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Proof assistants based on dependent type theory—such as AGpa, LEaN, and Rocg—employ different universes
to classify types, typically combining a predicative tower for computationally relevant types with a possibly
impredicative universe for proof-irrelevant propositions. Several other universes with specific logical and
computational principles have been explored in the literature. In general, a universe is characterized by its
sort (e.g., Type, Prop, or SProp) and, in the predicative case, by its level. To improve modularity and better
avoid code duplication, sort polymorphism has recently been introduced and integrated in the Rocg prover.

However, we observe that, due to its unbounded formulation, sort polymorphism is currently insufficiently
expressive to abstract over valid definitions with a single polymorphic schema. Indeed, to ensure soundness of
a multi-sorted type theory, the interaction between different sorts must be carefully controlled, as exemplified
by the forbidden elimination of irrelevant terms to produce relevant ones. As a result, generic functions that
eliminate values of inductive types from one sort to another cannot be made polymorphic; dually, polymorphic
records that encapsulate attributes of different sorts cannot be defined. This lack of expressiveness also breaks
the possibility to infer principal types, which is highly desirable for both metatheoretical and practical reasons.
To address these issues, we extend sort polymorphism with bounds that reflect the required elimination
constraints on sort variables. We present the metatheory of bounded sort polymorphism, paying particular
attention to the consistency of the resulting constraint graph. We implement bounded sort polymorphism in
Rocg and illustrate its benefits through concrete examples. Bounded sort polymorphism with elimination
constraints is a natural and general solution that effectively addresses current limitations and fosters the
development of, and practical experimentation with, multi-sorted type theories.
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1 Introduction

Proof assistants based on dependent type theory, such as Agpa [Bove et al. 2009], LEAN [Moura and
Ullrich 2021], and Rocq (formerly CoQ) [The Rocq Development Team 2025], rely on universes to
classify types. Using several universes makes it possible to endow them with specific computational
and logical principles while ensuring soundness by controlling their interactions via typing. For
instance, RocQ and LEAN combine a predicative hierarchy of universes for computationally relevant
types, and an impredicative universe of proof-irrelevant propositions, with elimination principles
ensuring that irrelevant terms are not used to produce relevant ones [Coquand and Huet 1988;
Letouzey 2004]. In general, a universe is characterized by its sort, such as Type or Prop, and its level,
in the case of a predicative sort. Refinements of these well-established sorts have been studied, for
instance by Keller and Lasson [2012] for their development of parametricity in an impredicative
sort, and the SProp variant that enjoys definitional proof irrelevance [Gilbert et al. 2019], readily
available under some form in AGpaA, LEAN, and RocQ. Other multi-sorted theories include the
reasonably exceptional type theory RETT with separate exceptional and pure types [Pédrot et al.
2019]—a construction also used in the reasonably gradual type theory GRIP [Maillard et al. 2022].

Having multiple sorts in proof assistants requires some support for polymorphism in order to
avoid duplicating definitions to inhabit all valid combinations of sorts. To address the limitations of
the workarounds implemented in RocQ and LEAN, Poiret et al. [2025] recently proposed SortPoly,
a theory of (prenex) sort polymorphism, now supported in Rocg. For instance, sort-polymorphic
dependent pairs, written sigma A P, can be defined generically over three sorts, the sort s; of the
carrier type A, the sort s, of the type family P and the sort s; of sigma A P itself:!

Inductive sigma@{s; sy s3} (A: U@{s1}) (P: A-U@{s2}): U@{s3} :=
exist: forall x: A, P x — sigma A P.

All combinations previously duplicated in Rocq (such as ex, sig, sigT) can be obtained simply by
instantiating this single polymorphic definition sigma.

Limits of unbounded sort polymorphism. While the sort-polymorphic definition of sigma already
represents a major improvement against duplicated definitions with different sort combinations, it
also shows its limits when one considers the definition of the first and second projections.

The crux of the problem is that SortPoly only supports unconstrained sort variables. Indeed,
given a dependent pair built with a carrier type in Prop, one ought not to be able to extract the
carrier in Type, unless the pair itself lives in Type. Without the ability to declare constraints over
sort variables, the only way to preserve this rule is to use the same sort variable for both the carrier
type and the resulting type sigma A P:

Definition proj;@{s; s»2} {A: U@{s1}} {P: A U@{s2}} (p: sigma@{s; s; s;} A P): A :=
match p with exist a _ = a end.

For the second projection projs,, the sort of the type family P must be the same as the resulting sort,
and because its type uses the first projection, all three sorts must be equal.

As a consequence, allowing other valid signatures of the projections requires duplicating their
definitions. For instance, given that it is valid to eliminate a term of a type in Type to produce a
term in any sort, the new Rocg prelude with sort polymorphism [Poiret et al. 2025] has additional
definitions of each projection to account for the cases where the resulting sort is Type and the
carrier and type family sorts are unrestricted.

IFor readability, in this article we omit universe level variables, given that universe level polymorphism [Sozeau and Tabareau
2014] is orthogonal to sort polymorphism.
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This limitation of unbounded sort polymorphism to define elimination functions of terms of
inductive types manifests dually for the introduction of the negative counterparts of inductives:
records. Consider the definition of dependent pairs as a record. The only sort polymorphic definition
that SortPoly accepts is that which uniformly equates all three sorts:

Record Prod@{s} (A: U@{s}) (P: A->U@{s}): U@{s} := pair {fst: A; snd: P fst}.

Any non-uniform variant, such as a dependent pair that can inhabit any sort but whose first and
second elements are in Type and Prop respectively, must be defined explicitly because it cannot be
obtained from this uniform polymorphic definition.

Consequence on type inference. Just like universe levels are invisible to most RocqQ users, and only
explicitly declared when required, one expects sort polymorphism to be handled transparently in
the vast majority of cases. Unfortunately, unbounded sort polymorphism is not precise enough to
ensure the existence of a principal sort assignment for any unannotated term, i.e., a most generic
sort assignment such that any other is an instance of it [Damas and Milner 1982].

Consider a sort-unannotated definition of the standard map function in SortPoly, defined over
sort-polymorphic lists:

Fixpoint map A B (f: A—B) (1: list A): list B :=
match 1 with [J = [1 ]| a:: t = fa:: map t end.
(* could infer either a) list A: U@{s} and list B: U@{s}
or b) list A: U@{Type} and list B: U@{s} *)

In SortPoly, elimination is always reflexive, and Type can be eliminated into any sort. Hence, there
are two possible sort assignments for list A and list B, none of which supersedes the other.

Insight: Elimination constraints to the rescue. The key observation of this work is that, in order
to be useful, sort polymorphism should be bounded to accommodate the necessary elimination
constraints between sorts. Adding elimination constraints to sort polymorphism empowers the
system to generically account for more sort instantiations, in a sound manner, just like type class
constraints (e.g., in Haskell) or type bounds (e.g., in Scala) allow for parametric polymorphism to
handle many useful patterns.

We propose SortPoly”, an extension of SortPoly with elimination constraints of the form s; ~» s,
(s1—s2 in Rocg), denoting that a term of a type in sort s; can be eliminated to produce a term of a
type in sort s,. We say “s; can be eliminated into s,” for short. Elimination constraints are specified
at the binding site of sort variables. For instance, we can define a single version of the projections
of dependent pairs that avoids the duplication observed in the SortPoly prelude using constraints
in the signature:

Definition proj;@{s; s; s3|s3—s1} {A:U@{s1}HP:A->U@{s2}}(p: sigma@{s; s; s3} A P): A

This generic constrained definition subsumes the various instances needed in SortPoly. For projs,
one simply needs to add the elimination constraint s3 ~» s;. Likewise, elimination constraints permit
the definition of a generic record of pairs, and enable non-ambiguous type inference by making it
possible to describe principal assignments for sort polymorphic functions such as map.

Note that without allowing any elimination between sorts, one could not even define a sort
polymorphic map function. In fact, the unannotated definition of map above has two solutions for
sort inference because SortPoly hardcodes the fact that any sort can be eliminated into itself, and
that Type can be eliminated into any sort. With SortPoly?” these hardwired assumptions are no
longer necessary.
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Contributions and structure. This article develops SortPoli, a theory of bounded sort polymor-
phism with elimination constraints, and provides a working implementation in the RocgQ prover.
Specifically:

e We illustrate the benefits of elimination constraints for bounded sort polymorphism via
several examples (§2).

e We formalize bounded sort polymorphism in SortPoly” (§3) and establish its metatheory: given
specific conditions on the declared graph of elimination constraints, SortPoly’ is equiconsis-
tent with a monomorphized version where constraints are translated away.

e We describe the sort elaboration process of SortPoly”, which ensures principality of inferred
elimination constraints (§4).

e We discuss several design considerations that manifest when adopting SortPoly” in existing
proof assistants, such as how to accommodate the special case of the subsingleton elimination
criterion (§5).

e We report on various aspects of the implementation of SortPoly” in Rocg §6.

§7 discusses related work and §8 concludes. The Rocq code of the examples has been typechecked
using a modified Rocg, available at https://doi.org/10.5281/zenodo.17588484.

2 Sort Polymorphism with Elimination Constraints in Action

We illustrate the use of sort polymorphism with elimination constraints in the proposed Rocg
extension that supports SortPoli”. After a brief syntactic presentation (§2.1), we show how the
issues presented in § 1 are addressed (§2.2). After these programming-centric examples, we turn to
more involved type-theoretic applications (§2.3 and 2.4).

2.1 Syntax

We build upon a variation of the Calculus of Inductive Constructions (CIC) [Paulin-Mohring 2015]
that accommodates multiple sorts, following prior work [Poiret et al. 2025]. Recall that types are
classified according to their sort, such as Type for general types, Prop for propositions, and SProp
for definitionally proof-irrelevant propositions [Gilbert et al. 2019].2 A universe is a type that
collects types of a given sort. In order to prevent paradoxes [Girard 1972; Hurkens 1995], universes
cannot contain themselves and are stratified according to universe levels. In such a predicative
approach, the type of the universe at level [ is the universe above, Type; : Type;,,. In particular,
the dependent function type lives at least in the greatest level of its domain and codomain types;
i.e, given A : Type;, and B : Type,,, we have II(x : A). B : Type ,.(1, 15)- Universes of propositions
such as Prop are usually impredicative, so that a quantification over all propositions in Prop is itself
a proposition in Prop. In that case, universe levels are irrelevant.

We write Uls for the universe of sort s and level [, which in RocQ syntax is written &/@{s;1}. In
the RocqQ code, we omit universe levels whenever they are not relevant to the discussion. In a sort
polymorphic system, a sort is either a ground sort, such as Type, Prop or SProp, or a sort variable.
We also use some new lightweight syntactic extensions to Rocg to introduce sort polymorphism
without interfering with existing codebases: when sort polymorphism is enabled, the standalone
use of the symbols Type, Prop and SProp is syntactic sugar for /@{Type}, U@{Prop} and L@{SProp},
respectively. Standalone ¢/ is implicitly considered polymorphic for some sort variable s, written in
full ¢/@{s}. Implicitly sort-polymorphic terms are then elaborated to fully annotated terms, along
with elimination constraints of the form s; ~» s; at the binding site of sort variables.

Definitional proof irrelevance means that for any strict proposition P : SProp, any two proofs p, q : P are convertible,

i.e, p = q. In contrast, two proofs of a proposition P : Prop in Rocgq are not convertible, although one can consistently
postulate their (propositional) equality.
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2.2 Basic Examples

We illustrate the basics of bounded sort polymorphism and elaboration with dependent pairs,
records, and lists, showing how the issues raised in the introduction are addressed.

Dependent pairs. Consider the following definition of ¥ types:

Inductive sigma (A: U) (P: A-U): U :=
exist: forall x: A, P x—sigma A P.

Due to the use of U to indicate universes, this definition is interpreted as fully sort polymorphic,
and automatically elaborated as follows:

Inductive sigma@{s; sy s3} (A: UR{s1}) (P: A—>UR{s,}): UR{s3} := ... (* omitted *)

Elaboration introduces three sort variables sy, s; and s, corresponding to the sorts of the parameters
A and P, and the inductive itself, respectively.

With this sort-polymorphic definition of sigma, the previously duplicated definitions for depen-
dent pairs in Rocg are simply obtained by instantiating sigma with the appropriate sorts:

Definition ex := sigma@{Type Prop Prop}.
Definition sig sigma@{Type Prop Type}.
Definition sigT := sigma@{Type Type Type}.

In addition, the system automatically generates a generic elimination scheme for the inductive
type, named after the inductive plus a suffix _poly, yielding here sigma_poly:

sigma_poly@{s; s; s3 Ss|s3—s4} (A: UC{s;}) (P: A—-UR{s,})

(Q: sigma@{s; sy s3} A P—oUR{ss})

(f: forall (x: A) (p: P x), Q (exist@{s; sy s3} AP x p))

(p: sigma@{s; sz s3} AP): Qp :=

match p as p' return (Q p') with exist _ _ x p = f x p end.

This definition quantifies over the three sorts sy, s;, s3 of sigma (notice the explicit instantiations
of sigma), plus a fourth sort s, corresponding to the predicate Q. The definition also includes the
required elimination constraint from the sort of the inductive to the one of the motive (s3 ~» s4).
The monomorphic elimination schemes in Rocg for sorts Type (sigma_rect), Prop (sigma_ind) and
SProp (sigma_sind) are now obtained by instantiating the motive sort appropriately:

Definition sigma_rect := sigma_poly@{Type Type Type Type}.
Definition sigma_ind := sigma_poly@{Type Type Type Prop}.
Definition sigma_sind := sigma_poly@{Type Type Type SProp}.

The projections of dependent pairs can also be defined polymorphically without any sort anno-
tations. For the first projection, proj1_sigma, we obtain the expected elimination constraint from
the sort of the inductive to that of the carrier, s; ~» s1. Because it depends on the first projection
proj2_sigma includes the same constraint, complemented with the constraint s3 ~» s;:

Definition proji_sigma (A: U) (P: A—>U) (p: sigma A P): A :=
match p with exist a b = a end.
(*x projl_sigma@{s; sy s3|s;—s1} (A : UC{s1}) (P: A — UR{sy})
(p: sigma@{s; sy s3} AP): A := ... %)

Definition proj2_sigma (A: U) (P: A—U) (p: sigma A P) :=
match p return P (projl_sigma A P p) with exist a b = b end.

(* proj2_sigma@{s; s, s3|s3—s;, S3—sS2} (A: U{s1}) (P: A — UR{s,y})
(p: sigma@{s; sy s3} A P): P (projl_sigma@{s; s; s3} AP p) := ... %)
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Since the projections proj1_sigma and proj2_sigma require more elimination constraints on sorts
than the mere definition of the sort-polymorphic inductive sigma, some instantiations of sigma
with ground sorts may not admit projections. This design—inherited from the presentation of sort-
polymorphic inductives of Poiret et al. [2025] —contrasts with that of 2-level type theories [Annenkov
et al. 2023] where arbitrary ¥ types are not valid and can only be formed when the corresponding
projections exist.> Note also that in both LEAN and Rocg, which feature several ground sorts, it is
already the case that a ¥ type can be defined even when the associated projections cannot—e.g., ex
in Prop, for which the first projection is not definable in general.

Records. We now turn to the negative presentation of dependent pairs, i.e., as records with
primitive projections.
Record Prod (A: U) (P: A—-U): U := { fst: A ; snd: P fst }.
(* Record Prod@{s; s; s3|s3—si, s3—ss} (A: UC{s;}) (P: A — UR{sy}): UR{s3} := ... %)

The same sorts and elimination constraints are inferred, but are now associated with the record
Prod itself, instead of with each projection.

The polymorphic dependent pair whose first and second elements are in Type and Prop, respec-
tively, can now be directly recovered by partially instantiating the generic definition, obtaining a
definition that is polymorphic only on the sort in which the product lives:*

Definition ProdTP@{s} := Prod@{Type Prop s}.

More generally, elaboration of a sort polymorphic record produces elimination constraints from
the sort of the record to that of each of its projections.

Lists. Finally, we showcase the implicitly polymorphic 1ist inductive type and related functions:

Inductive list (A: U): U :=

| nil: list A (* with usual notations [] and :: *)
| cons: A—1list A—1list A.
(* Inductive list@{s; sz} (A: UR{s1}): UR{sy} := ... %)

Notice that a list involves two sorts: s; for the parameter A and s, for the inductive itself.
The sort polymorphic map function can then be defined as usual:

Fixpoint map {A B: U} (f: A—»B) (1: list A): list B :=
match 1 with
| [1 =11
| @a:: 1= (fa):: (mpfl)end.
(* Fixpoint map@{s; s; s3 Ss|s3—ss} (A: UC{s;}) (B: UR{sy})
(f: A—>B) (1: list@{s; s3} A): list@{sy s4} B := ... %)

Elaboration introduces four sort variables, corresponding to the types A and B, the input list, and
the output list. Notably, the only elimination constraint that is inferred, s3 ~» s4, involves the sorts
of the lists; the sorts of the contained types are not subject to any constraint.

Inferred elimination constraints propagate at use sites as expected: consider the higher-order
allb predicate, which checks that each element in a list satisfies a given Boolean (B) predicate:

Fixpoint allb {A: U} (p: A—B) (1: list A): B :=
match 1 with
| [1 = true

3From a model point of view, this means that when its projections do not exist, the interpretation of a ¥ type can be
degenerated, and thus its existence, while potentially useless, is not an issue.
“In a system with only the sorts Type, Prop, and SProp, the only ground sort that can be substituted for s is Type.
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| hd :: t1 = andb (p hd) (allb p tl) end.
(* Fixpoint allb@{s; s; S3 S4lSs—S4, S3—s4} (A: UC{s1}) (p: A — B@{sy})
(1: list@{s; s3} A): B@{ss} := ... %)

The inferred constraint s3 ~ s4 comes from the pattern matching on the list, and the constraint
sy~ s4 comes from the use of andb, which is defined as follows (using if as syntactic sugar for
boolean case analysis):

Definition andb (b1 b2: B): B := if bl then b2 else false.
(* andb@{s; sy|s;—s2} (b1: B@{s1}) (b2: Be{s,}): B@{sy} := ... %)

Notice the inferred elimination constraint between the sort of the first boolean and that of the
second. This asymmetry follows from the asymmetry of this definition of andb, which patterns
matches on b1, not b2. After this brief tour of basic programming examples, the next subsections
consider more involved examples from a type-theoretic viewpoint.

2.3 Sorts for Informative and Erasable Terms

Both Prop and SProp are meant as sorts to classify proof-irrelevant propositions, meaning that any
two terms of the same type in those sorts can be considered equal—either propositionally in the case
of Prop or definitionally in the case of SProp. One specific use of these sorts is extraction [Letouzey
2004], which erases irrelevant terms to produce more compact and efficient code.

However, this usual separation is in fact too coarse-grained, as some terms in Type might be
erasable as well, justifying a more aggressive erasure for extraction. The stereotypical example is
that of indexed inductive types, for which some indices are relevant for typechecking but can be
discarded for evaluation [Brady et al. 2003]. Consider the usual length-indexed vectors Vect A n.
The size index n is useful to statically enforce properties and discard invalid branches, but once
indices have been used to verify a vector-manipulating program, the program can be executed
without needing to carry indices around. A sort-based approach to this refinement can be found in
the original parametricity framework of Keller and Lasson [2012], which distinguishes between
Set; for informative terms and Type; for non-informative terms, which we here call erasable. This is
closely related to ghost type theory [Winterhalter 2024] which introduces a predicative universe for
ghost data: proof-relevant information that can be safely erased at runtime for program execution.

The Rocq extension we provide makes it straightforward to declare two new ground sorts: Info
for informative terms and Erase for erasable terms:

Sorts Info Erase.

Introducing these two sorts, we can for instance define length-indexed vectors whose index type
lives in Erase, the element type lives in Info, and the vectors themselves form an informative type:

Inductive Vect (A: U@{Info}): nate{Erase} ->U@{Info} :=
| vnil: Vect A O
| vcons: forall (a:A) n, Vect A n—Vect A (S n).
The use of these separate sorts already prevents defining a function that produces the length

of a vector, in Info, by “cheating", directly returning the index of the argument type, instead of
calculating it by recursion over the vector:

Fail Definition length_cheat A n: Vect A n—nat@{Info} := fun = n.

(x The term "n" has type "nat@{Erase}" while it is expected to have type "nat@{Info}"x)
Dually, if we attempt to create a vector of a given informative length, a similar type error is raised:

Fail Definition vector_from_info_nat A (n: nat@{Info}): Vect A n.
(* The term "n" has type "nat@{Info}" while it is expected to have type "nat@{Erase} x)
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This behavior just reflects the fact that nate{Info} and nat@{Erase} are two different types,
without any subtyping relation between them. To specify that terms in Info can be used to produce
terms in Erase, we first declare an allowed elimination:

Constraint Info—Erase.

Thanks to this allowed elimination, we can define a coercion function from the informative to the
erased universe by recursively reconstructing the natural number in Erase:

Fixpoint info_to_erase (n: nat@{Info}): nat@{Erase} :=
match n with 0 = 0 | S n = S (info_to_erase n) end.

and use it to define the vector_from_info_nat function above.

Crucially, Erase cannot be eliminated into Info, otherwise supposedly erasable data could leak
into informative terms, invalidating the erasure performed by extraction.’ This can be observed by
attempting to define a reverse coercion function, from Erase to Info:

Fail Fixpoint erase_to_info (n : nat@{Erase}) : nat@{Info} :=
match n with 0 = 0 | S n = S (erase_to_info n) end.

(x Incorrect elimination of "n" in the inductive type "nat@{Erase}": the return type
has sort "U@{Info}" while it should be in a sort Erase eliminates to. %)

2.4 Properties Inherited via Sort Elimination

We now briefly illustrate the impact of elimination between sorts and the propagation of both logical
and computational properties of these sorts, by considering large elimination and impredicativity.

Large Elimination. Large elimination refers to the ability of an inductive type to eliminate into a
larger universe than the one it is defined in. This concept is tightly connected to type hierarchies
and plays a central role in the design of type theories. One of its main uses is to prove no-confusion
lemmas—for example, that true = false — empty, where we define:

Inductive empty : U@{s} := .
Inductive unit : U@{s} := tt.

Historically, large elimination is considered valid for Type, but invalid for Prop or SProp, to avoid
basic inconsistencies in the theory, e.g. when interpreting Prop as proof-irrelevant.

In the context of SortPoly’, the ability to prove no-confusion lemmas for a given sort can be
reframed as the property that this sort can be eliminated into Type. In such cases, one can define
predicates using pattern matching—at the heart of no confusion arguments—as follows:

Definition Pred_nat@{s|s—Type} (n: nate{s}) :=
match n return Type with | 0 = unit | _ = empty end.

For instance, in the use case of §2.3, we can allow both new sorts Info and Erase to eliminate into
Type, making it possible to prove no-confusion results in that setting:

Constraints Info—Type, Erase—Type.
Lemma nat_discr_info (n: nat@{Info}): O =S n—empty@{Type}.
Lemma nat_discr_erase (n: nat@{Erase}): O = S n—empty@{Type}.
In absence of elimination constraints, large elimination outside Type was presented by Poiret
et al. [2025] using a type class LargeElimSort. This mechanism can still be used, but elimination

constraints provide a more direct way. Both mechanisms can be combined, in particular no confusion
on nat can be derived for any sort that eliminates to a sort with an instance of LargeElimSort.

SWe allude to a hypothetical extraction mechanism that exploits these new sorts, not implemented in this work.
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Impredicativity. Impredicativity in type theory refers to the ability of a universe to be defined in
a way that quantifies over all types, including itself. This contrasts with predicative hierarchies,
where such self-referencing definitions are disallowed to avoid paradoxes.

The SortPoly” system has specific support for predicative and impredicative ground sorts, written
Sp and Sy, respectively. We can actually show that any sort s, to which an impredicative sort Sy
eliminates into (Sy~ s), inherits a form of impredicativity using a boxing technique. For example,
take the impredicative sort Prop of RocQ, we can convert between /@{s;u} and Prop as follows:®

Inductive Box@{s;1} (A: U@{s;1}): Prop := box: A—Box A.
Inductive Unbox@{s;1} (A: Prop): U@{s;1} := unbox: A— Unbox A.

Using boxing and unboxing, we can construct a function that resizes s, i.e., such that any type in
U@{s;1,} is isomorphic to one in U@{s; 1,3}, for any universe levels 1; and 1,.

Definition resize@{s;1; 1,3} (A: U@{s;1:}): U@{s;1,} := Unbox@{s;1l,} (Box@{s;1;} A).

We build the isomorphism using the following two functions, which are definitionally inverse to
one another thanks to the elimination constraint.

Definition r@{s;l; 1,3} {A: U@{s;1:1}} (x: A) : resize@{s;1l; 1,} A := unbox (box x).
Definition i@{s;1; 1,|Prop—s} {A: U@{s;1;}} (x: resize@{s;1l; 1,} A): A :=
match x with unbox (box x) = x end.

This resizing function is sufficient to construct an impredicative II-rule for any s such that Prop ~» s:

Definition impredPi@{s; s;;1; 1l,|Prop—s}
(A: U@{s1;11}) (B: AU@{s2;12}): U@{s2;12} := resize (forall (x: A), B x).

3 Formalization of Sort Polymorphism with Elimination Constraints

In this section, we introduce the SortPoly” type theory. It extends SortPoly—the type theory of
(prenex) sort polymorphism proposed by Poiret et al. [2025], now integrated into RocQ —with
elimination constraints. Apart from the handling of universes and sort elimination constraints,
SortPoly” follows a standard dependent type theory, featuring constants, inductive types, and record
types, as found in systems like AGpa, LEAN, and Roco.

We begin this section by presenting the system in a way that remains agnostic to the specific set
of elimination constraints being considered (§3.1 to 3.3). We then explore the concrete restrictions
that must be imposed on these constraints (§3.4 and 3.5) to ensure key metatheoretical properties
of the system such as monomorphization and logical consistency (§3.6).

3.1 Sorts and Universes

The sort and levels employed in universes are defined with respect to a context ® containing
declarations of sort variables and universe levels, along with elimination and level constraints.
The system is parametrized by a fixed set of ground sorts G together with elimination constraints
Og C ©. We support a predicative interpretation for sort variables SOrRTVAL, while ground sorts are
annotated with their predicative (P) or impredicative (I) status (GROUNDSORT) (we leave this status
implicit when it can be inferred from the context). For instance for RocQ, G = {Typep, Prop;, SProp; }
and ©g = {Type ~» Prop, Prop ~> SProp}. Figure 1 describes the various judgments associated to
these contexts. Auxiliary well-formedness judgments © + , s and © +_ [ express that sort and
level expressions are well scoped w.r.t. the declarations in ©.

The judgment © +_. s~ s" (ELIMCONSTRAINT) expresses that an elimination constraint
follows from the (transitive closure -* of the) declared constraints in ©, denoted £ (®). The constraint

®Note that here we are explicit about universe levels, as they are central to showcasing the impredicative nature of s.
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ssort € © Sy €G p e {PI} I level € ©
—  SORTVAL GROUNDSORT —  LEVELVAR
e Fsort S e Fsort SP S l_level
e '_level ! e l_level ! e l_level k
ZEROLEVEL ——— ——  SUCCESSORLEVEL JOINLEVEL
O kL0 OFq!l+1 O ke Max L k
’
(6 Flevel ) Fsort $ e Flevel r)l=sr € L(©) (G) Fsort $ e Fsort S )S'v?s’ € £(0)
WEFCSTRS
@ '_cstrs
Oy s Obgy s s~s € £(O)F
n ELIMCONSTRAINT
e '_elim—cstr S~ S
e '_level ! S l_level r S]I €G
IMPREDCONSTRAINT

O+

univ-cstr ! =5 r

O ke ! O Fva T Okcl=r s=SpV ssort e ®

PREDCONSTRAINT

univ-cstr ! Ssr

Fig. 1. Prenex universe level, sort variable and constraint rules.

I = I’ expresses that an equality of universe level expressions, indexed by the sort s,

!
univ-cstr ! Zs !

Or .
univ-cstr
follows from the level constraints in ©, denoted £(0©). Moreover, constraints like © +

(resp. ® k. [ > I') are not part of the declarative system and are simply syntactic sugar for
O Fivesty L =s max L1 (resp. © & . I = max(l,l') + 1). The judgment © F,  (WFCsTRS)
enforces that the universe and sort constraints in © are well scoped.

For impredicative sorts, all levels are considered equal (IMPREDCONSTRAINT), while for predicative
ones, we rely on the unspecified judgments consistent(®) and © £ C, which checks entailment of
universe level constraint C under the context © (PREDCONSTRAINT). We do not specify the constraint
system any further in this article as it is entirely orthogonal to sort elimination constraints, except
with regard to impredicative sorts; see e.g., the presentation of Sozeau et al. [2025] for a complete
formal treatment in the more general case of cumulativity. We make use of a function level(T') that
computes the maximum of the levels of the types declared in a context.

cstrs

3.2 A Typing System with Elimination Constraints

Typing rules. The typing rules for terms (Fig. 3) are mutually defined with environment typ-
ing (Fig. 2) and conversion. The typing judgment £ | © |I" F ¢ : T expresses that term ¢ has type T
in the global environment ¥, under the sort and universe level context © and in the local context I.
We omit the conversion rules, as they remain unaffected by elimination constraints; only typing is
affected by constraints.

In Fig. 2, only the rule for the formation of records (REcorD) is affected by elimination constraints,
as we need to check upfront that all projections induced by the record are valid. This condition is
elimeste S~ Sk (YO < k < n).

Typing and conversion of SortPoly” mostly follow the rules without elimination constraints
already explained in detail by Poiret et al. [2025]. In this paper, we focus on the explanation of

enforced by the premise Og
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Fopy 2 2|Op|-+b:A

env
EmpTY DEFINITION

Fenv * Feny 2 (®D FD:=b ZA)

Feny 2 2|0+ T, 2|07, + I; [X]07|T, F Tk
[Z107| Ty, Tk F 5 = Tilk O7 Fyniv-estr | >y max(level(T;), level(T},), (level(T))x)

Feny 2> (O1 F I : T, param — T; ind — U;" where [Cr : TL(p : T,)) (¥ : T). I p (i [p, X]) %)

Feny 2 %[O+ T,

i<k Sk
S|Or|Ty fi: T I—Tk:Z/lIk V0o<k<n) O + s~ s (VO<k<n)

elim-cstr

: RECORD
Feny 25 (O F R : T, param — U] = {fi : Tx})

Fig. 2. Environment typing rules.

the rules that are impacted by the presence of elimination constraints and defer the readers to
Poiret et al. [2025] for more comprehensive explanations. Regarding universe levels, all the rules
are standard, a predicative universe at level [ lives at level [ + 1 (Un1v) and the introduction rule for
dependent products computes the maximum of its domain and codomain universe levels. Regarding
sorts, all universes are introduced in the distinguished predicative sort Typep (abbreviated Type),
while the sort of a product is always the sort of its codomain (ForarLr). Altogether, this presentation
accommodates both predicative and impredicative sorts in a single system.

Comparison to other multi-sorted presentations. The choice that the sort of a product is always the
sort of its codomain is a design choice inherited from Poiret et al. [2025]. It is compatible with most
multi-sorted systems such as what is already implemented in LEAN or Rocg, and extensions with
exceptions [Maillard et al. 2022; Pédrot et al. 2019]. However, it does not exactly cover the setting
of 2LTT [Annenkov et al. 2023], even if a variant of it can be compatible, as discussed by Poiret
et al. [2025]. It would be possible to extend SortPoly (and consequently, SortPoly’) with a form of
bounded polymorphism at the level of II types, much like the PTS sorting rules, and this would
be orthogonal to the elimination constraints mechanism developed in this paper. However, given
the pervasive use of II types, performing a constraint check for every substitution on a II type
will very likely incur a significant overhead—therefore, we do not consider this kind of bounded
polymorphism here.

Role of elimination constraints. Two rules rely on checking elimination constraints: case analysis
(CasE) and fixpoints (F1x). The first rule applies to general case analysis on sort-polymorphic
inductive types: it ensures that the sort of the inductive type of the term being analyzed can be
eliminated into the sort of the (dependent) return type of the pattern-matching. The second rule,
the fixpoint construction, allows one to perform recursion on an inductive value, in some sort
s, to produce a term in the return type of the fixpoint, of sort s’. We deem this valid only when
s~ s’. For a fixpoint expression fix; f : T := ¢t to be well typed, the type of f should be a dependent
product with at least i + 1 binders, and the i + 1th binder, or principal argument, should be an
inductive type. We do not specify the guardedness check here but it should ensure that at all
recursive calls to f in ¢, the principal argument is a strict subterm of the initial argument x, i.e.,
is obtained by pattern-matching on x or one of its subterms. The two rules for case analysis and
fixpoints work together, and allow to derive the usual eliminator of an inductive type, subject to
the single constraint s; ~> s’
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Fig. 3. Typing rules for SortPoly”

Note that although the constraint s; ~ s in fixpoints may appear unnecessary at first glance, it
plays a crucial role in preserving the decidability of conversion. For example, in Rocg, without this
constraint, one could define overly general fixpoints over an accessibility relation in SProp:

Inductive Acc {A : Type} (R : A - A — Prop) (x : A) : SProp :=

Acc_intro { Acc_inv : forall (y : A), Ry x — Acc Ry }.
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(6 "sg)rt S[O’])(S sort) €©’ (8 Flevel l[O'])([ level) EGZ’
(O Feimecstr SLOT 8 [0Dswseg@) (O by o o] =501 Ul =1 (e)
Y VALIDSUBST

Fig. 4. Valid sort substitution

Fixpoint Acc_elim (A : Type) (R : A - A — SProp) (P : A — Type)
(f : forall x : A, (forally : A, Ry x — AccRYy) —
(forally : A, Ry x —» Py) — P x)
(x : A) (@ : Acc R x) {struct a} : P x :=
f x (a.(Acc_inv)) (fun (y : A) (r : Ry x) = Acc_elim AR P f y (a.(Acc_inv) y r)).

By definitional proof-irrelevance, every term of type Acc R x is canonically convertible to an
arbitrarily large introduction form and makes the equational theory undecidable (as already noticed
by Gilbert et al. [2019]).

Finally, note that there are no elimination constraints when checking projections (PROJECTION),
since their validity is ensured when defining the record (RECORD).

3.3 Sort Substitutions

Unlike unbounded sort polymorphism, which allows for arbitrary sort substitutions, SortPoly”
cannot accept every sort substitution as valid if we wish to preserve typing. For instance, respectively
substituting s; by Prop and s, by Type in map breaks typability—Prop cannot be eliminated into Type.
Consequently, allowed substitutions ought to be restrained to valid ones as defined in Fig. 4. Note
that, throughout this document, we assume that sort substitution preserve guardedness, because it
preserves the subterm relation.

o is a valid substitution between ® and ®’, written ® + ¢ : ®’, when it is a substitution of sorts
and levels that preserves elimination and universe constraints, i.e., such that ¢ is monotone w.r.t.
the relation ~» . Such substitutions preserve sort-related judgments:

LEMMA 3.1 (STABILITY OF SORTS BY SUBSTITUTION). If© + ¢ : ©’, then:

O+, s implies© +,, s[o]

e @+, Limplies®tr,  1[o]

;o eve s ei’.e ) ,
° @/ Fotimeestr S~ S .zmp ’zes F olimecstr s[o]~ s'[o]
* 0 '_univ-cstrl =s T lmplles e Funiv-cstr l[o-] Sslo] r[cr]

Proor. The case GROUNDSORT is immediate as a ground sort cannot be substituted. In the
case of SORTVAL, by decidability of equality between sorts, either s[o] is a ground sort and thus
GROUNDSORT applies, or s[o] is a variable in ©, and we conclude with SORTVAL.

Levels. By induction on ®" +,__ I. The case ZEROLEVEL is immediate as 0[c] = 0. The case
LEVELVAR is given by the fact that ¢ is a valid substitution. The other cases follow by induction
hypotheses.

Elimination constraints. If ©" +_ s~ s’, we know that (i) " k. s, (ii) © kg, s’ and
(iii) s~ s’ € £(O’)*. We have already shown that (i) and (ii) suffice to conclude © +, s[o]
and O +_, s’[o]. Hence, it suffices to show that s[o] ~> s'[o] € £(0)* which holds by an easy
induction on the transitive closure, using monotonicity of ¢ in the base case.

Universe level constraints. By case analysis on the indexing sort s[o], we can either conclude di-
rectly using IMPREDCONSTRAINT or apply PREDCONSTRAINT, and use the last premise of VALIDSUBST,
together with substitutivity of entailment checking for level constraints. O
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Valid substitutions can be composed to yield a valid substitution.

LEMMA 3.2 (COMPOSITION OF VALID SUBSTITUTIONS IS VALID). If@ F 0 : ® and ®' + 7 : @, then
Q' +rr00:0.

Proor. By applying VALIDSUBST, validating the elimination constraints is straightforward as
s[z o o] = s[o][r], which makes the conditions follow from successive applications of the Stability
of Sorts by Substitution. O

Using the two previous lemmas, it becomes possible to show the desired property of valid
substitutions: any such substitution preserves typing.

LEMMA 3.3 (VALID SUBSTITUTIONS PRESERVE TYPING). If® + o : ©’, then:
e 3|0 + T impliesX|O+ I'[o]
e 3|0 |T+t:AimpliesX|O|T[o] + t[o] : Alo]
e |0 |Trt=u:AimpliesX|0O|T[o] + t[o] =ulo] : Alo]

ProoF IDEA. By mutual induction on the derivations. The case ExTCTx is concluded by Stability
of Sorts by Substitution. This lemma is also used in CasEt and Fix to show the validity of the target
elimination constraint. Moreover, in the Fix case, guardedness is preserved by substitution and it is
easy to see that #|I''| = i implies #|I"[c]| = i. Then, these two cases as well as ENv and ENVREC
are concluded using Composition of Valid Substitutions is Valid. The case Aprp follows from the
observation that B[x = t][c] = B[o][x = t[c]]. All the other cases follow from the induction
hypotheses. O

3.4 Transitivity of Elimination Constraints

Rule ELiMCoNsTRAINT of Fig. 1 defines entailment of elimination constraints s ~» s’ from a context
© by using the transitive closure of the elimination constraints declared in ©, £(©)*. This is a choice
born out of convenience rather than out of necessity, in particular because it allows for a more
concise formulation (avoiding a lot of unnecessary annotations) and, more importantly, it makes
it possible to catch more implicitly introduced inconsistencies. This issue can be illustrated by
considering a system where ELIMCONSTRAINT checks eliminability through £(0) instead of its
transitive closure £(®)* by the unsquashing of a 3 type:

Definition unsquash@{s s' s''|s—s', s'—s''} (A: Type) (B: A — Type)
(u: sigma@{Type Type s} A B): sigma@{Type Type s''} A B :=
match (match u with | exist _ a b = exist _ a b end) with

| exist _ a b = exist _ a b end.

While this term may seem innocuous, in a convoluted context where there is a sort variable s such
that SProp ~ s and s ~» Type, an inconsistency can be derived:

Definition inconsistency : true@{Type} = false@{Type} :=
let f (b : B) :=
proj; (unsquash@{SProp s Type} _ _ (exist (fun _ = unit@{Type}) b tt)) in
eq_refl : f true = f false.

Because such contexts may easily appear in practice, introducing transitivity in the entailment of
elimination constraints makes the system more capable of catching errors early on. Moreover, in
this section, we show that doing so does not change the expressive power of the theory—and hence
is simply a convenience—as transitivity of elimination constraints is admissible up to an encoding
in a system where ELIMCONSTRAINT checks eliminability through £(©) instead of its transitive
closure. We write 3 |© |T +™ ¢ : Aif t is typable in a system that uses £(©) instead of £(©)*.
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tr"*(@p + D=b:A) £ Op+ D=tr""(b) : tr""(A)

Il>

trs’sl’sﬁ(GI +1:T, param — I; ind — Z/{ISII where [Cy : II(§ : [p)Tk. I ﬁc]k)
Or+I: trs’s/’s/l(l"p) param — trs’s,’sﬁ(l“,-) ind — UISI’ where

[Cr T + 0> (1)) 0 (D) T p ik,

trs’s"s'(QR FR: T, param — L{ls: = {fp: Tk}k) 2
O + R: tr**'(T,) param — L{ls}f = {fi : ik ifsg#s

_
(O FRE : 5 (1}, 1" (T)<* param — U5 = {(fi)y + " (T) D

OrFR: trs’s/’s/'(l},) param — Uy = {fi: trs’sl’s"(Tk[Ti =Rf ﬁ?;jd])A K}k
i€

otherwise

}

(a) Transitive encoding of the environment

e = i} 2 {ﬁ:{{'(ﬁc)s, =l AP s and i

’ o,

trsS 5 (1) otherwise

() 2 {tr (t) (f)-((fo)s) it RP:US and fi: T : Uy
tr (1) .(fr) otherwise
trs’s”s”(case creturn Pwith[Ck[o, 57 == so] P X > bi]g) =
case( case creturnI[o, sy :=s'] p iwith[Cy[o,s; :=s] p X > Cx[o,sr =5"] pX]x) ifso=s
return tr***'(P) with[Cy [0, 57 = 5] B % > tr5° (be) 1« and P : Uf;
case tr*"(¢) return tr*" ' (P) with[C [, 51 = s0] pie 5SS (b)) 1k otherwise

a7

tro¥ S (fix; f: Ti=1¢) =
Ayp ..oy x. (fixg f e > (T) = %' (1)) Y ... Y

(case xreturnI[o, sy =] p Twith ifx:1I[o,s;:=s]prand T : Z/{ls”
[Cklo,sr=5] p %+ Crlo.sr=5"] p X]x)
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(b) Transitive encoding of terms

Fig. 5. Transitive encoding function

The encoding follows the idea used in the unsquash term, where the lack of transitivity is
bypassed using two nested matches, one for each elimination constraint in the context. We show
that duplicating pattern-matchings to simulate a transitivity step for elimination constraints extends
to arbitrary contexts.

Systematic transitivity. The transitive encoding step tr>*>*'(-) of environment and terms is defined
in Fig. 5 and can be understood by following the ideas developed in the example. First, definitions
of constants should only call recursively the translation, and inductives in the context are assumed
w.Lo.g. to live in an unbounded polymorphic sort, so we also only have to recursively call the
translation. Second, if s~ s” and s’ ~ s”, trying to define a record ©g + R : [}, param — U} =
{fx : Tx }x where, for some K C [n] and k € K, s = s” and s~ s, otherwise, fails. However,

for every field fi (where k € K), the single-field record ©g + Rf : Fp,fkk param — Z/{ls,/ =
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{(fo)s : Tx} is well defined as s’ ~» s””. It then suffices to replace Tj by Rf ﬁzkk in R p to have a
well-defined record.

In turn, this update of records comes at the cost of having to update record construction and
projections, even though no elimination constraint is used in their typing rule. The transitive
encoding step of the construction of a record of sort s updates the definition of a field f; with k € K
to another record construction, building Rs. Conversely, a projection on a field f; with k € K has
to be replaced by a double projection, first on f; and then on (fi)s . Others fields are not affected.

Using the fact that every inductively defined type is sort polymorphic, every

case ¢ return P with[Cy [0, 57 := 5] p X > by«

where P is of type s’ can simply match on ¢ to provide a value of the same inductive type but in the
sort s”. Then, performing the appropriate substitutions make the whole construction well typed.

Finally, the case of fixpoints is slightly more technical, involving an n-expansion of the function.
Similarly to case rules, by exploiting the fact that inductive types are sort polymorphic, we perform
the relevant translation of the guarded variable to make the resulting term well typed.

As other term formers do not feature any elimination constraint in their typing rules, they are
not affected by the translation and, consequently, it suffices to go through the terms and recursively
call the transitive encoding step on the subterms.

Then, the transitive encoding of environments and terms is defined by recursively applying a
transitive encoding step with the relevant elimination constraints. For instance, for a definition
Op + D:=b: A, we define tr (Op + D := b : A) by induction on the set E of triples (s, s’,s”) such
that s~ s’ and s’ ~ s” in ©p as follows:

e if E=0,thentry(@prD:=b:A) £ Op+" D:=b:A,
e otherwise, if E = E' U {(s,s,’ s”)}, then:

trg(@prD==b:A) £ trp (trs’sl’sﬂ(GD FD:=b :A)) )

Then, we get the desired property that typability of transitively encoded terms in the weaker system
corresponds to typability of a term in the system with transitive elimination constraints.

LEMMA 3.4 (TRANSITIVE ENCODING PRESERVES TYPING). For every environments %, ©, context T,
termt and type A, we have 2 |@|T+t: A = tr(Z)|O|tr(T) F™ tr(t) : tr (A).

Proor IDEA. By induction on the typing relation. The only interesting cases are the ones of ENv,
ENVREC, CAsE and Fix. The environment rules are recovered by showing that there exists a ¢’
such that tr (A[o]) = tr (A) [¢’] propositionally, and the cases for rules that involve elimination
constraints are shown by induction on the number of transitivity steps applied on the relevant
inductive. O

3.5 Dominant Ground Sorts

Adding arbitrary elimination constraints on sort variables makes it easy to produce a graph that
cannot be instantiated, and thus produces dead code. For example, consider a sort variable s such
that g~ s and ¢’ ~» s for two grounds sorts g and ¢’. If there is no ground sort g’ such that g~» g”
and g’ ~ g, then there is no possible ground substitution for the sort variables.

To avoid this problem and guarantee that at least one ground substitution always exists for a
given set of elimination constraint, we introduce the following conditions that define what it means
for a set of elimination constraints © to be valid.

(1) The transitive closure of © does not introduce elimination constraints between ground sorts
that are not valid, i.e., not already in (the transitive closure of) O¢.
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(2) There must be an initial ground sort g, i.e., a reflexive ground sort such that g ~ ¢’ for any
other ground sort g’ such that s~ ¢’ or ¢’ ~ s occurs in © \ Og (thus s is necessarily a
variable).

(3) Every sort variable s in © that is dominated—in the sense that there exists a ground sort g’
such that g’ ~» s—must have a dominant ground sort, i.e., a ground sort g that is reflexive (in
the sense that g ~ g), such that g~» s and for every other ground ¢, if ¢’ ~ s then ¢’ ~> g.

The necessity of the first condition is evident since a valid substitution must respect the elimination
constraints in ©. Condition 2 provides a canonical ground value for sort variables that are not
dominated. Condition 3 addresses the case of dominated sort variables in a completely local manner.
Notably, if the ground sorts form a complete lattice and are reflexive—which is the case for Rocg and
Lean—these conditions are always met, and the corresponding checks can be omitted in practice.
However, we still want to support extensions with additional ground sorts that may not form a
complete lattice. Therefore, we prefer to rely on these local conditions, which offer greater flexibility
and generality in such settings.

Dominant Ground Substitution. In situations with valid sets of constraints, it is possible to define
a canonical substitution, named dominant ground substitution, that maps every sort variable to its
dominant ground sort if it exists or the initial ground sort otherwise. These substitutions enjoy
interesting properties. First, we can show that a dominant ground substitution is valid.

LEmMMA 3.5 (DOMINANT GROUND SUBSTITUTION IS VALID). If o is a dominant ground substitution
from© to®’, then® + o : ©'.

ProOF. As o is a dominant ground substitution, it maps every sort s to a ground sort, i.e.,
O k. s[o] using the rule GROUNDSORT. Therefore, we only need to show that ¢ is monotone. Let
s,s’ be such that ® +, 5,0 F ., " and ©’ Felimeeste S ™ s’. If s is has a dominant ground sort,
then s[o] ~ s and, by transitivity, s[o] ~ s’ and by condition 3, s’[o] ~ s” with s"[¢o] dominant,
hence s[o] ~ s’[c]. If s does not have a dominant ground sort, then s[o] is the initial ground sort
gi. If s’ is ground, s’[o] = s’ and condition 2 applies, hence, s[o] ~ s'[o]. If s’ is not ground, then:
either s’ is not dominated by a ground sort, in which case s’[o] is also the initial ground sort, in
which case we conclude by reflexivity; or s’ is dominated by g, and thus g; ~» g by initiality of g; as
g appears in ©. Hence, o is monotone. m]

This suffices to show that substituting a well-formed term with its dominant ground substitution
also yields a well-formed term.

COROLLARY 3.6 (DOMINANT GROUND SUBSTITUTION PRESERVES TYPING). If%|©"|T + t: A and
O+ 0 : O with o the dominant ground substitution, then % |© |T'[o] + t[o] : A[o].

ProoF. By combining Dominant Ground Substitution is Valid and Valid Substitutions Preserve
Typing. O

3.6 Consistency Condition

In this section, we establish the consistency of SortPoly” by adapting the proof strategy of Poiret
et al. [2025], which proceeds in three steps. First, we show that SortPoly” is conservative over
SortPoly in the sense that any term defined in SortPoly context, e.g., without global elimination
constraints, and well-typed in SortPoly’, is already well-typed in SortPoly. Second, we argue that
elimination constraints merely enable more modular and structured definitions, without increasing
the expressive or logical strength of the theory. This is formally stated as a monomorphization
process that produces all the possible valid ground instantiation of a polymorphic definition. Finally,
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mg (@p + D:=b:A) = [U(®p)+ Ds:=mg (b[Op :=5]) : mg (A[Op :=5])ssecson (0,3)
Or + I: T, param — [} ind — U}
ne ( where [Cy : TL(p : T)) (X : Ti). 1 p (i [P, X]) ]«
U(©r) + L : mg (I,[©; :=5]) param — mg ([;[©r :=5]) ind — UIS[G)I::E] where
[(Cr)s : TI(P : mg (T, [Or :=5]))(X : mg (Tx[Of :=5])).
L p (mg (i [©7 :=5]) [p. X])]k
OR + R : T, param — U
mG( = {fi: Tehe
U(®g) + R : mg (I, [Of :=5]) param —)Z/IIS[GR::H
= {(fi)s : mo (Te[Or = SD e [z e 000

11>

§5secsort(®1,G)

(a) Environment monomorphization

mg (C{p}) = Cslo]
mg (t.(fi)) = me (1) .(fi)sg[s)
me ({Ifi =tl}) 2 {|(f)sprz) = me (1]}

where § and o are respectively the sort and universe instances of p

mg (t) simply traverses the term ¢ otherwise

(b) Term monomorphization

Fig. 6. The monomorphization process

by combining these two observations and applying the technique of dominant ground substitution,
we prove the desired result: SortPoly is equiconsistent with SortPoly. Since SortPoly has been
shown to be equiconsistent with the predicative Calculus of Inductive Constructions (pCUIC)
[Sozeau and Tabareau 2014], this completes the consistency argument.

We establish the conservativity property using an embedding of the constraint-free fragment
of SortPoly” into SortPoly and obtained by observing that elimination constraints for ground
sorts are already hard-coded into the typing rules of SortPoly. When a SortPoly” term is typed
using only ground elimination constraints, the relevant rules—REcorD, CAsE, and Fix—have direct
counterparts in SortPoly. As a result, the translation of the typing derivation from SortPoly to
SortPoly is immediate and structurally identical.

LEmMMA 3.7 (EMBEDDING OF SortPoly). If no elimination constraints (except the ones for ground
sorts) appear in © or in 3, then:

S|OITHt:A = S|O|T . A

Proor IDEA. We strengthen the property we want to show by including the different judgments
of SortPoly”. The proof proceeds by mutual induction over the different judgments. The interesting
cases (i.e., typing rules where elimination constraints appear) are dealt with by analyzing the
elimination restrictions of SortPoly. O

The second step is the definition of the monomorphization function. Signature monomorphization
mg (2) can be defined by duplicating every inductive and records types for ground sorts that validate
the elimination constraint (denoted secsot(©, G)), and iterate this process until there are no more
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inductive or record types with elimination constraints. Monomorphizing a term mg (t) consists of
traversing the term and replacing each constant with its appropriate ground instance. The formal
definition of monomorphization is given in Fig. 6, where U(©) denotes the projection of © that
retains only its ground elimination constraints, discarding all elimination constraints involving
sort variables. Aside from the handling of elimination constraints, this monomorphization process
closely follows the one described by Poiret et al. [2025].

THEOREM 3.8 (MONOMORPHIZATION PRESERVES TYPING). If ©® has no elimination constraints
involving sort variables (i.e., ® = U(©)) then

2|®|F|—t:A S mg(2)|®|m6(r)I—mg(t):mg(A)

Proor IDEA. We start by strengthening the desired property by including the different judgments
of SortPoly’. Then, proceeding by mutual induction over the judgments, duplications in the envi-
ronments are taken care of by finiteness of the number of possible substitutions and monotonicity
of valid substitutions. The ENv is justified by exhaustiveness of the monormophization procedure,
and the Cask (and others featuring elimination constraints) use commutation of monomorphization
with valid substitutions. O

Combining these two properties with ground-dominant substitution allows us to establish the
equiconsistency of SortPoly” with SortPoly, provided the existence of consistent sorts. A sort s is
deemed consistent if there exists a consistent ground sort g such that s ~ g. For example, SProp, Prop
or Type qualify as consistent ground sorts, whereas the sort of exceptional types Exc, introduced by
Pédrot et al. [2019], does not as it contains a term of type False®*°.

COROLLARY 3.9 (EQUICONSISTENCY). IfSortPoly is consistent, then there does not exist a well-typed
term%|@| -+t : L° inSortPoly for L° the empty type in the (consistent) sort u;.

ProoOF. Let o be the dominant ground substitution such that U(®) + ¢ : ©. As Dominant
Ground Substitution Preserves Typing, | U(©) |- + t[o] : L3191, Moreover, as Monomorphization
Preserves Typing and U(©) has no elimination constraints involving sort variables (indeed, by
construction, we have U(U(0)) = U(©)),

mg (2) |U(®) |- + mg (t[o]) : Lo,

In turn, as no elimination constraints appear in mg (£) and U(0), mg (¢[c]) is in the Embedding
of SortPoly. Therefore, we have an inhabitant of L° [9] in a consistent sort of SortPoly, which
contradicts its assumed consistency. O

4 Sort Elaboration with Elimination Constraints

In practice, proof assistants are usable thanks to a very powerful elaboration process that infers
implicit arguments, as well as universe levels. Both LEaN and Rocq elaborate universe levels and
constraints between levels, allowing users to be oblivious to universe levels in the vast majority
of scenarios. Likewise, having to explicitly write every sort variable and associated elimination
constraints would be unacceptable for users. In this section, we specify a minimal elaboration
process (§4.1) that forms the basis of our implementation of SortPoly?” in Rocg (§6). The elaboration
allows for the use of typical ambiguity, e.g., by denoting U/ any sort-polymorphic universe. We
prove that elaboration satisfies the principal type property (§4.2), i.e., that it infers the most generic
sorts and elimination constraints between these sorts.
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elab (Og + R: T, param > U = {fi : Ti}x) =

Oéclabs [$ ~ Sklkex F R : I param — US = {fi : T}k if Oelab Fopypy oo [$™ Sklikex
fail otherwise
where <uls’ Osort) = elab@)R (u) s <I};, G')p:aram) = elab@R,@mt (rp) s
((T{. Ofield) = elabepy 0,,0param. (Ogaa)ik (Ti))ks
Oclab = OR, Osort, ®param: (Gﬁeld)k

elab (D) simply traverses the definition D otherwise

(a) Environment elaboration

elabe (U;) = (U], {s sort}) s freshin ©

A

elabg (case creturn P with b;) =

elim-cstr SI[O.] ~ s

{(Case ¢’ return P’ with b:’( (Oelabs S1[0] ~>s"))  if Oepap F
fail otherwise
where (¢’, ©.) = elabg (c), (P’, Op) = elabg g, (P),
({br. O, ) = elaboo.0p,(0),);« (Pk))k: Oclab = ©, Oc, Op, (Op )i,
¢ :I[o] pt: Z/IISI[U] and P : Uf,/
elabe (fix f: T:=1) =
{(ﬁxf LT = 1, (Oetans S1[0]~ 8)) i Oetab Fyyy oy S1101~ 8
fail otherwise
where (T’, ©r) = elabg (T), (t’, ©;) = elabg g, (1),
T=TI(x:I[c] pDA. U : U, Ocap = O, 07,0,

elabg (t) simply traverses the term t otherwise

(b) Term elaboration

Fig. 7. The elaboration process, producing a new term and a set of sort variables and elimination constraints.

4.1 The Elaboration Procedure

The elaboration procedure is mostly straightforward, traversing terms and subterms recursively,
while collecting sort variables and elimination constraints in the process. In Fig. 7, we present
the elabg (t) procedure, which takes a level and sort context ©, and a term ¢, producing a new
elaborated term ¢’ and a new context ®’. Specifically, we showcase the elaboration of records, case
analysis and fixpoints, which coincide with the cases where elimination constraints are checked in
the typing rules (ENVREC, CasE, F1x), and where new elimination constraints are generated. Figure 7
also includes the elaboration of universes from an anonymous one, denoted U/, where new fresh
sort variables are generated.” Note that the elaboration procedure is partial since the generated
elimination constraints might be inconsistent w.r.t. the ones in ©, and thus the process can fail. We

use notation ® ks~ s’ to check for consistency of a set of elimination constraints.

Records. The elaboration of records begins from an empty set of sort variables and elimination
constraints and proceeds by first elaborating the universe of the record and its parameters, obtaining

"Universes levels and constraints can also be treated by the elaboration procedure, but as this is orthogonal to the current
problem, we omit their management assuming that they are always given explicitly.
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Osort and Oparam, respectively. Then, for any given field f;, its type T is elaborated by considering
OR, Osort, Oparam and the resulting (Ogeld)i<k of the previous k — 1 fields. Threading in the previous
fields is relevant to check for valid elimination constraints because of possible dependencies between
fields and to check for freshness of elaborated anonymous universes. Finally, the procedure extends
the resulting ©,jp With new elimination constraints between the record’s sort variable s to every
sort variable si, obtained from the field’s types, as long as these are valid constraints.

Cases. For case analysis, the procedure is similar, elaborating the discriminee ¢ and predicate P,
obtaining ®, and ©Op, respectively. Each branch is then elaborated, collecting all the sort variables
and constraints from previous branches. The resulting O, is extended with the elimination
constraint s;[o] ~» §’, if valid, where s;[o] is the sort of the inductive type of ¢ and s’ the sort of P.

Fixpoints. The elaboration of fixpoints is straightforward by elaboration of its subterms, passing
the elaborated universe level and sort variable contexts correspondingly. The resulting ©cjap is
extended with the new elimination constraint s;[o] ~ s, when valid, with s;[o] being the sort of
the inductive type over which the fixpoint is defined, and s the sort of the codomain.

4.2 Principality of Elaboration

As mentioned earlier, SortPoly” enjoys principality, i.e., for every well-typed term, there exists a
most generic one such that any other term is an instance of it. Many examples of this have been
given, e.g., sigma_poly, which is the most generic eliminator of sigma, or Prod, which is the principal
record for dependent pairs.

In this section, we prove that SortPoly?’ does indeed satisfy principality by showing that the
elaboration process of Fig. 7 is enough to infer principal sorts together with the most general
elimination constraints. Throughout the section, we consider X, © and ¢ to be the elaborated
version of %, ©¢ and t, i.e., 2 is the elaboration of X and © is ©y augmented with the fresh sorts
and elimination constraints from ¢, the elaboration of t,. As the only inference of the elaboration
process happens at the level of universes, and a fresh sort variable is created in this case, it means
that environment and term elaboration also satisfy a kind of principality theorem.

LEMMA 4.1 (PRINCIPALITY OF SORT ASSIGNMENT). For every level and sort variable context ©,
and term u, the sort assignment process of (u, ®1) = elabg (u) is principal, i.e., for every other sort
assignment yielding u’ and ©', there exists a sort substitution o between ©" and ©; such thatu’ = u[c].

Proor. By induction on u. As sort assignment only happens if u = I, it suffices to set sort(u) —
sort(u’) in the substitution. This is well formed as sort(u) is a sort variable. )

A consequence of this property is that, in order to prove principality of elaboration, it suffices
to consider every well-typed instance (that leaves ®y untouched) of T, t and A and show that the
substitution that gives the instance is valid. Assuming that © is left untouched in the elaboration
process accounts for the technical detail that elimination constraints in ®, should be preserved,
which is not surprising as an elaboration process should only add content.

THEOREM 4.2 (PRINCIPALITY OF ELABORATION). For any substitution o between sorts from ©’ to ©,
if s[o] = s whenevers € ©y, then
2|0 |T[o] v tlo] : Alc] = O +0:0
Proor IDEA. By induction on ¢, followed by case analysis on the typing derivation. The only
interesting cases are the ones that add elimination constraints to the context, and are dealt with by

demonstrating that the instance of the inductive in the instantiated case is the composition of the
instance of the inductive in the principal case with o. O
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Principality of elaboration for environments is straightforward: a record that is an instance of
the elaborated record satisfies monotonicity of the substitution by definition, and the other cases
follow from the induction hypotheses.

5 Bounded Sort Polymorphism and Concrete Instantiations

We now discuss several concerns that manifest when considering the adoption of SortPoly?” in
specific contexts such as LEAN and Rocg, as well as when introducing new ground sorts.

5.1 Presentation with Eliminators

The presentation of SortPoly?” emphasizes the use of fixpoints and pattern matching to manipulate
inductive types, as our goal was to provide a formal account of the Rocg implementation, further
discussed in §6. In contrast, LEAN adopts a different approach, where inductive types are equipped
with primitive eliminators that are generated along with their corresponding reduction rules.

As illustrated in §2.2 for X types, a generic eliminator (sigma_poly) can be derived from any
sort-polymorphic inductive type declaration simply by requiring that elimination from the sort of
the inductive to that of the motive is permitted. This approach can be generalized to any inductive
type. The slight modification of adding the required elimination constraint is purely at the type level,
and does not affect the definitional equalities satisfied by the eliminator. Consequently, extending
LeaN with bounded sort polymorphism and elimination constraints based on SortPoly” appears
entirely feasible.

5.2 Condition on Sort-Based Rules

The analysis of the propagation, via elimination, of properties between sorts (§2.4) is crucial when
considering extensions to SortPoly’: introducing a new ground sort s can have consequences on
any sort s’ such that s~ s’, as sort-based rules at s may propagate through elimination.

In particular, when sort-based rules affect conversion, special care must be taken to preserve
the decidability of conversion in SortPoly”. As an example, consider SProp with definitional proof
irrelevance. For any sort s such that SProp ~» s, one can define:

Definition f@{s|SProp—s} (b: B@{SProp}) (A: U@{s}) (x y: A): A :=
if b then x else y.

Using the congruence rule for application combined with definitional proof-irrelevance makes the
following conversion valid for any A, x and y:

f true@{SProp} A x y = f false@{SProp} A xy : A

so unfolding f and simplifying it should also be valid, which gives rise to the following conversion:

Consequently, Y/@{s} must also be definitionally proof-irrelevant.
As a result, the usual definitional equality conversion rule should not be literally formulated for
SProp, but rather for any sort s such that SProp ~» s:

T|OTHA:U; SProp~> s
X|O|Trt=u:A

ConvSPror

We leave for future work the precise characterization of how to systematically generate the
appropriate rules for SortPoly” from newly introduced rules on ground sorts.
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(©r v I: T, param — T} ind — Z/IISII where [C : TI(p : Tp)Tk. Ipik]x) € 2
st = Prop; Vs = SProp;  s1,I has subsingleton elimination
SO, @ : [T, = pl), (x : I[o] p1) + P : U
21O©|Tkc:I[o]pi (BIO|L Tk k by : P[L; i= i, x :=Ce k),

- = CASESING
2 |O|T + case®® creturn Pwith by : P[T; :=7,x :=c]

S|OTFT: U 2|O|T+T =0 (x: [[6] DAU : U
#|I'| =i (87 FI: T, param — I} ind —>Z/llSI’ where [Cy : TI(p : Tp) k. I pirl) € =
OFroc:0; s = Propy IO|L,f:Trt:T (2,0,T,f : T :=t) guarded

— FIxSinG
SIOIT+Aix;™ f:T:=t:T

Fig. 8. Rules for subsingleton elimination

5.3 Rocq and Subsingleton Elimination

The description of SortPoly” (§3) is fully sort agnostic. In the case of Rocg we instantiate it with
ground sorts Typep, Prop; and SProp; (and potentially more in custom extensions). To model the
impredicative propositional sorts properly, we also need to extend the system with subsingleton
elimination. An implementation of SortPoly” for LEAN would face similar concerns.

Recall that in the Calculus of Inductive Constructions [Paulin-Mohring 2015], the impossibility to
eliminate from Prop to Type was relaxed by a syntactic condition known as subsingleton elimination:®
elimination of a term of an inductive type in Prop is allowed if the inductive type has (at most) one
constructor, whose arguments are also in Prop. In practice, this singular elimination is mainly used
for three inductive types: the empty type to discard impossible branches in pattern matches, the
identity type Eq to rewrite provably equal terms, the type of accessibility predicates Acc to define
recursive functions whose termination argument is logically provable.

Accommodating the special case of subsingleton elimination is at odds with a generic and
uniform treatment of sort polymorphism, even with elimination constraints of the form considered
in this work. A possible solution would be to refine elimination constraints to carry type-specific
conditions that further restrict when a given elimination scenario is valid. Instead of introducing
additional complexity in SortPoly”,” we remark that this ad-hoc rule is not primitive and can be
recovered from more fundamental principles involving sort elimination.

Indeed, the special treatment of singletons need not be tied to the general elimination principle
of inductive types but instead corresponds to another construct of the theory. The ad-hoc handling
of current proof assistants can be reframed as a surface-level convenience for programmers, au-
tomatically determining which elimination form to apply internally. This is reflected in existing
systems by the fact that the typing rule of a pattern match consists of a disjunction, instead of
having two terms, each with its own proper typing rule.

Formally, we can handle the special case of subsingleton types by adding two specific term
constructors case®" and fix*"® and respective typing rules CaseSING and FIxSING (Fig. 8). The
case®i"s construct is well typed when the pattern-matching is well typed as usual, with the addi-
tional premise that the inductive type of the discriminee can be determined to enjoy subsingleton
elimination—that is, either it lives in SProp with no constructors, or it lives in Prop with at most

8This criterion was introduced in Cog 7.3 in 2002, and is also implemented in LEAN.

9The graph of constraints only consists of conjunctions. Adding disjunction would lead to a complexity blow up, hard to
reason about for the users.
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one constructor whose arguments all have sort Prop. These special cases cannot be abstracted over
by the elimination constraint system. The new rules handles the cases of elimination of falsity
in Prop and SProp and equality and accessibility in Prop into any sort, including Type. We must
also integrate a special case for fixpoints in Prop eliminating to any sort s (rule FIxSING), as it
is considered a valid fixpoint construction. In particular this is crucial to define the elimination
principle for accessibility into Type.

As these two rules only depend on an equality condition between ground sorts, the Equicon-
sistency theorem readily generalizes to such an extension. Even if this duplication of case and fix
constructs is not effectively adopted in the Rocg implementation, it helps to clarify the scope of
the equiconsistency theorem. Also, Principality of Elaboration is not endangered by these new
rules, given that the two constructs are only well typed for specific ground sort instantiations and
inductive types that cannot be abstracted over.

6 Implementation of Elimination Constraints in the Roca Prover

We now present some aspects of the implementation of bounded sort polymorphism in the RocgQ
Prover, highlighting the different concerns we had to face.

Fixing latent bugs. Throughout the years, management of elimination in the RocQ source code
has been subtly altered, specifically by the introduction of SProp [Gilbert et al. 2019] and by the
recent support of sort polymorphism [Poiret et al. 2025]. Our efforts of unifying the management
of elimination led us to discover some issues in RocQ 9.0. For example, in the following declaration:

#[projections(primitive=yes)]
Inductive AccSA (R : A —» A — Prop) (x: A) : SProp := AccS_intro
{ AccS_inv : forall y:A, Ry x — AccSARYy }.

Because elimination constraints on ground sorts were not handled generically, the eliminator to
Type was incorrectly generated due to a local bug in the constraint computation. As a result, its
definition was rejected by the type checker, effectively disabling such inductive types. Factorizing
and consolidating the management of sorts to dedicated modules with a clear and uniform API has
allowed us to fix these bugs and increase the maintainability of the code. The update (1) removes
reliance on legacy code, using instead simpler sort modules everywhere, with a single function to
check for valid sort eliminations, and (2) factorizes the code for pre-computing sort information
used for elimination checking, particularly relevant for subsingleton elimination checks.

Elimination constraint graph. The integration of elimination constraints was then mostly straight-
forward with the new API for sorts, and specifically by having a single function to check whether a
sort eliminates into another. The binary relation of sort elimination was implemented via an acyclic
directed graph, which provides transitivity for free and a loop-checking mechanism, to check for
possible inconsistencies introduced by new sorts. This is the same approach already used in RocgQ
to handle universe level constraints. The integration of elimination constraints was smooth thanks
to relying on the existing API for acyclic graphs, which was first introduced in Coq 4.8 (December
1988) and improved in following releases.

Elaboration of sort variables and elimination constraints The implementation builds upon an
existing mechanism released in CogQ 8.18.0 (September 2023) and changes introduced by Poiret
et al. [2025], which improve the elaboration process to include sort unification variables. However,
in these versions, the fresh sort unification variables were later forced to a ground sort, such as
Type or Prop. Therefore, the main changes we introduced involve preserving these generated sort
unification variables while still supporting other existing features, such as subtyping and template
polymorphism. The elaboration of elimination constraints is integrated in the existing elaboration
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phase of Rocg, adding new constraints to the graph when checking record projections, and when
checking for valid eliminations of case analyses and fixpoints (as shown in §4.1).

Dynamic n conversion check for projections. Previous versions of Rocq disallow primitive projec-
tions on records when the sort of the record is either Type or Prop and all the projections are in
SProp. This is because, by eta conversion, one could introduce proof-irrelevance to Type or Prop, a
feature incompatible with the implementation strategy currently adopted in Rocq for conversion
checking, that erases some typing information. For instance, consider the non-dependent pairs
Pair in Type, with projections in SProp:

Record Pair: Type := { fst: SProp ; snd: SProp }.

Then, for a pair p, we have that p is convertible to { fst := fst p ; snd := snd p } by 5 conver-
sion, which by proof-irrelevance of SProp can be converted to projections over a pair q and then
back to q (by a second use of n conversion).

With the introduction of sort polymorphism, it is not possible to keep this check statically,
defensively protecting against all possible instantiation of these variables that could lead to the
previous scenario. For instance, consider the sort-polymorphic definition of Pair:

Record Pair@{s; s; s3}: UQ{s3} := { fst: UR{s;} ; snd: UR{s,} }.

Then, instantiating s; and s, to SProp, and s; to Type leads to the problematic situation described
previously. However, this restriction is too strong and forbids valid instantiations, such as instan-
tiating s;, s; and s; to the same sort, such as Type. Our implementation relaxes this condition
by banning obviously invalid definitions but otherwise postponing the check of allowed sorts to
runtime, when sort variables have already been instantiated.

Backward compatibility and incremental adoption. In addition to supporting the declaration of
allowed elimination constraints (as used in §2.3), we have also changed the separation between level
and sort variables introduced by Poiret et al. [2025], making it easier for the parser to differentiate
between those two kinds of variables, and exposing a more lightweight syntax to users. The
introduction of the new syntax for universes (§2.1), in particular the notation ¢/ used when the
system should infer both a fresh sort and a fresh level, while retaining the notation Type for
generating only a fresh level, makes it possible for this work to be integrated into a future Rocq
release without breaking existing developments that do not explicitly rely on sort polymorphism.

Core library with bounded sort polymorphism. As a preliminary experiment, we have adapted
essential files of the core library of Rocq (Init/) to be sort polymorphic, and exploiting elimination
constraints for reducing duplication as explained in §1 and 2. We were then able to compile the
entire core library, confirming that introducing the new mechanism does not disrupt existing
non-polymorphic developments. Indeed, existing uses of the now-polymorphic definitions are
naturally handled. We also observed that the automatic inference of elimination constraints avoids
having to introduce explicit annotations in the vast majority of cases.

Extraction. Extraction of sort-polymorphic definitions with elimination constraints proceeds
by first chaining the monomorphization of elimination constraints described in § 3.6 with the
monomorphization of sort variables of Poiret et al. [2025], followed by extraction of the resulting
monomorphic code. This approach is similar to the one that has already been detailed by Poiret et al.
[2025]. In the specific case where the sort-polymorphic definition includes elimination constraints,
these constraints can be exploited to prevent the generation of monomorphic instances that would
fail to satisfy the constraints, thus avoiding the production of useless extracted code.

Performance. We observed a small and expected performance regression in our preliminary
benchmarks in both polymorphic and monomorphic contexts. Indeed, checking eliminability
requires querying a graph with additional checks (e.g., for dominant ground sorts), instead of
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looking at a static table, which negatively impacts performance. In most cases, the additional checks
and indirections are bypassed as the system detects that there are no elimination constraints, but in
the worst cases, the observed slowdown goes up to 5%. This is due to an overly eager unification of
fresh sort variables generated by tactics. Because unification now checks for sort equality using the
graph-defined equality—i.e., checking that the variables are in the same connected component—this
can get quite slow on files that generate many fresh sort variables and trigger unification before
pruning irrelevant sort variables. Mitigating this performance loss would require rewriting the
code of the concerned tactics, by carefully avoiding to introduce fresh sorts as much as possible.

7 Related Work

Multi-sorted type theories. In the Calculus of Constructions, Coquand and Huet [1988] introduce an
additional universe for proof-irrelevant propositions Prop, yielding the theory at the heart of the
first versions of Cog, which was recently extended with the sort SProp where proof irrelevance
holds definitionally [Gilbert et al. 2019]. Pure Type Systems (PTSs) are a general account of type
theories with multiple sorts [Barendregt 1991]. PTSs encompass the Calculus of Constructions, and
extensions with inductive types and cumulativity were subsequently studied [Barras 1999; Barras
and Grégoire 2005]. As far as we know, sort polymorphism for PTSs has not been explored.

Voevodsky [2013] proposes a type theory with two levels, featuring an inner univalent layer and
an external strict layer with equality reflection. Annenkov et al. [2023] develop foundations for such
2-level type theories, exploited for instance for metaprogramming by Kovacs [2022]. Multi-modal
type theories [Gratzer 2022; Gratzer et al. 2021; Shulman 2023; Stassen et al. 2022] are parametrized
by a (2-category) of modes, which are similar in purpose to sorts. Like for PTSs, sort polymorphism
has not been studied in any of these proposals.

In order to tame the introduction of exceptions in type theory [Pédrot and Tabareau 2018],
Pédrot et al. [2019] investigate the use of separate sorts to isolate exceptions, recovering consistent
reasoning about exceptional programs. This approach is also adopted in the reasonably gradual
type theory GRIP [Maillard et al. 2022]. For such systems to achieve practical implementations in
mainstream proof assistants, some form of polymorphism is needed to avoid duplicating definitions.
Furthermore, as we have explained, accounting for elimination constraints is required.

Bounded polymorphism. The idea of bounding quantification in type systems in order to exploit
some structure and properties of type variables has a long and rich history in both the functional and
object-oriented programming communities, with subtle interactions between them. Bounds based
on subtyping were first explored by Cardelli and Wegner [1985] in the language Fun, eventually
yielding System F.. [Cardelli et al. 1994]. In the context of parametric polymorphism, related
approaches to bounded quantification were explored, mostly related to adequately supporting
overloading. Kaes [1988] first identified that unrestricted overloading combined with implicit
parametric polymorphism generally breaks the principal type property, a problem akin to that
described here, albeit in a different context. He describes parametric overloading, in which type
variables are enriched with operator names that must be supported by substituted types, called
overloading assumptions. Type classes [Wadler and Blott 1989] play a similar role by grouping
operators, then using type class constraints for bounded quantification. This mechanism is most
notoriously used in Haskell, and found its way in all major proof assistants [Devriese and Piessens
2011; Sozeau and Oury 2008].

Universe levels & polymorphism. Typical ambiguity [Harper and Pollack 1989] supports omitting
global universe levels, letting the proof assistant check level constraints. In order to better scale to
large developments, Sozeau and Tabareau [2014] proposed a notion of prenex sort polymorphism,
similar in spirit to ML-style polymorphism, to abstract over local universe level bindings and
ordering constraints, which was adopted in Coqg 8.5, and is still used in Rocq today.
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Sort polymorphism. Given the presence of the two sorts Type and Prop in RocQ and LEAN,
both systems had to come up with mechanisms to limit code duplication and allow some form
of polymorphism. In Rocg, the historical approach is to see Prop as a subtype of Type. So-called
template polymorphism, apart from dealing with universe levels, implements bounded subtype
polymorphism for these two sorts. However, this mechanism does not fully address the exponential
blow-up problem observed for instance with defining dependent pairs, and results in poor interaction
with unification and inference of implicit arguments. Also, it is unclear how to extend the approach
to more sorts; Gilbert et al. [2019] show that SProp cannot be defined as a subtype of Type without
seriously compromising efficiency. Instead of using subtyping, LEAN encodes the two different
sorts in a single linear universe hierarchy (with Prop : Type,). This encoding does not support
the definition of a single versatile version of dependent pairs, makes the decision procedure for
universe level equality rather complex, and would not scale well with more sorts.

Identifying the above limitations in both RocQ and LEAN, Poiret et al. [2025] first developed the
theory of sort polymorphism. Like universe level polymorphism in RocQ [Sozeau and Tabareau
2014], SortPoly features prenex polymorphism, tailored for sorts. The authors briefly justify the lack
of constraints on sort variables by the absence of cumulativity in that setting. However, practical
experiments with SortPoly quickly revealed the necessity for a different kind of constraints, in
order to account for elimination constraints that capture the inherent restrictions required for valid
interactions between sorts with different computational and logic principles. This observation led
us to the design of SortPoly. At the time of writing, SortPoly is in the process of being integrated
in Rocg, starting with version 9.2. As this is a long-term plan, the integration will be staged in
multiple pull requests that can be tracked through a centralized Rocg RFC pull request.

8 Conclusion

We have presented a dependent type theory with bounded sort polymorphism, SortPoly’, which
enables writing generic definitions and proofs on sort polymorphic definitions and inductive types,
improving reusability in proof assistants supporting multiple interacting sorts. We build upon
the foundation of sort polymorphism introduced by Poiret et al. [2025], extending it with bounds
that reflect the required elimination constraints on sort variables, recovering expressiveness and
principality of sort elaboration. The formal system SortPoly’ is agnostic with respect to the set of
possible ground sorts under consideration, and its metatheory focuses on the conditions required
of the declared graph of elimination constraints for ensuring that the calculus is equiconsistent
with a monomorphized version where constraints on sort variables are translated away. We have
also shown that the elaboration of constructs depending on sort elimination constraints can be
implemented in a principled way, letting the system infer most general sort constraints without
burdening the user. We implement SortPoly” in Rocg, providing a working implementation fit for
practical experimentation with multi-sorted type theories.

Future work includes continuing the development of a new prelude and standard library for
Rocq that takes advantage of sort polymorphism, as well as robust implementations of specific
sorts studied in the literature, such as for exceptional terms. It would also be interesting to explore
the integration of bounded sort polymorphism in other proof assistants.

Data-Availability Statement

The modified Rocgq that includes multiple proposed changes is available at https://doi.org/10.5281/
zenodo.17588484 [Rosain et al. 2025].
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