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Introduction

Novikov homology is a homology with twisted coefficients whose values belong to a suitable
completion of a group ring, “in the direction” of a given homomorphism from the group to R.
Usually, the group is the fundamental group of some topological space, in particular a smooth
manifold. In the latter case, the homomorphism can be identified with the cohomology class of a
closed differential one-form. This homology was introduced by S.P. Novikov [No 1981] [No 1982]
as the right object for the generalization of the Morse inequalities from critical points of functions
to critical points of circle-valued functions or more generally zeros of closied one-forms.

Since for this generalization one needs a principal ring (or a field), Novikov considered only an
Abelian version, which geometrically corresponds to working on an Abelian covering, for instance
the integration covering associated to the kernel of the homomorphism. The general version, which
amounts to working on the universal covering (or any intermediate covering) was introduced in
[Sik] in 1987. It appeared that the the first-dimensional Novikov homology is very closely related
to the sigma-invariants of groups defined at the same time by R. Bieri, W.D. Neumann and R.
Strebel [BiNeRe], and the higher dimension Novikov homology is similarly related to the higher
invariants of Bieri and B. Renz [Bi-Re]. These invariants measure finiteness properties such as
the finite generation or properties F'P(n) of the kernel of the homomorphism (finite presentation
being a more delicate question). There have been many papers devoted to these invariants since
their definitions, but very few taking the point of view of Novikov homology (in part because of
the restricted distribution of my 1987 thesis).

Another application of Novikov homology is to the problem of fibering a (closed) manifold over
the circle, or more generally (by the “Abel-Tischler” theorem [T1i]) the existence of a non singular
closed one-form in a given cohomology class. The first problem was solved in high dimensions
by L.C. Siebenmann [Sie|, and the general one was solved in dimension three by W.P. Thurston
[Thu], in terms of his norm on the one-dimensional cohomology. The general problem in high
dimension was solved by F. Latour [Lat] using Novikov homology, and the case of dimension three
was reinterpreted in terms of sigma-invariants by Bieri-Neumann-Strebel and in terms of Novikov
homology in my thesis. But many questions remain in the three-dimensional case, especially the
relation with the Thurston norm and various notions of twisted Alexander polynomials. There
are also famous questions conerning three-manifolds fibering over the circle, for which Novikov
homology seems to be useful. One was recently solved by S. Friedl and S. Vidussi [Fr-Vi 2011], the
equivalence between classes in H'(M?3;R) containing a nonsingular closed one-form and those in
H?(M x S*;R) containing a symplectic form (sometimes called “Taubes’ conjecture”), the other
is of course the famous one of Thurston whether most closed (irreducible) three-manifolds have a
finite covering which fibers over the circle.

Let us now describe the contents of this paper.

In Section 1, we define the Novikov ring Z[G]¢ associated to a group G equipped with a nonzero
homomorphism ¢ : G — R, as a suitable completion of the group ring Z[G]. We study some of
its properties, in particular the description of special invertible elements and invertible matrices.
Also, we prove that it is stably finite, ie every matrix with coefficients in Z[G]¢ which is right and
left invertible is square, and every square matrice which is right or left invertible is invertible.
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In Section 2, we define the Novikov homology H (C\, &), where C, is a chain complex which is
free over Z[G] and G is equipped with a nonzero homomorphism ¢ : G — R. In particular, taking
the standard resolution of G we obtain the homology H (G, &), which is the homology of the group G
with coefficients in Z[G]e. More generally, one considers a chain complex equivalent to the singular
complex of a topological space, obtaining thus the topological Novikov homology H (X, ¢), with
¢ € H'(X,R) nonzero. We give a computational criterion for the vanishing of Novikov homology.

In Section 3, we define the notion of geometric closed one-forms and study topological Novikov
homology.

In section 4, we characterize computationally classes with vanishing Novikov homology. In
degree one, this takes a special form which will be often used.

In Section 5, we study homology of degree one, more precisely we give a large number of
properties equivalent to its vanishing: group-theoretic, geometric, dynamical etc.

Section 6 is the heart of this paper, relating Novikov homology to the sigma-invariants of
groups and thus to finiteness properties.

In Section 7, we describe the Morse-Novikov (the ”Thom-Smale-Witten” version) complex
which for Novikov was the starting point.

In Section 8, 9 and 10 we study the Abelian case, in particular the relation with the Alexander
polynomial.

In Section 11, we study the case of three-manifolds.

In Section 12, we study a problem about units in group rings and Novikov rings, whose solution
has some nice applications to group theory and three-dimensional topology.
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1 Novikov rings

1.1 Definitions. Let G be a group. We denote by Z[[G]] the additive group of formal series

A= Z ng(A)g , ng(\) € Z.
geG

The support of X is supp(A) = {g € G | ng(X) # 0}. The elements of finite support form the group
ring (or group algebra) Z[G].

The homomorphims ¢ : G — R form a vector space Hom(G,R) = H!'(G,R). When it it
finite-dimensional, which is the case if G is finitely generated, we denote by b;(G) its dimension
(first Betti number), and we equip it with the canonical vector space topology.

We note N'(G) = Hom(G,R) \ {0}, and S(G) = N(G)/R’, the action being by homotheties.
If H'(G,R) is finite-dimensional, it is a sphere dimension b1(G) — 1. The class of £ in S(G) is
denoted by [¢].

If £ € N(G), the Novikov ring associated to (G,§), denoted by Z[Ge, is by definition the
subgroup of all series A € Z[[G]] whose support is “infinite only in the direction of £”:

Z|Gle == {X € Z[[G]] | (Vr € R) supp(\) N & ([—o0,7[) is finite}

+o0
:{Zaigi la, €Z, g; € G, i< Nor lim &(g;) = +oo}.
i—0 71— 00

It clearly depends only on the class [{] € S(G). Thus we can write Z[G]¢ = Z[G]¢).

Lemma. Let A, B C G be such that (Vr € R) A and B intersect E~([—C, +00]) in a finite subset.
Then (Vr € R), {(a,b) € A x B | {(ab) <r} is finite.

Proof of the lemma. If A or B is empty, it is obvious. If not, £(A) and {(B) have a smallest
element o and B. If (a,b) € A x B and £(ab) < r, {(a) < r — [ and £(b) < r — a, thus there are
only finitely many possibilities for (a,b).

Corollary. The group Z[Gl¢ can be equipped with the obvious mulitplication

MAa=Y " > ng(M)ng (M)
9€C g; € supp(\;)
9192 = ¢

It becomes a unital ring, which contains Z[G] as a subring.

1.2 Example: G = Z. The group ring Z[Z] can be identified with the Laurent polynomials
Z[t,t71]. We have S(Z) = {[Id], —[Id]}, with both elements giving clearly isomorphic Novikov
rings. If £(t) > 0, one has

+oo
Z(zle = 2[et ™) = { 3 nit' | s € 2},

It is easy to adapt the Euclidean division algorithm to prove that is a Euclidean ring (see below a
more general version). In particular, it is a principal ideal domain, which implies that free finitely
generated complexes over Z[Z]¢ satisfy the Morse inequalities (see below).
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1.3 Valuation, minimal part

Let A = ) ngyg be an element of Z[G]¢. Its &-valuation is ve(N) := min(§|supp(A)), with the
convention ve (0) = +oo. Its {-minimal part and its §-tail are

me(A) == Z ngg
glé(g)=ve(N)
te(N) == A — me (M),

so that ve(te(X)) > ve(A) if X # 0. We shall say that X is {-simple if me(\) = ng with n € Z* and
g € G. In that case, we define ng(A) :=n, v¢(A\) := g. We extend n¢ by setting n¢(0) = 0. Clearly,
ne(Ap) = ng(AN)ne(p) when ng(X) and ng(p) are defined.

For E C R, the subgroup of all A € Z[G]¢ with support in E will be denoted Z[G]¢ g. For
r € R, one has a decomposition

Z|Gle = Z[G¢ )—c0,r) @ Z[G¢ 0 400(»

the first subgroup being contained in Z[G]. We write * = z¢<, + Z¢s, the decomposition of
x € Z[G]g
Converging series. If (),) is a sequence of elements of Z[G|¢ (in particular of Z[G]) such that
+oo
ve(Ap) = +00, Z Ap is clearly well-defined as an element of Z[G]e.
n=0

1.4 Trivial invertible elements in Novikov rings and matrix rings

Let X be a nonzero element of Z[G]¢. If me() is invertible in Z[G], X is invertible in Z[G]¢,
with inverse . . . i
AT = (me(N) (V)77 = (me(M) (1 +me(A) ™ e (V)
+oo

= (3" (=me(N) (W) me(N)

n=0

This is in particular the case if A is {-simple and ng(y) = 1. In that case, A will be called a trivial
invertible. The elements of Z[G] which are trivial invertibles in Z[G]¢ form a multiplicative subset
of the unit group Z[G];, which will be denoted by Se.

Example: if £(g) # 0, g — 1 is a trivial invertible in Z[G]¢, with, (¢ — 1)1 = = >"2, ¢" if £(g) > 0,

and (g — 1)1 =g"") g if &(g) <O.
1=0

Special case. Assume that Z[G] has only trivial invertibles, ie of the form +g. This is true for
instance if G is right-orderable, and conjectured to be true if G is torsion free (cf. [Seh 2003]).
Then all the invertibles of Z[G]¢ are such that me(\) is invertible in Z[G], thus are trivial.

Trivially invertible matrices. If S is a matrix in M,,(Z[G]¢) such that m¢(S) = Id,,, ie A can
be written S = Id,, + A with every coefficient of A in Z[G]¢ 1o, 400[ (or supp(A4) C]0, 4-00[), then S

is invertible in M,,(Z[G]¢) with inverse S~1 = 3,0 (—1)* AF We define

(Se)n = {S € Ma(Z[G)) | supp(S —1d,) €J0,+00[} , B¢ = | (Se)n-
neN



1.5 Well-definedness of the dimension of modules

Proposition. The Novikov ring Z|G¢ always admits a unital ring homomorphism to a field. Thus
every matric A € My, (Z[G]¢) which is right invertible satisfies p < q, and every matriz which is
right and left invertible is square. Equivalently, the dimension of a free and finitely generated
module over Z|Gl¢ is well defined.

Proof. The group G/ker¢ is nonzero, Abelian and torsion free, thus the ring Z[G/ker¢] is an
integral domain. The natural ring homomorphism f : Z[G]s — F' = Frac(Z[G/ ker§]) proves the
first assertion. This homomorphism extends obviously to matrices, and if AB = 1d,, € M,(Z[G]¢)
we have f(A)f(B) =1d, € M,(F), thus p <g.

Remark. This property is also true for any group ring Z[G], but the proof is not so easy. It is a
consequence of the fact that Z[G] is stably finite, see the next section.

1.6 Direct and stable finiteness of Novikov rings

Let R be a unital ring. One says (cf. Lam 1999) that it is

e directly finite, or von Neumann-finite, or Dedekind-finite, if every element of R which is right
invertible is invertible. Equivalently, zy = 1 implies yx = 1.

o stably finite, or weakly finite, if every matrix ring M,,(R) is directly finite.

I. Kaplansky has shown that every group ring is stably finite ([Kap] p.122-123, [Pas 1977] 1977
p.33-38, [E]). D.H. Kochloukova [Ko 2006] has shown that Z[G]¢ is stably finite if G is finitely
generated and ¢ is of rank one. In fact, we have the

Proposition. The Novikov ring Z[G¢ is always stably finite.

Proof. We adapt the proof of Kaplansky. For K > 1, define

ZIGE ={A=) ng€Z[Gle | (3C) (vreN) Y |ng|<CK"}.

g r—1<&(g)<r

Lemma. (i) The subgroup Z[G]? is a subring of Z|Ge.
(i) If S =1, + A € (X¢)n, C M,(Z[G]), te all the coefficients of X are in (§ > 0), then
(I, - X))t = Z(fl)kAk is in Z[G]? for some K > 1.
k=0
Proof of the lemma. (i) If A = ang and g = > mgyg are in Z[G]?, their product Ap = > pyg

with p, = Z npmy. Also, ng =mgy, = 0if £(g) < —N for some N. Thus
hk=g

r
PRV D DD DI D DI
r—1<¢&(g<r s=—N rs—1<£(h)<s r—s—1<g(k)<r—s+1

< Z CIKS(202K7“7$+1)
s=—N
= 20102(7” + N + 1)KKT
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o0

In fact Z[G]? is not a subring, example with G = Z: Z(?t)r ¢ Z[G]g. One should either
r=0

consider directly Z[G]¢™ = Uy, Z[G]E, or redefine

ZIGIE ={A=> ngg € Z[Glc | (3C,m) (vr eN) > |ng| <Cr™K"}.

g r—1<g(g)<r

(i)
The stable finiteness of Z[G]¢ can be reduced to the stable finiteness of Z[G]? for every K.

Indeed, consider an identity XY = Id,, in M, (Z[G]¢). Without loss of generality, we can assume
that the coefficients of Y belong to Z[G|¢so. For r € R, we have

Xe<oYe<o =ldn — Xe<pYeor + XesrYe<r + Xeor Yo

For C large enough, the right-hand-side belongs to ¢, thus is invertible in Z[G]¢. Thus X<,
has a right inverse Z in M, (Z[G]¢), which moreover belongs to Z[G]? for some K, and also has
coefficients in Z[G|¢so. If Z[G]¢ is stably finite, one also has ZX¢<, = Id,, thus ZX — Id,, has
coefficients in Z[G]¢>o, thus ZX is invertible in M,,(Z[G]¢), and X is left invertible

Define the trace 7, : Mn(C[G]?) — C which associates to A = (a;,;) the coefficient A in the
decomposition tr(4) = >_ .5 Ag- The key point is “Kaplansky Positivity theorem”:

Lemma. A nontrivial idempotent E € Mn(C[G]?) satisfies 0 < tr(E) < n.

Proof of the lemma. We define the conjugacy Zg Agg = Zg Ag~1, and the adjoint (a; ;)* = (a;;).
Every matrix in MH(C[G]?) can be uniquely written » ., Agg with Ay € M,,(C). We fix C > K,
and we equip H = M,,(C[G] ? ) with the Hermitian inner product

()" A49,> Byg) = m(AB*)C~*W),
g g g

the convergence being guaranteed by the exponential growth condition. This makes it a Hilbert
space. Note that 7,,(\) = (A, 1). We denote by

D=

1Al = (A, A)7 = (AA*,1)% = 7,(A)7,

the associated norm.

It suffices to prove 7,(E) > 0, since this will also apply to the nontrivial idempotent Id,, — E.
The subspace EH is complete, thus closed, thus there exists a unique F' = FA € EH which
minimizes ||Id,, — F'||. Since E # 1d,, Id,, ¢ EH thus F' # 0. Also, (X,Id,, — F') = 0 for every
r € EH. For X = F, this gives 7,(F) = ||F||?>. For X = (Id,, — F)EE* = E(E* — AE*)), we
obtain

|E - FE||? = (1d, — F)E, (Id,, — F)E) = (E(ld,, — F)EE*,1d, — F) = 0.
Thus F = FE, and
Tn(E) = 1 (FE) = 1,(EF)
= 7,(F) since F = EA and E* = F
~ P2 > 0.



Corollary. Every subring R C Z[G]¢ is stably finite.

Question. Is Eng[G] stably finite ? This would follow from the injectivity of ¢. Note that, at
least, the dimension of modules on Eng[G] which are free of finite rank is well defined, because
of the ring homomorphism EgIZ[G] to Z[G|e.

Remark. This implies that a (left or right) linear map u : (Z[G]¢)™ — (Z]G]¢)™ can be onto only
if m > a. Actually, it suffices to remark that the Abelianization u%® : (ZIG/G)™ = (ZIG/G'e)"
is still surjective, and that Z[G/G']z is an commutative integral domain, thus contained in a field
K, thus we get a linear surjective map K" — K™.

1.7 Rings equivalent to the Novikov ring

Certain rings appear naturally which are in some sense (to be defined below) equivalent to

the Novikov ring. The first three below are subrings, the last one maps to it:

the subring Z[G]? generated by Z[G] and coeflicients of matrices in 3¢ and their inverses

the stable Novikov ring, defined when H'(G, R) has finite dimension: equip its dual H; (G, R) =
G /Torsion with a norm associated to a finite generating system, and define

Z[G]g M = {X € Z[[G]] | (3 C1,C2 > 0) &(g9) > r1ll[g]l| — C2 if g € supp(\)}

Then (A € Z[G]gt“ble) is equivalent to (A € Z[G], for 1 close enough to ), a property that
Novikov included in his original definition.

the exponential Novikov ring Z[G]™" = U Z[G]?
K>1

the Cohn localization, introduced in this context by [Fa]. Consider all ¥¢-inverting rings, ie
pairs (R, p) where R is a ring and p : Z[G] — R is a ring homomorphism sending every matrix
in ¥¢ to an invertible matrix. Examples for R: Z[Gle, Z[G]7, Z[G]g*", Z[G]E™, p being
the inclusion. By Cohn 1985 (chapter 7, Theorem 2.1), there exists a unique (up to a unique
isomorphism) universal Y¢-inverting ring (EgIZ[G], po), and for every X-inverting ring (R, p),
p factors through pg. In particular, we have a commutative diagram

Z|G) — Z[Gle

Po e
S 'Z[G)

Since 7 is injective, pg is injective, thus zglz[G] can be viewed as an extension of Z[G].
However, it is not known whether ¢ is injective. This is obviously the case if G is Abelian,
since then it coincides with the usual localization S 17Z]G). Tt is also true if Z[G] embeds into
a skew field, in particular if G is right-orderable, and thus conjecturally if G is torsion free.

Properties. One has

0(3 'ZIG)) = Z[G)E C ZIGIE" N ZIG)P.

Proof. The inclusion on the right is obvious. For the equality on the left, extending i, pg and ¢
to matrices, po(X¢) is contained in the invertible matrices of Eng[G], thus cp(Zng[G]) contains
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the coefficients of matrices in ¢ o pg(X¢) = ¢ and their inverses, ie Z[G]?. Also, go_l(Z[G]gz) is a

universal Y¢-inverting ring, thus (p_l(Z[G]?) = Eng[G], thus @(Eng[G]) = Z[G]?.

The following Proposition gives the sense it which all ¥¢-inverting rings are equivalent to the
Novikov ring.

Proposition. Let (R, p) be a Y¢-inverting ring, with ¢ : R — Z[G]¢ the natural ring homomor-
phism. Let C, be a free and finitely generated R-complex such that Z[Gl¢ @, Cy is acyclic up to
degree m. Then C, s acyclic up to degree m.

Proof. By freeness, the acyclicity is equivalent to the existence of a Z[G]¢-linear homotopy h :
Ide, ~ 0, ie a degree one linear map h, defined up to degree m, ie an equation 0h + ho = Id.

Choose a basis B; of C; for all i € N. Then 9; : C; — C;_1 is given by right multiplication with
a matrix D; € Mp, B, ,(R). (This matrix is finite if ¢ < m, and has almost null columns always).
The homotopy is given by right multiplication with H; € Mp, p,,,(Z[G]¢) (finite for i < m), with
almost null columns always) such that

(Vi)  HiDis1 + DiH; 1 = 1dp,.

By convention, H; and D; are zero if i < 0. We want to find fIZ with the same properties as H;
but with coefficients in R. Denote (H;)<q € Mp, B,,, (Z[G]) a truncation of H; below some level
¢ = a. By finiteness, if a is large, we have

i+1

(\V/Z < a) (Hi)gaDi—i—l + Di(Hi—l)Sa = AZ € (Eﬁ)BL
Since R is Y¥¢-inverting, A; is invertible over R. Define
ﬁi = A;lﬁl S 1\/137;737./+1 (R)

Then, using Di—i—lDi = DiDi—l = 0, we have 1411)Z = l)zfi\'z_lDZ = DiAi—la thus DZAZ__ll = Ai_lDZ‘,
so that _

H;Diy1 +D;H; 1 = A;l((Hi)SaDi—l-l + Di(Hi—1)<a) = 1dsg,.
This proves the Proposition.

Remark. The restriction to finitely generated complexes is necessary for the proof, as one easily
sees. If G = Z so that Z[Z] =~ Z[t,t71], ¢ = 1d, consider the length-one complex C; = Z[Z]éN*) —
Z[Z]éN*) = (Cp with 0 represented by the matrix D = diag(1 —¢"). The D is invertible over Z[Z]¢,
but no matter how high we truncate Hy = D™, (Hp)<oD isn

However, in this example D is invertible over R if R is Y¢-inverting.

1.8 Faithful flatness

Recall that if R is a subring of S, S is faithfully flat over S if the following S® g preserves
exact sequences and non-exact sequences (cf. [Bou] p.44, [Mat] p.45). This is equivalent to the
linear extension property ([Bou| p.54): every solution over R of an linear system with coefficients
in S, is the sum of a solution over S and a linear combination over R of solutions over S of the
associated homogeneous system.

Question. If R is a Y¢-inverting ring and ¢ : R — Z[G]¢ is injective, is Z[G]¢ faithfully flat over
R 7 This is a much stronger property than the one described in the proposition of the preceding
section. In section 9.6, we shall see that this true if G is Abelian.
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2 Novikov complex, Novikov homology

2.1 Definitions
+oo
Let (G, &) be as in section 1, and let C, = @ C; be a chain complex of free left Z[G]-modules.

=0
By definition, the Novikov complez is obtained by extending the coefficients from Z[G] to Z[G]e:
+o0
Cu(§) = Z[G]e ®zic) C = @D Ci(¢) , 05 = 1dgq), Rz O

=0

Its homology is the Nowvikov homology:

= ker %
H(C..£) = H(C(€)) = D Hi(C..6) , Hi(Crr8) = ——.
=0

1 az‘£+1

If we fix the basiss B;, C; is isomorphic to Z[G](Bi). Every element of C; is represented by a
line indexed by B;, which is almost null. The differential 9; : C; — C;_1 is the multiplication
on the right by a matrix D; € Mp, B, ,(Z]|G]) with every column almost null. Then H(C,,§)
is the homology of the complex @Z[G]éB
coefficients in Z[G|e.

It is clear that H;(C,, ) is naturally a left Z[G]¢-module. And also that H(C\, &) only depends
on the homotopy type of C, as a Z[G]-complex. More generally, H;(C,, &) only depends on the
homotopy type of C, truncated below the degree ¢ + 1.

) with the same differentials, viewed as matrices with

2.2 Novikov homology of a group

Let G be a group and £ € Hom(G,R) \ {0}. Let C. — Z be a partial free resolution of Z over
Z|G] of length m+ 1. Since all such resolutions are homotopy equivalent, for j < m, H;(Cy, &) only
depends on (G, &) up to a unique isomorphism. By definition, H;(G, &) = H;(C,,§). Equivalently
(cf. [Br 1982]), H(G,€) is the homology of G with coefficients in the ring Z[G]¢ viewed as a left
Z|G-module :

H(G,£) = H(G; Z(GCle).

One can for instance use the standard (or bar) resolution (C,,(G) = Z[G](¢")), with generators
[91 | -+ | gn] and differentials

Onlgr |-+ lgn] = g1lg1] -~ [gn] + i(—l)i[gll o gigival gl + (1) [g1] - [gn—a]-

=1

In particular, identifying Co(G) = Z|G], one has 9;[g] = g — 1 and d2[g|h] = g[h] — [gh] + [g]-

Then H(G,§) is the homology of the complex (Cy,(G)e = Z[G]f), with the same basiss and
the same differentials. In particular:

Ho(G,§) = Z[Gl¢ /(g — 1lg € G).
Since there exists g such that £(g) # 0, g — 1 is invertible in Z[G]¢ thus Hy(G,§) = 0.
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2.3 Intermediate Novikov homologies

Let R be a ring equipped with a ring homomorphism p : Z[G]¢ — R. One can define the
complex
(Cr)x = R®ziq), C(§) = R®zq) O«
and its homology H,((Cgr)«). Clearly, if H.(X,{) = 0 one has H,((Cr).) = 0, but not conversely.
In particular, this applies if R = Z[(G/H)]g, where H is a subgroup of G containing ker { and

€ denotes the induced homomorphism G/keré — R. The first example is the original Novikov
homology, which is obtained by taking 1) H = ker{ or 2) H the inverse image of the torsion by
the homomorphism G — G/G'.

In case 1), we shall call H,((Cg).) the Abelian Novikov homology and denote it by HZ*(C,, €).
Note that since £ is injective, if G is finitely generated Z[G/ ker 5]2 is a principal ideal ring. In case

2), we shall call H(CRr) the universal Abelian Novikov homology and denote it by Hfb’umv(c'*, £).

2.4 Support of chains and interpretation with inverse limits

Assume that C, is a free complex over Z[G] of length m + 1 for some m € N, such that each
C; has a finite basis B;. Using these basiss, we define the support supp(c) C G of a chain ¢ € C;
by induction on j as follows (slightly modifying [Bi-Re], 2.5):

eifce Co, Cc = Z Ng.e€, Supp(C) = {g ‘ (Ele S BO) Ng.e 7& O}
QEG,GEBO

e if 7 > 0 and supp has already been defined on C;_;, we set

supp(e) := {1} Usupp(de) if e € B;
supp( Y ngee):= |J gsupp(e).

geG,e€B; Ng,e7#0

This definition implies that for every E C G, the chains with support in F form a subcomplex
C(FE), over the ring Z or Z[ker rr]. This complex is free over Z[ker ], and finite if F is finite.

In particular, C({{ > a}) is a subcomplex over Z or Z[ker |. In the topological case Cx =
Ci(X), C{¢ > a}) = Ci(X¢>q). Then (C/C({€ > a})), a € R, is naturally an inverse system of
complexes, and there are natural isomorphisms (over Z or Zlker 7]):

C(6) =~ 1im’(C/C({ > a})).

a——+oo

Since the maps C/C({¢ > a}) — C/C(£ > b) are onto if a > b, a general result on inverse limits
(cf [Mas], p. 411) gives the

Corollary. For every j < m, there is a short exact sequence

0= lim!Hj 41 (C,C{E 2 a}) = Hj(Cor€) = 1 H;(C.CUE = a}) = 0.

a——+oo
We recall that, if (Ag)a—to0s fab : Aa — Ap,a > b is an inverse system of Abelian groups, we

have
lim'A, = lim'A :( A) ,
as+too ¢ nStoo ;ll;[z " (@n—f 1 (@nt1))n

13



and that if 0 — {A4,} — {Ba.} — {C.} — 0 is a short exact sequence, one has an exact sequence

0 — lim°4, — lim*B, — lim°C, — lim'4, — lim'B, — lim'C, — 0.

Special cases. 1) Assume that C. is a partial resolution of length m + 1 of Z over Z[G], ie
Hy(C) = Z and H;j(C) = 0 for 1 < j < m. Then for all j = 1,---,m and r € R, we have

H;(C,C({£ > a})) ~ Hj—1(C({£ > a})). Thus for every j < m we get the exact sequence

0 — lim'H;(C({€ > a})) = Hj(C..€) = Hj(G,&) — lim"H;_1(C({€ = a})) — 0.

a——+00 a——+00

In fact, we have in this case a more concrete characterization of the acyclicity of C(€):

Proposition. Assume that C<,, — Z is a partial resolution of length m + 1 of Z over Z|G| and
that Cj is free and finitely generated for j < m. Then the following assertions are equivalent:

(1) Hi(G,§) =0 forj <m
(11) There exists r > 0 such that the inclusion C({§{ > r}) — C(€ > 0}) induces zero in homology
of degree < m — 1.

Proof. (i) = (ii). (i) is equivalent to the existence of a Z[G]-homotopy h¢ : Id ~ ¢¢ such that
&|supp pee > max(&|supp(e)) (cf. ?). Set r = max{||hee|| : e € ByU---UB,,} and let z be a
cycle in C;({§ > r} for some j < m — 1. If j = 0, we assume that ¢(z) = 0. Since C<,, = Z
is a partial resolution, there exists ¢ € C} such that dc = z. Then for every i« € N we have
8h54pé = —hg&pé + cpé — 90?1, thus for every n € N we have

O(pge+he(Id + pe + -+ + gog_l)z) =iz —hed(Id + ¢ + -+ + cp?_l)z) + (2 — pg2) = 2.

For n large enough, pyc € Cj({§ > 0}), thus pgc+ he(Id + e + - + cpg_l)z € C;({¢ > 0}), thus
[2] =0 in H;(C(Ge>o), qed.

(i) = (i). We construct h¢ by induction on j, such that, for ¢ = Id — Ohe — he0, we have

(Vj <m)(Vj € B;) &|supp ¢ > max(§[supp(e)) + (m — j)r.
We can assume that he¢|Cr<; has already been constructed, with he|C_1 = 0. Let z € B;, then

J(e — hede) = pe0e is a cycle in Cj_1({¢£ > max(&|supp(e) + (m — (j — 1)r}), thus it admits a
primitive ¢ € C; such that

§[supp(c) > max(&[supp(e)) +m — (j — 1)r — r = max(&[supp(e)) + (m — j)r.

Then e — h¢Oe — ¢ is a cycle, and since H;(C) = 0 it has a primitive in C;. We define h¢e to be
a such a primitive. Then

pee = e — Ohge — hede = e — (e — hede — ¢) — hede = c,

which finishes the proof.
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3 Geometric closed one-forms and topological Novikov homology

3.1 Definition. Let (X,zg) be a connected pointed CW-complex, with universal covering X.
We denote m (X, xo) = G and identify it with Aut(X|X) = G, acting on X on the left. Let
¢ € Hom(G,R) \ {0}. Following Levitt 1994, we say that a function f : X — R, defined modulo
a constant, is a geometric closed one-form [non exact] on X, with cohomology class &, if f(gm) =

F(x)+£(g).

If £ is given, it is easy to produce such a function. One first defines a section s : X ©) 5 x©

and defines f arbitrarily on s(X(9). Then one extends it by equivariance on X X () then one extends
¢ equivariantly to each X®),
Harmonic one-forms. A geometric closed one-form f is_harmonic if fo c:A? - Ris a
Harvmonic function for every parameterized g-cell o : A? — X. If ¢ = 1 this is the same as affine.
Clearly, every morphism £ is represented by a harmonic closed one-form, which is uniquely defined
by its restriction to s(X (0)). In particular, if X has a unique vertex this form is unique up to an
additive constant.

In particular, if X = X (P) is the two-complex associated to a presentation P = (S | R),
so that X(1) can be identified with the Cayley graph T'(G,S), there is a well-defined harmonic
one-form defined on X, which coincides on I'(G, S) with the extension of £ given before.

3.2 Topological Novikov homology

Let (X, G, f.€ ) be a geometric closed one-form. Consider C. (X), the cellular chain complex
of the universal covering. It is a left Z[m (X)]-complex, which is free with generators of dimension
1 in one-to-one correspondence with the i-cells of X.

Applying the definitions of Section 2 to G = m(X), Cx = C, ()?), we obtain the group ring
Z[m1(X)], the Novikov ring Z[m(X)]¢, the Novikov complex and the Novikov homology:
C(X,€) = Z[m1 (X)]e ©n, (x) Cu(X)
H(X,§) = H(C(X,£)).
3.3 First properties
(i) H(X,§) only depends on the homotopy type of (X,€).
(ii) Ho(X,§) =
(iii) H1(X,€) = HI(G £)-
() If mj(X) =0 for 2 < j <1, then H;(X,&) = H;(G,§).
Proof. (i) This follows from the fact that 71 (X) and the homotopy type of C\(X) as a complex
over Z[m (X)] only depen on the homotopy type of X.

(ii) We can assume that X has only one vertex xy. The map 0; sends the generator e, associated
to the oriented edge o to g, — 1, where g, € G is such that the lift of o starting from zy arrives at
g.Zg. Since £ # 0 and the g, generate G, there exists o such that £(g,) # 0, thus 0;e, is invertible
in Z|GJ¢. Thus 0, is onto, which proves Hy(X, &) = 0.

(iii) This follows from the fact that Cy(X) % 0y (X) NyoA (X) = Z is a partial free resolution of
length 2 of Z over Z[m1(X)].

(iv) Similarly, this follows from the fact that, by Hurewicz,
Crnsr ()75 2 0y(X) B Co(X) S 2
is a partial free resolution of length m + 1 of Z over Z[m (X)].
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3.4 Novikov homology and Poincaré duality

Let X be a Poincaré duality complex of dimension n. This means that X is a finite CW-
complex of dimension n and there exists a homotopy equivalence

¢ Cu(X) — C* = Homgy, (x))(Cu(X), Z]m1 (X)]).

Proposition.

Question: is there a relation between Novikov homology and the ¢!-norm on H, 1(C,R) =~
H'(C,R) ? Note that if n = 3 the answer is (indirectly) yes in view of section 8 and the equality
(up to a factor 1/2) of Thurston and Gromov norms on Hy(M,R) ([G]).
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4. Classes with vanishing Novikov homology

4.1 Computational characterizations

Recall that if C,, C’ are complexes over the same ring R, a homotopy h : 1) ~ ¢ (defined up
degree m) is an equation ¢ — ¢ = h o d + 0 o h where v, ¢ are chain maps of degree zero (defined
up degree m) and h is a linear map of degree one (defined up degree m). Note that if ¢ is a chain
map, such an equation implies that ¢ is also a chain map. We shall use mostly the case where

1 = Id: then any linear map h : C — C’ of degree one gives rise to a homotopy Id ~ ¢ where
¢ =1d — (Oh + hO).
If C, is a free complex, its homology vanishes if and only there exists a homotopy Ide, ~ 0,

ie Id = ho + 0h. Taking basiss of the C;, this translates into matrix equalities. Thus we get the
following proposition:

Proposition 1. The following are equivalent:
(1) Hi(Cy,§) =0 fori<m.
(it) There exists a Z|G¢-linear homotopy h : 1d ~ 0 defined in degrees up to m, ie there exists
Z|G)e-linear maps h; : C; — C; 1 such that
O1ho = Idy
Oit1hi + hi—10; =1d¢g, , [ <i<m.

(ii’) Let B; a basis of C;, so that the left Z|G|-linear map 9; : C; — C;_1 is represented by the
multiplication on the right with the matriz D; € Mp, g, ,(Z]|G]) (with almost null lines). Then
there exist matrices

H; e MBi,BH-l (Z[G]f) ; L<m,

such that
HyD; = 1dg

H;Di 1+ D;H;_y =1dp, , I <i<m.
In the case where the basiss are finite up to degree m, we give a version of this proposition

which does not involve the Novikov ring. Recall that (X¢), C M, (Z[G]) is the set of matrices
Id,, + {¢ > 0}, and that they are invertible over Z[G]e.

Proposition 2. Assume that C; has a finite basis B; for 0 < i < m. The following are equivalent:
(i) H;(Cy,&) =0 fori<m.

(ii) There erists a Z[G]-linear homotopy Id ~ ¢ such that &supp(e, (e)) > Max(§|supp(e)) for every
1 < m and every e € B;.

(ii’) Let D; € Mp, B, ,(Z|G]) be the matriz representing 0;. There exist matrices
ﬁi S MBiniJfl (Z[G]) , 0<i<m,
and A; € (X¢), such that

HyD; = Ag
ﬁi_DiJrl + Diﬁi,1 =A;,, 0<i<m.
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Proof. Note that (ii’) is clearly a matrix translation of (ii), thus (i) < (ii’). The equivalence
between (i) and (ii’) uses the argument of the proof of the Proposition in 1.7.

(i) = (ii’). Let H; be given by Proposition 1. Let H; = (H;)¢<q the truncation up to level a. For
a large enough, all coefficients of D; 1 (H; — H;) and (H;—1 — H;—1)D; belong to Z[G|¢so, thus (ii’)
is satisfied.

(73") = (i). The proof of 1.7 shows that if we set H; = Ai_lffi, (ii) is satisfied:

H,Dixw+D;H;_; = A;lﬁiDi—f—l + DiA;_llﬁi
= A7 H;Diyy + A7V D H;
= A7 Y(H; Dy + D;H;) = 1dp,.

4.2 The topological case : computation in low degrees

Definition. Let X be a connected CW-complex, with cells Cx = J,+, C® and let 7: X — X
be its universal covering, with C,(X) its cellular chain complex. We identify 71 (X) = Aut(X|X),
thus we view C,(X) as a complex over Z[m X]. We also identify H*(X;R) = Hom(r(X),R).

Let € be a nonzero element of H'(X;R). Applying the definitions of section 1 to G = m(X),
Cx = C,(X), we obtain the group ring Z[r1 (X )], the Novikov ring Z[r (X)]e, the Novikov complex
and the topological Novikov homology:

Co(X,€) = Z[m(X)]e ®n, (x) Co(X)

H(X,¢) = H(C.(X,£)).
Property. By standard homological algebra, the Novikov homology H (X, ¢) only depends on the
homotopy type of (X,§).

Computations. Orienting the cells, the set B; of i-cells becomes a basis (e;) of C;(X) over
Z[m1(X)]. Then 0; is represented by right multiplication with a matrix

Di S MBi,Bifl(Z[G:I)
(with almost-null columns). Thus we have

_ {L € M17Bi (Z[ﬂ'lX]g) | LDl == 0}

Hy(X,
8 = g 5 @ X)) Dia

Without loss of generality, we can assume that X has a unique vertex, thus By = {eg}.

1) Let us first compute Dy. To each one-cell e; € By of X we associate a generator s; of a free
group F' = F(s;);er, with a natural surjection 7 : F' — G. We denote also s; the image 7(s;) € G,
even if 7S is not injective. We denote also by 7 the induced morphism Z[F| — Z[G].

Identifying Cy = Z[G], we have 01(e;) = x; — 1, thus D; = (s; — 1);ep, (line matrix with
columns indexed by Bj).
Corollary. (i) One always have Ho(X, &) = 0.

(ii) Let s € S be such that &£(s) # 0. Then Hy(X,£) = 0 if and only if the matriz (D2)s
obtained by deleting the line corresponding to s is right invertible.
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Proof. (i) There exists ¢ such that £(s;) # 0, thus s; — 1 is invertible in Z[G]¢, thus Dy is left
invertible over Z[G]e.

(ii) The kernel of (01)¢ consists of vectors Z)\tet such that Z)\t(t —1) =0ie \s =
tes t
- Z M(t —1)(s — 1)7'. It is thus generated by the vectors e; — (t — 1)(s — 1) te,, t €
teS\{s}

S\ {s}. Thus Hi(X,§) = 0 if and only if every such vector is in the image of (02)¢. Finally,
e — (t—1)(s—1)"te, = Go¢ is equivalent to e; = (J2)s¢ where (02), is the linear map with matrix
(D2)s. This proves (ii).
Remark. (i) is related to the fact (first proved in [Ar-Le] that every cohomology class of degree 1
is represented by a Morse form without points of index zero (and also without points of index n),
see section 6.

2) Lets us compute D, using Fox differential calculus (cf. [Br 1982]). By definition, if

W=2x1" Ty, T; € {sicl, S s;ﬂ}, is an element of F' written as a reduced word, we have
ow
:7r( E L1 Tp_1 — Z x1~--xk)€Z[G].
(981‘
k,xi=s; kap=s; "

This implies

mw) —1 = Z?Z(si —1).

In particular, if w € ker 7 ie w is a relation, the right-hand side is zero.

If f; € By is a 2-cell, it defines a relation r; € kerm. Then the matrix D, is given by

or;
Do), = .
( 2) 5] 881‘

0
Remark. (cf. [Br 1982]) The map r € R — Z 6—265 induces an isomorphism from R/[R,R] to

ses
Z1(C), where R C F(S) is the normal subgroup generated by the relations, ie R = ker m. We shall

denote it also 9s.
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5 Homology of degree one

In this section we fix a presentation G = (S|R), from which we deduce a partial resolution of
length two:
Cy = ZIG)® = ¢, = Z]G]®) = C)y = Z|G] — Z.

We denote (eg, s € S) the basis of C.

5.1 Representation of H;(G,&) as a cokernel

Proposition. Let s € S be such that {(s) # 0, so that s — 1 is invertible in A¢. Denote by (02)s
the restriction of 0 to the subspace vect(et,t € S\ {s}). Then one has natural identifications

H,(G,&) = H1(C4, &) = coker(0s)s.

Proof. An element v = > _oAses € C2(§) is in ker 8% if and only if 3" As(s — 1) = 0. This is
equivalent to As = >~ c o\ (5} A(t—1)(1—s)"", thus ker 85 is generated by €} := e;+(t—1)(1—s) " 'es,
t € S\ {s}. These generators are clearly free, and

Z ey € im(@%) & Z Arer € im(0s)s,
teS\{s} teS\{s}

thus the natural projection e, +— e; induces an isomorphism H;(C\, &) — coker(dz)s.
Corollary. Assume that G has a finite presentation (x1,---,x, | r1,---,7rq). If H1(G,§) = 0,
q>p—1. Thus if p—q > 2, H1(G,§) never vanishes.

Proof. There exists i € {1,---,p} such that &(x;) # 0. If H1(G,&) = 0, by the proposition the
map (0z),, is surjective from (Z[GJ¢)? to (Z[G]¢)P~!. Thus ¢ > p — 1 since a Novikov ring maps
to a field (cf 1.7).

5.2 Criteria for the vanishing of H;(G,¢) when G is finitely generated

Here we assume that S is finite, and view G a subset of its Cayley graph I'(G, S), on which
we extend § affinely. We define I'(G, S)>, as the smallest subgraph containing {£ > r}: it is the
union of all edges e = (g, h) such that &(g),&(h) > 7.

Let X be the cellular 2-complex associated to a presentation (S|R), and C, the chain complex

of X, so that C<! is the chain complex of I'(G, S). Then the subcomplex associated to I'(G, S)esr
is O<1({¢ > r}), the subcomplex generated by cells with support in {¢ > r} (where the support is
defined as in 2.4). Thus Ho(I'(G, S)e>r) = Ho(C({£ > 1})).

Proposition 5.2. Let (G,S) be a group equipped with a finite generating set. The following are
equivalent:

(i) Hi(G,§) =0.
(11) T(G, S)e>o is connected.
(iii) Every g such that £(g) > 0 can be written g = x1 -+ - x, with x; € SUS™! and &(xq -+ xp) > 0
fork=1,---,n.

Proof. (ii) is equivalent to the fact that every g € G¢>o is connected to 1 in I'(G, S)e>o, ie (iii).
Thus it remains to prove (i) = (ii) and (i) = ().
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(i) = (it). It suffices to prove that for every g € G, g — 1 bounds a chain in C(G¢>o). Choose
v € Cy such that 917 = g — 1. Let s be an element of S such that £(s) # 0. Then de; = s — 1 is
invertible in Z[G]¢, with supp((s — 1)~ — 1) C {¢ > 0}). Define

F=7+1—g)(s—1)""es € C1(§).

Then 015 = 0, thus by hypothesis there exists ¢ € C(&) such that d,¢ = 5. By truncating, we
find ¢ € Cy such that 5 — dac € C({¢ > 0}). Moreover, since supp((s —1)7! — 1) C {¢ > 0}) and
£(g) > 0, we have 7 — v € C(Ge>o), thus

¥ — 0= (7 —7) + (7 — 9ac) € C(Gexo)-

Thus v — Oac is a 0-primitive of g — 1 in C(Ge>0), ged.

(1) = (i). Fix s € S such that £(s) # 0. By 5.1 (or the corollary in 3.2), it suffices to find a
right inverse to (D2),. It suffices to find a matrix such that (D2)sM € ¥¢. Equivalently to find,
for every t € S\ {s}, c € C3(§) and X\ € Z[G]¢ such that Osc — e, — Aes € C(€ > 0). Actually, we
shall find ¢ in Cy and X € Z[G].

Replacing s by s~! we can assume that ¢ = 1. For n large enough, &(ts™) = £(s™t) > 0. Thus
s"t and ts™ are connected in I'(G, S)¢so, ie s™t — ts™ = 01y with v € Ceso. Thus

O ((1=sMec+ (L=1)(1 45+ +5" D)) = (1=s")(E = 1) + (¢ = 1)(s" — 1)
=ts" —s"t = 017.
Since ker 01 = im 0s, there exists ¢ € Cy such that
(1—s™er+({t—1)(1+s+---+5"He, =7+ ac.

Thus Gac —e; — (t —1)(1+ s+ -+ 5" es € Cesp. Setting A = (£ —1)(1 + s+ -+ s" 1), this
finishes the proof of the Proposition.

Remark. 1) One can define initial £-track of a word w = xq -+ -2, € F(S), x; € SUS™! as
IT?(U}) = {17£(w1)7£(w1w2) T >£(w1 e wn)}a

and minimal initial §-level as ,wg (w) = min IT? (w). Then (ii) is equivalent to the fact that every g
with £(g) > 0 can be written 7(w) with ,wg(w) > 0. Compare [Bi-Ne-St] and [Br 1987] who define
instead the final £-track and the minimal find &-track, in keeping with the fact that their groups
act on the right. Note that if {(w) = 0, the minimal final {-level is the opposite of the minimal
initial &-level.

Remark. If w is a non-reduced word with uf (w) > 0, the initial &-tarck of the reduced word w
is contained in that of w, thus also ue(w) > 0.

Other equivalent properties. The following are properties equivalent to Hy(X,&) = 0:

(iv) Every g € ker& can be written g = w(w) with ,uf(w) > 0. [t suffices that it be true for every
ge .

(v) (Meigniez, 1991) There is only one end in the direction {{ — 400}, ie: if (9n) and (g,,) are

two sequences in G such that {(gn) — +o00, £(g,) — +00, there exists a sequence of constants
(K,) tending to +oo such that g, and g,, are connected in I'(G, S)¢>k, -
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Proof. (iv) In view of (iii), it suffices to prove that (for any &) every g € Ge¢>o can be connected
in G¢>o to an element of G'. Write g = @1 -+ - x,,, with z; € SUS™1. Since £(g) > 0, there exists
a permutation o € &,, such that {(z,(1) - 2o > 0 for k =1,---,n. Thus h = 2,(1) -+ To(p) is
connected to 1 in {¢ > 0. Multiplying on the left by gh™!, we join g to gh~!, which belongs to G’
as desired.

(v) If T'(G, S)e>o is connected, then I'(G, S)¢>, is connected for every r € Im &. Thus if (gy,)
and (g;,) are two sequences in G such that £(g,) — +o0, £(g,,) — +00, one can join g, to g, in
Ge>r with r = min(&(gy),£(g;,)), thus there is only one end in the direction £ — +o0.

Conversely, assume that there is only one end in the direction £ — 4+o00. Let s € S be such
that £(s) # 0, thus £(s°) > 0 for a suitable ¢ € {1,—1}. By hypothesis, for n large enough s is
connected to gs” in G¢>o. Thus g is connected to 1 in G¢>g, via gs*™ and s°”. Thus H;(G,§) = 0.

Remark. In (iv), one can replace ker § or G’ by any H which is contained in ker &, normal in G,
and such that H1(G/N, &) = 0, for instance if G/N does not contain a nontrivial free semigroup.

Property (cf ?). If H1(G,&) # 0, G contains a non trivial free semigroup.

Proof. By hypothesis, there exists g € G¢>o which is not connected to 1 in Ge¢>o. Write g =
xy---x, with 2; € SUS™L. Let k be such that £(z; - - - z3) minimal, by hypothesis it is negative.
Define = (w1 x) "', y = k41 Tn. Then £(y) > £(z) > 0 and z,y are connected to 1 in
Ge>0, but not in {& > &(z)}.

We claim that the semigroup (x,y) is free. Indeed, assume that we have a relation w; = wo
where wy, ws are nonnegative and distinct words in x,y. Assuming the length of w; to be minimal,
we can assume that wy = zw}, wy = yw) where w), w) are nonnegative words in z,y. Since z,y
are connected to 1 in Ge>g, « is connected to zw] [or rather its image in G| in {{ > £(x)}, and
y is connected to ywh in {£ > &(x)} C {£ > &(x)}. Since zw] = yw), [as elements of G], we have
connected z and y in {{ > &(x)}, contradiction.

Remarks. 1) The equivalences between (i)-(v) are essentially due to Bieri-Neumann-Strebel.

2) The equivalence with (v) is in [Mei 1991]. In the topological case where C, = C,(X), the
singular chain complex of a path-connected space X such that m1(X) = G, one can formulate a
variant of (v), cf Latour 1994): the space I'(X, &) of paths v : ([0,400[,0) — (X, z0) such that

lim; 1o f(7(t)) = —00, is connected.

5.3 Vanishing of H,(G,¢) and the set ¥(G) of Bieri-Neumann-Strebel

Notation. If 2,y € G, we denote ¥ = y~lzy. This is the most natural since then z¥* = (z¥)?,

but it means that the natural action by G on itself by conjugation is on the right.

Definition Bieri-Neumann-Strebel. Assume that G is finitely generated. By definition, 3(G)
[= X/ (G)] is the set of all [¢] € ¥(G) such that, for the right action by conjugation of G on itself,
G’ is finitely generated over some finitely generated submonoid of G¢>¢. In other words:

there exists finite subsets A C G¢>o and B C ker§
(€] € £(G) < < such that every element of G’ can be written H by

with b; € B and g; represented by a nonnegative word on A.
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Using yxy ™" instead, we get

there exists finite subsets A C G¢<o and B C ker§
[€] € 2(G) & < such that every element of G’ can be written Hgibigi_l

with b; € B and g; represented by a nonnegative word on A.

Remark. Since ker{/G’ is finitely generated as a group, one gets the same set if one replaces G’
by ker €.

Ezample. If G is the Baumslag-Solitar group BS(1,2) = (a,b | aba=1b72) and ¢ is the homomor-
phism such that £(a) = 1, then as a monoid ker ¢ is generated by a=%ba? = ba7 for q € N, thus one
can take A = {a}, B = {b}, showing that [{] € ¥(G). On the other hand, a finite subset B C ker ¢
is contained in (a~%ba?) for some ¢ € N, and aMa ™! is contained in (a~9ba?) if £(a) < 0, thus
ker £ is not even generated by B over Ge<g, thus [—¢] ¢ X(G), thus X(G) = {[{]}.

The relation with Novikov homology is given by the next proposition (which is very close to
Prop. 2.1 and Prop. 3.4 in Bieri-Neumann-Strebel).

Proposition 5.3 Assume that G is finitely generated. The following are equivalent:
(1) H1(G,§) =0.

(i) —¢& € ¥(G).

Proof. We shall use the following characterizations:

(i) H1(G,&) = 0 & for one or any finite generating system S of G, every g € G’ can be written
g = m(w) with w € F(S) and ug(w) > 0 [thus = 0], ie g = 21 -+ -z, with x; € SUS™! and
E(xy-rxp)>0fork=1,---,n.

(ii) —¢€ € 3¥(G) < every g € G’ can be written g = Hgibigi_l with ¢g; € (A); = 7(W4(A)) where
i=1

A is a finite subset of G¢>¢ and b; € B, finite subset of G'.
(1) = (i). We write g € G’ as in (ii). We can assume that S contains AU B. Then this
decomposition of g satisfies (i).

(1) = (ii). The group of “relations modulo Abelianization”
w(G)/IF, F] = R[F, F|/[F, F] € F**

is finitely generated. Thus there exists a finite subset V C 7~ !(G’) whose image generates
7~ YG")/|F, F] as a monoid. Replacing each word v € V C F by a suitable cyclic permutation,
since £(v) = 0 we can assume that u?(v) > 0.

Lemma 1. Any g € G’ can be written g = w(w)by -+ b, with w € [F,F], ,ug(w) > 0 and
b; € W(V)

Proof of Lemma 1. By hypothesis, g = m(wg) with u?(wo) > 0. By the definition of V, there exists
V1, , Uy € V such that w = wo(vy - --v,)~ 1 € [F, F]. Since ,ugs(vi) > 0, we have uf(w) > 0.
Thus g = w(w)7w(vy) - - - 7(vy,) With w € [F, F], Mf(w) >0 and b; = 7(v;) € w(V).

Lemma 2. Any w € [F, F] such ,u?(w) > 0 can be written w = [[w;[xi, yijw;*, with z;,y; €
SuUS~t and ug(w,;) > 0.
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Proof of Lemma 2. We make an induction on the length |w|. The result being obvious if |w| = 0,
we assume that |w| = m > 0 and that the result is true up to length m — 1.

Let y € SUS™! be the leftmost letter in w such that &(y) < 0. Since w € [F, F], y~*
occurs somewhere in w, thus for x = y° with a suitable choice of ¢ € {1,—1}, we can write
w = wizwexr'ws (reduced word), with w; a positive word in S} = (SUS™1) N Gexo.

Also, £(z) < 0 or wy is a positive word in S;. In both cases, ,ug(wlw2) > 0, thus
pg (wi [z, walwi ) > 0.

And also N?(wlwgwg) > 0 We have

1

W TWwex tws = wyTwex w;lwl_lwlwgwg = (wq [z, wg]wl_l).(wlwgwg),

where both factors are in [F, F] and have nonnegative {-track. Since |wjwows| < |w|, by the
induction assumption, wywows has the desired form.

Finally, writing we = 1 - - - &, we have

n

wl[az,wg}wfl = H(wlxl oo T [z, g (wrxy - - xk_l)_l.
k=1

Since u?(wlwg) >0, ,uf(wlxl ++-xp—1) > 0 for all k, which proves Lemma 2.

End of the proof of Proposition 5.3. Set B =n(V U[SUS~! SUS™!]), which is a finite subset of
G'. By the lemmas, every g € G’ is of the form

n

g= W(H wilws, yilw; )by bm,

=1

with x;,y;, € SUS™!, uf(wi) >0 and b; € B. We apply thisto g =abz™',bc B,z € SUS™L.
We obtain a finite number of words wy, , whose initial subwords are all in G¢>o. We define A to
be the image in G of these subwords.

Let M be the submonoid of G formed by elements of the form H gibig™! with g; € (A),
i=1
and b; € B: it contains B, is invariant by product and is contained in G’. We want to prove that
M = G’. Tt suffices to prove that if g € (A),, b€ B, z € SUS™!, then z(ghg~1)x~! € M. We
can write g = w(x1 -+ x,), ¥; € SUSTL, so that w(zy---2) € (A)4 for all k.

We use the equation
(hayk)b(hzyv) ™' = hlz,y]h~ . (hyxk)b(hyxk) ™' hly, z]h L.

to push x to the right until we obtain
n 1
z(gbg™H)a = (Hgi[»’vaxi]9;1>-g$b$_lg_l-< H gz‘[iﬂi,ﬂ?]gfl) sy 9i = %1 Tio1
i=1 i=n

Since [z, z;],#bx~! € M and M is invariant by product and by conjugation m ~ hmh~! with
h € (A),, this finishes the proof of (ii), and thus of Proposition 5.3.
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5.4 The case of geometric closed one-forms

Proposition. [If if ()~(, f,G,f) is a geometric closed one-form with XV finite, the following are
equivalent:

(i) Hi(G,§) =0.
(ii) Let h be the harmonic function which coincides with f on X©. For one or allr € R, )N(EN
is connected. -

(i1i) For one or all r € R, X}Br has a unique component on which £ is unbounded.
(iv) There exist r > 0 such that the map ﬁo(XLL) ) — I:TO(XL;) ) zero.
g=r g=r
If X is finite, one can replace xv by X~ in (iii).
f>r fzr
Proof. (i) < (ii). By the maximum principle, X;>, is connected if and only if its intersection
with X is connected. If X1 is finite, this is true if and only if H,(G,¢) = 0.
(i) = (iii) This follows from the fact that f — g is bounded by finiteness of X ().
(iii)= (i)
5.5 The valuation criterion of Brown
This section is inspired by [Br 1987].

Definitions. 1) An HNN wvaluation with associated homomorphism & on G is a function v : G —
R U {400} with the following properties:

v(g) —v(g™") =£&(9) , v(gh) > min(v(g),&(g) + v(h)).

Remark. We changed —¢(g) of [Br 1987] to £(g), in keeping with the fact that all our actions of G
are on the left.

2) Let S be a finite system of generators for G. We define the &-valuation
— s
ve(g) = sup g (w)
wEF (s),m(w)=g
= sup min &(xy---z;).
w1z =g,x;€SUS—1 0SISN ’
One proves easily the

Properties. (i) ve takes values in R, is an HNN valuation with associated homomorphism &, and
satisfies ve(z) = max(£(x),0) forx € SUS™L.

(ii) If v is an HNN valuation with associated homomorphism &, it satisfies

(Y91, -+, 9n € G) v(g1---gn) > win E(gr - “gi—1) +v(gi),

thus
Vo, 2, € SUS™Y) w(ay - 2,) > M?(Cﬂlﬁﬂn) + min v(z;),
and
(9 €G) o(g) >velo)+ _ min  o(x) =uelg) — C.

z€SUS—1,£(2)>0
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Moreover,
v bounded below on G¢>o < v bounded below on G.

Proof of the last statement. It suffices to prove <. If £(g) > 0, by the commutativity of G/G’, we
can find v € G’ and a word z7 - - - =, such that yz; -+ -z, =g and {(yxy---x;) > 0fori=1,---,n.
Thus

v(g) = min(v(y), £(y) +v(@r - @n)) > 0() + pg (@1 20) = C > 0(y) = C,
which is bounded below by hypothesis.

Proposition. Assume that G is finitely generated. The following are equivalent:
(1) Hi(G,§) =0
(it) The function ve is bounded below on G', or on Ge>g.

(11i) Every HNN wvaluation on G with associated homomorphism & is trivial, ie bounded below on
G’, or on Ge>g.

Proof. (i) < (ii). This follows from the characterizations (iv) and (v) in 7.2.

(i)&(iii). This follows from the fact that ve is an HNN valuation with associated homomorphism
&, and every such valuation v satisfies v > v¢ — C.

5.6 Vanishing of H;(G, &) and actions on R-trees
We first state a few definitions and facts about actions on R-trees.

Abelian actions. (cf. Culler-Morgan 1984, Levitt 1994, Chiswell 2001) Let G be a group acting
(on the left) by isometries on an R-tree T', with hyperbolic length function ¢(g) = minger d(z, g.x),
assumed to be nonzero (if G is finitely generated, this is equivalent to the nonexistence of a global
fixed point). An element g € G is elliptic if ¢(g) = 0 ie g has a fixed point, and hyperbolicif
¢(g) > 0. The characteristic set Ay = {x € T' | d(x,g.z) = £(g)} (the fixed point set if g is elliiptic,
the translation axis if ¢ is hyperbolic). The action is Abelian if it satisfies one of the equivalent
following properties:

e ((gh) < {(g)+ ¢(h) for all g, h € G; equivalently, A, N Ay, # 0.

e There exists £ € Hom(G, R) such that ¢ = [¢].

e The action fixes an end e of T'; in that case, £ can be recovered by £(g) = +£(g), with the sign
+ (when ¢(g) > 0 ie g hyperbolic) if g pushes away from e, and — otherwise. Also, e contains
one half of every translation axis A, for g hyperbolic.

In particular, if G fixes a unique end, ¢ is determined by the action. Otherwise, G stabilizes a

unique line, which is equal to any translation axis A4, g hyperbolic, and the two ends of this line
give the two homomorphisms +£ whose absolute value is 4.

Minimal actions. An action of G on an R-tree is minimal if it admits no invariant strict subtree.
When ¢ # 0, there exists a unique minimal invariant subtree Tyi,, which is the union of all
translation axes A,. If the action on 7" is Abelian, resp. has a unique fixed end, the same is true
for the action on Ty

Geometric closed one-forms and R-trees. We give two constructions of actions on R-trees
due to G. Levitt [Lev 1987] and Levitt 1994.

1) If ()N( ,f’,G,g) is a geometric closed one-form, define on X the pseudodistance d(x,y) =
infimum of the total variation of £ on a path from x to y in X, and its metric quotient T'(§) = X /~,
where x ~ y if d(x,y) = 0. Using the fact that X is simply connected, one proves that 7'(§) is an
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R-tree. An action on G on a tree is geometric if it is equivalent to such an action on 7'(§) and is
moreover Abelian.

2) If Y is any path-connected space and g : Y — R a function, define the pseudodistance

8(y1,y2) = g(y1) + g(y2) — 2sup min g(v(¢)),
~ t€[0,1]

the supremum being over all paths v from y; to y2 in Y. Note that d(y1,y2) < € if and only if there
is a path from g7 to yo in Yg> o) +alva) __- The metric quotient T+(g) is an R-tree since it satisfies
2

the 0-hyperbolicity condition, and if we still denote g the induced function on T (g), the sublevels
T+ (g)e<r are all path-connected by construction, thus 7% (g) has a unique end e C g~*(00).

In the following Pproposition, the equivalence (i)-(ii) is due to [Bro 1987] and (ii)-(iii) to Levitt
1994. For the proofs, we follow Levitt 1994.

Proposition. Let G be finitely generated and § € Hom(G,R) \ {0}. The following are equivalent:

(i) There exists an action of G on an R-tree T which has a unique fized end, with associated
homomorphism .

(i1i) There exists a geometric action of G on an R-tree, whose associated homomorphism is —¢&.

Proof. (i) = (ii). All sublevels T"(£)¢<, are path-connected: if 7 is the projection from X to

TT (&) and v is a path from z to y in )AQZT, one can replace 7 o~ by a constant on every maximal
interval in £71(]C, 4o0[), obtaining thus a path ¢ from x to y in T (£)¢<,. Thus T (£) has the
fixed end e = £7!(—00), and the homomorphism associated to the action and e is clearly ¢ (since
the convention is that £(g) measures how much g is pushed away from e).

Now we use the fact that Hq(G,&) # 0 to prove that there is no other fixed end, equivalently
there is no end contained in £ ~!(400). The hypothesis means that for every z € )Z§>0 there exists
g € ker £ such that x and g.z are in different components of )~(§>0. Then 7(x) and 7(g.x) are also
in different components of T (§)¢so, otherwise one could find a path in )Z'§>0 from x to y such
that 0(y, g.z) = 0. There would exists a path from y to g.x in 5(/§>07 thus a connecting path from
T to g.x in )N(Qo, contradiction. Thus for every connected component C' of T (§)¢>0, there exists
g € ker ¢ such that g.C N C = (.

If ¢’ is an end of T (¢) which is fixed by G and contained in £ ~!(400), it is represented by
a sequence (C,) where C,, is a connected subset of T%(£)¢sy,, with Cp41 C C,,. The fact that €
is fixed by G implies that for every g € G one has ¢g.C,, C Cy for n large enough. In particular
g.C N C if C is the connected component of T7(£)¢~( containing Cp, and we get a contradiction.

(i) = (7). Replacing T by Tin, we can assume that the action is minimal. Then for any
to € T, the map g — g.tg extends affinely to ¢ : I'(G,S) — T which is surjective. The fixed
end is contained in ¢71(—o0) (equal to in fact), thus there is no fixed end in £~!(+o00). Thus if
£(g9) > 0 and we orient the axis A, by £, there exists h € G such that h.A; = Ajg,-1 does not
contain a positive ray in A,. This implies that A, and Ajg,-1 are not connected in T¢>, for n
large enough. Thus T¢>, is disconnected for n large , and by the surjectivity of ¢, so is I'(G, S)¢>q,
thus H1(G,§) # 0.

(1) = (4i7) Let P be a presentation of G with a finite set of generators, to which we associate a
geometric harmonic one-form § : X — R. The hypothesis implies that X¢>¢ is connected, thus
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T(€)e>o is connected: this implies that there is a unique end e C £ *(4+00), which is thus G-
invariant, thus the action is geometric. Finally, the associated homomorphism is —¢£ since we start
from +o0.

(iii)= (i). By hypothesis, there exists a geometric closed one-form (X, @, ), such that T(—¢) =
X /~ is an R-tree with a fixed end e and associated homomorphism —¢, so that e = {1 (+00).
Thus for every g € Geso and h € G, Ay and Ay, -1 share a common ray R directed towards +oo.
If to € R, g™.tp and hg"h~ .ty € R for every n € N, thus they are connected in T¢>q for n large
enough. One should deduce that ¢" et hg" are joined in I'(G,S)¢>0, which gives the

result by (vii) in 5.2.

5.7 The case of one-relator groups

A complete description of this case is given [Bro 1987]. We reprove here his results in a
different way.

Let G be a group with one relator, such that Hom(G;R) # 0. If G has only one generator,
G ~ Z. If G has at least three generators (maybe an infinite number), H; (G, £) never vanishes by
3.5. Thus we can assume that G = (z,y|r). By 2.5:

or is invertible in Z[G]¢ if £(y) # 0
Hl (G7 f) =0« rx
y is invertible in Z[G]¢ if £(x) # 0.

There are two cases:

0 0
1) If r = s™, n > 2, is a nontrivial power, we have a_ (I4+s+---+ s"_l)a—s, thus the
x x

image in Z[G/ ker {] is divisible by n since £(s) = 0, and so cannot be invertible in Z[G/ ker 5]2. A

0
8—; is not invertible in Z[G]¢ and similarly for 6—;, thus Hy(G, &) never vanishes.

2) Now assume that r is not a nontrivial power. By Howie 1982, G is right-orderable, thus
Z|G)¢ has only trivial invertibles: In particular,

fortiori,

A is invertible in Z[G]¢ < € has a unique minimum on supp(\).

Write 7 = 2129 - - - 8, with 5; € {a*!,y*1}; and note g; = 21 -4, 1 <i < n, go = 1.

Lemma. The elements 1,g1---,gn_1 are distinct in G.

Corollary. If E is a subset of [[0,n —1]] and A =}, p€ig:, € = £1, A is invertible if and only
or

if §|E has a unique minimum. This applies in particular to 5. and g—;.

Proof of the lemma (sketch). It suffices to prove that any strict finite subword of r does not
represent 1 in G. This can be proved by induction on the length |r| using the rewriting procedure
of Magnus (cf. [Ly-Schu], IV.5).

We have 5
r
oz = Zsz;m gi—1 — LS;_I gi
or
83/ - ’LS'LZ:Z/ o i,sgl "
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Thus we get the
Proposition. If G = (x,y|r), the following are equivalent:
(i) Hi(G,§) =0

(i) if £&(x) # 0: & admits a unique minimum on Supp(g;) = {gilsi=y " or 5,41 =y}
0
(1ii) if £(y) # 0: & admits a unique minimum on supp(é) = {gilsi =27 or 5,41 = z}.

Remark. We stated the proposition without the restriction that r should not be a nontrivial power

s™. Indeed, in that case we have seen that H;(G,§) never vanishes. Since clearly ¢ takes each

value at least n times, (ii) and (iii) are also never satisfied.

It is easy to prove that this is equivalent to the result of [Br 1987], Theorem 5.2, which states
that € € X(G) (ie H1(G, —&) = 0) is equivalent to

(117) If £(x) and E(y) # 0, € has a unique mazimum on {go, g1, Gn-1}- If () or {(y) =0, &
has ezactly two maxima on {go, g1, "+ ,9gn—-1}, and these are consecutive.

Actually, [Br 1987] states this with {go,g1---,gn—1} replaced by the inverse image of the
extremal points of the convex hull of {gg, g1, -, gn—1}: this clearly amounts to the same thing.

Corollary. If G is finitely generated a one-relator group, the set
SHG) = {€ € HY(G;R) \ {0} | Hi(G,€) = 0}

has a polyhedral rational structure (or: is rationally defined).

Examples. We have already seen the case of the Baumslag-Solitar group B(1,2). In general for
B(p,q) = (z,y | zyPz~'y~9) (p,q > 2), we have

A= {17yq} ) B = {x7$y'"737?/p71717y7"'7yq71}-
Ifp # q, S(G) = {¢,—¢&}, with {(z) =1, £(y) = 0. We have Hy(G,££) # 0if p > 3. If p = 2,
Hy(G,€) =0 if and only if {(z) < 0, as in the case of B(1,2).

If p = ¢, we have Hom(G;R) ~ R? via & — (£(z),£(y)). Then H,(G,¢) = 0 if and only if
£(y) # 0.

5.8 The case of PL homeomorphisms of the interval

Let G be a finitely generated group of orientation-preserving and piecewise-linear homeomo-
morphisms of [0,1]. We have two special elements \,p € H'(G;R), given by \(g) = logg’(0),
p(g) =logg’(1). We assume that

e G is irreducible ie has no fixed points in |0, 1[. Equivalently, the closure of every interior orbit
contains 0 and 1.

e ) and p are independent in the sense that A(ker p) = im(\) and p(ker A) = im(p). Equivalently,
ker A and ker p generate G.

Theorem ([Bi-Ne-St|, Theorem 8.1)
2(G) = S(G)\ {A p}-

Proof. 1) We prove that [A] ¢ X(G), ie H1(G, \) # 0, the proof that [p] € S(G) being similar. For
this, we follow [Bro 1987]. Define v_(g) = loge(g) where £(g) is the largest € such that g is linear
on [0,e]. Then v_ is a HNN valuation with associated homomorphism ), ie we have

v_(g7") —v_(g9) = Ag) , v—(gh) > min(v_(g), —A(g) +v_(h)).
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Moreover, v_ has no minimum on ker A: if it had, there would exist gg € ker A such that every
element of ker A is the identity on [0,e(go)]. Since ker A is normal, £(gg) would be fixed by every
g € G, thus £(go) = 0 or 1 which is absurd. Thus v_ does not satisfy the conclusion of (iv) of
Proposition 5.2, thus H{(G, \) # 0.

2) We prove that if [] # [A], [p], H1(G, &) = 0. For this, we follow [Bi-Ne-St]. By the independence
of A and p, & cannot vanish on ker A and ker p. We suppose that £| ker p # 0, the other case being
similar. Then there exists h such that £(h) > 0 and p(§) = 0, thus supp(h) C [0,b] with b < 1.
Since [¢] # [A], there exists g such that A(¢g) < 0 < &£(g). Thus there exists a > 0 such that g(z) < z
on |0, a] (thus supp(g) D [0,al), and using irreducibility we can replace h by a conjugate to achieve
a>b.

Let S be a finite generating set of G, containing ¢ and h, and let % = [S*!, S*!]. There exists
e > 0 such that supp(g) C [e,1 — €] for all » € fR. Since b < a, we can choose k large enough so
that ¢g*(b) < e. Setting w = g¥hg~*, one has supp(w) C [0, €], which implies r = w™¥rw= for
every r € R and every N a compléter.
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6 Novikov homology and finiteness properties

In this section we state and prove a result relating the vanishing of Novikov homology with
a property of finite domination. An immediate corollary is a relation with finiteness properties of
type F'P,, in group theory. In a slightly different formulation, all this is due to [Bi-Re 1988]. The
special case of degree one is proved in [Bi-Ne-St] and [Sik 1987].

6.1 Statement of the main result

We consider the following objects:

e a group G equipped with a surjective homomorphism 7 : G — Z", for some r € N*.

e the vector space H, of all homomorphism ¢ : G — R vanishing on ker 7.

e a chain complex Cx = @ C; over Z|G|, with an augmentation ¢ = 9y : Cy — Z such that
C; is free and finitely gérzlgrated if 0 < j <m and kere = 9C4, ie C; — Cy — Z is a partial
resolution (ie € induces Hy(C) ~ Z).

We can now state the main result, which is very closely related to Theorem 6.1 in [Bi-Re], as
well as its proof.

Theorem. The following are equivalent:
(1) H;(Cy,&) =0 for every j <m and [§] € S(Hy).

(i) C\ is homotopy equivalent over Zlker 7] to a complex which is free and finitely generated in
degrees < m.

6.2 Variants of the two equivalent properties

Identifying Hom(Z",R) = R" and denoting (x,y) the Euclidean product on R", one has an
isomorphism R" — H, given by v — (v, 7). Thus (i) translates to

(") H;(Cu(v,m)) =0 for every j <m andv € S™ .

We fix a basis B; on each Cj, j = 0,---,m, and define the support of chains as in 2.4. Thus
for every R > 0 we can define C,(R) formed by the chains of support in 77! (B(R))), which is free
and finite over Z[ker 7].

Moreover, every subcomplex of C, which is finitely generated over Z[ker ] is contained in
some C,(R). And (ii) translates to
(ii") There exists R > 0 and a Z[r|-linear homotopy h : Idc, ~ ¢ such that ¢(C<,,) C Ci(R) and
Indeed, if h exists, ¢ is a homotopy equivalence to the smallest subcomplex of C, containing
C<m(R), which is free and finitely generated in degrees < m. And if ¢ is a homotopy equivalence to

C, which is free and finitely generated in degrees < m, then if x is a homotopy inverse, h = yoy—Id,
satisfies (ii’) since every submodule of C; which is finitely generated over Zker 7| is contained in
some C;(R)

6.3 Proof of (i) = (i)

We follow closely [BiRe]. By Proposition 2 in 4.1, the hypothesis means that for every v € S"~1
there exists a Z[G]-linear homotopy h,, : Idc, ~ ¢, of C, such that for every e € By U ---U B,,,

ke w(supp(gpv(e))) = <U7 k> > max(£|supp(e))'
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For a fixed e, this property is open in v € S"~!. Since By U---U B,, is finite and S"~! is compact,
there exists finitely many v; € S"~1, i € I, such that

(%) (Yve 81 (Ve€ BoU---UB,,) (Fi€I) (v,k) >1on r(supp py,(e)).

Lemma. (cf. [Bi-Re], 4.3 and 4.7) Up to changing C, by a finite number of elementary expansions,
we can assume that we also have, for v,e,i as in (x):

(%) (v,k) > 1 on w(supp hy,(€)) \ supp(e)).

Proof of the lemma. Recall that an elementary €TPansion (in the sense of Whitehead) of C,,
associated to an element u € C}, is a new complex C*, obtained by adding two new free generators
(on Z[G]), x € C]H, x' e C]+2, such that 0x = du and such that 0z’ = x — u. Then the natural
injection C, C C, is a homotopy equivalence, and property (resp. (ii)) holds simultaneously for
C. and for C,. We extend the definition of the support by supp z = supp du, supp x’ = supp u.

We construct the new complex C, and the homotopies Evi t Idy >~ ¢y, satisfying (i) and
(7i), by induction on m. We can assume that (C, (hy,), (¢v,;)) satisfies () and (xx) for j < m.
Then C, is obtained from C, by making all the elementary expansions associated to the elements
Ue,i = €— Py, e—hy,0e, e € Bm,i € I. This means that we add to the basis B, ;1 the elements z. ;,
and to By,12 the elements xl 4 With 0xc; = OUe,i, &L‘fm. = Zei — Ue,;. Note that Ou.; = Ohy,e,
thus since supp 0h,, C supp hvle by induction we have

(v, k) > 1 on w(Au.; \ supp(e)).

Then we define 7L\Cj = hif j #m and hy,(¢) = Teis Po; = Idg—(‘)%vi. Then EMC’]» =h,, ifj<m
and ©,,|C; = ¢,, if j < m. Moreover,

supp 7LU1. (e) = supp ¢; = supp Ou,; = supp Oh,, e C supp hy,e.

Thus (C, (hy,), (¢v,)) satisfies (x) and (*x) for all j < m, which proves the Lemma.
Construction of h (cf. [Bi-Re], 5.6). For ¢ € C,, define ||c|| = max H7r( ) if ¢ #0, ||c]] =0
g€supp(c

otherwise. By finiteness and Z[G]-linearity there exists K € N* such that lle]| < K for every
e€ BpU---UB,, and

(Vj <m,Vee C;,Viel) m(supp(hy,c))Um(supp(py, ¢)) C Vi (m(supp(c))).

If j = 0, choose ¢y € Cp such that e(cy) = 1. We shall construct h which satisfies p(C<,,) C Ci(R)
with R = max(|co||, 3 K?).
We define h|C; and ¢|C; = 1d — (hO + 0h) by induction on j < m (for j > m, h is arbitrary).

Let t € T, e € By, then te — ec(e)c € kere = 9C,. We set

e h(te) =0if ||te|]| < R

e h(te) = ¢ € Cy such that dcy = te — e(e)cy if ||te|| > R.
By construction, h|Cy(R) = 0. Moreover, p(te) = te in the first case, p(te) = te — Oh(te) = e(e)co
in the second case, thus ||p(te)|| < ||co|| < R in all cases.

Assume that j < m, h|C) has been constructed for k < j with the property ¢(Cx) C Ci(R)
and ¢|Ci(R) =0. Fort € T, e € Bj, we set

32



o h(te) =0if ||te|]] <R
e h(te) = u for some u € Cj41 which minimizes ||te — Ou — hO(te)|| if ||te|| > R.

By construction, h|C;(R) = 0. Moreover, in the first case, ¢(te) = te —hO(te) = te since ||0(te)|| <
R. In the second case p(te) = te — du — hd(te) =: ¢, so we have to prove that ||c|| < R. Note first
that dc = pd(te), thus ||0c|| < R by induction.

Let a = ||c||. We can assume that among all elements ¢’ in ¢+ 0C)11 with ||¢|| = a, ¢ has the
smallest number of points in 7(supp(c)) N S(0, a).
Let ko € w(supp(c)) such that ||kg|| = a. Set v = —0(ko) € S"~!. Then (v,k¢) = —a,

and if £ € w(supp(c)) \ {ko} one has (v,k) > —a. By (i)’, there exists ¢ € I such that for all
k € m(supp ¢, (€)), (v, k) > 1, equivalently (ko, k) < —a. We write ¢ = ¢/ + ¢ where ¢’ is the some
of all terms whose m-support contains kq. Thus ||k —kq|| < K on 7(supp(c)’) and ko ¢ m(supp(c)”).
Set

¢ =c— 0hy,()

= @y, () + hy,0¢ + .
= @, () + hy,0c — hy, 0" + .

Assuming that @ > R, we shall get a contradiction by proving that
|¢]] < @ and card 7w (supp ¢) N S(0,a) < card w(supp(c)) N S(0,a).
1) We prove that m(supp ¢) does not contain kq. If k& € w(supp ¢), then k € m(supp(p.,(c’)))U
7 (supp(hy,0c)) U m(supp(hy,,0c”)) U m(supp(c”)). We have four cases:
(i) If k € w(supp ¢y, (")), then (ko, k — ko) < —a, thus k # ko.

(ii) If k € mw(supp hy,0c), then by (%) one of the two following subcases occurs:

e k € m(supp Oc): then ||k|| < R < a, thus k # ko

e (v, k) > —a, thus k # ko.

(iii) If k& € w(supp h,,0c”), then either k € supp d¢” C supp(c)”, or (v, k) > sup{(v, k') | k' €
supp(c)”} > —a, and in both cases k # ko.

(iv) If k € m(supp(c”)), k # ko by definition.

2) We prove that 7 (supp ¢\ supp(c)) C B(0,a). If k € w(supp ¢\ supp(c)), the first expression
for ¢ shows that k € w(supp h,, " \supp(c)), thus ||k —ko|| < K and (v, k—ko) > 1, ie (ko, k—ko) <
—a. Thus

[1k[[* = [lko + (k = ko)||* = |[kol[* + [[k — Kol[* + 2(ko, k — ko)

<a2+|]k—k0H2—2a
§a2+K2—2a.

Since a > 1 K2, ||k|[* < a?, ged.

3) Finally, 7(supp(c)) C m(supp(c)) U B(0,a) \ {ko}, which proves the desired contradiction.

6.4 Proof of (ii) = (i)
Fix v € S""1. Fix g € G such that (v,7(g)) > 0. Choose N € N* such that

N@m@»>R+ﬂgmw@mW@)
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and set h,(e) = gVh(g~Ne) if e is a basis element. Then ¢,(e) = g~V p(gVe), thus if deg(e) < m
one has

pu(e) =g (g Ve) € gV CL(R).

If k € m(supp(pu(e))), we have
<Ua k> > Nﬂ.(g) —R> max(&supp(e))a
ie (i) is satisfied, qed.

6.5 Relations with properties F'P,,

Recall the definition (cf. [Bro 1982]): for m € N*, a group G has property FP,, [for “finite
projective”] if Z has a partial resolution of length m over Z[G| which is projective (or free) and
finite. This is obviously implied by the existence of a CW-complex X which is a K(G,1) with
finite m-skeleton, thus

e If G is finitely generated, GG satisfies F'P;. Actually, a simple nice argument shows that the
converse is true.

e If (G is finitely presented, G satisfies F'Ps. the converse implication was an open question for
thirty years, which was answered in the negative by [Be-Bra 1996]. We shall later interpret
this result of Bestvina and Brady in terms of Novikov homology.

The theorem of the previous section has the

Corollary. Assume that # : G — Z" is a surjective morphism and that G satisfies FP,,. The
following are equivalent:

(1) H;j(G,&) =0 for every [£] € S(G) vanishing on ker .
(ii) ker w satisfies F'Py,.

Proof of the corollary. By hypothesis, there is a free resolution C,. — Z over Z[G], which is finitely
generated in degrees < m. Then (V[ € S(G)) H;(G,§&) = H;j(Cy, &) (cf. Section 2). Since all free
resolutions are homotopy equivalent, (ii) means that C. is homotopy equivalent overZker 7| to a
free Zker w]-complex which is finite up to degree m. By the Theorem, this is equivalent to (i).

Remark. The condition that G satisfies F'P,, cannot be removed. Indeed, if ker 7 satisfies F'P,,,
then since Z" ~ G/ ker 7 satisfies F'P,, for every n, G satisfies F'P,, (cf. [Ser], p.87-88). On the
other hand, if H is any group, then one has

H(H x Z,pry) = 0.

Proof. If C,, — Z is a free resolution of Z over Z[H], say with Cy = Z[G], combining with the free
resolution Z[Z] — Z[Z] — Z we obtain a free resolution C' — Z over Z[H x Z] (cf. [Ser]), with

Co = Z[H x Z]
Cp = (Z[H x Z) @z C) @ (Z[H x Z) @gppry Cpa) if 1> 1

~ (D/\ ~ ( D, 0
Dl_(t—l) ’D”_((t—l)ld Dn_1>’
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where D,, is the (possibly infinite) matrix associated to d,,. We have to find matrices H,, such that
Id + Dy y1H,y, + Hyp 1D, has coefficients of the form ), o etk A\ € Z[H]. Tt suffices to take

Ho=(0 1)
0 Id\ .
= >
H, <0 0) ifn>1,
so that
1+0Hy=t

~ ~ td 0 .
I1d + Dyy1Hp + Hy_ 1Dy, = ( 0 ﬂd> if 0> 1.

Question. What can we say of £ : G — Z such that H(G,£§) =07

6.6 Topological version

Now we assume that X has a finite m-skeleton for some positive integer m, and that we are
given a surjective morphism p : 71 (X) — Z". We realize p by a map F': X — T", where r = rk(¢)
and Fy = p. We impose F'(xo) = [0] where z is the basis point of X.

Let 7 : )?5 — X, the covering associated to kerw, this F' lifts to F: )/(\'5 — R". For R > 0,
we define X(R) C Xg as the smallest subcomplex containing F~1(B(R)). Note that it is finite.
Similarly, denote by F : X — R the lift of F to the universal covering, and by X (R) C X the
inverse image of X (R).

Then the theorem in section 5 admits the following immediate interpretation.

Theorem. The following are equivalent:
(1) Hj(X,&) =0 for every j <m and v € R" \ {0}.
(ii) C.(X) is finitely dominated over Z[ker 71| up to degree m.
Proof. (i) implies that C,(X) is finitely dominated, up to degree m, over Z[ker «1]. By the theorem
in section 5, this implies (i).
Assume now that (i) holds. By the same theorem, for R large enough Id
to a map ¢ : C,(X) = Co(X (R))pwith values in C,,(X(R)).

(%) is homotopic

Remark. If m > 2, it is not true that (ii) is equivalent to X being finitely dominated, up to degree
m: it would imply that 71 (X) is finitely presented (in fact, by [Wa 1965] X would be homotopy
equivalent to a CW-complex with finite m-skeleton. The example of Bestvina and Brady shows
that it is not always the case.
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7 The Morse-Novikov complex

In this section we specialize to X = M a closed and connected smooth manifold of dimension
n, so that ¢ is the cohomology class of one-form w € Q(M) which is closed but not exact.

7.1 Morse one-forms

A closed one-form w is a Morse form if near every point in Sing(w) = w™!(0), there exists
a Morse function f such that w = df. Thus there are coordinates (x1,---,z,) such that w =
d(— Z] 3+ 3051 ®3), where i = ind(x) is the index of x. If ind(z) = 0 or n, z is called a
center.

As in the case of functions, Morse one-forms are dense among closed forms in a given coho-
mology class in the C'+oo topology. The fact that M admits a Morse function with exactly one
local maximum and one local minimum has the following analogue.

Proposition (cf Arnoux-Levitt 1986]). If £ # 0, there exists a Morse form representing &
which has no centers.

7.2 The complex

Let w be a closed nonexact Morse form on a closed manifold M. Denote [w] = ¢ € H!(M;R)
Hom(m (M), R). Let m : M — M be the universal covering, with Aut(M | M) identified with mq (M)
acting on the left. Thus 7*w = df for some Morse function f on M.

For each = € Sing(w), choose a lift = € M, defining thus a bijection from Sing(w) C M to
Sing(w) C M, and crit(f)

Let X be a vectorfield X on M which is quasigradient with respect to w. More precisely, we
assume that w(X) > 0 on M \ Sing(w), and that near every x € Sing(M) there is a coordinate

chart in which 5
w = Zixidxi , X = Zing

Thus for each 2 € Sing(w) one has the stable manifold W (z), injective immersion of R™4®  and
the unstable manifold W*(z), injective immersion of R"~™4®)  We choose an orientation of each
stable manifold, and thus a coorientation of each unstable manifold.

This lifts to orientations and coorientations of the stable and unstable manifolds of the lift
X. Note that in M these are true submanifolds. If z,w € Crit(f), define M(z,w) = W?(z) N
W*(w). Generically, W#(z) and W"(w) are transverse, thus M(z,w) is an oriented submanifold
of dimension ind(z) — ind(w), which admits a natural R-action. Thus M(z,w) is empty unless
ind(z) > ind(w). The quotient M(z,w) is an oriented manifold of dimension ind(z) — ind(w) —
it corresponds to unparametrized trajectories of X descending from z to w.

Theorem. For X generic, one has the following properties:

(i) W*3(z) and W*(w) are transverse if ind(z) > ind(w).

(ii) M(z,w) is compact (ie finite) if ind(z) — ind(w) = 1; it is thus a compact oriented zero-
dimensional manifold, and one can define m(z,w) € Z, its algebraic number of points.

(i11) One can define a Zm(M))¢-complex Cy(w, X) which is free over STEg(w), graduated by the
index, and such that

ox = Y m(Z,g7)9y-

geT1 (M)
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(iv) The homology of this complex is canonically isomorphic to H(M,¢).

(v) The simple homotopy type of Cy(w, X) is the same as C*(M)(—ﬁ),where C*(M) is the singular

complex of M, or any free Z[m1(M)]-complex having the same homotopy type, eg a cellular chain
complez.

7.3 Theorems of Pazhitnov and Latour
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8 Abelian Novikov homology (i): Euclidean property, Morse inequalities

In this section we assume that G = Z™ for some m € N*. The group ring Z[Z™] can be
identified with the ring of m-variable Laurent polynomials Z[ti',---,tE!]. For n = (ny,---,nm) €
Z™, we denote t" =t} - tIm.

Let £ € Hom(Z™;R) \ {0}, ie &(nq, -+, ny) = (7 - t7m) = > | ayn; with the a; not all
zero. We investigate the properties of

—+o00
Z[Z™)e = {Zlait la; €z, nieZ™, Jim £(m) = +oo}.

Note first that, since Z™ is orderable, the invertibles of Z[Z™] are trivial, and the invertibles of
Z[Z™)¢ are trivial.

8.1 The generic case: Z[Z™]; is Euclidean

We assume here that £ € Inj(Z™,R), the set of injective homomorphisms. In other words, the
«a; are linearly independent over Q. Then every A € Z[Z™]\{0} is &-simple, thus n¢ is defined on
all of Z[Z™]e.

Proposition (cf Pazhitnov ?) Assume that { € Hom(Z™,R) is injective. Then ng is a Euclidean
norm on Z[Z™]e, ie: if A\, € Z[Z™]|¢ with p # 0, there exists v € Z[Z™ )¢ such that ng(A — py) <
ne(p). Thus Z[Z™¢ is a principal ideal domain.

Proof. We have mg(X) = aggo, me(p) = boho with ag = £ne(X), go = Ye(A), by = £ne(p),
ho = 7¢(p). Divide ag by by in Z : ag = bogo + o, with 0 < 1o < ng(p). If 7o # 0 ie ne(p) does
not divide n¢(N), then v = gogohy ! has the desired property. The same is true if A = jqo.

If ro=0and \ # uqogohal, we define

A=A — pgogoho ' = te(N) — qogote()h ™, g1 = ve(\1).

Applying the same construction with (A, ) replaced by (A1, u), and iterating the process as long
as possible, we define (A, gn, Yn, qn) s0 that \g = A\, = 1 and

An = A1 — Hanlgnflhal = tg()\nfl) - anlgnfltﬁ(:u)hal
In = (M)

Yn = Yn—-1+ QTLgnhal = Z Qigihal-
i=0
We have thus A — py,—1 = An.

There are two possibilities:

e The process stops because we reach some n for which ng(p) does not divide ng(Ay,) or A, =
1qnYn. Then we can take v = ,.

e Or it goes on indefinitely. Since g, = 7¢(\,) and Ay, = te(Ap—1) — Gn—1Gn—1te (,u)hal, we have
gn € En = | supp(N\)supp((te(1)hg *)"),
i=0
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where B* = {b;---b; | b; € B}. Also, £(g,) is increasing. Since supp((t¢(u)hg ') CJ0, +ocl,

+oo
U E,, has only a finite number of elements in {{ < C'}, thus £(g,,) — +00. Thus Z Gngnhy
n=0 n=0
converges to some ¢ € Z[Z™]¢, and by construction one has A = pg. This proves Proposition

1.

An immediate consequence of the proof is that the ged in Z[Z™]¢ of two elements in Z[Z™] is
often in Z[Z™].
Proposition 8.2 Let £ € Inj(Z™,R), and let A\, be nonzero elements of Z[Z™]. Then either u
divides X in Z[Z™¢, or the Euclidean division holds in Z[Z™), ie there exists v € Z[Z™] such that
ne(A —yp) < ng(p).
Novikov completion of an ideal. Let I be an ideal in Z[Z™]. Its Novikov completion I¢ is the
ideal it generates over Z[Z™].
Proposition 8.3 If¢ € Inj(Z™,R), the Novikov completion I¢ of an ideal I in Z[Z™ ¢ is generated
by an element of I.

Proof. The ring Z[Z™] is Noetherian, thus I has a finite generating system (\q,---, \,,). We prove
the result by induction on n, it is clear that it suffices to prove the case n = 2: this follows from
Proposition 2, since the Euclidean algorithm takes place inside Z[Z™] until we reach a stage when
we have two elements in Z[Z™] one of which divides the other in Z[Z™]¢, in which case this element
is the desired generator.

8.3 Morse inequalities

Recall first the structure of homology groups over a principal ideal ring R. If C, = (C}) is
a complex over R which is free of finite rank in each dimension, the R-module H;(C') is finitely
generated, thus it is isomorphic to F; & T; where T; is the torsion submodule and F; ~ H;(C)/T;
is a free module of finite rank. This rank is called the i-eth Betti number of C,, and denoted by
bi(C, R) or bl(C)

Moreover, one has an essentially unique decomposition into cyclic modules T; ~ @zzl R/(ei;),
where e; ; € R (elementary divisor) is not a unit and divides e; j41. The number t = ¢;(C, R) is
the minimal number of generators of T;.

This applies in particular when R = Z[G/ ker 5]2, the ring of Abelian Novikov homology. The
numbers b;, t; will then be denoted by b2?(C,, €), % (Cy, €).

Proposition. Let C, be a Z[G]-complex, which is free of finite rank up to degree k, with tk C; = ¢;.
One has the strong Morse inequalities

(Vi<k) D (=1)ei; =D (1) 08(Cy, &) + t9°(Chy &) + 5-1(C, ).

j<i j<i
Summing form 0 to i, one obtains the Morse inequalities

(VZ S k) Ci Z b?b(C*aé.) + t?b(C*ag) + t;lﬁl(c*ag))
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9 Abelian Novikov homology (ii): structure of the vanishing locus

9.1 Principal ideals of Z[Z™|;

It follows from general results on completions that Z[Z™]; is factorial and Noetherian. How-
ever, when ¢ is not injective, it is no longer a principal ideal domain, since m¢(I) is an arbitrary
ideal of Z[ker €] =~ Z[t{, -+, ], with k > 1.

Proposition. Let I be an ideal of Z[Z™]. Its Novikov completion I¢ is principal if and only if
me (1) is principal. More precisely, let X € I. Then X generates I¢ if and only if me(\) generates
Proof. “only if”: obvious.

“if”: it suffices to prove that A divides p € I in Z[Z"]¢. The Euclidean division algorithm of
p by A goes on indefinitely since m¢(\) always divides me(p), and goes on indefinitely, qed.
9.2 Divisibility in Z[Z™]¢ of elements in Z[Z™]

Proposition. Let A, be two elements of Z[Z™], such that p divides X in Z[Z™]¢. Then there
exist s € S¢ such that p divides s in Z[Z™].

Proof. The image of the multiplication by p over Z[Z™]¢ contains A € Z[Z™|. Since Z[Z™]¢
is faithfully flat over S YZ1Z™), it is already true over Se 'Z[Z™), ie there exists s € S¢ and
v € Z[Z™] such that uv = As.

9.3 Finiteness of the number of quotients

Let A\, u € Z[Z™]. We investigate the number of possible quotients in Z[Z™], ie v such that
neg(A — py) < ng(A) for some £ (not necessarily injective).

Lemma. There exists N = N (A, p) with the following property. Assume that p is &-simple and
that there exists v € Z[Z™] such that

N

supp(A — 7)1 (| supp(Wsupp(te (n)re (w)~)") = 0.
=0

Then p divides X in Z[Z™]¢.
Proof. If ve(A — py) > ve(p), me(p) divides me(A). As in 8.1, define

U supp(A)supp((te (1)ve (1) ™)), Boo = | En-
n=0

In the field Q[Z™]¢, we have A\u~' = Z apt® | ar, € Q. We want to prove that the aj are

k€FE
integers. Let S = supp(tep)ve(p) ™t € €71(]0, +00]), so that u = e (u ngte The
Les
equation A = p Z apth gives
k
(%) tne(p)ay = — Z MpQg—gp.

Les
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The hypothesis implies that a € Z for all k in Ey. We can order Eo, = {k, | n € N} so that
{ko, -, kn} C E, for all n. Set =, = ax, € Q, the formula (*) becomes a recurrence formula

Tp =b1xp_1+ -+ b2y, b € Q

Moreover, z,, € Z if n < N, and r,zg, - +,2r-1,b1,--,b, depend only on (A, u). To finish the
proof, we need to show that x, € Z for all n € N if NV is large enough.

Let Fy C Z" be the subgroup generated by (z,—1, -, Zp—r), ¥ <n < N. Then byy; + -+
by, € Z for every (y1,---,y,) € Fn. Since F, is a non-decreasing sequence of subgroups of Z",

there exists
N = N(rvwﬂ)"'7$7‘—17b17'"?bT) = N()\7ILL) eN

such that F,, = Fy for n > N. Thus if N = N(\, u), x,, € Z for all n € N. Thus a; € Z for all k,
qed.

Proposition. Let A\, pu be nonzero elements of Z|Z™]. Then there exists A(\, pu) C Z[Z™] finite
with the following property.

Assume that p is {-simple (for instance € injective) and does not divide X in Z[Z™]¢, and
the Euclidean division process of A by u terminates in a finite number of steps, ie there exists
v € Z[Z™] such that 0 < ng(X — wy) < ne(p). Then it terminates in at most N (A, i) steps, and
the quotient of A by p belongs to A(\, ).

Proof. By induction on n, the set A, (A, p) of quotients of A\ by p which are obtained after at most
n steps is finite, thus A(\, u) := An(x . (A, p) is finite. By the lemma,

N

(Vy € Z|Z™])  supp(A — py) N ( U supp(/\)(Supp(té(M)’Y&(M)fl)l) 70,

which means that the process of division by u stops after at most N steps. The quotient v belongs
to A, and satisfies ng(A — py) < ng(X). This proves the proposition.

9.4 Finiteness of the number of g.c.d.’s
Let I be an ideal of Z[Z™].

Proposition. There exists a finite set A C I with the following property. For every nonzero
¢ € Hom(Z™,R) such that I¢ is principal, A contains a containing a generator of I¢. This is in
particular true for every & which is injective.

Proof. The ideal I has a finite generating family (A1,---,Agx). When £ varies in Inj(Z™,R), the
k-tuple (ye(A1)---,7e(Ax)) takes a finite number of values. We define a chamber C C Inj(Z™,R)
to be the inverse image of one of these values. On each chamber C, the integers meg(\;), ve(A\i)

and ng(\;) are determined. We define n(C') = min(ng(A1), - -+, ne(Ax)).

Since there is only a finite number of chambers, it suffices to find for each C a finite set
A(C) C I which contains a generator of I; for every £ € C such that I¢ is principal. We prove this
by induction on n(C').

o Ifn(C) = 1, for some i we have mg (v (\;) "t \;) = 1 for every £ € C. Then a(C) = ve(Xi) ™\
generates Z[Z™]¢ for all £ € C, so that A(C) = {«(C)} has the desired property.

e Assume the existence of A(C”) is known for every C’ with n(C’) < n(C) = n. Adding a
generator, we can assume that ng(A\;) = d(C). We divide Ay, -+, A\g—1 by A in Z[Z™]e. If A
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divides all the \; in Z[Z™]¢, we can take A(C) = {A;}. If not, by Proposition 8.4, there exists 7 in
the finite set (J;;, A(Xi, Ax) such that ne (A — Ary) < ng(Ax). Replacing A; by A; — Axy, we obtain
finitely many k-uplets ()\gj), e )\g)) such that ng()\gj)) < ng(xg)). Denote C) the associated
chambers. Then min(ng()\gj )), - ,ng()\,(j ))) < n, thus the inductive hypothesis gives finitely many
sets A(C)), their union is the desired set A(C).

Corollary. Define N(I) = {{ € R™\{0} | Ic = Z[Z™]¢}. Then N(I) is a finite union of finite
intersections of open integer half-spaces. Or (in the language of [Bi-Ne-St]) it is rationally defined.

Proof. Let A= {ai,---,a,} be as in the proposition. Then N(I) = Z[Z™]¢ if and only if some a;
belongs to S¢ ie me(a;) = £1. Thus

Nn= | N {&l&hg™) >0},

i,9la;(g)=%1 hesupp(a:)\{g}

which proves the corollary.

9.5 Structure of the set of homomorphisms with vanishing homology

Proposition. Let (C,0) be a differential module over Z[Z"], which is free of finite rank. Define
N(C) ={¢ e (R™)"\{0} | H(C,, &) = 0}.

Then N(C') has a rational polyhedral structure (or: is rationally defined), ie it is the union of a
finite number of cones which are each the intersection of a finite number of rational (or integer)
open half-spaces.

Proof. Since Z[Z"] is Noetherian, we have a presentation (Z[Z"])™ — (Z[Z"])" — H(C), where
the first morphism is given by right multiplication with a matrix A € M,,, ,(Z[Z"]). Then the same
matrix gives a presentation (Z[Z"|¢)™ — (Z[Z"]¢)" — H(C4,§).

Thus H(C,£) vanishes if and only if A is left invertible, ie the ideal I C Z[Z"]¢ generated by
the n-minors of A is equal to Z[Z"]¢. By the corollary in 2.5, this is a rational polyhedral condition
on £.

9.6 Faithful flatness of Z|G|¢ over Zng[G]

Proposition [Lat 1994, Proposition 1.14] Assume that G is Abelian. Then Z[G|¢ is faithfully flat
over ZgIZ[G] = SgIZ[G].

Proof. We can assume that G is finitely generated. We can then write Ge>o = UpeN Cp, where
Cp C Cp41 is the semi-group generated by a suitable finite subset F),. Then Z[F})] is a Noetherian
ring and Z[F)|¢>o is an ideal. Thus the completion

—

Z[Fp] = EiLnZ[Fp]/(Z[Fp]$>O)n

is faithfully flat over the localization (1 + Z[F},|¢s0) *Z[F,] (cf. [Bou 1985], Prop. 9 p.248 and
Prop. 12 p.251).

— — —_

Denote Z[G>o| the completion with respect to the ideal Z[G>ol, then Z[G>o] = U,y Z[F}],
and thus it is faithfully flat over

U@ +ZIF ) ZF) = (14 Z[Gecol) ' ZGezo] = S; ' ZGexo)-
peN
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Since Z[G]¢ = GZ[Gxo] and S; 'Z[G] = GS; 'Z[Go), this implies the proposition.,

Other proof. We show the linear extension property. Consider a linear system Ax = b, A €
M, (S 'Z[G)), & € Mg 1 (Z[Gle), b € My 1(S¢ ' Z[G]). We want to show

(i) if it has a solution in Mg 1(Z[G]¢), it has a solution in Mq71(5’£_]L G]),

(ii) every solution x € My 1(Z[G]¢) is of the form x = x0+z \ixi, where xg, x1, -,z € Sng[G],
i=1
AL, Ar € Z[Gle and Az = b, Az; =0if i > 0.
Writing A = S~1A, b = S,b with S; € Se, Ae M, 4(Z[G)), be M, 1(Z[G]), the equation

)
becomes (S2A)x = S152b, thus we can assume that A and b have coefficients in Z[G].
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10 Abelian Novikov homology (iii):

relation with twisted Alexander polynomials

10.1 Alexander ideals and Alexander polynomials for a finitely generated group

In this section and the next we follow mostly [Mc-Mullen 2002], with some ideas coming from
[Kaw| and [Tu 2002].

Let G be a finitely generated group. We denote
G :=G/G" , ab(G) = G /Torsion = G/V G,

where for A C G we define VA := {z € G| (3n € N*) 2™ € A}. Note that VG is a characteristic
subgroup since G’ is one.

We have ab(G) ~ Z" with n = b1(G), thus the ring Z[ab(G)] is factorial. Using a multiplicative
notation for G, and choosing t1, - - -, t,, generators of ab(G, we have

Z[ab(G)] = Z[t7 -+ 17 ]
The image of g € G in ab(G) will be denoted ab(g). We denote
m(G) =(x—1|ze€ab(G)) =({t1 —1,---,t, — 1),
the Abelianized augmentation ideal. More generally, if H is a subgroup of G, we define mqg(H) as

the left ideal of Z[ab(G)| generated by ab(x) — 1, z € H.

Definition: Alexander module. Let H be a normal subgroup of G such that G/H is free
Abelian. The Alezander module of (G, H) is Aq(H) = H/H', viewed as a Z[G/H]-module.

Topological interpretation. If 71X = G and X — X is the covering such that 7r1)/(\' = H, one

~

hasAq(H) = H1(X).
Special case. If H =+vG', Ac(VG') = VG'/(VG') is the Alexander module of G.
Definition: Alexander ideal, Alexander polynomial. The Alezander ideal of (G, H) is the
0-eth Fitting ideal, or order ideal, of the Alexander module:
Ig(H) := Fitto(Ag(H)) = Fitto(H/H").

Recall (cf. [Ei], pp. 492 sqq.) that if R is a commutative ring and M is a finitely generated R-
module and RY) %5 RP — M is a presentation of M, with I possibly infinite and u represented by
the right multiplication with A € M ,(R), the i-eth Fitting ideal Fitt;(M) is the ideal generated
by the (p—i)-minors of the matrix A. It is easy to show that this is independent of the presentation.

Special case. If H=+G', Io(VG') =: I(G) is the Alexander ideal of G.

10.2 Matrix computations
Let (x1,---,xp | r;,1 € I) be a presentation of G,

Proposition. The Alezander module of (G, H) is the first Fitting ideal of Hy ()A(,Wfl(xo)).
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Alexzander polynomial of (G, H) is the greatest common divisor of Fitto(H/H') (where H/H'
is viewed as a Z|G/H])-module).

Here, R = Z[G/H] and Ax(G) = Hy(X, 77 ({zo})) = C1(X)/im(d2). If (z1,---, 2, | 1iri €

I) is a presentation of G, the chain module C;(X) is isomorphic to RP, Cy(X) to R), and
(identifying G/H = F) s is the right multiplication by A = (go( Ori )) .
0]

axj ¥,
Definition: Alexander polynomial. The Alezander polynomial of (G, H) is the greatest com-
mon divisor of the elements of I;7(G). Recall that Z[G/H] ~ Z[t,--- 1] is a unique factoriza-

tion domain. The Alexander polynomial is an element
Ag(H) € Z|G/H]

well-defined up to multiplication by a unit in Z[G/H], i.e. a monomial £g, or +t!' ---tir using
Laurent polynomials.

Special case. Let & be a nonzero homomorphism from G to R. Then im £ is a free Abelian group,

and we obtain A¢(G) € Z[im &] C Z[R], thus we can write A¢(G) as a finite sum Z ant®. We can

a€eR
normalize A¢(G) by asking that the lowest degree a for which a, # 0 be 0 [this is not always a

good idea, for instance if G = w1 (M3) Poincaré duality gives a natural A¢(G) which is symmetric
i.e. such that a_, = a4].

In this special case, we say that A¢(G) is unitary (resp. infra-unitary) if its highest (resp.
lowest) coefficient is £1, and bi-unitary if it is unitary and infra-unitary.
10.2 A characterization of the Alexander polynomial

This other definition is given by the following

Proposition. The Alexander polynomial of (G, H) is the greatest common divisor of Fitto(H/H')
(where H/H' is viewed as a Z|G/H])-module).

Proof. We simplify the proof of [Kaw| p. 92. We recall the short exact sequence
0 — H/H — Ag(H) — m(G/H) — 0.

The module m(G/H) ~ m(Z") = (t; — 1,---,t, — 1) C Z[F',---,tF'] is torsion-free, thus
Fitto(m(Z")) = 0. The Proposition follows then from the following

Lemma. Assume that 0 —» My — M — My — 0 is a short exact sequence of finitely generated
R-modules, with Fitto(Ms) = 0. Then

Fittq(M) = Fittg_, (M) if d > 1.

Proof of the lemma. Fix p € R irreducible (chosen in a set P of representatives modulo the units).
Let p®, p® be the p-primary factors of Fitty_q(M;) and Fitty(M). It suffices to prove that they
are equal.

The sequence of modules localized at p (M, = R, ®g M, where R, = R[M \ (p)]™!),
0— (M), = M, = (M), — 0,
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is exact since R), is flat over R (cf. [Bou], [Ei] p.66, [Mat]). Since R, is a principal ideal domain,
My, M and M, have presentations given by square matrices Py, P, Py, with P = (Pl 0 )

A B
Moreover, Fittq—i((M1),) = p*, Fitty(M,) = p®, and Fittg((Mz),) = --- = Fitt,.((M2),) = 0.
Thus we are reduced to the case where M = M), ie M is local and principal.
By hypothesis, Fittg(Ms) = - - - = Fitt,._1(Ms) = 0 ie every k-minor of P, vanishes if p; — k <

r — 1. Consider a nonvanishing (p; + p2 — d)-minor of P. If d < r — 1, the matrix has to contain
P, thus the minor belongs to (Fittq(M7),)
The localization preserves the torsion-freeness, thus
then Ag((My),) = p™, Ag(Mp) = p® and Ag((Mz),) = p** (modulo units).
we have Ag(M)) = [] (Ao(M,))
peP
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11 The case of three-dimensional manifolds
In this section we consider a closed three-manifold M with H(M;R) # 0.

11.1 A special chain complex equivalent to C*(M )
For p € N (resp. p € N¥), denote

P p—1
D, =D*\|JInt(D}) , D, = B\ | Int(D3)
i=1 i=1

where B is a Mobius band. The product H, = D, x [0, 1] (resp. pr = l~7p x [0, 1]) is a handlebody
(resp. a twisted handlebody) of genus p.

By[Tu 1979], if M is orientable,it can be written as the union of two handlebodies (H,), glued
by a diffeomorphism ¢ of 0H,, which is the identity except on the upper part D, x {1}. If M
is not orientable, we have a similar statement with twisted handlebodies. In both cases we write
M = M,,.

Orientable case. Choose base points Py € dD? and P, € 9D2, and fix arcs ¢; in D, from P,
to P;, non-intersecting and ordered anticlockwise from Py to P, -+, P,. Let v; be dD? positively
oriented, viewed as a loop in P;. Let x; be the loop ci'yl-ci_l in Py. The group m(D,, P) is free on

generators x1, - - -, Tp, and up to isotopy, ¢ is determined by the classes s; = gp(ci)cjl € (x1,- -, xp).

Then 71 (M) has the presentation (x1,---,zp | 1, -, Sp), with the property

p

p
-1 _
SixiS; = Z;.
i=1

i=1

Conversely, every group with such a presentation is the fundamental group of an orientable 3-
manifold M, with ¢ determined by the s;. Such a presentation is called an Artin presentation by
[Win].

Setting r1 = s1,7; = o1+ xi—18;(T1 - -:Ei_l)*l, one obtains another form of presentation:

p

=1

Thus fundamental groups of orientable 3-manifolds are the groups admitting a presentation
(x1,--+,xp | 71, -, 7p) satisfying (). We shall call it an Artin presentation of the second form.

Another way to obtain such a presentation is to consider the natural Morse function associated
to the decomposition M, = H;r UH, . It admits a gradientlike vectorfield for which the associated
chain complex is

0 — Z[ri M) s, Z[m M]P IZN Z[m M]P 9, ZimM] =57 — 0

or; .
with 01(e;) = x; — 1, Oa(fi) = a—r, 05(1) = Z(w;l — 1)fi. The main interest of this is the
i i=1
following property: if we represent 0; by the multiplication on the right by a matriz D;, we have
D3 = Dj where (a; ;)* = (aj;) with > ngg =Y nga(g™'), the canonical involution on Zlmy (M)]

and a(g) = £1 is the orientation homomorphism (a(x;) = 1.
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Nonorientable case. We define ¢;,7;, z; similarly except that +, is the soul of B and P, € ,.
Then 71 (M) has the presentation (x1,---,xp | s1,---,sp), with the property

s—1 p
H simisi_lspacps = H T;.
=1 i=1

Setting 1 = s1,r; = @1 - xi—18; (21 -+ xi,l)_l, we obtain

p—1

H[ri,xi]rpmprpxgl =1.
i=1

11.2 Vanishing of H;(M,¢) in the non aspherical case

Suppose that M is not aspherical, ie Ho(M) = mo(M) # 0. Then either M is a connected
sum MMy with 7y (My) and 71 (M>) non trivial, or M is an S?-bundle over S* with a homotopy
sphere, ie M is an S2-bundle over S! by Perelman. In the first case, 71 (M) is a nontrivial free
product, thus Hy(M,§) = Hi(m(M),£) never vanishes. In the second case, 71 (M) = Z, thus
Hy (M, &) always vanishes.

11.3 Vanishing of H;(M,¢) in the aspherical case

Here we assume that M is aspherical, thus the complex (%) is exact, and so is its dual
05 05 07
0 = Z[m M] =5 Zimy MP =2 Z[m MP = Z[my M| -5 7 — 0,

where 0; = 0;_;, defined by the matrix Dj3_,.

Proposition. Let M a closed orientable 3-manifold. We fix an Artin presentation of the sec-
ond form m (M) = (x1,---,xp | 71, --,7p), to which is associated a resolution with matrices
D1,D9, D3 = Di. Let £ € HY(M,R) be nonzero, and let i € [[1,p]] be such that (z;) # 0. De-
note A € My_1 p—1(Z[m1(M)] the matriz obtained from Dy by deleting the i-eth line and the i-eth
column. The following are equivalent:

(i) Hi(M,§) =0

(11) A is left invertible in My,(Z]m M]¢)

(11i) A is invertible in My(Zm1 M]¢)

(iv) A is invertible in M, (Z[m1 M]_¢)

(0) Hy(M,—€) = 0.
Proof. Up to reordering we can assume that ¢ = p. We write Dy, Dy, D3 as block matrices (L
being a line and C, C’ columns):

* * * A Cl C
pe=pi=(c -1, 0= (7 T) o= (, 7).

xp—1
The identities Do D1 = 0, D3 Do = 0 (corresponding to 0y 0 92 = 0, d2 0 93 = 0) give

AC+C'(z,—1)=0, LC+a(z, —1) =0
C*A+ (z; —1)L=0, C*°C" 4 (z;, — 1)a = 0.
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Since z, — 1 and z;, — 1 are invertible in Z[m; M]¢, this implies that, considered as a matrix with
coefficients in Z[m1(M)], we have

- A AC(1 —z,)~t
Dz = <(1 —x)71C*A a '

A o
<(1 B x;‘,)_lC*A) . This is
equivalent to the left invertibility of A, thus (i) < (ii). Since Z[m1M]¢ is stably finite, this is
equivalent to (iii).

Then (iii) is equivalent to the invertibility of A* in M, (Z[m1 M]_¢). Since (D7, D3, Dj3) has
the same properties as (D1, D2, D3), this is equivalent to (iv). finally, (v) < (iv) in the same way
as (i) < (ii).

By Proposition 2.8, (i) is equivalent to the left invertibility of

11.4 Thurston norm

Theorem [Thu]. Let M be a closed oriented three-manifold.

(i) There exists a unique pseudo-norm ||| defined on HY(M,R), ie ||¢||r € Ry, ||€ +nllr <
1€l + Inllz, IEQE) || = |||, with the following property: if € € HY(M,7Z) is primitive
(ie im(§) = Z)), one has

k

k . .
S = S; is a smooth surface, with connected
felle = max {3 max(0, (s |© ~ L }
i=1

components S; and such that [S] = PD(&).

Here, PD(§) is the Poincaré dual of &, so that ([S] = PD(§) & S is a regular value of a
map f: M — S whose associated homomorphism w1(M) — Z is £), and x(S) is the Euler
characteristic.

(11) There exists a finite number of classes oy, - -+, o € Hy(M;Z) such that

€]l = max |§(gi)|-

1<i<k

Equivalently, the unit ball Br(M) = {£ € HY(M;R) | |[{||r < 1} is rational polyhedron
(convexr and symmetric).

(iii) £€71(0) is generated by PD(S) with x(S) > 0, ie S is a sphere or a torus. In particular, & is
a norm if and only if m (M) is atoroidal, in particular if M is hyperbolic.

Definition. This pseudonorm ||¢||7 is called the Thurston norm.

Remarks. 1) Actually, Thurston defines his norm on Hs(M,R), which is canonically isomorphic to
HY(M;R).

2) Property (ii) holds in fact for any pseudo-norm on R" which is integral-valued on Z".

3) Thurston also shows that any given polyhedron P C R"™ which is convex, symmetric and
rational, is the unit ball By (M) of on some H'(M;R). Equivalently, every norm on R™ wihich is
integer-valued on Z", is the norm ||.||7 on some H'(M;R) ~ R".

4) There does not seem to exist an analogue of this in the non-orientable case.
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11.5 Vanishing of H;(M,¢) and non-singular closed one-forms

Let M be a closed three-manifold. Denote
N(M) = {¢€ € H'(M;R) | ¢ is represented by a closed non-singular one-form}.

It is an open subset of H'(M;R)\ {0}, with =N/ (M) = N (M). The two main facts about M are:

e ([Stallings]) If ¢ is rational, £ € N = ker¢ is finitely generated. In fact, if im(§) C Z, this
is equivalent to the existence of a fibration p : M — S' whose associated homomorphism
m (M) — Z is £, and Stallings states that p exists if and only if ker £ is finitely generated.

e ([Thu]) If M is oriented, N (M) is the union of the cones on some open faces of dBr(M),
which are called fibered. Moreover, one can realize any couple (P, F) where P C R" is a
convex, symmetric and rational polyhedron, and F a set of open faces of OP.

Corollary. If M is orientable, N' (M) is rationally defined.

Theorem. Let M be an orientable closed-three manifold, and § € Hy(M;R)\ {0}. The following
are equivalent:

(1) Hi(M,§) =0
(ii) &€ € N(M).
Equivalently, X(m1(M)) = N (M).
Proof. By section 7, (i7) = (i). Note that we do not need 11.2, since —N (M) = N (M), and not
the orientability of M either.

In the other direction: if £ is rational, (i) = (i) follows from 4.x and the criterion of Stallings,
the orientability of M being unnecessary. If £ is irrational, it belongs to the cone R .F' of some
open face F' of 0B (M), and since property (i) is open, every 1 € R’ .F' close enough satisfies it,
thus belongs to N (M). Thus F is fibered, which implies that £ € N'(M).

Questions. 1) Do we still have (i) = if M is non orientable ? This would follow if we knew that
N (M) is rationally defined.

2) Can one prove directly that ¥(m;(M)) is rationally defined ?

11.6 The case of a manifold fibered over S!

Let M be a closed three-manifold equipped with a fibration p : M — S!. We shall assume
that M is orientable, so that the fiber is a closed orientable surface ¥, with fundamental group
presented by (z1,y1,- ", Tk, Yk | ]_[?Zl[wi, yi]). We assume that k& > 1, so that M is aspherical. The
fibration is characterized by the homotopic monodromy ¢ € Aut(mi(Xg)), defined up to interior
automorphism. Moreover, one can normalize ¢ so that it lifts to ® € Aut(Fay), p(z;) = X,

~ k k
¢(yi) = Yi and [[;, [Xs, Yi] = T2y [i wil-
Then 71 (M) has a presentation with 2k + 1 generators

(517 o '182k+1) = (xlaylv o 'axkvyk?at)

and 2k + 1 relations

k

(re, -+ rongn) = (bt X byt Y bt T Xyt Y T [ i)
=1
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The associated matrix Dy = <8”> € Mogt1(Z]mi (M)]) is

88.7'
1-X;
1-7
tldap, — D®
D2— ]-_Xk: )
1-Y,
L=y |ar =1 Jer-epmr(I—yw) | er- - cpor(zp — 1) 0

with ¢; = [z;,v;], and D® € Moy (Z[m (M)]) is given by

0
ZB(s;), 1<4,j < 2k.
7s, (s4) i,j <2k

(D(I))Si,&‘j =
Denote A = ®% € GLgk(Z) the effect of ® on homology. Via (£(s1),-+,&(s2x11)), We can
identify H'(M;R) with coker(A — Idax) x R. Let £ € H'(M;R) such that £(¢)(= &(sak+1)) # 0.
By 11.3,
Hy(M,€) = 0 tIdyy, — D® is invertible in My (Z[r1 (M)]e).

Examples. 1) The case where k = 1 is very simple: either A = Idy and M = T3, or A is similar
to (1) T), and there is a fibration p : M — T? which induces an isomorphism on H', or
HY(M;R) ~ R. In all cases, H;(M,¢) always wanishes, and N'(M) = H'(M;R) \ {0}, without

using 11.5.

2) Let ||D®[|¢ = max{{(g) | g € supp(®)}. If [[DP[le < |£(t)|, H1(M,€§) = 0. Indeed, if {(t) >
|ID® ||, Idgy — t72D® € S_¢, thus Hy (M, —¢) = 0, thus Hy (M, &) = 0. And if £(t) < —||D®||e,
Idyy, — t~2D® € S, thus Hy (M, ¢) = 0.
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12 Residual units

12.1 Definitions and conjectures

Definitions. Let G be a residually finite group, and n € N*. If R is a ring, R[G] is the group ring
with coefficients in R, and M,,(R) is the ring of (n,n)-matrices with coefficients in R.

e An element of M, (Z[G]) is a residual unit if its image in M,,(Z[G/H]) is a unit for every
subgroup H <y ; G (normal with of finite index).
e M, (Z|G]) has finitely detectable units if every residual unit is a unit.

Recall that the ring Z[G] is stably finite, meaning that if A € M,,(Z[G]), A is a unit < A has
a right inverse < A has a left inverse.

The Novikov case. Let £ be an element of N(G) = (Hom(G,R) \ {0})/r: . Recall that the

o

Novikov ring Z[G]¢ is the ring of series Z n;g; such that n; € Z, g; € G and £(g;) — +oo. If H is
i=0

a normal subgroup of G, we denote £;; € N(G/(H Nker&)) the image of &.

Recall that the Novikov ring is also stably finite. We adapt the previous definitions to the
Novikov case:

e An element of M,,(Z[G]¢) is a residual unit if its image in M,,(Z[G/(H N ker f)]EH) is a unit
for every subgroup H <y;. G.

e M, (Z[G]¢) has finitely detectable units if every residual unit is a unit.

Conjectures. Let G be a “nice” group. For instance:

e virtually (residually finite and right-orderable); by [Boyer-Rolfsen-Wiest] and Perelman, this
is the case if G = 7 (M) where M is a closed 3-dimensional manifold with b; (M) > 0. By
Agol, it suffices that if M be hyperbolic.

e (stronger) virtually (residuallly torsion-free nilpotent); by [Koberda 2013] this is the case if G =
m1(M) where M is a closed 3-dimensional geometric manifold which is not Sol, in particular
if M is hyperbolic. Other examples: free groups (Magnus), surface groups (Baumslag), right-
angled Artin groups (Duchamp-Krob).

Conjecture 1. If G is “nice”, M, (Z[m1(M)] has finitely detectable units for every n € N*.
Conjecture 2. If G is “nice”, M, (Z[m(M)]¢) has finitely detectable units for every n € N*.
Remarks. 1) One motivation for Conjecture 2 is that, by Sections 10 and 11, it implies that a

class £ € HY(M,R)\ {0}) is represented by a nonsingular closed one-form if and only if that every
twisted Alexander polynomial Aﬁ,’u is unitary.

A related application is the following (cf. Section 4):

Proposition. Let G be a group satisfying Conjecture 2, and let & be a nonzero morphism from G
to Z. Then the following are equivalent:

e ker & is finitely generated
o for every subgroup H <j; G, the Abelianization of ker(§ ) is finitely generated.

Corollary. If X € Z[G] is a residual unit, the module Z|G|/Z[G)\ has no nontrivial finite quotient.
It is convenient to generalize these notions.
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12.2 Residually full left ideals

Definitions. Let G be a group. A left ideal I C Z[G] is residually full if I surjects onto Z[G/H ]
for every H <y; G. Similarly, if £ is a nonzero morphism from G to R, a left ideal of Z[G]¢ is
residually full if it surjects onto Z[G/H N ker E]E for every H <y;. G.

Similarly, a left submodule M C Z[G]" is residually full if its image in every quotient Z|G/H]",
H C G normal subgroup of finite index, is equal to Z[G/H]|™. An a left submodule M C Z[G]¢
is residually full if its image is full in every quotient Z[G/H N ker f]g, H C G normal subgroup of

finite index.

The group ring Z[G] (resp. the Novikov ring Z[G]¢) has finitely detectable full left ideals if
every left ideal I C Z[G] (resp. I C Z[G]¢) which is residually full is equal to Z[G]. (resp. to
Z|Gle)-

Conjecture 1°. If G is “nice”, M, (Z[m1(M)] has finitely detectable full ideals.
Conjecture 2. If G is “nice”, My (Z[r1(M)]¢) has finitely detectable full left ideals.

These conjecture imply Conjectures 1 and 2, thanks to the

Proposition. Assume that Z|G| (resp. Z|G)¢) has finitely detectable full left ideals.

(i) Let M be a residually full left submodule of Z[G]" (resp. Z|G|¢). Then M = (Z[G])" (resp.
ZIGIE ).

(it) The ring My, (Z[G]) (resp. My (Z[G]¢) has finitely detectable units for every n.

Proof. It suffices to treat the case of Z[G], the case of Z[G]¢ being completely analogous.

(i) By induction on n, the result being the hypothesis if n = 1. Assume that n > 1 and the
result is true for n — 1. Consider the set I of A € Z[G] such that there exists A1,---, A\,—1 € Z[G]
with (A1, -+, Ap—1,A) € M. It is a left ideal, and its image is full in every quotient Z([G/H]) with
G/H finite. Thus I = Z[G], ie M contains an element z = (A, -+, Ap—1,1).

One has a direct sum decomposition Z[G]|" = Z|G]"~! & Z|G]z. Substracting p,z from every
element (1, -+, pn) € M, ones sees that M = (M N (Z|G]" ') & Z|G]z. It suffices to prove that
M NZ[G"t = Z[G)"~ L. Clearly, M N Z[G])"~! is a left submodule which has a full image in
every quotient (Z[G/H])"~!, H C G normal subgroup of finite index. By the induction hypothesis,
MNZ[G"t = Z[G]" L, qed.

(ii) Let A € M,,(Z[G]) be a residual unit. The right multiplication by A is a left-linear map
u from Z[G]™ to itself. By hypothesis, im(u) has full image in every quotient (Z[G/H|)", H C G
normal subgroup of finite index. By (i), im(u) = Z[G]", ie A is left invertible, thus invertible, ged.
12.3 Main results

Proposition. 1) Let G be virtually polycyclic (in particular, finitely generated and virtually nilpo-
tent). Then Z|G| has finitely detectable full left ideals. Thus M, (Z[G]) has finitely detectable units
for any n.

2) Under the same hypothesis, Z|G)e¢ has finitely detectable units. Thus M, (Z]|G|¢) has finitely
detectable units for any n.

3) Let G be residually torsion-free nilpotent. Then Z|G] has finitely detectable units.

12.4 Comparison with finite quotients

Proposition. Let I C Z[G] be a left ideal. The following are equivalent:

54



1) I is residually full, ie I surjects onto X\ € Z|G/H| for every H <z, G
2) I surjects onto every finite quotient modules Z|G]/J, J a left ideal.

Proof. Assume that 1) holds. If Z[G]/J is a finite quotient, the normal subgroup
H := {g € G | acts by the identity on Z[G]/J}
has finite index in G, and we have a factorization

Z|G] —  Z|G]/J

[

Z|G/H).

Since I surjects onto Z[G/H], it also surjects onto Z[G]/J. Thus 2) holds.

Conversely, assume that 2) holds. Then for every H <z, G, the image A € Z[G/H| becomes a
unit in [, [G//H] for every prime p. Taking an associated matrix M € Mg.5)(Z), the image of M

in M. (Fp) is invertible for every prime p, thus M is invertible, thus A is a unit.

Corollary. If I C Z[G] is residually full, Z|G]/I has no nontrivial finite quotient.

12.5 From a finite index subgroup to the group

Proposition. 1) If ' < G has finite index and Z[U'] has finitely detectable full left ideals, so has
Z[G].

Samme statement, with the Novikov rings Z|Gl¢ andZ[T') ¢r.

We can assume that I' is normal. Let I C Z[G] be a residually full left ideal. Then, as a left
Z[I']-module, Z[G] isisomorphic to Z[['|"™, m = [G : H], so that Z[G] embeds in M,,(Z[I']). Thus
I is identified with a submodule M C Z[T']™.

Let H < T be a normal subgroup of finite index. Then it contains H; which is normal in G
and of finite index, and the isomorphism of Z[I']-modules Z|G] — Z[I']™ induces an isomorphism
of Z[I'/H;]-modules Z[G/H1| — Z[I'/H1]™. By hypothesis, the image of I in Z[G + H;] is full,
thus the image of M in Z[I'/H;]™ is full, and a fortiori the image in Z[I'/H]™ is full. Since Z[I']
has finitely detectable full left ideals, M = Z[I'|"™, thus I = Z[G], which proves the Proposition.

2) The proof is essentially the same.

12.6 Proof of the main results
Recall the Proposition 12.3.

Proposition. 1) Let G be virtually polycyclic (in particular, finitely generated and virtually nilpo-
tent). Then Z[G] has finitely detectable full left ideals. Thus M,,(Z]|G]) has finitely detectable units
for any n.

2) Under the same hypothesis, Z|G¢ has finitely detectable units. Thus M,,(Z[G]¢) has finitely
detectable units for any n.

3) Let G be residually torsion-free nilpotent. Then Z|G| has finitely detectable units.
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Proof. 1) Let I C Z|G] be a residually full left ideal. By contradiction, assume that M = Z[G|]/I

is nonzero.

By 12.4, M has no nontrivial finite quotient. Since I # Z[G], there exists a maximal left ideal
I D I (without the axiom of choice, since Z[G] is Noetherian).

Thus the Z[G]-module M; = Z[G]/I; is simple (nonzero and with no nontrivial submodule).
By [Philip Hall 1959] (quoted in [Passman 1976, p.544]), since Z is a principal ideal domain with an
infinite number of primes (up to units), and G is virtually polycyclic, M; is finite, a contradiction
since M, is a quotient of M.

2) By 12.5, we can assume that G is polycyclic and torsion free, thus left-orderable. We fix a
left order on G. Let I C Z[G] be a residually full left ideal. Let Iy C ker¢ be the ideal generated
by GXg Nker & where Ag ranges over the ¢&-minimal parts of the elements of I.

Then ker¢ is polycyclic and Iy is a left ideal of Z[ker(]. Let us prove that Iy is full. If
Hy <y.;. ker &, there exists H <y;. G such that Hy = H Nker& (it suffices to add to Hy the lifts of a
basis of im & over Z).

Since I is full, I surjects onto Z[G/H Nker {Jz = Z[G/Hol.

A left ideal I C Z[G] is residually full if I surjects onto Z[G/H| for every H <y ; G. Similarly,

if £ is a nonzero morphism from G to R, a left ideal of Z[G]¢ is residually full if it surjects onto
Z|G/H Nker {]¢ for every H <y, G.

Proof that Z[G|¢ has finitely detectable units

Let X € Z[G]¢ be a residual unit. We want to prove that its {&-minimal part A\g € Z[ker¢] is
invertible. We can assume that ker§ = Z° x {0}, s = r —rk(§). If H = kZ", H Nker{ = kZ° x {0}
and Z"/(H Nker¢) = (Z/kZ)® & Z"™*® (canonical isomorphism).

There exists a group homomorphism f : Z° — Z which is injective on supp()p). Then
the invertibility of A\g is equivalent to that of f(Ag) € Z[Z]. Moreover, one can extend f to a
homomorphism f : Z" — Z x Z"~° by sending all the other generators to themselves. This gives
a ring homomorphism [ : Z[Z"]¢ — Z[Z x Z"°]z. The hypothesis implies that f(}) is again
residually invertible, thus it suffices to treat the case s = 1.

d
Write A\g = Z a;t" = P(t). The image of \ in Z[Z/kZ] [Z"~"]¢ is invertible, and so is its image
i=0
in Zlwi][Z""|z. For k prime > d, P(wg) # 0, thus it is the &-minimal part of this image. Thus
P(wy) is invertible in Z[wg] for every prime k& > d. By the proof of (i) (it suffices to have the
invertibility for a sequence k; — +00), P(t) = £t", qed.

3) Let A € Z[G] be a residual unit. By hypothesis, there exists a normal subgroup H <G such
that G/H is torsion-free nilpotent and supp(\) injects in G/H. Also, G/H is finitely generated,
thus satisfies 1).

The image A of X in Z[G/H] is a residual unit. By 1), X is a unit. Since G/H is torsion-free
nilpotent thus left orderable, A € £G/H. Finally, since supp()) injects in G/H, A\ € £G, qed.

12.7 Proof that Z[Z"]; has finitely detectable units

Let X € Z[Z"]¢ be residually invertible. We want to prove that its {-minimal part Ao € Zker ]
is invertible. We can assume that ker { = Z° x {0}, s = r—rk(§). If H = kZ", HNker{ = kZ° x {0}
and Z"/(H Nker&) = (Z/kZ)* & Z"*° (canonical isomorphism).

There exists a group homomorphism f : Z° — 7Z which is injective on supp()p). Then
the invertibility of A\g is equivalent to that of f(\g) € Z[Z]. Moreover, one can extend f to a
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homomorphism f : Z" — Z x Z"~® by sending all the other generators to themselves. This gives
a ring homomorphism [ : Z[Z"|¢ — Z[Z x Z"°]z. The hypothesis implies that f(}) is again
residually invertible, thus it suffices to treat the case s = 1.

d
Write \g = Z a;t' = P(t). The image of \ in Z[Z/kZ] [Z""]¢ is invertible, and so is its image
=0
in Z[wg][Z" "]z, For k prime > d, P(wy) # 0, thus it is the &-minimal part of this image. Thus

P(wy) is invertible in Z[wy] for every prime k > d. By the proof of (i) (it suffices to have the
invertibility for a sequence k; — 4+00), P(t) = +t", qed.

(iii) By hypothesis, we have a short exact sequence Z" — G — @ where @ is a finite group.
Using a section o : Q — G, we have an isomorphism of Z[Z"]-modules Z[G] ~ (Z[Z"])1®!, |Q| =
card(Q). Thus Z[G] can be represented as a subring of Mg|(Z[Z"]), and more generally M, (Z[G])
can be represented as a subring of M,,q((Z[Z"]).

Let A € M,,(Z[G]) be residually invertible. We have

A=) s Aig =D aijqo(q) s agjq € Z[Z].
q€Q

The associated matrix My € M, q|(Z[Z"]) satisfies

-1
(My)igsjg = a7 ela,a7'd)
where ¢ : Q x Q — Z" is the 2-cocycle associated to o and a9 = gag™!. In particular, (M))i 1.5, =
a; j.q- This matrix M) is residually invertible, thus by (ii) it has an inverse N = (b; 4.j,4), We have
Zai’k’qblﬁq;j’l = 51,] ThUS, setting on = (Mz,j) with Wi = Z U(q)_lbdi;th we have Alu, = Idn7

k7q qEQ
thus ) is invertible.

The proof for M,,(Z[G]¢) is entirely similar.
Remark. More generally, the proof of (iii) shows that if M,,(Z[G]) (resp. M,,(Z[G]¢)) has finitely
detectable inversibles, the same is true for M, (Z[I']) (resp. M, (Z[I']¢)) if " contains G as a finite

index subgroup. Since the finite detectability of invertibles obviously passes to a subgroup, the
same is true for I' commensurable with G.
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