one
type of cells in the system, and we will consider that K is large, where K refers to the scaling
parameter introduce in Section If (S.2) holds, we prove that the stochastic CDMZ model can

be approximated by the following deterministic model

dm d

I (1 =)V, UKmU+dm dym

dz d

= oy Vinti——————m — d

p .
d—;: =Ic —ecc+ (1 —)pdyym — Vyupze

ﬂ—[ —epd+ Vippze+ (1 =10)[(1 — p)dyym + dzz] =V, Lm
\dt—D D mD p)anm A mUKmU—i-d’
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where m, z, ¢ and d are in carbon mass unit, and all parameters correspond to rescaled parameters
defined in .

Precisely, let us denote by (M (t), ZK(t), C¥ (t), DX(t)) the number of bacteria, enzymes
molecules, SOC molecules and DOC molecules given by the stochastic CDMZ model presented in
Section [I.I] in the case of K neighborhoods. The following lemma can be deduced from a direct
application of Chapter 11 in Ethier and Kurtz [2009].

Lemma 3.1. Assume that (S.2) holds and that

—(m(0),2(0), ¢(0),d(0)) € [0, +00)",

ME@©) z¥@©0) CcX¥() DX(0)
<wM > K—+o0

K , Wz K ,We K , WD K

then for any T > 0,

lim sup

ME@)y  ZK@t) oK)  DE(@)
K—>+ooth (CUM

v e S o PL O ) ) 10t )| o

o

where the limit stands in probability, ||.||«c denotes the L®-norm on R* and (m, z,c,d) is the unique

solution to (S.7) with initial condition (m(0), z(0),c(0),d(0)).

3.2 Default parameter values and initialization of simulations

Model can be compared to models already existing in the literature, which provide us with
default parameter values (Allison et al, [2010], (German et al,|[2012], Hagerty et al.|[2014], |Schimel |
land Weintraub] [2003]).

The structural and energetic costs (as and vs) are calculated from the masses and production
fractions of the variables (see Equations and ) They are not inputs of the model, and are

presented here only for informative purposes.

Table S3. Parameters of the deterministic model in biomass.

Parameter H Unit H Description H Default value

1% em? microsite volume 1079

K scaling parameter of (local) microbial population size || 10

© enzyme allocation fraction [0, 1]

Y microbial carbon biomass production fraction 0.3

A enzyme carbon mass production fraction 0.4

W mg mass of 1 M cell 1079

wz mg mass of 1 Z molecule 1016

we mg mass of 1 C molecule 10716

wp mg mass of 1 D molecule 101
structural cost in D of 1 M cell 100

o/ energetic cost in D of 1 M cell 2.33 x 1010




15} structural cost in D of 1 C molecule 103
0% structural cost in D of 1 Z molecule 103
~ energetic cost in D of 1 Z molecule 1.5 x 103
dpys h1 microbial carbon biomass death rate 2x 1074
dy h=! enzyme carbon mass deactivation rate 2x1073
Vit h1 maximum uptake rate (in carbon mass) 0.42
VD mg~'h™! || maximum decomposition rate
when C is not limiting %
Koo mg uptake half-saturation constant 0.3 xV
1o mgh™! external input of C 5x 1074 x V
Ip mgh™? external input of D 0
ec h1 C leaching rate 1076
ep h—t D leaching rate 1076
l fraction of dead M and deactivated Z
leached instead of recycled 0
P fraction of recycled dead M flowing
into C (remaining fraction flows into D) 0.5
Tinax h maximum simulation time 106
Dt probability of mutation per cell division event between 1/(Kin(K))
and 1/K?
O mut standard deviation of mutation effect [0.01 —0.1]
102 The decomposition rate V,,,p has been calculated as ”I’([’)Lé“ from [Allison et al.| [2010]’s model.

193 Since the stochastic model allows us to look at the behaviour of smaller populations, we reduce the
104 s0il volume to 10~%em? (instead of 1em? in most models). Volume affects 3 parameters: V;,p,

105 Kop, and Io. We ignore the input of D. We assumed leaching of D equal to leaching of C. Dead
196 microbes and deactivated enzymes are recycled half into C' and the other half into D. The values

107 for pmut and oy have been chosen to respect the assumptions of the adaptive dynamics that

s mutations are rare and small [Geritz et al., [199§].

199 Concerning the change of unit from biomass to individuals (ws), the models for M, Z, C, D are
200 Bacillus subtilis ou clausii, cellulase, cellulose and glucose respectively. We estimated the mass of 1
200 D with the mass of 1 molecule of glucose, which contains 6 atoms of carbon and

202 Mg 02x1023atoms of 12¢ = 12g9. We estimated the mass of 1 C' from the approximation that 1 molecule
203 of cellulose contains about 103 molecules of glucose. We estimated the mass of 1 Z by assuming

204 that 1 molecule of cellulase contains about as much carbon as 1 molecule of cellulose. Finally, we
205 estimated the mass of 1 M based on the results from biomass estimations of soil samples (with

206 various methods: CFI, CFE, SIR...) that there are about 4 x 108 active individual bacteria in 1em3

207 of bulk soil, which weight 0.1mg in carbon [Fierer et al. 2009).
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Finally, microsites are initialized according to the stationary state given by System for all
variables M, Z, C' and D. Mutants are initially located at the center of the grid (changing the
initial location does not modify the final fraction of mutants in the grid). To reduce simulation
time, we assume that mutants are initially at 5% frequency in the introduction microsite. We ran
simulations for (resident, mutant) pairs with 4+ /- 0.05 difference in trait value ¢ . From the final
frequency of mutants we compute the mutant exponential growth rate, and average over 20

simulation replicates.

3.3 Numerical comparison of the hybrid stochastic-deterministic model and its

deterministic approximation

The deterministic model corresponds to a large (high K') single-microsite version of the final hybrid
stochastic-deterministic model used for our results. Its ecological dynamics defined in can be
analytically solved, indicating that there are one or three equilibria depending on the value of . At
the “trivial” equilibrium, there are no active microbes or enzymes (Mcq1 = Zeq1 = 0), SOC and
DOC are fixed by the balance of external inputs and leaching (Ceq1 = Ic/ec and Degi = Ip/ep).
This equilibrium is always locally stable. When the other two equilibria exist, one is always
unstable, and M, Z, C, D at both equilibria are all positive. Existence of the positive equilibria
depends on ¢ belonging to a certain interval (@min < © < @maz). When the non-trivial equilibria
exist, one is unstable and the other is locally stable for most values of ¢ and unstable (bifurcating
into a limit cycle) for values of ¢ close to @min. For the default parameters values (Table , both
exist when 0.01212 < ¢ < 0.9984 and the microbial equilibrium is stable for 0.01212 < ¢ < 0.9969.

For viable values of ¢ (between 0.01212 and 0.9969), microbes do not go extinct during the
simulated time in both the single-microsite hybrid model with large K and the deterministic model
despite possible strong oscillations around the equilibrium. However as we decrease the system size
K, the average microbial population size M decreases in the hybrid model, and stochasticity added
to fluctuations can lead to rapid extinction, resulting in a smaller range of viable ¢ (Fig. S1). We
can find a minimal value of K under which the range of viable ¢ diverges significantly from
deterministic predictions. We can lower this minimal value when switching to a multi-microsites
grid (Fig. , because local extinctions do not occur simultaneously, therefore the population at
the grid scale can survive one microsite population extinction, and dead cells are recycled into
resource, which feed and help survival of neighbouring microsites’ populations.

How well does the deterministic CDMZ model capture the behavior of its stochastic
counterpart? A key difference comes from the fact that a cell can grow only if there is enough D
available for both the structural and the energetic costs of growth, (o + o')/N, and likewise for the
production of enzyme molecules. If there is not enough D, the event is dropped, which means that
the cell does not grow and no D is consumed, therefore the numbers of M, Z and D are unchanged.
This does not happen in the deterministic model, which is a infinite population approximation of

the stochastic model. In particular, since one cell is much more costly in D than one enzyme
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molecule (Table , more events of cell division than enzyme production may be dropped,
especially when N is small. As a result, a significant difference may arise between the expected
investment (parameter ) and realized investment of a cell into enzyme production versus biomass
production. Figure [S1|shows that at low system size K, keeping the discrepancy small between the
deterministic and stochastic models across the range of feasible ¢, requires outstandingly large N,
so that the structural and energetic costs of growth are kept very low.

A second key difference is fluctuations in the stochastic model, which may drive the population
to extinction. In contrast, for viable values of ¢, strong oscillations may occur in the deterministic
model without compromising the cell population persistence. In the stochastic, spatially extended
system, the habitat spatial structure induces a metapopulation rescue effect, which strongly

increases the probability of persistence over any given time horizon (Fig. S2).

3.4 Resident-mutant interaction in the spatial model

At each birth event, a daughter cell is a mutant with probability p,, or has the same ¢ value that
its mother with probability (1 — py,.:). Because only one event can occur in any small time interval,
only one mutant can appear in any small time step but multiple mutants with different ¢ values
can co-occur. We aim to look at (1) the dynamics of the trait ¢, (2) the fate of the population with
vs. without adaptive evolution (fixed pyue = 0).

We initialize the simulation with a monomorphic population (all cells have the same ¢ value). All 4
variables ¢, d, z, M are initialized at the steady state values predicted by the deterministic model
corresponding to the values of K and ¢ chosen. We run 20 simulations per test (e.g. for each K
tested, for each initial ¢ tested, for with versus without evolution), which are different due to
demographic stochasticity. Total time of all parallelized simulations was 107 hours (about 1000

years).

4 Rigorous proof of Theorem 1

In this Section, we prove rigorously Theorem [} To reduce the CDMZX model, the main difficulty
arises because we can not have classical Skorohod convergence in distribution of the process
(Me,Z5,C%, X%, D%t € [0,T])e>0- Indeed, when ¢ is small, there will be some really close jumps of
X°¢ when a complex is formed and almost immediately dissociated or decomposed. It is why we are

interested in the process
Y© = (M, Z° + X°,C° + X¢, D°),

and we prove the convergence of the sequence of processes (Y¢(t),t € [0,T])e>0 in law, in
D([0,T],N*) endowed with the Skorohod topology, to (M, Z, C, D),c(o,7] defined by the 4-boxes
model of Section [L.1]

Here we take N = 1, but the proof could be generalized N > 1 by introducing multiple cell

stages describing the state of cell resource reserve.
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Proof. Step 1: The first step is to prove the tightness of sequence (Y¢).~q in D([0,7],N*). To this
aim, we denote the jumps set of process (Y¢(¢),t € [0,T]) by

{J5}iz1 ={t € [0, T], Y (t—) # Y (1) }- (S.8)

Note that Y¢ is cadlag, hence the definition (S.8)). As any jump of Y¢ is of size 1, the tightness of

Y¢ follows from the two conditions:
i) limg—s oo limsup,_,o P(||Y¢||oc > a) =0,

ii) lims_o limsup._,,P(35 > 0, 5 —J5 < 0) =0.

Indeed, these two conditions directly imply the two conditions of Theorem 13.2 in the book of
Billingsley| [2013], which ensures tightness.

To prove i), we introduce N, = aM® +vZ% 4+ BC° + (v + §)X® + D° the total equivalent
number of DOC molecules in the system at any time. Since the only external sources of carbon are
inputs of C and D, N7, is stochastically bounded from above by

sup Nior(s) = Nioy(0) + P((Ip + BIc)T) =t Nyax (S.9)
s<
where P((Ip + BIc)T) is a Poisson random variable with parameter (Ip + 8I¢)T. From the

assumption on the initial conditions, we deduce immediately that the random variable N¢ . is

L?-integrable and that for ¢ sufficiently small, there exists Cy > 0 such that

E [Nfax] +E [(N5a)?] < Co. (S.10)

max

Moreover, since «, 8 and -y are greater than 1, we obtain from Markov inequality,

P([[Y*]loo = a) <P(N;

max

1
Z CL) S 700,
a

for any e sufficiently small. This ends the proof of 1).

We now deal with ii). Let us set > 0. First of all, note that we can focus the study on the set
{X¢(0) = 0}. Indeed, from the assumption on the initial condition, for any ¢ small enough,
P(X%(0) > 1) <n. Hence

P(3j > 0,J5, — JE <8) < n+Po(3j>0,J5,, —J5 <9), (S.11)

where for any set A, Po(A) = P(A|X(0) = 0). In what follows, we restrict our focus on
{X%(0) = 0}.

Then, we count the number of jumps of Y. Note that any jump of Y¢ is also a jump of
(M¢, Z5,C%, X¢, D?). Thus, we count the jumps number of the latter. As originally done by
Fournier and Méléard [2004], it is convenient to represent a trajectory of individual-based processes
as the unique solution of a system of stochastic differential equations driven by Poisson point

measures. To this aim, we introduce a collection of 11 independent Poisson Point Processes
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(N%(ds,d))i=1,11 on [0,00)? with intensity dsdf and independent of e, which will be used to
encode the 11 different types of events of the process (M€, Z%,C¢, X¢, D). We also denote all rates
of this process by (r5(t),t € [0,T])i=1,..11, i.e. these rates are respectively

(1- @)’VMVmU#iDEMel{DszaJra'} (birth of a M), dy;M* (death of a M),
cpﬁZVmUﬁMal{Dezwﬂ/} (production of a Z), dzZ¢ (deactivation of a Z), I (appearance of
a C), ecC® (disappearance of a C'), Ip (appearance of a D), epD* (disappearance of a D), AZ°C*
(formation of a X), A° ; X¢ (dissociation of a X), and i X¢ (decomposition of a X). Note that only
the events of type 1 to 8 and 11 correspond to jumps of Y*. Hence, the jumps number of Y* can be

bounded stochastically by

T .
{5y =0 Y /O/RJrl{ggrf(S_)}N’(ds,dﬁ). (S.12)

i€{1,..,8,11}

The only problem comes from the last rate g®X¢, which is unbounded when ¢ goes to 0. However
£ X*® =0 as soon as there is no complex X in the system, and complexes are created with the

encounter of a Z and a C (9-th rate). Thus, we immediately conclude that

T T
1geaex=(s_n N (ds, do g/ / 1igesze(srce(s N (ds, d6).
/O/R+ to<mexepN - (ds, ) < - | Tocazeyca-p AV (ds )

In addition with (S.12)), (S.9) and (S.10), we deduce, if € is small enough that

9 T
. n
Po(t{J5} > n) < > P (/O /]R+ 1 ors ooy N (s, d0) > 9>
=1

9

9

< =T Eop| sup 7i(s

3 Lem ( ’] (5.13)
9T /- _ -

< = (Io + Ip + C1Eo [Ny + Ao [(N30)?] )

9T
<—Cy — 0,
n n——+o00

with C1 := Ay Viu + dar + 372V + dz + éc + ép and Cy := Ic + Ip + C1Cy + ACy. We fix
n = [9TCy/n| + 1 such that the last r.h.s. is smaller than 7. Thus,

Po(3j > 0,J5,1 — J5 <8) < Po(t{J5} > n) + Py (35 € {1,.on— 1} J5, — J5 <6, £{J5} <n)

n—1
< wd Y B - <)
j=1
(S.14)
Moreover, for any j € {1,..,n — 1},
Po(J51y — J5 <6) < Po(J54q — J; <O|X5(JF) =0) +Po(X*(J5) > 1) (S.15)

The first term of the r.h.s of (S.15)) can be bounding using the Markov property of
(M¢, z#,C%, X*, D). Indeed, the two last types of events (10 and 11) can not occur after time J7
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and before any other jumps, since X°(J5) = 0. Hence

5 .
Po(J;+1 - J; < (5|X€(J;) = O) < Py (32 S {1,..,9},/0 /IRJF l{gsrf(s_)}NZ(dS,de) > 1>

9

n
<0y Eo| sup ri(s)| <0Cy < =,
; s€[0,T n
as soon as 0 < n/(nCs). Hence, with (S.14) and ([S.15),
n—1
Po(3j > 0,75, —J5 <68) < 2+ > Po(X°(J5) = 1). (S.16)
j=1

To bound the second term of the r.h.s of , recall that the positive jumps of X¢ are not
jumps of Y¢ and note that X E(J;) may be greater than 1 only if there exists a positive jump of X¢
whose next event is of type 1 to 9 (and not of type 10 or 11). We denote the set of positive jumps
of X¢ by

[S5}s1 = {t € [0,7), X*(t) - X=(t—) = 1}.

The second term of the r.h.s of (S.16)) can thus be bounded by

n—1
> Fo(X(J) 2 1) <Py (3€ > 1, min 77(57) < min{Tfo(SZ),Tﬁ(SE)}> , (5.17)
i=1 -

where for any i = 1,..,10, 77 (57) is the first time event of type i after S7, that is

t .
E(SE) = inf{t > s;f,/ / Lpere(oyy N'(ds, d6) > 1}.
sgJr+ T

After time Sj and before any other event, X¢ is obviously greater than 1. The rates r{, and r{; can
thus be bounded from below by A°; and i respectively, other rates can be bounded from above
using the r.v. N, .. Thus, using again , together with and the Markov property
satisfied by (M€, Z¢,C¢, X¢, D?), we obtain

n—1 n
D Po(X(J5) =) <Y Py < min_ 7;(57) < min{Tfo(SZ)»Tﬁ(SE)}> +Po(4{S7} > n)

; 1<i<9
j=1 /=1
< nP, (7‘ < 5xi1+ﬁ5) +,

where £5: ;- is an exponential r.v. with parameter A€ | + jif, and,

t
T = inf {t Z 0,/(; /]R+ 1{9SI_C+I_D+01Nxar;ax+5‘(Nx%ax)2}N1(ds’ de) Z 1} .

Hence )
S P(XE(J5) = 1) <n / Py (r < 8) (A2 + a°)e ATt i )sds 4y
=1 0 (S.18)
Co
< ne= +n
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Finally, with (S.11]), (S.16)) and (S.18]), we obtain

limsupP(35 > 0,J5., — J5 < §) < 4,
e—0

as soon as § < n?/(18TC3) (as this implies that § < 1/(nC3)). This ends the proof of ii), and the
one of the tightness of process Y©.

Step 2: The second step is to identify the limit. As the sequence of processes (Y¢).~¢ is tight,
it is sufficient to prove that any accumulation point has the same law. Let us take
(M, Z,C, D) € D([0,T],N*) the limit (in law) of a sub-sequence of (Y¢).~0, that we denote also by
(Y)es0 for the sake of readability and we will denote (M, Z,C, D) by Y. We first prove that Y is a
Markov process and then characterize it by describing its jump rates. Note that {Y¢}.5¢ are not
Markov processes, however {(Y¢, X¢)}.5o are Markov processes.

To prove that Y is a Markov process, let us set t > 0, a sequence of m + m’ times
0<t; <..<tym<t<s; <. <sy and m—+m' + 1 vectors, Y1, .., Yms Ye, Yl - Yl € N From

Dynkin’s theorem, it is sufficient to prove that
]P’(Y(sm/) =y Y(s1) =i |Y(#) = yt, Y(tm) = Ym, .., Y(t1) = y1>
= P(Y(sm) = s Ys1) = YiY()) = 92) . (S:19)
From the convergence in law and assumptions on X¢(0), we have, for any ¢ > 0,

P(Y (5m) = Yoo Y1) = Y (8) = 3, Y (01) = 11 )

= 1im Po (Y7 (5r) = Y, s Yo(51) = 4V () = s, Yo(11) = 1)

e—0 (820)
o Do Po(Vom) = s (YL X)) = (1 0), . Yo (01) = 1)
=0 S0 Po (Y2, X2)(8) = (g, b), ., YE(t) = 11 )

Then we prove that, for € small enough, X¢(¢) is equal to 0 with a large probability. Indeed,
(X¢(u))u<t has little chance to reach 2:

Posup X°(u) 2 2) < Po (36 2 L in, 77(57) < min{75y (59 7 (5)} ).
u<t EAS

where all terms have been defined in (S.17), and the r.h.s term has been proved to converge to 0

when € goes to 0. It remains to prove that X¢(¢) has little chance to be equal to 1 on
{supy<; X°(u) < 1}

Po(X°(1) =1, sup X (u) < 1) <Po(302 1, 87 <t < S +min{riy(57), 75, (57) ), sup X (u) < 1).

As previously, note that there is not an infinite number of events S7 in [0, 7] and that {Sj}so are

directly correlated to the events of type 9. As min{7{,(57), 71;(57)} is an exponential random



340

341

342

3

g

3

344

variable e e e deduce,

Po(X*(t) = 1.{sup X*(u) < 1})

u<t

<30 [ Ra(S7 = ) 02+ )OS+ o (355 > )

>1
o) t _ .
< n/ Po(/ / L{g<rs (s} N (ds, df) > 1)(Xi1 + i1f)e MASH B ) gp 4 g
0 t—hVv0 JRT

< n/ hACH(XE | + fi)e MO+ i) gy 4
0

as soon as ¢ is sufficiently small. In other words, Po(X¢(¢) > 1) converges to 0 with . (S.20)

becomes
P(Y(sr) = Yoo Y(51) = GV (1) = g0, V(1) = 11 )

i IP)O(YE(Sm’> = y;n’a 0y (Y€7X€)<t) = (yt70)7 "7Y€(t1) = y1>

=0 P0<(Y€,X€)(t) = (y:,0), .., Ye(t;) = yl) (S.21)
= B Po (Y (5m) = | (Y5, X5)(0) = (,0), Yo (1) = 11 )

= 1im Py (Y () = Yo, | (¥, X)(t) = (31,0)),

where we used the Markov property of (Y%, X¢). Using same ideas, it is straightforward to prove
that ]P’(Y(sm/) =y ., |Y() = yt) is also equal to the last term of (S.21)), hence and the
Markov property of Y.

It remains to describe the transition rate matrix of Y. To this aim, for any v,y € N4, we study
the limits

tim P(Y(t) = /[¥(0) = ).

From what we have seen before (notably that the events of type 1 to 8 are not really affected by the
presence of the fast species X¢), it is straightforward that, in the limiting process Y, there exist 8
types of events with rates (1 — @)WMVmUﬁMl{DZa—&-a’} (birth of a M), dy M (death of a M),
mzva%Ml{me} (production of a Z), dzZ (deactivation of a Z), I (appearance of a
(), ecC (disappearance of a C'), Ip (appearance of a D), epD (disappearance of a D). It remains
to deal with the three last types of events. However, we have seen that when a event of type 9
occurs, an event of type 10 or 11 occurs immediately after (such that the formed complex

disappears or dissociates). In the limit, both events are simultaneous and

P(Y () = (mo, 20,c0 — L do + B)[¥(0) = (mo, 20.co, do)

= lim P(Ye(t) = (mo, 20,c0 — 1,do + 5)|Y*(0) = (mano,Cmdo))

e—0

= lim P(Ys(t) = (mo,Zo,Co —1,dy + 5)’Y6(0) = (mo,ZO,CQ,do))

e—0
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It remains to characterize the jumps rate of Y. Let us start with a birth of a M. As done

previously (see ([S.20)-(S.21))), we have

IP’(Y(7H— h)=(m+1,z,¢d— (Oz—i—a'))‘Y(t) = (m, z, ¢, d))

- ;LI%IP()((YE,X‘E)(t YR =(m+1,z0c d,O))(YE,XE)(t) = (m, 7, ¢, d, 0)).

Using the jumps rate of (Y, X¢), we deduce directly

_ d
P(Y(t+h) = (m—i—l, Z,C, d—(a+a/)) ’Y(t) = (m, Z,C, d)) = (1—@)’7MVmUmml{dza_i_a/}h—'—O(h)

The same can be done with the death of a M, the production of a Z, the deactivation of a Z, the
(dis)appearance of a C' and the (dis)appearance of a D, where the actions of the complexes do not
intervene. And we find the rate given by Theorem The only problem may come from the

decomposition of a C' into S D:

( (t+h)=(m+1,z,¢c— 1d+ﬂ‘Y (m,z,c,d))

(
_hm]P’g<Y5 XY (t+h) = (m,z,c—1,d+ 3,0) (Yf,Xf)(t):(m,z,c,d,0)>

e—0

= lim Po (¥4, X7) (k) = (m, 2, ¢ - 1,d+ﬂ,0))(w,x€)(0) = (m, 2, ¢,d, 0))
E—

= hm Py (Sl < h,m1;(57) < mlan (Sl)))

As we proved before that Py (minj<;<g 77 (55) < 75,(S7)) converges to 0 with ¢ (see (S.18))), we have

P(Y(t Y)Y =(m+1,zc— 1,d+5)‘Y(t) = (m, 2, ¢, d))

= lim o (ST < h.701(5) < 75o(57)))

IELE
— ;1_1’)1(1) AZC X 7)\511 —+ O(h)

= Viupzch + o(h).
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w 5.1  Figure S1. Effect of K on the dynamics of the total cell population M.
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Figure S1. Effect of K on the dynamics of the total cell population M. The model used is the single-
microsite hybrid stochastic-deterministic model. Five values of K are used between 10 and 1000. For
each value of K, twenty simulation runs are reported; each run is colored differently. Simulations
stop when the cell population reaches zero. Parameter values: All constant parameters are set to
their default values (Table , initial conditions are adjusted to ¢ = 0.5, and Tiax = 108.
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Figure S2. Effect of exoenzyme production ¢ on the dynamics of total cell population M and total

mass of z, ¢, and d. The model used is a 100-microsites hybrid stochastic-deterministic model with

K = 10 for all microsites. Parameter values: All constant parameters are set to the default values

(Table |S3).

Initial conditions are set to the steady state of the corresponding ¢ in the central

microsites occupied by microbes, and M = Z = D =0 and C = 5 x 107° in the empty microsites.
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