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Abstract

We measured the angles produced in the Plateau border region of ‘dry’ soap
films. In a simple experimental geometry, we demonstrated that a negative line
tension can be attributed to these regions. This result has important consequences
for the theoretical description of foams approaching the dry limit.

} 1. Introduction

Foams are collections of gas bubbles trapped in a complex network of thin liquid
or solid films and they have a great deal of practical importance in industrial pro-
cesses as well as in everyday life (food, shaving foam, insulators, etc.) (Weaire and
Hutzler 1999). Establishing the relations between the physical properties of the films
and gas, and those of the resulting material remains a fascinating and yet puzzling
problem that has motivated numerous experimental and theoretical studies.
Interestingly, understanding foam physics exhibits the same types of challenges as
those faced when studying granular materials. In these materials, the relations
between the individual properties of the solid grains and their collective behaviour
are still only partially understood (Jaeger et al. 1996, Kadanoff 1999, Duran 2000,
Herrman et al. 2001). In foams, the problem is further complicated by the possibility
that the gas bubbles might deform, which necessitates complete understanding of
the local geometry in these systems.

Idealization of liquid foams commonly consists in considering the films as sur-
faces of negligible thickness, the liquid being entirely contained in curved Plateau
(1873) borders of triangular section at the junctions (figure 1). This limit, convenient
for a theoretical study, is that of the so-called ‘dry foam’; the water content
approaches zero and one is left with a skeleton of interconnected thin films. In two
dimensions, the decoration theorem states that the structure of a two-dimensional
foam of finite liquid fraction �l corresponds to that of the appropriate dry skeleton
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(i.e. a limiting structure for zero liquid fraction in which the vertices shrink to
points); in other words, from the dry limit, the increase in �l leaves the overall
foam geometry unchanged. The liquid accumulates in the Plateau borders and
decorates the initial point-like vertices of the dry skeleton (Weaire 1999). In three
dimensions, there is no equivalent for the decoration theorem. In the following,
we demonstrate theoretically that a negative line tension is associated with the
accumulation of water in the Plateau border regions. By direct observation of an
annular Plateau border, we give the first experimental evidence that such a line
tension plays a role in the structure of simple three-dimensional foams at finite liquid
fractions.

} 2. Theoretical background

An increase in the amount of water in the Plateau border leads to a decrease in
the total surface free energy and, as a consequence, the corresponding line tension is
negative. This can be easily demonstrated by considering the case of three planar
soap films, assumed to make 120� angles between them and connected by a recti-
linear Plateau border (figure 1) (Krotov and Rusanov 1998). In this case, the cross-
section of the air–water interface in the Plateau border region is a circle (radius r).
Relative to the dry limit (r! 0), the variation in the surface free energy per unit
length can be written

�"s ¼ � p� 2� 31=2
� �

r � �0:32�r, ð1Þ

where � denotes the surface free energy of the air–water interface. The decoration
energy �"s is negative and proportional to the radius r of curvature. Thus, the
surface free energy per unit length of the Plateau border decreases when the
liquid fraction increases. One can determine the corresponding line tension T, by
considering a length l of the Plateau border and by calculating the variation in the
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Figure 1. Cross-section of the Plateau border joining three planar soap films. Within the
triangle outlined by broken lines, the surface free energy, associated with the air–water
interface (black lines) is less than of the skeleton (white lines) which corresponds to the
dry limit, r! 0.

200 J.-C. Géminard et al.



associated surface free energy at constant water volume V. One obtains the negative
line tension

T ¼
ol �"sð Þ

ol

����
V

¼
�"s
2

: ð2Þ

In the dry limit (r! 0), three soap films are predicted to make 120� angles
between them at the vertices (Almgren and Taylor 1976). In the following, we
shall show both theoretically and experimentally that, because of the line tension
T, the angles can differ significantly from 120�.

} 3. Experimental situation and results

One can easily produce a catenoidal film by stretching soap between two
horizontal annular frames. Cutting the initial catenoid in the horizontal plane
with the help of a wet spatula, one can add to the system a horizontal circular
soap film hanging between two catenoidal films (figure 2). After a short transient
(about 5min), during which drainage occurs, the system equilibrates. Kept in contact
with a humid atmosphere in order to avoid excessive drying, the equilibrated system
can be observed for several minutes during which our measurements do not exhibit
any systematic evolution with time. The radius R of the Plateau border, which
surrounds the horizontal film, is altered by changing either the diameter D of the
annular frames (usually 1 cm) or the distance H (up to about 0.4D) between themy.
The volume of water in the Plateau border and consequently the radius r depend on
the preparation of the system.

Using a charge-coupled device (CCD) camera (Panasonic, WV-CL700), we
acquired images of the system from the side along the horizontal axis (figure 3).
These images were subsequently digitized and analysed with the help of a personal

yFor a larger distanceH between the frames, the system is unstable and the collapse of the
structure leads to the formation of one planar film on each of the frames and of a droplet. This
collapse, similar to that of a simple catenoid (Cryer and Steen 1992, Chen and Steen 1997), as
well as the response of the structure to a mechanical perturbation will be the subject of further
publications.

Figure 2. Sketch of the experimental situation. A circular soap film is suspended by two
catenoidal films attached to two horizontal annual frames. The radius R of the Plateau
border that connects the three films is altered by changing either the diameter D of
the frames or the distance H between them. The upper catenoidal film makes the
angle � and the lower catenoidal film makes the angle � with the horizontal plane.
Experimentally, accurate values of the angles � and � are obtained by carefully
detecting the profile �(z).
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computer equipped with a frame grabber board (Data Translation DT2255) and
data analysis software (Wavemetrics, Igor Pro 4). We carefully analysed and then
excluded the deformations of the images induced by the optical system; we imaged a
grid in the same optical conditions as the soap films and found that the only defor-
mation is due to the small anisotropy of the CCD, which we measured to be
1.71� 0.01%. The measurements consisted in detecting the profile �(z) of the
films, above and below the Plateau border. In order to achieve the required accuracy,
the numerical procedure scanned first the image from top to bottom, detecting the
outline of the catenoidal films to within 1 pixel; the position �(z) was then detected
within about 0.1 pixel by interpolating several intensity profiles obtained along lines
normal to the initial outline with a Gaussian function. In order to exclude the
possible residual tilt of the image (always less than 1�) and to determine accurately
the axis of revolution, the profile �(z) was detected on both the right- and left-hand
sides of the image. Both the lower and the upper experimental profiles were
then simultaneously interpolated with two different catenoidal profiles (hyperbolic
cosines), allowing the free rotation of the image. We determined three quantities in
the plane of the horizontal film, where the two catenoidal profiles intersect: the
angles � and � that the upper and lower films respectively make with the horizontal
plane and the radius R of the Plateau border (figure 2). We measured the radius r by
direct interpolation of the air–water interface observed on additional images taken at
higher magnification.

For large radii r, the weight of water in the Plateau border is not necessarily
negligible and the experimental situation needs further analysis before we can draw
conclusions. (Note that the upper and lower films are not symmetric with respect to
the horizontal film in figure 3.) Taking into account the line tension T and the weight
�sg of water per unit length, one can write the two relations imposed by the local
mechanical equilibrium of the Plateau border in the horizontal plane and along the
vertical as

cos � þ cos � ¼ 1þ
T

2�R
, ð3Þ

sin � þ sin � ¼
�sg

2�
, ð4Þ

where � denotes the surface free energy of the air–water interface, � the density of
water, g the acceleration due to gravity, and s¼ (31/2� p/2)r2 the surface area of the
Plateau border cross-section. We point out that equations (3) and (4) apply to the

Figure 3. Picture of the experimental situation. Three soap films are stretched with the help
of two horizontal annular frames. The central part of the structure is made of
horizontal circular film held by two catenoidal films. In this side view, the horizontal
film is hidden by the thick annular Plateau border (the angle between the two
catenoidal films equals 120.3� 0.1�).
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skeleton and must be evaluated in the plane of the horizontal film. Summing the
squares of equations (3) and (4), one obtains that the angle �¼ �� � satisfies

cos � ¼ �
1

2
þ
1

8

s

l2c

� �2

þ
1

2

T

�R
þ
1

8

T

�R

� �2

, ð5Þ

where lc¼ (�/�g)1/2 is the gravitational capillary length.
According to equation (5), in the dry limit (r! 0), the angle �! 120�. The

weight of water tends to decrease the angle � when the characteristic size r of the
Plateau border compares with the capillary length lc. By contrast, the negative line
tension T tends to increase the angle � when the radius R of curvature approaches
the typical size r of the Plateau border. From equation (5), one can deduce that the
correction to � due to gravity is negligible in comparison with that due to the line
tension only in the limit lc� (Rr3)1/4. This condition is usually not satisfied in our
experimental conditions. Thus, in order to compare accurately the experimental
results with the theory, one must consider the relevant quantity

P
¼ cos �þ cos�,

which is not altered by gravity (equation 3). Moreover, one can better appreciate the
magnitude of the line tension effects on the geometry of the structure by considering
the angle ��� 2 cos�1(

P
/2) rather than

P
. We expect, from equation (3) in the limit

T	 �R, that
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Because of the small value 1��/(2� 31/2)� 0.1 of the prefactor, the nonlinear terms
in equation (6) are negligible in any experimental situation. The angle �� corresponds
to the value of the angle �� �� � expected from measurements in absence of gravity.
In the dry limit (r! 0), ��¼ 120�. Because of the negative line tension T, the angle ��

is about 121� for R/r¼ 5 and remains larger than 120.2� for R/r¼ 20. The agreement
in figure 4 between our experimental measurements and equation (6) demonstrates
clearly that the negative line tension T, defined by equation (2), is associated with the
Plateau border region.

We point out that the cross-section of the air–water interface in the Plateau
border region is no longer circular when the Plateau border is curved, because of
the additional curvature of about 1/R in the horizontal plane. Moreover, because of
the line tension T itself, the angles between the films are not 120�. As a consequence,
the line tension T differs slightly from the value given by equation (2), which is exact
only in the limit of a rectilinear Plateau border. Writing the Lagrange equation and
minimizing the total surface free energy of the system at constant water volume, we
computed the exact shape of the air–water interface in the Plateau border region as
well as that of the films in our experimental geometry (figure 2). We found that the
discrepancy between the line tension T and the approximation given by equation (2)
agree quantitatively to within about 2.2 r/R%. Thus, equation (2) provides a good
approximation of the line tension T in most practical cases.

} 4. Conclusion

In conclusion, negative line tension is associated with finite water volumes in
the Plateau borders joining soap films. This latter line tension affects the overall
geometry in three dimensions; as observed experimentally, the angles that the films
make at the Plateau border junction can differ significantly from 120�. This effect,
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which is not due to gravity, is often neglected in the theoretical description of foams,
usually studied in the dry limit and could be important when the volume fraction of
water is increased. Kern and Weaire (2003) suggested recently, that negative decora-
tion energy and line tension must be introduced into the modelling of foams
approaching the dry limit. Our experimental results reinforce their theoretical
approach which consisted in considering a dry skeleton, whose properties are eval-
uated in the presence of a negative tension.
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Figure 4. Experimental angle �* versus experimental ratio r/R: (g), experimental data; (—),
equation (6). The angles are known to within 0.1� whereas the radius r is measured to
within 1 pixel (to be compared with R� 150 pixels).
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