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ABSTRACT. We study the free energy of mean-field multi-species spin
glasses with convex covariance function. For such models with D species,
the Parisi formula is known to be valid, and expresses the limit free energy
as a supremum over monotone probability measures on R”. We show
here that one can transform this representation into a supremum over
all probability measures on RP of a concave functional. We then deduce
that the Parisi formula admits a unique maximizer. Using convex-duality
arguments, we also obtain a new representation of the free energy as an
infimum over martingales in a Wiener space.
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2 THE CONVEX STRUCTURE OF THE PARISI FORMULA

1. INTRODUCTION

We study mean-field spin-glass models with multiple species. Fixing
an integer D > 1, we write [D] = {1,..., D} to denote the set of different
species of spins. For each N € N, we give ourselves (Iy,q)qe[p] @ partition of
{1,..., N}, and interpret each I 4 as the set of indices that belong to the
d-th species. For any two configurations 0,0’ € RY and d € [D], we define
the overlap for the d-th species as

1

(1.1) Rya(o,0") == Z onoy,,
N ’I’LEIN’d

and we set

(1.2) Ry(0,0") = (Rn,a(0,0")) e[ D]

We give ourselves a function ¢ : RP? - R and a centered Gaussian field
(HN(0))ge[-1,41]7 With covariance

(1.3) E[Hy(0)Hn(0")] = N¢(Ry(o,0”)).

Throughout, we assume that the function £ admits an absolutely convergent
power-series expansion and satisfies £(0) = 0, and we make the key assumption
that the function & is convex on RY. The definitions of the free energy
and Gibbs measure of the spin glass require that we also choose a reference
probability measure. For each species d € [ D], we fix a probability measure 7
with support in [-1, 1] that is not a Dirac mass, and let

(1.4) dPN(U) = ® ® dTl'd(O'n).

de[D]neln,q
In words, when o = (071,...,0y) is sampled according to Py, the coordinates
of o are independent, and the law of oy, is 4 if n belongs to Iy 4. For each
d € [ D], the proportion of spins that belong to the d-th species is given by

(1.5) ANd=|INal/N, and we set Ay = (/\Nvd)de[D] .

We assume throughout that for some Ao = (Aoo,d)de[n] € (0, 1)P, we have
1. lim Ay = Ao
(16) A, A

The main object of study of this paper is the limiting value as N - +o0 of
the free energy defined for every ¢ > 0 by

(1.7) FN(t,éo):—%Elog/exp(\/ﬂHN(U)—Ntﬁ(RN(o,a)))dPN(a).

The term —Nt£ (Ry(o,0)) is introduced as a convenience to simplify the
expression of the limit. One possible way to remove it a posteriori is described
in [43]; we also point out that this term is constant if each 7y is supported
in {~1,+1}. In (1.7), the second argument of Fy is a Dirac mass at 0 € R”,
and we will extend this function to more general arguments below.
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In order to state the Parisi formula for the limit of (1.7), we introduce
further notation. We write R, = [0, +00), and let P(R?) denote the set of
probability measures on RY. We say that p ¢ P(RP) is monotone when
there exists an increasing map q : [0,1) - R? such that p = Law(q(U))
with U a uniform random variable in [0,1]. Here and throughout, the word
“Increasing” (and likewise for “decreasing”) is understood in the sense of non-
strict inequalities, that is, we are asking here that q(t) — q(s) € R? for every
s<te[0,1). We denote by PT(RP) the collection of monotone probability
measures on RY. For every p > 1, we denote by P,(RP) the set of probability
measures with finite p-th moment, by Poo (R? ) the set of compactly supported
probability measures on R and we set P;(]R? ) = PH(RD) n P, (RD).

For all the models considered here, the Parisi formula is known to be valid
[4, 9, 13, 27, 46, 47, 60]. We give two versions of the Parisi formula, the first
one in (1.11) being the most classical, and the second one in (1.12) being
the one which will best clarify its relationship with the sequel. For each
v e P(RY) and d € [D], we denote by vy the d-th marginal of v; in other
words, vy is the image of v through the mapping x + z4. The first term in
the Parisi formula is given, for each v € P}(R?), by

D
(1.8) Y(v) =dz)\oo,d¢d(l/d),
=1

where for each d € [D], the function v, is the cascade transform of the
reference measure 7, defined precisely in (2.16) (see also Lemma 3.1 for an
alternative characterization). It follows from [2] that the functions 1, ...,9¥p
are each concave over Pi(R;). The formula (1.8) therefore allows us to
extend ¢ into a concave (but not strictly concave) function on all of P;(RP).
For every y € R, we set

(1.9) 0(y) =y-VE(Y) - £(y),
(1.10) ' (y) = S%I;{Cﬂ'y—f(?ﬁ)},

and similarly for (t£)* for any ¢ > 0. We note that for every ¢ > 0, we have
(t&)" =& (-/1).
Theorem 1.1 (Parisi formula). For every t >0, we have

(11 gim Fatio) = sw {u(ve) () -t [ oau)

pnePL (RP)

(1.12) = sup {¢(y)—f(t£)*du}

vePL (RD)

where (tVE&)(n) denotes the image of the measure p through the mapping
x ~tVE(x).
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A measure p € P! (RP) that realizes the supremum in (1.11) is usually
called a Parisi measure; this measure can often be interpreted as the asymp-
totic law of the overlap under the Gibbs measure (see [13, Corollary 8.7] or
[9, Theorem 1.4] for precise statements). The existence of a Parisi measure
can be obtained via coercivity and compactness arguments. For models with
a single species (D = 1), it was proved in [2] that the Parisi measure is unique.
Here we extend this result to all multi-species models.

Theorem 1.2 (Uniqueness of Parisi measure). For everyt > 0, the supremum
in (1.12) is achieved at exactly one measure, say U € PL(RP); and the
supremum in (1.11) is achieved at all measures i € P;(Rf)) that satisfy
v =(tv€)(m), and only at those measures.

As already noted, although the function ¢ is initially only defined on
PH(RP), the formula in (1.8) readily allows us to extend it into a concave
function defined on all of P;(R?). In order to show Theorem 1.2, we aim to
relax the maximization problem in (1.12) into one that is posed over all of
Poo (RP). In our extension to this variational problem, the last term in there
is replaced by the following optimal-transport cost. For every p,v € P(R),
we denote by IT(u, ) the set of all probability measures on R? X R? with
first marginal 4 and second marginal v. For each ¢ >0 and u,v € P(R? ), we
set

(1.13) Tipv)=_nf [ @) (v - a)n(a,p).

In this introduction we have only defined F y(t,dy) in (1.7), but below we
define Fy (t,u) for all (t,p) € Ry x P](RP), and we state our next results
for arbitrary arguments.

Theorem 1.3. For every (t,p) € Ry x PL(RP), we have

(1.14) Nlim Fn(t,u)= sup {w(v)-Ti(p,v)}.
oo vePeo (RD)

Moreover, the functional inside the supremum in (1.14) is concave in v.
Finally, there is exactly one measure v € Poo(RY) that is monotone and
realizes the supremum in (1.14).

Using convex-duality arguments inspired by [31, 42], we then deduce from
Theorem 1.3 a representation of the limit free energy as an infimum. We de-
note by X the set of functions y : R? — R of the form x(2) = 2, Aeo.axa(24)
where x1,...,xp : R, = R are convex, 1-Lipschitz, increasing functions that
vanish at the origin. For every y € X, z ¢ RP and t > 0, we let

(1.15) () =V€7%P){ [ xdv-v)}
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and

(1.16) Six(x) = s%% {p-z+t&(p) - x"(p)}
PERY

(1.17) = sup {x(y) - ()" (y-=)}.
yeRY

In (1.16), the definition of x* is as in (1.10). The equality between (1.16)
and (1.17) will be explained below in Lemma 5.12.

Theorem 1.4. For every (t,p) e Ry x P1(RP), we have

(1.18) Jim Fy(t,) = ;relafg{[ Sixdp —m(x)}.

Finally, we describe a more concrete representation of the limit free energy
as an infimum over martingales. Let & = (Q,F,P) be a probability space
with associated expectation E, and let (Fi(%))e0, ---, (Fp(t))es0 be an
independent family of filtrations over &?. We assume that all these o-algebras
are complete, that is, they all contain every subset of any null-measure set.
We also assume that the probability space is rich enough to accommodate for

the existence of independent Brownian motions (B1(t))0, -- -, (Bp(t))w0
that are adapted to the filtrations (Fi(t))es0, - --, (Fp(t))es0 respectively.
We denote by Mart, ..., Martp the spaces of bounded martingales over &2
with respect to the filtrations (Fi(t))es0, -- ., (Fp(t))s0 respectively, and
we set

D
(1.19) Mart = [ | Mart,.

d=1
For every a = (aq,...,ap) € Mart, we define y, : ]R? — R such that for
every x = (21,...,2p) € R,

D 2y

(1.20) Xo(@) = 3 Ao fo E[0q(1)?] dt.
d=1

We also define, for every ¢ >0 and x € R,

(1.21) ¢a(t,x) = log/ exp (zo - tlof?) dmq(z),
and set, for every ¢t > 0 and y € R,

(1.22) Ga(t:y) =sup{z-y = dalt, z)}.
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Theorem 1.5. For every t >0, p e PL(RP), and T = (T},...,Tp) € RP
such that supp(u) +tvE([0,1]P) € T2, [0, T4], we have

(1.23)
D
Jim Fy(tp)= inf { dzl Aood E [¢;(Td, ag(Ty)) - ﬁad(Td)Bd(Td)]

_XQ(T)+fStXadM}-

In addition the infimum in (1.23) is reached at a unique & € Mart. This
martingale & is such that for every d € [D] and almost every t € [0,Ty],
we have ag(t) = 0, Py, (t, X4(t)), where U is the unique monotone measure
that realizes the supremum in (1.14), ®y, is defined in (3.2) subject to the
terminal condition (3.3), and X4 is defined in (8.3).

Conjecture. We conjecture that Theorems 1.4 and 1.5 remain valid even
when the function ¢ is not assumed to be convex on RY, with the understand-
ing that S;x is defined according to (1.16) (the equality of this quantity with
(1.17) would be lost in this case). To explain why, we start by recalling that
when ¢ is convex over RY, the limit free energy is known [9, 13, 16, 39, 43]

to converge to the unique viscosity solution to the Hamilton—Jacobi equation

(1.24) {atf_ff(auf)dMZO on R+><7D;(R?)7

£(0,) =9 on PH(RP).

The same result may also be valid in the case when £ is non-convex, and partial
results in this direction were obtained in [9, 13, 16, 38, 40]. As discussed
more precisely in [31], the right-hand side of (1.18) can be interpreted as
a generalized version of the Hopf variational representation of the solution
to (1.24). In other words, there is a plausible heuristic argument connecting
the Hamilton—Jacobi equation (1.24) with the variational representation in
Theorem 1.4, and therefore also with that in Theorem 1.5; the idea being that
since ) is concave, it can be represented as an infimum of affine functions,
and we expect the solution to the PDE to be the infimum of the solutions
started with these enveloping affine functions. One consequence of the results
presented here is a proof that when ¢ is convex over R?, the solution to the
Hamilton-Jacobi equation (1.24) can indeed be represented as the variational
formula in (1.18). We expect this link between the solution to (1.24) and
the variational representations in Theorems 1.4 and 1.5 to remain valid even
when the function £ is no longer assumed to be convex. In addition to
being interesting on its own, this new representation could be helpful to
complement the lower bound obtained in [38, 40] with the reverse bound.
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Proof ideas. For the choice of p = dy, and in view of (1.12), the task of
showing (1.14) boils down to showing that

(1.25) sup {w(y)—f(tf)*du}: sup {w(u)—f(tg)*dy}.

vePL(RP) 1P (RD)

For each measure v € P(R?), there is a unique measure ' that has the
same marginals as v and is a monotone measure. Due to the equality of the
marginals and (1.8), we have that () = ¥(¢"), so surely the most natural
idea for showing (1.25) would be to assert that

(1.26) /(tg)*dzﬁ < f(tg)*du.

We show in Proposition 4.1 that the inequality (1.26) is indeed valid when
D =2 and V£(0) = 0. However, we also show in Remark 4.3 that the
inequality (1.26) is false in general, so another strategy must be developed
towards the proof of our main results.

Our approach consists instead of a careful analysis of the optimizers of
the variational formula in (1.14). First, recall that the definition of Syy from
(1.17) implies that for every x,y e RD,

(1.27) X(y) = Sex(@) < ()" (y - @),
with equality when y is a maximizer in (1.17). From this, we check in
Lemma 6.4 that

(1.28) /SthM: sup {fxdy—ﬁ(u,l/)}.

vePoo (RP)

Letting 7 € Po (RP) denote a maximizer of (1.14), and x denote the derivative
of ¢ at v, we observe that, thanks to the convexity of the mapping v ~
Ti(p,v), we have that

129)  [xa-Tiuo)= swp | [ xdv-Ti(un)f,

vePoo (RP)
and thus, in view of (1.28), that

(1.30) [ xdz- [ Sixdu=Ti(u ).

Denoting by 7 the optimal transport plan from u to 7, the previous display
tells us that the inequality (1.27) is in fact an equality for dm-almost every
(x,y). Heuristically, we then want to exploit certain monotonicity properties
of the mappings Vx and V.S;x to deduce that if u is monotone, then so is v.
The details are a bit more subtle, as it may well be that the measure v itself
is actually not monotone, and we need to smear out the measure p in order
to effectuate this transfer of monotonicity, but we ultimately show that we
can build a maximizing measure for (1.14) that is indeed monotone whenever
w itself is monotone. The bulk of the technical work consists in showing that
Vx and V.Syx satisfy the desired monotonicity properties. Once Theorem 1.3
is shown, we obtain Theorem 1.2 as a direct consequence, while the proofs of
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Theorems 1.4 and 1.5 rely on convex-duality arguments that are inspired by
(31, 42].

Related works. The Parisi formula was initially predicted using the non-
rigorous replica method in the case of the Sherrington-Kirkpatrick model
(i.e. for D =1, £(r) = r?, and Py = 5(61 +6-1)) in [36, 50, 51, 52, 53], and
was later proved rigorously in [27, 60]. A more conceptual proof based on
the ultrametricity of the Gibbs measure was later developed [45, 46], and
allowed all models with a single type of spins (D = 1) to be covered. This
ultrametricity property was further leveraged in order to identify the limit
free energy of spin glasses with multiple types and convex & [4, 47, 48, 49].
One key ingredient of the proof consists in showing that, up to a small
perturbation of the energy function, the overlaps between the different types
of spins must synchronize with one another; in other words, the joint law
of the overlaps must be a monotone measure. Theorem 1.3 shows that one
can in fact relax the final optimization problem into a “desynchronized” one,
where the measure is no longer constrained to be monotone. Concurrent
developments for spherical models include [17, 59] for models with a single
type of spins, and [5] for multi-type models. For models with additional
symmetries, the limit formula may in certain cases be simplified into an
expression corresponding to an effective single-type model [6, 7, 10, 30, 41].

Models with non-convex ¢ are less well-understood, and even the existence
of the limit free energy is not proved in general. Yet, under the assumption
that the limit free energy exists, its value has been identified in [57, 58] for
all spherical models in the case when £ is a monomial. Still for spherical
models, the case of D =2 and &(z,y) = zy has been obtained unconditionally
in [1, 3], and the cases of {(z,y) = 2Py? and £{(x1,...,2p) = x1---xp have
also been obtained unconditionally for particular choices of the parameter
Ao in [7, 19].

Outside of these cases, even stating an appropriate conjecture for the
limit free energy is a non-trivial task. Indeed, several possible candidate
variational formulas for the limit free energy, inspired by the classical Parisi
formula, were shown to be invalid in [38, Section 6]. A candidate for the limit
free energy, defined in terms of the solution to a Hamilton-Jacobi equation,
was proposed in [16, 38, 39, 40|, and this candidate was shown there to be a
lower bound for the limit free energy. Under the assumption that the limit
free energy exists, a representation of this limit in terms of a critical point
of an explicit functional was also found in [9, 13]. This description is in the
spirit of the cavity fixed-point equations appearing in the physics literature.
It does not completely characterize the limit however, as there may be more
than one critical point in general.

As discussed around (1.24), and despite the negative results of [38, Sec-
tion 6], we now believe that there is in fact a plausible candidate variational
formula for the limit free energy for non-convex £. The point is that it does
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not take a form similar to the classical Parisi formula, but rather a form as in
(1.23). Such alternative “un-inverted” formulas first appeared in the context
of models with a single type of spins in [42], and were further developed
in [31], with results close to Theorem 1.4 for vector spin glasses. A key
ingredient for our analysis as well as in [42] is the fact that the function % is
concave. This was first proved for models with a single type of spins in [2];
the uniqueness of the Parisi measure was also obtained there in this case.
For spherical models, the uniqueness of the Parisi measure can be seen more
directly, and a similar convex-duality analysis was performed in [33, 34]. We
also mention that for vector spin glasses with convex £, the uniqueness of
the Parisi measure was shown to be valid in [11] provided that the measure
argument u does not charge any single point.

These “un-inverted” formulas are in turn inspired by a series of works
concerning the construction of efficient algorithms that aim to identify
configurations o in the support of Py such that Hy (o) is as large as possible.
For many models, an explicit quantity ALG was identified as a variational
formula analogous to the Parisi formula, such that the following holds. On the
one hand, there exists an efficient algorithm that outputs a configuration o
in the support of Py such that Hy(c)/N is approximately equal to ALG.
On the other hand, for any € > 0, if an algorithm is Lipschitz continuous
with respect to its entries, then it cannot reliably output a configuration o
in the support of Py such that Hy(o)/N exceeds ALG +e. Whether or not
this quantity ALG coincide with the limit of sup,egpp py Hn (o) depends on
the choice of £. At least for models with a single type, this quantity ALG
can also be written as an “un-inverted” formula very similar to that found
in [42].

An algorithm that indeed achieves the correct value ALG was first put
forward in [56] for spherical models with a single type of spins. The algorithm
is based on a Hessian ascent. Using a different approach based on approximate
message passing algorithms, this result was extended to models with +1 spins
in [21, 37, 54]. For models with +1 spins, a Hessian-ascent algorithm was also
constructed in [35]. The converse statement, that no Lipschitz algorithm can
identify configurations with energy exceeding ALG, is based on the notion of
overlap gap property [24, 25, 26, 29]. Remarkably, the identification of this
threshold ALG has been extended to spherical models with multiple types,
including for models with non-convex £ for which the limit free energy is not
currently known [28, 29].

Organization of the paper. In Section 2, we define the enriched free
energy Fn(t, ) for arbitrary arguments (¢, ) € Ry x Py (R,). In Section 3,
we study properties of ¥(u) = limy oo F (0, it), including its regularity and
concavity and the decomposition in (1.8). In particular, we show that the
derivative of ¢ at any measure is an element of the set X defined above (1.15).
In Section 4, we focus on the two-species case (D = 2) with no external field
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(VE(0) =0), and show (1.26) in this particular case, leading to a simple proof
of (1.25), with some long but unsurprising proof deferred to Appendix A.
Section 5 is focused on the proof that V.S;x satisfies the desired monotonicity
properties whenever y € X. We show that the mapping (¢,z) — S;x(x) can
be interpreted as the solution to a Hamilton-Jacobi equation, and we rely on
this property to obtain the desired result. Section 6 contains the proofs of
(1.28) and (1.30). We also show that the variational problems appearing in
(1.12) and (1.14) are equal. We complete the proofs of Theorems 1.1 to 1.4
in Section 7. Finally, we develop a more explicit dual representation of 1
and use it to prove Theorem 1.5 in Section 8.

2. DEFINITION OF THE ENRICHED FREE ENERGY

The goal of this section is to give a precise definition of the enriched free
energy Fn(t,p). We start by giving a definition of this quantity in the case
when the measure p € PT(RP) has a finite support. For every z,y ¢ RP, we
write <y when 3y — 2 e RP. Let K € N and let pu € PT(RP) be of the form

K K
(21)  p= ) (Che1 —Ck)dy,  with marginals  jug = ) (Cker = Cr )y
=0 =0

for each d € [ D], where (; and i = (qk,q)de[p] Satisfy

(2.2) 0=¢-1,4<90,d<q1,d< " <qK.d
(2.3) 0=Co<C < <Cx <Cr+1 =1

The construction of Fx(t,p) involves a random probability measure with
ultrametric properties called the Poisson—Dirichlet cascade. We briefly
introduce this object and refer to [46, Section 2.3] or [20, Section 5.6] for a
more detailed explanation. We define

(2.4) A=N'uN'u...uNE

with the understanding that N° = {@}. We think of A as a tree rooted at
@ such that each vertex of depth k < K has countably many children. For

each k < K and a = (nq,...,n;) € N¥, the children of « are the vertices of
the form
(2.5) an = (ni,...,ny,n) e NF1,

The depth of « = (ny,...,nk) is denoted by |a| = k and for every I < k, we
write

(2.6) ap = (n1,...,m)
to denote the ancestor of v at depth I. Given two leaves o, 5 € N¥ we denote

by a A 8 the generation of the most recent common ancestor of a and 3, that
is

(2.7) anfB=suplk < K: ap =B}
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We attach an independent Poisson process to each non-leaf vertex « € A with
intensity measure

(2.8) a2~ el d g,
We order increasingly the points of those Poisson processes and denote them
by Ua1 2 Uq2 > .... For every a € NK, we set Wy = Hfle Uqy,, and define
w
(2.9) Vg = ——.
ZﬁENK UJB

The Poisson-Dirichlet cascade associated to ((x)i1<kx+1 in (2.3) is the random
probability measure on N% (the leaves of the tree A) whose weights are given
by (UOé)aENK'

Now, let (vq)qenk be the Poisson-Dirichlet cascade associated to (Cx)1<i+1
in (2.3), chosen to be independent of Hy. Let (25,4)gea,d[p] be a family of
independent standard Gaussian variables. We choose (23,4)gc4 independent
of (Va)aenx and Hy. For every o e NX | we set

K
(2.10) wh(ar) = kz_:o(%,d ~ Qi1.4) 20y

with (gr.a)o<k<i given in (2.2). The centered Gaussian process (w4 () ) enx
has the following covariance structure

(2.11) E [w*(a)w"*(a')] = ganar a-
Let (wh?)nen be i.i.d. copies of wtd. For each N € N, we define
(2.12) Whio,a)= > > whi(a)-op

de[D] nely.q
which is a centered Gaussian process with covariance
(2.13) E[Wh(o,0)Wh(o',a")] = Nganar - Rn(0,0").
For t e R, and p given in (2.1), we define the enriched Hamiltonian
Hi(0,a) = V2tHN(0) - tNE(Ry(0,0)) +V2WE(0,a) - Ngi - Ry (0,0),
where Hy is given as in (1.3). We define

— 1
(2.14) Fn(t,p) = —NIElogf > exp (H]t\’,“(a,a))vadPN(a).
aeNK
The expression in the previous display is Lipschitz with respect to (¢, u).
More precisely, for every ¢,t' € R, and every u,pu’ of the form in (2.1), we
have
215)  [F(t) = Fa(t ) < Wi ) + = sup (@),
al<1

where Wi denotes the Wasserstein L' distance between p and p’. This is
borrowed from [9, Proposition 4.1], where the term Wy (u, 1') is written as

fol la(s) —q'(s)|ds with p d Law(q(U)) and p' d Law(q'(U)) for a uniform
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random variable U over [0,1]. The equality between the two expressions can
be obtained from a straightforward modification of [40, Proposition 2.5].
As a consequence, the free energy F y admits a unique Lipschitz extension
to R, x P](RP).
Given w4 in (2.10) and 74 in (1.4), each 1g appearing in (1.8) is given
by

(2.16) Ya(pq) = -Elog f Z exp (\/iw“d(a)v' - qK’dT2) Vo dmg(T)
aeNK

at every p of the form in (2.1). A similar property as in (2.15) holds for

g and thus 1,y can be extended to 77{ (Ry) = P1(R;). By an invariance

property of (v4)aeyx (see e.g. [20, Corollary 5.26] and [9, Lemma 4.11]), we

have

(2.17) Fn(0,p) = Y Avava(pa), Ve P(RY).
de[ D]

Therefore, due to (1.6) and (1.8), we have

(2.18) dim Fy(0,p) =9(n),  YueP{(RY).

In order to state the Parisi formula for Fn(t, ) at a general measure j, we
introduce the following notation. Let Q be the collection of cadlag increasing
maps q:[0,1) — R? , and let U denote a uniform random variable on [0, 1].
For any q € Q, we write

(2.19) Ly =Law(q(U)) e PN(RY).

We also set Qoo = QN L=([0,1); RP). Tt is clear that q + Lq is a bijection
from Q to P'(RP), and also from Q. to Pl (RP). The following is a
restatement of [9, Proposition 6.1] which adapts [13, Proposition 8.1] from
the setting of vector spin glasses. It generalizes (1.11) in Theorem 1.1.

Proposition 2.1 (Parisi formula). For every t >0 and q € Qo, denoting
p=LqePL(RD), we have

2200 Jim Tl = s {0 (Lquven) ¢ [ 005},
—+00 PEro
In (2.20), the notation V&(p) stands for the path s — V&(p(s)), and

fdL, can be explicitly written as Ly p(s))ds. The right-hand side in
P 0
(2.20) can be connected to the unique solution of a Hamilton—Jacobi equation
[13, 38, 39, 40, 43].

3. PROPERTIES OF THE ENRICHED FREE ENERGY AT INFINITE
TEMPERATURE

In this section, we derive useful properties of ¥. Due to the decomposition
in (1.8), we mostly focus on the study of ¢4 for each d € [D].
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3.1. Properties of ;. We fix d € [D], and use the following notation in
this subsection:

(3.1) To =g and Yo = yq.

For v e P(R,), we denote by t — v(t) = v([0,t]) its cumulative distribution
function, which is a right-continuous increasing function taking values in
[0,1]. When v € P (R,), we denote by

v (1) =inf{t e R, : 1<v(t)}

the right endpoint of the support of v. For v € P (R,), we consider the
backward parabolic equation

(3.2) —0h0, (1, ) = 020 (t, ) + (1) (9,2,) (¢, )
with (¢,z) ranging in [0,77(1)] x R, and with the terminal condition
(3.3) ®,(v1(1),z) =log / exp (:ca - V71(1)0'2) dmw.(o), VxeR.

We call the equation (3.2) the Parisi PDE associated with v. The fact that
the function ®, is well-defined can be found in [32]. When the support of
v is finite, one can use the Cole-Hopf transform to solve (3.2) on each time
sub-interval of [0,7(1)) on which v(-) is constant; and then one can argue
by continuity to build ®, for arbitrary v (see for instance [20, Section 6.5]).
We extend @, to R, xR by setting

(3.4) @,(t,x) =log[exp ($G—t02)dﬂo(0), V(t,z) e [r (1), 00) xR.

A simple computation reveals that this extension also satisfies the equa-
tion (3.2) on [v1(1),00) x R. We call ®, : R, x R - R the Parisi PDE
solution associated with v € Poo (R, ). We summarize the basic properties of
the Parisi PDE solution in the following lemma.

Lemma 3.1 (Regularity of Parisi PDE). For every v € Poo(R,) and ke N =
{1,2,...}, the derivative OX®,, exists everywhere and is bounded uniformly
over v, t,x. In particular, |0, ®,| <1 everywhere. For every k e Nu{0}, there
is a constant Cy such that for every v,V € Po(Ry) and (t,z) e Ry xR, we
have

(3.5) 050, (t.2) = 950, (La)| < Cu [ |u(m) = v/(7)]ar.

For every v e P1(R,), we have

(3.6) Po(v) = =9,(0,0).

Proof. First, assume v, € P (R,). For each v, there is an explicit ex-
pression for @, given in [12, Lemma 4.5 and Remark 4.6] (with D =1 and
L(t) =t for t € R, therein, and with v and P; substituted for o and p
therein). In particular, both (3.3) and (3.4) are satisfied. The relation to the
initial condition as in (3.6) is given in [12, Lemma 5.4]. The fact that &,
satisfies the equation and the regularity of ®, are from [12, Proposition 4.7].
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The particular case |0, ®,| < 1 follows from [12, Proposition 4.7 (3)] and the
fact that =, is supported in [-1,1]. The inequality (3.5) then allows us to
extend the results to every v, € P1(R,). To extend (3.6), we also use the
continuity of ,. O

We now recall the concavity of ¢, originally due to [2].

Lemma 3.2 (Concavity of ¢,). The function 1 : P1(Ry) - R is concave;
that is, for every v,v" € P1(R:) and A € [0,1], we have ¥o((1 - AN)v+ ') 2
(1= A)to(¥) + Ao (V).

The restriction of Vo to Poo(Ry) is strictly concave; that is, for every
distinct v,v" € Poo(Ry) and X € (0,1), we have o((1 = N)v + Av') > (1 -
A)tho (V) + Ao (V).

Proof. By the Lipschitzness of v, in v discussed in the previous section
(or implied by (3.5) and (3.6)), it suffices to prove the strict concavity on
P (R,). Fix any distinct v and v’ € P (R,). By (3.4), we can fix any T >
v~1(1),v71(1) so that ®, and @, both satisfy the Parisi PDE (3.2) on [0, T]x
R with the same terminal condition equal to x + log [ exp(z-0-To?)dm, (o).
Then, the concavity follows from (3.6) and the strict convexity of v — ®,,(0,0)
on the set of probability measures with support in [0, 7], which is available
from a straightforward modification of [2, Theorem 4 (i)]. O

In order to determine the derivative of v,, we introduce an adjoint equation
to the Parisi PDE, for each v € ’PI(R+). Let P: R, x R - R be the one-

dimensional heat kernel, namely

_s?
e 4t

1
(3.7) P(t,x) i
Since 9,9, is bounded due to Lemma 3.1, we can use a Picard fixed-point
argument in a suitable function space to build a function u, : Ry x R - R
such that, for every (¢,z) € Ry xR,

t
uy(t,z) = P(t,z) + f fR 0 P(t—s,x—y)u,(s,y) (2v(5)0, P, (s,y)) dyds.
0
In other words, the function u, is a mild solution to

{&guy = 8%%, = 2v(t)0y (uy0:Py) on R, xR,

3.8
(3:8) u,(0,-) = do, on R,

where g is the Dirac mass at zero. One can verify that w, is also a weak
solution to this equation. From the mild solution formulation, one can check
that u, and its derivatives in x have exponential decay in x, which allows for
integration by parts. We also recognize that (3.8) is a Kolmogorov equation
and thus u, (¢,-) can be interpreted as the probability density function of a
stochastic process at time t. Therefore, u, also satisfies

(3.9) u, >0 and f uy(t,z)de =1, VieR,.
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We use the properties of u, to prove the next two lemmas.

Lemma 3.3 (Derivative of 1,). Let v,v' € P1(Ry) and let v. = (1-e)v+ev/’
for e €[0,1]. We have

(3.10) o= [T - v)
where
(3.11) X(t)=/Ot/H-g(8J;<IJV(T,x))2uV(T,a:)dxdT, VieR,.

Notice that the right-hand side in (3.10) is well-defined and finite since
the first moments of v" and v exist and |x(¢)| <t due to [ u,(7,z)dz =1 and
the boundedness of |0, ®,| <1 given by Lemma 3.1.

Proof. For simplicity, we write ®, = ®,_ and v = u,,. For any T > 0, we set
C(T) = [ ®(T,z)u(T,x)dz. Using u(0, -) = & and integrating by parts
(or more precisely appealing to the weak formulation of (3.8)), we have

T rd
<I>0,0:f<b 0, 2)u(0, d:CT—f f—cb dadt.
(0,0 = [ ®.0.0)u0.0)de=C(0) - [ [ S (@)de

Using the equations satisfied by ®. and w in (3.2) and (3.8), we have
% (Pou) = —u@i@a - Vsu((?gﬁ@g)2 + <I>55§u = 2v9.0,(0,Pou).

Integrating this in =z and using integration by parts, we can cancel the
second-order terms and get

$.(0,0)=C(T) + / [ vea 21/a5a0)

where we used the shorthand a. = 9, ®.. Then, we have

.(0,0) - By (0,0) - (C-(T) = Co(T)) = f f vea2 - 2acag + va2 )u

We can rearrange W = (v: - v)a2 - (ve — v)(a? - a2) + vo(a: — ap)? and we
argue that the last two terms are of order O(g?) uniformly in €,t, z. Indeed,
this follows from the facts that v. —v = O(¢g) by definition, that a. —ag =
O(Jve = v|p1) = O(e) due to (3.5), and that ac,ap = O(1) by Lemma 3.1.
Using this and v, —v = (V' - v), we get m=¢e(v' - v)a + O(e?) uniformly in
g,t,x. Inserting this to the above display we get

®.(0,0) - Bo(0,0) — (C=(T) - Co(T)) _gf f(y “v)a2u + O(e?)
(311) / % —I/)X+O(€2)
(IBP)

5P) ¢ fOT XA =) + & (V(T) = (T)) x(T) + +O(2).
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In the last step, we used the fact that x(0) = 0. Using this relation and
Yo(ve) = =9,(0,0) (due to (3.6)), we can obtain (3.10) by first sending
T — oo and then € — 0 provided that we can show that, for any fixed ¢,

(3.12) Jim (Ce(T) - Co(T)) =0,
(3.13) Jim (v'(T) - v(T)) x(T) = 0.

Hence, it remains to verify them. Using the definition of C.(T'), the estimate
in (3.5) (with k£ =0), and [ w(T,z)dz =1, we have

C(T) = o) < v [ () - v/ (Dldr

for some constant ¢g. Since [y~ [v(7) - v/(7)|dT is finite as it is equal to
Wi (v,v"), the right-hand side vanishes as T'— oo, which verifies (3.12). To
see (3.13), we start by recalling that |x(¢)| < t as explained below Lemma 3.3.
Hence, we have

(v (T) - v(T)) x(T)| < T(1L - (1)) + T(1 - v(T)).

Let X be a random variable with law v. We have T'(1 - v(T')) = TP(X >
T) <E[X1x.7]. Since v has finite first moment, the dominated convergence
theorem implies limp_o T(1 — /(7)) = 0. The other term can be treated
similarly and thus we obtain (3.13). As explained previously, now that (3.12)
and (3.13) are verified, the proof is complete. O

Lemma 3.4 (Properties of x). Let v € P1(R,) and let x : R, - R be given
as in (3.11). Then, x(0) =0 and x is increasing, 1-Lipschitz, and convez.

Proof. Due to x > 0 evidently from (3.11), x is increasing. By Lemma 3.1,
|0;®,| < 1 everywhere. Using this and (3.9), we have |x| < 1 and thus x is
1-Lipschitz. To show that x is convex, we compute x. For brevity of notation,
we write ® = ®,,, u=u,, and [ = [p dz. Using the equations satisfied by @

and v as in (3.2) and (3.8) and integration by parts (IBP), we can compute
d
- f (8,®)%u = [ (20,0,®(ud,®) + (0, P, ) Oy

(IBP) f (=200, (ud,®) + (9,®)?Dyu)
(3:2)(3:8) f (2(020 + v(0,0)%) 0 (uBp®) + (9p®)? (9%u - 200, (ud,®)))
(3.9)
_ f (20200, (ud,®) + (9,®)20%u) "2 f 2(820)%u > 0.
Therefore, x is convex, completing the proof. O

3.2. Properties of 1. Using the decomposition in (1.8), we obtain the
Lipschitzness, concavity, and differentiability of v as stated below. For each
p 21, let W, be the Wasserstein LP metric over probability measures on a
Euclidean space that will be clear from the context.
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Recall that for any v € P(RP) and d € [D], we denote by v4 € P(R,) its
d-th marginal. Due to (2.15) and (2.18), we have, for all v, € Py (RP),

(3.14) () = ()| < Wi, ).

Proposition 3.5 (Concavity of 1). The function 1 is concave on P;(RP).
Furthermore, for every v,v' € P1(RP), if there exists d € [ D] such that vy # vy
and vq, v € Poo(R,), then we have, for every A€ (0,1),

(3.15) P (W +(1=Nv) > () + (1 - Np(v).
Proof. This follows from the decomposition in (1.8) and Lemma 3.2 stating
that each 14 is concave on P; (R, ) and strictly concave on Py (Ry). O

Note that the function ¢ is not strictly concave on P, (RP) since it
is possible for v,1' € P (RD) to satisfy v # v/ while 14 = /) for every
de{l,...,D}. However, the following is true.

Lemma 3.6 (Monotone measures characterized by marginals). Let v,v €

PN RD). Then, v=1"if and only if vy =V}, for all d € [D].

Proof. By the definition of monotone measures (see the paragraph be-
low (1.7)), there are two increasing maps q,q’ : [0,1] - R such that
v =Law(q(U)) and v' = Law(q(U)) where U is a uniform random variable
in [0,1]. Then, vy = v/ is equivalent to qq = g/, a.e. on [0,1). The desired
result follows from the simple observation that q = q’ if and only if q4 = q,
for all d e [D]. O

The set Pl (RP) is not convex when D > 1, so it does not make sense
to talk about concavity or strict concavity of ¢ on Pl (R?). Yet we have
the following result, which is an immediate corollary of Proposition 3.5 and
Lemma 3.6.

Corollary 3.7 (“Strict concavity” of 1 on PL (RP)). For any two distinct
v,V € PL(RP) and A€ (0,1), we have

(3.16) O (AW +(1=Nv) > () + (1= N)p(v).

We define
(3.17)
X = Y RD SR X($) = ZC?:]_ )‘oo,dXd(l'd)a Va e R?? where Xd(o) = 07
* Xd is increasing, 1-Lipschitz, and convex on R, '

Proposition 3.8 (Differentiability of ¥). For every v € P1(RP), there is
X € X such that, for every v’ € P1(RP), we have

(3.18) di€¢((1—s)u+51/) |€=0 = [RD xd (v -v).
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Proof. This follows from the decomposition in (1.8) and Lemma 3.3 for the
differentiability of each 14, with Lemma 3.4 ensuring the desired properties
of each of the x4 in the decomposition of . O

4. MODELS WITH TWO SPECIES

In this section, we present relatively simple proofs of Theorems 1.3 and
Theorem 1.4 in the special case of models with two species (D = 2) with no
external field (V€(0) = 0) and p = 6. The proofs we give later of the general
versions of these theorems do not make any reference to the results of this
section, so one can skip this entire section if so enclined. Nevertheless, we
find it interesting to also present this comparatively simpler argument, and
also to explain why it does not generalize to models with more than two
species.

Given € P(R?), recall that we write p1 and po to denote its marginals.
Letting F} and F, be the cumulative distribution functions of p; and o
respectively, and U be a uniform random variable on [0,1], we set u' =
Law(F{H(U), Fy1(U)). This defines a mapping from P(R?) to P'(R?), and
we observe that p = u' if e PT(R?). The fundamental idea is the following
observation.

Proposition 4.1. Suppose that D = 2 and that V&(0) = 0. For every
weP(R2), we have

(4.1) f e dut < f e dp.

As will be explained in more details shortly, Proposition 4.1 allows us to
rewrite the supremum in (1.12) as

sup o)~ [ (1) v}

vePl (R?)

sup o)~ [ () vt}

vePoo (R2)

sup ){w(m - [ ey av},

vePoo (R2

(4.2)

which is key to establishing Theorems 1.3 and 1.4 in this particular case.
The key ingredient of the proof of Proposition 4.1 is the following.

Proposition 4.2. Suppose that D = 2 and that V&(0) = 0. For all real
numbers a < a’ and b< V', we have

(4.3) €"(a,b) + &7 (a',b) <7 (d,b) + £ (a, V).

The condition (4.3) is an integrated version of the claim that the mixed
second derivatives of £* are non-positive, i.e. 9,0, (a,b) < 0. Heuristically,
the mappings V& and V&* are inverse of one another, and thus the Hessian of
¢* at (a,b) should be the inverse of the matrix A = VE2(VE* (a,b)). Moreover,
the assumption that £ must allow for the existence of a Gaussian random
field satisfying (1.3) imposes some constraints on £ [40, Proposition 6.6].
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In particular, the Hessian of £ must be a symmetric positive semi-definite
matrix with nonnegative coefficients, and thus we should have

0%,6%(a,b) = —det(A) A2 <0

Relying on this heuristic, we give a rigorous proof of Proposition 4.2 in
Appendix A.

Proof of Proposition 4.1. This follows from Proposition 4.2 and [40, Propo-
sition 2.5] applied to c¢(a,b) = £*(a,b). (We point out that the sentence
“Examples of functions satisfying the condition (2.16) include any convex
function of  —y.” in [40, Remark 2.5] is actually false, as explained below
some convex functions fail to satisfy [40, (2.16)].) O

Remark 4.3. We now give an example with D = 3 of an admissible function
¢ :R? - R for which Proposition 4.1 is invalid. Consider &(z) = ””"2% where

6 2
A=12 5
1 3

W =

The function ¢ : R? - R thus defined satisfies

ity (o)) - €7 2 )

N’ N N
provided that we set

Hy(0) = —= \/— Z Z (Aaar)" Jg}dladif’d%

1,7=1d,d'=

where the J 4 are independent standard Gaussian random variables. We
observe that A is positive definite, as can be checked using Sylvester’s criterion
on the positivity of the leading principal minors, so the function £ is convex
on R3. We have
1 11 -5 1
At=—|-5 23 -16
T\1 -16 26

Note that (A )13 > 0. Let V = VE(R?), we have that VE(z) = Az so
V = {Az|z e R3}. Using that £*(Vé(z)) =z VE(z) - &(z) (proved below in
(5.7) in any dimension), we see that for every y e V,
ey U ATy
AORL
In particular £* is differentiable on the interior of V' and v2£*(y) = A™. Now

let (e1, ez, e3) denote the canonical basis of R? and let us fix 9o in the interior
of V. For € > 0 small enough we have that the points yg + €e1, yo + ceg and
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Yo + €e1 + ez all belong to the interior of V. Let u be the uniform measure
on {yo, Yo +€e1, Yo + ez}, we have

1
,UT =3 (20, + Oygrees +ees) -

In particular,

[eant- [
=é(§*(yo)+£*(yo+€e1 +ee3) =& (yo +eer) =& (yo +eer))

1 1,1
== f f O13E” (yo + teeq + sees)dtds.
3Jo Jo

Since 013¢* > 0 on the interior of V', we obtain

[eants [ean,

as announced. O

We now prove Theorem 1.3 when D =2, V&(0) = 0 and p = §p by relying on
Proposition 4.1. As a consequence, we will be able to deduce that Theorem 1.4
also holds at D =2 and p = dp.

Recall from (2.17) that every v € P](R2), we have
(4.4) (V) = Ao 1¥1(11) + Moo 202(12),

where 14 is the Parisi functional associated to mw4. The right-hand side of the
previous display is well defined even when v is not monotone, in particular
this gives an extension of the functional 1 to P;(R?).

Proof of Theorem 1.3 when D =2, VE(0) =0 and p=dg. Let v € P (R2),
Since v and v' have the same marginals, we have ¥(v) = ¥(v'). Thus
according to Proposition 4.1 we have

v)- [ edv<ph - [ e
This implies
sup {1/1(1/) - ff*dl/} < sup {w(u) - ff*dy}.
vePoo (R2) vePL (R2)
Since the other bound is trivial,
sup {¢(V) - [f*dlj} = sup {w(u) - /f”du}.
vePoo (R2) vePL (R2)
We use Theorem 1.1 to conclude that (1.14) holds at u = do.

From Lemma 3.2, we have that 11 and v are (strictly) concave on Poo (R)
and the map v — [ ¢*dv is affine, thus the function inside the supremum in
(1.14) is concave in v.

Finally, by contradiction, assume that there are two distinct monotone
probability measures v and v’ that reach the supremum in (1.14). Consider
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V' = %’/ € Poo(R?) (note that v may not be monotone). Since v # v/ and
v, e PY(R?), we must have vy # V] or 1o # /. Since 1/ and 1y are strictly
concave on Py (R,), this yields

B(") =ty (”1 : ”1) s (M)

2 2
S () ;%(V{) L Y2(2) ;1/12(%)
_ )+ ()

2

By (1.14) at p = dg, we thus have
— 1
Jim Fa(to) =3 (w0) - [eaveue)- [ea)
< w(y//) _ f §>&dyll
< sup 1Y(p) - | €AY
pEPm(Ri){ f }
= lim FN(t,(S()).

N—+c0

This is a contradiction. Therefore there is exactly one probability measure v
that reaches the supremum in (1.14). O

Recall the definition of X from (3.17). For every x € X, we define S;x
according to (1.17).

Proof of Theorem 1.4 when D =2, V&£(0) =0, and p = dg. We assume, with-
out loss of generality, that ¢ = 1. According to [31, Lemma 4.1], we have
that

(1.5 vatva) =it { [ xadva- (Wa).(xa)}.

where the infimum is taken over all x4 : Ry — R that are 1-Lipschitz,
increasing, convex functions that vanish at the origin and where we have
defined

(Ya)+(xa) = inf {fdeVd_¢d(Vd)}-

I/depl (R+)
It then follows that

Y(v) =P1(v1) +2(re)
sint{ [ xadi - 0.0} +int{ [ oo - .00}

- ;Crelafe{f Xdu—%(x)}-
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Plugging this into the formula of Theorem 1.3 at u = dp, we obtain
lim Fy(t,60) = sup inf {f xdv — . (x) + f§*d1/}.
N=too pePos (R3) XX

The sets Po(R?) and X are both convex. In addition, X is compact with
respect to convergence in the local uniform topology. Furthermore, for every
v € Poo(R2), the map x = [ (x —£*)dv -1, (x) is convex on X and for every
x € X, the map v+~ [(x - &*)dv —1.(x) is concave on Po(R%). According
to Sion’s min-max theorem [55], we obtain

NlirEwFN(t,do):inf sup ){fxdy_w*(X)Jrff*dV}'

XX yep,, (R2

According to (1.17), we have
sup { [ (= €)dv} = sup (x(2) = € ()} = Six(0).

vePoo (R2) zeR2
we obtain
i Fiv(t,d0) = inf {S1x(0) - .00}
as desired. O

5. STABILITY OF RP-cONVEXITY UNDER HJ SEMIGROUP

We now return to the general setting where D and V£(0) are arbitrary, as
is the case everywhere except in the previous section. For every x : RP - R,
t>0 and z € R, we define

(5.1) Six(z) = sup {x(y) - (t§)"(y - )},

yeRY

as was announced in (1.17). The fact that this quantity is equal to that
in (1.16) for every x € X will be a consequence of Lemma 5.12 proved below.
The first result of this section is an analysis of the optimizers in (5.1).

Proposition 5.1. Assume that £* is differentiable on RP. Let y :RP - R
be a Lipschitz function. Let t >0 and xz,y € RY be such that

(5.2) x(y) = Six(x) - (#6)" (y - =) = 0.

If £ € (0,+00)P and x is a differentiable point of Syx, then we have
(5.3) VSix(x) = V(t§)" (y - z).

Ify e (0,+00)P and y is a differentiable point of x, then we have
(5.4) Vx(y) = V()" (y - z).

In particular, if the two conditions hold at the same time, then we have

(5.5) VSix(z) = Vx(y).
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Before showing this, we derive in the next three lemmas basic properties
of £ and &* that will be useful throughout the rest of the paper. We say that
a function ¢ : RP — R is superlinear on RP provided that, for every M > 0,
there is R > 0 such that

(5.6) it SOy

-z
zeRP: |z|>2R |£E|

Lemma 5.2. The function £* is superlinear on RP. In addition, if we

assume that £ is superlinear on R?, then £F is also continuous. The same
holds for (t£)* for any t > 0.

Proof. The function & is continuous so it is locally bounded. For every r > 0,
let M, denote the supremum of |£| on the ball of radius r centered at 0.
Letting y € RP and setting 2 = ry/|y| in the supremum below, we get that

& (y) = sup {z-y-&(2)} > rlyl - M.

reRYy

Then (5.6) follows from the last display. Let us now further assume that ¢ is
superlinear. In this case, we have that for every y e R?,

lim (z-y-&(z)) =—oo.

|z‘—>+oo
zeRP

This implies that £* < +00 on RP. Hence, £* is a convex function on R” taking
only finite values and thus £* is continuous (see e.g. [20, Proposition 2.9]). O

Lemma 5.3. If £ is superlinear on R? and strictly convex on R?, then &*
is differentiable on RP.

Proof. Let M > 0 be arbitrary and let R > 0 be such that (5.6) holds
for £&. Let y € RP be such that |y| < M. For every |z| > R, we have
x-y—§&(x) <|z|(Jy| - M) < 0. Hence,

§*(y) = sup {z-y-&(x)}.

lz|<R

Since ¢ is assumed to be strictly convex, the variational problem in the
previous display admits exactly one maximizer. It then follows from the
envelope theorem [20, Theorem 2.21] that ¢* is differentiable on RP. O

Lemma 5.4. For every x € R?, we have

(5.7) §'(VE(2)) = z- VE(x) - §(2).
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Furthermore, if & is strongly convex on RY, then we have for every x,y e RP
that

(5.8) Ve (VE(R)) =,

(5.9) VE(VE (y) -y e RY,

(5.10) VE (y) - (VE(VE () - y) =0,
(5.11) £ (VEVE (Y))) = £ (y)-

Remark 5.5. When ¢ is strongly convex on R note that thanks to (5.8) we
have in particular that for every y € V& (R? ),

(5.12) VE(VE () =y

Proof. Let x € R, we start by proving (5.7). By definition of £*, it is clear
that the left-hand side is larger than the right-hand side. To prove the other
inequality, let ' € RP, by convexity of ¢ we have

EQa’ + (1=-Naz) <X(2) + (1= N)é(x).
Rearranging and letting A — 0 we get V&(z) - (' — ) < {(a') - &(x), in
particular
2’ vé(z) - ¢(a) <z VE(z) - ().
Taking the supremum over 2’ € R? in the previous display, we obtain

& (vé(x)) <z -VE(x) - &(x), which thus completes the proof of (5.8).
Since ¢ is assumed to be strongly on RY. it is superlinear on RY and
strictly convex on R?, so by Lemma 5.3, the function £ is differentiable on

RP. For z € RP, we can differentiate (5.7) to obtain

V2E(2)VE (VE(2)) = V().
Since € is assumed to be strongly convex on R”, the matrix V2£(x) is positive
definite and the previous display implies (5.8) for 2 € RP, | which we can then
extend to x € R? by continuity.
We now turn to proving (5.9) and (5.10). Let y € RP,, by definition we
have

£ (y) = sup {z-y-&(x)}.
xeRP

Let M >0 and assume that |y| < M. Since ¢ is assumed to be superlinear,
there exists R > 0 such that (5.6) holds for £ and we have that for |z| > R,

z-y=§&(x) <|z|(ly| - M) <0.

Therefore,

& (y) = sup {z-y-¢(2)}.
zeRP
lz|<R
In addition since ¢ is assumed to be strongly convex on R, there is a
unique maximizer Topt(y) € RY in the variational formula of the above
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display. According to the envelope theorem [20, Theorem 2.21] we have
VE(y) = zopt(y). It follows that for every x € R,

E(@opt (y)) = Topt (y) -y =€ (y)
< Topt (y) -y = (z-y - ().

Rearranging, we obtain

§(x) 2 E(@opt (1)) +y - (T = Topt(y))-

Chosing « = zopt (y) + teq for t > 0 and letting ¢t — 0 in the previous display,
we obtain (5.9). Furthermore, if zop 4(y) > 0 for some d € [D], then we can
also take ¢ < 0 in the previous construction (provided that ¢ is small enough)
and this yields 0;,&(Zopt(¥)) = yq. Therefore for every d € [D], we have that
the d-th coordinate of V¥ (y) is 0 or the d-th coordinate of VE(VE* (y)) -y
is 0, and this yields (5.10) for y € RY,. By continuity, we obtain (5.9) and
(5.10) as announced.
Finally, by a similar proof as for (5.7), we have for every y € RY that

§(VE (y) =y V& (y) - & ().
From this, (5.7) and (5.10), we deduce that
E(VE(VE () = VE (y) - VE(VE (1)) - €(VE ()
= V& (y) - VE(VE (1) - (y- V& () - €7 ()
=& (y) + vE (y) - (VE(VE () - y)
=& (),
and thus, (5.11) is proved. O

In the proof of Proposition 5.1 as well as later on, we make use of the
following simple fact:

(5.13) ryeRY —  |y-z[-|(y-=).| <]
Indeed, we have
D 1
y=al =l =)l <ly =2 = (=2l < ( X 0= 20 Losyaess)” <ol

We also need the following definition.

Definition 5.6 (RP-increasing). For any k € N, we say that a function
x:RP - R” is RP-increasing when for every z,y € RP we have

(5.14) x(z +y) 2 x().

The inequality (5.14) is interpreted in the sense that x(z +y) — x(z) € R%.
We may at times also make use of this notion for functions that are defined
almost everywhere, in which case we ask that (5.14) be satisfied for almost
every x,y € RP.
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We record the following last preparatory step, which will be used more
crucially in the proof of Proposition 5.10 below. For every y € R”, we set

(5.15) Y+ = (Yalys20)1<acp -

Lemma 5.7. Let ¢ : RP = R be an RP-increasing function, and for every
yeRP, let

(5.16) $“(y) = sup {z-y—<(z)}.

D
TeRY

For every y € RP, we have " (y) =< (y+)-

Proof. Let y € RP. Since the supremum in the definition of ¢* in (5.16) is
taken over R?, we have that ¢* is RP-increasing and thus ¢*(y) < ¢*(ys).
For each z € RY, we set T = (z4ly,50)1<d<p- We observe that T-y =z - y,.
Moreover, since ¢ is RP-increasing, we have ¢(x) » ¢(Z). Hence, for every
r e RP | we have

xyr —s(x) <T -y -<(T) <" (y),

which implies ¢*(y+) <<¢*(y). O

Proof of Proposition 5.1. Assume that x € (0,+00)” and that x is a differ-
entiable point of Syx. Using that (t£)* is superlinear on R? (Lemma 5.2),
Lemma 5.7, and (5.13), we can verify that, for each fixed z € RP, (t£)*(- -x)
is superlinear on R?. Hence, for z’ sufficiently close to x, we can see that
the variational formula (5.1) for Syx(z’) attains its maximum in a com-
pact set. By (5.2), y is a maximizer of the formula for Syx(x). Hence, we
can apply the envelope theorem (e.g. see [20, Theorem 2.21]) to see that
VaSix (@) = Va (x(y) = (1€)" (y — x)), which gives (5.3).

Next, assume that y € (0, +00)” is a differentiable point of y. Since y is a
maximizer of the formula (5.1) for S;x(x), we have

vy (X(y) = (€)"(y - 2)) = 0,
which gives (5.4). Lastly, (5.5) immediately follows from (5.3) and (5.4). O

We now turn to the main objective of this section. As discussed around
(1.30), we will be interested in the case when x is the derivative of 9 at
some measure 7, and the main technical ingredients needed in the proofs of
our main results involve certain monotonicity properties of Vyx and V.S;x.
More precisely, we are particularly interested in asserting that y and S;x are
RP-convex, where the notion of RP-convexity is defined as follows.

Definition 5.8 (RP-convexity). We say that a function x : RP? —» R is
RP-convex when for every z,y,z € RP we have

(5.17) xX(x+y+2z)-x(z+2)2x(x+y) - x(x).
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When ¥ : R? — R is Lipschitz, one can check that y is RJB -convex if and
only if Vy is RP-increasing.

Recalling the definition of X from (3.17), we already know from Propo-
sition 3.8 that the derivative of ¢ at any point in P;(R?) is a function x
that belongs to X, and this implies in particular that y is indeed RP-convex.
The main result of this section is as follows.

Proposition 5.9. For every x € X and t >0, the function Syx is RP-convex.

In order to prove Proposition 5.9, we will rely on the fact that the mapping
(t,x) — Syx(z) can be interpreted as the solution to a Hamilton—Jacobi
equation. We find it clearer to state some results in a slightly more general
setting. Let H : RP - R be a locally Lipschitz function and ¢ : RP - R
be a Lipschitz function. Thanks to [15], we know that when ¢ and H are
RP-increasing, the Hamilton—Jacobi equation

(5.18) {at“ —H(Vu) =0 on (0,+00) x RP

U(O, ) =¢

admits a unique viscosity solution. Moreover, by [15, Proposition 6.2], when
H is further assumed to be convex and bounded from below, this unique
viscosity solution can be represented as the following version of the Hopf-Lax
formula
(5.19) u(t,z) = sup {¢(z +y) - (tH)"(y)},

yeRY
where (tH)"(x) = sup,gp {z-p—tH(p)} denotes the convex dual of tH as
defined in (5.16). We show that, under exactly the same assumptions on H
and ¢, one can represent the solution using another version of the Hopf-Lax
representation.

Proposition 5.10. Let ¢:RP - R be an RP-increasing and Lipschitz func-
tion, and let H : RY - R be a locally Lipschitz function that is RP -increasing,
convex and bounded below. The unique R?-increasing and Lipschitz viscosity
solution u of

(5.20) Opu— H(Vu) =0 on (0, +00) x RP,
U(O, ) = ¢a

satisfies, for every (t,x) € [0,+00) x RD,

(5.21) u(t,x) = sup {¢(2') - (tH) (2" - x)}.

1eRD
z'eRY

Proof. We let RHS denote the right-hand side in (5.21). It is clear from
the standard Hopf-Lax representation in (5.19) that u < RHS. Let z’ ¢ RP,

we let y € R’f_ denote the vector whose coordinates are positive parts of the
coordinates of 2’ —x. We have (tH)*(y) = (tH)* (2’ —z) by Lemma 5.7, and
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since (z + ) — x’ € R, by monotonicity of ¢ we have ¢(z') < ¢(x +y). This
yields

u(t,z) > ¢(z +y) - (tH)"(y) > ¢(2) + (tH)" (2" - ).
Taking the supremum over z’ € ]R? in the previous display, we obtain that
u(t,x) > RHS, and thus the result. O

Remark 5.11. The condition (1.3) puts some constraint on the function &.
In fact, as proved in [40, Proposition 6.6], the coefficients in the power series
expansion of £ must be non-negative. This implies that both & and V¢ are
RP_increasing on RY and that ¢ is RP-convex on RP. In particular, we can
indeed apply Proposition 5.10 to H = f‘RD and ¢ = x for any x € X. U

A first consequence of this remark and the previous proposition is a simple
proof of the equality between (1.16) and (1.17).

Lemma 5.12. Let x : RP? - R be a Lipschitz, RP -increasing and convex
function. We have

(5.22) sup {x(y) - (t§)"(y —2)} = sup {p-z + t{(p) - x" () }.
yeRDP peRP

Proof. The Fenchel-Moreau theorem states that a function h : RP? - R
is convex and lower semi-continuous if and only it can be written as the
supremum of a family of affine functions. In [14], a similar result has been
proved for functions on R? , more precisely a function h : ]R? — R is convex,
lower semi-continuous and RP-increasing if and only if it satisfies

h(z) = sup {z-p-h*(p)},
peRP

where h* is defined as in (5.16). From this, we have that
§(x) = sup {z-p-&"(p)},

peRY

x(z) = sup {z-p-x"(p)},
peRY

where again £* and x* are defined as in (5.16). Thus, we can write

sup {p-z +t&(p) - x"(p)}

peRP

= sup sup {p- (z+2") - ()" (") - x~ (p)}

peRP 2/eRD

= sup sup {p-(z+2z") - (t)*(z") - x"(p)}

x'eRP peRP

= sup {x(z+2") - (t&)"(«)}.

reRD
z'eRy

The last line is then equal to the left side of (5.22) thanks to Proposition 5.10
and (5.19). O
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Another useful consequence of Proposition 5.10 is the following result.

Lemma 5.13 (Preservation of Lipschitzness by S;). Let x : RP? - R be RP-
increasing and Lipschitz. Let (St)ier, be the semigroup introduced in (5.1)
and set C' = SUD_crD: [:i<| i, 1£(2)|. For every t,t' e Ry and z,2" e RP, we
have

(5.23) 1Six(z) = Spx(z)| < Clt =t + | x|Lip |z - 2]

Proof. By Proposition 5.10 and Remark 5.11, the mapping (¢, z) — Syx(z)
is the unique RP-increasing and Lipschitz viscosity solution of the equation
described therein with the choices of H = §‘R , and ¢ = x. The desired result

thus follows from [15, Theorem 1.2 (2a)]. O

Note that when D =1 the notion of RP-convexity coincides with the usual
notion of convexity. In this case it is clear from the alternative representation
of Syx obtained in Lemma 5.12 that, for every x € X, we have that Syy is
convex in the usual sense. In particular, when D =1 Proposition 5.9 holds.
More generally, the following characterization of RP-convexity holds.

Lemma 5.14. Let x : RP - R be a continuous function that is C* on
(0, +00)P. We have that x is RP -convez if and only if for every x € (0, +o0)?,
Vix(x) e RP*P.

Proof. Assume that x is RP-convex. Applying (5.17) to (x,ty, sy) and letting
s -0 and t - 0, we obtain that for every z € (0, +00)” and every y, z € R?,

y- Vix(2)z > 0.

This exactly means that V2y(z) e RP*P. Conversely, for z € (0, +00)? and
Y, % € ]R? we have

(X(fv+y+2)—x(w+2))—(x(x+y)—x(w))=folfoly-VQX(xHywz)zdsdt.

Thus, if v2x is RP*P-valued, we obtain that the right-hand side of the
previous display is nonnegative and thus (5.17) holds. We then obtain (5.17)
for x € RP by continuity. U

To prove Proposition 5.9 we will make use of the following idea. Assume
that the map u : (t,z) = Syx(x) is smooth and let w = V2u denote its
Hessian. We have

dpw = VwVE(Vu) + wv2E(Vu)w on (0,+00) x RY
W(O, ) = V2X'

By Lemma 5.14, we have that w(0,-) is RP*P-valued. Furthermore, it can

be checked that the PDE in the previous display preserves positivity of the

coefficients of its solutions. Indeed, on the right-hand side the first term is
a plain transport term and the second term is of the form f(¢,z,w(t,x))
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with f(t,z,2) e RP*P when z e RP*P | this is because the function ¢ itself is
RP-convex.

To make this observation rigorous we will have to pay attention to several
details. First, we will extend & and x in order to work with PDEs on R” and
avoid boundary problems. Second, we will add a regularizing term of the
form eAwu on the right hand-side in the Hamilton—Jacobi equation defining
Stx, this will yield a family of approximations of Syx that are smooth enough
to perform the computations sketched above.

Observe that every y € X is 1-Lipschitz, hence the function Syy is RP-
increasing thanks to (1.16) and 1-Lipschitz thanks to Lemma 5.13. Thus,
changing ¢ outside the intersection of R? with the ball of radius 1 in R”
does not affect Syy, this is proved rigorously in [15, Theorem 1.2 (2) (c)].
Therefore, we have some freedom on choosing how to define £ outside of
B(0,1) nRP | and it will be convenient for our purposes to use this freedom
to modify € so that it becomes uniformly Lipschitz. Let L denote the largest
value taken by |V&| on the set of z € RY such that ¥1, x4 < 2D. For every
reRP let

max{&(z),£(0) + 2L(XE 24 - D)} if X2 x4<2D

§reg($) = {5(0) " 2L(Z§:1 xg- D) otherwise.

It can be checked (see [40, Proposition 6.8] and [16, Lemma 4.3]) that &g
coincides with & on B(0,1) nRY, that &reg is convex and Lipschitz on RD,
and that it is RP-convex and RP-increasing on RY (this last property is
referred to as “proper” in the cited references).

We define ¢ : RP - R by setting
Z(l‘) = greg($+)~

It can be easily checked that £ is locally Lipschitz and convex. We let (:S¢)s0
denote the semigroup associated to the equation

dyu—E(Vu) =0 on (0+,00) x RP.

According to [15] or [20], the semigroup (S;)ss0 is well-defined on the set of
Lipschitz functions R” — R.

Lemma 5.15. Let x € X, define ¥ : RP — R by setting X(x) = x(z4). Then
X is Lipschitz and convex on RP and we have for every (t,x) €[0,+00) x R?,

(5.24) Six(x) = Sex(x).

Proof. In this proof, we let £, denote the convex dual of {eg With respect

to RY, more precisely

élfeg(y) = Sup {IE Y- greg(x)} .

D
xeRY
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We also let E* denote the convex dual of € with respect to R”, more precisely

€ (y) = sup {z-y-E&(x)}.

zeRD

Step 1. We show that ¥ is Lipschitz, convex and RP-increasing on R”.

Since x € X we have X(z) = Y2, X4(x4), where X, is the function which
coincides with x4 on R, and is constant taking the value x4(0) = 0 otherwise.
Therefore it suffices to show that %, is Lipschitz, convex and increasing on
R. Let \; e R, and Ay € R_, we have

Xa(M) = Xa(A2)| = [xa(A1) = xa(0)] < [A1]-

Now observe that |[A1| = A\ <A1 =Xy =]\ = Agl, s0

Xa(A1) = Xa(A2)] <A1 = Agl.

Now observe that the previous display clearly also holds when Aj, Ag € R,
or A1, A2 € R_, thus ¥ is Lipschitz. In addition, x4 is increasing on R as a
composition of increasing functions and ; is convex on R as the composition
of a convex function and a convex increasing function. In conclusion,  is
Lipschitz, convex and Rf) -increasing on RP.

Step 2. We show that for every z e RP, € (z) > &reg(74) With equality when
reRD,
Let € RP, using Lemma 5.7 in the last line we have
E* (r)=sup {z-y- greg(y+)}
yeRD

> sup {2y —&eg(y)}
yeRY

= g:eg(w)
= gr*eg(x-*-)‘

This proves the first part of the statement. Now assume that 2 € RY. Since
x-y < x-ys we have

E*(a:) =sup {z-y- freg(er)} < sup {7 y: - greg(%)} = g;eg(x)'
yeRD yeRD

Step 3. We show that for every x e RP, Syx(z) = Syx(x).

Without loss of generality we assume that ¢ = 1. Since &g and € are
convex on RY and RP, we are simply going to verify that the Hopf-Lax
representations of S;y(z) and S;x(x) coincide. Let x € RP | thanks to the
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equality case in the inequality from Step 2 we have

Six(x) = sup {Y(:B +y) - E*(y)}

yeRP

> sup (X2 +1) - )

= sup {X(LE + y) - S:eg(y)}
yeRY

= S1x(7).

In addition, thanks to the sub-additivity of the positive part and the inequality
from Step 2, we have for every y e RP that

c+y, —(z+y), eRP

_g* (y) < _gjeg(y+)'

Since ¥ is RP-increasing on R” according to Step 1, we have

X(@+y) =€ (y) <x(@+ys) = Eug(ys) < S1x().

Taking the supremum over y € R” in the previous display, we obtain S1¥(z) <
Si1x(x), thus the result. O

We can extend the notion of RP-convexity to functions on R” by saying
that such a function is RP-convex when (5.17) holds for every = € R” and
D
y,z e RY.

Definition 5.16 (RP-convexity on R”). We say that ¥ : RP - R is RP-
convex when for every € RP and y, z € RP, we have
(5.25) Xx+y+z2)-X(x+2)2x(z+y)—x(x).

Remark 5.17. Reproducing the proof of Lemma 5.14, one can check that
a C? function ¥ : RP? - R is RP-convex if and only for every z € RP,
v2x(x) e RP*D, a

Lemma 5.18. Let H : RP? - R and g : RP > R be C* such that all the
derivatives of order 21 of H are in L™ and all the derivatives of order > 2
of g are in L*. Consider the Cauchy problem

(5.26) &éus - H(vu®) = eAu® on (0,+00) x RP
u®(0,-) = g.
There is exactly one function u® that is C*° smooth with bounded derivatives

of order > 2 and that satisfies (5.26). Furthermore, if H and g are RP -convex,
then for every t >0, the function u®(t,-) is R -convez.

The well-posedness of (5.26) is well known in many contexts and is a
basic result in the theory of viscosity solutions to Hamilton—Jacobi equations
[22, 23]. For a pedagogical and detailed proof of this result under some
slightly different boundedness assumptions, we refer to the lecture notes [8].



THE CONVEX STRUCTURE OF THE PARISI FORMULA 33

In the usual approach to well-posedness, the main ingredient is Duhamel’s
formula which allows to show that the solutions of (5.26) are the fixed points
of a certain functional. For the sake of completeness, we explain in the proof
below how to adapt the estimates of [8, Section 3] yielding existence of a
fixed point.

Proof of Lemma 5.18. Up to modifying H and rescaling time, we can assume
without loss of generality that € = 1. In this proof we will thus not explicitly
make the ¢ dependence of (5.26) apparent and simply write u instead of u°.
We let P denote the D-dimensional heat kernel, more precisely

1
P(t,x) = et .
(4mt)=

Given two functions a,b:R” - R, we let a + b denote their additive convolu-
tion, namely

axb(x) = fRD a(y)b(z - y)dy.

Step 1. Existence and uniqueness of solutions to (5.26).

Given a C* function u: R, x RP - R, we let for every t >0
t
S@)(t,) = P(t) <g+ [ P(t=s,) % H(Tu(s,))ds.

We let w1 = 0 and for every k> 0, u® = S(u(*~1)). By construction of S,
for every k > 0, we have

(5.27) {atu(k) - Au® = H(vu* D) on (0, +c0) x RP

Therefore, it suffices to show that the sequence (u(¥));s; converges in an
appropriate sense to a function u to get the existence of a solution for
(5.26). To do so, let us fix T > 0. We will prove that for every n > 2,
the sequence (V"u*));5; is uniformly bounded on [0,7] x RP. From this
we will deduce that the sequence ((8;, V)?u(®));s; is uniformly bounded
on [0,T] x RP. Since S(u)(0,-) = g and VS(u)(0,-) = Vg, thanks to the
Arzela—Ascoli theorem, those estimates will yield local uniform convergence
up to extraction of the sequence (V”u(k)) k>1 for all n > 0, which will conlude
the proof of existence of a solution with bounded derivatives of order > 2 for
(5.26).
We define

Ln(ka t) = ”vnu(k) (tv ) ”L°° .

We now explain how to prove bounds that are uniform in k € N and ¢ € [0, 7]
for Lo(k,t) following the proof of [8, Claim 3.6], those estimates can easily
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be generalized to any n > 2. Differentiating twice the recurrence relation
u®) = S(u® 1), we have

8d8dfu(k)
t
:P(t)*adﬁd/ngfO QP (t - 5) » (VH(Tu® ) (s,) - vou®(s,)) ds

There exists a constant ¢ > 0 depending only on D such that |[VP(t)|: <
ct™12. Therefore it follows from Young’s inequality |a % b]|ze < ||a] 1 ]b]| £
and the previous display that

1
Vi—s

After further manipulations of this inequality and induction on k, we obtain
the existence of a constant A >0 depending only on D and |VH |« such that

Lo(k,t) <2|v2g| L=e™.

t
Lo(k,t) < |V%g] o + €|V H]o fo Lo(k -1, 5)ds.

More generally, by induction on n using a similar argument, we can show
that for every T > 0 and every n > 2 there exists C'(n,T") > 0 such that for
every k € N and every t € [0,7],

L,(k,t) <C(n,T).

Those are the announced estimates for V"u(*). To convert this into estimates
for (0, v)*u®) we use (5.27) to deduce that

o vulk) = v2u(k)vH(vU(k)) " VAu(k—l)7
8t8tu(k) - atvu(k) . vH(vu(k)) + agAu(k_l),
In addition, using (5.27) once more we have

8tAu(k*1) — Z aivu(kfl) . VQH(u(kfl))aivu(kfl) + VH(VU(kil)) . VAu(kil)

+AAu 2,

Since VH € L*™ and V2H e L™, it follows from the previous two displays and
our previous estimates that (atVu(k))k>1 and (8t8tu(k))k>1 are uniformly
bounded on [0, T]xRP. Therefore, ((d;, V)*u*))4s; is uniformly bounded on
[0,T]xRP, so ((8;, V)ul® )51 is uniformly Lipschitz on [0, 7] x RP. Since at
t=0, (9, V)u®(0,-) = (Ag + H(Vg), Vg), we deduce that ((9;, V)ul® )z
converges uniformly on [0,7] x RP thanks to the Arzela-Ascoli theorem. In
addition, it follows from the uniform Lipschitzness that ((8;, V)u® )41 is
locally uniformly bounded on [0,T] x RP, so (u*))4s; is uniformly locally
Lipschitz on [0,7] x R”. Since u*(0,-) = g, we can apply the Arzela-
Ascoli theorem once more to obtain local uniform convergence of (u(k)) k>1
on [0,T] x RP. This concludes the existence part of the proof. For the
uniqueness part we can proceed as in the proof of [8, Theorem 3.2] but using
weighted LP norms instead of the L* norm.



THE CONVEX STRUCTURE OF THE PARISI FORMULA 35

Step 2. Let go(z) = g(z)+« (ZdD xd)2 and let u, the unique solution of (5.26)
with initial condition g,. We show that for every ¢ > 0, V2uq/(t,-) - V2u(t,-)
pointwise up to extraction as o — 0.

To prove this, we perform estimates as in Step 1, but this time for

Lo(k,t) = [v"ul (t,) = V"u®) (8, )| o )

with n = 1,2, where LP(w) denotes the LP space with weight w(z) = eI
and | f|lzp(w) = |fw|re. In this context we can replace the usual Young
inequality by the following weighted version,

la* ] Lo w) < lal @) 10 ze (w)

where w(x) = el*l. This weighted inequality can be deduced from the usual
Young inequality after observing that w(z +y) < w(z)w(y), we refer to [44,
Theorem 2.4] for a full proof. As previously, this yields estimates that are
uniform in ¢ € [0,7'] and k € N and that vanish in the limit & - 0. From this,
we obtain convergence of VZu, (t,) - V2u(t,-) in LP(w) and thus we obtain
pointwise convergence after extraction.

Step 3. We show that if H and g are RP-convex, then for every ¢ > 0, u(t,-)
is RP-convex.

According to Lemma 5.14 and Remark 5.17, it suffices to show that w = Vu
is RP*P_valued. To do so, observe that the coefficients of w satisfy a system
of semilinear parabolic PDEs. More precisely, for every d,d" € {1,...,D} we
let wqg denote the coefficient of index (d,d") of w. Then, w is a classical
solution of

Owaar = Awgg +b(t, ) - Vwag + faar (t,,w) on (0,+00) x RP
w(07 ) = V297

where b(t,z) = VH(Vu(t,z)) and fyo(t,z,w) = (wV2H(Vu)w)dd, is the
coefficient of index (d,d") of the matrix wv?H (Vu)w. The key point here is
that since H is RP-convex, for z e RP*P we have fyq(t,,2) > 0. Using this
we are going to show that wgg is nonnegative.

Let o > 0 and let w® = V2u, where u® is defined as in Step 2. The
function w® solves a system of semilinear parabolic PDEs as in the previous
display but with different b and f depending on « and with initial condition
w(0,-) = V2g + ad, where 1 is the D x D matrix with all coefficients equal
to 1. Let

T, :sup{t> 0 ‘ vz eRP vd,d <D, wgy (t,x) > O}

denote the last time at which all the coefficients of w®(¢,-) are all nonnegative.
All the derivatives or order > 2 of u® are bounded, thus for every T > 0, we
have that w® (-, ) is uniformly Lipschitz in « on [0,7"]. Thus, it follows from
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the fact that w$,(0,z) > a, that T,, > 0. Then wg, solves

OwSy > AwGy +ba(t,x) - Vwgy on (0,T,) x RP
'LUCC;d/ 2 Q.

In particular, we are now working with a plain linear parabolic PDEs. By
the comparison principle, we obtain that for every (¢,z) € (0,Ty) x R,
wgy(t,x) > . Arguing by contradiction, we now assume that T;, < +oo. By
continuity, we have w4, (To,x) > o. Using the same argument that yielded
T, >0, we obtain that w§, remains nonnegative for a small time after T,
and this contradicts the definition of T,. In conclusion T, = +oo and for
every (t,z) € (0,+00) x RP we have wgy(t,x) > a. Finally, from Step 2,
we have that as o = 0, wg, (¢, 2) - wqq (t,x). Thus, w is RP*P_valued, as
desired. O

Proof of Proposition 5.9. By Lemma 5.15 we know that S;y is the restriction
to RY of Sy, therefore it suffices to prove that Syx is RP-convex. We will
prove that this result is a consequence of Lemma 5.18 by performing several
approximation procedures.

First, observe that for every § > 0 the mollifications Hs = £ * s and
gs =X *Ns are ]R? -convex and C*. Since &g is linear outside a compact
set, Hy satisfies the hypotheses of Lemma 5.18. On the other hand, the
function gs may have unbounded derivatives of higher order. This can be
easily fixed by replacing x by xr where, given R >0, we let x4 r(\) = xa(\)
for A< R and xq,r(\) = xa(R)+A— R otherwise and xr = Y.q xa,r- This way
we guarantee that outside of a large ball Xg is linear and thus its derivatives
of all orders are bounded. Also note that since each x4 is 1-Lipschitz and
convex, the extensions x4 r are also 1-Lipschitz and convex. In particular
Xg is RP-convex.

Step 1. Let H and g satisfying the hypotheses of Lemma 5.18 and such that
g is Lipschitz. We show that for every ¢ > 0, u(t,-) is RP -convex, where u is
the unique vicosity solution of
Oy — H(Vu) =0 on (0,+00) x RP
’LL(O, ) =g
It is classical [22] that in the limit € — 0, the sequence of functions (u®).

from Lemma 5.18 converges to u. Since according to Lemma 5.18, for every
t>0, uf(t,-) is RP-convex, it follows that u(t,-) is RP-convex.

Step 2. We show that for every ¢ > 0, ug(t,-) is RP-convex, where up is the
unique vicosity solution of

Orur _E(VUR) =0 on (0,+00) x RP
UR(Oa') =XR-
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We can molify € and Yz into Hs and gr,s- According to Step 1, the unique
viscosity solution ug s of

Orup,s — Hs(Vup,s) =0 on (0,+00) x R
urs(0,-) = gr.s,

is R? -convex at every fixed ¢t. In addition Hs — £ and 9gRr,s — Xg locally
uniformly as § - 0. Therefore, any locally uniform limit of the sequence
(up,s)s must be the unique viscosity solution of the equation defining up
[18, Section 6]. Hence, since the sequence (ups)s is uniformly Lipschitz,
it follows from the Arzela—Ascoli theorem that 6 - 0, urs — ug locally
uniformly. The desired result follows.

Step 3. We show that S;y is RP-convex.

The initial condition X and ¥ coincide on B(0, R). Since the Hamilton—
Jacobi equation has finite speed of propagation [20, Exercise 3.8 and solution],
we have that ug(t,-) and Sy coincide on B(0, R—t/L) where L is a Lipschitz
constant of H. Hence, we have that ug(t,-) - SyX pointwise as R — +oo.
This allows to deduce the desired result from Step 2. O

6. OPTIMAL TRANSPORT AND CONVEX DUALITY

In this section, we prove the key observations (1.28) and (1.30), and
use them with convex-duality arguments to show the identity between the
variational problems in (1.14) and (1.18).

We recall that S;x was defined in (5.1), and that in (1.13) we have
introduced the quantity

(6.1) Tipvy=_nf [ (€)= 2)dn(ay)

which can be interpreted as the optimal transport cost from p to v with cost
function (z,y) ~ (t£)*(y — x). As explained in [61, Chapter 1], Kantorovich
duality yields the dual representation

(6.2) 7?(%1/):51)1(1){] XdV_fSthN}7

where the supremum on the right-hand side is taken over all functions
x : RP - R that are in L'(v) and are such that Syx € L'(1). Observe that
here T;(u,v) is represented as a supremum of affine functions in (u,v), in
particular this means that the mapping (u,v) — Ti(p,v) is convex. This
dual representation motivates the following definition.

Definition 6.1 (Kantorovich potential). For every pu,v € P(RP), we say
that a function y : RP - R is a Kantorovich potential from u to v (for the
cost function (z,y) = (t*)(y — )) when x € L'(v), Six € L*(1), and

(6.3) Tiwv) = [ xdv— [ Sxdp
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We can thus rephrase the identity (1.30) as saying that the function x
is a Kantorovich potential. A key aspect of the proofs of our main results
is that the function x appearing in (1.30) and in the surrounding informal
discussion is not only a Kantorovich potential, but also an element of the

set X defined in (3.17).

Recall the collection X defined in (3.17). For ¢ appearing in (1.8), we
define

(6.4) v = nf {[xav-vf, wxex
For every (t, 1) € Ry x P (RD), we set
(65 o(t.) = int { [ Sixdie= .00}
(6.6) h(t,p) = sup {¢(v)-Te(p,v)}.
veP1 (RP)

Proposition 6.2. We have h = g on R, x Py(RP). Moreover, at every
(t,1) € Ry x P1(RP), there is a mazimizer v of h(t,u) in (6.6) and a
minimaizer x of g(t,u) in (6.5) such that x is the derivative of ¢ at v given
by Proposition 3.8.

To prove this, we start with some preliminary results.

Lemma 6.3 (Existence of maximizers in (6.6)). For every t € R, and
e P1(RP), the variational formula of h(t, ) in (6.6) achieves its mazimum
at some U € PL(RY). Moreover, there is an optimal 7 € TI(u,7) such that

Te(w,v) = [ (&) (y - z)dn (2, y).

Proof. Step 1. We show that T;(u,v) and Wi (u,v) must be bounded for
near maximizers v. Recall the notation g, in (5.15) for y € R”. According
to Lemma 5.2, we have that £* is superlinear on R, Since (££)* = t&*(-/t),
(t€)* is also superlinear on R?. Since T;(u, 1) = 0, the supremum in (6.6)
can be restricted to those measures v € P (RP) such that

(6.7) V(W) = Te(p,v) 2 ().

We start by showing that for every v e P;(RP) satisfying (6.7), we have that
Wi (u,v) < C. The Lipschitzness of ¢ in (3.14) together with (6.7) yields

(68) 7?(/‘677/) <vvl(lu’v V)'

For € >0, let m € II(i, v) be a nearly optimal coupling for T;(u,v) such that
[ (#&)*(y — z)dn(z,y) < Te(u,v) +e. Let (X,Y) be a random variable with
law m. Then, we can obtain from the above display that

(6.9) E[(t)" (Y -X)]<E[|X -Y]]+e.
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We choose M > 1 and let R be such that (5.6) holds with ¢ substituted with
(t£)*. By this and Lemma 5.7, we have

(6.10) ()" (Y -X)>M|(Y -X).| on the event |(Y - X).| > R.
Also by (5.13), we have
(6.11) X = Y|= |V = X[~ (Y =~ X)u[ 4 (Y = X), < X[ +](Y - X), |
Using these and [(Y - X)+|1(y_x),<r < R, we get

(6.10) . (6.9)

ME[|(Y-X).|]]-MR < E[t)"(Y-X)] < E[|X-Y|]+¢
(6.11)
< EIX[J+EY -X)]+e.

In the first inequality in the display, we also used that (¢£)* > —t£(0) = 0.
Rearranging, we arrive at
| X|]+ MR +¢
M-1 ’
This along with (5.13) implies that E[|Y - X|] is bounded by some constant C.

Hence, we conclude that for every v satisfying (6.7), we have T;(p,v) <
Wi (u,v) < C, where we used (6.8) in the first inequality.

(6.12) E[(V - X)) < 2L

Step 2. Let (Vn)nen be a maximizing sequence of (6.6), namely,
(6.13) Tim (¢ (vn) = Te(pvn)) = h(t, 1)

Our goal is to extract a maximizer from its subsequential limits. We can
choose the sequence (v, )nen such that (6.7) holds for every n. By the
previous step, we have that 7;(u,vn) < Wi(p,v,) < C for every n. Fix any
e > 0, since T;(, v ) has to be finite, we can choose a nearly optimal coupling
T € IL(p, 1) with [ (¢€)*(y — x)dmn(w,y) < Te(p, vn) + . Since p e Py (RD)
and W1y (p,v,) < C, the first moments of v, are bounded uniformly in n.
Hence, by passing to a subsequence and invoking Skorokhod’s representation
theorem, we may assume that there is a sequence (X,,, Yy )neny of random
variables satisfying Law(X,,Y,) = m, and that (X,,Y,) converges almost
surely to some (X,Y"). Clearly, we have p = Law(X) since p = Law(X,,) for
every n. We need that (X, Yy)ney also converges to (X,Y) in L!, which
together with the above follows from the uniform integrability of the second
marginal:

(6.14) lim supE [IYalL}y, 5] = 0.

We postpone the proof of this fact and first use the L'-convergence to find a
maximizer.

Let 7 = Law(Y) and consequently, we have 7 € P;(R?). Then, the
L*-convergence together with the Lipschitzness of 1/ in (3.14) implies

(6.15) Tim () = (7).
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On the other hand, the function (¢£)* is lower semi-continuous as a supremum
of continuous functions, thus it follows from Fatou’s lemma that (recall that
(t€)* = -t£(0) = 0 is bounded from below)

E[(t)"(Y - X)] < iminf E[(#€)" (Yo - Xa)],
which further yields
Te(p,v) <E[(86)" (Y = X)] <liminf 7y (1, vs) + €.
This along with (6.15) gives
(@) = Ti(w, V) 2 0(@) —E[(#€)" (Y = X)] > limsup ¢ (vn) = Ti(p, vn) — €

n—>oo

6.6
C1) bty =S (@) - T, ) - <.

Since ¢ is arbitrary, we conclude that 7 maximizes (6.6) and T;(u,7) =
E[(t£)* (Y — X)], implying that 7 is an optimal coupling for T¢(u, 7).
Step 3. It remains to verify (6.14). We need the following simple fact: for
real numbers r > 0 and a, b, ¢ > 0 satisfying a < b+ ¢, we have
(616) a]la>47‘ < 2b]1b>r + QC]IC>T,
which follows from the fact that
algsyr < (b + C)]la>4r = b]la>47", ber T b]la247’, ber T C]la>4r, cer T C]la>47”, c<r
< b]lb;r + %]la>4r +clesy + %]1(947’-
Simple applications of (6.16) are
|Yn|]l\Yn|>4r < 2|Xn|]1|Xn|>r +2| X, - Ynl]]'|Xn_Yn|>T7
| X - Yn|]l|Xn—Yn|>4r < 2|Xn|]1|Xn|>r +2|(Yn - Xn)+|]1|(Yn—Xn)+|>r,

where we used the triangle inequality in the first line and (5.13) in the second
line. Due to Law(X,,) = p independent of n, from the above display, we can
see that (6.14) follows if we can show

(6.17) lim supE [1(Ve = X))y, - X ), 5] = O
By the choice of v, and m,,, we have E [(t£)* (Y, — X)) ] < Te(p,vpn) +e < C+e.
1

Recall that, for any M > 1, we can find R such that (6.10) holds. Hence, for
r > R, we have

E [|(Yn - Xn)+|]l\(Yn—Xn)+|>r] < M_IE [(tg)*(yn - Xn)] < M_I(C + 5)
uniformly in n. This implies (6.17) and completes the proof. O
We now show (1.28).

Lemma 6.4. Let x : RY - R be a Lipschitz and RP -increasing function and
let (Si)ier, be given as in (5.1). For every (t,u) € Ry x P1(RP), we have

(6.18) fSthM: sup {/de—ﬁ(ﬂ,u)}.

vePy (RP)
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Remark 6.5. When x € X, we can also write Sy from (5.1) as
(6.19) Six(z) = sup_ {x(@") - ()" (2" - 2)}.
z' e Ry
z' -z etve([0,1]7)

To see this, observe first that if p € RY is a maximizer in (1.16), then

p € [0,1]P. This is because x*(p) = +oo when p € RP <\ [0,1]7 (recall that
X" is defined as in (1.10)). Now given p a maximizer in (1.16), we have

Six(x) =z -p-x"(p) +t&(p)
= (z+tVE&(p)) -p—x"(p) —t(VE&(p) -p-&(p))
= (z+tvE(p)) -p- X" (p) —t§* (VE(P))
< Sgp{(fﬂ +tVE(p))a-x" (@)} —t&" (VE(p))

= x(z +1tvE(p)) - (1) (tVE(p))-
On the third line, we used that £*(VE&(p)) = VE(p) - p — £(p), which can be
deduced from the definition of £* in (1.10) (see (1.9) and (7.25)). This means
that y =z + tV{(p) is a maximizer in (5.1), and this proves (6.19).
Using (6.19) in place of (5.1) in the proof of Lemma 6.4 below yields that
(6.18) remains valid when the supremum is taken over v € P;(R?) with the
added condition that v is supported in supp(u) +tvE([0,1]P). O

Proof of Lemma 6./. Using the definition of S; in (5.1), we can get

LS Si(e) (5 2~ & 200 -}

— 2 Sx(@k) = sup 4= ) x(wk) — — )L () (yk —wk) ¢ -

K i3 ye(RP)YK K i3 K i3

Let IT® (z, - ) be the set of probability measures 7 on R x R of the form
= % K, O(wpye) With y € (RPYK. For w e I¥ (z, ), let 1 be the second
marginal of 7 on R? . The previous display can be written as

(6.20) %éstx(xk)z sup { [ xim- [ (t{)*(b—a)dﬂ(a,b)}.

mellK (z,-)

Now, we let p € P1(RP) and choose a sequence () gs1 in (RP)X such
that p is limit of % Zsz1 536];: in law. Setting x = 2’ in the previous display
and letting K — +o0, we claim that we can get

(6.21) f Syxdp = sup {f xdmo — [(t&)*(y - x)dw(w,y)},
welly (p,-)

where II; (i, - ) denotes the set of probability measures 7 on R? x RP such

that 7 has a finite first moment and its first marginal satisfies m = pu.

Assuming the validity of this for now, writing IT; (i, v) for the set of couplings

between p and v, and replacing “sup ., ()" by “sup,ep, (RD) SUD el ()

we obtain (6.18) from (6.21) as desired.
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Now, we verify (6.21). Using the definition of Syy in (5.1), we can deduce
that the inequality “>” in (6.21) holds. We focus on the other direction.
Let 2 be given as above (6.21). Let 7 ¢ I (2, -) be a near maximizer
of (6.20) satisfying

(6.22) f SpxdrK <K+ f xdnk - f (t6)* (y - 2)dr (2, ).

Let (Xk,Yk) be a pair of RP-valued random variables with law equal to
7. Due to the choice of 2, the law of Xy converges to u € P1(RP). By
choosing = suitably, we may assume that

(6.23) sup E[| X k] < oo.
K

In the notation of random variables, we can rewrite (6.22) as
(6.24) E[Six(X)] < K +E (V)] - E[(t)* (Vi - Xk)] .-

Since Syx and x are Lipschitz (see Lemma 5.13), there is a constant C' >0
such that, for every x,y,

[Sex (@) + Xl < C(A + |z] + [y - ).
This along with (6.24) gives
E[(t6)"(Yx - Xk)] <K~ + C(L+ E[|Xk[] + E[|Yk - Xk])-

We can use this condition to substitute the one in (6.9) and follow the
ensuing steps there (using the superlinearity of (t£)* on RY by choosing M
sufficiently large) to reach an upper bound on E[|(Yx — X )+|] similar to
the one in (6.12). Using (6.23) and (5.13), we can deduce

(6.25) supE[|Yx - Xk|] < o0 and supE [(t6)"(Yk — XKk )] < oo.
K K

The first bound in (6.25) along with (6.23) gives the tightness of (7€) ge.
By passing to a subsequence and using Skorokhod’s representation theorem,
we may assume that (X, Y ) converges a.s. to some (X,Y) with law 7.

We argue that the convergence also takes place in L'. It suffices to show
that the families (Xx)x and (Yx )k are uniformly integrable (as in (6.14)).
By choosing € suitably, we can verify this for the former. For the latter,
the second relation in (6.25) allows us to repeat the argument for (6.14) in
Step 3 of the proof of Lemma 6.3. The extra input is that we need to use
the uniform integrability of (Xx)x as their laws are no longer fixed. With
this explained, we now have that (X, Ys) converges in L! to (X,Y).

Due to the assumption on the first marginal, we have Law(X) = p and thus
m eIl (p, -). Since Syx and y are Lipschitz and thus have linear growths,
we can use the dominated convergence theorem to get

I}im E[StX(XK)]:fSth# and Iym E[X(YK)]zfxdWQ.
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The lower semi-continuity of (t£)* and Fatou’s lemma (recall that (¢£)* >
-t£(0) = 0) yield

[ () (y-2)dan(a.y) < liminf E[(£)" (Vi - Xic)].
Applying these convergences to (6.24), we get
[ soxdns [ xdm- [ ()" (y-2)dn(,p).
This gives “<” in (6.21) and completes the proof. O

We now show (1.30), which can be interpreted as saying that x is a
Kantorovich potential from p to 7 (see Definition 6.1).

Lemma 6.6. Let (t,1) e Ry x P1(RY) and let U be a mazimizer of h(t, i)
in (6.6) (which exists by Lemma 6.3). Let x € X be the derivative of 1 at U
given as in Proposition 3.8. We have

(6.26) f xdv - f Sixdp = Te(p, 7).
Proof. For every v e P1(RP) and A € (0,1], the convexity of 7;(u, -) implies
1
72(:“7”) - 72(”73) 2 X (72(,&,;4— A(V _D)) - 72(%7))

> LW+ AV 7)) - $())

where the second inequality follows from maximality at 7 of the formula for
h(t,p) (see (6.6)). Using the differentiability of ¢ in Proposition 3.8 and
sending A to zero, we get

Timv) = Tw,7) > [ xd(v-7)
for any v € P;(R?), which implies
[ xar-Tiwo = swp | [ xdv-Tiun)}.
vePi (RP)

By Lemma 6.4, we can recognize the right-hand side as [ S;xdu, which
verifies (6.26). O

We are now ready to show that the variational problem in (1.18) is dual
to that in (1.14), that is, that g = h.

Proof of Proposition 6.2. We will proceed by double inequality.
First, we show h > g. Allowed by Lemma 6.3, let 7 € P;(R?) be such that

By Lemma 6.6, we have

Tiuw,7) = [ xdv- [ Soxdn
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where y is the derivative of ¢ at ¥ given as in Proposition 3.8. The above
two displays together yield

(6.28) h(t,,u):w(ﬁ)—fxdﬂ+f5'txd,u.

On the other hand, the concavity of ¢ given in Lemma 3.2 implies that, for
any v € P1(RP) and X € (0,1], we have

S O+ (1= 0)9) - 9()) > 6 () - $(0).

Sending A — 0 and using Proposition 3.8, for the same x as above, we
get [ xd(v-7) > ¢(v) — (V). Rearranging and taking the infimum over
v e P1(RD), we obtain ¢, (x) = [ xdv — ¢(¥) due to its definition in (6.4).
This along with (6.28) gives

(6.29) ntn) = [ Sondn .03 ot

Next, we show g > h. According to the Arzela—Ascoli theorem, X is compact
for the topology of local uniform convergence. We can thus use Sion’s
min-max theorem to obtain that

g(t,p) = inf {f Sexdp - w*(x)}
xeX
=inf sup {f Stxdp—/xdu+¢(u)}
XeX yep) (RD)

s A ES
= sup {Y(v)-Ti(w,v)},

veP1 (RD)

where Ti(p1,v) = supyex {/ xdv = [ Sixdp} is to be compared with T;(u,v)
defined in (1.13). The definition of Syy in (5.1) implies that x(x) — Syx(y) <
(t&)*(y — x) for every x,y. Then, the Kantorovich duality (6.2) implies
Ty(u,v) < Te(p,v) and thus

gt.m) > sup (D) - Tl )} ) nt, ),
veP1 (RP)

which completes the proof of h = g. The additional statements on optimizers
follow from h =g, (6.27), and (6.29). O

To close this section, we record the following useful result.

Lemma 6.7 (Lipschitzness of h). Let h be given as in (6.6). For every
t,t' e Ry and p, ' € PL(RP), we have

(6.30) | (t, ) = h(t', 1) < Clt =]+ Wi (p, 1),

where C' = SUp gD |11 [€(2)].
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Proof. By Proposition 6.2, we can work with g given by (6.5) instead of
h. Fix any t,t',u, . By the same proposition, there is x € X such that
g(t, 1) = [ Sexdu - ¥.(x). From the definition of X in (3.17), we see that
Ix|tip € 1. Let m € II(, 1) be an optimal coupling for Wy (g, ') and let
(X, X") satisty Law(X, X") = 7. We have
(6.5)
g(t' 1) —g(t,p) < f Spxdy' - f Sixdp <E[|Spx(X") = Six(X))]
< Clt— |+ B[ = X|] = Clt — #] + Wi (s, ),

where the last inequality follows from Lemma 5.13. This implies the desired
result. O

7. PROOFS OF THE MAIN RESULTS

In this section, we complete the proofs of Theorems 1.2, 1.3, and 1.4. We
also spell out the validity of Theorem 1.1. Recall from (6.6) that we have
set, for every (t,pn) € Ry x P1(RP),

ht,p) = sup  {p(v) = Te(p, v)}-
veP1 (RP)
Recall also the notation £, from (2.19), and that for every u € PT(RL), there

exists a unique q € Q such that p = L4. The key step towards the derivation
of our main results is as follows.

Proposition 7.1. Assume that & is strongly convex on RP. Let h be given
by (6.6). For everyteR,, q€ Qu, and for i1 = Lq € PL(RY), we have

(7.1) h(t,p) = sup {o(v)-Ti(p,v)}
vePL (RD)
1
(7.2) = pig:o {zp (‘Cq+tV£(p)) _t.[o Hdﬁp}.

Moreover, the suprema in (7.1) and (7.2) are achieved.

As discussed below (1.30), the key point in showing (7.1) is to transfer
the monotonicity of p into the monotonicity of a maximizer in the definition
of h(t,u). In order to do so, we will smear out the measure p so that it
becomes absolutely continuous with respect to the Lebesgue measure. The
smeared-out measure is however no longer monotone, only approximately
so, and our first task is to develop convenient tools that allow us to track
approximate and exact monotonicity of a measure.

Lemma 7.2 (Characterization of monotonicity). Let d € N and p e P(R?).
The measure p is monotone if and only if, for every i,j € {1,...,d},

(7.3) p®? ({ () eREXRE: yi>y) or yj<yj})=1.

Remark 7.3. Let Y and Y’ two independent random variables with law pu.
Then, (7.3) can be rewritten as P(Y; > Y/ or ¥; <Y}) = 1. O
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Proof of Lemma 7.2. We proceed in two steps. First, we show that (7.3) is
equivalent to a stronger formulation and then we apply results from [40,
Section 2].

Step 1. We show that the condition specified in (7.3) is equivalent to
(7.4) ,u®2({(y,y') eRIxRY: a-y>a-y or boy<b-y'})=1

for every a,b e R%. One direction is obvious and we focus on deducing (7.4)
from (7.3).

It is more convenient to work with random variables and we start with
some notation. For a pair (U,V) of real-valued random variables, we say
that (U,V) is monotone if, given an independent copy (U’, V'), we have
almost surely that {U > U’ or V < V'}. Tt is clear that (U, V) is monotone if
and only if (V,U) is so. We need the following property. Given three random
variables U, V, W we have, for every s,t > 0,

(7.5) if both (U, W) and (V, W) are monotone, then so is (sU +tV,W).

This immediately follows from the definition. Indeed, let (U’, V', W’) be an
independent copy and there is nothing to show when W < W’. Otherwise,
we must have U > U’ and V > V', which implies sU +tV > sU’' +tV"'.

Let Y be a random vector in R? with y = Law(Y"). The condition in (7.3)
is equivalent to that (Y;,Y;) is monotone for every 1 < ¢,j < d. Fix any
a,be R, For each j, iteratively applying (7.5) to pairs (¥;,Y;) for 1 <i<d,
we can get that (a-Y,Y}) is monotone. Similarly, we can get that (a-Y,b-Y")
is monotone, which is equivalent to (7.4).

Step 2. We use results from [40, Section 2] to conclude. We start with some
definitions. Let S% be the linear space of real symmetric matrices endowed
with the Frobenius inner product, namely, a-b = Zg,j:l a;;bi; for a,b € s,
Let Sf be the set of positive semi-definite matrices. Let & be the image
of i through the map R? 5 z ~ diag(x1,...,z4). Since 7 is supported on
diagonal matrices and diagonal entries of a,b € Sf are nonnegative, we can
see that (7.4) is equivalent to

(7.6) A ({(wy)eStx 8¢ aryza-y or boy<b-y'})=1

for every a,be S%.

Monotone probability measures on S¢ are defined in the paragraphs
above [40, Proposition 2.3] and [40, (2.1)]. The condition in (7.6) exactly
matches this definition and thus 7 is monotone on S¢. By [40, Proposi-
tion 2.4], this monotonicity is equivalent to the existence of an increasing
path §:[0,1) - S¢ such that 7 = Law(q(U)), where the monotonicity of
g is understood as q(s’) - q(s) € S¢ whenever s’ > s. Since 7 is supported
on diagonal matrices, g must take values in diagonal matrices. There-
fore, w = Law(q(U)) is equivalent to p = Law(q(U)) for some increasing
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q:[0,1) - R? where q and g are related by diag(q) = q a.e. on [0,1).
Combining these equivalences, we obtain the desired characterization. [

The next lemma, is tailored for application to our future context involving
a smeared-out version of the measure p € Pl (R?), where we later let the
smearing-out parameter tend to zero. Recall that U is a random variable
with uniform distribution over [0,1].

Lemma 7.4. Let = Lq € PL(RY) (see (2.19)) with q € Qo strictly
increasing in the sense that q(s) — q(s’) € (0,00)? whenever s > s'. For

each n € N, let w, € P(R*’) and suppose that there is an RP-increasing
measurable map T, : RP - RP such that

(7.7) ' =T,(x) for wp-a.e. (z,2").

Assume that w, converges weakly to some w € P(R?P) whose projection on
the first D coordinates is equal to p. Then, we have @ € PT(R2P) and thus
there is p € Q such that @ = Law(q(U),p(U)).

Proof. In the following, we denote by (y,%') an element in R?? x R?P. For
i,j€{1,...,2D}, we consider the following events on R?P x R2P
Eij={yi>y; or yj <yj}.

We also set

D D D

Ei:mEi,ja fOI"iG{l,...,D} andEzﬂEi: mEi,j-

J=1 i=1 i,j=1
For each n, let p,, € P(R?) be the projection of @, to the first D coordinates.
For i,j < D, E; j can be measured by ji,. Then, we immediately have

oy (Eig) =y (Eiy) ifi<j<D.

When i < D < j, by (7.7), we have y; = (Tn(y[D]))j for wy-a.e. y, where

Y[p] = (yk)1<k<p- Since T, is assumed to be R?—increasing, for ww®?

(y,9"), we have that y;p) < yED] implies y; < y;. On the event E; we have

-a.e.

Yi >y, or Yip] <€ yED]. In the latter case, it follows from the previous

observation that y; < y; w®2-almost surely. Hence, we have E; ¢ E;; and
thus

@y (Big) > @ (Bi) = e (By) ifi<D<j.
Similarly on the event £ we have y;p) < ny] or y[p] 2 yED] and by (7.7), we
can also deduce
w® (E;j) > p®*(E) if D<i<j.

Using the above three displays and the symmetry w®? (E; ;) = @2 (E;;),
we obtain

(7.8) w® (E; ) > n®%(E), VYi,je{l,...,2D}.
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Notice that OF ¢ Ug 10E; Ul-Dzl{yi =y,}. Since q as in p = Lq is strictly

increasing, we can get

=y =g, (s dsds’ = 0.
*({vi ffm Lg;(s)=ai(sdsds

Hence, E is a continuity set of u®2. Since p € Pl (RP) is monotone, by
Lemma 7.2, we have that u®?(E) = 1. Also, notice that E;; is a closed set.
Using these and the Portmanteau theorem, we pass to the limit in (7.8) to
get
w®(E; ;) » limsupw®*(E; ;) > hm pE*(E) = u®%(E) =1
n—oo

for every i,j. Therefore, by Lemma 7.2, w is monotone. Since the first
marginal of w is u = L4, we must have w = Law(q(U),p(U)) for some

peQ. O
We are now ready to prove Proposition 7.1.

Proof of Proposition 7.1. We need approximations of p € PL (R?) from the
collection P,.(RP) of probability measures on R that are absolutely con-
tinuous with respect to the Lebesgue measure. Let (u,)neny be a sequence
in P, (RP) that converges weakly to u. Since u is compactly supported,
we may assume that the measures p,, are all supported in some fixed ball
(independent of n). Hence, by Lemma 6.7,

(7.9) Tim h(t, 1) = h(t, ).

Allowed by Lemma 6.3, for each n € N, let 7,, be a maximizer of h(t, t,)
in (6.6) and let 7, be an optimal coupling of (i, 7y ) for Ti(pn, 7y). Hence,
we have

(7.10) At fn) = 0 Fn) = Tiljin: 7).
(.11) Tilins7n) = [ (1) (y=)dm(2,1).

The plan is to show that v, is approximately monotone. Then, by taking
limits, we expect that the formula for h(t, ) maximizes over monotone
measures. By Lemma 6.6, there is x,, € X (see (3.17)) such that

(7.12) [Xndpn_ f Sexndpen = Te(pon, Un).

Note that according to Lemma 5.3, thanks to the assumption on &, the
function ¢* is differentiable on RP. We proceed in five steps.

Step 1. Let (X,,Y,) be a random variable with law 7,. We show that
possibly up to a redefinition of m,, we may assume without loss of generality
that Y, - X, € V&(RP) almost surely.

Define
= VE(VE (Y = Xn)4)) + Xi,
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let 7/, denote the law of Y, and let 7], denote the law of (X,,Y,’). Since
x, —x € RP according to (5.9) in Lemma 5.4 we have that Y, -V, e RD
almost surely. Hence, by monotonicity of 14 (which we can borrow from
[13, Proposition 3.6] or rederive using Proposition 3.8 and the fact that
functions in X are increasing), we have ¢(7],) > (7). In addition, according
to Lemma 5.7 and (5.11) in Lemma 5.4, we have E[(t&)*(Y, - X,,)] =
E[(#€)" (Y - X)), 50

T 7)< [ (1) (r=o)dmi(a.) = [ (47 (y=)dma(a.y) = Tiln, 7).
We deduce that
V() = T, 7) > 0(@) - [ (1) (y = )dm ()
> Y(Vn) = Te(fn, Vn)
= h(t, pin)
> (@) = Te(pn, V),
where the last inequality follows from (6.6). The above display implies that

7), is a maximizer in the definition (6.6) of h(t, i, ) and that 7, is an optimal
coupling for T;(pn,7"). In addition, if (X,Y, ) is a random variable with law

nr-n

7!, we have by definition that Y, — X! € V¢(RD) almost surely, this means
that up to replacing (m,,7,) by (7,,7,,) (and redefining x,, accordingly), we
may assume that Y, — X, € V&(R?) almost surely.

Step 2. We now show that
(7.13) y=x+tVE(VSixn(z)) for mp-a.e. (z,y).

This implicitly states that S;x, is differentiable at such points. Using (7.11)
and (7.12), we have

[ Genw) = Sixa() = (49)* (5 = ) dm (2, = 0.

By the formula for S;x, in (5.1), the integrand in the above display is
non-positive. Therefore, we must have

Xn(y) - StXn(x) - (tf)*(y - .73) =0, for m,-a.e. (x,y).
Since Sixn is Lipschitz due to Lemma 5.13, Sy, is differentiable almost
everywhere with respect to the Lebesgue measure (see e.g. [20, Theorem 2.10]).
Hence, due to p, € Pac(RP) (the first marginal of 7,), we have that for
Tp-a.e. (z,y), Sixn is differentiable at z. By (5.3) in Proposition 5.1, we get

VSixn(z) =V(tE) (y —x), for mp-a.e. (z,y).

Recalling from Step 1 that y — z € VE(RP) for m,-a.e. (z,y), and using
Remark 5.5 we can apply tV& to both sides in the above and obtain (7.13).
Since Syxy, is R? -convex due to Proposition 5.9, we have that

(7.14) VSixn is RP-increasing
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which will be used later.

Step 3. We show that (7m,)ney is tight and derive the limit of (7.10). Let
random variables (X,,Y,,, Z,) satisfy

(7.15) Law(X,,,Yy) = mn; Zn = VSixn(Xn).
By (7.13), we have
(7.16) Y, =X, +tVE(Z,) as.

Recall that x, given by Proposition 3.8 belongs to the collection X defined
in (3.17), whose definition implies that x,, is 1-Lipschitz. By Lemma 5.13,
Stxn 1s also 1-Lipschitz. Setting C = tsupy,i<; [V€(2)], we have

(7.17) |Zn| <1 and |Y,-X,|<C as.

Since u, = Law(X,) and u, is assumed to be supported in a fixed ball,
by (7.17), Y,, and Z,, take values in a fixed compact set. In particular, the
family (X, Yn, Zn)nen is tight. By passing to a subsequence and invoking
Skorokhod’s representation theorem, we may assume that (X, Y,, Z,) con-
verges almost surely to some (X,Y, Z), and therefore also in L' since these
random variables are bounded uniformly over n. Since Y,, is a continuous
function of X,, and Z,, as in (7.16), we also have

(7.18) Y =X+tVE(Z) as.

Since p, = Law(X,) and p, converges to p in P;(RY), we must have
u=Law(X). We set

(7.19) v=Law(Y) and w=Law(X,Y)ell(y,7).

By (7.11) and Fatou’s lemma (recall that (t£)* > —t£(0) = 0 and (£)” is
lower semi-continuous), we have

Te(p,v) <E[(86)" (Y = X)] <liminf B [(¢6)" (Y, = X)) = T inf 7 (2, 7 )
This along with the continuity of ¢ in P;(R?) in (3.14) implies that
V() - Te(u,v) 29(P) -E[(#)" (Y - X)]
> liminf 4 (¥n) = T (pin, Vn)
(

(7.9)(7.10) W)

Y @) - T,

This together with (7.18) yields

(7.20) Bt 1) = 0(7) - T, )

(7.21) =9 (Law(Y)) - E[(t67)(tVE(2))]-

Step 4. We show the desired results under the additional assumption that
(7.22) w=~Lyq with q strictly increasing
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in the sense that q(s) —q(s’) € (0, 00)” whenever s > s’. Assume (7.22), we
want to show that there is p. € Qo such that

(7.23) (X,Y,2) £ (a(U), a(U) + t9&(p.(U)), p(U))

where U is uniform over [0,1]. Due to (7.18), we only need to find the repre-
sentation for (X, Z). The assumption in (7.22) together with (7.14) and (7.15)
allow us to apply Lemma 7.4 with w,, T),, w substituted by Law(X,, Z,),
VSixn, and Law (X, Z), respectively. Consequently, Law(X, Z) is mono-
tone. Hence, there must be an increasing path p, : [0,1) - RY such that
(X,2) d (a(U),p«(U)). Since Z is bounded (as a consequence of (7.17)),
we have p, € Q. and more precisely

(7.24) Ip.(s)| <1, Vse[0,1).

Due to 7 = Law(Y") (see (7.19)) and (7.23), 7 is a monotone measure and
has bounded support. In other words, ¥ = Lq.1ve(p,) € PHRD). In view
of the definition of h in (6.6) and (7.20), we can deduce (7.1) and that the
supremum is achieved at L, 4ye(p,)- From the definition of 6 in (1.9) and

(5.7) in Lemma 5.4, we have that for every x € R?,

(7.25) t0(z) = (t£)" (tvé(x)).
Using (7.21), (7.23), and (7.25), we have
(7.26) Bt 1) = (Lqveony) = [ 0L,

Due to (6.6) and the definition of the optimal transport problem 7; in (1.13),
we see that h(t, ) is always an upper bound for the term in (7.2). Then, the
above display implies the equality in (7.2) and that the supremum is achieved
at p.. Hence, we have shown (7.1) and (7.2) under the assumption (7.22)
and the suprema are achieved at Lq sy¢(p,) and p., respectively.

Step 5. We show the results for general p = L4 without assuming (7.22). We
employ an approximation argument. For k € N, define a strictly increasing
path qi by setting qi(s) = q(s) + k7 ts1 for s € [0,1), where 1= (1,1,...,1) €
RP consists of ones as entries. So, q; converges to q pointwise. We take
pk = Lq, € PL (RP) and thus py converges weakly to u. Let P.k be the
corresponding path appearing in (7.23). Due to (7.24), (p«k)ken is a family
of increasing paths that are uniformly bounded. By [13, Lemma 3.4], this
allows us to assume that p, j converges to p. € Qo a.e. on [0, 1) after passing
to a subsequence.

Then, (7.1) and (7.2) follow from the following convergences. We have
that h(t,ux) converges to h(t,p) as k - oo by Lemma 6.7. For each v €
PL(RP), we have T;(ux,v) converges to T;(u,v) due to boundedness of the
measures and the weak convergence of . By the continuity of ¥ as in (3.14),

P (Eqk+tv§(p)) converges to 1 (£q+tV£(p)) at any p € Q.
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Recall that, at each i, the relevant suprema are achieved at Ly, ,ive(p, 1)
and p, j, respectively. By similar considerations, we can show that the
suprema at p are achieved at Ly 4ye(p,) and ps«, respectively. O

Proposition 7.1 requires ¢ to be strongly convex on R”. Since this may
not necessarily always be the case, we will introduce a small perturbation of
¢ that enforces this property, and argue by continuity to obtain the main
results. For every A > 0, we set

A
(7.27) (@) = &) + Sl
We clearly have that for every A > 0, £, is strongly convex on RY. Setting
A D
2
(7.28) H(0) = Hy(o) + ~= o> Jfljaiaj,

VN 21 jely 4

where J;jj are independent A/ (0,1) random variables that are each indepen-
dent of Hy, we have that

(7.29) EH(0)Ha (o) = Né(Ry(0,07)).

We let F?\;, g*, and h* denote the quantities defined in (2.14), (6.5), and
(6.6) with £ and Hy replaced by &) and H])\‘, therein. At A =0, we have § = ¢
and H]Q[ = Hpy, therefore F(I)V = Fn, ¢° = g, and h° = h. We now show the
continuity of these quantities in A.

Lemma 7.5. For every (t,u) € Ry x P1(RP), we have that the quantities
lmpy oo F?V(t,u), gt 1), and W (t, 1) are continuous functions of X € R,.

Proof. As in [31, Proposition 6.1], we can differentiate F;\V(t,,u) with respect
to A and use Gaussian integration by parts to observe that the deriva-
tive is bounded uniformly in N. This yields Lipschitz continuity in A\ of
My oo FR (1 1)

For every x € X, we let S;'x denote the quantity obtained in (5.1) with
¢ replaced by &) therein. By Lemma 5.12 and since x*(p) = +oo when
peRP \[0,1]7, we have

Stx(z) = sup {z-p-x*"(p)+t&r(p)}-
pe[0,1]P

This implies that
A N Dt /
[SPx(@) - 8 x(@)] < S A= N

and thus, for every p € P1(RP), we have

‘fs?xdu—fsﬁlxdu

Dt
<= A=A
2
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The quantity ¢ (¢, ) is therefore Lipschitz continuous in A since using (6.5)
it can be written as the infimum of a family of uniformly Lipschitz functions
of A. Finally, from Proposition 6.2 we have that h*(t,u) = g*(t,u), so
hA(t, 1) is also Lipschitz continuous in A. O

We have the following immediate corollary.

Corollary 7.6. Let (t, 1) € Ry xPL(RP) and let h(t, ) be given as in (6.6).
We have imy_o Fn(t, 1) = h(t, p).

Proof. Let A >0, since &) is strongly convex on R? , it follows from Proposi-
tion 2.1 and (7.2) in Proposition 7.1 that

dim F(t, ) = (1, ).
We can then let A - 0 and use Lemma 7.5 to get the desired result. U
We can now complete the proofs of Theorems 1.3 and 1.4.

Proof of Theorem 1.3. Let p = Lq € PL(R,). Due to PL(RP) c P (RD),
the definition of & in (6.6) and (7.1) in Proposition 7.1 yield
(7.30) h(t,p) = sup  {p(v) - Te(p,v)}-
vePoo (RD)
The formula (1.14) follows from (7.30) and Corollary 7.6. The concavity of

the functional follows from Proposition 3.5 and (6.2). The last claim on the
uniqueness of maximizers that are monotone follows from Corollary 3.7. [

Proof of Theorem 1.4. This is a consequence of Corollary 7.6, the identity
h = g given in Proposition 6.2, and the expression of g in (6.5). O

Before proceeding with the proofs of Theorems 1.1 and 1.2, we record the
following result.

Proposition 7.7 (Other forms of Parisi formula). For every t > 0 and
p=LyePLRYY, we have

(7.31) NliTwFN(t’“):q?me {w(ﬁqm')—f(ti)*dﬁq'}

1
(7.32) = swp {0 (Le) - [ ()" (a"(5) - a(s) ds}.
9"€Qe0 0
Proof. We denote by v(X) the variational formula in display (X) and by
v*(X) the variational formula in display (X) where ¢ is replaced by &) therein.
We have
v(7.2) < v(7.31) < v(7.32) < v(7.1),

where the first inequality follows from the identity in (7.25) and the last
inequality follows from [y (t€)* (q' - q) > Ti(Lq, Lq') (due to the definition
of T¢ in (1.13)). We now argue that v(7.1) <v(7.2).
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For every 7 € P(RY x RP) we have by monotone convergence

lim [ (1) (y-2)dn(z,y) = [ (16" (y=)dm(a.y)

In particular, writing

(11 = sup {o(m) - [ () - )l ).
mell(p,)
we see that v*(7.1) is lower semi-continuous in A as a supremum of con-
tinuous functions of A. By Proposition 2.1 we know that for every A > 0,
limy_ oo F?v(t,p) = v*(7.2), so according to Lemma 7.5, v*(7.2) is a con-
tinuous function of A € R,. From Proposition 7.1 we have for A > 0,
vA(7.2) = v*(7.1). Letting A — 0 in this we obtain v(7.1) < v(7.2). This
completes the proof since limy oo Fn(, 1) = v(7.2) by Proposition 2.1. O

Proof of Theorem 1.1. The formula in (1.11) is given by Proposition 2.1 at
i =0dp. The formula (1.12) is given by (7.31) at u = do. O

Proof of Theorem 1.2. We start by proving that the variational formula in
(1.12) admits a maximizer 7. According to the refined version of the Parisi
formula given in [9, Proposition 6.1], we know that the supremum in (7.2)
can be taken over p € Q. satisfying |p|p~ < C for some fixed constant C' > 0.
By [13, Lemma 3.4], for every p € [1,+00), the set of p € Q. satisfying
Ip|r < C is compact for the convergence in LP. Therefore, since by (2.15)
the function 1 is Lipschitz continuous with respect to the topology of L'
convergence, there exists a maximizer p € Qo for the variational formula in
(7.2). Choosing i = L5 and 7 = V&(Ti), we have that fi and 7 are maximizers
of the variational formulas in (1.11) and (1.12) respectively.

Let 1,7 be maximizers of formulas (1.11) and (1.12) respectively. Recall
the expression of 6 in (7.25). By Theorem 1.3 at u = dp and the simple fact
due to (1.13) that 7;(do,v) = [(¢€)* dv for any v, we have that (tV€)(q)
and 7 are maximizers of the variational formula in (1.14) at p = §p. The
uniqueness thus follows from the said theorem. Consequently, we also have

7 = (tV6)(7). O

We can in fact extend the statement concerning the uniqueness of Parisi
measures in the following way.

Proposition 7.8 (Uniqueness of Parisi measure II). For every t > 0, the
suprema in (7.31) and (7.32) are each achieved at exactly one path, say
q’ and Q" respectively, and these paths satisfy q+q =q”. Moreover, the
supremum in (2.20) is achieved at paths p satisfying tVE(P) =q' .

Proof. For the existence of maximizers, as explained in the proof of Theo-
rem 1.2 a simple compactness and continuity argument yields the existence of
a maximizer p € Qo for the variational formula in (7.2). Then, the suprema
in (7.31) and (7.32) are achieved at g’ =tV&(p) and §” = q + @’ respectively.
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This verifies the existence part. For the uniqueness part, notice that it suffices
to show that for (7.32). Let q” be any maximizer of (7.32), and let us write
V=L € PL(RY) and F = limy e Fn (¢, p). Then, Law(q(U),q"(U)) is a
coupling of (u,7) and we have

F=u(Lp)- [0 @) -a)ds < w@-Ti(wr) < F

Hence, the supremum in (1.14) is achieved at 7. By Theorem 1.3, such
7 is unique in P](R?) and thus §” has to be unique. Similarly if g’ is a
maximizer in (7.31), then q + @’ is a maximizer in (7.32). Thus g’ has to be
unique and satisfy q+q =q". O

8. EXPLICIT REPRESENTATION IN TERMS OF MARTINCALES

The goal of this section is to prove Theorem 1.5. One ingredient of the
proof of Theorem 1.4 is a representation of the function 1 as, for every
pePl(RY),

(8.1) ¢(u)=)i£3f€{f xdu—w*(x)}-

In this representation, the set X and function 1, are not uniquely determined.
In order to derive Theorem 1.5, the main task compared with the proof of
Theorem 1.4 is to derive a more explicit representation of this function 2.
To do this, we will rely heavily on ideas developed in [42], where very similar
results are proved for models with scalar spins.

We recall that we give ourselves a probability space & = (Q, F,P) with

associated expectation E, and (F1(t))e0, ---, (Fp(t))i=0 an independent
family of complete filtrations over &, which each comes with an adapted
Brownian motion (Bi(t))e0, --., (Bp(t))0. We denote by Marty, ...,

Martp the spaces of bounded martingales over &2 with respect to the
filtrations (Fi(t))ss0, - - -, (Fp(t))es0 respectively, with Mart = [T, Mart,.
When we want to make the dependence on the underlying probability space
explicit we write Mart(4?) in place of Mart.

We recall that the functions ¢4 : P1(Ry) - R, ¢g : Ry x R - R and
¢; Ry xR - R are defined in (2.16), (1.21), and (1.22) respectively. Since
we have assumed that 74 is not a Dirac mass, it follows that for every ¢ > 0,
¢a(t,-) is strictly convex on R. Adapting the proof of [42, Lemma 2.2], we
obtain the following explicit representation for .

Proposition 8.1. For every de [D], T; € R, and vy € Pso(Ry) supported
in [0,Ty], we have

(8:2) ta(va) = et B ¢3(Ta, 0a(Ta)) = V204(Ta) - Ba(Ta)

Ty
- fo Vd[O,t]a?l(t)dt].
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In addition, there is a unique minimizer ag € Marty in (8.2) and it must
satisfy aq(t) = 0, Py, (t, Xa(t)) a.s. for almost every t < Ty, where X4 is the
unique strong solution to

o3 dX () = 204[0,t] 8, ®,, (t, Xq(t)) dt + /2dBy(t),
(8:3) X4(0) =0.

We next recall that, for each o € Mart, we have defined y, : R? - R
in (1.20).

Proposition 8.2. For every v € Pl (RP) with marginals vy,...,vp and
T =(T1,...,Tp) such that for every d € [D], the measure vy is supported in
[0,Ty], we have

(8.4) ¢(V)=M%\T/}£rt{ [ Xadv = xa(T)

D
3 A B 65T 0a(T)) - VBa(T) - BT |
d=1

In addition, there is a unique minimizer o € Mart in (8.4) and it must
satisfy aq(t) = 0Py, (t, Xa(t)) a.s. for every d € [D] and almost every t < Ty,
where X is the solution to (8.3).

Proof. By integration by parts, we have for every d € [ D] that
Ta 2 Ta 2
fo va0, 1B [02(1)] dt = f f E[o3(1)] dtdva(s),
and thus, due to (1.20),
D Ty 5
Z Aoo,d /0 vq[0,t]E [ad(t)] dt = xo(T) - f Yo dv.
d=1

Using this, the decomposition of ¢ into 14 as in (1.8), and the formula (8.2),
we obtain (8.4). O

Given T = (T1,...,Ty), for every o € Mart, we let

D
(0) = ~Xa(T) + Y. Moo dB [ 03(T, aa(Tu)) = V20u(Ta) - Ba(Ta) |
d=1
and
Ko ={((a), (B[a3 ()Dety - (Blad(#) Dicr,) | o € Mart,

E[63(Ts, aa(T1))] < +oo}.

We also let K denote the closed convex hull of K. Since Mart depends on
the underlying probability space &, the sets K and Ky also depend on .
When we want to make this dependence explicit, we will write K(%?) and
Ko(2). For convenience we will also let Kp = [14[0,74].
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Proposition 8.3. For every p e Pl (RP) and T = (T1,...,Tp) such that
supp(p) +tvE([0,1]P) ¢ [Taerp100, T4], we have

) lim Fy(t,p)= inf /5(1_},
(8.5) m Fw () (@}'Iyl)eK{ Xydp =

where X~ is given by x,(z) = Zé):l Aoo,d fo ¢ va(s)ds.
Proof. According to Theorem 1.3, we have
lim Fy(t,p)= sup  {Y()-Ti(pv)}.
N—+oo vePoo (RP)

In view of the more precise statement of the Parisi formula for multi-species
spin glasses given in [9, Proposition 6.1], the supremum in the previous display
is reached at a probability measure supported on supp(u) +tvE([0,1]P), the
assumption on 1" implies

supp(p) + tvE([0,117) € K.

So, the supremum in the first display of this proof can be restricted to
v € P(Kr) and thus, thanks to Proposition 8.2, we have

im F - nf [ Xadv - xa(T
NIE}’—IOO FN(taM) V€7S>1(1,IC)T) ae%\I/}art{ Xa @V =X ( )

+ i Aco,d B [¢2(Td>ad(Td)) ~V20,4(Ty) - Bd(Td)] - Te(u, V)}-
=1

For (p,v) € K, let Gt (v;0,7) = [ YgAd,coLadv —p—Ti(p,v) where we have
set Dg(z) = [;"* va(s)ds. The previous display can be rewritten as
lim FN(ta ,LL) = sup inf Gt, (Vv ©, 7)7
N—+oo veP(Kr) (#:7)eKo g
Since Gy, (v;-) is affine, we can replace Ko by K in the previous display, to
obtain

lim Fy(t,p) = sup inf Gy, (v;0,7).
N—+oo ( H) VGP(,CT)(SO,’Y)EK tu( )

Observe that the function Gy ,,(v;-) is continuous on R x L' and Gt (-5 ¢,7)
is lower semicontinuous with-respect to the topology of weak convergence.
In addition, Gy, (v;-) is convex and Gy ,(-;p,7) is concave because of (6.2).
Therefore, we can apply Sion’s min-max theorem and obtain

lim FN(t M) = inf sSup Gt, (l/7 ©s ’Y)

N—+oo (e)eK veP(Kr) g

From Lemma 6.4, Remark 6.5 and the fact that supp(u) +tvE([0,1]7) € Kr,
we have that for every (p,7) € K,

sup Gt,u(vsso,’y)=f5tx7du—<p,
VEP(’CT)

where . is given by x+(2) = X201 Aeod fo@ va(s)ds. This yields (8.5). O
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Proposition 8.4. Assume that there exists a uniform random variable
U: 2 —[0,1] that is F4(0)-measurable for every d € [D]. Then (1.23) holds
with Mart = Mart(.2).

Proof. Since Ky <€ K, Proposition 8.3 implies
8.6 lim Fy(tp)< inf {fs dpu - }
(8.6) i Fy () et ) tXadp — p(a)

So we only need to prove the converse bound. Let # denote the D-
dimensional Wiener space with the canonical random variables (W (%) )0
equipped with D filtrations, each generated by a component of the canonical
random variables. Let K1(#") be the convex hull of Ko(#'). We can apply
Proposition 8.3 to the probability space #', and obtain from (8.5) that (we
can replace K(#') by K1(#') using a continuity argument)

lim Fy(t,pu)=  inf de—}.
i F(t ) (sm)ler}ﬁ(W){ yTH T

Now, let (¢,7) € K1(#). By the definition of K7 (#) as the convex hull of
Ko(#), there is an integer n € N and constants c,...,c, € [0,1] such that
Yici=1and oM ... a(™ e Mart(#) such that

= cip(a®),
=1

valta) = f;ciE[(ag“(td»?].

For every d € [ D], there is a canonical embedding from Mart (%) to the sets
of martingales in Mart,(£?) that are independent of F4(0). This is because
we can identify Wy with the Brownian motion By. Thus, for every i < n and

d < D, we think of agli) as an element of Mart;(?) that is independent of
F4(0). Now, by the assumption on & in the statement of Proposition 8.4,
there exists a random variable I : & — {1,...,n} such that

P(I=1i)=¢, VY1<i<n,
and such that I is F4(0)-measurable for every d € [D]. We let

Ba(t) =P (#)

Since [ is F4(0)-measurable and ay) e Mart; () is independent of F;(0),
we have that 8 € Mart(2?). Furthermore, it is easily verified that

¢ =0(B),

va(ta) = B[(Ba(ta))?]-
From this, it follows that

fStx»ydu—swathdu—so(ﬂ)z inf {f Stxadu—sO(Oé)}-

acMart(2)
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and thus
lim Fy(t,pn)=  inf f Sy dpn — }
i F(t ) oot 7/){ ixydp — @
> SiXad
aeMart(Kﬂ){/ tXa G C)O(OZ)}
This along with (8.6) implies (1.23). O

Proposition 8.5. There ezists a probability space P such that (1.23) holds
with Mart = Mart(2?) and the infimum appearing there is achieved.

Proof. We let &2 be a probability space such that Proposition 8.4 holds and
let o™ ¢ Mart(2) be such that

Jim [ Siuerdu-w(@®) = lim Fy(t,p).

Since Proposition 8.4 holds, for n large enough, in view of (1.23), we must
have E[QS:[(Td,a((in)(Td))] < +o00. The definition of ¢4 in (1.21) and that of
¢ in (1.22) imply that, for each d € [D] and for t < T, ay(t) is valued in
[-1,1] a.s. In particular, the sequence (((aén)(t))OstsTd)de[D])neN (indexed
by n) is tight. Applying Prokhorov’s theorem and Skorokhod’s representa-
tion theorem, not relabeling the extraction, we obtain a probability space
Z = (Q,F,P) and random variables (B,(oq(tl),...,aD(tD))td€[07Td]n@)
such that, for every integer | € N, every continuous bounded function
J:Rx (RP) - R, and ¢ = (tg)de(p] € Maep[0,Ty] for 1 < i < I, we
have

- (n) (41 M) () T | !
nEerEJ(B,a (t),....a™ (@) =EJ (B,a(t),..., ("))

where o™ () = (oz (t ))de[p]- For tq < Ty, we let Fa(tq) denote the
o-algebra generated by (Bd(sgl))sdE [0,t4]n0 and (@a(sa))sef0,t,)n0- We set
aq(tq) = E[ag(Ty)|[Fa(ts)], by construction ag € Marty( ) with respect to
the filtration (Fy(tq)) <1, Letting n — +oo, it can then checked as in [42,
Lemma 2.5] that

NliTwFN(t,u)=fStxadu—<P(a)-

Therefore, we get

lim Fy(t,pn)> inf {f Stxad,u,—go(a)}.
N—+oo aeMart(2)
Since the converse inequality holds thanks to Proposition 8.3, we obtain the

desired result. O

We are now ready to prove Theorem 1.5. Note that as a consequence of
the proof below, in addition to the announced result we will observe that a
condition similar to condition (1) in [42, Theorem 2| (i.e. that the support of
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the Parisi measure is contained in the set of maximizers of ftl(s - E[@?])ds)
is satisfied by the optimal martingale @, see Remark 8.6 below.

Proof of Theorem 1.5. We let
P(r0) = [ Xadv - g() = Ti(,v).

Let 2 be a probability space such that Proposition 8.5 holds. This means
that we have

lim Fy(t,p)= inf  sup T'(v,a),
N—+oo aeMart(Z) veP(Kr)
and that the infimum in the previous display is reached at some @. Now let T
denote the unique maximizer in (1.14). As discussed at the beginning of the
proof of Proposition 8.3, thanks to [9, Proposition 6.1], we have 7 € P(Kr),
hence

lim Fy(t,p)= sup inf  I'(v,«a).
N-—+o0 veP (K1) aeMart(2)

In particular, for every v € P(Kr) and o € Mart(#), we have

I'(7,a)> Jim Fn(t,p) >T(v,@).
—+00

Choosing o = @ and v = ¥, we obtain limy_0 Fy(t,p) = T'(7,@). In
particular the previous display reads

I'(7,a)2T(v,a)>T'(v,a).

In particular @ is a minimizer of I'(7,-), this means that @ is a minimizer
in the variational formula (8.4) with v = 7. According to the optimality
condition in Proposition 8.2, we have that @ is uniquely characterized and
satisfies aq(t) = 0, Py, (t, X4(t)), where Xy solves (8.3). In particular, oy
is measurable with respect to the filtration generated by By. This means
that @ lies in the image of Mart(#) in Mart(Z) through the canonical
injection (recall that # denotes the Wiener space and that the canonical
injection is obtained by replacing the canonical Brownian motion W by B).
From this, we obtain that for any probability space &, there is a copy of &
in Mart(.2?) that we still denote @ for convenience. Thus we have

lim Fa(t, =/Sad— > inf {fSad— }
m Ea(tp) Xadp—pla)> inf Xadp = p(a)

The other bound follows immediately from Proposition 8.3 recalling that
Kyc K. O

Remark 8.6. Also observe that from I'(7,@) > I'(v, @), we have that

fx@dﬁ—Tt(u,?DfXadv—ﬂ(u,V)-
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Taking the supremum over v € P(Kr) on the right-hand side, using Lemma 6.4
and rearranging, we obtain that

fXadﬁ—fStXaduﬂE(ui)-

This means that xz is a Kantorovich potential from p to 7 (see Definition 6.1).

This condition replaces condition (1) in [42, Theorem 2] (i.e. that the

support of the Parisi measure is contained in the set of maximizers of
1 _

Ji (s - E[aZ])ds). 0

APPENDIX A. PROOF OF THE 2-DIMENSIONAL INEQUALITY FOR &*
In this section, we give a proof of Proposition 4.2.

Proof of Proposition 4.2. Let us first show that without loss of generality we
may assume that ¢ is strongly convex on R2. Assume that Proposition 4.2
holds when ¢ is further assumed to be strongly convex. Applying Proposi-
tion 4.2 to the function &, =& + %| -2, we obtain for all real numbers a < a’
and b< b,
&x(a,b) + & (a', V') <& (a’,b) + &3 (a, ).

Thus, to show that (4.3) holds for £, it is enough to show that for every y € R?,
& (y) > € (y) as A > 0. We fix y € R?, the sequence (£5(y)), increases as A
decreases to 0 and is upper-bounded by £*(y), we denote by £ € [0,£*(y)]
its limit. In addition, for every x € R?, we have &;(y) >z -y — &(z) - %|.%'|2
letting A — 0 in this inequality yields

0=1m & (y) > vy —&(2).

Taking the supremum over z € R? in the last display, we obtain £*(y) < £.
Thus limy_0 &5 (y) = £*(y), as desired.

In view of the previous argument, we will assume that £ is A-strongly
convex for some A > 0 for the rest of this proof.

Step 1. We show that for every y € R?, the supremum in the definition of £*(y)
is reached at a unique point xopt(y) € R2 and that we have |zopt(y)| < [y]/A-
We fix y € R2. Since ¢ is strongly convex, the map = + -y — £(z) is
strongly concave on R2; so it has at most one maximizer. In addition, we
have for every = € R? that £(z) > %|x|2 Hence for |z| > 2|y|/\, we have

A A .
ey =€) <lellyl - Sl <lzl(yl - Zlal) <0 <€ (w).

It follows that
£ (y)=sup {z-y-&(x)}.

zeR2

|lz|<¥
The optimization problem in the last display has an optimizer zqp(y) € R?
satisfying [zopt (y)| < [yl/A.



62 THE CONVEX STRUCTURE OF THE PARISI FORMULA

Step 2. We show that zopt(y) =0 if and only if y = 0.

If y = 0, the condition |zept(y)| < |y|/A imposes zopt(y) = 0. Conversely, if
we have zopt(y) =0, then £°(y) = 0. We will show that £*(y) > 0 for y # 0.
Let 7 > 0, the function ¢ is C%! on the ball 0 of center and radius r in R2. In
particular, since we have assumed that V£(0) = 0, there exists 6 = 6(r) >0
such that for every |z| < r

() <€(0) + VE(0) - + Llaf? = Dol

For |y| < Ar, chosing = = ey for € > 0 small enough, we have |z| < r and
|z| < |y|/A, this yields

* 952 Qe
E W) 2wy -&(2) > elyl” - = [yl = elyl’ (1 - 3) > 0.

Step 3. We show that £* is Cb! on R?. In particular, £* is differentiable
on R? and its gradient is a Lipschitz function which is itself differentiable
almost everywhere.

We know that £* is convex, so it is enough to show that the function
y= & (y) - %|y|2 is concave on R2. We have

«S*(y)—%Iylg=§3§{w-y—%lyl2—£(fﬂ)}
_ S I, o R PO Y
_:35{_2 eV (f(m) la )}

Thus, y ~ £*(y) - %|y|2 is the supremum of a jointly concave functional on

R? x R? so it is concave on R2,

Step 4. We show that for y € R?, | zopt(y) = VE* ().
We fix y € R2,, we have for every y’ ¢ R?, and x e R?,,
§W) 2 Tapt(y) -y = E(@opt ()
= Topt () Y = E(@opt () + Topt (¥) - (' ~ )
=& (y) + zopt(y) - (¥~ ).

This means that for every v € R? such that |v| = 1, we have for £ > 0 small
enough y +cv € R?, and

§*(y +ev) =& (y)

3

2 xopt(y) .
Letting € — 0, we obtain

Vﬁ*(y) U2 xopt(y) U
Since the last display is valid for all v in the sphere of radius 1 in R?, it
imposes that VE*(y) = zopt (v)-

Step 5. We show that 9,0,¢* < 0 almost everywhere on R2.
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Step 5.1. Letting V = VE(R2,), we show that R2, \V = U, u U, where
Us = {y e R2, N\ V]zopa = 0} and Uy = {y e RZ, \ V|zopp = 0} are disjoint
open sets.

Clearly U,uU, € R%2, \V. Conversely, let y € R?, \V, and by contradiction
assume that zopt(y) € R2,. Perturbing slightly around zopt(y), we get the
first order condition and V&(zopt(y)) = v, this is a contradiction. Hence,
we have Topt,a(y) = 0 or Zopp(y) = 0. This proves that R2, N\ V = U, U Uj,.
By Step 2, we must have U, n U, = @. Finally, let us show that U, is open.
Given y € Uy, we have Zopt o(y) = 0 and zopt p(y) > 0. By Step 4, zope p(y) is
a continuous function of y so for every 4’ € B.(y) ¢ R2, \ V with r > 0 small
we have Zopt p(y') > 0. This imposes Zopto(y’) = 0 as otherwise y' € V' and
thus B,(y) € U,. This proves that U, is an open set and by symmetry we
also have that Uj is an open set.

Step 5.2. We show that 9,0,¢* <0 on V = VE(R2)).

According to Step 3, &* is differentiable with Lipschitz gradient on R2.
According to (5.7) in Lemma 5.4, we have that for every = € R?,

§(Ve(x)) =z vE(z) - &().

Differentiating the expression in the previous display, we obtain V&*(VE(x)) =
x. Now let y € V, there exists € R?, such that y = V&(z), and we have

VE(VE () = VE(VE (VE(x))) = VE(x) = v.

Finally, since ¢ is strongly convex on R2, the function V¢ is continuous and
injective on R2, so by invariance of domain, V is an open set. Differentiating
the last display with respect to y € V', we obtain that for almost all y € V,

VI (y) = [VPE(VE ()]
The 2 x 2 matrix A = V2£(VE*(y)) is symmetric positive definite and has
non-negative coeflicients, this is because the condition (1.3) imposes some
positivity constraint on the coefficients of the power series expansion of &
as explained in Remark 5.11. Since (A1) g = —det(A)™' Ay, we obtain that
(A1) <0, as desired.

Step 5.8. We show that 0,0,¢* < 0 almost everywhere on U, U Up.
Let y € Uy, we have opta(y) = 0 and 2opt 4(y) > 0, so
§*(y) = sup {xpyp — £(0,2p) } -

zb>0
The value of the unique optimizer in the previous display is Zopts(y). In
particular, zopt () is independent of the value of y, and by Step 4, we have

& (y) = Zopt,p(y). Thus, for almost all y € Uy, 0,0p¢™ (y) = 0. By symmetry,
this also holds for every y € U,

Step 5.4. We show that the boundary of V in R2, is a Lebesgue negligible
set.
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Let us show that the boundary of V is VE(R2 \R2,). Since R? \ R2, is
Lebesgue negligible and V£ is a smooth function, the desired result will follow.
Let V denote the closure of V in R2?, and let y € V. There exists a sequence
(z,)n in R2, such that V&(z,) — y. The sequence (V&(zy,)), is bounded
and V&(z,) — Az, € R? so the sequence (1), is bounded. Let 2 € R? denote
a subsequential limit of (z,),, up to extraction we have y = lim,, V&(z,,) =
vEé(x). Hence V ¢ VE(R?). Conversely given y € VE(R?), for some 2 € R?,
we have y = V&(z) = lim, V(x4 + %,:z:b+ %), soyeV. Thus V = V&(R?) and
VNV = VE(RZ) N VE(R2,). Since € is assumed to be strongly convex on R?,
V¢ is injective on R2 and we have VE(R2) \ VE(R2,) = VE(RZ W R2,). Thus
VNV =vER2 \R2,) as announced.

Step 6. We show that (4.3) holds when & is A-strongly convex.

We let a < a’, b< b, such that a #+ a’ and b+ b'. This way a’ = a+h and
b =b+k for h,k e R?,. We then have

(€"(a,0) = €°(d,0)) = (£*(a,0") = " (a', 1))
- fo 1 fo RkO,OE" (a+ th, b+ sk)dsdt.

According to Step 5, the right-hand side in the previous display is the integral
of an almost everywhere nonnegative function, so it is nonnegative and

(5*(0’7 b) - 5*(a/7 b)) - (5* ((Z, b/) - 5* ((1,, b/)) 2 0.
Rearranging the terms in the previous display, we obtain (4.3) when a # a’
and b # b’. Finally, by continuity of £*, the inequality (4.3) holds even when
a=a orb=10". O
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