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1 Introduction

Whenever bound variables appear in an object during a computer formalization, we wish to consider a-
equality instead of the simple syntactical equality. A way of doing so is by using de Bruijn’s indices instead of
plain string variables. For instance,

AXx.x is instead written A.0.

In turn, it means that the substitution M[N /k] should be adapted (i) to avoid capturing free-variables of N
under quantifiers in M, and (ii) to relevantly update the index of bound variables (i.e., take into account the
removal of a binder).

In this document, we formally define the substitution operation for a simple language: untyped minimal
A-calculus. This language is generated by the following grammar:

M,N == n|AM|(M)N

with n € N. We then (formally) show multiple useful substitution lemmas.

2 Substitution

In this section, we start by giving the definition of the substitution. It needs an auxiliary definition: the lifting
of a term. Then, we enumerate lemmas about (i) lifting and (ii) substitution. The goal is to be able to browse
through this document and quickly find the relevant statement. Note that the formal proof of each statement
is given in Sec. 2.4.

2.1 Definitions

First, we shall handle the way of avoiding the capture of free-variables of N. We define the lifting operation
17 M by induction on M as follows:

v ”={Z+j "L dea=ral,M 1l @oN) =0 M)

We can then define the substitution M[N /k] by induction on M:

n n<k
n[N/k]= T’gN n=k (A.M)[N/k]=A.M[N/k+1] ((M)P)[N/k]=(M[N/k])P[N/k]
n—1 n>k

1Useful in the sense that I've needed to implement them at least once during my formalizations.
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2.2 Lifting Lemmas

We have ways of simplifying a double-lifting operation.
Lemma 2.1:
Fori,j,k,{ € Nand M a A-term, if j <{ < i+ j then

MM ="M

Lemma 2.2:

Fori,j,k € Nand M a A-term, if j < i+ j then
kpi np —ak g
Tl M =15, 1 M

i+j

Lemma 2.3:
Fori,j,k,f € Nand M a A-term, if £ < i then

TN M =111t M

2.3 Substitution Lemmas

The first substitution lemma describes what happens when we want to chain two substitutions, i.e., what
MI[N/k][P/{] is equal to. We start by two auxiliary lemmas about lifting and substitutions.

Lemma 2.4:

Fori,j,k € Nand M,N two A-terms, if i + k < j then:

(TF M)[N/j1=1F M[N/j—k].

Lemma 2.5:

Fori,j,k € Nand M,N two A-terms, if i < j < k +1i then:

(TF M)IN/j1=1F" M.

Lemma 2.6: First Substitution Lemma
For k,£ € N and M, N, P three A-terms, if k < { then:

M[N/k][P/€]=M[P/L+1][N[P/L—k]/k].
Another interesting situation happens when we lift inside the substitution.
Lemma 2.7: Second Substitution Lemma
Fori,j,k € Nand M,N two A-terms,

(1], 0y MOIT N/K]=1),, MIN/K].

i+k+1
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2.4 Proofs

Proof (of Lem. 2.1): By induction on M.

e If M = n, then there are two cases:

o ifn<j,theanTi.n=T§n=nasn<j<€andT’.‘*inzn.

oifn= ],thenTZTln Ten+1—n+l+kasn j=>n+i=zj+ i>€,andT§+in=n+k+i.

e If M = A.N then:

T@ Tl (A.N)=A. Tg+1T]+1
R

=15 (A.N)

o If M = (N)P then:
T (V)P = (1515 NY(T; T P)
= (17" N P)
=15 (\N)P)

Proof (of Lem. 2.2): By induction on M.
o If M = n then there are two cases:
o if n < j then T’?T? n = n and likewise for T’f »TiA nasn<j<i+j.
o if n = j then Tle n+l—Tkn+l—n+l+k and 1% Tl n=tk n+i=n+i+kasn+i=>

i+j i+j

e If M = A.N, then:

TTE (LN) = 2. 75,1,y N
= Al N

1k 4l
=15, 10 (AN)
o If M = (N)P, then:

T (V)P) = (1515 N)(147 P)
= (5,1 MK, 15 P)
=15, T5 (N)P)

Proof (of Lem. 2.3): By induction on M.

e If M = n, then there are two cases:

o ifn<€thenTifon=T€n—nandTJJrkTen =M n=nasn</(<

i+k
o if n =/, then there are two cases:

j+i.

* ifn<i, thenTeTJ,nzT[ n—n+kandTJ+kT[ n=Ti kn+k=n+kasn<ithusn+k<i+k.

% ifn> 1thenTeTJn Tln+]—n+]+kandT]+len T n+k=n+k+j.

i+k
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e If M = A.N, then:

Tﬁ{ (A.N) = 2. T§+1 T{+1 N
=AM N

i+k+1

=1 K (A.N)
e If M = ((N)P), then:
7Py = (1517 N)(1*1) p)
= (T ML, P)
=11, 1 ((V)P)

Proof (of Lem. 2.4): By induction on M.

e If M = n, then there are two cases:

o if n < i, then (Tf n)[N/jl]=n[N/jland asi+k < j, n < j and hence n[N/j] = n. Likewise,
™ n[N/j—kl=T*nasn<i<j—kand tfn=n.
o if n =1, then (Ti,< n)[N/j]=(n+k)[N/j] and there are three other cases:
% ifn+k<j, then (n+k)[N/jl=n+kand ¥ n[N/j—k]=1fnasn+k<j = n<j—k;
andTi.‘n=n+k.

« if n+k = j, then (n+Kk)[N/jl1=1) N and 1% n[N/j — k] =1¥1)* N. By Lem. 2.1, T¥7)*
N =17 N =1] N.

%« if n+k > j, then (n+k)[N/jl=n+k—1, Tf n[N/j—k] =Tf.< n—1asn> j—k and
Tfn—1=n+k—1.

o If M = A.M’, then:

(TF A.M)[N/j1=(A. 15, M)IN/j]
= A.(1%,, M)[N/j+1]
=215, (M'[N/j+1—k])

=k (LM'[N/j +1~K])
=15 (AM)IN/j— kD)

° IfM = (Ml)MZ’ then:

(15 ((M)ML))IN/j1= (1 M)IN /7D My)IN /5]
= (1 (MIN/j =KD (M,[N/j— kD))
=% (My))M)[N/j —k]

Proof (of Lem. 2.5): By induction on M.
e If M = n, then there are 2 cases:
o if n < i, then (Tf,‘ n)[N/jl=n[N/jl=nasn <i<j. Likewise, Tf’l n=n.

oifn=i, then(Tf n)[N/jl=m+k)N/jl=n+k—1lasn=i = n+k=>i+k> j. Moreover,
™ ln=n+k—1.
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o If M = A.M’, then:

(TF A.M)[N/j1=(A. 15, M)IN/j]
=2A.(1%, M)[N/j+1]
=AM M

=1 (A.M)
o If M = (M;)M,, then:

(TF (M)M,))IN /31 = ((1F My)IN/iD(TE My)[N/j]
= (Tffl Ml)(Ti-ﬁl M,)
=Tf»<71 ((M;)M,)

Proof (of Lem. 2.6): By induction on M.

e If M = n, then there are three cases:

o if n < k, then n[N/k][P/¢]=nasn <k < {, and n[P/{ + 1][N[P/£ —k]/k] = n for the same
reason.

o if n =k, then n[N/k][P/¢]= (1§ N)[P/¢]=1k N[P/¢ —k] by Lem. 2.4, and n[P/€ + 1][N[P/{ —
k1/k]1=n[N[P/¢—k]/k] =T’(§ N[P/{—k].
o if n >k, then n[N/k][P/¢] = (n—1)[P/{£] and there are three other cases:
% ifn—1 < ¢, then (n—1)[P/¢]=n—1and n[P/{+1][N[P/{—k]/k]=n[N[P/l—k]/k] = n—1.
% ifn—1=1{, then (n—1)[P/{] =T€ Pandn[P/¢+1][N[P/L—k]/k] = (Tf)+1 P)[N[P/{—k]/k].
By Lem. 2.5, (T;*! P)IN[P/¢ —k]/k]=1{""1 P =1! P.
% ifn—1>{,then(n—1)[P/{]=n—2and n[P/L{+1][N[P/{—k]/k]=n—1[N[P/{—k]/k] =
n—2.
o If M = A.M’, then:

(AM)[N/K][P/¢]=AM'[N/k+1][P/¢+1]
=AM'[P/L+2][N[P/+1—k—1]/k+1]
=(A.M)[P/L+1][N[P/¢—Kk]/k]

° IfM = (Ml)MZ’ then:

((M)M)[N /k][P/€] = (My[N/k][P/E]))M,[N /k][P/{]
= (M, [P/ +1][N[P/t—k]/k])M,[P/C +1][N[P/ —k]/k]
= ((M)M)[P/€ +1][N[P/t —k]/k]

Proof (of Lem. 2.7): By induction on M.
e If M = n, then there are two cases:
oifn<i+k+1,then (T{+k+1 n)[T{ N/k]= n[T{ N /k] and there are three further cases:
n[N/k] =T{+k n=n.

% if n <k, then n[T{ N/k]=nand T{+k
% if n =k, then n[T{ N/k] =T’5T{ N =T{+kT§ N by Lem. 2.3, and T{H( n[N/k] :T{Jrle({) N.
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* ifn>k,thenn[T{N/k]=n—1 andT’: n[N/k]zT{Jrk(n—l):n—l asn<i+k+1.

i+k
oifn>i+k+1,then (1,,,, M1 N/k]=(n+ )1 N/k]=n+j—1and 1, n[N/k] =1,
n—l=n+j—lasn=2i+k+1 = n—-1=2i+k.
e If M = A.M’, then:
(Vg AMNIN N/KT = A((1 10y MOLT /R +1D)
=21,y M'IN/k+1])
=1, (A.M")[N/k]
o If M = (M,;)M,, then:
(M, ey MDOMIN N/ = (1,00 MDY N/KD(T, 0 M1 N/K]
= (1, My[N/KD(1), . My[N/K])
=17, (My)M)[N/k]
O
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