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ABSTRACT. We describe the large deviations above its typical value of the
maximal energy of a spin glass with +1 spins. Thanks to the relatively
explicit description of the rate function we identify, we then show that the
latter is asymptotically quadratic near its minimum if and only if an external
magnetic field is present. The proof starts from a Parisi-type formula for the
fractional moments of the partition function, which we then leverage to obtain
the limit of the Laplace transform of the maximum energy. Using convex-
duality arguments, we then rewrite this Laplace transform as a supremum over
martingales, and thereby deduce the large-deviation principle with explicit
rate function.
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Let (Bp)ps2 be a sequence of nonnegative real numbers such that the function
£(r) = Tpso ﬁzrp is finite for every r € R. For every integer N > 1, we let
(Hp(0))gern be the centered Gaussian field with covariance such that, for every

o, 7RV,
(1) E[Hy (o) (r)] = N¢ (ST )
For a fixed h € R, we consider
N
(1.2) Hy(o):=Hy(o)+h) o
i=1
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In order to minimize the number of minus signs, we define the “ground state”
energy Ly as the maximum of Hy over {1}V, normalized by N7}, that is,
HN (0’)

1.3 Ly = a .
(13) N max =N

Our main result is an upper large-deviation principle for Ly, with a relatively
explicit rate function. We also show that this rate function is quadratic near its
minimum if and only if h # 0.

As a preliminary step, we obtain a representation of the large-N limit of Ly
that takes the form of a supremum, in the spirit of the “un-inverted” formulas
introduced in [41]. We denote this limit by

gs = N]ER}OE[LN] = NlirEoO Ly (a.s.).

We let & = (2, (Fi)se[0,1], P) be a filtered probability space with complete o-
algebras (that is, for every ¢ € [0, 1], the o-algebra F; contains every subset of any
null-measure set). We assume that the probability space & is sufficiently rich
that one can define a Brownian motion (W;)e[o,1] over &?. We denote by E the
expectation associated with P, and by Mart the space of bounded martingales
over .

Theorem 1.1 (Un-inverted formula for the ground-state energy). We have
1
(1.4) gs=sup {E [hao +aq ./0 VE"(t) th] ’ a € Mart, |ag| <1, and
1
vte[0,1], f ¢"(s)(E[a?] - s)ds > 0}.
t

Moreover, the supremum in (1.4) is achieved at a unique o € Mart.

We now state the large-deviation principle for deviations of Ly above its
typical value; we also refer to Theorem 5.1 for a more general statement. For
every r > gs, we set

(r~B[hao + a1 i VEDaW:]) ‘
2 [y €"(t) (E[a?] -t)dt

1
a € Mart, |og| <1, and Vte[0,1], f ¢"(s)(E[a?] - s)ds > 0}.
t

(1.5) A*(r) = inf{

We also set A*(gs) = 0. Later in the paper, we will define A to be the limit
Laplace transform of Ly, and show that the convex dual of A is given by the
expression in (1.5), hence the notation A* for this quantity.

Theorem 1.2 (Large deviations for the ground-state energy). For every r > gs,
we have

: 1 .
]\lfglio—ﬁlogIP’[LN >r]=A"(r).

Thanks to the relatively explicit description of the large-deviation rate function,
we can obtain some information on its asymptotic behavior near its minimum.
At a heuristic level, this information should be related to the fluctuations of the
ground-state energy, as discussed in more details below.
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Theorem 1.3 (quadratic/non-quadratic behavior near the minimum). If h # 0,
then there exists a constant C € (0,+00) such that for every r > gs,

C™(r-gs)? <A*(r) <O(r—gs).
Conversely, if h =0, then

%
lim A—(T) = +00.
r—gst (T - gs)2
In order to prove these results, we first derive a Parisi-type formula for the
fractional moments of the partition function of the model. In other words, for
every s € (0,1), we give a variational formula in the form of an infimum for the
large-N limit of

S
1 1 "
(1.6) —logE (— Yooe N(U)) .
sN 2N oe{-1,1}N
This is Theorem 2.1, whose proof occupies Section 2. In Section 3, we obtain the
asymptotic behavior of the Laplace transform of NLy. The starting point is the
observation that, for every s > 0,

(1.7)

s

1 1
SNLNT _ li li —locE . BHN (o)

1
A(s):= lim —logE
()= i, v o8
We use this together with the result of the previous section to obtain a variational
formula for the limit of this Laplace transform.

Once this is done, we would only need to assert the C! regularity of A in
order to be able to state an abstract upper large-deviation principle for Ly,
with a rate function that is given by the convex dual of A. However, this
representation of the large-deviation rate function would be rather inexplicit.
Instead, in Section 4 we use convex-duality arguments to obtain a more direct
“un-inverted” representation of A. We use this representation in Section 5 to
show that A is a C'! function and compute an explicit representation of its dual,
and we thereby deduce a general upper large-deviation principle in Theorem 5.1,
which in particular implies Theorem 1.2. The proof of Theorem 1.1 is along
similar lines as those of Theorem 1.2, as it formally amounts to taking s — 0
throughout; we obtain it as a consequence of Theorem 4.2. In Section 6, we prove
Theorem 1.3 by showing that, for a the optimal martingale from Theorem 1.1,
we have the equivalence

(1.8) h=0  if and only if /01 ¢'(t) (E[af]-t) dt=0.

We stress that our results concern the upper large deviations of the ground-state
energy (which we defined as being the maximum of Hy/N). The phenomenology
for the lower large deviations can differ substantially. Indeed, for models with
no external field, the speed of the lower large deviations is expected to be N?
rather than N. For spherical models, this was shown in [32]. There, the authors
also obtain a description of the upper large-deviation rate function for 1-RSB
models, using arguments based on the Kac-Rice formula. These results and more
were anticipated in [37] using the non-rigorous replica method. We also point
out that, for the spherical SK model, the ground-state energy is nothing but the
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largest eigenvalue of a GOE random matrix, whose large deviations have been
extensively studied and are also of speed N2 and N for the lower and upper large
deviations respectively [8, 9].

We now give a brief overview of related works. Results similar to our Theo-
rem 2.1 deriving a Parisi-type formula for the limit of (1.6) were already obtained
in [56] in the case when the function ¢ in (1.1) is even, i.e. when (3, = 0 for every
odd p > 3, using an approach based on [30, 55]. In [22], the authors consider the
SK model (so 8, =0 for all p > 3) with no external field, which they couple with
general Poisson—Dirichlet cascades. One can transform the fractional moment
in (1.6) into a free-energy calculation for a system that is coupled with a Poisson—
Dirichlet process (as in e.g. [26, Proposition 5.20]), and our proof of Theorem 2.1
then follows an approach similar to that in [22], leveraging the more recent proof
of the Parisi formula from [45, 46]. In Theorem 2.1, we in fact cover a broader
class of energy functions than those of the form in (1.2), as we also allow for
the presence of a random external field. In the absence of a random external
field, the formula for the limit of (1.6) is almost the same as the classical Parisi
formula for the limit free energy, the only difference being that the Parisi measure
is forced to have an atom of mass at least s at 0. The presence of a random
external field introduces a further modification to the classical Parisi formula,
where in place of averaging the Parisi PDE ®:(0,h1) over a coordinate h; of the
random field, we take the Laplace transform of this quantity with exponent s.

While the justification of (1.7) is not difficult, taking the 5 — oo limit in the
variational formula obtained in Theorem 2.1 is more delicate. In the s — 0 limit,
this corresponds to the derivation of a Parisi-type formula for the ground-state
energy, as was already achieved in [6] and for generalized mixed p-spin models
in [34, 29]. In order to perform this step, one needs to derive some estimates
on the optimizer in the variational formula from Theorem 2.1. Remarkably, we
do not know how to derive those directly from the variational formula. Instead,
and as was done in [6], we go back to the finite- N spin-glass model, and obtain
the required estimates in Lemma 3.5. Compared with [6], the proof of this
lemma requires a new argument, as the fractional moment is more delicate to
manipulate.

One motivation of our study is to better understand the un-inverted formulas
for the free energy appearing in [14, 33, 41]; see also [40] for an informal discussion
where Theorem 1.1 was anticipated for the SK model without external field. For
classical systems of statistical mechanics such as the Curie-Weiss model, the
limit free energy naturally takes the form of a supremum of a functional involving
an energy and an entropy term, and the entropy term can be interpreted as
a large-deviation rate function. We hence wonder if there could be a simple
expression for the large-deviation rate function of the random variable Hy (o)
(with ¢ sampled uniformly over {-1,1}"V, and for each fixed realization of the
randomness). While we do not know how to derive a simple expression for
the large-deviation rate function in this case, Theorem 1.2 demonstrates that
this is indeed possible for a related large-deviation principle. As discussed in
[40], a better understanding of the un-inverted formulas from [14, 33, 41] could
potentially help to make progress on the identification of the limit free energy of
multi-type spin glasses with non-convex covariance structure. At the moment,
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only partial results have been obtained on this problem, see [15, 16, 38, 39], as
well as [24, 25, 36] for related problems in community detection.

Heuristically, the asymptotic behavior of the large-deviation rate function
of Ly near its minimum should be related to the fluctuations of Ly around its
typical value. For instance, if

1 2
—NlogP[LNZT]:%(T—gs)Q (N - +oo, then r » gs*),

then formally replacing r with gs + z/V/N suggests a CLT-type scaling with a
Gaussian tail probability. Theorem 1.3 is thus heuristically consistent with the
results of [19], where for even &, it is shown that the ground-state energy has
Gaussian fluctuations of order N~Y/2 if h 0, and that these fluctuations are of
order o(N~'/?) when h = 0. Similar results to those in [19] were also proved for
spherical models in [20]. Remarkably, [13, Theorem 8.4] also identifies a class of
covariance functions £ for which the fluctuations of the ground-state energy are
shown to be O(N~%/8+0(1)),

For the spherical SK model with h = 0, the ground-state energy is the top
eigenvalue of a GOE matrix, and its fluctuations are known to be of order
N~2/3 [57]. In the case £(r) = rP with p > 3 and h = 0, the fluctuations of the
ground-state energy were shown to be of order N1 in [54].

A closely related question concerns the scale of the fluctuations of the free
energy. The free energy of the SK model with A = 0 was shown to have fluctuations
of order o( N~'/?) at all temperatures in [13]. For even & and h # 0, the free energy
was shown to have Gaussian fluctuations of order N~/ at all temperatures in [18].
For the spherical SK model with A = 0, the fluctuations of the free energy at
low temperature were found to be of order N=2/3 [7]. We also refer to [21] for a
recent survey concerning the fluctuations of the free energy of the SK model.

When h = 0, the question of figuring out the exact order of magnitude of
the fluctuations of Ly is debated in the physics literature. Indeed, for the
SK model, some works suggest that these fluctuations are typically of order
N-3/4 [10, 12, 35, 42], while others suggest that they are of order N5/6 instead
[3, 23, 43, 48, 49, 50]. As can be seen from [11, 42, 43], this question is difficult
to settle using only the results of numerical simulations. Most relevant to the
present work are the papers [48, 49, 50], which argue that the large-deviation
rate function should be such that

(1.9) AN (r)=(r-gs)s  (r—gs).

It would be very interesting to investigate whether a more refined analysis of our
explicit formula for A* would allow us to bridge the gap between Theorem 1.3
and the prediction in (1.9). The rate of convergence to zero of E[Ly] - gs is also
a matter of debate in the physics literature [3, 10, 11, 28, 35, 43, 51].

Our work is inspired by [37], which focuses on spherical models. In particular,
the authors employ non-rigorous arguments to predict the limit of the fractional
moments of the partition function, they use (1.7) to deduce the limit of the
Laplace transform of Ly, and they then derive and study the corresponding
large-deviation principle.
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2. FRACTIONAL MOMENTS OF THE PARTITION FUNCTION

Throughout this section, we consider the following generalization of the Hamil-
tonian (1.2) with a random external field:

N
(2.1) Hy(o)=Hy(o) + Z; hio;,

where H (o) is given as in (1.1) and (h;) is a collection of i.i.d. random variables
satisfying EeMil < oo for all A > 0. Notice that if hy is a fixed constant, then
(2.1) is equivalent to (1.2).

We denote the uniform measure on {~1,1} by u, and set juy := u®~. We define
the partition function Zy associated with the Hamiltonian in (2.1) by

(2.2) Iy = f N @) dyn (o).
Theorem 2.1 (Fractional moments of Zy). For every s € (0,1), we have
(2.3)

1 1 ® 1 1
. 57 _ . - 5@ (0,h1) __/ 1
Jim ——log E[Zy] g’ePlrrsl[fO,l](SlogEhl [e ] 5 ), (t)C([O,t])dt),

where ®¢ solves

(2.4 ~0i®c = S (0200 +¢([0,8])(0,0)2),  for (t,x) € (0,1) xR
. Pe(1,z) =log [ €* du(o), for z eR, '

and where Prs[0,1] is the space of probability measures ¢ on [0,1] such that
C({0}) = s. Moreover, the infimum in (2.3) is achieved at a unique ¢ € Prg[0,1].

Remark 2.2. Formally taking s =0 in (2.3), we recover the Parisi formula for the
limit free energy, that is,

1
]\1/1—{20 N]E [log Zn] = -« inf

Pr[0,1] (E [2c(0,m)] - % fol t&" (£)¢([0,t]) dt).

As was already mentioned, special cases of Theorem 2.1 were already obtained
in [56] and in [22]. In this section, we provide a direct proof of this result, much
in the spirit of [22].

The key observation is that the fractional moments can be accessed by cou-
pling the Hamiltonian with a Poisson—Dirichlet process. Let (Hn(-,n))nen be
independent copies of Hy(+), and (hl("))iyneN be independent copies of hy. We
define

4 (n)
Z(n) = [ N duy(o) = [ MR 4y (o)

to be the partition function associated with independent copies Hy(o,n) of
Hy(o) and hgn) of h;. Let (vy)nen denote the weights of the Poisson—Dirichlet
process (see [46, Section 2.2] or [26, Section 5.5]) associated with the parameter
s € (0,1). By the invariance property of Poisson—Dirichlet processes, see [26,
Proposition 5.20], we have

1 1 1
NE [logznjanN(n)] = Ns logE [eSIOgZN] = s logE[Z%].
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It remains to compute the limit of

(2.5) SLN logE[Zy] = %E [log EanN(n)] :

In the special case of the SK model without an external field, the identification
of this limit follows as a special case of the general formula proved for multiscale
spin glasses in [22, Theorem 2.1].

Proof of Theorem 2.1 from [22] for the SK model with h; = 0. We first show how
the results in [22] can be applied to the current setting. Our setting corresponds
to the special case when the sequence of v defined in [22, Equation 8] consists of
the single point 1 = s. For such models, the set Xg defined in [22, Equation 2.2]
consists of precisely the space of CDFs corresponding to probability measures
such that ¢({0}) > s.

The result of Theorem 2.1 then follows from representing the recursive definition
of [22, Equation 3.3] using the Parisi PDE. This is a direct consequence of [46,
Chapter 4]. O

For completeness, a detailed proof of this result using properties of the
marginals of Poisson—Dirichlet processes and synchronization is described below.
The proof also includes the case when the external fields h; are random.

2.1. Upper bound on the free energy. This follows from the classical Guerra’s
interpolation argument. We want to find an upper bound of (2.5).

Lemma 2.3. For independent copies Hy(o,n) of Hy (o) defined in (2.1),

1
lim sup NIElogZ[eHN(”’”) dun (o)v,

N—oo n

¢ePrs[0,1] \ s

(2.6) < inf (110gEh1 [esq’doﬁﬂ]-% fo 1t§”(t)§([0,t])dt).

Proof. The proof follows from Guerra’s interpolation argument [31], where we
interpolate the free energy with the usual limiting object with a Poisson—Dirichlet
cascade corresponding to a CDF in Prg[0,1].

We first fix a discrete ¢ € Prg[0,1] with r > 1 steps such that (({0}) = s. Let
aeN1 and let @ = (n,a) e N". Let

O0<(p=s<(<-<(-1<1

and

O=go<qi<--<gr=1
denote the sequences of order parameters, and let v,,, denote the weights of the
Poisson—Dirichlet cascades corresponding to (. Notice that we have constrained
that (y = s to be equal to the sth moment of the partition function.

Let Z(@) denote Gaussian processes indexed by @ with covariance &'(gz1,a2)-
Likewise, we denote by Y (@) Gaussian processes indexed by & with covariance
0(qaing2) = g a2l (gaipa2) — E(qarng2). For 1 <i < N, we let Z;(a,n) and
Yi(a,n) denote independent copies of Z (&) and Y (@) respectively. We consider
the interpolating Hamiltonians

N N
Hy(o,a,n,t) =VtHy(o,n) + V1 - tY Zi(a,n)o; + \/EEY,-(oz,n)
i=1 i=1
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which are independent over the n coordinates.
We define the interpolating free energy

1 ! N n X
o(t) = NIElog; %: / i (@an)+z o, dun () vna
By Gaussian integration by parts, we have that
¢'(t) = —%E (¢(Ria1(n' =n?)) = R12¢'(Q12) + 0(Q12)),
1
(2.7) = —5}3(1(”1 =n?)(§(R12) - €(Q12) - €' (Q12)(Ri2 - Q12)))r

LA@? and Q12 = al ra?. The

where we defined the overlaps Ry 2 = #, @172 =
simplification in the second line follows from the fact that Q12 = (a! Aa?)1(n! =

n?) and £(0) = £'(0) = 0. If £ is convex then the sign of ¢’ is negative for all N.

If € is only convex on R,, then the argument is slightly more involved and
will hold in the limit as N — oo if we apply Talagrand’s positivity principle as
in [46, Chapter 3.2]. Since the details of this modification are identical to [46,
Chapter 3.2], we sketch the main ideas of the argument. The usual perturbation
on the o coordinates implies that the probability of the event {R; 2 < —€} under
the perturbed Gibbs measure tends to zero [46, Theorem 3.4]. We can repeat
the interpolation proof with the perturbed Hamiltonian to arrive at (2.7) where
()¢ is replaced with the perturbed average. We now split (2.7) along the events
{R12<—€} and {R;2 > —€}. On the event {R; 2 > —€}, the upper bound can be
uniformly bounded above over N by Le for some constant L depending only on
¢ using the convexity of £ on R,;. On the other hand, the event {R; 2 < —€} has
probability 0 in the limit, so it can be made arbitrarily small for each fixed € by
taking N to infinity. Therefore, taking the limit as N — oo then taking ¢ — 0
implies that imsupy_,., ¢’ is negative.

In either case, we can integrate ¢'(t) to conclude that limsupy_,. ¢(1) <
limsup_, o ¢(0), so

N

1 ’ (n)
lim sup —ElogZZfeHN(”’")+zi=lhi 7t dp(o)vna
Nooo N n a

(n)
<limsupElog ) " f Zlam)a+ Ll b oy dp(0)vna ~Elog 3 3 Y lan)y,
N—o0 n « n a

It remains to compute the terms on the right hand side. After summing
over the a terms and applying the fact about the marginal distribution of the
Poisson—Dirichlet cascades (see Proposition 2.4 below), the term on the left
simplifies to

1 1
(2.8) NElogZZfeHN(”’”)duN(a)vna:NElongeHN(”’”) dun (o) vy,.
n o n

The right hand side can also be computed explicitly and follows from the re-
cursive formulation of averages with respect to the Poisson—Dirichlet cascades
[46, Theorem 2.9], which is valid because of the integrability assumptions on the
external field. Consider the function

(2.9) X, =log f eZk=1 V& (ar) =€ (gh-1)zRO+h10 du(o)
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where the (zx) are independent Gaussians and hy is a Gaussian random variable
with the same law as h independent from (z;). We define for k£ > 1,

1 1
X = C—klogEzlHl (exp (e Xki1) and Xo = B logEp, E., (expsXi),

where the averages are only with respect to the randomness in the subscript.
Notice that the last step of the recursion requires an average over both h1 and z;
because they depend on the first index in the Poisson—Dirichlet cascades. Using
the relation between the recursive formulation and the Parisi PDE [46, Bonus
Chapter A.2], we have that

1
—logE;, (expsXy) = ®¢(0,hy).
s

Thus,
1 1
Xo = g 1OgEh1 (esélogEzl (exst1)) _ g logEhleSq)C(O’hl).

Finally, we arrive at the formula

[ (n) 1
(2.10) Ellog) > f gZ(am)athy Ud,u(a)vna] == logEhlesq)C(O’hl).
| n o

S

Similarly, the recursion implies that

(2.11) E 1ogZZeY(“’”)vna]=% >, Ck(0(grs1) —0(qr))-

0<k<r-1

Combining (2.10) and (2.11) explicit computations gives (2.6) for every N and
finite ¢, provided the covariance £ in (1.1) is convex. We emphasize that the
main difference from the usual Parisi formula is that we constrain ¢; = 0 and
Cl = S.

We now extend to the case when ( is a general measure, which may not
necessarily be discrete. It is known that the terms appearing on the right hand side
of (2.6) are Lipschitz functions in ¢ [46, Bonus Chapter Lemma A.6]. Furthermore,
notice that any (¢ € Pr,[0,1] can be approximated in L! by discrete ¢* so that
¢*({0}) > s. We can also further approximate the ¢* in L! by splitting the mass
at 0 to get a measure (5 such that (§({0}) = s and (5 ({6}) = ¢*({0}) -s >0,
provided that § is taken sufficiently small. This implies that we can extend
the discrete upper bound proved for discrete measures satisfying (({0}) = s by
continuity to any ¢ € Prg[0,1]. O

We now prove that the n marginals of v,, appearing in (2.8) is the Poisson—
Dirichlet process. We adopt the notation of the Poisson—Dirichlet cascades as in
[46, Chapter 2].

Proposition 2.4. Let & = (n,«a) € N” and vy, denote the weights of the Poisson—
Dirichlet cascades corresponding to some discrete probability measure ¢ such
that ({0}) = s. Similarly, let v, denote the weights of a Poisson—Dirichlet
process with parameter s. For any sequence of random variables (F(n))nen that
is independent of (vne) and (vy,), we have that

Elog Y>> F(n)vpe = Elog )y F(n)v,.
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Proof. This proof follows from the characterization of the Poisson—Dirichlet
cascades by the Ghirlanda—Guerra identities [26, Chapter 5.6]. Consider i.i.d.
al = (ne ot ) sampled according to the weights v,,,. By construction, the corre-
sponding overlap array ﬁwr =&’ A@" satisfies the Ghirlanda—Guerra identities
[26, Theorem 5.28] or [46, Theorem 2.10]: for any n > 1, bounded and measur-
able function f of the overlaps R = (E[’g/) ¢.rr<n and any bounded measurable

function ¢ : R —» R,

SRS

B no) = B NEW i)+ S B
=2

We now consider the distribution of the marginal overlaps Sy, = 1(n’ = n’). It
follows that the S overlaps inherit the Ghirlanda—Guerra identities satisfied by the
full overlaps R, by taking f(S<") = f(1(R<" > 0)) and ¥(Sp) = »(1(Ree > 0)),
for some functions f and . Furthermore, we have that the overlap array Sy »
takes values 0 or 1, and

E(S)2=0) =E(1(n’ #n")) = E(1(R12=0)) = s

and E(S12 =1) =1-E(S;2 =0) =1-s. Since the overlaps S takes values 0
or 1, and they satisfy the Ghirlanda—Guerra identities, it must be the overlaps
corresponding to samples according to a Poisson—Dirichlet point process with
parameter s, see [26, Exercise 5.10] or [46, Theorem 2.8].

In particular, if F'(n) is a function that only depends on the first coordinate
of @ = (n,a) € N” independent of vz, then the average of Elogy,, ¥, F(n)vna
only depends on paths in the first level corresponding to n [26, Theorem 5.25].
Since the n level is determined by a Poisson—Dirichlet process with parameter s,
its average is equivalent to Elog Y, F'(n)v,. O

Remark 2.5. The validity of (2.8) can also be observed from the recursive
representation of the Poisson-Dirichlet cascades [46, Theorem 2.9]. Notice that
the left hand side of (2.8) can be computed recursively starting at

Xowr oo ywn) =log [ eV dpuy (o)

where the wi,...,w, are independent uniform random variables encoding the
randomness at each level of the RPC. The random variable Hy (0, w) is a Gaussian
process with covariance

01'0'2

E[H}V(al,wl)HJ’V(J2,w2)] =N§( 1(w! =w2)).

Since the right hand side of X, (wy,...,w;) does not depend on wy., ...,ws, we
have that the recursive terms given in (2.9) satisfy
X, =X,=-=X1.

Next, notice that the right hand side

1
—Elog )" f N qun (o) vn
N n

of (2.8) can be computed recursively starting at X;. These observations imply
that both the left and right hand side of (2.8) give the same value when computing
the average over the RPC.
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Yet another proof of (2.8) involves explicitly computing the marginals using the
invariance of the Poisson-Dirichlet process [46, Theorem 2.6]. This computation
is direct, but also tedious.

2.2. Lower bound on the free energy. We now prove the matching lower
bound.

Lemma 2.6. For independent copies Hy(o,n) of Hy(o) defined in (2.1),

1
liNHLiorifNElog;feHN(“n) dun(o)v,

CePrs[0,1] \ S

1
> inf (110gﬂ«:h1 [eségm,hl)]_% fo tg”(t)(([o,t])dt).

Proof. The proof of the lower bound is mostly identical to the usual proof of the
lower bound for the mixed p-spin models in [46, Chapter 3]. The main challenge
is that we have to justify why the lower bound can be written in terms of the
infimum over a single order parameter characterized by the Poisson—Dirichlet
cascades. To simplify the presentation, we will focus on the key modifications
and explain where synchronization [47] and the structure of the covariance of
Hpy (o,n) plays its critical role.

The starting point is the Aizenman—Sims—Starr scheme [1]. We define the
cavity fields Z(o,n) and Y (o,n) to be Gaussian processes indexed by points in
Y n x N with covariance

E[Z(c',n")Z(0* n?)] =§'( i

0'1'0'

1(n' = n2)) = ¢'(R12512)

and
1.1 2 .2 a'-o? 1 2
E[Y (c',n")Y (c%,n*)] =0 N 1(n" =n°) | =60(R12512).
We use the notation Ry = "E]'\‘,’Z and Sgy = 1(nf = nel) to denote the two overlaps.

The appearance of the S overlap Spy = 1(n’ = n”) terms in these cavity fields is
the only difference with the usual cavity fields in [46, Equation 3.60].

To understand the distribution of the arrays
Cuor = &' (Rep Seer) and Dygr = O(Ryer Syer),

it suffices to understand the limiting behavior of RSy, since both Cpy and
Dy are continuous functions of this array.

We now argue that we can synchronize the overlaps Ri2 and Sis to recover
the distribution of Ry Sy, without changing the limit of the free energy. This
is achieved by adding a perturbation Hamiltonian with covariances given by
monomials R7,S75 and apply [46, Theorem 4] or [38, Section 5] to conclude that
the limiting joint law of (Rj2,S12) along any converging subsequence can be
written as (Fp'(U), Fg'(U)) where Fp! and Fg' are the quantile transforms of
the marginal distributions of R13 and Si2 and U is uniform on [0, 1]. Furthermore,
both the marginals distribution of Ryy and Sy satisfy the Ghirlanda—Guerra
identities in the limit, so their distributions are encoded by their corresponding
order parameters (the distribution of the first off diagonal entry) by [46, The-
orem 2.14 and Theorem 2.15]. We conclude that the limiting distribution of
Ry Sepr can be encoded by one order parameter.
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It remains to argue that the order parameter of Cyyr and Dyyr has a point mass
of at least s at 0, i.e. it lives in the space Prs[0,1]. By the properties of the
Poisson—Dirichlet process [46, Equation 2.34] we have that

E[(I(Su = 0))'] = s and E[(1(512 = 1))'] =1-s

where ()" is the average with respect to the perturbed Gibbs measure that will
arise from the cavity computations. Therefore, we have that

E [(1(R12512 = 0)),] >E [(1(512 = 0))’] =5

so the distribution of R12S12 belongs to Pr[0,1].

We have shown that the limiting joint behavior of the overlaps (Ri2,S12)
is encoded by an order parameter ( € Prs[0,1]. This gives us a complete
characterization of all possible limit points of the distribution of Ry .Sp» under
the perturbed Gibbs measure. The rest of the proof is now a standard application
of the Aizenman—Sims—Starr scheme [46, Chapter 3]. By the Aizenman—Sims—
Starr representation [46, Theorem 3.6], we can express the lower bound as

lim inf %E [log > anN(n)]

N—oo
/
> hNHLlorif (E [log( f eZ(U,n)eJrh(n)EdM(e)) ] ) [log(eY(U,n)y] )

where the ()" is a Gibbs average with respect to the bulk measure plus a pertur-
bation term that enforces the Ghirlanda—Guerra identities and synchronization.
From above, we have shown that the covariance of the cavity fields Z(o,n), h(™)
and Y (o,n) are encoded by an order parameter ¢ € Prg[0,1]. The simplifica-
tion of these cavity fields using the recursive computation along the levels of
the Poisson—Dirichlet cascades is identical to the computations in the proof of
Lemma 2.3, which gives us the matching lower bound. O

Proof of Theorem 2.1. Lemmas 2.3 and 2.6 yield (2.3). To see the uniqueness of
minimizers, we recall from [5, Theorem 4] that, for distinct probability measures

COvCl on [O>1:|7
(2.12) B, (0,) < (1= N (0,2) + AD, (0, 2)

for every A€ (0,1) and x € R, where we have set {, = (1 - A\){o + A(;. Applying
this and Holder’s inequality, we can get

(2.13) logEp, [GSQ)CA(O’M)] <(1-X)logEy, [es‘PCo(O’hl)] + AogEp, [esq’cl (O’hl)]

implying the strict convexity of the functional inside the infimum in (2.3). There-
fore, the minimizer must be unique. O

3. LAPLACE TRANSFORM OF THE GROUND-STATE ENERGY

Compared with the previous section, we now slightly restrict the class of admis-
sible distributions for the random external field, by specializing to Hamiltonians
of the form

N N
(3.1) HN(U)=H],V(O')+ZgiUi+EhiUi7
i=1 i=1
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where Hy (o) is given as in (1.1), (g;) is a collection of i.i.d. centered Gaussian
random variables, and (h;) is a collection of i.i.d. bounded random variables.
Here, the variance of g; is not necessarily one. We assume (Hp(0))oesys (9i)ieN,
and (h;);ey are independent from each other. The goal of this section is to prove
the following result.

Theorem 3.1 (Laplace transform of the ground-state energy). For every s > 0,
we have

Al[un — logE [exp(sNLy)]

= inf ( IOgEglh [ S\IJ’Y(OyglJrhl)] 2'[0 tf”(t)"y(t)dt)

’YGMS

(3.2)

where V., solves
(33 ~0p0, = S (20 44 (1)(8,0,)%),  for (t,x) € (0,1) xR '
U, (1,z) = |z, for z e R,
and where
(34) My:={y:[0,1) > R | v is right-continuous, nondecreasing,
integrable, and v(0) > s}.

When s = logE [exp(sNLy)] and * slogEg, n, [ S‘PV(O’g”hl)] are understood
as E[LN] and Eg,.h, [¥4(0,91 + h1)], respectwely Moreover, the infimum in
(3.2) is achieved al a unique v € Ms.

Remark 3.2. For future reference, we rewrite explicitly the Parisi-type variational
formula for the ground-state energy, namely

1 1
(35 - inf (Eh 90,00+ )] -5 [ tf”(t)v(t)dt)-

Remark 3.3 (Deterministic external fields). As mentioned in the introduction,
our main focus is on the case where the external field is deterministic. Let h € R
and we set g; = 0 and h; = h in Theorem 3.1 to recover the results needed in
Sections 1, 4, and 5. In particular, we have %bg Eg, ha [65‘1’7(0’9”}”)] =W, (0,h).

The well-posedness of the PDE (3.3) has been established in [6, 19].

Let 5 > 0 be the inverse temperature (unrelated to the coefficients (5,)ps2
introduced above (1.1)) and set

ZN(B) ::feﬁHN(”)duN(a).

In particular, we have Zy(1) = Zy as defined in (2.2). Using log Zn () <
BN Ly <log (2VZn(B)), we get

1 _log2 1 1 1
_logE[esN(LN g )]S—logE[BSN(J\’lﬁ logZI\J(B)):|<_logE[esNLN]7
N N N

which implies

(3.6) 15%08—N10g1a[ NI = Jim lim —1ogE[ZN(5) ]
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Henceforth, let 8 > s > 0. Recall M, from (3.4) and set ME = {veM,:
~v(1) = B}. For each v € M5 and B > 0, we consider the solution ¥, 5 of the
equation

PN e CW (920, 5+ () (0, T4 5)2),  for (,2) € (0,1) xR
' ‘I'%ﬂ(lvfc) = %108?[ e’Bmd,u(U), for z e R.

Then, applying Theorem 2.1 with s, £ substituted by %, (%€ and rewriting the
variational formula in (2.3) via the relation

(3.8) TEACOD) and W) = ),
we get
(3.9)
1 s 1 1 r!
]\%1_1)1’;0 S—NlOgE [ZN(ﬂ)B:I = ’Yianf (glOgE [65‘117,5(07914-’11)] _ 5 A tf”(t)’y(t) dt)

Moreover, this theorem also ensures that the infimum in (3.9) admits a unique
minimizer ypg.

Taking the limit 5 — oo, we see that W, 5(1,-) converges pointwise to ¥,(1,-),
and thus we expect ¥, 3 to converge pointwise to ¥,. Combining this with (3.9)
and (3.6) gives Theorem 3.1, heuristically.

To justify this rigorously, we can follow the strategy from [6], which carries
over with only minor adjustments, except for the proof of Lemma 3.5 below. The
following is a modification of [6, Lemma 2].

Lemma 3.4 (Upper bound). For every s € (0,1), we have
(3.10)

o1 SNLNT . - 1 su, (0. g+h)] L Y
Alfl_r)riomlogE[e ]Sfylerjl\fls glogEghh1 [e v ]—5[0 te" (t)y(t)dt|.

Proof. We first consider vy € M satisfying v(1-) < co. For § > v(1-), we consider
Y5(8) = v(8)1[0,1)(8) + B1{11(s) which belongs to M? defined above (3.7). Then,
we see that W, 3 solves
7

D (2w, 5 ()00, )

for (¢,z) € (0,1) x R with terminal condition W., 5(1,z) = %logf P27 dp(o).
Since this terminal condition converges to ¥, (1,-) = |-| (in (3.3)) pointwise, we can
deduce that W, 5 converges pointwise to ¥, given in (3.3). We recall that ¥ (0, )
is Lipschitz as proved in [19, Proposition 2 (ii)] and that ., 5(0,-) is 1-Lipschitz
as proved in [4, Proposition 2]1. Therefore, we can find a linear growth bound
uniformly for ¥, and W., 5, which allows us to use the dominated convergence

theorem to get Imy_o Eg, 4, [68‘1175,6(0791+h1)] = Ey 5, [es\I/,y(O,glJrhl)]' On the

- g1,

IThe 1-Lipschitzness is proved for ®¢(0,-) in (2.4) and the same property for V,,,5(0,-) can
be deduced from (3.8).



LARGE DEVIATIONS FOR THE GROUND-STATE ENERGY 15

other hand, we also have fol t&" (t)yp(t) dt = fol t&" (t)y(t) dt. Hence, we obtain

1 su,(0,g1+h)] L [ em
(Hrogy g e 0mem] - [ oyar

1 s 1 1
= lim (glogﬂ-zghhl [e*m Gt 5 fo te" (t)y5(t) dt)

— 00

(36)3.9) 1
> lim —logE [e

SNLN]
N-oo SN

For 7 € Mg with v(1-) = oo, we can still have the bound as in the display
(without the second line) by approximation using the following continuity of W,
in 7. For every 7,7 € Mo, t € [0,1], and z € R, we have

Oy (8, 2) = B ()] < 267 (D)7 = 2
which is proved in [6, Corollary 2]. Then, we can deduce (3.10). O

To show the lower bound, we need more preparation. For each (3, we take
vp,3 to be the unique minimizer of the right-hand side in (3.9), which is given
by Theorem 2.1 and (3.8) as aforementioned. To adapt the argument in [6], the
only significant modification is to control the behavior of vp g uniformly in £,
which parallels the estimate [6, (3.2)] and the displayed one above it. This is
done in the next lemma. We define

E(r)=&(r) +E[gi]r,  VreR,

which is the covariance of the Gaussian part in Hy (o) as in (3.1). Notice that
=!I

¢"=¢

Lemma 3.5 (Uniform control on ypg). Let s >0. Then, there is a constant C
depending only on &, s, and |hq|p~ such that

1,
(3.11) [ Ewnrsat<c, vz
and consequently
C
3.12 tyS———, Vte[0,1), VG2=s.
(3.12) WD) < g g Vel D), VB3

Proof. Define Hy (o) = Hy(0) + XX, gio;. For each n e N, let (Hx(0,n))oesy

and (h,f"))ieN be independent copies of (H n(0))sex, and (h;)ien, respectively.
Let (v )nen be the random weights of the Poisson-Dirichlet cascade with param-

eter %, independent from other randomness. Similarly as in (2.5), we have
S TT (n)
(3.13) logE [ZN(ﬁ)B] = iElog Z Un, f PHN (0 n)+B T, hy Tidun (o).
B neN
For ¢,¢" € N, we denote the spin overlap and the cascade overlap by Ry = "EJ'\C[’Z
and Sy =1, ,_ , respectively. Then, due to £(0) = 0, we have

E [EN(O‘l,nl)ﬁN(O'Q, nz)] = NE(RLQSLQ).
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Let ()5 be the (tensorized) Gibbs measure associated with the right-hand side

of (3.13), with canonical random variables (o, n)sey (Where (0!, nt) = (o,n)).
Gaussian integration by parts gives

(314) B(F4P) () - B fe(masi), )
8
Then, writing My (n) = maxyex M and My = maxgey,, HNN(J), we have
7 E|Mx2Zn(B)7
(3.15) E(W) SE(Mn(n))g = [ . N(i) ]
6 E[Zn(8)7]

where the equality follows from the invariance property of the Poisson—Dirichlet
process (e.g., see [26, Theorem 5.19]). We claim that

(3.16) r.h.s. in (3.15) <C

for a constant C' only depending on &, s, and ||h1|z=. Let us first use this to
finish the proof.

Next, by using the same argument as in [44] (or [46, Section 3.7]) for proving
the differentiability of the Parisi formula and then extracting properties of the
Parisi measure, we can have that the function

A lim Elog ) vy f N (em BT % dpp (o)
is differentiable and, as a further result,
_ 1_
(3.17) AITEEOE@(RI,QSI,Q)M = fo £()B  dyps(t).

This was also done in [18] between displays (3.1) and (3.2) therein. We recall that
B_l’}/p75 corresponds to the usual Parisi measure apg as in [6]. Then, integrating
by parts, we have

1_, _ 1_

[ €Ot = 5810 - [ E@dvrst)

) _ _ (3.14)(3.15)(3.16)
U0l B(E1) -E(E(Ri2512),) <

which gives (3.11). Since [01 El(t)’)/p’g(t)dt > vpa(t) ftl El(r)dr for every t, as
vp,g is increasing, the above inequality implies the desired bound in (3.12).
It remains to verify (3.16). For > 1 and a > 0, consider the function

xn(B;a) = %IOgE [(2NZN(5))G] :

This function is clearly convex in a. By 2NZx(8) > €?#~5(9) and Jensen’s
inequality, we get xn(5,a) > —af|hi|r~. For every 8 > 1, we have

1 5 1 s
XN(ﬁ,%):Nlog]E ( Z eﬂHN(“)) <N10gE[( Z eHN(O')) ]’

O'EEN O'EEN

where we used that for /7 norms on sequences and for 3 > 1, we have | - ;5 <
|- |- Notice that the right-hand side is now independent of 5. By Jensen’s
inequality, we can raise the power s to an integer value and then perform explicit
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Gaussian integration to see that the right-hand side is bounded by some constant
C(s)=C(&, s, ||hi]| =) independent of N. We also observe that

1 E[log (2VZn(B)) Zn(8)“]
N E[Zn(8)] '
Since BN My < log (2 Zn(B)) + BN |hi 1, we deduce that

aXN(ﬁa (I)

E[MyZx(8)7] 1 5\ Il
< oo (5.5 )+ T
E[Zv(B)F] P g B
Meanwhile, we use the convexity of x in a to get
s+1

S s
o (8.5) <8 xov (8.557) - (8.5)) € BCGs + 1)+ Bl .
which along with the previous display verifies (3.16) and completes the proof. [J

From the two estimates in Lemma 3.5, we can use Helly’s selection theorem
and a diagonalization argument to pass ypg to the limit along a subsequence.
Without loss of generality, we assume that the entire sequence converges to some
~o vaguely on [0,1) and that

1
(3.18) Low=lim [ € (Dypa(t)at
—o00 JO
exists. We define
(3.19)  dvo(®) = Loy (Dr0(031+ s (1) (LO _ f §"(t)fyo(t)dt) A1 (1)
where 47 is the Dirac measure at 1. The following lemma is a restatement of [6,
Lemma 1], with the same proof but based now on the bounds from Lemma 3.5.
Lemma 3.6 ([6]). If ¢ is any measurable function with |¢| <1 and limy_1- ¢(t) =
o(1), then
1 1
(3.20) lim [ € rpaomar= [ o(tan(e).

The last ingredient for the lower bound is the following variational repre-
sentation of Parisi PDE solutions. Let W = (W;)0,1] be the Wiener process.
Let Prog; be the collection of progressively measurable processes o = (at)te[o,l]
adapted to the filtration generated by W and satisfying sup;o 17 [e(t)| < 1. Then,
for every x € R, we have

U, 5(0,2) = sup (%Elogcoshﬂ(awrLlf"(t)v(t)atdt+[le/f”(t)th)

aeProg;
(3.21) f ")y (HE[ ozt]dt)
for every € Mf , and we have

U, (0,2) = sup (E

aeProg;

2+ fo L (1) (1) adt + fo oL

-5 [ e onoeea)

(3.22)
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for every v € M,;. We also take W independent from g; and h;. These two
representations can be found in [6, Corollaries 1 and 2]. The following lemma is
a modification of [6, Lemma 3].

Lemma 3.7 (Lower bound). For every s € (0,1), we have

(3.23)
lim ilogE[esNLN] > inf llogE[eS\I’”’(O’g”hl)]—l f e ()91 dt
N-oo sN 7 yeM \ s 2 Jo '

Proof. For each n e N, let sign,, : R - [-1,1] be defined by

1, ifz2>0,
sign, () =1 2nz +1, if —%<x<0,
-1, if < -1

We view (sign,,)nen as approximations of the sign function, namely,

1 if >0,
lim sign,,(x) = sign(x) = { ’ ne
n—oo

-1, if z <0.

Let 7o be given as above (3.18). We write h = g1 + hy for brevity and recall that

h is independent from the Wiener process W. Fix any a € Prog,. For every
7€(0,1) and n € N, define

_ t t
Sralt) =arl o (0 +sign, (o [ €7 (o(rardr+ [VEEAW, ) 1)

for every t € [0,1]. Then, we have ¢, , € Prog; and limy_i- ¢7 (1) = ¢rn(1),

since g, is continuous. We also have

On(t) = linln Grn(t) = allpg 1) (t) +sign, (X)L 1y (1),
3.24 _ T ,
B2 i 6,0 = arljo (1) +sign()1 (0

for every ¢ € [0, 1], where we have set

(3.25) X =T+ fo L (B0 ()adt + /0 e aw,

Recall that vp g is the minimizer of (3.9). We write & = limy oo j logE [e
for brevity. Then, we have

sNLN]

6 1 oLt
N (3 6):(3 9) ma (_lOgEI:e\If»yPﬁ,ﬂ(O,h):I _ 5 -[0 tf"(t)vPﬁ(t) dt
—00 \ S

lim

—>00

3 (l log By, [eZEW logcosh 5(Fut ' € (1)7p,5(1)gr.n ()0t o' VETDAWE) ]
S p

% ), " (0ve (1) (BL62, ()] + ) dr

(Fatou’s ler>nma)(3.20) 1 ]Og Eﬁ [GSEW |E+f01 £/I(t)¢7_7n(t)dl/0(t)+fol /_5”(t)th|-

Z —_

_% fol ¢"(t) (E[¢2,,(£)] +t) duo (1)
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where Ky, averages over ¢, and W and E; averages over h. Using (3.19), (3.24),
and (3.25) together with the dominated convergence theorem, we send 7 — 1—
and then n — oo to get

ot log E; [es]EW|X+sign(X)5"(1)uo(1)\]
S

- % ]0-1 £"(t) (E[a?] + t) ~o(t)dt — % (E [sign(X)z] + 1) (D (1).
Since
| X + sign(X)&" (1)vo(1)|
= (X +&"(Wro(1)) Lxso - (X = €"(Dro(1)) Lxao + € (Dro(1)Lx=o
= X[ +&"(1)wo(1)
and (E [sign(X)?] +1)&"(1)r(1) = 26" (1)vo(1), we obtain

1
> élogEE [eSEW‘Xq - % /0 g"(t) (E[O‘?] + t) ~o(t)dt.

Recall the expression of X in (3.25) and that « € Prog; is chosen arbitrarily.
Using these combined with (3.22), we get

1 [ _s®. (0,h) L rt
s> ~logE; e 0@ ] - 5[() t€" ()0 (t)dt
which implies (3.23). O

Proof of Theorem 3.1. Lemmas 3.4 and 3.7 together gives (3.2). Recalling from
[19, Lemma 5] that v = W, is strictly convex in the sense in as (2.12), we can
conclude the uniqueness of minimizers as in (2.13) and the ensuing lines there. [

4. UN-INVERTED FORMULA FOR THE LAPLACE TRANSFORM

From now on, we exclusively focus on the case in which the external field is
deterministic, as in (1.2). The goal of this section is to derive an “un-inverted”
variational representation (i.e. one that takes the form of a supremum) of the
limit of the Laplace transform of L. This representation involves martingales
defined over a probability space, and in order to clarify that the representation
does not depend on the choice of probability space, we introduce the following
definition.

Definition 4.1 (Admissible ambient probability spaces). A filtered probability
space & = (2, (Ft)te[0,1], P) is said to be admissible if the following holds. First,
the o-algebras (ft)te[()” are complete: namely, they contain every subset of any
null-measure set. Second, & is sufficiently rich that one can define a Brownian
motion (Wt)e[o,1] over it (in particular, the process W is adapted and has
independent increments with respect to the filtration (F)se0,1])- We denote by
Mart the space of bounded martingales over &2.

We define
(4.1) G:{geLl([O,l]): /Tlg”(t) (g(t) =) dt >0, ¥r e [0,1]}.
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We consider the solution ¥, of (3.3) with v e M. By [19, Proposition 2 (i)], for
every 7, p € My, t€[0,1] and z € R, we have

Oy (t,2) = Wp(t,2)[ < 26" (1) |y - pll 1

This ensures that even for unbounded «y € L*([0, 1]), the function ., is still well-
defined. Moreover, regularity properties of ¥, are also given in [19, Proposition 2].
Given an admissible probability space &, we denote by Mart; the space of
martingales over & that take values in [-1,1]. We recall that from now on, we
only consider the case of a deterministic external field, as in (1.2).

Theorem 4.2. Let &2 be admissible as in Definition 4.1. Then, for every s >0,
we have

1
]\1[1_120 N logE [exp(sNLy)]

- s {E[ha0+a1 [01\/5”(15)th] +§f01§”(t) (E[02] - t)dt
| B[a2]e G}

where the left-hand side is understood as limpy_ 0o E[Lyx] when s =0. Moreover,
there is a unique o € Mart; that realizes the supremum in (4.2), and this optimal
martingale can be characterized as follows. Let v € My be the unique minimizer
of the infimum in (3.2) given by Theorem 3.1 (also see Remark 3.3) and let
(Xt)te[0,1) be the strong solution to

Xo=h,
{ dX; =" ()7 ()02~ (E, Xy) dt +/€" (1) AW,

This unique maximizer o € Marty, must satisfy, for every t € [0,1),

(L) =00 (1, X) = 0,0, (0,) + [ L JE()0R, (5, X,) ATV,

Let Prog,; be the space of progressively measurable processes u adapted to the
filtration of &2 that also satisfy |us| < 1 almost surely for every ¢ € [0,1]. We start
with the following mild extension of (3.22), where here we allow for a general
admissible probability space, and we specify what the optimal processes are.

(4.2)

(4.3)

Lemma 4.3 (Variational representation of W.). For every h € R and vy € My,
we have

(4.5) W, (0,h) = sup E[‘h+/01§”(t)'y(t)atdt+fol\/QT(t)th

acProg;

- [ e watar).

Moreover, let (Xt)e[o,1) be the strong solution to (4.3). When vy is not constantly
zero on [0,1), a stochastic process o € Prog, achieves the supremum in (4.5) if
and only if it satisfies (4.4) for almost every t € [0,1) with ~(t) > 0.

Notice that although 7 is not bounded, the integrals in (4.5) make sense since
|| < 1 holds uniformly in ¢ and -y is integrable (see (3.4)). When ~ is constantly
zero, the variational problem in (4.5) is independent of «.
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We exclude ¢ = 1 in (4.4) since both 9, V., (1,-) and 92W.,(1,-) have a singularity
at 0 (recall that W, (1,-) =|-]). It should be noted that a; given as in (4.4) indeed
satisfies |oy| < 1 a.s. due to
(4.6) esssup |0, U,(t,x)[ <1,

(t,2)e[0,1]xR
as proven in [19, Lemma 11] (the bound is proven for the case when = is a step
function there, and the general case follows from approximations given in [19,
Proposition 2 (iii)]).

If the underlying probability space &7 is the Wiener space, then the represen-
tation in (4.5) and the fact that a given in (4.4) achieves the supremum both
follow from [19, Theorem 5]. Now, for more general &, one can repeat the same
argument used in [41, Lemma 2.1] to get the result (replacing ¢ there by |-|). The
uniqueness follows from the same reasoning as explained below [41, (2.8)]. Since
there is some technicality at ¢ = 1 due to the non-differentiability of ¥(1,-) =|-|
at 0, we give a detailed proof below, modifying the argument in [41, Lemma 2.1].

Proof of Lemma 4.3. Since &7 is richer than the Wiener space, [19, Theorem 5]
(which proves (4.5) for the Wiener space) implies “<” in (4.5). It remains to show

\I/V(O,h)>EHh+folf"(t)v(t)atdtwt/01\/5”(15)th
1 r1
-5 [ e onmaia

for any o € Prog;. Henceforth, we write ¥ = W, for brevity. Fix any « € Prog;
and set

(48)  Yi=h+ [ ")y ()apdr + A EAW,, vie[0,1].

The regularity of ¥ on [0,1) x R from [19, Proposition 2| allows us to apply Itd’s
formula to get, for ¢t € [0,1),

(4.7)

t t
\I/(t,Yt):\I!(O,h)+f0 atqf(r,mdr+f0 0, (r, Y,)dY,

1 rt o
w5 [ v YAy,
Taking the expectation, we get, for ¢t € [0,1),

t
BU(1Y)]= ¥(0.0) +E [ (9:0(r.Y,)
0

(49) é—l’(r)

2 (29 (P 00 (1, Y2) + 32U (r,Y,) )ar.

It is well known that when ~ is a step function (and thus bounded), ¥ can be

obtained by solving (3.3) using the Cole-Hopf transformation (see the proof

of [19, Lemma 11]) on I :=[0,1) \ {discontinuity points of v}. In particular, ¥
is smooth on I x R and we have

~0yU(t,x) = %ﬁ (20 (t,2) +v(t) (8P (¢, 2))?)

-2 sup (970 (1) + 209 (N0, ¥ (¢, ) - a*3 (1))
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for every (t,x) € I x R. Substituting (¢,2) with (r,Y;) in the above and setting
a to be a,., we thus obtain

E At (Bt\I/(r,Y}) + # (27(r)ar(9x\1/(r, Y,)+ 83\11(7”,1@)) )dr

1 ¢ " 2
<SE [ ¢"(ry(raldr
for every ¢ € [0,1), where “<” becomes an equality if and only if

(4.11)  for almost every r € [0,1) such that v(r) >0, «a, =0,¥(r,Y;) a.s.

(4.10)

Recall that we have assumed that 7 is a step function. The general case of (4.10)
follows by approximations enabled by [19, Proposition 2 (iii)]. Inserting (4.10)
into (4.9) and sending ¢t 7 1, we get

(4.12) BLW(0.1)] > B, Y)] - 1B [ € (t)y(n)adr,

which together with (4.8) and W(1,-) =|-| gives (4.7) and thus implies (4.5).
The fact that (4.4) is sufficient for maximality is already proved in [19, The-
orem 5|. Then, we show the necessity. Let a be a maximizer and thus (4.12)
is an equality, which requires (4.10) to be also an equality. Then, inserting the
equality condition (4.11) into (4.8), we see that Y must satisfy the SDE (4.3),
which gives that « satisfies (4.4). O

The following lemma corresponds to [41, Lemma 2.2] which considers spin
glasses at finite temperature.

Lemma 4.4 (Supremum of affine functionals). For every v € My, we have

1 r1 1
(4.13) U,(0,h)= sup E [hao += / " (t)y(t)a? dt + ay f VE' (1) th].
aceMart; 2 Jo 0
Moreover, there exists a unique mazximizer to the variational problem in (4.13).
This unique mazimizer o € Mart, must satisfy (4.4) for every t € [0,1) with

(Xt)te[0,1] solving (4.3).

Let « be a martingale satisfying (4.4) for every t € [0,1). The boundedness of
a allows us to apply Doob’s martingale convergence theorem to see that there is
some a1 € L* () such that oy converges to o a.s. and in any LP for p € [1,00).
Therefore, a; and thus (Oét)te[o,u are uniquely determined.

Notice that Lemma 4.3 only gives a characterization of the maximizer when ~
is not constantly zero on [0,1). Hence, accordingly, the proof of Lemma 4.4 is
divided into two cases.

Proof of Lemma 4.4 when ~y is constantly zero. Setting v = 0 on [0,1), we di-
rectly verify the claims. The equation in (3.3) becomes a heat equation and can
be solved as ¥, (t,z) = E[|z + 0(t)Z|] where Z is a standard Gaussian variable

and o(t) := (ftl §”(7")d’r)%. Let X; = h + fot\/f”('r)dWT be given as in (4.3)
and thus we have ¥, (0,h) = E[|X;]] as X, d 0(0)Z. Since o € Mart; satisfies
a1 X1 < |X1|, we have W, (0,h) = supyemart, B [1X1] verifying (4.13) with the
maximum achieved at oy satisfying ay =1 if X; >0 and a1 = -1 when X; < 0.
Since X is Gaussian and thus X # 0 a.s., this relation uniquely determines oy
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a.s. Since « is a martingale, « is uniquely determined by «;. It remains to verify
that « satisfies (4.4).

When ¢ < 1, we have o(t) >0 and we can directly compute

w2

0,0, (t,x) =P{x+0(t)Z >0} -P{z+0(t)Z <0} = % fow L

Since X; # 0 a.s. and X; converges to X; a.s. (due to Xy = h + fot g (r)dw,),
we can see from the above integral together with lim;; o(t) = 0 that 0,V (¢, X¢)
converges to o a.s. Since (0, (¢, Xt))te[o,l) is also a martingale evident from
the second equality in (4.4), we must have oy = 0, ¥, (¢, X}) for every t € [0,1) as
expected in (4.4). This completes the proof in this special case. O

The second half of the proof uses arguments from the proof [41, Lemma 2.2].
Due to the non-differentiability of ¥, (1,-) at 0, some modification is needed. In
the proof, we need to consider the convex conjugate of ¥, (¢,-), which is given as
follows. For each (t,x) €[0,1] xR, we define

(4.14) W2 (t,x) =sup{zy - U, (t,9)} -
yeR

To proceed, we need the following lemma, the proof of which requires additional
inputs from convex analysis.

Lemma 4.5 (Convergence of W (¢,-)). Let v € Mo and let V., solve (3.3). Then,
for every x € R, we have

. 0 if xe[-1,1]
4.15 Lm W (t,z) =V (1,z)=1{ " T
(4.15) tA1 2 (62) 2(1L2) {+oo, otherwise.
Proof. We will need some inputs from convex analysis, which we briefly recall
when needed.

Step 1. We show that (W3 (%,))s[0,1] 18 equi-L.s.c. (equi-lower-semicontinuous).
We recall (see the paragraph following [52, 7.9 Exercise|) that a family (f;)ier of
extended-real-valued functions on R is said to be equi-l.s.c. if, for every T € R
and every finite p,e > 0, there is § > 0 such that
inf  fi(z) >min{fi(T)-¢, p}, Viel.
x: |z-T|<6

Due to the bound in (4.6), we can see that the supremum in (4.14) can be
restricted to y € [-1,1]. From this, we can deduce that

(4.16) WX (t,x) Wi (t, ") + |z -a'|, Vte[0,1], Va,z' eR
which implies that (W] (Z,-))se[0,1] is equi-l.s.c.

Step 2. We show that W, (t,-) converges pointwise to ¥, (1,-) on R as ¢t ~ 1 and
that (W, (%,°))t[0,1] is equi-l.s.c. By [19, Proposition 2], ¥, is a weak solution
(see [19, Definition 1]), which is continuous in particular. Hence, we get the
pointwise convergence. Due to (4.6), W,(t,-) is 1-Lipschitz for every ¢, which
implies equi-l.s.c.

Step 3. We use results from convex analysis to conclude. We recall that [52,
7.10 Theorem] states that, under the condition of equi-l.s.c., pointwise convergence
is equivalent to epi-convergence as in [52, 7.1 Definition]. Since we will not need
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the precise definition of epi-convergence, we choose to omit it here. But we
mention that heuristically it means the convergence of epigraphs of convex
functions. By [52, 7.10 Theorem] and Step 2, ¥, (t,-) epi-converges to ¥, (1,-)
on R. Next, [52, 11.34 Theorem] shows that the action of convex conjugation
preserves epi-convergence. Hence, W1 (%,-) epi-converges to W (1,-) on R. Lastly,
using [52, 7.10 Theorem| again and Step 1, we deduce the convergence part
in (4.15). The second equality in (4.15) follows from ¥(1,-) =]-]|. O

We also need [18, Lemma 4] restated below, which is also useful later.

Lemma 4.6 ([18]). For every v e Mg and t € [0,1), 0,Y,(t,-) is odd and strictly
imncreasing.

Now, we are ready to complete the other half of the proof.

Proof of Lemma 4.4 when v is not constantly zero. For brevity, we introduce the
following notation. For ¢ € [0,1] and « € Prog;, we define

Ci(e)=h+ [ € e+ [ VEaW,,
Li(a) =3 [ €0 (aar,
Bi(a) = hozt+%f0t§”(r)7(r)afdr+at fot\/f”(r)dWr.

In this notation, we have

U, (0,h) "2° sup E[|C1(a)] - L1(a)]

aeProg;

> sup E[a:1Ci(a) - Li(a)]

aeMartq
(4.17) = sup E[Bi(a)]
aeMart;
where the inequality follows from Mart; ¢ Prog; and |C(«)| > a1C1(«), and the
last equality follows from E [a;C1 ()] = E[B1(«) + L1 («)] due to the martingale
property.
Let @ € Mart; satisfy (4.4) for every t € [0,1). We claim that
(4.18) W, (0,h) =B [Bi(@)]
and postpone the verification after we complete the main objective. Using this
and (4.17), we obtain (4.13).

Now, we show the uniqueness of maximizers and the characterization. Let «
be any maximizer of (4.13). Then, we have

U, (0,h) =E[Bi(a)] = E[a1C1 () - L1(a)]

L.4.3
<B[C1(a)] - Li(@)] < W, (0, ),

where the second equality is due to the martingale property and the third is due
to |ai| € 1. So, the last inequality must be an equality and « is a maximizer
of (4.5). Since 7 is not constantly zero, Lemma 4.3 implies that o, satisfies (4.4)
for all ¢ sufficiently close to 1. Due to |ay| < 1, we can see that oy converges a.s.
to some aj as ¢t ~ 1. Since « is a martingale (so that a; = E[ay | F;]), we obtain
the desired uniqueness of maximizers and the characterization.
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It remains to verify the claim in (4.18). Fix any ¢ € (0,1), we can apply the
same argument as in the proof of [41, Lemma 2.2] (with [0,1] and ¢ therein
substituted with [0,¢] and W.,(¢,- + h), respectively) to get?

U, (0,h) = E[By(a) - U (t, o) | Fo

where W7 (t,-) is defined as in (4.14) and @ is given as before. It is important to
point out that a key property used in [41, Lemma 2.2] is the strict convexity of
¢ therein, which corresponds here to the strict convexity of W, (¢,-) implied by
Lemma 4.6. Using (4.16) in the above display, we get

V,(0,h) <E[By(@)] -E[¥(t,a1)] + E[[a - @]

Sending ¢ ~ 1, the first term on the right converges to E[B;(@)], as is clear from
the definition of B;. Due to |@;| < 1 and Lemma 4.5, the second term vanishes in
the limit. The martingale convergence also nullifies the last term in the limit.
Therefore, together with (4.17), we obtain (4.18) as claimed, completing the
proof. O

We need the following observation that, for each bounded measurable function
f:10,1] = R, we have

1
inf fo F(O()dt = s f F(0)at+ inf [ (£)y(£)dt
e 0, if [ F(t)dt >0, ¥re[0,1],
(4.19) _Sfo f(t)dt+{—oo, otherwise.

Here, the first equality follows from the fact that v — s+~ is a bijection from
My to Mg, and the second equality follows from the fact that if ' : [0,1] > R,
is a nonnegative bounded measurable function, then ¢ — fot ~v" € My and

/[;lf(t) fot'y'(r)drdtzfo 7(7")/ t)dtdr.

Lemma 4.7 (Interchanging inf and sup). Let

Ko {( [hao+a1f \/ﬁ”Tth] (E[ )[01])

and let K be the closure of the convex hull of Ko with respect to the topology of
the space R x L1([0,1]). Then,

o€ Martl}

lim LNlogE[exp(sNLN)] sup inf (X+—f () (¢) (g(t)—t)dt)

N=eo (x.9)eK 1M
(4.20) = sup {X + = f () (g(t) -t)dt | g€ G}.
(x.9)eK 2.J0

Proof. Write G(7,X,9) = X+ 3 fol " (t)v(t) (g(t) - t)dt. Combining Theorem 3.1
and Lemma 4.4, we get

lim —logE[exp(sNLN)]— inf sup G(7,x,9).
N=oo's VM (x,9)eKo

2Setting ¢ = W, (¢,- + h), we have ¢*(z) = U2 (t,x) — ha for every = € R.
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Since G(v,-,-) is affine for each fixed ~, setting K; to be the convex hull of Ky,
we have

1
4.21 lim —logE [exp(sNLy)]= inf sup G(v,x,9).
2 N=eo sN 1Ms (x9)eka

To further replace K; by its closure K, we show that G is continuous on
Mg xRx{geL': |g| <1} in the topology of L' x R x L' where L' = L1([0,1]).
The continuity in  is obvious and we focus on that in v and g. For any v, € M
and ¢,§ € L' bounded by 1, we have

[ e on ) oo -nat- [ e @ @ -l
0 0
1 1
[ e®am-30) @0 -nal+| [ oo o -go)a.

The first term on the right is bounded by 2¢”(1)||y =7/ ;1 and the second term
is bounded by, for any § € (0, 1),

w9 [T o -gwlae [ ).

Fixing ~ and g, we consider 7 and § approaching them. Due to v € L', we can
choose § sufficiently close to 1 to make [11_ 5 7(t)dt sufficiently small and then
letting § tend to ¢ in L' to make f0176 lg(t) —g(t)| dt arbitrarily small. From this
and the bound on the first term (4.22), we get the announced continuity of G.
In particular, from (4.21), this continuity yields

(4.22) < +

1
4.24 lim — logE [exp(sNL = inf sup G(v,x,9)-
(4.24) Jim —log B [exp(sNLy)] 55 (v:x:9)

Then, we show that K is compact. As o € Marty, given any sequence
(x™, g")en in Ko, we have that x(™ and |¢(™ |1~ are bounded uniformly
over n. We can thus extract a subsequence along which (™ and g(”)(t) converge
for every t e Qn[0,1]. By this and the monotonicity of g™, this subsequence
converges in R x L'. Hence, K is pre-compact and its closed convex hull K is
compact by [2, Theorem 5.35].

Recall the continuity of G. Also, notice that G(v,-,-) is affine for each fixed
~ and that G(-,x,g) is affine for each fixed (x,g). These together with the
convexity of Mg and the compactness and convexity of K allow us to apply the
minimax theorem [27, 53] to interchange inf and sup in (4.24) and get the first
equality in (4.20). The second equality there follows from (4.19). O

Lemma 4.8 (Existence of maximizing martingale). There exists an admissible
probability space & (see Definition 4.1) such that (4.2) is valid and the supremum
therein is achieved.

Proof. Notice that “>” in (4.2) is an immediate consequence of Lemma 4.7. It
remains to show the reverse inequality.

We start with choosing the standard Wiener space #  as underlying probability
space. To emphasize this, we write Mart,(#), K(#'), and Ko(#'). Later, we
will consider probability spaces other than #  and extend this notation in the
obvious way.
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Let (xn,gn) € K(#) be a maximizing sequence for (4.20), where we can
assume that g, € G for each n. As shown in the proof of Lemma 4.7, K(%#)
is compact in the topology of R x L*([0,1]). Since the functional (x,g) +
X + %fol " (t)(g(t) - t)dt is continuous and the set G (see (4.1)) is closed in
L'([0,1]), we can extract a convergent subsequence from (X, gn )neny With some
limit (x,g) € K(#') such that g € G and the supremum in (4.20) is achieved:

(425)  lim $1ogE[exp(sNLN)] :X+§ fo L) (g(t) - 1) dt.

Since K(%#) is the closed convex hull Ko(%#), we can find, for n € N, weights
( (n)
Cy

v )1<z<mn

on # such that (xn,gn) from the convex hull of Ko(#") converges to (x,g) where

Mn . . 1
o= B [hag”“ + ol fo \/f”(t)th]
i=1

(1) = 3B (o))
i=1

Let (Ft)se[0,1] be the natural filtration associated with %" and let # be a richer
probability space with an augmented filtration (]_:t) 1e[0,1] such that the Wiener
process W is still supported on # and that there is a Fy-measurable random
variable distributed uniformly over [0, 1]. Then, for each n, we can define a F-

measurable random variable N(™) with law P(N() =) = an) forie{l,...,m,}.

On ¥, we consider the martingale a(™) = a MmN ¢ Mart, (W) and we have

(427)  xn=E [hoz(()n) + agn) /01 \/det] and g¢n(t)=E [(agn)f] .

Since a(™) takes values in [~1, 1], the family of random variables, by Prokhorov’s

with 37 cz(n) =1 for some m,, € N and martingales (a(”)’i)KKm

(4.26)

theorem and passing to a subsequence, we have that (h, W, (agn)) ) con-

teQn[0,1]
verges in law to some (h, W, (at)te(@m[m]) on some probability space & in the

following sense. For every £ € N, t1,---,tp, € Qn[0,1], and bounded continuous
function G : R x C([0,1]) x R - R, we have

(4.28) lim E [G (h, W,al™, ... ,ag‘))] “E[G(hW,au,,...,a1,)].

We then extend o by setting oy = E[oy[F,;] for ¢ € [0,1], turning it into a
martingale in &2. By Skorokhod’s representation theorem, we may assume that
the convergence is also pointwise a.s. By this and the boundedness of these
martingales, recalling the convergence of (xn,gn) to (x,9), we can get

(4.29) x=E [hag +aq /01 \/5”(75)th] and g¢(t) =E [(at)z]

for t e @Qn[0,1]. Since both sides are monotone, this identity can be extended to
almost every t € [0,1]. This along with (4.25) gives “<” in (4.2) with Mart; =
Mart,(Z). As commented in beginning, this completes the proof. O

Proof of Theorem 4.2. Let 2 be the probability space in Lemma 4.8 which is in
general different from 2. For clarity, we write Mart;(<?) and Mart, (<) for
the corresponding spaces of martingales.
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Let @ € Mart; () maximize (4.2) allowed by Lemma 4.8. Let 7 € M, be the
unique minimizer of (3.2) prescribed by Theorem 3.1. For brevity, we write

I'(v,a):=E [hozo +aq /01 VE(t) AWy + % [01 &' (t)y(t) (af - t) dt]

and ¢ := limy_e o5 logE [exp(sNLy)]. Then, Theorem 3.1 together with
Lemma 4.4 yields

¢ = inf sup ['(y,a) = sup I'(v,a),
M acMart; () aeMart ()

while Lemma 4.8 along with (4.19) gives

¢=  sup inf I'(y,a) = inf T'(y,@).
aeMart (P) veMs VeMs

Hence, for every v € M, and a € Mart; (), we have
I'(m,a)<f and (<T(v,a@).

From this, we can deduce ¢ =T'(7,@) and

(4.30) I'7,a)<T'(H,a) <T(y,@).

The first optimality in (4.30) and Lemma 4.4 imply that @ is specified by (4.4)
with this 7 and W on & and, in particular, that @ is measurable with respect to
the filtration generated by the Wiener process.

Now, we turn to the probability space & as in the statement of the theorem.
We let @ be given by the same relation in (4.4) but with W on . Since @
and @ have the same law, ¢ = inf,epq, I'(7,@) together with the computation
in (4.19) implies that “<” holds in (4.2). The reverse inequality “>” follows from
Lemma 4.7. Therefore, we have verified (4.2).

Lastly, by the same argument above over the probability space 2 leading
to the fact that @ satisfies (4.4), we can see that @ also satisfies (4.4) with the
same 7. This completes the uniqueness part. O

5. DERIVATION OF THE LARGE-DEVIATION PRINCIPLE

For s > 0 and « € Mart, with some fixed underlying probability space &, we
consider the functional

1 2 r1
(5.1)  g(s,a):=sE [hao +aq fo \/f”(t)th] + % ‘/0 ¢"(t) (E [a?] —t)dt.
For each s > 0, we define the limiting cumulant generating function of Ly by
o1
A(s) = 1\171_1}3,0 N logE [exp (sNLy)]

= sup {g(s,a) ‘ E[a%] € G}

aeMartq

(5.2)

where G is defined in (4.1) and the second equality follows from Theorem 4.2.
We also define

(5.3) A (r) = s;IJRp {sr=A(s)}, VreR.
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Theorem 5.1. For every Borel measurable subset A C [gs, o), we have
1 1
(5.4) —ing* < thjng logP{Ly € A} < li]r\?fip N logP{Ly € A} € —i%fA*

where A° and A are the interior (relative to [gs, o)) and the closure of A,
respectively, and N* given as in (5.3) is continuous and increasing on [gs, o).

Moreover, we have A*(gs) =0 and, for every r > gs,

(55) 0<A*(r)= inf (T—E[hao+a1f01\/£”(t)dwt])2 ‘E[ )

aeMart; 2/01 & (t) (E [a?] - t) dt a,] €6

where the probability space & underlying Mart; can be chosen to be any admis-
sible one (see Definition 4.1). For every r > gs, there is a unique mazimizer s
of (5.3), and this mazimizer satisfies r = A'(s) and s >0. The infimum in (5.5)

is achieved at a unique « that is also the unique maximizer of @
Theorem 4.2 at this s. Lastly, for the said optimal s and a, we have

52
(5.6) A= fo L) (Bo?] - 1) dr.

5.1. Analytic properties of A and A*.

given by

Lemma 5.2 (Basic properties). The function A : R, — R is convez, locally
Lipschitz, and grows super-linearly. The function A* : R - R is convexr and
continuous on R and is increasing on R,.

Proof. Since ¢(-,a) is convex for each a, A is convex. Due to || < 1, g(-, @)
is locally Lipschitz uniformly over o € Mart;, which implies that A is also
locally Lipschitz. Fix 1 to be the martingale constantly equal to 1. Then,
# > @ =h+ %fol E"(t)(1 -t)dt, where the last integral is strictly positive.
Hence, A grows super-linearly as s tends to +oo, which implies that A* is finite
everywhere. The convexity of A* is clear from the definition. Since any convex
function that is finite everywhere is continuous (e.g., see [26, Proposition 2.9)),
we deduce the continuity of A*. Since the supremum in A* is taken over s € Ry,
we see that A* is increasing on R,. O

Lemma 5.3 (Continuous differentiability of A). Let & be admissible as in
Definition 4.1. The function A : R, - R is continuously differentiable, and at
every s € Ry its derivative is given by

(5.7)
1 1
N'(5) =0s9(s,a) = E [hao +aoq [0 \/f”(t)th] +58 [0 ¢"(t) (E [a?] —t)dt
where « is the maximizer given by Theorem 4.2 at s.

In view of the variational formula in (5.2), this lemma follows from the envelope
theorem (see, e.g., [26, Theorem 2.21]) adapted to our setting. However, since
the space Mart; is infinite-dimensional and compactness issues are delicate, we
provide a complete proof for clarity.

Proof. We first show that A is differentiable by providing an upper and then a
lower bound. After this, we show that the derivative is continuous.
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Step 1. We show the upper bound in the definition of differentiability. Fix any
s € Ry and let a be the maximizer for A(s) as in (5.2). Due to |a¢| < 1 and that
g(+, @) is quadratic, we can find a constant C' depending only on ¢ such that,
for every s’ e Ry,

95", ) - g(5,0) - ' - )05, )| < Cls' = .
Using this, g(s’,a) < A(s") and g(s,a) = A(s), we get
A(s") > A(s) + (5" = 8)Dsg(s,a) = C|s’ - s].

Step 2. We derive a matching lower bound and deduce the differentiability. Fix
any s € R, and let a be the maximizer for A(s). It suffices to show that for
every sequence (sp)neny in Ry \ {s} converging to s, we can always extract a
subsequence (sp, )ken such that

(5.8) lim sup

k—o0 |Snk_ |

(A(sn) = A(5) = (5, —)Dsg(s,0)) = 0.

Indeed, this along with the first step implies that A is differentiable with the
announced derivative. Now, let us verify this. For each n, let a(™ be the
maximizer for A(s,). Since a(™ takes values in [~1,1], using the same argument
as around the display (4.28), we get that (W, (agn))te(@ﬁ[m]) converges along
a subsequence (1 )ken in law to some (W, (@t)eqnfo,1]) in a possibly different
probability space &, where @; is a martingale. For convenience, we denote the
subsequence (ng)gen still by (1) nen.

Let g be the corresponding functional as g but with underlying probability
space &. We also write E 5 and E- as expectations with respect to the ambient
probability spaces displayed. Using Skorokhod’s representation, we may turn
the convergence in law to a.s. convergence on another common probability space.
Using this and the boundedness of these martingales, we can show that

(5.9) Jim B [h% +041n)f \/Wth] a[hamal /IWth],
. Tim 5”(t)(Ej[( m))] )dt—f €"(t) (B [a2] - 1) .

Then, we use this to show

(5.10) ad

Q.
First, from (5.9) and the definition of g in (5.1), we have lim,, e g(5,, (™) =
G(s,@). The continuity of A by Lemma 5.2 together with ¢(s,,a(™) = A(s,)
implies limy oo g(sn, (™) = A(s). Hence, we have A(s) = g(s,@) and recall
A(s) = g(s,). The characterization of the unique maximizer in Theorem 4.2
ensures that o and @ have the same law, verifying (5.10).

Now, let us return to proving (5.8) and recall the shorthand (n),ey for (ng)gen.
We start with

g (sn,a(")) —yg (s’a(n)) _ fol(sn —5)dsg (tsn (- t)s,a(”))dt,
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Then, using A(s,) =g (sn,a(”)) and A(s) > g (s,a(")) on the left-hand side and
comparing the right-hand side with (s, — s)0sg(s, @), we get

A(sn) = A(s) < (sn = 5)0sg(s, @)

1
+|sn—5|f0

Due to (5.9) and (5.1), the integral vanishes as n - oo. Using (5.10), we also
have 0s5g(s,@) = 0sg(s, ). These together yield (5.8), completing the proof of
differentiability with derivative as in (5.7).

0sg (tsn +(1-1)s, a(n)) - 6S§(s,&)| dt.

Step 3. We show that the derivative is continuous in s. Again, fix any s and let «
be the maximizer for A(s). It suffices to show that for any (s, )nen converging to s
we can extract subsequence (s, )gen such that limy e Asg(sn,, a(™)) = dsg(s, @),
where a(™ is the maximizer for A(s,). We argue as in Step 2. Writing (1) gen
still as (n)nen, We extract a subsequential limit @ on a possibly different probability
space & as before. Then, we still have (5.9) and (5.10). In view of the definition
of g in (5.1), these two imply the desired convergence. Now, the proof is
complete. O

Using Lemma 5.3 and Theorem 4.2, we can compute that

(5.11) A(0)=gs= Al/im E[Ly]>0

where the inequality is due to E[Ly] > N'E[Hx(0)] = N'Th YN, 0> 0 for a
suitable o. In the next lemma, we show that to the right of zero, the function
A may have a flat piece, and is then strictly convex. We will also show in
Corollary 6.5 below that the flat piece is necessarily absent when h % 0.

Lemma 5.4 (Strict convexity of A after some linear portion). Let s :=sup{s €
R, : A(s) =sgs}. Then, we have that A(s) = sgs for every s € [0,s] and that A
is strictly convex on (s,00) and satisfies A(s) > sgs for every s > s.

Moreover, the following holds, where we denote by o the unique optimizer of

@ (given by Theorem 4.2) for each s > 0. For every s € (0,s], we have a® = a°

and

(5.12) /015”(75) (E[(af)?]-t)dt = /015”(75) (B[(a?)*]-t)at=0.

For every s > s, we have
1
(5.13) fo (1) (B[(af)?] 1) dt > 0,

Since A(0) = 0 and A grows super-linearly, we have s € [0, 00). In view of (5.12),
we can see that if fol &"(t) (E [(a?)2] - t) dt > 0, then s = 0 and thus A is strictly
convex on R,.

Proof. We first give a characterization of the condition A(s) = sgs and then prove
the statement on different intervals. Throughout, let a® be the unique optimizer

for A(s) and we express g in (5.1) as g(s,a) = sg1(a) + %gg(a) where

gi(a) =E [hao +ay /01 v g”(t)th] and go(a) = fol ¢'(t) (E[af] -t)dt.
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We often use that go(a) > 0 if E[a?] € G. In particular, we have ga(a®) > 0 for
every s 2 0.

Step 1. For s >0, we show that

(5.14) folg"(t)(E[(af)Q]—t)dt:o —  A(s)=sgs.

We notice that the Lh.s. is equivalent to go2(a®) = 0. To see “=—=", we start with

2 2
s s
sgs = sg1(a”) <sg1(a”) + 502(0”) <A(5) = sg1(a”) + T g(0”) = sg1(a”) <sgs

yielding the r.h.s. Next, to show “«<—=", we start with
2
s
sgs =sg1(a’) <sg1(a”) + 592(040) <A(s) =sgs

which implies that a is a maximizer for A(s). By the uniqueness of maximizers
given by Theorem 4.2, we must have a® = a’. Using this, s > 0, and that the
first inequality in the above display is in fact an equality, we can get g2(a®) =
g2(a®) = 0. Hence, we have verified (5.14).

Notice that in the proof of “<—=", we have also shown
(5.15) A(s) =sgs - o =al
which will be needed below.

Step 2. We show that A(s) = sgs for s € [0, s]. By continuity, we have A(s) = sgs.
Then, convexity implies A(s) < £A(s) + Z2A(0) = sgs. By convexity and (5.11),
we have A(s) > A(0) + sA’(0) = sgs. These give the desired result, which along
with (5.14) and (5.15) also implies the “moreover” part for s € (0,s] and (5.12).

Step 3. We show that A is strictly convex on (s, 00) and A(s) > sgs for every s > s.
First, the latter must hold, because otherwise (namely, A(s) = sgs) the same
argument as in Step 2 would imply A(s") = s’gs for every s’ € [0, s] contradicting
the definition of s. Now, fix any distinct sg,s; > s and any A € (0,1). Set
2
sx=(1=X)sp+ As; and we have A(sy) = sy g1(a®) + ‘%gg(as*). Due to (5.14),
we have ga(a®*) > 0. Using the strict convexity of the function s %, we have
A(sy) < (1=X)g(sp,a®) +Ag(s1,a°*) < (1=N)A(s0) + AA(s1),

verifying the strict convexity.

Due to A(s) > sgs for every s > s, using (5.14), we get (5.13). O

Lemma 5.5 (Maximizers of A*). Let s be given as in Lemma 5.4. The mazimizers
of A*(gs) are exactly the real numbers in [0,s] and we have A*(gs) = 0. For
every r > gs, N*(r) admits a unique mazimizer s € (s,00), and this mazximizer is
such that r = N'(s). We also have A*(r) >0 for every r > gs.

Proof. Recall A*(gs) = supgg, {sgs—A(s)}. Lemma 5.4 implies that s gs—A(s) =0
for s € [0,s] and sgs— A(s) >0 for s > s, which yields the first part of the lemma.

Then, let r > gs. Since A grows super-linearly (see Lemma 5.4), A*(r) admits
maximizers. Let s be any such maximizer. If s =0, then A*(r) =0-A(0)=02>
s'r = A(s") for every s’ € R, implying r < A’(0) = gs due to (5.11), which is not
possible. Hence, we must have s > 0. Then, the maximality condition implies
that r = A’(s). Since r > gs, we must have s > s, because otherwise we would have
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AN'(s) = gs<r (see Lemma 5.4). Hence, A*(r) achieves the maximum over (s, o).
Then, the strict convexity in Lemma 5.4 implies the uniqueness of maximizers.
Let r > gs and suppose that A*(r) <0. Then, we have sr — A(s) <0 for every
s € R,. Due to (5.11), we must have r < A’ (0) = gs, reaching a contradiction.
Hence, the last part of this lemma is verified. O

5.2. Inverting variations inside A*. In view of (5.2) and (5.3), A* admits a
supinf formula. We want to invert the order. We first record

(r-x)?
2a
Indeed, if a = 0, then the supremum is equal to +oco as r—x > 0; if a > 0, then the

maximum is achieved at s = “=*. To invert A*, we follow similar arguments as in
Lemmas 4.7 and 4.8.

2
(5.16) x<r, a>0 — sup{sr—sx—%a}z

seR4

Lemma 5.6 (Interchanging sup and inf). Let

o= {(B[neu v [ VE@aN]. (BLa21), )

and let K be the closure of the convexr hull of Ky with respect to the topology of
the space R x L1([0,1]). Then, for every r > gs, we have

A*(r)= inf sup{ r—sx——f f"(t)(g(t)—t)dt|geG}

(x:9)eK seR,

(5.17) inf { (r=x)° ‘geG}.
T (oo)K 2 [, € (t)(g(t) —t)dt

Proof. Write G(s,x,g) = sr—sx — % [01 &"(t) (g(t) - t)dt. From (5.2) and (5.3),
we get

o€ Martl}

A*(r)=sup inf {G(s X>9) ‘ geG}
seR, (X9)eK

Since for each fixed s, G(s,-,-) is affine, setting K; to be the convex hull of K,
we have

A*(r) = sup mf {G(s X59) ‘ geG}
seR; (X:9)¢€

To further replace K; by its closure K, we can use the same arguments
around (4.22) and (4.23) to see that G is continuous on R, x [0,gs] x {g € L' :
lg| < 1} in the topology of R x R x L' where L' = L'([0,1]). This continuity
together with the obvious closedness of G in L' yields

(5.18) A*(r) =sup inf {G(s X, 9) | ge G}
seR, (x,9)€

Due to the formula for gs given in Theorem 4.2 (at s = 0), we have

1
(5.19) E [hao +aq /0 \/f”(t)th] <gs
and thus
(5.20) x <gs<r, V(x,9) € K.

In particular, we can see K ¢ [0, gs] x {|g| < 1}.
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As argued below (4.24), K is compact under the norm topology of R x L!,
which implies that Kn (R x G) is compact. Also, notice that G(s,-,-) is affine for
each fixed s and that G(-,x,g) is concave for each fixed (x,g). These together
with the convexity of R, and the compactness and convexity of Kn (R x G) allow
us to apply the minimax theorem [27, 53] to interchange sup and inf in (5.18)
and get the first equality in (5.17). The second equality there follows from (5.20),
g €G, and (5.16). O

The following uses a similar argument as in Lemma 4.8.

Lemma 5.7 (Existence of minimizing martingale). There is an admissible
probability space &P (see Definition 4.1) such that, for every r > gs, (5.5) is valid
and the supremum therein is achieved.

Proof. Notice that “<” in (5.5) is an immediate consequence of Lemma 5.6. It
remains to show the reverse inequality.

We start with choosing the standard Wiener space #  as underlying probability
space. To emphasize this, we write Mart,(#), K(#'), and Ko(#'). Later, we
will consider probability spaces other than #  and extend this notation in the
obvious way.

Let (xn,gn) € K(#') be a minimizing sequence for (5.17), where we can assume
that g, € G for each n. Hence, for sufficiently large n, we have

EUVIRY
: (71 Xn) < A*(T) + 1
2 [y &"(t)(gn(t) - t)dt
which along with (5.20) implies

r— 2
/0‘1 gll(t)(gn(t) - t)dt 2 % =iCco > 0.

Then, we take Go = G 0 { [y €”(1)(g(t) = t)dt > co }.
As shown in the proof of Lemma 4.7, K(#') is compact in the topology of

R x L' (where L' = L'(]0,1]). Since the functional (x,g) - A 5,,((7;;?9)(2t)_t)dt is

continuous on R x Gy equipped with the R x L'-topology and the set Gg is closed
in L', we can extract a convergent subsequence from (Xn, gn)nen With some limit
(x,9) € K(#') such that g € Gy and the infimum in (5.17) is achieved:

er (r-x)?
(21 A= 2 [ €"(t)(g(t) - t)dt

By the same argument around (4.26) and (4.27), we can find an enriched
probability space # from # and martingales a(™) € Mart;(#) such that

Xn=E [hoz(()n) + agn) [01 \/ér(t)th] and g,(t) =E [(agn))Q] :

Then, by the same argument around (4.28) and (4.29), we can pass the above
equations to the limit and find a probability space & and a martingale « €
Mart; () such that

XzE[ha0+a1/01\/Wth] and g(t)zE[(at)Q].
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This along with (5.21) gives “>” in (5.5) with Mart; = Mart;(%). As com-
mented in the beginning, this completes the proof. O

5.3. One-sided large-deviation principle. Since we only consider A(s) for
s 2 0, we cannot derive the most general form of the LDP with testing sets
being arbitrary subsets of R. Instead, we need a “one-sided” version, stated
in the following proposition, whose proof is elementary but included here for
completeness. The setting is general and independent of the rest of the paper.

Proposition 5.8 (One-sided LDP). Let (Ly)nen be a sequence of random
variables and, for each N € N, denote by An : Ry — R the function:

1
(5.22) An(s) = N logEexp (sNLy), VseR,.

Suppose that there exists a continuously differentiable function A : R, - R such
that An converges pointwise to A on Ry, and that m := A’(0) > 0. Then, for
every Borel measurable subset A € [m,c0), we have

1 1
(5.23) _,14%11{ A" < liNHLigfﬁlog]P’{LN €A} < li]rvn_)solipﬁlogIP’{LN €A} < —i%fA*

where A°® and A are the interior relative to R and the closure of A, respectively,
and A*: R - Ru{+oo} is given as in (5.3).

If, in addition, A* is right-continuous at m (i.e. lim, <, A*(r) = A*(m)), then
the lower bound in (5.23) can be improved to —inf 40 A*, where A° is the interior
relative to [m,c0) of A.

Proof. Upper bound. For any x,s > 0, Chebyshev’s inequality gives
P{LN > .T}} < e—sNersNLN _ e—sN:c-%—NAN(s).

Since s can be taken arbitrary over R,, we have
1
(5.24) limsup — logP{Ly >z} < inf {-sz+A(s)} =-A"(x), Vx>0.
N—>o0 N seRy
Let A € [0,00) and set x4 = infA € A ¢ [0,00). Notice that P{Ly e A} <
P{Ly > x4} and that inft A* > A*(24) since A" is increasing on R, (due to (5.3)).
Using these and (5.24), we get the desired upper bound
1
limsup — logP{Ly € A} < -A"(z4) <-inf A",
N—o0 N A

Notice that this upper bound holds for any Borel measurable A c [0, c0). Due to
m > 0, this clearly holds for any A ¢ [m, o).

Lower bound. Since A’ is continuous and increasing and A’(0) = m, the image
of A'(R,) is an interval with endpoint m < d < oo. Fix any z € (m,d) and let
s € Ry be such that z = A’(s). Notice that we must have s > 0. For every ¢ >0
and p € (0, s], we have

(5.25) EGSNLN]I{LN>x+5} < e—Nu(a:+s)]Ee(s+;4)NLN _ e—Nu(ac+e)+NAN(s+u)

and similarly
(5.26) EeSNLN]l{LNQﬁ—s} < e Ni(@—e)pe(s-)NLN _ ~Np(z-e)+NAN(s—p)

Since A is continuously differentiable, we have, for sufficiently small p,
|A(s+p) = A(s) = pA' ()| +[A(s — ) = A(s) + pA ()] < <.
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Fix any such p. Recall that A’(s) =z. For N sufficiently large, we have
AN (s +p) = An(s) = pl + |An (s — ) = An(s) + paf < 5.
Using this in (5.25) and (5.26), we get

EGSNLN ]]‘{LN¢[£E*E,£E+E]} < 2€—N€p/2EesNLN )

Hence, for sufficiently large N, we have
EeSNLN]l{LNe[x—s,x+s]} z %E€SNLN
and thus

]P){LN € [JJ e,z +€]} > %e—sN(aﬁa)EesNLN _ %e—sN(x+a)+NAN(s).

Notice that the left-hand side gets smaller as € decreases. Hence, letting IV tend
to infinity and then e to zero on the right, we get

1
(5.27) li]{fn inf N logP{Ly €[z -c,x+e]} > -sx+A(s) > -A"(x)

for x € (m,d) and every ¢ > 0.

We want to extend (5.27) to every x € (m,o0). Due to d = supg, A’, we can
verify that A*(z) = oo if & ¢ (m,d] and thus (5.27) holds at = € (d, 00). It remains
to verify (5.27) at = d when d < co. In this case, for every € > 0, we can find
x € (m,d) and €’ > 0 such that [z -¢',x+&"] € [d—e,d+¢]. Since A* is increasing
on R, (due to (5.3)), we have A*(d) > A*(x). Using these and (5.27) at x, we
get (5.27) at d.

For any A ¢ [m, o0), let x € A°® (taken relative to R and thus m ¢ A°®). We can
find sufficiently small e so that [x —e,z +¢] € A. Now, using the extended (5.27),
we get

1
liNHLigf N logP{Ly € A} > -A"(x).

Optimizing over z € A°®, we obtain the desired lower bound. Notice that the
lower bound holds trivially when A°E = &.

The additional part. We always have inf 4o A* < inf 4o A*. They differ only
when A° N A°® = {m} and infyo A* = A*(m). However, in this case, we can
find a sequence in A°®* converging to m from the right, which along with the
right-continuity of A* at m ensures that inf yox A* = A*(m). Therefore, under
the additional assumption, we must have inf 4o A* = inf 4o A™. O

5.4. Proof of Theorem 5.1. Clearly, the theorem can be divided into three
parts and we prove each of them separately.

Proof of (5.4) and the regularity of A*. Let An be defined as in (5.22) with Ly
given as in (1.3). Theorem 4.2 implies that Ay converges to A as in (5.2) pointwise
on R;. Lemma 5.3 ensures that A is continuously differentiable and (5.11) gives
A’(0) = gs > 0. Hence, we can apply Proposition 5.8 with m = gs to get (5.4).
Lemma 5.2 gives that A* is continuous and increasing on [gs, c0). This continuity
also allows us to use the additional part in Proposition 5.8 so that A° in (5.4) is
taken relative to [gs, o). O
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Proof of (5.5) and the uniqueness of minimizers. Fix any r > gs. Lemma 5.5
gives A*(r) >0 in (5.5) and we focus on the equality in (5.5).

We follow similar steps as in the proof of Theorem 4.2. Let & be the probability
space in Lemma 4.8 which is in general different from & in the statement of
the theorem to prove. For clarity, we write Mart;(Z?) and Mart,(2?) for
the corresponding spaces of martingales. Recall G from (4.1) and we write
Mart; () to be the subcollection of martingales « satisfying E[a?] € G and
similarly for Mart; ().

Let @ € Mart; g() minimize (5.5), allowed by Lemma 5.7. Let 5 € R, be
the unique maximizer of (5.3) given by Lemma 5.5, which satisfies » = A’(3) and
5> 0 as desired in Theorem 5.1.

In the following, we write I'(s, ) = rs — g(s, «) for g(s, ) appearing in (5.1).
Then, the definition of A*(r) as in (5.3) along with (5.2) gives

A*(r) = sup inf  T(s,a)= inf  T(5,w),
seRy aeMart; g(2) aeMart; ()

while Lemma 5.7 along with (5.16) (allowed by (5.19)) gives

A (r) = inf  supT'(s,a)=sup(s,a).
aeMart ¢(Z) seR+ seR,

Hence, for every s € R, and a € Mart; g(2), we have
A*(r)<T(5,a) and T(s,@)<A*(r).

From this, we can deduce A*(r) =I'(5,@) and

(5.28) ['(s,a) <I'(5,@) <T'(5a).

The second optimality in (5.28) implies that @ maximizes A(s), which by Theo-
rem 4.2 gives that @ is the unique maximizer satisfying (4.4) as described therein.
In particular, @ is measurable with respect to the filtration generated by the
Wiener process.

Now, we turn to the probability space &2 as in the statement of Theorem 5.1.
We let @ be given by the same relation in (4.4) but with W now on 4. Now
since @ and @ have the same law, A*(7) = supyg, I'(s,@) together with the
computation in (5.16) implies that “>” holds in (5.5). The reverse inequality “<”
follows from Lemma 5.6. Therefore, we have verified the equality in (5.5).

Lastly, applying the same argument above (leading to (5.28)) to & and @, we
can see that @ is uniquely determined via (4.4) given by Theorem 4.2 at 5. This
gives the uniqueness of minimizers. O

Proof of (5.6). Fix any r > gs and let s and a be the optimizers as described
in Theorem 5.1. By r = A’(s) and maximality, we have A*(r) = sA'(s) -
A(s). Since « is the maximizer given in Theorem 4.2 at s, we can see that
a maximizes (5.2). Hence, we have A(s) = g(s,«) and A'(s) = 0s9(s,a) by
Lemma 5.3. Using the expression of g(s,«) in (5.1), we can thus compute
sA'(s) — A(s) and verify (5.6). O

Now, the proof of Theorem 5.1 is complete.



38 H.-B. CHEN, A. GUIONNET, J. KO, B. LACROIX-A-CHEZ-TOINE, AND J.-C. MOURRAT

6. NECESSARY AND SUFFICIENT CONDITION FOR QUADRATIC BEHAVIOR

The main goal of this section is to prove Theorem 1.3. To understand the
effect of the external field on the Parisi measure, namely the minimizer v for gs
given in (3.5)%, we recall [18, Proposition 3] as follows. We view dv as a finite
positive measure on [0, 1] and denote its support by supp d-.

Proposition 6.1 ([18]). Let h € R, let v be the minimizer of the right-hand side
in (3.5), and let X be the solution to (4.3). For every q € suppdry, we have

(6.1) E (0,9 (g, Xq))* = ¢,
(6.2) £"(q)E (029,(g, X)) < 1.

This proposition allows one to deduce the following well-known result. Heuris-
tically, when h = 0, the spin distribution is balanced, and hence 0 belongs to the
support of d~.

Proposition 6.2. Let h =0 and let v be the minimizer of the right-hand side
in (3.5). Then, we have 0 € suppd~y.

Such a result has been established for mixed-p spin models at finite temperature
in [4]. At zero temperature, it is proved at the beginning of [19, Section 3.2]
using [17, Theorem 5]. Although both works are formulated for mixed even
spin models, the argument in fact applies to general mixed-p spin models. For
completeness and clarity, we choose to reproduce the proof here. We begin with
an analytic result, which is a simplification of [17, Theorem 5].

Lemma 6.3. Let h € R, let vy be the minimizer of the right-hand side in (3.5),
and let q = inf suppdry. For each u € [0,q], let x1(u) and x2(u) be two centered
jointly Gaussian random variables with covariances

Exi(u) =Ex3(u) =€ (q) and Exi(u)xz(u) =& (u)
and define
P(u) = E0p Vo (q, b+ x1(1)) 02 Wy (g, b+ x2(u)).
Then, |'(u)| <1 for every u € [0,q).

Proof. We can realize x1 and xs2 by choosing g¢g, 91,92 to be ii.d. standard
Gaussian and set, for i € {1,2},

xi(w) =& (w)go + /€' (q) = &' (u)g;-

As a consequence of ¢ = infsuppdy, we have v = 0 on [0,¢] and thus X, =
h+ [(1\/€"(t)dW; in view of (4.3). Hence, we have

(6.3) h+x1(u) gh+X2(u) qu, Yu e [0,q].

For brevity, we write F' = 0,¥,(q,-) and often omit u in writing x; and x2. Then,
using the symmetry between y; and x2 and Gaussian integration by parts, we

3Recall that in this section we take h € R to be deterministic, so that we have ¥, (0, h)
instead of Eg; n, U4(0,91 + h1) in (3.5).
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can differentiate ¥ and compute
V' (u) = 2E[F'(h + x1)F (h + x2)x4]
- €| PO ) (i - et )|
=" (WE[F'(h+x1)F'(h+x2)].

For i € {1,2}, we define Z; = \/¢"(q)F'(h + x;). Since F' = 92V, (q,-) >0 due to
Lemma 4.6, we have Z; > 0. By (6.2) and (6.3), we also have EZ? < 1. Using
this, £”(u) <&"(q), and the Cauchy—Schwarz inequality, we get

1 1
W' (u)| <EZ1Z2 < (EZ})? (EZ3)2 < 1.
Suppose that [¢)'(u)| =1 for some u € [0,q). Then, we have EZ;Z5 =1 and thus
E(Z, - Z3)* =RZ? + EZ2 - 2EZ, Z5 < 0,

implying that Z; = Z5 a.s. However, since F’ is not constant, we can find open
intervals O and Oy such that supp, F' < info, F'. Due to u < ¢, x1(u) and
x2(u) are not identical and the event that h + x1(u) € O1 and h + x2(u) € O
has positive probability. This implies Z1(u) # Z2(u) and reaches a contradiction.
Therefore, we must have [¢)'(u)| < 1 for every u € [0, q). O

Proof of Proposition 6.2. Set q = infsuppdy. Let x1, x2, and % be given as in
Lemma 6.3 at this ¢ and h = 0. Notice that x1(q) = x2(¢) a.s. By this, (6.3),
and (6.1), we get ¢ = ¥(¢). On the other hand, due to £'(0) = 0, x1(0) and
x2(0) are independent and thus we have 1(0) = (H‘EE)I\ILY(q,)(1(0)))2 = 0 since
0:¥~(q,-) is odd by Lemma 4.6. Therefore, both 0 and ¢ are fixed points of ¢ on
[0,¢]. Suppose g # 0. Then, the mean value theorem gives some wu € (0, ¢q) such
that ¢'(u) = 1, which contradicts Lemma 6.3. Hence, we must have ¢ =0. [

As announced in (1.8), we now show the following equivalence.

Lemma 6.4. Let o be the optimal martingale from Theorem 1.1. We have

(6.4) h=0  if and only if /01 ¢'(t) (E[af] -t)dt=0.

Proof. Recall that Theorem 1.1 is derived from Theorem 4.2 at s = 0. Let v € Mj
be the unique minimizer of the Parisi formula (3.2) (recall Remark 3.3) given
by this theorem at s = 0, whose relation with « is described by (4.3) and (4.4).
So, 7 is the Parisi measure as often called in the spin glass literature. We recall
a useful property of v from [18, Proposition 4]. Denote the functional over M,
inside the inf in (3.5) by P. Then, for every 7' € My, we have

dP (v + >;\(’y’ -7)) |)\:0 _ % /(;1 &' (t) = v(1)(E[a?] - t) dt > 0.

Now, we are ready to derive “=—=" in (6.4). When h = 0, Proposition 6.2 gives
0 € suppd~y. Hence, there is a vanishing sequence (d,,)nen of positive numbers
such that v(d,) > 0. For each n, substituting (y(-) = v(n))1s, 1) € Mo for o
in (6.5), we get

1) [ €O E01 -t < [ () (Bla?] - ) < 26" (1) )

(6.5)
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Divide both sides by v(d,,) and send n — oo to get fol ¢"(t)(E[a?]-t)dt <0. On
the other hand, the condition on « in (1.4) requires this integral to be nonnegative.
Therefore, we have verified “==" in (6.4).

Next, we turn to “«<==". It is equivalent to assuming h # 0 and showing
Jo €"(t)(E[a?] - t)dt > 0. Since 9,¥(0,-) (recall the PDE (3.3)) is odd and
strictly increasing by Lemma 4.6, we have 9, ¥, (0,h) # 0 when h # 0. Due to
ag = 0;¥,(0,h) in (4.4), this implies E[a?] > 0 and, by continuity, there is § > 0
such that foé ¢"(t) (E[a}] - t) dt > 0. Meanwhile, the condition on « in (1.4) gives
[ (@) (E[af] -t) dt > 0. Combined, they yield fo € (t) (E[af]-t) dt >0 as
desired. O

We record an immediate corollary on A defined in (5.2).

Corollary 6.5 (Strict convexity of A at h #0). Let s be given as in Lemma 5.4.
If h #0, then s = 0 and thus A is strictly convezx on [0, 00) and satisfies A(s) > sgs
for every s > 0.

Proof. Suppose s > 0. Then, (5.12) from Lemma 5.4 implies /01 ¢"(t)(E[of] -
t)dt = 0 for the optimal martingale o from Theorem 1.1. By Lemma 6.4, this
implies h = 0, reaching a contradiction. Now with s = 0, the properties of A follow
from Lemma 5.4. U

We conclude by proving Theorem 1.3, treating the two distinct cases separately.

Proof of Theorem 1.3 in the case h # (0. Let @ be the unique maximizer given in

Theorem 1.1, which satisfies gs = E [hao +a1 /01 VE"(t) th]. Lemma 6.4 gives
co = fol ¢"(t)(E[a?] - t)dt > 0. Using these and (1.5), we get A*(r) < %.

On the other hand, we set ¢1 = fol E"(t)(1-t)dt > 0. Then, for any o admissible
in the variational formula for A*(r) in (1.5), we have

(7’ -E [hao +aq fol \ /glr(t)th])2 (154) (r - gs)?

2fo €"(1) (B[aF] - 1) dt T 2
implying A*(r) > % and completing the proof. O

Proof of Theorem 1.3 in the case h = 0. It suffices to show that for any sequence
(Tn)nen satisfying r, > gs and lim, . 7, = gs, we can extract a subsequence

(T, )keny such (A*(T”’“)

T —g)? diverges to +o0. For each n, we invoke Theorem 5.1 to
N

get s, satisfying 7, = A’(s,) and minimizing A*(r,,), and a(™ maximizing %n”)

First, we identify the limit of s,. Let s be given in Lemma 5.4, which gives
that A is strictly convex on (s,00). Hence, A’ is strictly increasing and bijective
from (s,00) to (A'(s),A’(00)) where A’(o0) := limg_ 0, A’(s). The definition of s
in Lemma 5.4 also gives A’(s) = gs. This along with A’(sy) =r, — gs and the
continuity of A’ due to Lemma 5.3 implies

(6.6) lim s, = s.

n—oo

Next, we turn to a(™). By a similar argument used in Step 2 of the proof of
Lemma 5.3, we can extract a subsequence (W, (aﬁnk))te(@m[m]) that converges
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in law to (W, (@t)seqn[o,1]) for some martingale @ defined on a possibly larger
probability space. Recall the expression of @ from (5.1) and (5.2) which is
exactly the left-hand side in (4.2) of Theorem 4.2. The choice of o™ ensures
Alsn) _ glona™) = p¢ o 0, we understand @ = A’(0) = gs (see (5.11)). Then,

Sn, Sn,

using the continuity of (s,«) — @, the aforementioned convergence of o™,
A(s)

and (6.6), we can pass ny to the limit to get == = @. In other words, @ is

the unique optimizer of @ If s >0, we invoke Lemma 5.4 to see

(6.7) folg”(t) (E[a;]-t)dt=0.

If s = 0, then @ is the optimizer of # = gs, which by Lemma 6.4 and the

assumption h = 0 also implies (6.7). Then, the convergence of (™) and (6.7)

yield
lim folg"(t) (E[(a,ﬁ”k))z]—t) dt = 0.

Recall that o™ is the optimizer for A*(r,,) in (1.5) which along with (1.4)
gives

)2
AN (rp,) 2 ; (ru, — g5) 5 .
2 i en(t) (E[(at(”k)) ]—t) dt
Combining the above two displays, we have that % diverges to +oo as
nk
k — oo. As explained in the beginning, this gives the desired result. 0
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