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ABsTRACT. We show that every planar graph with no ¢t x ¢ grid minor has treewidth at most
4t + 4. This improves on the previously best known bound of gt - %, due to Gu and Tamaki
(2012), and is within a factor 2 of optimal.

A key step in the proof is showing the following result, which might be of independent
interest: Every 2-connected plane graph G with radius d and faces of size at most k has a
tree-decomposition of width at most max{3d + k + 5, 2d + 2k + 1} such that the vertex set of
every face of G is contained in some bag.

1. INTRODUCTION

For every positive integer t, let g(t) be the smallest integer such that every planar graph with
no t x t grid minor has treewidth at most g(t). It is well known that g(¢) is linear in ¢. The
first linear upper bound on g(t) was given by Robertson, Seymour, and Thomas [9] in 1994,
who proved that g(t) < 6t — 5. This was improved to g(t) < 5t — 6 by Grigoriev [4], and then
to g(t) < 3¢t — 4 by Gu and Tamaki [6] in 2012, which is the current best upper bound.

In this paper, we give an improved upper bound of g(¢) < 4t + 4.

Theorem 1. Every planar graph with no t X t grid minor has treewidth at most 4t + 4.

As for lower bounds, it is known that g(¢) > 2t — 3, as proved by Gu and Tamaki [6] via the
Cartesian product of a cycle and a path; see also [1].1 Thus our upper bound is (roughly)
within a factor 2 of optimal.

Our proof of Theorem 1 follows closely that of Gu and Tamaki [6] for the bound g(t) < 3t— 1
but with some key changes in how the tree-decomposition is being built. In the rest of this
introduction, we first review the approach of Gu and Tamaki [6] and then we explain how we
modified it to prove Theorem 1.
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Given positive integers k,h with & > 3 and h > 1, an k& x h cylindrical grid is the graph
obtained by taking the Cartesian product of a cycle on k vertices with a path on h vertices.
The main result of Gu and Tamaki [6] is the following upper bound on the branchwidth of
planar graphs having no k x h cylindrical grid minor.

Theorem 2 (Gu and Tamaki [6]). Every planar graph with no k x h cylindrical grid minor
has branchwidth at most k + 2h — 3.

The treewidth and branchwidth of planar graphs are closely related to each other: Robertson
and Seymour [8] showed that if a planar graph has treewidth w and branchwidth b > 2 then

b—1<w<gb—1. (1)

The aforementioned bound of g(t) < %t — % follows then from the second inequality above
combined with Theorem 2 and the fact that the ¢ x t grid is a subgraph of the ¢ x ¢t cylindrical
grid.

It is known that both the lower and upper bounds in (1) are tight, that is, there exist planar
graphs with branchwidth b > 2 that have treewidth b — 1, and there also exist some that
have treewidth %b — 1. One might hope that by going over the proof of Theorem 2 given
in [6] and translating the proof from the language of branch-decompositions to that of tree-
decompositions, one could prove directly that g(t) < 4t + O(1) by tweaking the resulting
tree-decompositions a bit. However, we were unable to do so, which prompted us to develop
another approach.

We proceed with a very informal outline of the proof of Gu and Tamaki [6] and then explain
the changes that we made to it. The proof is split into two main steps: Step 1 is about
bounding the branchwidth of planar graphs with small radius. Step 2 is a global inductive
proof, separating the given planar graph G in a shallow part and multiple deep parts, and
using Step 1 as a black box to bound the branchwidth of the shallow part, and the induction
hypothesis to bound the branchwidth of each of the deep parts, and then combining all the
resulting branch-decompositions together (at no extra cost) to get the desired bound on the
branchwidth of G. The resulting bound on the branchwidth is governed by the bound from
Step 1. In this sense, Step 1 is the real “engine” of the proof; in particular, establishing better
bounds for Step 1 would result in better bounds overall.

Our proof of Theorem 1 follows the same general approach, but formulated in terms of tree-
decompositions. Our Step 2, which is described in Section 4, is conceptually the same as that
of Gu and Tamaki 6], up to some minor modifications due to technicalities coming from our
setup. Our version of Step 1 (see Section 3) is where the proof differs, and where new ideas are
introduced, so let us focus on Step 1. It is well-known that planar graphs with small radius
have small treewidth, specifically Robertson and Seymour [7] (see also Eppstein [3]) proved
that every planar graph with radius h has treewidth at most 32 + 1. In Step 1, we prove a
variant of this result: Informally, we are given a plane graph G with radius at most h, and a
collection of special faces of G, each of size at most k. The goal is to build a tree-decomposition
of G of small width with the extra property that, for each special face, there is a bag of the
tree-decomposition containing all the vertices on the boundary of the face. By translating Step
1 from the proof in [6] (see Section 3 in that paper) to tree-decompositions, one can obtain
such a tree-decomposition of G that has width at most 3k + 2k + O(1). In our version of
Step 1, we achieve a width of 3k 4+ k + O(1), which allows us eventually to shave off a %t term
(roughly) in the resulting upper bound on ¢(¢) when combined with Step 2. This is done by
building the tree-decomposition differently; in particular, we use a careful necklace splitting
argument at a key step of the proof to avoid an extra %k cost in the width.
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We conclude this introduction with two remarks. First, similarly as for previous upper bounds
on ¢(t) given in the literature, our proof of Theorem 1 is algorithmic, it can be turned into a
polynomial-time algorithm finding either a tree-decomposition of width at most 4¢ + 4, or a
t x t grid minor in the plane graph given in input. Second, we tried to simplify the exposition
of the proof as much as possible and as a result, we made no efforts to optimize the constant
term in the bound ¢(t) < 4t+4. (For instance, g(t) < 4¢t+1 can be shown at the price of some
extra technicalities when dealing with the nooses in Section 4.) On the other hand, the 4¢
term seems quite difficult to improve. In particular, we believe that proving a (4 —e)t + O(1)
bound using this framework would require proving a (3 — ¢)h + O(1) bound on the treewidth
of planar graphs with radius h, which, as far as we are aware, is an open problem since the
1984 work of Robertson and Seymour |[7].

The paper is organized as follows. The necessary definitions and notations are given in Sec-
tion 2. The aforementioned result for Step 1, which is the heart of the proof, is proved in
Section 3. Then Step 2, the global inductive proof, is described in Section 4.

2. PRELIMINARIES

In this paper, “graph” always means an undirected, finite, simple graph. We also consider
multigraphs, where parallel edges and loops are allowed. We let V(G) and E(G) denote the
vertex and edge sets of a (multi)graph G, respectively.

A graph G is 2-connected if G is connected, has at least three vertices, and for every v € V(G),
the graph G — v is connected. A block of a graph G is an induced subgraph of G that is either
2-connected or isomorphic to K; or Ks, and is inclusion-wise maximal with this property. A
block is said to be non-trivial if it is 2-connected, and {rivial otherwise.

The distance between two vertices v, w € V(G) of a multigraph G, denoted by dg (v, w), is the
number of edges in a shortest path in G between v and w, if it exists, and +oco if v and w are
not in the same connected component of G.

Given two sets A, B C V(G), a path P in a multigraph G is called an A-B path if its vertices
can be enumerated as vy,...,v; along P with V(P)N A = {v;} and V(P)N B = {v;}. A
subset X C V(G) separates A and B in G if there is no A-B path in G — X.

Let H be a graph. An H-model in a graph G is a set {A, | v € V(H)} of pairwise disjoint
nonempty subsets of V(G), each inducing a connected subgraph of G, and such that for every
edge uwv € V(H), there exists z € A, and y € A, such that zy € E(G). If G contains a
H-model, we say that H is a minor of G.

A tree-decomposition of a multigraph G is a pair (T, B), where T is a tree, and B := {8, C
V(G) | z € V(T)} is a collection, such that the subgraph of 7" induced by {x € V(T') | v € (.}
is connected for every v € V(G), and for every edge uv € E(G) there exists € V(T') such that
Bz contains u and v. The elements of B are called bags. The width of B is given by maxgep || —1
and the treewidth of G, denoted by tw(G), is the minimum width of a tree-decomposition of G.

A rooted tree is a tree with a specified vertex r € V(T') called the root; its height is the
length of a longest path that has r as an endpoint in T. For a rooted tree T with root r,
and a vertex v € V(T), we call a vertex w € V(T) a parent of v in T if vw € E(T) and
dr(ryw)+1=dp(r,v). It is easy to see that every vertex apart from r has exactly one parent.
We call a vertex w € V(T') a child of v in T if v is the parent of w. For z,y € V(T'), we define
2Ty to be the unique path from = to y in 7T'.
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A BFS tree of a connected multigraph G is a rooted spanning tree T' of G, with root r € V(T),
such that dp(r,v) = dg(r,v) for every v € V(G).

We review some standard notions and terminology about planar graphs, with the corresponding
notations used in the paper, sticking to an informal treatment when it comes to the underlying
topological aspects. We refer the reader to the textbook by Diestel |2] for background on this
topic. A multigraph G is planar if there exists a cross-free embedding of GG in the plane. A
plane multigraph G is a planar graph together with a specific embedding in the plane where
edges do not cross. It will be convenient to identify V(G) with the corresponding set of points
in the plane, F(G) with the corresponding set of curves in the planes, and see G itself as
a subset of the plane. By extension, for every subgraph H of GG, we can also see H as the
corresponding subset of the plane. We see the faces of G as the connected regions of the plane
with the drawing of G' removed, and we let F'(G) denote the set of faces of G. Given a face
F of G, we let G[F] denote the subgraph of G corresponding to the boundary of F. When no
confusion can occur, we sometimes treat a face and its corresponding subgraph interchangeably,
for simplicity; e.g. when we say that a face F' contains an edge e we mean that G[F] contains e.

The dual graph of a plane graph G is the multigraph G* such that V(G*) corresponds to the
set of faces of G, and each edge e of G gives rise to an edge of G* (called dual edge of €) joining
the vertices associated with its incident faces.

Note that if G is a triangulation with at least 4 vertices then G* is a simple graph. The radial
graph of G, denoted by R, is the graph such that V(R¢g) = V(G) U F(G), and two vertices
are adjacent in R if and only if they correspond in G to a vertex and a face containing this
vertex. It will be convenient to have a plane embedding of R¢g, and thus we assume that Rg
is drawn in the plane, with the vertices in V' (G) at their respective positions in G, the vertices
in F(G) inside their respective face, and edges drawn in the natural way.

A noose of a plane graph G is a cycle in Rg. We remark that, in the literature, a noose is
traditionally defined as a closed curve in the plane intersecting GG only in vertices and crossing
each face of G at most once. When G is 2-connected, the two definitions are essentially
equivalent; however, our definition ensures that we consider only finitely many nooses for G,
which simplifies some of the arguments later on. (We remark that we will only consider radial
graphs of 2-connected graphs in the paper.) Given a noose N, we will often need to consider
the set of vertices of G that appear on N; we denote this set by Vg(N). Two vertices of Vi (V)
are said to be consecutive on the noose N if they are at distance 2 in the cycle N of R¢ (and
thus appear on a common face).

Let v be a closed curve in the plane. We let int(v) and int(v) denote the open disk and the
closed disk, respectively, bounded by ~. These notations will often be used for + being the
curve defined by a noose N of a plane graph G.

A closed curve v in the plane separates two subgraphs Gi,G9 of a plane graph G if, up to
exchanging G, Gy if necessary, G is contained in int(y) and G is contained in R? \ int(7).
Similarly, given Y7,Ys C V(G), we say that -y separates Y7 from Y3 if, up to exchanging Y7, Ya,
Y} is contained in int(v) and Y3 is contained in R? \ int(y).

For a plane graph G and a spanning tree T' of G, the co-tree of T is the subgraph T™* of the
dual G* such that the set of vertices of T™ is the set of faces of G, and the set of edges of T*
is the set of edges of G* that are not dual to any edge of T'. It is well-known that this graph
is a spanning tree of the dual of G' (hence the name).
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3. TREE-DECOMPOSITIONS OF PLANE GRAPHS ACCOMMODATING THEIR FACES

The following theorem is the main result of this section.

Theorem 3. Let G be a 2-connected loopless plane multigraph, let R be a face of G, and let
d be the mazimum distance in G between V(G[R]) and a vertex of G. Let k be the maximum
number of vertices in a face of G. Then G admits a tree-decomposition of width at most
max{3d + k + 5,2d + 2k + 1} such that the vertex set of every face of G is contained in some
bag.

Proof. With a slight abuse of notation, we let G denote the plane multigraph G from the
statement, and we let G denote the plane multigraph obtained from Gy by adding a new
vertex ¢(R) inside the face R and making it adjacent to all vertices in V(Go[R]). The rest
of the proof will be focused on this graph, which is why we prefer to use the notation G for
it. Denote the newly created triangular faces by Ry, Ra,..., Ry in a cyclic order around ¢(R),
where ¢ :== |V (Gp[R])|. Let R = {R1,..., Ry} and let F be the set of faces of G that are not
in R.

Let G’ be the multigraph obtained from G by adding, for every F' € F, a new vertex c(F)
inside the face F' and making it adjacent to all vertices in V(G[F]). Observe that compared
to the radial graph of G, the graph G’ also contains the edges of G.

Let T be a BFS tree of G rooted at ¢(R), and let h be its height. Observe that h = d + 1.

The proof is split into four main steps: First, we extend T into a (carefully chosen) spanning
tree T' of G'. Then, we modify further 7" into a tree T and use it to construct a pair (T, B)
of a tree and a set of bags. Next, we show that (T, B) is a tree-decomposition of G'. Finally,
we prove that its width is as desired and that the vertex set of every face of G is contained
in some bag.

Step 1: Defining the spanning tree 7’ of G'.

Let T be the co-tree of T' w.r.t. GG, which is thus a spanning tree of the dual of G. Observe
that the faces R, Ro, ..., Ry are leaves of T*. To help the description of the arguments below,
it will be convenient to color these leaves of T™ in red. For every subtree of T, we define a
corresponding weight, which is the number of red vertices it contains. We define an orientation
of the edges of T™ according to these weights as follows. For every edge xy of T, orient
xy towards x if the component of T* — zy containing x has weight larger than that of the
component containing y, otherwise orient it towards y. In case the two subtrees both have
weight equal to ¢/2, choose an arbitrary orientation of the edge xy. Since T* is a tree, there
is a sink in that orientation; let s denote a sink of the orientation. Let S be the corresponding
face in G.

Claim 3.1. S is not incident to ¢(R).

Proof of claim. Assume for contradiction that S is incident to ¢(R). Then, s itself is a red
leaf in T™*. Let e be the edge of T* that is adjacent to s. The two connected components of
T* — e are T*[{s}], and T* — s. Since s is a sink of our orientation, the weight of T™*[{s}]
should be at least that of 7% — s. However, since T*[{s}]| has weight 1, this implies that 7% — s
contains at most one red leaf, and thus T™ contains at most two red leaves; that is, ¢ < 2,
which contradicts the fact that ¢ > 3 implied by the definition of £. O
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Next, we assign a weight w(v) to every vertex v of G and a weight w(e) to every edge e of G.
This is different from the weights defined above for subtrees of T, though the two notions are
related. For every vertex v of G, let w(v) := 1. For every edge e of G in T, let w(e) := 0. For
every edge e not in 7', let w(e) be the minimum weight of the two subtrees of T* — e*, where
e* denotes the dual edge of e. Finally, for every submultigraph H of G, we define its weight
w(H) to be the sum of the weights of its vertices and edges.

Note that the boundary G[F] of every face F of G is a cycle of G, since G is 2-connected.
Claim 3.2. The following holds:

(i) w(e) < ng for every edge e of G,
(i) Xeepcrsy wie) = ¢, and
(ili) w(G[S]) = |G[S]| + Xoeep(arsy wle) < k+ €< 2k.

Proof. Let e be an edge of G. If e € E(T'), then w(e) = 0, and we are done. Now, assume that
e & E(T). Then the dual edge e* belongs to T*. Recall that the weights of the two subtrees
of T* — e* are integers that sum to ¢, so the minimum of these weights is ng This shows the
first property.

For every edge e of G[S], either e € E(T') in which case w(e) = 0, or e ¢ E(T) and then the
choice of S ensures that w(e) is defined as the number of red leaves of the subtree of 7% — e*
not containing s. As these subtrees are disjoint, we get ZeeE(G[S}) w(e) < L. Equality follows
from the fact that these subtrees contain all the red leaves of T™.

The third property of the statement directly follows from the second one and the fact that .S
has at most k vertices. U

Given two distinct vertices u,v of the cycle G[S], we call {u,v} a splitting pair if both paths
from u to v on G[S] have weight at most k + 2.

Claim 3.3. The cycle G[S] has a splitting pair.

Proof of claim. We rephrase the problem as a necklace splitting problem. Our necklace N is a
cycle with its vertices colored red or blue, obtained as follows: Start with the cycle G[S], color
all its vertices blue, then subdivide every edge e of G[S] with w(e) internal vertices, which are
all colored red. Next, if |G[S]| < k, then subdivide k — |G[S]| times an arbitrarily chosen edge
ep incident to a blue vertex v, and color blue the newly introduced vertices—these vertices are
said to correspond to vp—and finally, if £ < k, then subdivide k£ — ¢ times an arbitrarily chosen
edge e, incident to a red vertex and color red the newly introduced vertices. By the fact that
S has at most k vertices and item (ii) of Claim 3.2, the construction above results in a cycle
N that has k red vertices and k blue vertices.

Observe that, by construction, if u, v are two distinct blue vertices of N, then u, v correspond
to vertices u/, v’ of G[S] such that, for each of the two paths P between u and v on N, the
number of vertices of P is at least the weight w(P’) of the corresponding path P’ between v’
and v" on G[S].

Since N has even length, every vertex u of N has a well-defined opposite verter v that is at
distance exactly k on N. (Note that u is then the opposite vertex of v.)

Case 1: There exists a pair of opposite blue vertices. Let u,v be such a pair and let
u’, v’ be the corresponding vertices on G[S]. Since the two paths between u and v on N both
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have k + 1 vertices, the corresponding paths between u and v on G[S] have weight at most
k+ 1, and hence {v/,v'} is the desired splitting pair.

Case 2: Every pair of opposite vertices has at least one red vertex. Since there
are exactly k red vertices and k blue vertices on N, and there are k distinct pairs of opposite
vertices, it follows that every such pair contains exactly one red vertex and one blue vertex.
Let @, u be two vertices such that @ is colored red and w is a neighbor of @ that is colored blue.
Let v be the vertex opposed to w. Thus, v is colored blue. Then each of the two paths between
u,v on N has at most k + 2 vertices, and thus the two paths between the vertices u', v’ of G[95]
corresponding to u, v both have weight at most k+ 2, and hence {u/,v'} is the desired splitting
pair. O

For each face F' € F, we define a corresponding pair p(F'), o(F) of vertices of F' as follows. If
F = S, we choose these two vertices in such a way that {p(F'),o(F)} is a splitting pair of S.
If F# S, we choose p(F'),o(F) so that they are at distance ||F|/2] on the cycle G[F].

Let T" be the spanning tree of G’ obtained from T as follows: For every face F' of G considered
in the previous paragraph, we add the edge p(F)c(F') to T. Observe that T” is a rooted tree of
height at most d+ 2, and that every vertex ¢(F) is a leaf of 7", with parent p(F'). (We remark
also that the vertex o(F') is roughly opposite to p(F) on the cycle G[F], hence the choice of
the letter o.)

Step 2. Building a tree-decomposition of G’.

Let T™ be the co-tree of 77 w.r.t. G'. In order to define the tree indexing our tree-decomposition
of G, we need to slightly modify T"* as follows: Let T'" be the tree obtained from T"* by
subdividing once the edge of T corresponding to the edge o(F)c(F) of G', for every face
F € F; we let 27 (F) denote the newly introduced subdivision vertex and let X+ denote the
set of these subdivision vertices. Conversely, for every z € Xt we denote by F(x) the face in

F such that x = 27 (F(z)).

in blue or , the face F of Gy, that is equal to F'(u)

in , the face F'(u) of G’

in green, the p(F)—o(F) path whose vertex set defines a(u)

F1GURE 1. The different notations introduced in Step 2.

Observe that every z € V(TT) \ Xt corresponds to a (triangular) face of G, that we call
F'(z). Also, F'(z) contains a unique vertex of the form ¢(F) for some face F of Gp. We call
this face F'(z). In case F(x) is not R, we also define a(z) as follows: Consider the (unique)
p(F(z))-o(F(z)) path on the cycle G[F(z)] that contains an edge of G'[F’(x)], and let a(x)
denote the vertex set of that path.

In the rest of the proof it will be convenient to see T as a rooted tree, rooted at 7 (S); given
a vertex z of T, the subtree T, is the subtree of T+ spanned by z and all its descendants
in TT. For every vertex z € V(T7), we define (z) as the set of red vertices (i.e. the set
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FI1GURE 2. This figure summarizes all the notations introduced in Step 1 and
Step 2. This is a partial drawing of G’ together with its spanning tree 7" (heavy
black edges) and T'", the extension of the dual of T" (squared vertices and dash
dotted edges). The vertices of T" corresponding to { Ry, ..., Rs} are colored in
red.

of vertices of Tt corresponding to the faces Ry,..., Ry) in the subtree T,5, and v(z) as the

set of vertices of G in faces corresponding to vertices in y(x). We highlight the fact that

c(R) & ().

We define a tree-decomposition (T, B) of G’ indexed by the tree T as follows, where B =
{Bx | ® € V(TT)} is the set of bags and

() U (UUGV(G,[F,(@D 1% (uT’c(R))) Ua(z) if 2 ¢ X+ and F(z) € F
By = q(z)U (UueV(G’[F’(x)]) 4 (UT/C(R))> if v ¢ X" and F(z) = R

Y(z) U (Uue{c(F(m)),o(F(x))} 14 (UT’C(R))) UV (G[F(z)]) ifzeX™.
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Step 3. Proving that (T, B) is a tree-decomposition of G'.

To prove that (T, B) is a tree-decomposition of G’, we first define another, simpler, tree-
decomposition (T, B’) of G', indexed by the co-tree T of T" w.r.t. G', where B = {8 | x €
V(T™)} and the bags are defined as follows: For each x € V(T"),

Bl = U V (uT"c(R)) .

eV (G [F!()))

First, we show that (77, B’) is indeed a tree-decomposition of G’. Then, by considering how
(T*,B) can be obtained by modifying (T"*,B’), we will deduce that (7", B) is also a tree-
decomposition of G'. Note that (7", B’) is already a tree decomposition of G’ (and hence of
the subgraph Gy) with bags of sufficiently small size (< 3d + O(1)) such that the vertex set
of each face of G’ is contained in some bag. However, we do not yet have the same property

for every face of the original graph Gg, and that is why we need the further modification of
(T™,B) to (T't, B).

Since the vertex set of each face of G’ is contained in some bag of B’, in particular we have
that every vertex and every edge of G’ is included in some bag of B’. To show that (T, B')
is a tree-decomposition of G’, it remains to show that the vertices of 7" whose bags contain
a fixed vertex of G’ span a connected subgraph of T"*, which is a consequence of the following
claim.

Claim 3.4. Let 122 ... 2y be a path in T'™. If some v € V(G') belongs to both 3, and 3, |,
then it belongs to B3, for every i € [m].

Proof of claim. Arguing by contradiction, suppose that v ¢ g, for some i € [m], and let j be
a smallest such index i. Note that 2 < 7 < m — 1. Let ab denote the edge of G’ dual to Tj 1T
of T"*. Note that ab ¢ E(T).

Observe that a,b € V(G'[F'(z;-1)]) N V(G'[F'(x;)]). Since v & B, , it follows that
v ¢ V(aT'e(R)) UV (T c(R)). (2)

Let C = aT’b+ ab. Then C is a cycle of G’ that avoids v. Seeing C' as a plane graph, let
Q1, Q2 denote the two corresponding faces of its drawing. Let us emphasize that ab is the
only edge of C that is not in 7. Also, one of the two faces F'(x;_1), F'(x;) is contained in
(1 and the other in @, say without loss of generality F'(z;—1) is in @1 and F'(z;) in Q.
By planarity and because the edges of the path z ...z, can cross the cycle C' only once (in
xj_1xj, because the other edges of C belong to T”), it follows that F'(x;) is included in ¢y for
every i € [j — 1], and that F’(x;) is included in Q5 for every i € [m]\ [j — 1].

Now, observe that v is in the interior of Q1 or ()2, since v is not on C'. Reversing the numbering
of the vertices of P if necessary, we may assume that v is in the interior of @)1 (while maintaining
the assumptions above). Since v € 3}, , the vertex v belongs to V(uI"c(R)) for some vertex u
in G'[F'(xy,)]. Since the face F'(x,,) is contained in @2, and since v is in the interior of @1,
it follows that the path uT”c(R) intersects the cycle C.

Let u' be the first vertex of the path uT"¢(R) that is in C starting from u (possibly v’ = w).
Then v is in the path «/T"¢(R). However, since v’ is in C, and thus in a7’b, we also know that
v is in aT’¢(R) or in bT'c¢(R), say aT’c¢(R). Therefore, the path «'T¢(R) is a suffix of the
path aT’¢(R), and we deduce that v is in the path aT’¢(R), contradicting (2). O

Now, observe that (T, B) can be obtained from (7", B’) by the following sequence of opera-
tions:
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e For every face F' € F, we subdivide the edge x1z9 of T'* that is dual to the edge ¢(F)o(F)
of G’ and define at first the bag of this new vertex z+(F) as

V (o(F)T'¢(R)) UV (c(F)T'c¢(R)) .

For i = 1,2, let F; be the face of G’ corresponding to z;, and let v; be the vertex of G'[F}]
that is not in {o(F),c(F)}. Observe that, by planarity,

V (1 T'e(R)) NV (v2T"c(R)) CV (o(F)T'c(R)) UV (c¢(F)T"c(R)).

It follows that
V (o(F)T'¢(R)) UV (c¢(F)T'c¢(R)) = B, N BL,,,

that is, the bag of 7 (F) is equal to the intersection of the bags of its two neighbors x1, 2.
It is clear that the result is still a tree-decomposition of G'.

e For every vertex v of Gy and every face F' € F with v € V(Go[F]), we proceed as follows:
Let P be the subgraph of TF induced by x*(F) and the vertices of T corresponding to
faces of G’ incident to ¢(F). Observe that P is a path. We will add v to the bags of either
all vertices of P, or to one of the two “halves” of P w.r.t. vertex ™ (F).

— If v = p(F'), then observe that v is already in the bags of all vertices in P, since v is on
the ¢(F)T'c(R) path.

— If v = o(F), then v is already in the bags of 27 (F) and of its two neighbors on P; we
add v to every bag of vertices in P.

— Ifv ¢ {o(F),p(F)}, then enumerate the vertices of P in order as z1, ..., Tm, 2 (F),y1, . - ., Yq,
in such a way that v is incident to a face F’ of G’ corresponding to x; for some i € [m]
(note that there are two such faces). Observe that v is already in the bag of z;. We add
v to all the bags of z1,..., 2y, 21 (F).

Again, it is clear that the result is still a tree-decomposition of G’. As a result of these

modifications, V(G[F]) is now included in the bag of 2 (F') for every F' € F; also, a(x) is

now included in the bag of x for every x € V(T'") with z ¢ X* and F(x) € F.

e For every vertex v € V(Gy[R]) U{c(R)}, we add v to the bag of every vertex of
TH(w) =T {z e V(T) | vey(x)}]

Let i € [¢] be such that v is incident to the face R; of G’, and let = be the vertex of T
corresponding to R;. Observe that v was already in the bag of x, and that v € v(x), and
hence z is in 77 (v). Thus, in order to show that the operation above results in a tree-
decomposition of G, it suffices to show that 7 (v) is connected. This is shown in Claim 3.5
hereunder.

Claim 3.5. Let v € V(Go[R]) U{c(R)}. Then, T (v) is connected.

Proof of claim. If v = ¢(R), then T (v) is the empty graph, and we are done. Now, suppose
that v € V(Go[R]). Let ¢,j be such that R; and R; are the two faces of G’ whose boundaries
contain the edge c¢(R)v. Let r;,7; € V(TT) be the vertices corresponding to R; and Rj,
respectively.

Let z € V(T™) be such that v € y(z). By definition of v, there exists a face F’ € R such that
v € V(G[F']), and the vertex r € V(T") corresponding to F’ is such that r € J(z). However,
the two only possible choices for such an 7 are 7 = r; and r = r;. It follows that

vey(x) < 1 eq(x)orr; €7(x).
Thus, T (v) =TT {z e V(TT) | r; € ¥(x) Vr; € ¥(x)}].
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By definition {z € V(T") | r; € (x)} is the set of ancestors of r; in T'F (recall that T is
rooted at 27 (9)), and the same goes for r;. Thus, T (v) is the subtree of 7" induced by the
vertex sets of two paths both having the root as an endpoint, and thus is connected. O

This concludes the proof that (T, B) is a tree-decomposition of G’.
Step 4. Proving that (T, B) has the desired properties.

First, observe that V(R) C B,+(s) (because V(R) = v(z"(S))) and that, for every face F' of
F, we have V(G[F]) C B,+(p). Hence, the vertex set of every face of Gy is contained in some
bag of B.

Next, we bound the size of the bags.

Claim 3.6. |U,cv(a/(a)) V (WI"e(R))| < 3d +5 for every z € V(TT)\ X*.

Proof of claim. Let z € V(TT)\ XT. Then the face F’(z) of G’ is incident to three vertices,
¢(F(x)) and two vertices vy, v2 of G. The vertices vy, vy are at distance at most d+1 from ¢(R)
in 7", and ¢(F(z)) is at distance at most d+2 from ¢(R) in 7”. Since the three paths v17"¢(R),
veT"¢(R), ¢(F(x))T"c(R) all have ¢(R) in common, we deduce that the union of these three
paths has at most 3d + 5 vertices. O

Claim 3.7. |y(z)| < |F(x)| + 1 for every x € V(T) such that F(x) # S.

Proof of claim. Let x € V(T™T) with F(x) # S. Observe that, by planarity, the red vertices in
~(x) correspond to consecutive faces around ¢(R). It follows that |y(x)| < [y(z)| + 1. O

Claim 3.8. |y(z)| < [%| + 1 for every x € V(T) such that F(z) # S.

Proof of claim. Let z € V(TT) be such that F(z) # S and let y € V(T") be the closest
ancestor of z in T" such that F(y) = S. Then, F(z) is included in the set of red leaves of
T, . Let e be the unique edge of G'[F’(y)] that belongs to S. Observe that the number of
red leaves of T, ; is exactly the weight of e. Since e is an edge of G[S], we already observed
that w(e) < L%J < |%]. Therefore, by definition of v and by Claim 3.7, we have |v(z)| <
F)l +1< 5] +1. 0

Claim 3.9. For every x € V(TT)\ X',

8] < 3d+54+6 if F(z) =R,
T 8d+k+8  if F(x) € F.

Proof of claim. Let x € V(TT)\ X*. If F(z) = R, then by Claim 3.6 and Claim 3.8,

k k
18a| < |7()| + U vV (@uI'«(Rr) < +1+3d+5=3d+ 5 +6.
ueV (G'[F'(z)])

Now suppose that F(x) € F. By Claim 3.6, we already know that

U  V@I'e(R)|<3d+5
ueV (G'[F'(x)])
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Thus, to prove that |38;| < 3d+ k + 8, it is enough to show that |a(x)| + |y(x)| < k + 3, which
we do now.

If F(z) # S, then a(x) is the vertex set of a path of length at most [%1, and thus |a(z)] <

(57 + 1. Since |y(z)| < [5] + 1 by Claim 3.8, it follows that |a(z)| + |v(z)| < k+2 < k + 3.

Finally, suppose that F(x) = S. Let e be the only edge of G'[F’(z)] that is also an edge of G,
and let P be the p(F)-o(F') path of G[S] containing e. Note that

veV(P)

Let P’ be the subpath of P whose first vertex is p(S) and whose last edge is e. By definition
of T,f for x € V(T),

A= > wh)< Y wif)
fEE(P) feE(P)
(see Figure 2). Since {p(S),0(S)} is a splitting pair, we know that w(P) < k + 2. Using
Claim 3.7, it follows that
a(@)| + @) < Y we)+ Y w(f)+1<wP)+1<k+3,
veV(P) feE(P)

as desired. O
Claim 3.10. For every x € X,

18] < 2d+k+ 5] +5  ifz#at(S),
T 2d 42k 44 if v = x7(S).

Proof of claim. Let x € XT. Recall that
Bo = (@) U (V(c(F(2))T'e(R)) UV (o(F(x))T'c(R))) UV (G[F(x)).
The path ¢(F(x))T"c(R) contains at most d+3 vertices while the path o(F(z))T"¢(R) contains
at most d + 2 vertices. Moreover, they both contain the vertex ¢(R). Thus
’V(C(F(I))T/C(R)) U V(o(F(x))T/c(R))l < 2d + 4.
Furthermore, |V (G[F(x)])| < k.

If # # 2%(S), then F(z) # S, and |y(z)| < L%J + 1 by Claim 3.8. If z = x*(S), then
v(z) = V(Go[R]), which implies |y(x)| < k. The result follows. O

By Claim 3.9 and Claim 3.10, we deduce that (T'F, B) is a tree-decomposition of G’ of width
at most max{3d + k + 8,2d + 2k + 4} — 1.

Let By = {8 NV(Gy) | = € V(TT)}. Since Gy is a submultigraph of G’, (T, By) is a

tree-decomposition of Gy.

Observe that the vertex ¢(R), which is not a vertex of Gy, is included in every bag of B, and
that, for every x € V(TT) such that F(x) # R, the vertex ¢(F(x)) belongs to 8, but not to
V(Gyp). Thus, for every z € V(T'"), we have that if F((z) # R, the bag 3, contains two vertices
of G that are not vertices of Gy and, if F'(x) = R, the bag [, contains one vertex of G that is
not a vertex of Gg. This observation, combined with Claim 3.9 and Claim 3.10 imply that the
width of (T, By) is at most max{3d + k + 5,2d + 2k + 1}, which ends the proof. O
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While Theorem 3 gives a tree-decomposition accommodating all faces of a given 2-connected
loopless plane multigraph graph G, for our purposes we need a variant where we only accom-
modate a given subset F of faces. This is handled by the following corollary.

Corollary 4. Let G be a 2-connected loopless plane multigraph, let F be a set of faces of G,
and let R € F. Let d be the mazimum distance in G between V(R) and any vertex of G.
Suppose that every face in F has size at most k. Then G admits a tree-decomposition of width
at most max{3d + k + 5,2d + 2k + 1} such that the vertex set of every face of F is contained
in some bag.

Proof. Let H be obtained from G by triangulating arbitrarily every face F' of G that has at
least four vertices, and is not in F, by repeatedly adding edges inside the face F' between
non-consecutive vertices of the cycle G[F]. (It is well-known that this is always possible.)
Observe that H is 2-connected, every face of H has size at most k, and every vertex of H is at
distance at most d from V(R) in H. Thus, applying Theorem 3 on H with face R, we obtain a
tree-decomposition of H, and thus of G as well, of the desired width, such that the vertex set
of every face of H is contained in some bag. In particular, this holds for the faces in F. O

4. PROOF OF MAIN THEOREM

In order prove Theorem 1, we prove the following slightly stronger statement, which helps the
induction go through.

Theorem 5 (Main Technical Theorem). Let k, h be integers with k > 3 and h > 2. Let G be a
2-connected plane graph that does not contain a k X h cylindrical grid as a minor. Then there
exists a tree-decomposition of G of width at most max{3h + k + 4,2h + 2k — 1}. Moreover, if
the outer face F' of G is such that |V (F)| < k — 1, then there exists a tree-decomposition of G
of the same width such that V(F) is contained in one of the bags.

Theorem 1 follows easily from Theorem 5, as we now explain: Suppose that G is a planar
graph with no ¢ x ¢ grid minor. We may assume t > 3, since Theorem 1 is easily seen to hold
for t = 1,2. It is well-known (and easy to show) that the treewidth of a graph is the maximum
of the treewidth of its blocks, thus it is enough to show that every block of G has treewidth
at most 4t + 4. Each trivial block of G (i.e. isomorphic to K; or K3) has treewidth at most
1. Each non-trivial block B of G has treewidth at most 4t + 4, by Theorem 5 with k = h = t,
since B does not contain a t x t cylindrical grid as a minor. Therefore, Theorem 1 holds.

Our proof of Theorem 5 follows the same general approach as that of 6], as described in
Section 4 of their paper, except we use Corollary 4 from the previous section to get a better
tree-decomposition of a certain shallow part G’ of the given plane graph G, allowing us to get
better bounds on the width of the resulting tree-decomposition of G. While the general ideas
at the same, we nevertheless need to slightly adapt the framework of [6] to our setting. Thus,
we describe the proof in full in this section.

4.1. Family of well-behaved nooses. The goal of this section is to prove that if our plane
graph G contains no k x h cylindrical grid as a minor, then there exists a family of small
nooses separating the parts of G that are “far away” (depending on h) from the outer face of
G. Moreover, this family of nooses behaves well, in the sense that they bound open disks that
are pairwise disjoint. This heavily relies on results from Gu and Tamaki [6]. We introduce
the necessary definitions and lemmas, and then explain how these lemmas follow, with minor
adaptations, from lemmas in [6].
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The following lemma gives a refinement of Menger’s theorem for plane graphs; it follows from
Lemma 4.1 in [6].

Lemma 6 (Lemma 4.1 in [6]). Let G be a plane graph, let C,C" be two vertez-disjoint cycles
of G, and let k be a positive integer. Then, either there exist k vertex-disjoint V(C)-V (C")
paths in G, or there exists a noose N separating C' from C" in G such that |Vg(N)| < k — 1.

The next lemma follows from Lemma 4.2 in [6].

Lemma 7 (Corollary of Lemma 4.2 in [6]). Let G be a plane graph and let k, h be two integers
with k > 3 and h > 2. Let C and C' be two cycles of G such that dg.,(V(C),V(C")) = 2(h—1).
Then, either G has a k x h cylindrical grid minor, or there is a noose N in G separating C
from C" such that |Vg(N)| < k—1.

Recall that, in a 2-connected plane graph, every face is bounded by a cycle of the graph. In
particular, if B is a non-trivial block of a plane graph G, then the outer face of B bounds a
cycle C of B, and we simply say that B is bounded by the cycle C'. Given a plane graph G, a
face F' of GG, and a nonnegative integer d, every cycle C' of GG that bounds a non-trivial block
B of G[{v € V(G) | dr (v, F) > 2d + 1}] is called a contour at depth d from F; the block B
is said to be the block corresponding to C.

Towards the construction of a “well-behaved” family of nooses, we need the following lemmas
about faces, cycles and contours.

Lemma 8. Let G be a 2-connected plane graph. Let F be its outer face. Let d be a positive
integer, and let Gy be the subgraph of G induced by all the vertices of G at distance at least
2d + 1 from the vertex F in Rq. Then, every vertexr on the outer face of Gy is at distance
exactly 2d + 1 from F in R¢.

Proof. First, remark that, since every vertex of F'is at distance exactly 1 < 2d + 1 from F' in
Rg, the face F' does not share any vertex with the outer face of G4. Let v be a vertex on the
outer face of GG4. Since this face is vertex-disjoint from the face F' and G is 2-connected, the
vertex v is contained in a face Fy of G that contains at least one vertex vg & V(Gg).

Since the vertex vg is not in V(Gy), we have dr,(F,vq) < 2d + 1 — 2 and the following
inequalities hold:

dRG(F,U) < dRG(F,Ud) —l—d'RG(Ud,Fd) —f—dRG(Fd,U) <2d-14+141=2d+ 1. O

Let G be a plane graph. Let I’ be the outer face of GG, let H be a 2-connected subgraph of
G that does not share any vertex with F', and let C be the contour at depth 1 from F' in G,
such that H is drawn inside the closed disk int(C}) bounded by Cj. Given a positive integer
k, we say that a noose N of G is (k, H)-optimal in G if N satisfies the following properties:

(i) N (seen as a closed curve) separates C; and H in G,
(i) |Va(V)| < k—1 and |Vg(N)| is minimal subject to the first condition, and
(iii) int(NN) is inclusion-wise minimal subject to the first two conditions.

Observe that, in particular, every (k, H)-optimal noose N separates H and G[F| in G, and is
such that Vg (N) N V(G[F]) = 0. We remark that, given our definition of nooses as cycles of
the radial graph, G has only finitely many nooses, and thus the minimality in the last point
above is w.r.t. a finite set of nooses. For readers familiar with the proof in [6], we note that a
similar definition appears in [6] except that the nooses are required only to separate H from
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G[F] instead of C7, which is less restrictive. We could have used exactly the same setup as in
[6]—and in fact, this would improve slightly the constant term in our bound in Theorem 5—
but we found that separating H from a contour at depth 1 instead of the outer face helped
simplify the exposition of our proof.

The following lemma follows essentially from the proof of Lemma 4.4 in [6].

Lemma 9 (Consequence of proof of Lemma 4.4 in [6]). Let G be a plane graph. Let k,h be
integers with k > 3 and h > 2. Let F' be the outer face of G and let C be the set of contours of
G at depth h from F. If G does not contain the k X h cylindrical grid as a minor, then there
exists a collection N of nooses of G with the following properties:

(i) For every noose N € N, there exists C € C such that N is (k, C)-optimal;
(il) For every contour C € C, there exists N € N such that C is drawn inside int(N);
(iii) For every two distinct nooses N, N' € N, we have int(N) Nint(N') = ().

Proof. First observe that if C = (), then N' = () satisfies all the required properties. Hence,
suppose that C # (.

Let C € C and let C; be the contour at depth 1 from F such that C' is contained in int(Cy). As
G does not contain the k x h cylindrical grid as a minor, and since dg ., (V(C), V(C1)) > 2(h—1),
Lemma 7 ensures the existence of a noose N with |V (N)| < k — 1 that separates C' and C} in
G. Since N satisfies property (i) of the definition of (k, C)-optimal, and since |Vg(N)| < k—1,
we deduce that there exists a noose in G that is (k, C')-optimal; we let N¢ denote such a noose.

Let N be a maximal subset of nooses in {N¢ | C' € C} bounding disks that are inclusion-
wise maximal and pairwise distinct. We claim that A satisfies the statement of the lemma.
Property (i) holds by definition of N'. To see that property (ii) holds, let C' € C. Then, seeing
N¢ as a closed curve, we have that C is drawn inside R(NC). If No € N, we are done.
Otherwise, by maximality of A/, there is N € A such that int(N¢) C int(N), and N is then
the desired noose.

Finally, to show property (iii), let N, N’ € N be distinct. Let C,C" € C be such that N is
(k,C)-optimal and N’ is (k, C")-optimal. We use Lemma 4.4 from [6] on N and N’: The proof
of that lemma in [6] shows that if int(N)Nint(N’) # () then either N is not (k, C')-optimal or N’
is not (k, C")-optimal (using our terminology), by producing a better noose using an uncrossing
argument. The newly created noose, seen as a cycle of the radial graph, is contained in NUN’;
in particular, it is still entirely drawn in the disk int(C}), which is necessary for it to separate
C; from C or C'. O

4.2. Proof of Main Technical Theorem. We proceed with the proof of Theorem 5, which
we restate here for convenience.

Theorem 5 (Main Technical Theorem). Let k, h be integers with k > 3 and h > 2. Let G be a
2-connected plane graph that does not contain a k X h cylindrical grid as a minor. Then there
exists a tree-decomposition of G of width at most max{3h + k + 4,2h + 2k — 1}. Moreover, if
the outer face F' of G is such that |V (F)| < k — 1, then there exists a tree-decomposition of G
of the same width such that V (F) is contained in one of the bags.

The proof is by induction on the size of V(G).

Let F' be the outer face of G and let C be the set of contours of G at depth h from F. Let
N be the family of nooses obtained by applying Lemma 9. Thus, every noose N € N is
(k, C)-optimal for at least one contour C' € C, every contour C' € C is contained in the closed
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disk bounded by some noose N € N, and the disks bounded by nooses in N have pairwise
disjoint interiors. (Note that possibly C = (), in which case N' = {).) Let us point out that
|V (N)| = 2 holds for every N € NV, since G is 2-connected.

For every noose N € N/, choose a closed curve vy in R? that fulfills the following conditions:

(i) yn intersects G only in vertices of G;
(i) int(y) C mE(V):
(iii) yvw NN = Vg(N); that is, vy intersects the curve N precisely at the vertices in Vg (N)
and nowhere else, and
(iv) every vertex and every edge of G contained in int(NN) is also contained in int(vyy).

Note that such a curve vy can easily be obtained from N by “shrinking” slightly each section
of N between two consecutive vertices inside the disk bounded by N. Observe also that, for
every two distinct nooses N, N’ € N, the closed disks int(yy),int(yy/) only meet in vertices
of G and are otherwise disjoint (which was the reason for defining these closed curves).

Our plan is, for every N € N, to apply induction on the subgraph of G captured by the closed
disk int(yy). However, we cannot simply take these subgraphs as such, because they are not
guaranteed to be 2-connected, and their outer faces might contain extra vertices not on vy
(which could cause these outer faces to have sizes bigger than k). To fix this, we will add
extra edges in a natural way. This will possibly create some parallel edges, which is why we
(temporarily) consider multigraphs in what follows.

Next, for every noose N € N, we modify the graph G as follows, resulting in a multigraph:
Consider the vertices of G on y in, say, clockwise order. For every two consecutive vertices
v, w in this cyclic order,

e if there is already an edge vw drawn inside int(yy), remove it,

e then add the edge vw and draw it along the segment from v to w in vy clockwise.

We let Cn denote the cycle defined by the newly added edges, which is thus drawn along
vn. (Note that Cy has at least two edges, since |[Vg(N)| = 2.) We let G denote the plane
multigraph resulting from the above operation on every noose N € N. (The fact that this
results in a plane drawing follows from the fact that the closed disks bounded by the curves
yn for N € N only meet in vertices in G and are otherwise disjoint.) Note that G may
contain parallel edges, for three reasons: (1) the cycle Cy consists of two parallel edges in case
[Va(N)| = 2; (2) an edge vw drawn outside int(yy) could exist in G when a new edge vw is
added along a segment of vy, and (3) the same edge vw can be added multiple times in the
drawing if v, w appear consecutively on multiple nooses in N. Observe also that, on the other
hand, for every noose N € N, the subgraph of G contained in int(yy) has parallel edges only
if [Vo(N)| = 2, and in this case the only parallel edges are the two edges in C; this will be
important for applying induction later on since parallel edges are not allowed in the statement
of Theorem 5. Finally, observe that every tree-decomposition of GG is also a tree-decomposition
of G, and F' is also the outer face of G. Thus, in what follows, we may focus on finding a
tree-decomposition of G that has the desired properties.

Let G’ be the plane multigraph obtained from G by making every open disk int(N) (N € N)
a face Fiy bounded by the cycle C; that is, every vertex in int(/N) is removed, and every edge
intersecting int(/NV) is removed as well.

Next, for every N € N, let Gy be the plane multigraph that is the subgraph of G that is
drawn inside int(N). As pointed out before, G has no parallel edges, except if |V (N)| = 2,



AN IMPROVED BOUND ON THE TREEWIDTH OF PLANAR GRAPHS EXCLUDING A GRID MINOR 17

and in this case the only parallel edges are two edges in C. Also, the outer face of G is
bounded by the cycle C, which has size |Cn| = |[Va(N)| < k — 1.

il

(A) For each i € {1,2,3}, the curve vy, is the dash dotted closed curve that has the same color as
the noose N;. The gray areas represent the interiors of the contours at depth h that are inside the
nooses N1, No and N3. Full circle vertices are vertices of (G, while square vertices are vertices of R¢g
corresponding to faces of G. The hatched edge is an edge that will be removed while creating G, .

G,

(B) Mlustration of the graph G’ obtained from (¢) Nlustration of the graphs Gy, , G, and G-
the modifications of G in Figure 3a. For each For each ¢ € {1,2,3}, the boundary of the outer
i € {1,2,3}, the curve vy, has been replaced by face of Gy, is a cycle drawn on yy,. Observe
a cycle C, of the same color, and every vertex that the hatched edges in Figure 3a are indeed
an edge that lie inside int(N;) has been removed. not present in Gy, .

FIGURE 3. Illustration of the modification of G' in Theorem 5.

Lemma 10. Let v € V(G'). In R¢, the distance between v and F is at most 2h + 1.

Proof. Suppose for a contradiction that there exists v € V(G’) such v is at distance at least
2h + 2 from F in R¢g. Thus, v € V(Gyp). If v is on the outer face of Gy, then, by Lemma 8,
v is at distance exactly 2h + 1 from F in Rg, a contradiction. Therefore, there exists a



18 CAMES VAN BATENBURG, CLAUS, JORET, PETIT, RAYMOND, AND ROBINSON

nontrivial block B of G}, such that v € V(G},). Let C be the contour at depth h which is the
cycle delimiting the outer face of B. Since v is not on the outer face of Gy, v lies in int(C).
However, by definition of A/, there is a noose N € N that separates C from F' in G. Therefore,
v € int(N), and, by construction of G', v € V(G’), a contradiction. O

Lemma 11. There exists a tree-decomposition T' of G’ of width at most max{3h+k+4,2h+
2k — 1} such that, for every N € N, there exists a bag containing V(Fn) = Vg (N). Moreover,
if the outer face F' is such that |V (F)| < k — 1, then there is also a bag containing V (F).

Proof. We first prove two useful results about shortests path in the radial graph of G. After-
wards we use them to construct a plane supergraph H of G’ that has radius at most h, such
that F' and every Fy (N € N) remain faces of H. Then, the desired tree-decomposition will
follow from Corollary 4.

Claim 11.1. Let v be a vertex of V(G') and let P be a shortest path in R¢g between v and F.
Suppose that x,y are two consecutive vertices on P and that, in R¢, they are drawn inside the
disk int(N) for some N € N. Then x,y are on the noose N and they are consecutive on N.

Proof of claim. By Lemma 10, the length of P is at most 2h + 1. Towards a contradiction,
suppose x,y do not satisfy the statement of the claim.

Let P’ be an inclusion-wise maximal subpath of P such that z,y € V(P’), the two endpoints
of P’ belong to N, and every internal vertex of P’ is drawn in R¢ in the open disk int(NV).
Note that P’ is well defined, since the two endpoints F' and v of P are drawn outside int(N)
in Rg. Let a, b be the endpoints of P’. Thus a, b are distinct and they are the only vertices of
P’ on N.

Let Pi, P> be the two a—b paths contained in the cycle N of R whose union is V. Fori = 1,2,
let N; := P; U P’; observe that N; is a cycle in R¢, or equivalently, a noose of G. Since P’ is
a subpath of P, it is a shortest path between a and b in R¢. In particular, |V (P')| < |V(B;)|
for each i € {1,2}, and therefore the cycle N; of R¢ has length at most that of N, for each
ie{1,2}.

FIGURE 4. Schema of the hypothetical case inside the proof of Claim 11.1,
when the path P’ is inside the noose N. Full edges represent edges of the graph
G’, dash dotted edges represent edges of R, and dotted edges represent paths
in R (potentially of length zero). The block B is hatched.
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Recall that |[Vg(N)| < k — 1 and that N is (k, C)-optimal in G for some C' € C. Thus, by
Lemma 8, every vertex on C is at distance exactly 2h + 1 from F' in Rg. Hence, if B is the
block whose contour is C', then every vertex of R corresponding to an inner face of B is at
distance at least 2h 4+ 2 from F' in R, and similarly every vertex of Rg corresponding to a
vertex of B — V/(C) is at distance at least 2h + 2 from F' in R¢. In particular, none of these
vertices of R is contained in the path P. It follows that there exists ¢ € {1,2} such that B is
drawn inside the disk int(NV;) in G, and in particular C' is drawn inside int(NN;). Without loss
of generality, suppose i = 1.

Let C} be the contour at depth 1 in G such that C is drawn in G inside the disk int(Ct).
Recall that the length of N7 is at most that of N. We will show that N7 is a better noose than
N, contradicting the fact that N is (k, C')-optimal.

If P’ contains at least three vertices, then P’ contains at least one vertex that is drawn in Rq
in the open disk int(N). It follows that P’ is fully drawn inside int(NV), and hence that N is a
noose separating C' from C; in G. Moreover, int(N7) is strictly contained in int(N), implying
that N is not (k,C)-optimal, a contradiction.

Now, assume that P’ consists only of the two vertices a,b. Suppose, for contradiction, that
a and b are not consecutive on IN. Then, Nj has length strictly less than that of N, and in
particular |Vg(Np)| < |Ve(N)|. If the path P’, i.e. the edge ab of Rg, is fully drawn inside
int(V), then Nj separates C' from Cj in G, and we deduce that N is not (k,C)-optimal, as in
the previous paragraph. We may thus assume that the edge ab is drawn outside int(N) except
for its two endpoints. We claim that N; is nevertheless drawn inside int(C4) in R, implying
that N; still separates C from C in G, and in turn that N is not (k, C)-optimal, as desired.
This can be seen as follows. First, note that the path N1 — ab = P; in Rg is drawn inside
int(Cy). Thus, if Ny is not fully drawn inside int(C}), it follows that the edge ab, as a curve,
crosses the closed curve defined by C7 at least twice. However, since C7 is a cycle of G and
Ny is a cycle of R¢, their only possible points of intersection, as closed curves in the plane,
are vertices of GG. In particular, the edge ab intersects the closed curve defined by C; at most
once. This completes the proof. O

Claim 11.2. Let v be a vertex of V(G') and let P be a shortest path in R¢g between v and F.
Suppose that x,y are two vertices of V(G) NV (P) that are at distance 2 on P, and that are
drawn inside the disk int(N) for some N € N'. Then z,y are on N and they are at distance 2
on the cycle N.

Proof of claim. Let z be the unique vertex of P between z and y. First, assume that z is
drawn in int(N) in Rg. By Claim 11.1 applied on z, z, and then on z,y, we deduce that x,y
and z are vertices of IV, that x, z are consecutive on N, and that z,y are consecutive on N. In
this case, the result directly follows.

Now, assume that z is not drawn in int(XN). Let P’ be the subpath of length 2 of P containing
the vertices z, z and y. Let Py, P, be the two x—y paths contained in the cycle N of Rg whose
union is N. Fori = 1,2, let N; := P;UP’. Since z is not drawn in int(/N), there exists i € {1,2}
such that int(N) C int(N;). Without loss of generality, i = 1. Let C' € C be such that N is
(k,C)-optimal in G. Since int(N) C int(N7), we have that C' is drawn entirely inside the disk
int(N7). Let C; be the contour at depth 1 from F in G such that C' is drawn inside int(Cy).
First, assume that N; is entirely drawn in the disk R(Cl). Thus, N7 separates C and C7 in G.
Since N is (k, C) optimal, it follows that |Vg(N)| < [Ve(N1)] and thus |[V(P)| < |V (P')] = 3.
Therefore, |V (P)| = 3, thus = and y are at distance 2 on the cycle N, and the result follows.
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Now, assume that Nj is not entirely drawn inside int(C7). We will show that this leads to a
contradiction. Since N is drawn inside int(C}), this implies that P’ seen as a curve, is not
entirely drawn inside int(C7). However, Cy is a cycle of G and P’ is a path of R, and thus P’
can intersect C7 only in points corresponding to vertices of G. Since P’ is not entirely drawn
inside int(C}) but its endpoints x,y are drawn in int(C}), P’ and C] intersect at least twice
as curves. Therefore, they intersect exactly twice, and the two intersections are x and y. In
particular, z and y belong to C'1, and thus, by Lemma 8, they are at distance exactly 3 from
F in R¢g. This is a contradiction, since x and y are distinct vertices of a shortest path from v
to F'in Rg, which implies that their distance to F' in Rg cannot be the same. O

In the next claim, we build the supermultigraph H of G’ mentioned before.

Claim 11.3. There exists a plane multigraph H such that

(i) V(G') = V(H);
(i) E(G") € E(H);
(iii) F' is a face of H;
(iv) Fy is a face of H for every N € N, and
v) every vertex v € V(H) is at distance at most h from V(H[F]) in H.

Proof of claim. Let T be a BFS tree of Rq, rooted in F'. Let us construct H by adding edges
to G’ as follows.

Consider every face Z of G distinct from F' such that G[Z] contains at least two vertices of G’
and the parent of Z in T, denoted by z, is in V(G’). The face Z corresponds to a vertex of Rq,
hence to a point of the plane; let Z’ be the face of G’ containing this point. As z € V(G’), for
each N € A the only intersection of int(vyy) and the edge 2Z € E(Rg) is z, by construction
of G’. Hence, zZ is a curve in the plane that is entirely contained in (the closure of) Z’, and
we conclude that z € V(G'[Z’]). Now, if Z’ is distinct from all the faces Fy with N € N, we
add edges as follows (see Figure 5 for an illustration): For every vertex z in G'[Z’] such that
x # z and z is a child of Z in T, add the edge zx, drawn inside the face Z’. Note that all the
newly added edges can be drawn in a planar way, since they are all incident to z.

F

a

FIGURE 5. Additional edges drawn in the face Z to create H.

Let H be the multigraph resulting from the above edge additions to G’. Let us show that H
fulfills the properties of the claim. Properties (i)—(iv) directly follow from its construction.

It remains to prove Property (v). Let v € V(G'). By Lemma 10, the distance between v and
F in Rg is at most 2h 4+ 1. Let P be the v—F path in T, which is thus a shortest path in R¢a
from v to F. To show that Property (v) holds for v, it is enough to argue that every vertex in
V(P)NV(G) is also a vertex of G’, and that, for every two vertices u,w € V(P)NV(G’) at
distance 2 on P, there exists an edge in H having these two vertices as endpoints.
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First, let us show that every vertex in V(P)NV(G) is also in V(G"). Towards a contradiction,
assume that there exists u € V(P), such that v € V(G) \ V(G’'). By construction of G’,
the vertex u is drawn inside int(N) for some N € N. Recalling that F is drawn in Rg
outside int(/NV), we deduce that the u—F subpath of P has length at least 3. Let Z denote the
neighbor of u on the latter subpath. Then, Z is drawn in R¢ inside int(N), and it follows
from Claim 11.1 that u, Z are both on N, a contradiction.

Now, let us show that, for every two vertices of u,w € V(G’) at distance 2 on P, the edge uw
exists in H. Without loss of generality, assume that u is closer to F' than w in P, and let Z
be the face of G corresponding to the vertex of P between v and w. Then u is the parent of
Z in T and w is a child of Z in T. In particular, the face Z was considered in the definition
of H above; let Z’ be the corresponding face in G’.

If Z/ = Fy for some N € N, then u,w € Vg(N). By Claim 11.2, u and w are consecutive
on N and, by construction of G’, the edge uw is in G’, and thus also in H. If Z' # Fy for
every N € N, then the edge uw was added inside the face Z’ when constructing H. Therefore,
uw € E(H) in both cases, as desired. This concludes the proof. O

The graph H is such that F' is at distance at most A from any vertex, and the faces in F are
faces of length at most k£ — 1. We can apply Corollary 4 to H and F, the set of faces of size at
most k — 1 to obtain a tree-decomposition 7’ of width at most max{3h + k + 4,2h + 2k — 1}
such that for every face in F, and F if |V (F')| < k — 1, there exists a bag containing its vertex
set. As G’ is a submultigraph of H on the same vertex set, 7' is also a tree-decomposition

of G'. O

The following lemma will allow us to apply induction on each graph G (N € N). The last
property in the lemma, about parallel edges of G, has already been justified when defining
G it is repeated in the lemma statement for emphasis.

Lemma 12. Let N € N. Then Gy is a plane 2-connected multigraph that does not contain
the k x h cylindrical grid as a minor and satisfies

[V(GN)| < |V(G)| and |V(Cn)| <k-—1.

Moreover, if G has parallel edges, then |V(Cn)| = 2 and the only parallel edges are the two
edges in Cy.

Proof. Let C € C be such that N is (k,C)-optimal. Let vy, v, ..., vy be the vertices of Cy, in
clockwise order around Cy. Thus 2 < ¢ <k —1.

Let Cq be the contour at depth 1 such that C is drawn in the interior of C7. Since N is
(k, C)-optimal, every noose N’ of G separating Cy from C in G satisfies |Vg(N')| > ¢. By
Lemma 6, there exists a collection of ¢ pairwise vertex-disjoint V(C)-V(C}) paths in G, and,
since N separates C' from C7, each of these paths contains exactly one vertex of V(Cy). Let
P = {P1,..., P} denote such a collection. We may assume that V(F;) N V(Cn) = {v;},
for each i € [¢]. For each i € [{], let w; be the endpoint of P; in V(C}), and let P! be the
vi~w; subpath of P;. Then P’ = {P],..., P;} is a collection of pairwise vertex-disjoint V(Cn )~
V(C1) paths in G. By planarity, the vertices in {w; | i € [¢]} appear in clockwise order as
wy,wa, ..., w; along the cycle Cp. (To see this, consider the cylinder formed by the union of
the two cycles Cy and Cy and the ¢ paths Pj,..., P;.) For each i € [{], let Q; be the path
from w; to w;41 in Cy in clockwise direction (where indices are taken cyclically).
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We use the paths defined above to show that G is a minor of G: The only edges of Gy that
are possibly not in G are edges of C'y. Now, let

JN = (Gny —E(CN)U(PfU---UP)U(Q1U---UQy).

In words, Jp is the graph obtained from G by removing all edges of Cx and taking the union
with all the paths Py,...,P; and Q1,...,Q. Then, Jy is a subgraph of G that contains Gn
as a minor. Hence, G is a minor of G, as claimed.

It follows that Gy does not have a k x h cylindrical grid minor, since G does not.

Let us show that Gy is 2-connected. This essentially follows from the fact that G is 2-
connected and the existence of the cycle Cy in Gy. First, we point out that |V (Gy)| > 3
since N separates some contour C' € C from F' in G, and |V(C)| > 3. The fact that Gy is
connected follows easily from the fact that G is connected. It remains to show that G has no
cut vertex. Suppose that v is a cut vertex of Gx. In particular, v separates in G the cycle
Cn from some vertex z of Gy — (V(Cn)U{v}). (Note that possibly Cy consists of two parallel
edges, which is not an issue for this argument.) Then, v also separates z from V(Cy) in G,
contradicting the fact that G is 2-connected. Thus, there is no such cut vertex, and therefore
Gy is 2-connected.

Finally, note that |V(Gn)| < |[V(G)| — |[V(G[F])| < |[V(G)], since Cy is vertex-disjoint from
V(G[F)). O

Let N € N. Our goal now is to apply induction on Gy. If |Vg(N)| > 3, then Lemma 12
ensures that G satisfies the hypotheses of Theorem 5, and we can apply the induction on
Gy with its outer face Fl, resulting in a tree-decomposition 7Ty of Gy of width at most
max{3h+k+4,2h+ 2k — 1} where V() is contained in a bag. If |[Vg(N)| = 2, then let e, ¢’
be the two parallel edges composing the cycle Cy. It follows then from Lemma 12 that Gy —e
satisfies the hypotheses of Theorem 5, and we can apply the induction on G — e resulting
in a tree-decomposition 7x of G — e of width at most max{3h + k + 4,2h + 2k — 1}, with
no specific guarantee on the vertices of the outer face of Gy — e in this case. Note however
that, by definition of a tree-decomposition, there is a bag of Ty containing both endpoints of
¢’; that is, this bag contains V(). Therefore, in both cases, V() is contained in a bag of
the tree-decomposition Ty.

To complete the proof of Theorem 5, we show that there exists a tree-decomposition of G
respecting the conditions of Theorem 5. Since G contains G as a subgraph, the result will
directly follow. The tree-decomposition of G is obtained by combining the tree-decomposition
T’ of G’ given by Lemma 11 and the tree-decompositions 7y of Gy (with possibly an edge
removed if |[Vg(N)| = 2) for each N € N in the natural way: For each N € N, consider a
bag of Ty containing Vi (N) and a bag of 7' containing Vi (IV), and add an edge between
the corresponding nodes of their respective trees. It is easily verified that this results in a
tree-decomposition of G with the desired properties. This concludes the proof of Theorem 5.
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