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ABsTrACT. We study the population gradient flow of an infinitely wide two-layer neural network learning
a misspecified single-index model in high dimension. The two layers are optimized jointly, with a
perturbative parameter tuning the relative training speed between the first and second layer. This
setting was considered by Berthier, Montanari and Zhou in [13], who conjectured a hierarchical learning
scenario with explicit timescales as the second layer is trained faster than the first. In this paper, we
prove that the constant and linear components of the hidden link function are indeed recovered within
the predicted timescales, at sharp explicit thresholds. We then analyze the onset of learning of the
quadratic component and show that the components learned at earlier stages continue to influence the
dynamics in an essential way. Our proof is based on quantitative approximation results for singularly
perturbed flows evolving near a manifold defined by integral constraints. At a phenomenological level,
we also show that the empirical measure of the weights displays singular behaviour when reaching the
quadratic component of the hidden link, with a small fraction of neurons growing significantly while the
remaining ones rearrange to preserve the components already learned.

1. INTRODUCTION

In the effort to understand the success of gradient-based optimization methods for deep learning [11],
it is crucial to find models that are amenable to theoretical analysis while retaining practical relevance.
Among such models, two-layer neural networks remain a significant technical challenge despite a flurry
of recent contributions: in the absence of convexity, it is difficult to find analytically tractable approxi-
mations of the dynamical system induced by a gradient flow on the parameters. In that regard, several
approaches have appeared to go beyond the kernel regime [37, 26] which, despite the appealing simplicity
of the ensuing (linear) dynamics, falls short of explaining the ability of neural networks to perform feature
learning [21, 55, 28]. Notably, kernel-based analyses of neural network training dynamics do not show
how these architectures adapt to latent low-dimensional structure in the data, thereby avoiding the curse
of dimensionality [6, 57, 29]. We summarize in what follows, without claim of exhaustivity, two of these
approaches that motivate the present work.

On the one hand, the series of papers [44, 19, 48] proposes to study infinitely wide two-layer neural
networks and shows that, upon an appropriate scaling of the network and parameter initialization, the
evolution of the empirical measure of the weights may be described by a non-linear transport equation
corresponding to a Wasserstein gradient flow on a convex functional. Although this approach allows one
to provide significant generalization guarantees in certain settings [20], the arguments often rely on infinite
training time (see also [54]), and quantitative convergence results still largely rely on Polyak-Lojasiewicz
assumptions, see e.g. [18].

On the other hand, a vast body of work studies the high-dimensional dynamics of various instances of
gradient methods on simple problems, with random design data models displaying latent low-dimensional
structure. Examples include single [56, 9, 15, 13] and multi-index regression [33, 23, 5, 2, 10, 24, 14],
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as well as binary and multiclass classification [47, 7, 30]. These approaches rely on reducing the high-
dimensional dynamics to a low-dimensional (Euclidean) dynamical system capturing both the effect of
empirical noise and population terms. Postponing a more detailed discussion to Section 4, we mention
for now that this has led to quantitative descriptions of a number of phenomena observed in practice
such as hierarchical learning [4], where the neural network learns functions of increasing complexity on
different timescales, with associated plateaus in the training and test error.

In the case of single index regression, if the link function is known, a single neuron is sufficient to
learn the target function (i.e. the hidden index), and the gradient dynamics can be reduced to a one
dimensional ordinary differential equation (ODE). The time for a parameter vector under gradient flow
to achieve non-trivial correlation with the hidden index from an uninformative start is then governed
by the local curvature of the loss landscape near the initial condition [27, 8, 9]. This, in turn, allows a
sharp analysis of gradient methods with no oracle modification to the algorithm. When the activation
function is not known however, a (fully parametrized) two-layer neural network is required to solve the
corresponding semiparametric problem, and the ensuing effective dynamics is much harder to analyze.
This has motivated the use of oracle-based proof methods such as layer-wise training [25, 15, 40|, or
meta-algorithms operating directly in an appropriate Hilbert space [46]. Thus, understanding the joint
learning dynamics of a two-layer neural network trained with gradient descent to solve a semiparametric
regression task is still unresolved.

Recently, the work [13] took a significant step towards answering this problem. Blending elements from
both the approaches described above, the authors study gradient flow on an infinitely wide two-layer neu-
ral network, in the high-dimensional limit, and in a regime where the second layer is trained faster than
the first. The relative speed is controlled by a perturbative parameter that allows one to interpolate
between the unchanged gradient flow and layerwise training. Focusing on the population limit, they de-
rive solutions to the effective dynamics using a matched asymptotic expansion argument, a non-rigorous
method from the theory of singularly perturbed dynamical systems [35]. These computations lead to
a precise description of the hierarchical learning process for the constant and linear components of the
unknown activation, while progressively recovering the hidden index, with explicit expressions for the
corresponding timescales. An additional conjecture is then established for the higher order components
based on neglecting the terms associated to the ones learned previously and solving simplified dynamics
that do not require a perturbative analysis.

In this paper, we build a framework to rigorously study a family of singularly perturbed dynami-
cal systems that includes the learning dynamics of two-layer neural networks, providing mathematical
grounding for the results of [13] regarding the constant and linear components of the hidden activation
along the way. We then provide an explicit representation for the learning dynamics of the non-linear
components, showing that the terms associated to the previously learned ones cannot be neglected. At
a phenomenological level, beyond the constant and linear components, the empirical measure of the
weights displays singular behaviour as it moves towards learning the next components while retaining
the information acquired at earlier stages of the learning process. At a technical level, we provide a
general methodology to construct approximations of dynamical systems evolving near target sets defined
by integral constraints, and to obtain time dependent bounds that adapt to the hierarchical nature of
the dynamics for the validity of these approximations.

2. SETTING

Our setting is the same as that of [13], and we adopt the same notations. For the sake of clarity, we
will not reproduce their main results explicitly or enumerate the assumptions required for them to hold.
Rather, we will give an informal description of only the elements required for our results to be stated.
We refer the reader to their paper for more precise statements, and to the second paragraph of Section 4
for further discussion on this matter.

Consider the joint law P, , on R? x R defined by the conditional model

y = ¢((us, 7)), (2.1)

where ¢ : R — R is an unknown link function, x is a random vector in R¢ with i.i.d. standard normal
entries and u, € S?! is a fixed, unknown vector on the unit sphere. We learn this target function using



a two-layer neural network parametrized as follows
flx,a,u) = Zaz (ui, ), a1,...,am €R, uy,...,up € S¥L, (2.2)

and where o : R — R is an activation function. The parameters of this network are trained with gradient
flow on the population loss

Ra,u) = %E {(y — f(z, a,u))Q} , (2.3)

where we denote (a,u) = (aq, ..., Gm, U1, ..., Uy, ) the vectors gathering the external and internal weights.
The gradient flow is considered on the product manifold (R x S¥~1)™, so that a spherical gradient is
considered for the internal weights, and an Euclidean gradient for the external ones, leading to the
system of ordinary differential equations (ODEs)

Ora; = =m0y, R(a,u), (2.4)
Ou; = —m (I — usw] ) Vi, R(a, ). (2.5)

Additionally, the relative training speed between the first and second layer weights is tuned with a
perturbative parameter ¢ > 0, understood as small, as follows

Ora; = —@aaﬂz(a, u), (2.6)
Oui = —m (Ig — wiu; ) Vo, R(a,u). (2.7)

Thus, as € becomes small, the second layer weights are tuned progressively faster than the first layer ones.
At initialization, the vectors a,u are assumed to be drawn i.i.d. and independently respectively from a
measure Py, assumed to be absolutely continuous w.r.t. the Lebesgue measure on R, and the invariant
measure on the d-dimensional unit sphere, denoted U(S%~1). The activations o, ¢ are assumed to be
square-integrable with respect to the standard Gaussian measure. The coefficients of their decompositions
in Hermite polynomials are respectively denoted {0}, and {¢r}7>,. Letting, for each 1 < i < m,
8; = (wj, uy), the authors of [13] show that, when taking m,d to infinity, the dynamical system (2.6)-
(2.7) can be reduced to a set of autonomous ODEs on the variables {(a;,s;)}/",. At initialization, the
overlaps {s;}7, are then i.i.d. according to the distribution of the push-forward of U(S?1) through the
Euclidean prOJectlon on u,, denoted Pg. In turn, these variables may be reindexed using a probability
space (€, F,p) and random processes a(t,w), s(t,w) (for w € Q and ¢ > 0), respectively taking values in
R and [—1, 1], and following the evolution

Ora(t,w) Zaks (t,w) ( k—ak/a(t,y)s(t,y)kdp(y)>, (2.8)

Oes(t,w) = at,w) (1 - s(t,w) Zkoks (t,w) (gpk - Uk/a(t,l/)s(t,u)kdp(u)) , (2.9)

which can be understood as a gradient flow on the cost function

;ki:o (@k - ak/a(w)s(w)kdp(w)>2 : (2.10)

The initial condition a(0,w),s(0,w) is a pair of measurable maps such that pushing p through them
recovers P4 ® Pg, and, since Ps converges weakly to a point mass at 0 as d goes to infinity, we have
$(0,w) = 0. Also, if we assume that p is the uniform measure on [0, 1], a(0,w) is simply the inverse
cumulative density function (CDF) of P4. We refer the reader to Section 4.3 and 4.4 of [13], and to
the references therein, for a more detailed discussion on the links between this formulation and the one
usually found in the mean-field theory of neural networks [43, 19, 48]. The evolution (2.8)-(2.9) will
be the main topic of our study, and, in particular, we seek to understand whether or not the dynamics

reaches points where the terms (@), — oy, [ a(cu)s(w)kd,o(w))2 are small, for increasing values of k.



Notations. We will denote the L> norm on [0,1] (or other subsets of the real line) by ||.||, and the
Euclidean norm on R™ (for any integer n) by ||.||2. Also, for any piecewise continuous, integrable function

f on Q, we denote f = fQ fw)dp(w), and f; = f — f. We will sometimes abbreviate the centered,
standard Gaussian measure with p. Finally, for any real number z, we let () = max(0, z).

Remark 2.1. In what follows, various initial value problems related to the evolution (2.8)-(2.9) will be
considered, always for initial conditions around which the vector fields defining the dynamics are locally
Lipschitz continuous. Thus, we will often omit to justify the existence and uniqueness of maximal
solutions, which immediately follow from the Cauchy-Lipschitz theorem.

3. MAIN RESULTS

This section gathers the results that are the most meaningful to describe the learning dynamics in an
intuitive way. They are consequences of more general technical results that can be found in Section 7
and Appendix B. Our assumptions are as follows:

Assumption 1.

e The function a(0, .), which will be denoted a;yt, is piecewise continuous from [0, 1] to R and there
exists a constant M such that ||a(0,.)|| < M.

e 5(0,.)=0.

e The functions 0,0’ and ¢ are in L?(u). For each k > 0, o3 > 0 and ¢, > 0.

We will sometimes refer to the parameters M, {04 }32 o, {¢k } 72 as the problem data. Until further notice,
all the following statements concern the solution a(t,.), s(¢,.) to the initial value problem defined by the
evolution (2.8)-(2.9), with any initial condition such that Assumption 1 is verified.

3.1. LEARNING THE CONSTANT AND LINEAR COMPONENTS

Our first main result shows that the timescale on which the constant component (the coefficient ) is
.. . elog(1)

learned to a precision close to ¢ is of order —.

Proposition 3.1 (Learning the constant component). There exists a positive constant Cqy such that, for

any n € (0,1) and e sufficiently small,

(nlog(2) +log([a(0) — £21))

1
hﬁ&EO:Mﬂ—wﬂ§ﬁ+Cﬁbgg}§ . e (3.1)
(&) JO

The next result characterizes the timescale required to learn the linear component (the coefficient ¢1).
The first part of the result shows that learning ¢; up to a precision of order o(1) is arbitrarily close to

4011901 VElog(2). The second part shows that, on a longer timescale of order O(y/zlog(1)), the coefficient
1/4

is learned up to a precision of ¢

Proposition 3.2 (Learning the linear component). For any constant ¢; > 0, a € (0,1) and e sufficiently

small, . {t >0 a5(t) = (1 _a)@l} < (

01

Toron + c1> ﬁlog(é). (3.2)

L such that, for e sufficiently small,

4011

Furthermore, there exists a constant C; >

1
inf {t >0:as(t) = (1— 51/4)‘/’1} < C1v/elog(=). (3.3)
01 g
Propositions 3.1 and 3.2 are corollaries of the following more general result, that provides a quantitative
approximation to the solution of the dynamical system (2.8)-(2.9) on timescales up to order O(y/z log(2)).
To state this result, we begin by defining the idealized system around which our approximation is con-
structed. Let b: Ry — R be the function

b@=%+0@—?%m@?y (3.4)



b is the solution to the ODE obtained for the quantity @ if only the term corresponding to the coefficient
o is conserved in the dynamical system (2.8)-(2.9). Similarly, with o} = oy fol a3y, (V)dv, let 3,7 be
the solutions to the dynamical system

o
2.8(1) = ZA(1) (1 — o B(11(1) (35)
Oy(t) = 01B(t) (v1 — o1 BV (1)), (3.6)
with initial condition $(0) = 1 and «(0) = 0. This system can be integrated (almost) explicitly, and
B, are studied in detail in Appendix A. Now, define b(¢,.) = B(t)aini, 1 () and g(t,.) = Y(t)@init, 1 (.)-
The functions b, g are the solution to the dynamical system (2.8)-(2.9) if only the terms corresponding

to the coefficient (; are kept. The following theorem provides a quantitative approximation result for
a(t,.), s(t,.) in the form of tubes with time-dependent radii around the curves defined by b,b, g.

Theorem 3.3. There exists a constant D such that, for any c € [0, g5] and time (t-)z>o of the form

te = (401@1 + c) \/glog(é), (3.7)

there exists a constant C' such that, for any t € [0,t.] and e sufficiently small,
|a —b|(t) < Ct+ Cep2(t), [3(t)] < Ct, (3.8)
ltar =0)(t, )+ 2ll(s = g)(t, )| < CexPB(2). (3.9

Furthermore, there exists a constant 6 € (0, %) such that, for any constant K >

t € [te, K\/Elog(L)], and e sufficiently small, (3.8) holds and
s = )t + =72 (s1 — g)(t, )| < CEB(). (3.10)

Remark 3.4. One can show that, for all times, v(t) < /¢/3(t), justifying the sole use of § to state the
bounds on both a; and s; in Theorem 3.3.

1
4011

+ % and any

Remark 3.5. On timescales of order O(e log(%)), the terms depending on S(t) are negligible, so that the
bounds relevant for the constant component are linear in time. As we progress towards the linear com-
ponent, the dependence in §(t) becomes relevant, and we rigorously recover the corresponding timescales
from [13] down to the constants.

3.2. LEARNING THE QUADRATIC COMPONENT

In the remainder of this section, we will focus on the following simplification of the dynamical system
(2.8)-(2.9):

dra(t,w) = 7 (o — o0a(0)) + Zs(t.w) (91 = 015(1)) + 7221 w), (3.11)
Ops(t,w) = a(t,w)or (p1 — 01a5(t)) + 202p2a(t, w)s(t,w). (3.12)

We now turn to the learning process of the quadratic part of p, namely the coefficient p,. A core
difficulty in this case is the absence of a clear decomposition of the solution to (2.8)-(2.9), mainly due to
the previously learned coefficients g, 1, the contribution of which in (2.8)-(2.9) does not vanish once they
have been learned. Thus, we determine the correct idealized system to study the learning dynamics on a
relevant timescale (in powers of €). Such a timescale is identified in Lemma 7.4 by studying the solution
to (2.8)-(2.9) when only the terms corresponding to @9 are kept, showing that whatever approximation
is obtained should hold for times of order at least €'/4. We begin by describing the family of initial
conditions that we will consider, as prescribed by the terminal values of the pair a(t, .), s(¢,.) in Theorem
3.3 (and its corollaries). In particular, upon setting a time of the form to = Kv/zlog(L), which we will
choose as our origin, in Corollary 7.3, we obtain that there exist positive constants C' and ¢ such that

1
oo — ooa(to)| < CVE, |1 — ovas(te)] < C'*, [5(to)] < C\/Elog(g)v (3.13)

1/2 1/2
laL(to,.) — (f) eV i, 1 () + eV ||s 1 (0, ) — (ﬁ) e i, 1 ()] < CeT VAT (3.14)
1 1



Owing to the initial scale of a, s prescribed above (respectively e~ 1/4 and 51/4), and the fact that the
relevant timescale on which we seek to work is of order €!/4, it is convenient to consider the following
change in time and scale to state our approximation result:

a(t,w) = e4a(eV*t, w), (3.15)
3(t,w) = e~ Yis(eV 4, w). (3.16)

Our goal now becomes to study the pair @, § on a timescale of order one. Now, as done for the constant
and linear component, we define our idealized dynamics, in this case as the solution to the system

Dr21(t,w) = ooap(t) + orar(t)z(t,w) + oapaza(t,w), (3.17)
Opza(t,w) = z1(t,w) (o101 (t) + 2029222 (t, w)) , (3.18)
with any initial condition verifying Z;(t9) = el/ 4% and z1z2(ty) = %7 and where the coefficients
ap(t), a1 (t) are given by
1 _
ao(t) = (alal(t)z(t) + ang(t)) : (3.19)
20’2@22’22’2 + 0'24,02; — 0'29022725
ar(t) = — = 72 — (3.20)
012} + 01(23 — 72°)
and respectively ensure that
0z1(t) =0, and 0OzZ1z2(t) =0. (3.21)

The following result is a consequence of the more general Proposition B.1 (and of Corollary B.2), which
provides an approximation result for families of singularly perturbed flows evolving near certain target
sets defined by integral constraints.

Proposition 3.6. Let (a(t,.),s(t,.)) denote the solution to (3.11)-(3.12) with any initial condition
a(to,.), s(to, .) verifying the bounds (3.13)-(3.14). We then have the following results.

(a) There exist continuous functions z(to,.), z2(to,.) and a constant Cy such that

zi(to) = 51/4%27 Z(to) =0, Ziz2(to) = %, (3.22)
A R 1
la(to. ) = zi(to, )| + [13(to, .) = 22(to, )| < Coe'/* log(). (3.23)

(b) Let (z1(t,.), 22(t,.)) be the solution to (3.17)-(3.18) with initial condition (z (to,.), 22(to,.)). For
any constant R > 0, consider the hitting time

Tr = nf{t > to : (|la(t, )| + 18 ) V (22 )l + 222 )]) = Ry (3.24)

Then there exist constants C, K depending only on the problem data and R such that, for any
fized time horizon T independent of € and any to <t <Tr AT,

1@t .), 3¢, .)) = (21(£, ), 22(t,)|2lloe < (Co€1/4 log(é) +CeV3(t — to)) exp (K(t —t)).  (3.29)

At an intuitive level, the perturbative parameter € allows to pin the dynamics in a neighborhood of the
sets defined by the previously learned components. While the auxiliary dynamical system (3.17)-(3.18) is
difficult to study quantitatively, it precisely characterizes the effect of the previously learned coefficients
on the remainder of the learning dynamics. In particular, it shows that the effect of these coefficients
cannot be ignored, and that, upon reaching the quadratic term, the dynamics (2.8)-(2.9) is not equivalent
to the one obtained by keeping only the terms related to the coefficient ¢o. Through simulations, we
show that the maps a(t,w) and s(¢,w) become highly singular, as the corresponding empirical measures

evolve towards learning the quadratic component, but must also retain values of @, @s respectively close
to £0 2L

oo’ o1’
Remark 3.7. A straightforward consequence of the bounds for the initial condition at Eq.(3.13)-(3.14) is
that there exists a constant D depending only on g, 1, 00,01, M such that
(atto, )+ M15Ct0, ) v (l[z2 (o, )l + l[22(t0, ) ) < D- (3.26)

Thus, Proposition 3.6(b) becomes informative when choosing R > D, and describes the evolution of a, §
(or equivalently a, s) at least until they reach a large, order one multiple of their initial scale. The meaning



of this hitting time and the required scale for the pair a, s to learn the coefficient @4 are discussed further
in Subsection 7.2.

Remark 3.8. While the error bound in Eq.(3.25) is exponential in time, we argue that this does not
constitute a technical bottleneck. The error is governed by how close the original system (3.11)-(3.12)
evolves to the sets defined by the learned coefficients g, ¢1, and by the possibility to construct initial
conditions that exactly satisfy those constraints while remaining close to the true initial condition, as
done in Proposition 3.6(a). This is formalized in Lemma 7.5, of which Proposition 3.6 is a straightforward
consequence. More precisely, as soon as the exponential factor in Eq.(3.25) becomes larger than a chosen
threshold, we may restart the argument, provided the resulting error is negligible compared to @, § (here
they are of order one and the error of order £'/8). The local nature of the bounds in Proposition B.1
also allows one to adapt the approximation bound (3.25) to whatever scale is reached by a, 5. However,
this method rests on a quantitative understanding of the auxiliary dynamics (3.17)-(3.18), which remains
challenging.

4. FURTHER RELATED WORKS

Hierarchical learning. Hierarchical learning in two-layer neural networks is an active area of research
within machine learning theory, with a significant part of the effort directed towards analytically tractable
models that reproduce this phenomenon. Building on insights gathered on the well-specified single in-
dex problem [56, 9, 51] and the analysis of a single step of gradient descent [23, 5], several works have
given quantitative descriptions of hierarchical learning, taking multi-index models as a benchmark prob-
lem. Using layerwise training, the work [2] provides sample complexity guarantees for the recovery of
the indices with online stochastic gradient descent (SGD) and data uniformly supported on the hyper-
cube. The plateaus in training and test error are associated with the incremental recovery of the support
of the index, with dimension-dependent timescales governed by the degree (in the sense of a polyno-
mial decomposition) of the components of the link function carrying subspaces spanned by the hidden
multi-index. Similar guarantees are proposed in [24] for Gaussian data with large gradient steps and
correspondingly large data batches, also with layerwise training. Finally [14] gives a richer description of
the same hierarchical learning phenomenon using the continuous time and population limit of a two-stage
algorithm combining successive nonparametric regression steps with gradient steps. The phenomenology
described in the present paper is different: the incremental learning is not associated with the latent
subspace being supported on components of increasing degree, but rather with the successive learning
of the components themselves while non-trivial correlation with the hidden index is achieved as soon as
the linear component is learned, and continues to increase thereafter. This simultaneous fitting of the
coefficients of ¢ and progressive recovery of the hidden index presents a core technical difficulty absent
from the aforementioned works. Finally, other models for incremental learning have been studied, notably
diagonal linear networks [55, 45, 12] and deep linear networks [50, 38]. The resulting dynamics are sig-
nificantly different from that considered in the present paper, and the models are not directly comparable.

Mean-field theory of neural networks. Following the identification of the mean field limit for in-
finitely wide neural networks in [19, 44, 48|, several works have proposed quantitative analysis of the
resulting trajectories for models trained on synthetic data involving low-dimensional latent representa-
tions, or some degree of symmetry. The work [1] studies the recovery of multi-index models with input
data uniformly distributed on the hypercube. Using the invariances of the model, the authors reduce
the mean field gradient flow (i.e. the transport equation for the empirical measure of the weights) to
a dimension free one and provide guarantees for the recovery of the support of the hidden indices. For
two-layer networks with ReLU activation, a similar use of symmetries is proposed in [34] which establishes
invariance properties of the resulting gradient flow and provides exponential convergence guarantees in a
setting reducing to a linear model. Also, the works [53, 3] combine the approaches of [49, 33] with quanti-
tative bounds for the validity of the mean-field limit from [43] to obtain low-dimensional representations
(or dimension-free ones at the level of distributions) of the trajectories of online SGD for wide two-layer
neural networks. None of these works provide quantitative convergence guarantees or a detailed analysis
of how a two-layer neural network solves a semi-parametric problem when trained with gradient flow.
We note that the bounds from [13] (see Corollary 1 and Proposition 3), based on propagation of chaos
results from [43], are insufficient to show that the mean-field limit is valid on the timescales describing
the behaviour of the evolution (2.8)-(2.9) outside of regimes where the ambient dimension and number



of neurons diverge exponentially with é In the context of machine learning, uniform-in-time bounds for
propagation of chaos in single layer neural networks have recently been proposed in [41, 32, 31|, with [41]
carrying out a complete convergence analysis of the resulting dynamics for a specific instance of a single
index target function. Their results do not apply directly to our setting, which involves a two-layer neural
network and a singular perturbation. We refer the reader to the related works section of the latter papers
for a more detailed discussion on propagation of chaos for neural networks, and leave the development of
methods leading to uniform-in-time bounds for our setting to later work.

The two-timescale regime. Two-timescale algorithms and their connections to singular ordinary dif-
ferential equations appear in [16], and have since then been used in stochastic approximation [39], rein-
forcement learning [22] and optimization [36]. In the context of two-layer neural networks, the paper [42]
provides a detailed study of the training dynamics of a specific instance of a two-layer neural network
solving a univariate non-parametric regression problem. By only tuning the second layer weights and
biases, the authors provide quantitative convergence guarantees for the two-timescale population gradient
flow learning a piecewise constant function, with explicit bounds on the required number of neurons and
relative speed parameter € for the convergence to hold. In particular, their work shows experimentally
that the gradient flow may fail to converge without a timescale separation between the training of the
outer layer weights and biases. On the one hand, our study is asymptotic in the number of neurons and,
although explicit constants for the parameter ¢ can be extracted from our proof method, we do not track
them. On the other hand, our target function is high-dimensional and more complex, with the learning
architecture more general and closer to practical ones.

5. SIMULATIONS

Letting hj denote the k-th normalized Hermite polynomial, we illustrate the results from Section 3
through simulations with the following activation and target link function.

o(x) = 0.4ho(z) + 0.5h1 () + 0.2ha(x), (5.1)
p(z) = ho(x) + 2h1(x) + ha(z). (5.2)

We begin by verifying the separation of timescales for the learning of each of the components ¢q, 1, @2
with simulations reminiscent of those proposed in [13], before turning to the approximation results pre-
sented in Theorem 3.3 and Proposition 3.6. In all figures, we choose Q = [0,1] and p the corresponding
uniform measure, along with @;p;:(w) = —1 + 2w, the inverse CDF of the uniform measure on [—1, 1].

5.1. LEARNING THE CONSTANT AND LINEAR COMPONENTS

Figures 1, 2 and 3 illustrate the results of Section 3 for the constant and linear components. For clarity of
exposition, we simulate the dynamical system (2.8)-(2.9) with only the first two coefficients of the above
activation and link function.

5.2. LEARNING THE QUADRATIC COMPONENT

Figures 4, 5 and 6 illustrate the results of Section 3 for the quadratic component. In Figure 5, we compare
the rescaled maps a(t,w), §(¢,w) defined at Eq.(3.15)-(3.16), that obey the evolution

~ 0o —1/4% 01 . == A

Ora(t,w) = 7 <<p0 — 00€ 1/4a(t)) + 51ﬁs(t,w) (g1 — 01a8(t)) + 02928*(t,w), (5.3)
A A a e N A

Os(t, w) = a(t,w)ﬁ (1 — 01a5(t)) + 202¢2a(t, w)3(t, w), (5.4)

the idealized maps z(t,w), z2(t,w), solutions to the dynamical system Eq.(3.17)-(3.18), and the maps
Gq(t,w), 84(t,w) corresponding to the solutions to Eq.(2.8)-(2.9) if only the coefficients o9, ¢2 are kept
(i.e. neglecting the effect of the learned coefficients ¢y, ¢1), with the change in time and scale defined at
(3.15)-(3.16). Namely, a,4(t,w), 84(t,w) are solutions to the dynamical system

Drg(t,w) = 02282 (t,w), (5.5)

0:84(t,w) = 209p204(t, w)34(t, w). (5.6)
The initial conditions for these maps are constructed by solving Eq.(2.8)-(2.9) until the first two coeffi-
cients are learned to a chosen precision. To summarize these maps, we compare the quantities a52, &q§g

and 2723, which govern the learning of the coefficient @o. Note that, owing to the change in time and



—— (90— 00a(1))? + (91 — 0135(t))?
alt)
— as(t)

—— (90— 00a(1)? + (91 — 0135(t))?
a(t)
—— as(t)

-6 -4 -2 -14 -12 -10 -5 -4 -2

8 -8
log(t) log(t)

FIGURE 1. Separation of timescales for the constant and linear components: evolution
of the averaged quantities @, as, and cost function for the first two coefficients g, 1 as
a function of time on a logarithmic scale, for e = 1073 (left) and ¢ = 10~* (right).

409 B(t)
— alt)
—— bgl(t)
— as(t)

FIGURE 2. Illustration of Theorem 3.3: comparison of @ (orange curve) with b (blue
curve), and of @s (red curve) with bg (green curve), for ¢ = 1072 (left) and e = 1074
(right). On a timescale of order €log(1/¢), the blue and orange curves are nearly indis-
tinguishable, and, when moving to a timescale of order /log(1/¢), the error becomes
larger, as predicted by the bound (3.8) (see also Remark 3.5). The curves collapse at
longer times owing to the absence of higher-order terms in the simulation. Overall the
relative error between the curves decreases with €.

scale, the target value for these quantities is e~/ 4%. Finally, in Figure 6, we show the evolution of the
maps z1(t,w) and z5(t,w), from the initial condition described above. Due to our choice of (€2, p), this
initial condition corresponds to multiples (the terminal values of §,7) of @i = —1 + 2w.

6. OUTLINE OF THE PROOF

The purpose of this section is to give an informal description of the proof method. It revolves around
the identification, at various timescales, of an idealized dynamical system that may be (almost) integrated
explicitly and captures the phenomenology of the original one. Owing to the initial condition, we expect to
be able to successively approximate the evolution (2.8)-(2.9) by the terms corresponding to each harmonic
at appropriate timescales. Two major difficulties appear: firstly, obtaining a quantitative control on such
approximations and the timescales on which they are valid; and secondly, summarizing the effect of
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— llaL(t,.)=b(t, )]l — llaL(t,.)=b(t, )| ) T
s| — BW® — B

ol — llsi(t.)—git, )l — — lIsc(t,)—g(t, )| —
— Y y — ¥

F1cure 3. Ilustration of Theorem 3.3: comparison of |lay (¢,.) — b(¢,.)|| with 5(¢) (top
two figures), and ||s . (t,.) — g(t,.)|| with v(¢) (bottom two figures), for ¢ = 1073 (left
panel) and € = 10~ (right panel). The approximation errors roughly behave as small
multiples of 5(t), as predicted by the bound (3.9) (see also Remark 3.4), with the error
decreasing with e.

coefficients once they have been learned. Indeed, we cannot expect that, once a certain harmonic has
been learned, its effect becomes completely negligible as the system progresses to the next one. As we will
see below, when studying the coefficients corresponding to the constant and linear part of ¢, an explicit
decomposition of the solution allows one to circumvent this second issue. Therefore we postpone dealing
with this difficulty to Subsection 6.2.

6.1. CONSTRUCTING TUBES AROUND IDEALIZED SYSTEMS

Let us now focus on the first difficulty described above. A naive idea is to introduce sequences of
thresholds for the variables a, s (or related quantities such as their mean or supremum over ), and use
them to approximate (2.8)-(2.9) around the leading order terms up to the first hitting times of these
thresholds. While this strategy can lead to preliminary results, it becomes quickly laborious as more
complex dynamics are considered. A more efficient solution is to introduce tubes of varying radii around
the curves defined by the idealized system, and show that the original system remains in those tubes on
relevant timescales. We will now outline how to determine the radii of those tubes, namely using the
knowledge obtained from integrating the idealized system, before formalizing this discussion in Section
7.

In what follows, D will denote a constant that depends only on {¢x, oy k>0 and M, and whose exact



100

80

60

11

2 - 2 N
— Y (g — orask(t)? — Y (pk — orask(t)?
k=0 k=0

— a(t)
— as(t) N

— a(t)
— as(t)

— as?) 2f — as?t)

-12 -1o -8 -4 -2 o -14 -12 -10 - -4 -2

-6 8 -6
log(t) log(t)

FIGURE 4. Separation of timescales for the constant, linear and quadratic component:
evolution of the quantities @,@s,as?, along with the cost function for the first three
coefficients g, @1, P2, as a function of time on a logarithmic scale, for e = 107> (left)
and € = 107% (right). Note that, to better observe the separation, smaller values of &
must be used than for the first two components.

100

— &8t — a8y
— ndo — 2z
— 382 — &5t

FIGURE 5. Tllustration of Proposition 3.6: comparison of the evolution of @52 (blue
curve), G482 (green curve) and 2123 (orange curve), for e = 1075 (left) and ¢ = 107°

(right). The explosion time for the quantity a,82 is significantly smaller than that of 052,

whose evolution is much closer to that of the idealized quantity z123. The approximation
becomes more accurate as € decreases.

value may change from line to line. We begin by noting that, near initialization,

2ia(t) 2 (g0 — ooa(t)) | < Zs(t. )], (61)

so that we expect @(t) to remain close to the solution to the ODE

namely

{ L%B(t) = 20 (g — oob(1)) ,
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— t=0.0 0] — t=0.0
ol — t=02 — t=02
— t=04 0wl — t=0.4
— t=06 — t=06
25
— t=08 W — t=08
— t=1 — t=1
20
_ e
3 3
E \':‘r\/l 30
w0
20
s
"

FIGURE 6. Evolution of the maps 21(t,.), 22(¢,.), in the setting of Figure 5, with ¢ =
106, for fractions of the total running time of Figure 5. A small fraction of neurons
diverge towards learning the coeflicient @9, while the remaining neurons adapt to the
change to conserve the constraints on z, z125.

This function immediately gives the required timescale to learn the constant component, provided we
establish a sufficiently sharp control of @ around b. Upon rewriting the bound (6.1) as

aua(t) ~50) + % (ate) 1) | < Zste. ). (6:4)

we obtain the first tube for @ around b, the radius of which will depend on our control over ||s(,.)]|.
Noting that we also have

Ot||s(t, )|l < Dlla(t, ), (6.5)

Oillar(t, )] < gIIS(t s (6.6)

near initialization, we may close this system of inequalities to obtain an upper bounding flow on |/s(¢,.)]|
and conclude with respect to the learning process of the coefficient ¢g. Instead of doing so, we seek to
refine our approximation to also include the learning process of ;. Upon writing the evolution of a, , s,
we find:

o D
|Oray — f«ﬂ (p1 —1a@s) | < —llse(t, 5] (6.7)

’8,531_ —ora (1 — olﬁ)‘ < Dllap (&, )lIsL(t ). (6.8)

Assuming that @ remains close to b, 3 will remain of order Dt (with ¢ a fractional power of ) until @s
becomes of order one, which is necessary to learn the coefficient ;. Thus, the term as should be well
approximated by @151, and the functions a, s, should remain close to the solutions to the system

Orb = %g(gol — o1bg), (6.9)
3t9 = Ulb(% - 01@)7 (6-10)

with initial condition b(0,.) = a;ni,1 (-) and g(0,.) = 0, which can be solved analytically. As before, we
can use this solution to define tubes for a,, s, respectively around the curves b, g, and combine them
with the tube for @ around b along with the upper bound for 5 (i.e. a tube around 0). The radii of
the tubes are then determined by plugging the idealized solutions b, b, ¢ in the higher order terms of the
evolution equations (2.8)-(2.9), making it possible to complete the proof upon introducing an appropriate
stopping time to control the validity of the approximation. These steps are formalized in Subsection 7.1.
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6.2. APPROXIMATING THE LEARNING DYNAMICS NEAR TARGET SETS

As we move to the quadratic component, there is no clear decomposition of the solution to (2.8)-(2.9)
that leads to a simpler auxiliary dynamical system to study. Indeed, as shown by the bounds (3.13)-
(3.14), once the first two coefficients have been learned, the terms ¢ — 0@, s(¢1 — 01a@s) in (2.8) and
a(p1 — o1@s) in (2.9) are respectively of the same order of magnitude as the terms a? and as that drive
the dynamics towards learning the coefficient 5. There is, however, no straightforward way to show
that one dominates the other. We will show instead that the learning dynamics are well approximated
by an auxiliary system in which the integral constraints defined by the coeflicients ¢, p1 are exactly
verified, and are enforced through time dependent coefficients akin to Lagrange multipliers. To provide
some understanding of this procedure, let us look at a simplified example. With f, g smooth vector fields
on R? and h : R? — R, a smooth function, consider the following dynamical system

Doty = "D g ) 4 e, (6.11)

ar>=®
with any initial condition z.(0) such that there exists a non-trivial time interval [0, Tp] on which a solution
exists. Assume that there exists a time T} and a continuous, positive, increasing function u(e) such that
1(0) = 0 and such that, for any 0 < ¢t < T3, h(z:(t)) < u(e). We claim that, for any ¢ and ¢ such that
t 4+ < Ty A Th, the increment z.(t + 0) — 2z-(t) is close to the tangent space at z.(t) of the embedded
submanifold

S={zeR?:h(z) =0}. (6.12)
Indeed, a second order Taylor expansion of h(z.(t + d)) around ¢ gives
{(Vh(z(t)), ze(t + ) — z-())] < 2u(e) + O(?). (6.13)

Using this inequality and appropriately expanding z.(t 4+ ¢) around z.(¢) and, in turn, the flow Eq.(6.11),
one may show that the considered solution to (6.11) is close to that of the Cauchy problem

iZ =« z z
{5208 y (Dg(=(0) + S (=), 6.14)

where zq is such that h(zg) = 0 (and is sufficiently close to z.(0)), and where the coefficient «(t) is given

by
a(t) — _ (THE0) FC0)

(Vh(2(1)), 9(=(t)))’
and imposes that 4 h(z(t)) = 0. This operation is reminiscent of the orthogonal projection on a tangent
space used to compute gradients on smooth manifolds, see e.g. [17], but the projection is skewed in
the direction of the vector field g. This intuition is formalized by Proposition B.1 in a more general
setup (not specific to neural networks), which we specialize to the evolution (2.8)-(2.9) in Corollary B.2.
This ultimately leads to Proposition 3.6 upon combining the aforementioned approximation result with
the control over the quantities |pg — ogal and |1 — o1a3| established in Theorem 3.3. We leave the
construction of tubes, used to prove Theorem 3.3, around the idealized system identified in Proposition
3.6, for future work.

(6.15)

Remark 6.1. As a benefit of working with increments, the proof of Proposition B.1 does not require to
estimate derivatives of the quantity h(z(t)), for which we only have the control h(z.(t)) < u(e); these
derivatives may display singular behaviour.

Remark 6.2. We note that a Lagrange multiplier appears in the matched asymptotic expansion argument
of [13] when describing the learning dynamics of the coefficient (1, to enforce the constraint @ = ‘p“ . While
the proof of Theorem 3.3 can also be carried out using the approximation result from Proposmon B.1 and
the iteration argument outlined in Remark 3.8, the decomposition a =@+ a; and s =5 + s, naturally
leads to the same auxiliary dynamics, allowing for a more direct proof. This, however, is only possible
for the coeflicients g, ¢1, while Proposition B.1 allows one to identify the correct auxiliary system at
any order.

7. PROOFS

We begin with the constant and linear components, based on the construction of tubes outlined in
Section 6.1.
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7.1. LEARNING THE CONSTANT AND LINEAR COMPONENTS
In this section, the definitions of b, g,v, 3 are those from Appendix A, and b is given by (3.4).

Theorem 7.1. There exists a constant D < +oo such that, for any ¢ € [0, SD] and time (tc)eso of the
form

t. = ( 40;1 + c> NG log(é), (7.1)

there exists a constant C' < 400 such that the following holds for every e sufficiently small. For every
t <t., we have

|a—b|(t) < Ct+ Cep2(t), [3(t)] < Ct, (7.2)
l(ax =)t + 252 = )& )I| < Cet=PA(2). (7.3)

Proof. Let us define the hitting time
—inf {t>0:[lall +e7/2s| 2 C8 or flar bl +e7 s —gll =8, (74)

where C' and 7 are constants to be determined in the course of the proof. Throughout the argument, we
write D = D(data) < 400 for a large constant whose value may change from place to place; we stress in
particular that the constant D does not depend on the choice of the constant C. Although we will not
always state it explicitly, all the derivations in this proof are performed for times ¢t < T A t. only.

Controlling @,s. Recall that

13— —
oa = - (o — orast) 7.5
ha = - kzzoaks O — ORAS (7.5)
Then, note that, on the considered time interval

lal| + e~ 2|sl| < O < CDe~V*, (7.6)

where we used the fact that 4(t) is increasing and that (t.) < De~'/%. Thus,

_ [els) 1 © — .

0 — [ 22 (o — T8 (o) — <|= R ( - k) . 7.7
|Ova ( B (o — o0a) + (tpl 01a5 ) | < |5 kZ:QUkS Pk — OkaS | (7.7)

But then, for any k > 2, ask < as? < C3D3=1/4, 5o that, for ¢ sufficiently small,

- Z opsF ((pk — opas ) < C?Dp. (7.8)
Owing to the definition of b, we may write
|6t(a—5)+?(a—6)|< o1[3 ()|| | — oas| + C?Dp, (7.9)

which, upon noting that as < C%,/g3% < C?D, leads to

+C?Dp2. (7.10)

_ _ 2Dls
a1+ 2a-p < 2

Integrating the above and using the fact that § is increasing, we find

¢ 2Ple
la(t) — b(t)] < e_TOt/ ey (CDls(u)| + CQDBQ(U)) du, (7.11)
0
w0, (C?D|S e
=t (Cls(t) + CQDﬁQ(t)> / e= “du, (7.12)
0
where we introduced S(t) = sup,., [s(r)|. Finally, we obtain
a(t) — b(t)| < C?D (S(t) +eB2(2)) - (7.13)
Turning to s, we write
Oys = ao1(p1 — 01a3) + Z kopask—1 (cp — opas ) Z kopask+1 ( ak@) . (7.14)

k=2
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Recalling that as? < C3D3¢1/4 and that Y pey kow, < 0o, we find that, for e sufficiently small

|8,5 — @0y (p1 — 01a8) | < C?Dy/ef? + C3Del/4, (7.15)
so that
|0:3] < C*D(|al + 1). (7.16)
Using the decomposition |@| < [b| + |@ — b| along with the bound Eq.(7.13), we find
la| < C*D (S +¢ep®+1), (7.17)
which, recalling that 52 < %, leads to
9s<C'D(S+1). (7.18)
This, along with Lemma C.1, implies that
S <C'D(S+1), (7.19)
and
S(t) < C*Dt. (7.20)
Finally, using the above bound in Eq.(7.13), we find
la(t) — b(t)| < C*D (t+ 652(15)) . (7.21)
Controlling a,,s;. We now write
1 1 — = —
Ora = JRgth (p1 — o1as) + - kzzzak (sk — sk) (gpk — akask) , (7.22)

and

o0
Ors1 = o1a, (¢1 — 01a8) + Z kok(askfl —ask=1)(pp — orask)

k=2
i R —_—
- Z ko (as® Tl — ask+1) (o — opask). (7.23)
k=1
Now note that @s = a, 5, + as, so that
1
Oa| = galsj_(gol —olaJ_sJ_)—l—el(t), (724)
ds1L =o1a1(p1 —o1arsr) + e(t), (7.25)
where
e1(t) = —EOQSLELE—F 1 iak (sk - 57> (gok - akﬁ> (7.26)
e ! £ ’ '
es(t) = —ota as + Z koy(as® ™1 — ash—1)(¢r, — orask) — Z koy(as® — ash+1) (o — opask).
k=2 k=1
(7.27)
To establish upper bounds on e, es, we use (7.13) and (7.20) along with the definition of T" to find
s1as < C\/eBC*D (t+eB(t)) C*Dt, (7.28)
a1as < CBC*D (t+ep%(t)) C*Dt. (7.29)
Similarly, for any ¢ < T and ¢ sufficiently small,
1S — —
= Z o (sk — sk) (cpk - Ukask) | < C?Dp?, (7.30)
€
k=2
1> kow(as"™" — ash 1) (o — oxask)| < C*DVER?, (7.31)
k=2

| Z koy(as*™t — ask+1) (@) — opask)| < C3Def?. (7.32)
k=1
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Now, since t < D\/Elog(é) and B(t) < De=/*, we reach that, for ¢ sufficiently small,

ler(t)| + 712 |ea(t)| < C2DB2(t). (7.33)
To linearize a ,s,; around b, g, we introduce v :=a; — b and v = s, — g, so that
@151 = bg +ug + bv + uv, (7.34)
and
Oa) = gO’1SL(‘p1 —o1bg) — galsl(ug + bv +uv) + e1(t), (7.35)
drs1 = 01a1(p1 — 01bg) — ata L (ug + bv +uv) + es(t). (7.36)
Owing to Proposition A.1, we know that ||g|| < D+/e8 and ||b|| < DS, so that
[ag +bv| < DB (JJullve + lvll) , (7.37)
and, letting Z = ||ul| + = 2|v|,
[ug + bv| < DBVeZ. (7.38)
Now,
—1/2 1 = Lo
O(u+e %) = galv(gol — o1bg) — 01 si(ug+bv+av) + ey (t) (7.39)
+e71/2 (o1u(pr — o1bg) — oFay (ug + bv + uv) + e2(t)) . (7.40)

or equivalently

_ 1 1 _
O (u + 5*”%) < %(u +e7V20)(p1 — a1bg) — oF (ﬁaL + ESL> (ug + bv +w0) + e1(t) + e~ 2eq(t).
(7.41)
Decomposing a ,s; further (to eliminate the constant C in leading order terms), we note that ||a | <
I16]] + ||| and ||sL|| < [lg]l + ||v||- Using the bound Eq.(7.38), along with the fact that ‘\lb[” + ”g” %
we reach
atZ < 2Z(Spl - Jlbg) + UlDﬂ2Z -+ 2D6\[Z M + M (742)
G Ve e
+ore 2CB(lull[v]]) + er(t) + e ea(t). (7.43)
Using the threshold on u,v defined in T', and the bounds obtained on e; (t), ea(t), we find
07 < \[(gpl —01b9)Z + 0iDB*Z + 02 DB*Ze" 4 02*1C B3 + C? DB, (7.44)
Thus, as long as 1 > g, we find
0,7 < ZL(p1 — o1bg)Z + DB2Z + C2Dp>. (7.45)

NG

Letting t2 = 4011% VElog(1), we begin by considering the interval [0, 2], for which it will be sufficient to
study the differential inequality

0,7 < ”;? 7+ DB%Z + C?Dg2. (7.46)
Defining
\(f) = /t o191 2
() = W + Dp*(u) ) du, (7.47)
0
we thus have .
2(6) < exp(0:(0) | exp(=Ac(u)C* DB w)i (7.48)
Then,
11 K 20101U
Ae(t) — e tSD/O exp( e )du (7.49)

< Dy/Eexp (20\1/“;”) . (7.50)
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Now,
t 2 t 201@1U
exp (—Ac(u)) B (u)du < exp(—Ac(u)) exp du (7.51)
0 0 Ve
t
01<p1u
< [ exp < > du 7.52
e (% (752
0'1%01t
<D . 7.53
< DyEexp (21 (7.53)
We thus reach - )
Z(t) < C%?Dy/cexp < GEL S Dv/zexp ( Ul(plt)) . 7.54
(t) o e (754)
Noting that, on the considered time interval, % exp (”“"lt) < B(t) < Dexp ( ) we finally reach
t
Z(t) < C2DB(t g1P1 .
(t) < C*DB( )ﬁexp< NG (7.55)
< C2DeMAB(1). (7.56)

Thus, as long as n € [8, 4] the proof is complete on this time interval. We now turn to the time interval
[to, 9] for some £2 > t2 to be set later. Going back to the differential inequality Eq.(7.45), we introduce

ro - | (2<¢1—albg><u>+D/32<u>) du, (7.57)
so that .
2(t) < exp(T-(1)) / exp(— T (u))C? DB (u)du (7.58)

Beginning with an upper bound on I'.(t), we write
t

r0 = [ (et - i)+ D) aut [ (T - o)) + DFW) ) du (159)
= TL(t2) + Ta(t) — T (t2). ] (7.60)

Using the results proven for the interval [0, ¢2], we have

1 1
I.(t2) < 1 log(g) + D. (7.61)
Then, note that for any t € [t2,00), B(t) < De~'/%. Furthermore, Corollary A.2 gives that
— D 2
0< ¢ —o1bg < \fexp (— O}?l t) + De. (7.62)
Thus,
° D ¢ 201901 D °
To(t) —Te(82) < - /tg exp ( NG u) du + %(t —12) (7.63)
<p+2u_ (7.64)
=~ \/g el .
and we reach the upper bound
D
exp(Ta(t)) < De™ Y4 exp (\/g(t - t;)) . (7.65)
Turning to the integral term in Eq.(7.58), we begin with the term
2 u
/ exp(—Te(u))C?DB? (u)du < C2D/ exp (/ f—[l (1 + Uﬂ)g)) (u)du (7.66)
0

<02D/ exp ( 191, ‘71”1/ B(r ) (7.67)

€ 201@1
< C2D/ exp < 191, + 7101 / exp ( r) dr) , 7.68
0 Ve 4 Jo Ve (7.68)
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where we used Corollary A.2 in the third line. Since u < 2, it holds that fou exp (2”\}?1 7") dr < D, and

we reach

2
/ exp(—Te(u))C2D B2 (u)du < C?De'/4, (7.69)
0

Continuing with the term ftto exp(—T.(u))C?DB?(u)du, we require a lower bound on I'c(u), for
t € [t2,00). We then write

) = 22 - Zot [ pup (7.70)
> ilog(%) - D/o ’ exp(zi}?l u)du (7.71)
> ilog(g) _p, (7.72)

where we used Corollary A.2 again in the second line. Then, noting that, for any ¢ € [t2,00), 5(t) >
%8_1/4, we may write

1t
Te(t) —T=(82) > & B2 (r)dr (7.73)
tO
1

> 55—1/2@ —1°). (7.74)

We thus reach

t ¢ 1
/ exp(—Te(u))C? DA% (u)du < C?De™ 2 exp (—Fs(t;’))/ exp | ——=——=(u—1t2) | du (7.75)
to t2 Dy/e

< C?De/*, (7.76)

Combining the bounds obtained at Eq.(7.65),(7.69),(7.75), and recalling that, for ¢ € [t2,00), B(t) >
%5’1/4, we obtain

Z(t) < C*DB(t)e* exp (\1/75@ - tg)> : (7.77)

We now set 2 = t2 + ¢y/glog(1) for some small constant ¢ to be determined in such a way that the above
bound becomes
Z(t) < C*DB(t)et/4=<P. (7.78)

Thus, as long as ¢D < %, the proof is complete for the time interval [0, £°]. a

We now turn to a stability result regarding the approximation guarantees established in Theorem 7.1.
A core limitation in the proof of the latter comes from the term D327 in the differential inequality (7.45),
which comes from controlling |@s — bg|. This term grows unbounded when, in fact, the difference |as — bg|
becomes arbitrarily small at times of order K\/glog(2), for K sufficiently large.

Theorem 7.2. Lett =t2 = 4011% Velog(L). There exists a positive constant § depending only on the
1

problem data such that, for any K > Tor o independent of € and time horizon t. = Kﬁlog(%), there
ezists a constant C' depending only on the problem data and K such that, for € sufficiently small and any
t € [t2,t.],

|a—b|(t) < Ct+ Cef%(t), [3(t)| < Ct, (7.79)
(@ =b)(t, ) +e2I(s1 = 9)t, )|l < CB(2). (7.80)
Proof. Using the notations of Theorem 7.1, we consider the hitting time

T :=inf {t >0:|al| +e Y?s| >CB or |1 —oyas| > C’}, (7.81)

for some constant C' to be set later. First, note that the argument used to establish the inequalities
|a —b|(t) < Ot + CeBA(t), (7.82)
[5(t)| < Ct, (7.83)
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in the proof of Theorem 7.1 is valid for any 0 < ¢ < T. Thus, for any 0 <t <t. AT, we find

2 a(y) < KC’ﬁlog(é) +OVE (7.84)
We then write
ads = a*(1 — s%) i koyst1 (gok — Uk@) (7.85)
k=1
IS iy o
sOxa = 6 I;)Uks ((pk oLas ) , (7.86)
so that
|0vas — éaog (o — 00@) — (a2 + is2) o1 (g1 — 01as) | < C*D/ep?, (7.87)
and thus
|o,as — <a2 + 232) o1 (1 — o1as) | < C*DVEB® + DKC? log2(§). (7.88)

Recalling that there exists a constant D depending only on the problem data such that, for any ¢ > 0,
B(t) < De='/*, we find

1
|0¢ (o1 — 01as)’ + o2 (a2 + 632) (¢1 — 01as)° | < C3*De~ Y4, — 0173, (7.89)

Allowing the exact value of D to change from line to line in what follows, recall from Proposition A.1
that 5(t2) > %5*1/ 4. This, along with Theorem 7.1, gives the existence of a (strictly positive) constant
c such that, for any ¢ in the interval [t2, 2 + c\/glog(1)] and ¢ sufficiently small,

- 1= _ 1
a? + 582 > 55_1/2, (7.90)
giving, on the same time interval,
1
8t (ng - O’lﬁ)Q S 7Dﬁ ((pl - Ulﬁ)Q + 03D571/4|g01 - O’lﬁ|. (791)
Lemma C.2 started at ¢t = t2 then gives
— (t—12) 3712.1/4 (t—1t2)
— < el D2e1/4 (1 = el ). 92
|1 — 01as| < o1 exp( 7 +C°D%e exp Dz (7.92)

Now, note that Eq.(7.22),(7.23) and the bounds at (7.30)-(7.32) are valid for any 0 < ¢ < T, so that we
may write

1
Oiay = Zo1sL (1 — 01a5) + e1(t) (7.93)
Ops1 = o1a1 (p1 — 01a8) + ea(t), (7.94)
for some continuous functions ey (t), ez(t) which verify sup,<q ., le1(t)] + e /?|ea(t)| < C2DB%. Then,
adding and subtracting bg,
g1 J— o'% _ J—
da, = ?SJ_ (@1 — albg) — ?SJ_ (as — bg) + e1(t), (7.95)
s1 = oraL (p1 —o1bg) — olaL (@s —bg) + ea(t). (7.96)

Recalling the definition Z = |ju|| + &~ /?||v||, with u = a; —b and v = s, — g, we have, for any 0 <t < T,

— — D —
07z < % ((¢1 — o1bg) + o1]as — bg|) Z + —€ﬂ|% —bg| + €1 + %, (7.97)

NG

At this point, we have established that the bounds (7.92) and (7.97) are valid on the time interval
[t2,t2 + cy/zlog(L)]. Thus, at time 7. = 2 + c¢y/zlog(2), the following estimate holds:

lp1 — ovas| < 19D + C3Del/4, (7.98)
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exp( 2":}?1 t) 4+ De, we find that

|4,01 - O’1@| S DEQJI(’DIC/\l. (799)

and, recalling that Corollary A.2 implies the bound 0 < ¢, — g1bg < -

g

We conclude that there exists an exponent & > 0, depending only on the problem data, such that, at
t=1,
|as — bg| < De°. (7.100)

Let us now introduce the hitting time
o —5 1— 1
T' = inf {t >t a?(t) + =s2(t) < Dsl/Q} . (7.101)
€
Clearly T’ > 7., and the inequality (7.92) remains valid on the time interval [f., 7" AT At.]. Noting that

the r.h.s. of the inequality (7.92) is decreasing for any ¢ > f:, we find that, for any ¢ in the time interval
[£2,T" AT At.] and ¢ sufficiently small,

D
—1/2+46 3n2.1/4
07 < De Vg 4 = (gol exp ( \[) + C3D2%et ) (7.102)

Integrating the above, we find that, for any ¢ € [t., T" AT A t.],

Z(t) < Z(t )eXP< 1/2+6(t —fz)) + 553% /t: exp <8_1/2+5(t — s)) (Dexp ( Df) +C3D2% 1/4) ds

and, recalling from Theorem 7.1 that Z(t.) < Ce'/38(t7),
5 5 7°
1/8 o0 € D € 9 i, t
Z(t) < CeY/3B(1) exp (ﬁt> + 371 OXP <\/Et> (D Ve [exp <_D\/E> — exp (—Dﬁﬂ) )

+ @ ex €—(slf ﬁ exp | — 55%‘: —ex —it
s TP\VE )\ [PPUTVE) TP UVE )
Thus, for any K > 0 independent of ¢ and ¢ sufficiently small, we find

Z(t.) < Cet/BB(E) + De /40 L 03 D32, (7.103)
< D°B(te), (7.104)

where we have used that 5e~1/4 < B(t) < De~/* for any t € [t2,00). From this bound, we deduce that

the desired bounds hold for any ¢ in [f., T’ AT A t.], and, by definition of Z, that T A T’ > K\/Elog(%),
concluding the proof. |

As a corollary, we obtain the following result on the stability of the learned components ¢q, @1, which
also removes the log(1) factor in the bound (7.84).

Corollary 7.3. There exist constants C,0 and K° > 40 o independent of €, such that, for any K > K°,
te = Ky/elog(1), t € [K°\/elog(L),t.] and e sufficiently small,

(oo — g1 < OVE, |1 — ovs(t)] < O=V4, [s(1)| < O, (7.103)
o1 1/2 o1 1/2
lar(t,.) - (U/) e i, L ()l + 72 ls (8, ) - (a) e i, L ()] < Cem VA0 (7.106)
1 1

Proof. With T the same stopping time as the one introduced in the proof of Theorem 7.1, we have
the upper bound (7.92), valid for any 2 < ¢t < T /\ te. Thus, the part of the statement regarding
|1 — 01@s] is true for some time K14/ log(2), with 40 o7 < K1 < K. Now, for any t € [K1y/Elog(), t.],

lp1 — ov@s| < Cel/* and [3(t)| < CKiv/Elog(2), we find

1
|6,a — ?(% — opa(t))| < CDK e V4 log(-) + C?De™1/2, (7.107)

so that, for € sufficiently small,

o C?D
O (@0—0’06)2 < —?0((,00 —an)z-l-?hﬁ)—o’oa. (7108)
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Lemma C.2 started at ¢t = K;/zlog(L) then gives

oo — w0 < CvElog(Hexp (~ 32 (1= KavElon() )

+C2Dyz (1 —exp <—‘2’2 (t - Klﬁlog(i)>)> , (7.109)

implying the result for |¢o — ooal, for any K° > K; independent of . Finally, choosing any K° > 51

= 2011’
Corollary A.2 implies that there exists a constant D depending only on @1, 01,0}, M such that, for any

t> K°/zlog(2),

1/2 1/2

$1 - - Y1

I = (£) s O+ 2ot = (£) e amnn(0l < D2 (a0
1 1

implying the last part of the statement. ]

Theorem 3.3 is a direct consequence of Theorem 7.1 and 7.2. We now give the proofs of Proposition
3.1 and 3.2.

Proof of Proposition 3.1. We begin by noting that, for any n € (0,1),

_ 2 a(0) — £
B(t) — 22| < e” = exp (?t) > % (7.111)
0o
so that
o (mog(2) + log([a(0) — £2)))
inf {t >0:[b(t) - 2| < g"} < 5 te. (7.112)
(o) )

Letting ty denote the right-hand-side of the above inequality, this time horizon falls within the interval
of validity of Theorem 7.1, so there exists a constant C' depending only on the problem data such that

|E—B|(t0) < Cto—l—CSﬁQ(to). (7113)
Using the bounds on 3(t) given at Proposition A.1 and keeping the leading order terms in e concludes
the proof. O

Proof of Proposition 3.2. First note that, for all ¢ > 0,
[@s(t) = bg(t)| < [aTsL(t) — by(t)] + la(t)s(t)].
< llar @@, )Mlsc(t ) =gt )+ llg(t Illlar(t,.) = bt )l + [@(@)|5(2)]. (7.114)

Owing to Theorem 7.1 and 7.2, for any constant K and 0 < ¢ < Kﬁlog(%), for e sufficiently small, there
exists a constant C' depending only on the problem data and K, and a constant § € (0, i) depending on
the problem data, such that

() < ¢, 50| < CvElos(L), (7115)
las(t, )l < B, llgtt, )l < CVER(D), (7.116)
I51(t ) — g(t, )| < Cel/2+468(),  llav(t,.) —bit, )| < CeB(t). (7.117)

In what follows, we will allow C to change from line to line (as long as it only depends on the problem
data and K). Now, recall from Proposition A.1 that there exists a constant D depending only on the
problem data such that, for all t > 0, 8(t) < De~/%, so that we reach, for any 0 < ¢ < K\Elog(%),

[as(t) — bg(t)] < Ce°. (7.118)
Using Corollary A.2 at time ¢ = (Flm + cl) \/Elog(%), we find that
121 _Bg(ty)] < Ce2orerer, (7.119)
01

We conclude that
@5(t1) — 22| < gedn2oerer (7.120)
g1

giving the first part of Theorem 3.3. The second part is a direct consequence of Corollary 7.3. O
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7.2. LEARNING THE QUADRATIC COMPONENT

We now turn to the learning process for the term o, with the initial condition prescribed by Theorem
7.2 and Corollary 7.3. Recall that we study the following truncated version of the system (2.8)-(2.9):

dalt,w) = % (po — ooa(t)) + %s(t,w) (p1 — 0a@s(t)) + %ms2(t,w), (7.121)
Os(t,w) = a(t,w)oy (g1 — 01a5(t)) + 202p2a(t, w)s(t, w). (7.122)

Choosing our starting time at to = K°y/glog(L), Corollary 7.3 implies that the first two terms in the
rhs. of (7.121) are of the same order of magnitude as the third, and the first term in the r.h.s. of
(7.122) is of the same order as the second. Thus, we cannot neglect them, and will use Proposition B.1 to
determine the correct idealized system. To obtain sufficiently sharp bounds for the error terms inherent
to the approximation result of Proposition B.1, we will need to make changes in time and scale. In turn,
to better understand the timescale on which we need to control the solution to (7.121)-(7.122), we first
study the following idealized dynamical system

Orag(t,w) = 02;02 s?(t,w), (7.123)
O0psq(t,w) = 209p2a4(t, w)sq(t,w), (7.124)
with any initial condition a4 (%o, .), $¢4(fo,.) such that, for some constant C,
[0 — ouglto)| < OVE, 1 — ongsglto)| < O, [sglto)] < OVElog(2), (7.125)
1/2 1/2
lag,1(to,-) = (Z‘:) eV 4 i1 () + 7Y ||5q, 1 (o, ) — (2) e e, 1 (]| < Cem VA0
(7.126)

Note that the Cauchy-Lipschitz theorem ensures the existence of a time T}, > ty such that, for all w € ,

there exists a continuously differentiable solution to (7.123)-(7.124) on [to, T,]. The following result shows

that a significant fraction of neurons change scale on a timescale of order /4.

Lemma 7.4. Letty = K"ﬁlog(é), with K° as in Corollary 7.3. Then, for any to <t <1y, the solution
to (7.123)-(7.124) with initial condition verifying (7.125)-(7.126) verifies

az(t,w) — aq(to,w)* = 2—15 (s2(t,w) — sq(to,w)?) (7.127)

Furthermore, there exists a constant K depending only on the problem data such that, for any c € (0,1),
e sufficiently small and any w in the set

Uc) = {w A () Ic{sl/‘*}, (7.128)

aq(t,w) verifies

aq(to,w)
1-— (]. — C)O'nggaq(to,w)(t — to)
Proof. For any tqg <t < T,

t
< aglt,w) < g f0, )

T 1— (24 ¢)oapaag(to,w)(t —to) (7.129)

2092

Orag(t,w)? = aq(t,w)sa(t,w), (7.130)
Dpsq(t,w)? = dogprag(t,w)sy(t,w), (7.131)

so that,
aq(t,w)? = 2—1€sq(t,w)2 - %sq(to,o.))2 + ag(to,w)?. (7.132)

Now, recall that, owing to Theorem 7.2 and Corollary 7.3, there exist constants C,§ independent of &
such that

1
[3y(t0) = 221 < OV, [5y(to)| < OKVElog(), (7.133)

3

(ag, . = b)(to, Ml + 72|l (sq,1 = 9)(to, )| < C*Blto). (7.134)
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To compare s4(to,w) and aq(to, w), we write

aq(to,w) = b(to, w) + aq,1 (to,w) — b(to, w) + @g(to), (7.135)
8q(to,w) = g(to,w) + sq,1 (to,w) — g(to,w) + 54(t0), (7.136)
so that, allowing C' to change from line to line,
lag(to,) = 22 = Blto)ainit, 1 ()] < C="B(to) + CVE, (7.137)
1

Isq(to, -) = y(to)ainir, L ()| < Cv/elog(Z) + Ce'/2T0B(to). (7.138)

Choosing any K° > ﬁ, Proposition A.1 then gives that

1 4()01 1

O(ty) = =1 — 7.139
(o) = g loa( 5% + ol ). (7139)

so that there exists a constant D depending only on o1, 1,0} such that
1
1B(to) — 569<to>| < DeY* and  |y(t) — §69<t0>| < De¥/4, (7.140)

Combining the bounds (7.137), (7.138) with the above, keeping the leading order in ¢ and absorbing the
constant D in C, we find that

l[sq(to, ) — VEag(te, )| < C¥/4, (7.141)
which, upon recalling Eq.(7.132), implies in turn
1 1 S (to,.) S (to,.)
ot = gzt = gaglto, ] < CIPUED —ag(to, SN 4 eyt (7142
<cC. (7.143)

Then, for any w € €2, we may bound the evolution of a,(¢,w) as follows
202902(13(75,&1) — Tapaay(te,w)? — C < dhay(t,w) < 202cpza§(t,w) — aapaay(te,w)* + C, (7.144)
and, since a,4(t,w) is increasing for any w, a,(t,w)? is increasing for any w in the set
A ={w:a4(to,w) > 0}. (7.145)
We may then write, for any w € A,
oapar(t,w) — C < dyaq(t,w) < 209p2a2(t,w) + C. (7.146)
Thus, for ¢ sufficiently small, the upper and lower bounds at (7.129) hold for any w in the set

C
B={w:aq(te,w)” > . 7.147
{oratonwr= 21 (7.147)
The bound (7.137) then ensures that U(c) C AN B, concluding the proof. O

Now, note that, to learn the coefficient @5, we require the quantity as? to be of order one, which, owing
to Eq.(7.127), requires a, to be of order e~'/3 and s, of order £!/®. The bounds from Eq.(7.129) then
show that the required time for a, (or s;) to make any significant change, e.g. reach a large multiple of
its initial condition or the required scale e='/3 will be of order £'/*. Hence, we would like to control the
solution to (7.121)-(7.122) on a timescale of order £'/4. The following lemma shows that the appropriate
idealized system to study is the one introduced in Section 3 at Eq.(3.17)-(3.18):

Op21(t,w) = oo (t) + orar(t)za(t,w) + oapaza(t,w), (7.148)
Oz2(t,w) = z1(t, w) (o101 (t) + 202p222(t,w)) , (7.149)
with
ao(t) = — - (rr00(073(0) + 020272(1)) (7.150)
a0

an(t) = 202902%72 + 0’2902375’ - ‘72@2?%5 (7.151)
1(t) = — — ) ’ '
0122 + 01(23 — 23°)

We also recall that, by definition of ag, a1, any solution to the above verifies
Ozi(t) =0, and O;z1z3(t) = 0. (7.152)
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To obtain a sharper control on the error incurred by the application of Proposition B.1, we recall the
following change in time and scale introduced in Section 3:

alt,w) = ea(eV 1, w), (7.153)
3(t,w) = e~ Vs(et 4t w), (7.154)
which leads us to study the evolution of @, § on a timescale of order one.

Lemma 7.5. Let (a(t,.), s(t,.)) denote the solution to (7.121)-(7.122) with any initial condition a(to,.),
s(to, .) verifying the bounds (7.125)-(7.126). We then have the following results.

o There exist continuous functions zi(to,.), z2(to,.) and constants C1,Cy such that

Zi(to) = 51/4%, Z(to) = 0, ZiZa(to) = f—ll, (7.155)

la(to,.) — z1(to, )| < Cre®*,  ||3(to,.) — za(to, .)|| < Caet/* log(%). (7.156)
Furthermore, there exists a constant D depending only on the problem data such that

(laCto, )l + 15(to, )1 V (llz1(fo, )l + [[z2(to, )I) < D- (7.157)

o Let (z1(t,.),22(t,.)) be the solution to (7.148)-(7.149) with initial condition (z1(to,.),z2(to,.)).
For any constant C > D, consider the hitting time

Ty = inf{t > to : (|at, Il + 15 D) v (20 )+ [lz2( )] = CF- (7.158)

Then there exist constants Cs, Cg depending only on the problem data and C such that, for any
fized time horizon T independent of € and any to <t <Ty AT,

Izt ) = 2611 < (Jlze(to, ) = 2(to, | + Cse 5t = to) ) exp(Co(t — to)): (7.159)

Proof. We begin by constructing an appropriate initial condition z(tg,.) = (z1(to,.), 22(to,.)). Recalling
that a(to,.) = /*a(to,.) and §(to,.) = e~ /*s(ty,.), we have

a(to) — 51/4?\ < Cped/4, (7.160)
0
@3(to) — 21| < Che/4, (7.161)
01
Then, we choose
2i(to,.) = ay (to,.) + 51/4?, (7.162)
0
(ty,.) = ——22 5, (0,.), (7.163)
o1a15 (to)
so that
Zi(to) = /422 (7.164)
o)
leg(t(]) = ﬂ, (7165)
01
and
|21 (to,.) — alto,.)]| < Cae®™. (7.166)
Also,

— o1a5(t R -
ler = 183lly o 0, )+ [3(00)] (7.167)
o1a8(to)

which, upon recalling that there exists 6 > 0 independent of € such that,

|22(to, ) = 3(to, )| <

1/2
- 1
|§L(t0,.)—(i,1> Ginir L ()] < Ce” and [3(to)| < C&/*log(2), (7.168)
1

implies that there exists a constant C’ such that

1
la(to, ) = ko, )| < €'/ log(<). (7.169)
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Now, note that, owing to Theorem 7.2, there exists a constant D depending only on o1, ¢1, 07, M such
that, for e sufficiently small,
la(to, )| + &~ 2||s(to,.)|| < De~ /4. (7.170)
Let T3 be the hitting time
Ty = inf{t > to : lat, )| + e 2||s(t,.)|| > Cre™ 4}, (7.171)

for any constant C; > D (that does not depend on €), and let T' be a time horizon independent of e.
Then, for any to < t < Te'/* AT, consider the following change in time and scale in the dynamical system
(7.121)-(7.122):

alt,w) = e *a(e*t,w), (7.172)
3(t,w) = e~ Vs(eM 4 w). (7.173)

Thus, we are now interested in controlling the evolution of the pair @, § on a timescale of order one, i.e.
independent of €. The evolution (7.121)-(7.122) then becomes

o g1 . J— A
da(t,w) = 705 (o = 00a(t)) + 3 8(tw) (1 = T3 (1)) + 02’ (1, w), (7.174)
05(t,w) = alt, w)g‘% (p1 — 01@3(L)) + 209020 (t, w)3(L, w), (7.175)
and we may rewrite 77 as
Ty = inf{t > to : |la(t,.)|| + |1(t, )| > C1}. (7.176)

Now, an argument similar to the one employed to prove the upper bound Eq.(7.92) in the proof of
Theorem 7.2 and Corollary 7.3 shows that there exist constants C5, Cy depending only on the problem
data and C7 such that, for any tqg <t < T7,

lpo — ooa(t)| < Csv/e, and @y — 0qas(t)| < Cyet/t (7.177)
We now note that, by construction,
121 (0, )l + ll22(t0, )| < D, (7.178)
and introduce the hitting time
Ty =inf{t > to : ||z1(8, )] + ||z2(t, )] = C}. (7.179)
Letting
2(t,w) = (21 (t,w), 22(t, w)), (7.180)
ze(t,w) = (a(t,w), 8(t,w)), (7.181)

we apply Corollary B.2 to obtain that there exist constants Cy, Cg independent of € such that, for any
to <t <Ty ANTH AT,

(e, = 26t Ml < (I (to, ) = =(t0, |+ Cs/(t = t0) ) exp(Colt —t0)),  (7.182)

concluding the proof. Proposition 3.6 is an immediate consequence of Lemma 7.5. d

APPENDIX A. AUXILIARY RESULTS ON IDEALIZED SYSTEMS
A.1. IDEALIZED SYSTEMS FOR THE CONSTANT AND LINEAR COMPONENTS
Consider the dynamical system
Aubl(t,w) = Zrg(t.w) (1 — 01bg(1)) (A1)
Drg(t,w) = o1b(t,w) (1 — o1bg(t)), (A.2)

with initial condition b(0,.) = @init,1(.) and g(0,.) = 0. For these dynamics, we have that b and g will
remain proportional to @i, 1 (.) for all times, so that b(¢,.) = B(t)aini, 1 (-) and g(¢,.) = Y(t)@init, 1 (-),
where ((t),~(t) are the solutions to the dynamical system

AB() = ZA(1) (91 = A BON(D)), (A.3)
0n(t) = 315(1) (o1 = 1 BY(E)). (A.4)
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where we have introduced o = o4 fol a?mt’l_(z/)dz/, and with (0) = 1 and (0) = 0. The solution to the
system (A.3)-(A.4) is characterized in the following proposition.

Proposition A.1. For every t > 0, we have the representation

B(t) = coshO(t), ~(t) = +/esinhf(t), (A.5)
where 0(t) is the solution to the ODE

0,0 = W -5 s h26(t), (A.6)
with 6(0) = 0. Furthermore, for every t > 0, we have the upper and lower bounds
1(t) <0(t) <u(t), (A7)
where
l@)::fj?t-—;log(1+-iiig(ez3§”-—1)>, (A.8)
u(t) = (0\1/? + 0140/1> t— %log 1+ 041%015 -~ ii\/g (e(%l‘/ghrgl)t - 1) . (A.9)
41
Proof. A direct calculation using (A.3)-(A.4) shows that
0 (B2(t) — €7 17(1)) = 2B(1)B(t) — 2c™ () (1) (A.10)
=0, (A.11)

and, since 3(0) = 1 and v(0) = 0, we find that 32 —c~14? = 1 for all times. This allows us to reparametrize
the solution using a hyperbolic angle §(¢) such that 5(t) = cosh 8(¢) and (t) = \/esinh §(¢). Substituting
this into (A.3), we find

(sinh 0(t)) 0,0 = e~ o1 (v/esinh 0(t)) (1 — o} cosh O(t)/zsinh 6(t)) . (A.12)
Dividing by sinh(é) (for ¢ > 0) and using the identity 2sinh 6 cosh # = sinh 26, we obtain the scalar ODE
(A.6).
Now, the latter implies that, for all times,
0191 0101 ap(r) 0191 0101 ( ap(r)
— D120 < 9,0(t) < - (e - 1) : (A.13)
NG 4 NG 4
so that
I(t) < 0(t) < u(t), (A.14)
where [, u are respectively the solutions of
/!
Bil(t) = “\1/? - ‘”4”1 2™ 1(0) =0, (A.15)
!/
dpu(t) = "17? - % (62"“) - 1) . u(0) =0. (A.16)

Focusing on [(t), let us introduce I(t) = I(t) — Jl—\/“glt, so that [(t) solves

! = o1 ~
2,(t) = —%e%)e? 7 0) = 0. (A.17)
To solve this ODE, we define
F(x) = —/ e Wdy (A.18)
0
_ % (=2 1), (A.19)
t ! as
G(t) = / 2 4“1 ¢ VE S ds (A.20)
0
0/1 £ 201014
= Ve —
o (e 1) : (A.21)
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so that

i(t) = FH(G(t) = ;log( 41;1[( A 1)) , (A.22)

yielding the expression for [(¢). A similar procedure applied to @(t) = u(t) — (Ui/@ + Ulgl) t gives the

expression for u(t). O

Corollary A.2. For every t > 0, we have

\[ QUlﬁplt
Dy (t)] < , A.23
B ()] < = exp NG (A.23)
as well as
4o — o : : 2011t
0< o1 —ofBN(1) < 1 S » (Giﬁ e (_ ra >> |
4oy + oh\/e (exp (%) — 1) #1 Ve
(A.24)
Proof. The first result is immediate from Eq.(A.6). For the second one, we write
p1— 1 B()Y(t) < @1 — o1v/E cosh((t)) sinh(I(t)) (A.25)
/
— 1 — "12\@ sinh(21(t)) (A.26)
o aE( ety e (e 1))
> Y1 — s > 201 p1t ) .
4o+ gE (exp(2 ity 1) exp( 272
(A.28)
implying the desired. O

APPENDIX B. AN APPROXIMATION RESULT FOR FLOWS NEAR TARGET SETS

Let O be an open set in R?, m be a fixed positive integer, {h;}, be a collection of twice continuously
differentiable functions on O valued in Ry, and {g;}/,, f be a collection of continuously differentiable
vector fields on 0. In what follows, we let S denote the set

S:{zeC(QRd) V1<z<m/h w))dp(w) = o}. (B.1)

For each 1 < i < m, let v; : R — Ry be a continuous, non-decreasing, positive function such that
v;(0) = 0. For any e > 0, consider the (infinite dimensional) system of ordinary differential equations

Dy (t, ) Zgj}i/ hs (ot 0))dp(v) + F(2e(t, ), (B.2)
2:(0,w) = 2z o(w) € C.(Q,RY). (B.3)

Since, for any w € €, the right-hand-side of (B.2) is locally Lipschitz on O, the Cauchy-Lipschitz theorem
guarantees the existence and uniqueness of a local solution z. (t,w) € C1([0, Tp(w)], RY) to the initial value
problem (B.2)-(B.3), for some time horizon Ty(w). In what follows, we will denote Ty = inf,cq To(w).
For any u € C(,RY), we let G(u) € R™*™ and F(u) € R™ respectively denote the matrix and vector
whose entries are given by

(G ()]st e = / (95 (u(w)), Vhi(u(@)))dp(w), (B.4)
Fi(w)iicm = / (F (), Vi (u(w)))dp(w). (B.5)

Assume that there exists a non-empty subset U of C(€2, R%) such that, for any u € U, the matrix G (u) is
full-rank. Finally, for any u € U, we denote a(u) the solution to the linear system

G(uwa(u) + F(u) =0. (B.6)
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With these definitions in hand, consider the auxiliary dynamical system

Opz(t,w) Zal )gi(z(t,w)) + f(z(t,w)), (B.7)
i=1
2(0,w) = 2o(w) € Co(QRY NU, (B.8)

where we have respectively abbreviated G(z(t, .)), a(z(t, .)), F(z(t,.)) with G(t), a(t), F(t). Letting T, =
inf{t > 0: z(¢,.) ¢ U}, the Cauchy-Lipschitz theorem once again guarantees the existence, for each w, of
a time horizon To(w) such that there exists a unique local solution z(t,w) € C*([0, To(w) A Ty], R?). In
what follows, we will denote Ty = inf,cq To(w). A short computation then shows that the coefficients
a;(t) impose the constraints

z(t,.) € S, (B.9)
dz(t,w) € f(z(t,w)) + Vec ({gi(2(t,w))}i,), Vw € Q. (B.10)

We seek to bound the ¢ distance ||z (t,w) — 2(¢,w)||2, for each w € , on a time horizon Ts such that
ze(t,.) is close to the set S in the following sense: for each 1 < i < m, we assume that there exists a
continuous, non-decreasing, positive function w; such that u;(0) = 0 and, for any ¢t < Ts:

/th(zs(t,w))dp(w) < u;(e). (B.11)

For any z, € R? and positive constant R, we denote

Ct(z0,R) = sup | f(2)ll2, (B.12)
z€B(z0,R)

Ci(z0,R) = sup [[Vf(2)llop, (B.13)
z€B(z0,R)

along with the corresponding quantities for the {g; }1<i<nm and h. We also let, for any 1 <1i <m,

Chilzo.R) = sup  [[V?hi(2)|lop, (B.14)
ZGB(Z().,R)

and introduce the stopping times, for any positive constant a and any w € Q
T, =inf{0 <t < Ty ATo ATy : Omin (G(2(t,))) A Omin (G(2:(t,.))) < a}, (B.15)
Toor(w) =inf{0 <t <Tou ATo ATy : 2:(t,w) & B(zo(w), R) or 2(t,w) ¢ B(zo(w), R)}, (B.16)

and we will denote T}, p = inf,ecq 1%, r(w). Using the above notations, for any § > 0, consider the
following quantities

Ui €
L. _Zng (20, B) + Cy (20, ), (B.17)
=1

1/2
Oa ZO7 (Z Oh ZO, ) , (B.IS)

m 1/2
L.=0C, <Zc (20, R)2> + C(20, R), (B.19)
=1

m 1/2
o l W y\2 m 1" ’
Ca - a <; (CfClh + CfCh7) ) + a lgsil,ljpgn (ng Chj + Cgi Chj) CO‘ ’ (B2O)
K =20 R zm: UE) o0 o R)+ Oz, R) (B.21)
Uy \/g 2 \ %0 e U»L'(g) g: \*0> F\<0s 3 .

52 §2v/2m 2 2
K,. = —=C"%(z0,R)L.(zy,R) + C?L? ( c, ) + ( C ) C'L.)? . (B.22
~= % (20, R) L. (20, R) 7 ( ol s G S G (CLL) (B.22)
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as well as

m 1/2 m 1/2
- (C} +Ca (Z(O_{h)?) +C, (Z C§i> ) : (B.23)

i=1

(Zm 02)1/2 m 1/2 n 1/2
0(8,6) = Ky, + K, + ==L 00 2u,(e) + Cyf 126%)° K, Ch. (20, R))? .
(0,6) = Ko, + K., + =5 (;(u(EH WLZP)T )+ K Xij( (20, )

(B.24)
We then have the following result:

Proposition B.1. Using the notations and under the assumptions outlined above, fix a and R such that
T, AT, r >0, and denote S =Ts NT, AT,y r NTo NTo ANTy. Then, for any 6 >0 and n € N such that
nd <8,

Iz (nd,.) = z(nd, )lall < ([ll2(0,.) = 2(0, ) llal| + n€(d, €)) exp (Knd) . (B.25)

Proof. We begin by writing, for any ¢ < S and § > 0 such that t + 6 < S,

g n g i\ 2, S,V
(48w =t + [ fettrsolds+ Y [atrso) | haeelt & 50) 4,

Q v;(e)
(B.26)

s mo s
2(t+0,w) = z(t,w) + / fz(t+ s,w))ds + Z/ a;(t+ 8)gi(z(t + s,w))ds. (B.27)
0 = Jo
Let us introduce the vectors v,_, v, defined as

Uy, (b w) = ze(t + 6,w) — 2z (t,w) — d f(2: (¢, w) Zgl ze(t,w) / / Mdp(y)d& (B.28)

vy(t,w) = 2(t + 0, w) — 2(t,w) = df(2(t,w)) — Z a;(t)gi(z(t,w)), (B.29)

and turn to bounding their norms.

Bounding the norms of v,_, v,. Combining Eq.(B.26) with Eq.(B.28), and Eq.(B.27) with Eq.(B.29),
we find

5
vs. (tw) = / Feelt + 5,0))ds — 5f (22 (t,0))

m

+Z</ et n) [ PO Nt [ [ zf””)dpo»)ds)
(B.30)

and

2 (t,w) / fz(t+s),w)ds — 6 f(z(t,w) —|—Z (/ t+8)gi(z (t—i—s,w))ds—5ai(t)gi(z(t,w))> .

(B.31)
Starting with v,_, a first order Taylor expansion then gives
flee(t + 5),w) = f(ze(t,w)) + sDf[z(t,w)]0r2(t, w), (B.32)
for some £ € [t,t + s]. But then, owing to Eq.(B.2) and the definition of S,
()
sup  ||0ze(t, w)]|2 < Z Cy, (20, R) + C¢(20, R), (B.33)

0<t<S, weN (e)
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so that, letting L._(z9, R) denote the right-hand-side of the above inequality, we find
5 5 1/2
H/ Fze(t + 5,0))ds — 5 (z(t,w))[|2 < V6 (/ SZIIDf[Z(f(S),w)]ipllatZ(f(S),w)llgdS) (B.34)
0 0
52

< Z5Ci(z0, R)L=. (20, R). (B.35)

Letting, for any 1 < i < m, B.;(t) = fQ ZE tw p( ), we turn to bounding the second term in
Eq.(B.30). Starting again with a ﬁrst order Taylor expansion, we find

gi(ze(t + 8),w) = gi(2:(t,w)) + sDgi[z: (£, w)] O 2e (£, w), (B.36)
for some #(s) € [t,t + &]. Then,

5 5
|| / 00zt + 5,0))Bea(t + 5)ds — go(ze(t, w) / Bealt + 5)ds]la,

6 ~ ~
< / Dl 7(3), )02 0(5). ) e+ 5)d e

>~ TC; (Z(), )ng (203 R) ;i (6) )

where we have used the upper bound (B.33) and the fact that supg<,<g [Be,i(t)| < ¢ (6) Combining the

(B.37)

bounds (B.35) and (B.37), along with the triangle inequality, we reach

& - U,’(e’:‘) / /
vz, (t,w)]2 < %LZE (20, R) <Zz_; e Cy. (20, R) + C (20, R) | - (B.3%)
Turning to v,, we begin by noting that, for any ¢t < S,
m m
1Y ai(t)gi(=(t,w))ll2 < D lai(1)|Cy, (20, R) (B.39)
i=1 i=1
m 1/2
< [lex(®)ll2 (ZC ,-(ZoyR)2> 7 (B.40)
i=1
owing to the Cauchy-Schwarz inequality. But then, recalling that a(t) = —G(t) "' F(t), we find
FQ@)|
oty < 1D, (B.41)

where, recalling the definition of F(t) := F(z(t,.)), we have the upper bound

1/2
[F@®)l2 < Cplzo, R (Z Ch, (20, R ) (B.42)
Letting Cr denote the right-hand-side of the above inequality and C,, , we reach
1/2
sup  ||0rz(t,w)|l2 < Cy <ZC (20, R ) + C¢(20, R). (B.43)
0<t<S,weQ

Letting L. (2o, R) denote the right-hand-side of inequality (B.43), an argument similar to the one used to
obtain the bound (B.35) gives

C' (20, R) L (20, R). (B.44)

é 52
||/U F{t+s),w)ds — 6f(z(t,w))]]2 < % b

Now, for any 0 < ¢,t’ < S, the triangle inequality gives
le(t) — a2 < |GTHt) = G ) lop [ F D)2 + |G (D) |op | F(2) — F(t')]|2- (B.45)



31

Then, for any 1 < i < m, the fact that f, Vh; are bounded Lipschitz (on B(zg, R)) gives,

| [F( \</\ ), Vhi(2(t,w))) = (f(2(t',w)), VA (2(t',w)))) |dp(w) (B.46)
< (CiCh, + Cfch,-) L.Jt -], (B.A7)
leading to
m 1/2
|F(t) - F(#)]|> < (Z (eftes +0fc;;>2> Lalt—¢]. (B.48)
i=1
Then, noting that G™'(t) — G (t') = G~ (t') (G(t') — G(t)) G~ (1)
_ _ 1
IG™H(t) = Gt lop < lIGE) = G(#)llop (B.49)
m
< sw |[G() -G, (B:50)
a” 1<4,5<m
<™ up (Cgic;{. + C;C,;.) L.t —t|. (B.51)
a® 1<i,5<m ’ Y
Letting
Az 1/2
2
(a (Z (e, +CrCy) > + ;15qu< (cgic;;j +c;ic,gj) CF) : (B.52)
i—1 ,J<n
we reach

lex(t) = a(t)]l2 < CL Lt — t']. (B.53)
Then, for any 1 < i < m, we write

a;(t+8)gi(2(t + 5),w) — i(t)gi(2(t,w)) = ot + 5)gi(2(t + 5),w) — ai(t + 5)gi (2(t),w),
+ ai(t + 5)gi(2(t,w)) — ai(t)gi(2(t, w)),
so that

lli(t+ 8)gi(2(t + ), w) = i(t)gi(2(t, w))ll2 < |ei(t + 8)|Cy, Lzs + Co,lai(t +5) —ai(t),  (B.54)

and

IIZ (/ t+s)gi(z (t+s,w))ds5ai(t)9¢(2(t,w))>lz <
o
52(/ (Jos(t + s)|Cy, L2s) ds+/0 (Cy,
53 2 m 1/2
<V2im [ =L%( su Cy, ai(t+s)*+ | sup O lla(t + s) (t)H%dS)
i (512 (1) St e (e >/

1<i<n 1<i<n

— 2 2
< V2 5o C%L? ( sup Cy, > + ( sup C ) (Ch)?
V3 1<i<n 1<i<n

We finally reach

1/2
52 52V2m 2 2
3 < —C L, Cc?rL? c, C,, | (C.L.)? .
vx(t, w)]l2 < \/ng(ZmR) (20, R) + 7 < o z(liljgn ) +<1§i1§pn gz) (CLL)

1/2
it + s) —ai(t)|)2ds>

(B.55)
In what follows, we will respectively denote K, _ and K, the bounds obtained at Eq.(B.38) and
Eq.(B.55). We now turn to showing that the vector a(t) is close to the vector a.(t) whose entries
are given by

e / / izt Jr s) )dp(w)ds, V1<i<m. (B.56)
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Approximating the «. ;(t) with the «a;(t). Owing to the definitions of v,_, v,, we may write

ze(t 4+ 0,w) = ze(t,w) + 0 f (ze(t,w)) + 0 Z e i(t)gi(ze (t,w)) + v, (T, w), (B.57)
i=1
zZ(t+ d,w) = z(t,w) + 0 f(z(t,w)) + 0 Z a;(t)gi(z(t,w)) + v, (t,w). (B.58)

Then, for any 1 < i < m, an order two Taylor expansion gives that
hi(ze(t + 6,w)) = hi(ze(t,w)) + (Vhi(ze(t,w)), 2 (t + 0, w) — ze(t, w)),

+ %Vzhi(ég) [(2:(t + 6,w) — 2z (t,w))®?] (B.59)

for some Z. € B(z:(t,w), ||z (t + ,w) — ze(t, w)]||2) C B(ze,0(w),3R). Letting
si(t,w) = hi(z:(t + d,w)) — hi(ze(t,w)) — %Vth(ZE) [(2e(t + 0,w) — z(t,w))®?] (B.60)

and replacing the increment z. (¢t + §,w) — z.(t,w) using Eq.(B.57) in Eq.(B.59), and integrating with
respect to w, we find, for any 1 < j < m,

/Q (Vi (e (t0)), 61 (2e(t,0)) + 8 Y e ()i (22 (1, @) + v (1, @) dp(w) = / si(tw)dp(w).  (B.61)
1=1

Now, defining the vectors s(t) and V' ,_(¢), whose entries are respectively given by

[()]1<i<m = /Q (1, w)dp(w), (B.62)
Vo (Dhizm = /Q (Vhi(ze (1)), s, () dp(w), (B.63)

we may rewrite Eq.(B.61) as

0 (G(ze(t,.))oe(t) + F(z2:(t,.))) = =V ,_(t) + s(t). (B.64)
Abbreviating G(z.(t,.)) with G*(t) and F(z.(t,.)) with F°(t), and letting &.(t) = —G°(t) 1 F*(t), we
may write

la(t) — ac(t)llz < [a(t) — a:(0)]2 + EHGE(t)’1 (=V..(t) +s@)

< llex() = Ge(®)ll2 + 5~ (||VZE( Mz + [[s@)]l2) - (B.65)
Now, using the definition of s;(¢) at Eq.(B.60), we find

sup | [ si(t,w)dp(w)| < 2u;(e) + Cp L26, (B.66)
0<t<S JQ )
and thus
1/2
Is(t)]|2 < (Z (2u;(e) + Cy L26?) ) . (B.67)
Also,
m 1/2
V(@2 < Ko, (Z(Céi(Zo,R)f) : (B.68)
Furthermore, the argument employed to establish Eq.(B.53) also implies that
lex(t) = ae(t)ll2 < Collz(t) — 2 ()] (B.69)

In summary, we reach

m 1/2 m 1/2
lee(t) = ac(t)]|2 < ((Z 2ui(e) + Cy L36%) ) + Ko, (Z(Céi(ZoaR)f) )

i

+ Cillz(t,w) — ze(t, w2 (B.70)
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Concluding the proof. To conclude the proof, we use Eq.(B.57),(B.58) to obtain that, for all w € Q,
2 (t +6,w) — 2(t + 6, w)[l2 < (1+6C%) l|ze(t, w) — 2(t,w)l2 + Ko, + Ko,

+ 5HZ (ae,i(t)gi(ze(t,w)) — i()gi(2(t, w)))ll2. (B.71)
But then, )
1> (aca()gi(z (t,w)) — as(t)gs(2(t0)))ll2 < D [lleve,i(8) = i) gi (2 (£, w)) 12
i=1 i=1
+leaz (9i(ze(t,w)) — gi(2(t,w)))l2
m 1/2 m 1/2
< <Z Cﬁ,;) [ee(t) — e (t)]l2 + Ca (Z(C;f) [2(t, w) = ze (£, w)|l2-

Gathering the above bounds, we introduce the quantities

m 1/2 m 1/2
K=|C}+Cq (Z(c;f) +C, (Z ci) , (B.72)
1=1

i=1

(Zm 2 )1/2 m 1/2 m 1/2
U(6,e) = Ky, + Ky, + % (Z (2u;(e) + C;L’iLicSQ)?) + K, (Z(O;M(zo, R))2> ,

i=1 i
(B.73)
so that we finally obtain the following control:
|ze(t + 0, w) — 2(t + 0, w)[]2 < (1 + K0) ||z (t,w) — 2(t,w)|l2 + £(5, €). (B.74)
Applying the discrete Gronwall inequality then gives that, for any n € N such that nd < .5,
lze(nd, w) — z(nd,w)|l2 < (]|ze(0,w) — 2(0,w)||2 + nl(d,€)) exp (Knd) . (B.75)
O

We now specialize this result to a family of dynamical systems related to (2.8)-(2.9), using the same
notations. For any integer D, consider the following evolution:

D-1 — opask(t)

Ora(t,w) = Z ops™(t,w (q)k Uk?g) ) +oppps? (t,w), (B.76)
k=0
b1 (1 — oras™ (1))

+ Dopypal(t,w)sP 1 (t,w), (B.77)
vk (€)
with initial condition a(0,.),s(0,.) € Cp(2,R). For any pair z;(¢,.), 22(t,.) € C(Q,R), define the p-
dimensional vector a(z1(t,.), 22(t,.)) as any solution to the linear system

VOo<p<D-1:

D-1

>~ anlt) (00 (1) + ko 1) = —opep (47 (1) + Dpztay (W), (BS)

k=0
Assume that there exists a pair z1(0,.), 22(0,.) such that the system (B.78) has a unique solution, and
consider the dynamical system

Os(t,w) = Z kopa(t,w)s* 1 (t,w)
k=1

021 (t,w) Z o2 (t,w)ag(t) + opppzL (t,w), (B.79)
k=0
—1

Oy z2(t,w) Z kopzi(t,w) 27 (t,w)ar(t) + Dopepzi (t,w) 2271 (t,w), (B.80)
k=1

initialized with 21(0,.), 22(0, .). Finally, define z.(t,w) = (a(t,w), s(t,w)) and 2(t,w) = (21 (t,w), 22(t,w)).
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Corollary B.2. With the same notations as in Proposition B.1, assume that there exists a constant Cy
(independent on €) such that, for each 0 <k < D —1:

Uk(é‘) < Co’Uk(E), (B.Sl)

and denote u*(e) = supy {ur(e) sz_Ol. Then, there exist constants Cy,Cy depending only on K, R, Cy and

the coefficients {ox, o }£_o such that, for any 0 <t < S,

l[ze(t; ) = 2(8 )] < (IIZE(O’ ) =20, + Cl\/u*(s)) exp (Cat) - (B.82)

Proof. We apply Proposition B.1 to the evolution (B.76)-(B.77), the form of which implies that there exist
constants C7, Ca, C3 depending only on D, R, {0, @i }2_, such that K < Cy and I(§,€) < C20%+ Czu*(e).
Choosing n = | £], we find, for any § < 1,

et = 2011 < (12200, = (0.0 + 5(C18° + Ca’(€)) ) xp (Ca). (B.53)

Optimizing over § then gives the desired result. O

APPENDIX C. AUXILIARY LEMMAS

Lemma C.1. Let f: Ry — R be a Lipschitz continuous function and let F'(t) = sup,<,|f(r)|. Then F'
1s Lipschitz continuous. Furthermore, if there exists a positive, increasing function g such that, for every
t>0,0:f(t)] < g(t), then O F(t) < g(t) for (Lebesgue) almost every t.

Proof. For any t > 0 and since f is continuous, we may define r; = argsup, <, |f(r)|. Furthermore, let

. { Tigs 7T <1 (1)

t otherwise
Then, F(t) > |f(7)] and therefore
F(t) 2 [f (regs) [+ [F(F)] = [f (regs)]- (C.2)

By definition | f(riys)| = F(t+s) and ry4s—7 < s, and, by the Lipschitz assumption, || f(7)|— | f(re4s)|| <
Ls for some constant L. Upon noting that F(¢t + s) > F(t), this completes the proof of the first part of
the statement. Now, since F' is Lipschitz continuous, its derivative exists (Lebesgue) almost everywhere
and, we have

. 0 ifry, <t
%F(t) = { O f(t) ifr =t. (©3)

O

Lemma C.2. For any positive real numbers «, 3, consider the ODE

i(t) = —aa(t) + BVa(t), (C.4)
z(0) > 0. (C.5)
Then, for allt > 0,
2
« 153 «
2(t) = (Va0 exp(—21) + 2 (1 - exp(—ft)) . (C.6)
2 @ 2
Proof. This is a Bernoulli equation, see e.g.[52], and, clearly, 2:(¢) > 0 for any ¢ > 0, so that existence and
uniqueness of maximal solutions follows straightforwardly. Making the change of variable y(t) = \/z(t),
we find
o B
y(t) = —59(75) +3 (C.7)
so that
« 15} «
y(t) = y(0) exp(—51) + = (1 —exp(=51)). (C8)
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Lemma C.3. Let z : Ry — R be a continuous function. Then, for any t > 0,

|| / $)dsll> < /uz )l2ds, (c.9)
|| / sl < Vi (/ l(s) ||2ds)1/2. (C.10)

Proof. The first inequality is a consequence of the convexity of the Euclidean norm and Jensen’s inequality.
For the second inequality, we apply the Cauchy-Schwarz inequality to obtain
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