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Abstract. — This paper is motivated by an open question in p-adic Fourier theory, that
seems to be more difficult than it appears at first glance. Let L be a finite extension of
Qp with ring of integers oy, and let C,, denote the completion of an algebraic closure of Q,,.
In their work on p-adic Fourier theory, Schneider and Teitelbaum defined and studied the
character variety X. This character variety is a rigid analytic curve over L that parameterizes
the set of locally L-analytic characters A : (or,+) — (C,, x). One of the main results of
Schneider and Teitelbaum is that over C,, the curve X becomes isomorphic to the open
unit disk. Let Ap(X) denote the ring of bounded-by-one functions on X. If u € opfoL]
is a measure on or, then A — p(\) gives rise to an element of Ay (X). The resulting map
orfor] = AL(X) is injective. The question is: do we have AL (%) = op[oL]?

In this paper, we prove various results that were obtained while studying this question.
In particular, we give several criteria for a positive answer to the above question. We
also recall and prove the “Katz isomorphism” that describes the dual of a certain space
of continuous functions on or. An important part of our paper is devoted to providing a
proof of this theorem which was stated in 1977 by Katz. We then show how it applies to
the question. Besides p-adic Fourier theory, the above question is related to the theory of
formal groups, the theory of integer valued polynomials on oy, p-adic Hodge theory, and
Iwasawa theory.
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1. Introduction

1.1. Motivation. — Let L be a finite extension of @, and let C, denote the completion
of an algebraic closure of Q,. In their work on p-adic Fourier theory [28], Schneider and
Teitelbaum defined and studied the character variety X. This character variety is a
rigid analytic curve over L that parameterizes the set of locally L-analytic characters
A (o, +) = (C), x). One of the main results of Schneider and Teitelbaum is that over
C,, the curve X becomes isomorphic to the open unit disk.

The ring O (X) of holomorphic functions on X is a Priifer domain, with an action of o,

coming from the natural action of oy, on the set of locally L-analytic characters. One can
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then localize and complete Op(X) in order to obtain the Robba ring Z.(X), and define
(p, 07 )-modules over that ring and some of its subrings. These objects are defined and
studied in [5], with the hope that they will be useful for a generalization of the p-adic
local Langlands correspondence from GL3(Q,) to GLa(L).

In this paper, we instead consider a natural subring of Op(X), the ring Ap(X) of
functions whose norms are bounded above by 1. If u € or o] is a measure on oy, then
A — p(A) gives rise to such a function X — C,. The resulting map opfor] — AL(X)
is injective. We do not know of any example of an element of Ay (X) that is not in the
image of the above map.

Question 1.1.1. — Do we have Ap(X) = or]or]?

This question seems to be more difficult than it appears at first glance, and so far
we have not been able to answer it (except of course for L = Q,). The results of this
paper were obtained while we were studying this problem. A related question is raised
in remark 2.5 of [11]. We now give more details about the character variety X, and then

explain our main results.

1.2. The character variety. — Let ‘B denote the open unit disk, seen as a rigid ana-
lytic variety. This space naturally parameterizes the set of locally Q,-analytic characters
A (Zy,+) — (CJ, x). Indeed, if K is a closed subfield of C, and z € myx = B(K), then
the map A, : @ — (1 + 2)* is a K-valued locally Q,-analytic character on Z,, and ev-
ery such character arises in this way. Note that A\,(0) = log(1 + 2). If d = [L : Q,),
then oy ~ Zg and hence B? parameterizes the set of locally Q,-analytic characters
At (op,+) = (Cf,x). Such a character is locally L-analytic if and only if \'(0) is
L-linear. In coordinates z = (z1, ..., zq4), there exists as,...,aq € L such that the char-
acter corresponding to z is locally L-analytic if and only if log(1 + 2;) = «; - log(1 + z1)
forall i = 2,...,d. These d—1 Cauchy—Riemann equations cut out the character variety
X inside B?. Schneider and Teitelbaum showed [28] that X is a smooth rigid analytic
group curve over L.

The ring of Q,-analytic distributions D@~ (o, L) on oy, is isomorphic to the ring of
power series in d variables that converge on the open unit polydisk. Every distribution
p € D%=a(o; L) gives rise to an element of Op(X), defined by the map A — pu()).
This gives rise to a surjective (but not injective if L # Q,) map D%~ (or, L) — O(X),

whose restriction to og[or] is injective and has image contained in Az (X).

1.3. Schneider and Teitelbaum’s uniformization. — We now explain why over C,,

the curve X becomes isomorphic to the open unit disk. Let G = Gal(Q,/L). Choose a
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uniformizer 7w of oy, and let G denote the Lubin—Tate formal group attached to w. This
gives us a Lubin—Tate character x, : G, — o} and, once we have chosen a coordinate Z
on G, a formal addition law X @Y € o, [X, Y], endomorphisms [a|(Z) € o.[Z] for all
a € or, and a logarithm log;(Z) € L[Z].

By the work of Tate on p-divisible groups, there is a non-trivial homomorphism G —
G, defined over oc,. Concretely, there exists a power series G(Z) € oc,[Z] (where G(Z)
is a generator of Hom,, (G, Gm)) such that (1+G(X@Y)) = (1+G(X))-(1+G(Y)). If
z € mg,, then the map A; : @ — 1+ G([a](2)) is a locally L-analytic character on o, and
every such character arises in this way. This explains the main idea behind the proof of
the statement that over C,, the curve X becomes isomorphic to the open unit disk.

In particular, Oc,(X) is isomorphic to the ring of power series 3,5 a;Z" with a; € C,
that converge on the open unit disk. Let x.y. denote the cyclotomic character, and
let 7 : G — o] denote the character 7 = Xcye © X 1. The Galois group G}, acts on
Oc, (%) by the formula ¢(> ;50 a;Z") = Yi50 9(a;)[T(g)"'](Z)". This action is called the
twisted Galois action, and we write G, * to recall the twist. It follows from the Ax-
Sen-Tate theorem that CEL = L and then, by unravelling the definitions, that O (X) =
Oc, (X)¢=*. At the level of bounded functions, this tells us that A,(X) = oc,[Z]“=*.
The natural map orJor] — AL(X) sends, for instance, the Dirac measure §, with a € o,
to 1+ G([a](2)) € oc, [ 2]

1.4. The operators ¢,, ©,. — The monoid (o, x) acts on oy, by multiplication, and
hence on the set of locally L-analytic characters, on X, and on the ring Oc,(X). If a € oy,
this action is given by f(Z) — f([a](Z)). Let g denote the cardinality of the residue field
k1 of or, and let ¢, denote the action of m on O¢,(X). The map ¢, is injective and the
ring Oc,(X) is a free o (Oc,(X))-module of rank ¢q. Let ¢, : O¢,(X) = Oc, (%) be the
map defined by ¢4(¢q(f(2))) = 1/q - Trog, (x)/44(0c, ) (f (Z)). The action of o, and the
operator 1, commute with the twisted action of G, and therefore preserve Or(X). If
we consider the image of the map D%~ (o, L) — O (X), we have a - §, = 4 and
Ye(dp) = 0 if b € of and 1y(0y) = 0y if b € wor. In particular, op[or]¥*=° coincides
with o Jo; ], those measures that are supported in o7 . We use later on the fact (Lemma
5.1.9) that Az (X) = oz o] if and only if Az (X)¥=" = oy Jo]]. Note that if L # Q,, then
¥q(Ac, (X)) is not contained in Ac,(X) as Tro. (x)/¢,(0c,x)) (f(Z)) is divisible by , but
not always by ¢. Our first result is the following.

Theorem 1.4.1. — We have A (X) = or[or] if and only if Y, (AL(X)) C AL(X).

This is proved at the end of §3.1.
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1.5. The polynomials P,. — Recall that G(Z) is a generator of Hom,. (G, G) and
that 7 = Xeye - X5 - In fact, we have G(Z) = exp(Q -logir(Z)) — 1 = Q- Z + O(Z?),
where 2 is a certain special element of mc, such that g(2) = 7(g) - ©. In particular, for
all n > 0, there exists a polynomial P,(Y) € L[Y] such that 1 +G(Z) = 3,50 Pn(Q) - 2.
For n > 0, the polynomial P,(Y") is of degree n, and its leading coefficient is 1/n!. For
example, assume that the coordinate Z is chosen in a way that logy(Z) = Y50 Z @ |k
Then we have (see Proposition 4.3.1 for more details)

yro++ng
Pn(Y) - Z l... nd! . 7T1'n1+2'n2+"'+d'nd ’

no-+qni+-+ging=n 10"’
If a € or, then G([a](Z)) = Y51 Pa(Q) - [a](Z)" = X,51 Pu(af2) - Z". This implies for
instance that P, (af2) € oc, for all a € oy. Forn > 0 and i > n, let 0,,,(Y") € L[Y] denote
the polynomials such that [a](Z)" = Y5, 0ni(a)Z" for all a € or. The 0,,(Y) are all
elements of Int, the o-submodule of L[Y] of integer valued polynomials on oy. The fact
that Y,50 Pu(Q) - [a](2)" = X250 Pa(af)) - Z™ implies that P,(aQ)) = >t 0,n(a) P(Q).
If i € DY~ (0, L), its image in O (X) is therefore f,,(Z) = 3,50 Z™ 31 11(0in) Pi(S2).

Let Pol denote the og-span of the o,,;(Y) inside L[Y], so that Pol C Int. The following
gives a relation between our question and the theory of integer valued polynomials ([30],
31):

Theorem 1.5.1. — If A(X) = op]oL], then Pol = Int.

The proof can be found at the end of §4.2. The converse statement is not true, but

“Pol = Int” is equivalent to U[Z]%2* = og[o.], where U is the or-submodule of oc,
generated by {P,(2)}n>0. We have not been able to prove that Pol = Int, although we
can show that Pol is p-adically dense in Int. Some numerical evidence indicates that
Pol = Int seems to hold: the details can be found in the Appendix by D. Crisan and J.
Yang at the end of our paper.

We now explain how to compute the valuation of P,(Q2) for certain n. The elements
z € mg, such that G(z) = 0 correspond to those locally L-analytic characters A, such
that A\,(1) = 1. Being locally L-analytic, they are necessarily trivial on an open subgroup
of or, and correspond to certain torsion points of G. We know the valuations of these
torsion points, and this way we can determine the Newton polygon of G(Z). Using this
idea, we can prove the following. Let e be the ramification index of L/Q,. If m > 0, let
km = [(m —1)/e], so that m = ek,, +r with 1 <r <e. For m > 0, let z,,, = ¢"/p*»T!
(so that g = 1 and z1 = ¢/p). Write m = en + r and let

e 1 d e r 1
and Yy, = — - .
p—1 ¢g—1 pi(p—1) prtt o (¢—1)pmt!

Yo =
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Theorem 1.5.2. — For all m > 0, we have val (P, () = Ym.
For example, if L = Q,z2, then val,(P () = 1/p* (¢ — 1) for all k& > 0.

1.6. Galois-continuous functions and the Katz map. — Following Katz [19], we
let &, (oL, oc,) denote the or-module of Galois-continuous functions, namely those con-
tinuous functions f : o, — oc, such that g(f(a)) = f(7(g) - a) for all @ € or, and g € G|.
If P(T) € L[T], then a — P(a- ) is such a function. Let K be a closed subfield of
C, containing L. The dual Katz map is the map K* : Hom,, (C, (oL, oc, ), 0x) — ok[Z]
given by p1— Y50 u(P,) - Z™. Let ox[Z]¥*™ denote the set of f(Z) € ox[Z] such that
Yi(f(Z)) € ox[Z] for all n > 1. Our main technical result is the following

Theorem 1.6.1. — Suppose that L = Q.

1. The map K* : Hom,, (C&, (oL, 0c,), 0x) — ok [Z] is injective.

2. Its image is equal to ox [Z]Vo™.

An important part of our paper is devoted to providing a proof of this theorem, which
is completed at the end of §3.6. We note that Theorem 1.6.1 was stated by Katz at [19,
p. 60], but he did not give a proof. The remarks contained in the last paragraph of [19,
§IV] seem to indicate that his proof is different to ours.

The hardest part of the theorem is the claim concerning the image of IC*. Note that
when L = Q,2, the dual of the p-divisible group attached to G has dimension 1. Using
this and Theorem 1.5.2 for L = Q,2, we can prove (see Proposition 3.6.5) that every

ker 7

element of 0, = o¢, " can be written as >7,~0 Ap - P,(Q)) where A\, € or and A\, — 0.

This important ingredient of the proof of Theorem 1.6.1 is not known to be available if

L+#Q,.

1.7. Applications of the Katz isomorphism. — Throughout this section, we as-
sume that L = Q2 and 7 = p, so that K* : Hom,, (C&, (oL, oc,), 0k ) — ox[Z]¥<™ is an
isomorphism. Let Lo, = C57 and 0o = o%é‘“;”. Since ™ = p, L is also the completion of
L(G[p*]).

Theorem 1.6.1 gives us an isomorphism K* : Hom,, (C&, (07, 0c,), 0x) — ox[Z]**=",
and we have a natural isomorphism C&, (0}, oc,) — 0. Applying this to K = L, we get
the following result (Theorem 5.1.4), where o}, = Homy,, (0, 01):

Theorem 1.7.1. — The map K* gives rise to an isomorphism o}, ~ oy [Z]¥+=°.

Let T}" = Gal(L(G[p™])/L) and I'g" = Gal(Q,(pp=)/Qp). In the cyclotomic setting,

Perrin-Riou showed [25, Lemma 1.5] that Z,[Z]**=° is a free Z,[I'g ]-module of rank

1. She also raised the question of what happens in the present setting. Using Theorem
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1.7.1, we show in Corollary 5.2.12 that o7 [Z]¥7=° is in fact not a free oy [['¥*]-module of
rank 1.

We can also apply the isomorphism Hom,, (0s, 0x) =~ ox[Z]¥*=° to K = Ly, and we
get Homy, (000, 000) = 000[Z]%e=°. The natural action of G on the left is the twisted
Galois action on the right. Since Az (X) = o¢, [Z]%2* = 05[Z]“F*, we get the following
result (Theorem 5.1.6):

Theorem 1.7.2. — We have EndS" (0s0) =~ Ay (X)¥=0.

Recall that oz [oF] € AL(X)¥«=C. If a € of, then d, € or[o;] acts on 0, by an element
g € Gy, such that 7(g) = a. Since AL(X) = o ]or] if and only if Az (X)¥=" = or[of], we
get the following criterion (Theorem 5.1.8):

Theorem 1.7.3. — We have A (X) = op[or] if and only if every continuous L-linear
and Gp-equivariant map f : Lo, — Lo comes from the Iwasawa algebra L @,, or[TF'].

In the cyclotomic case, Tate’s normalized trace maps T;, : Q¥ — Qp(1pn ) are examples
of continuous Q,-linear and Gg,-equivariant maps f : Q¥ — QY that do not come from
the ITwasawa algebra L ®,, or[I'g7]. The lack of normalized trace maps in the Lubin-
Tate setting is a source of many complications. In his PhD thesis, Fourquaux considered
continuous L-linear and G -equivariant maps f : Lo, — L. We generalize some of
Fourquaux’s results: we prove in Proposition 5.1.13 that if f # 0 is such a map, then
there exists n > 0 such that f(L.) contains a basis of the L,-vector space L,[log ],
where L,, = L(G[p"]). In particular, f necessarily has a very large image, so there can be
no analogue of the equivariant trace maps T;,.

The Katz isomorphism also allows us to prove several results about the span of the
polynomials P, in C&,,(or, C,). Recall that by [28, Theorem 4.7], every Galois-continuous
locally analytic function on o; can be expanded as an overconvergent series in the P,.
One may then wonder about the existence of such an expansion for Galois-continuous
functions. Let C°(L) denote the set of sequences {\,}n>0 with A\, € L and \, — 0.
The Katz isomorphism, and computations involving 1,, imply the following (Proposition
5.3.1, Corollary 5.3.4, and Corollary 5.3.9):

Theorem 1.7.4. — The map C°(L) — C&, (o, C,), given by

{An}nZO = |a— Z >\n . Pn(aQ)

n=0
is injective, has dense image, but is not surjective.

The same methods imply the following precise estimates for those elements of
C2.,(or,C,) that are given by a polynomial function a — Q(af)) with Q(T) € L|T]. See
Proposition 5.3.6 and Corollary 5.3.12.
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Theorem 1.7.5. — Assume that Z is a coordinate on G such that [p|(Z) = Z9 + pZ.
Let Q(T) € L[T] be a polynomial such that Q(af)) € oc, for all a € oy, and write
Q(T) = S35 An - Pu(T).

1. We have X\, € p~*oy, if n < ¢.

2. For all k, there exists such a polynomial () for which \p_y = pk.

1.8. Other criteria. — The following two criteria for our main question may be of
interest.

Let 0 : C,[Z] — C,[Z] denote the invariant derivative 0 = logi(Z)~! - d/dZ. Tt
does not commute with the twisted action of Gy, but D = Q7! . 9 does. We get a map
D : Oc,(X) = Oc,(X) that does not preserve Ac,(X) if L # Q, since val,(Q7") < 0.
Note that D(d,) = a-d, if a € or, so that D does preserve oy [or]. We have the following
result.

Theorem 1.8.1. — If L = Qp, then AL(X) = opfoL] if and only if we have
DY AL(X)) C AL(X).

This Theorem follows from Theorem 1.4.1 and the following result, which is inspired by
computations of Katz: assume that L = Q,2 and that 7 = p. Let A = Q7! /p(¢—1)! € o¢, -
If f(Z) € oc,[Z], then

Pla(f) = A DI(f) € oc, 1]
Here is another result concerning our main question. It says that if the answer is yes

for a finite extension L/K, then the answer is also yes for K.
Theorem 1.8.2. — If L/K is finite and if A(X1) = or[or], then Ax(Xk) = ok [ok].

2. The character variety

2.1. Notation. — Let Q, C L C C, be a field of finite degree d over Q,, oy, the ring of
integers of L, m € oy, a fixed prime element, k;, = oy, /mor, the residue field, ¢ := |k | and
e the absolute ramification index of L. We always use the absolute value | | on C, which
is normalized by |p| = p~!. We let G, := Gal(L/L) denote the absolute Galois group of
L. Throughout our coefficient field K is a complete intermediate extension L C K C C,,.

2.2. The p-adic Fourier transform. — We are interested in the character variety X
of the L-analytic commutative group (o, +). We refer to [28, §2] for a precise definition,
but recall that X is a rigid analytic variety defined over L, whose set of K-points (for K a

field extension of L complete with respect to a non-archimedean absolute value extending
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the one on L) is the group X(K) of K-valued characters x : (or,+) — (K*, x) that are

also L-analytic functions:
X(K):={feC*0p,K): fla+b)= f(a)f(b) forall a,b€oy}.

Here Ct~2%(or, K) is the space of locally L-analytic K-valued functions on or. Let
DE=an(o; K) be the K-algebra of locally L-analytic distributions on oy, defined in [29,
§2]. One of the main results of p-adic Fourier Theory — [28, Theorem 2.3] — tells us

that there is a canonical isomorphism
F: D" (0, K) = O(% x1, K)
called the p-adic Fourier Transform. This isomorphism is determined by
FA)(x) = Mx) forall e D' (op, K),x € X(K).

Since X is a rigid L-analytic variety, we have at our disposal the subalgebra O°(%X) of
O(X) consisting of globally-defined, rigid analytic functions on X that are power-bounded
— see [7, §1.2.5].
Definition 2.2.1. — Write A(X) := O°(X).

The functorial definition of the character variety does not shed much light on its internal
structure. It turns out that the base change X x; K is isomorphic to the rigid analytic
open unit disc over K, provided the field K is large enough. This isomorphism is obtained

with the help of Lubin-Tate formal groups and their associated p-divisible groups.

2.3. Lubin-Tate formal groups. — Let Z be an indeterminate and let
Fr = (12 + Z%0,[Z]) 0 (29 + 7oL [2])

be the set of possible Frobenius power series. Recall [21, Theorem 8.1.1](") that for every
Frobenius power series ¢(Z) € %, there is a unique formal group law F, ;) = 21 ® Z, €
or[Z1, Z5] such that p(Z) is an endomorphism of F,,(z). Since we have fixed a coordinate
Z on the power series ring o7, [Z], this formal group law defines a formal group® (G, ®) on
the underlying formal affine scheme Spf o;[Z], where we give o, [Z] the Z-adic topology.
This formal group is called a Lubin-Tate formal group. Up to isomorphism of formal
groups, it does not depend on the choice of the Frobenius power series p(Z), however
it does depend on the choice of . The base change of G to the completion L™ of the

maximal unramified extension L" of L does not even depend on the choice of 7.

(UNote that what Lang calls a formal group should really be called a formal group law.
(2)a group object in the category of formal schemes over Spf oy,
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The Lubin-Tate formal group G is in fact a formal or-module. This means that there
is a ring homomorphism oy, — End(G), a — [a](Z) € or[Z], such that [a](Z) = aZ
mod Z201[Z] for all a € or. In other words, the formal group G admits an action of oy,
by endomorphisms of formal groups, in such a way that the differential of this action at
the identity element 1 of G agrees with the natural oy-action on the cotangent space of

G at 1. The action of m € oy, is given by the power series [7](Z) = ¢(Z).

2.4. A review of p-divisible groups. — In his seminal paper [32], Tate introduced
p-divisible groups and considered their relation to formal groups. Here we review some
of his fundamental theorems.

Let R be a commutative base ring and let I' = (Spf A, %) be a commutative formal group

over R where A = R[X},---, X4] is a power series ring in d variables over R. Then we
can associate with I" the p-divisible group I'(p) = (I'(p),,, in) over R where I'(p),, := I'[p"]
is the subgroup of elements of I' killed by p”. More precisely, let v : A — A be the
continuous R-algebra homomorphism which corresponds to multiplication by p on I' and
let J, be the ideal AY™(Xy) + - + AyY"(Xy) of A; then A/J, is a Hopf algebra over
R free of finite rank over R, and I'(p), = Spec(A/J,,) is the corresponding commutative
finite flat group scheme over R. The closed immersions i, : I'(p),, — I'(p),41 are obtained
from the R-algebra surjections A/J, 1 — A/J,.
Theorem 2.4.1 (§2.2, Proposition 1 [32]). — Let R be a complete Noetherian local
ring whose residue field k is of characteristic p > 0. Then I' — TI'(p) is an equivalence
between the category of divisible commutative formal groups over R and the category of
connected p-divisible groups over R.

Recall that the formal group I is said to be divisible if A/.J; is finitely generated as an
R-module, and a p-divisble group (I',,,,) is said to be connected if every finite flat group
scheme I',, is a connected scheme.

Remark 2.4.2. — The fact that the functor I' — I'(p) is fully faithful holds in greater
generality: if R is any commutative ring and G, H are divisible formal groups defined
over R such that O(G) and O(H) are power series rings in finitely many variables over

R, then the natural map
HomR—fgp(Ga H) — Homp—diV<G(p)7 H(p))
is a bijection.
Now we specialise to the case where R is our complete discrete valuation ring or,. The

Tate module associated to a p-divisible group I' = (T',,, i,,) is by definition
T(T) := @lrn(Z)
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where L is the algebraic closure of L, I',,(L) = Hom,, _1,(O(T',), L) is the set of L-points
of I',,, and the connecting maps in the inverse limit are induced by the multiplication-by-
p-maps j, : I'vy1 — Iy, By functoriality, the Tate module T'(I") carries a natural action
of the absolute Galois group G = Gal(L/L), making T'(T') into a continuous Z,-linear
representation of G of rank equal to the height h of I'. Remarkably, it turns out that
this Galois representation completely determines the p-divisible group I'. More precisely,
we have the following

Theorem 2.4.3 (§4.2, Corollary 1 [32]). — The functorI' — T(T") is a fully faithful
embedding of the category of p-divisible groups over oy, into the category of finite rank Z,-

linear continuous representations of G,.

2.5. Cartier duality for p-divisible groups. — The category of commutative finite
flat group R-schemes admits a duality called Cartier duality: if G is a commutative finite
flat group scheme over R, then its Cartier dual is defined by GV = Spec(O(G)*) where
O(G)* := Homg(O(G), R) is the R-linear dual of the coordinate ring O(G). The group
structure on GV is obtained by dualising the multiplication map on O(G) and the scheme
structure on GV is obtained by dualising the comultiplication map on O(G) encoding the
group structure on G.

Tate shows in [32, §2.3] that Cartier duality extends naturally to a duality T' — T
on the category of p-divisible groups. He also shows in [32, §4] that when R = o,
the Tate-module functor to Galois representations converts Cartier duality into what is
now called Tate duality on Galois representations, namely V +— Hom(V,Z,(1)). In other
words, there is a natural isomorphism of continuous G -representations on finite rank
Z,-modules

T(I'Y) = Homg, (T(T"), Zy(1))

~

where Z,(1) := T(G,,(p)) is the Tate module associated to the formal multiplicative group
Gy, the formal completion at the identity of the group scheme G,, := Spec oy, [T, T71].

2.6. The character 7: G, — o] and the period 2. — We return to the Lubin-Tate
formal group G as in §2.3, which is easily seen to be divisible. Because G is a formal op-
module, the functoriality of T'(—) implies that the Tate module T(G(p)) of the p-divisible
group G(p) associated with G is actually an oy-module. It is a fundamental fact due to
Lubin and Tate — see [23, Theorem 2] — that T'(G(p)) is a free or-module of rank one.
Since oy, is itself a free Z,-module of rank d = [L : Q,], it follows that the underlying
Zy-module of T(G(p)Y) = Homy, (T(G(p)),Z,) is free of rank d as a Z,-module as well.



12 KONSTANTIN ARDAKOV & LAURENT BERGER

Since it is also an or-module by the functoriality of Homg, (—,Z,), we see that T'(G(p)")
is also a free or-module of rank 1.

On the way to his proof of Theorem 2.4.3, Tate explains how to compute T(G(p)"):
using Cartier duality, on [32, p. 177] he obtains a natural isomorphism of abelian groups

~

(1) T(g(p)v> = HOInp*diV/Otcp (g(p) Xop, OCp» Gm(p) Xop, O‘Cp)'

On the other hand, applying Remark 2.4.2 with R = oc,, we see that the natural map

(2)  Homtgy /o, (G %o, 0c, G %o, 0c,)

~

— Homp—div/ocp (g(p) Xop, oc,, Gm(p) Xop, OCp>

is a bijection. As a consequence, we see that Homyg,, Joc, (G %o, oc, G X, Oc,) is free of
rank 1 as an or-module.
Definition 2.6.1. —

1. We fix a generator ¢/ for T(G(p)") as an or-module.
2. We let Iy, be the generator for the oy -module
Homfgp/wcp (G %o, 0Cy» @m Xor, O(Cp);

which corresponds to t/ along the isomorphism

o

T(G(p)") = Homtgy jo. (G X0, 0z, Gm X0, Oc,)
obtained by combining (1) and (2).
3. Welet 7 : G, — of be the character afforded by the free rank 1 o -module T(G(p)"):

o(t))=7(o)t, forall o€ Gy.

o ]

The morphism of formal groups Fy; : G x,, oc, — @m X, Oc, is an element of
th(Z) S O(g Xop, O(cp) = O(Cp[[Z]]'

Then 1+ Fy, (Z) is “grouplike’ in the topological Hopf algebra oc,[Z]: it satisfies the

relation

When we further base change the formal group G x,, oc, to C,, it becomes isomorphic to
the additive formal group. It follows from this that log Fy, (Z) is necessarily “primitive”

in the topological Hopf algebra C,[Z]: it satisfies the relation

(3) log(1 + Fy, (71 @ 25)) = log(1 + Fyy (Z1)) + log(1 + Fyy (Z2).
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Since the logarithm log;(Z) of the formal group G spans the space of primitive elements

in C,[Z], it follows that there exists a unique element €2 € C, such that
1+ Fy (Z) = exp(Qlog 1 (2)).

Definition 2.6.2. — The element (2 is called the period of the dual p-divisible group
G(p)".

Let I;, C G, denote the inertia subgroup.

Lemma 2.6.3. — If L # Q,, then the character T : I, — o] has an open image.
Proof. — Let x, be the character describing the Gp-action on the Tate module T of G.
By local class field theory we know that on I, Normp g, oXx = Xeye, the cyclotomic
character. From Definition 2.6.1(2), we have 7 = X'+ Xeye. Hence 7 : I, — o] is
the composition of the surjective map x, : I, — o and of the map given by =
.03, oz o(z).

On the Lie algebra L of o7, the derivative of the above map is given by U = Try, g, — Id.
We prove that U : L — L is injective, hence surjective, which implies the lemma. If
U(z) = 0, then = (U + 1d)x = Try g, (x) € Q, and hence U(z) = ([L : Qp] — 1)x so
that z = 0. O

For future use, we record here the more precise result (pointed out to us by B. Xie)
which gives a sufficient criterion for 7 to be surjective.
Lemma 2.6.4. — Ifd—1 and (p — 1)p are coprime, then 7 : I, — o] is surjective.

Proof. — Since 7 = x - Xeye and Xeye = Normp g, oXx, we have

7(9) = Xx(9) "' Normy g, (xx(g9)) for any g € I,.

Note also that the restriction to I of the totally ramified surjective character x, — of
is still surjective. Let now u € o] be any fixed element.

We first show that there is an @ € Z) such that "' = Normpg,(u). Let v :=
Normp g, (u) and let v denote its image in IF*. By our assumption the polynomial Z —=1_3
is separable over F, and has a root in F;. Hence Hensel’'s Lemma implies that the
polynomial Z~! — v has a root a € Z.

Choosing now a g € I, such that x.(g) = au™! we deduce that

7(g9) = (au™")™" Normp g, (au™") = ua™'a? Normp g, (u™") = w. O

2.7. The Amice-Katz transform. — With the period €2 € C,, in hand, we now recall

some constructions from p-adic Fourier Theory [28]. For each a € oy, define

Aq =1+ Foy (Z) = exp(aflogir(2)) € C,[2]".
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The map (or,+) — (C,[Z]*, x) which sends a € oy, to A, is a group homomorphism.

The fundamental property of these power series is that their coefficients all lie in oc,:
A, € oc,[Z]* forall acop.

This follows from the fact that for each a € or, Foy : G X,, 0, — @m X,, OC, i a
homomorphism of formal groups defined over oc,; see also [28, Lemma 4.2(5)].
Definition 2.7.1. —

1. Let Ly be the closure in C, of the subfield L(Q2) of C, generated by L and €.
2. Let L, := LN L.
3. Let 0o := Lo Noc,.
4. Let o := L, Noc,.
Lemma 2.7.2. — We have Lo, = Clge” and 0sy = o%é‘;”,

Proof. — From the relation appearing in Definition 2.6.1(3), we deduce
o) =7(0)Q forall o€ Gy.

This immediately implies that Lo, € C;* 7. Let H := Gal(L/L,), a closed subgroup of
Gp, and let ¢ € H. Then g extends to a unique continuous L,-linear automorphism g
of C,. Now L is the closure of L, in C,, so ¢ fixes Q € L. Hence 7(¢g) = 1 by the
above relation. Hence H < ker7 which implies that (CI;G” < (Cf . But T is dense in
C[l by the Ax-Sen-Tate theorem, [9, Proposition 2.1.2], and " = L, by infinite Galois
theory. Hence L, is dense in (Cf
L.,. Hence Clge” < L.

The second statement follows from the first by intersecting L., = Cllje” with oc,. [

, SO (Cf is contained in the closure of L. in C,, namely

It is clear from the definition of A, that in fact A, € 0,,[Z]* for all a € of,.
Definition 2.7.3. — We write oor] for the completed group ring of the abelian
group oy, with coefficients in o;,. The Amice-Katz transform is the unique extension to a

continuous oy-algebra homomorphism
w:opfor] = O(G Xo, 0s0) = 05[Z]
X

of the group homomorphism oy, — oc,[Z]* which sends a € or, to A, € 0 [Z]*.

2.8. The Schneider-Teitelbaum uniformisation. — At this point, rigid analytic
geometry enters the picture. Let B be the rigid L.,-analytic open disc of radius one,
with local coordinate Z. By definition, B is the colimit of the rigid L.,-analytic closed

discs B(r) of radius r < 1, as r € |LZ | approaches 1 from below:

B = colim,1 B(r), B(r) =Sp L(Z/7)
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where 7 is any choice of an element of L such that || = r. Choosing, for convenience, any
strictly increasing sequence r; < ro < 13 < --- of real numbers in | L, |N(0, 1) approaching

1 from below, we have a descending chain of L..-algebras, each one containing o [Z]:

Lol Z/71) 2 Lo (Z)2) 2 Lol Z/i) 2 -+ 2 F"ﬁ Lol Z)7)
= 0O(B) 2 0,[7] ®., L.

With this notation in place, it follows from one of Schneider-Teitelbaum’s main results,
[28, Theorem 3.6], that the or-algebra homomorphism pu : opfor] — 0x[Z] extends to a

continuous isomorphism of L-Fréchet algebras
frig : DY (01, L) — O(B)
which makes the following diagram commutative:

OL[[OL]] ®0L L

| |

D= (o) L)) —— O(B)

prig
The vertical arrow on the left is the natural restriction map oz [or]®,, L into D¥=*1(op,, L),
witnessing the fact that every locally L-analytic function on oy, is continuous, and hence
that every continuous distribution on oy, restricts to a locally L-analytic distribution on
or; see [29] for more details. The vertical arrow on the right is the inclusion 0, [Z] ®,,
L C O(B) from the above discussion. Combining the isomorphism i, with the Fourier
transform F : DL oy, Ly,) — O(X X1, Ls), we obtain an isomorphism of L..-Fréchet
algebras
frig © F 1 O(X X1, L) — O(B).

Since X X Lo, and B are both Stein rigid analytic varieties over L., this isomorphism

determines, and is completely determined by, an isomorphism
K = SP(Lrig oF 1):B =y X %, Lo

This is a version of [28, Theorem 3.6]: the base-change of the character variety X to
L., is isomorphic to the rigid L..-analytic open disc of radius one, so x can be viewed
as giving a uniformisation of X X L., by B. Schneider and Teitelbaum also show that
the morphism & is given on C,-points by the following rule: for each z € B(C,) we can
evaluate the power series A, € 0x[Z] at Z = z to obtain an element A,(2) € o¢ , and

the locally L-analytic character x(z) : o, — C, is given by

k(z)(a) = Ay(z) forall a € of.
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2.9. AL(X) and the twisted G -action on C,[Z]. — It is natural to enquire, in the
light of the Schneider-Teitelbaum isomorphism
k:B-—XxpL

how far the character variety X is itself from being isomorphic to an open rigid L-analytic
unit disc. For general reasons, X X L., carries a natural action of the Galois group G,

acting on the second factor, giving an isomorphism of L-Fréchet algebras
O(%X) =2 O(X x1, L))",
Definition 2.9.1. — The twisted Gr-action on O(B) is given as follows:
ox F(Z):=("F)([r(0)"1(Z)) forall F(Z)e€ O®B),o € Gy.
Here F' — °F is the “coefficient-wise” Gr-action on C,[Z] D O(B), given explicitly
(Z anZ™) = Z o(a,)Z™ for all o € G.

Schnelder and Teltelbaum showed that this twisted G -action on O(B) in fact comes

from the following twisted G-action on the set of C,-points B(C,):
oxz=rK '(00ok(z)) forall zeB(C,),o€ Gy.

From the proof of [28, Corollary 3.8], we can also deduce the following

Proposition 2.9.2. — The algebra isomorphism
K= g 0 F 11 O(X X1, L) — O(B)

is equivariant with respect to the natural Gp-action on the source, and the twisted G-
action on the target.

Corollary 2.9.3. — The map [uig Testricts to give an isomorphism of or-algebras
(trig © F1)° 1 O°(X) = 0n[ 2] %=
Proof. — Applying the functor O° to the isomorphism of rigid L..-analytic varieties
k:B — X X Ly, we see that p, o F ~1 restricts to an os-algebra isomorphism
O(X x1, Ls)° — O(B)°.

It is well known that O(B)° = 0,,[Z] and that Ay (X) = O(X)° = (O(X x1 L)°)CE.
The result follows by passing to G-invariants and applying Proposition 2.9.2. [

Consequently, the image of the Amice-Katz transform p : opfor] — 0o[Z] lands in
the subring of twisted Gr-invariants. One of our main goals in this paper is to study the
following

Question 2.9.4. — Is the Amice-Katz transform u : opfor] — 0s[Z]=* an isomor-

phism?
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2.10. Some properties of Ay (X). — In this section, we identify (through the LT-
isomorphism) the ring Az (X) = O(X)° with the ring 0., [Z]“*. From [5] we know that
AL(X) is an integral domain and that the norm || ||x = || |1 on AL(X) is multiplicative.
Let kx denote the residue field of K.

Lemma 2.10.1. — If L # Q, and if K is a finite extension of L, then k[Z]%%* = k.
Proof. — 1f g € I, then g acts trivially on k, so that the G, action of g € I on k[Z] is
given by ¢ : Y50 Z™ = Y50 an([7(9) 71 Z)™. The character 7 : Ix — o} has an open
image by Lemma 2.6.3. This image therefore contains x,(Iy;) where M C L, is some
finite extension of L, and k[Z]'«* = k[Z]'™ where I); acts on k[Z] via g : 3,50 anZ™
S0 an([Xx(9)]Z2)". We know from the theory of the field of norms that k[Z] with that
action of I,; embeds into E* ~ l&n ()2 % in an Ij/-equivariant way. Let P := C]I?M . We
have (ET)M ~ @(_)q op = k since P/Q, is finitely ramified. Hence k[Z]'™ = k and
k[Z])"* = k. The Lemma then follows from the fact that on k, the twisted Gp-action

coincides with the usual Gp-action, so that EGK’* = kg. ]

Let xiv denote the character o, — (C; given by xuiv(a) = 1 for all a € oy. Note that
Xtriv = £(0). We have a surjective map Ap(X) — k given by f +— f(Xtriv) mod my. Its
kernel m(X) := {f € AL(X) : f(Xtiv) € mz} is a maximal ideal of Ay (X), with residue
field k. Lemma 2.10.1 above implies that m(X) = me, [Z]“%*.

Lemma 2.10.2. — The ring AL(X) is a local ring.

Proof. — We have to show that m(X) is the unique maximal ideal, i.e., that f is a unit
in AL(X) if and only if f(xtiv) € of. The direct implication is obvious. We therefore
assume that f(Xuiv) € of. The image F(Z) € oc,[Z] of f under the LT-isomorphism
then satisfies F'(0) € o and hence is a unit in oc,[Z]. We deduce that f is a unit in
Oc,(X). Since the twisted Gr-action must fix with f also its inverse we obtain that f is
a unit in O (X) and hence in 0% (X) by [5] Cor. 1.24. The multiplicativity of the norm
| ||z finally implies that 1 = || f]lx = ||/ ||x O

The or-algebra Ay (X) carries two natural topologies. One is the p-adic topology which
is induced by the norm || ||x. The other is the topology induced by the Fréchet topology
of Op(X). We will call the latter the weak topology on Ap(X).

Remark 2.10.3. — The weak topology on Ap(X) is coarser than the p-adic topology.
Proof. — Let X = U,>; X, be a Stein covering by affinoid subdomains X,, (cf. [5] §1.3).
The Fréchet topology of Op(X) is the projective limit of the Banach topologies on the
affinoid algebras O (X,,). Since X is reduced these Banach topologies are defined by the
respective supremum norm (cf. [7, Thm. 6.2.4/1] ). Therefore the Banach topology on
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Or(X,) induces on its unit ball with respect to the supremum norm the p-adic topology.
It follows that the natural maps A, (X) — OL(X,,) are continuous for the p-adic topology
on the source and the Banach topology on the target. Therefore the inclusion Az (X) C
OL(X) is continuous for the p-adic topology on the source and the Fréchet topology on
the target. O

Lemma 2.10.4. — The op-module A (X) is p-adically separated and complete.
Proof. — We show that, for any reduced rigid analytic variety ) over L, the ring O%l(ﬂj)
of holomorphic functions bounded by 1 is p-adically separated and complete. Let %) =
Uicr Y: be an admissible covering by affinoid subdomains. Since 2) is assumed to be
reduced, the supremum seminorm on each Op(2);) is a norm and defines its affinoid
Banach topology (cf. [5, §1.3] ). Hence || [|g is a norm on O} (2)) and defines the p-adic
topology on O3'(2). In particular, the p-adic topology on O3'(Q)) is separated. Now
let (fn)n be a Cauchy sequence for || |ly in OF'(9). It restricts to a Cauchy sequence
in O3'(9);) for each i € I which converges to a function ¢; € O3'(9);). Obviously the
gi glue to a function g € OF'(2). We have to show that the sequence (f,), converges
to g with respect to || ||y. Let € > 0 be arbitrary. First we find an integer N > 0 such
that || f,, — fully < € for all m,n > N. Secondly, for any ¢ € I, we have ||g — fu|

Y, <€

g —
| fm — fully) < € for any n > N and any i € I.

for all sufficiently large (depending on i) m. It follows that ||g — f,|

fmllos [ fm = Fallp:) < max(|lg = fully,:
Hence ||g — fully < € for any n > N. O

PIB < maX(

Proposition 2.10.5. — The or-module Ar(X) is compact in the weak topology.

Proof. — According to [13, Prop. 6.4.5] the space X is strictly quasi-Stein. This means
that a Stein covering X = (J,,>; X,, can be chosen such that the inclusion maps X,, C X,,1
are relatively compact. By loc. cit. Prop. 2.1.16 this implies that the restriction maps
Or(%X,41) — Or(X,), which we simply view as inclusions, are compact maps between
Banach spaces. Working over a locally compact field we deduce (cf. [27, Remark 16.3]
and [24, Cor. 6.1.14] ) that the closure C, of OF'(%X,41) in OL(X,) is compact. We, of
course, have Az (%) C O;'(%,11) C C,. Therefore, if £, C Or(X,) is any open lattice,
then the or-modules Af(X)/AL(X)NL, C C,/C,NL, are finite. It is straightforward to
see that then Az (X)/AL(X) N L must be finite for any open lattice £ C Op(X). On the
other hand A (X) is weakly closed in O (X) and hence is weakly complete. It follows [27,
Cor. 7.6] that Ay (X) with its weak topology is the projective limit of the finite groups
Ap(X)/AL(X) N L and hence is compact. O

Lemma 2.10.6. —
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1. Any open neighbourhood of zero for the weak topology on Ap(X) contains a power of
the mazimal ideal m(X).

2. If the ideal m(X) s finitely generated then the weak topology on Ap(X) coincides
with the m(X)-adic topology.

Proof. — We have m(X) = m,AL(X) 4+ n, where n denotes the ideal of all functions in
A (X) which vanish in ygiy. We consider the divisor A on X which maps xiiy to 1 and all
other points to zero. For any integer m > 1 we have the ideal I,,o C O (X) corresponding
to the divisor mA. As a consequence of [5, Prop. 1.4] these ideals are closed in O (%)
and satisfy N, I, = {0}. Hence the ideals I, N AL(X) are closed in Ap(X) with zero
intersection. Let now U C Ap(X) be any fixed open neighbourhood of zero for the weak
topology. Suppose that I, N Ap(X) g U for any m > 1. We then may pick, for any
m > 1, a function f,, € (I, N AL(X)) \ U. According to Proposition 2.10.5 the weak
topology on A (X) is compact. Hence the sequence ( f,)., has a convergent subsequence
with a limit f € Ay (X). On the one hand we have f, € I, N A (X) for any n > m.
Since I, N Ap(X) is closed it follows that f € I,, N Ap(X) for any m > 1. Therefore
f = 0. But on the other hand all the f,, and hence f lie in the closed complement of the
open subset U. This is a contradiction. We conclude that n™ C [, N A(X) C U for any
sufficiently large m. As a consequence of Remark 2.10.3 we also have n7*AL(X) C U for
any sufficiently large m. Hence m(X)*" C 7"A(X) + n™ C U for large m. This proves
(1).

We have to show that the ideals m(X)™ are open for the weak topology. Under our
assumption all ideals m(X)™, for m > 1, are finitely generated. Hence all m(X)™*! /m(%)™
are finite dimensional k-vector spaces. We see that each quotient Ap(X)/m(X)™, for

™ is closed

m > 1, is a finite or-module. Hence it suffices to show that the ideal m(X)
for the weak topology. Let fi,..., f. be generators of m(X)”™. Then m(X)™ is the image
of the map AL(X)" — AL(X) sending (hy,...,h,) to >; hif;, which is a continuous map

between compact spaces by Proposition 2.10.5. This proves (2). H

Remark 2.10.7. — Any f € m(X) satisfies || f]|x, < 1 for all n.

Proof. — If || f|lx, = 1 then the maximum modulus principle for the affinoid X,, implies
that there is a point z € X,, such that |f(z)| = 1. By considering f as an element of
oc,[T7], we see that f(0) is a unit so that f is not in m(X). O

Next we consider the injective map

A(OL> = OL[[OLH — AL(%) ,
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which we treat as an inclusion. More explicitly, let ai,...aq be a basis of oy, as a Z,-
module. Then the image of the above map is the ring of formal power series oy [d,, —
80y - -+, 0q, — 0p] inside Az (X). We immediately conclude from Lemma 2.10.1 that

d
m(%) N OL[[OL]] = <7TL75a1 — 50, . .,6% — 50> - OL[[OL]] .

Lemma 2.10.8. — We have O (X) Noyfor] = mror]oL].
Proof. — We have mrop[or] C P := O3 (X)Nor[or]. It follows that P := P/wrop[or] is
a “canonical” prime ideal in the formal power series ring ko ]: in particular, it is invariant
for the o} action on the mod-p Iwasawa algebra k[or]. Suppose for a contradiction that P
is the (unique) maximal ideal of k[o.]. Then P would contain d,, — dy and we would have
|64, — dol|lx < 1. For each n > 0, let (,» € oc, denote a primitive p"-root of unity, and let
Xn : or, — C) be the unique torsion (hence locally L-analytic) character of oy, that sends
a1 to (pn and a; to 1 for all 4 > 1. Then x,, € X(C,), and |(d4, —00) (Xn)| < || 0oy —0ollz < 1
for all n > 0. However, |(04, — d0)(xn)| = |{m — 1] = |p|m tends to 1 from below,
which is a contradiction. Hence P is not the maximal ideal of k[or].

In this situation, [1, Corollary 8.1(b)] implies that P must be the zero ideal, provided
we can show that the open subgroup 1+ poy, C o] acts rationally irreducibly on o

We have to show that every non-trivial 1 4 poy-stable subgroup of oy, is open in oy.
But such a subgroup contains (1+ por)a—a = paoy, for some 0 # a € oy, and is therefore

open in oy,. ]

Corollary 2.10.9. — The restriction of the norm || - ||x on AL(X) to opfor] coincides

with the m-adic norm on opfor]: for any x € "o Jor]\7" T or[or] we have

[e]lx = [7"].
Proof. — Since ||[7"y||x = |7"| - ||y||x for any y € orJor], we may assume that n = 0. But
now since = ¢ mor[or], Lemma 2.10.8 tells us that ||z|x = 1. O

Corollary 2.10.10. — The or,-module Ar(X)/op[oL] is torsionfree.

Proof. — Suppose that f € Ap(X) is such that 7" f € op[or] for some n > 0. Choose n
least possible and suppose for a contradiction that n > 1. Then 7" f € op[or]\mor[oL],
else otherwise we would be able to deduce that 7"~ 'f € or[or]. Hence ||[7"f|| = 1 by
Corollary 2.10.9, which implies that 7|~ = || f|| < 1. Hence n = 0. O

Corollary 2.10.11. — We have A(X) N (L ®,, or[or]) = or[or]-
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3. The Katz isomorphism

3.1. The v -operator. — Recall that we denote by @ the formal group law of G.
Furthermore let G; denote the group of w-torsion points of G. Its cardinality is ¢q. It
coincides with the set of zeros of the Frobenius power series [7](Z) = ¢(Z).

We fix a m-adically complete and flat op-algebra S in what follows and define an

injective S-algebra endomorphism ¢ : S[Z] — S[Z] by setting
o(F)(Z) .= F([r](Z)) forall F(Z)e S[Z].

Lemma 3.1.1. —

1. For any F € S[Z] there is a unique Fy € S[Z] and a unique polynomial Fy € S[Z]
of degree < q such that F' = p(Z)Fy + F7.

2.{F € S[Z] : F(¢) =0 for any ¢ € G} = ¢(Z)S[Z].
Proof. — (1). This is a form of Weierstrass division. Since ¢(Z) = Z? mod wo[Z], the
proof of [8, VII.3.8 Prop. 5] goes through by replacing the maximal ideal of S in the
argument with the ideal 7§.

(2). Since p(Z) vanishes on Gy, the inclusion 2 is clear. If F' € S[Z] vanishes on G,
then using (1) we may assume that F' € S[Z] with deg F' < ¢. But then F' = 0, which

gives the other inclusion. O]
Using the above Lemma the proof of [10, Lemma 3| remains valid for S and gives
o(S[Z]) ={F € S[Z] : F(Z) = F({® Z) for all ¢ € G}

Since the map ¢ is injective, this description of the image of ¢ implies the existence of a

unique S-linear endomorphism ¢¢. of S[Z] such that
e(Wca(F)(Z)) = > F(C® Z) forany F € S[Z]
Ceg1

Definition 3.1.2. — Let S[Z]L := S[Z] ®,, L. The ¢,-operator is defined by
1
Ipq = 6¢CO] : S[[Z]]L — S[[Z]]L

Note that 1cq (respectively, ¢,) preserves S'[Z] (respectively, S’[Z].) for any inter-
mediate m-adically complete and flat op-subalgebra S” of S. These operators satisfy the
following useful Projection Formula.

Lemma 3.1.3. — For any F,G € S[Z] we have ,(Fp(G)) = 1,(F)G.
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Proof. — We may instead establish the analogous formula for 1)c.;. Note that [7]((®Z) =
[7](¢) @ [7](Z) = [7](Z) for any ¢ € Gy, since [7](¢) = ¢(¢) = 0. Therefore

P(Vea(Fp(G))) = > (Fe(G)(C Z) = ZFCGBZ G([xl(¢® 2))

CeG1

—ZFC@Z G([r] ZFCEBZ ©(G)
(wcol( Ne(G) = (wcol( )G) -

The result follows because ¢ is injective. O]

Corollary 3.1.4. — We have the fundamental equation 1,0 ¢ = lgz], -
Proof. — Note that ¢(¥ca(1)) = ¢l, so ¢(¢,(1)) = 1 and hence 1,(1) = 1. Now set
F =1 in Lemma 3.1.3. O

Next, we remind the reader what the operators ¢ and v, do to the special power series
A, = exp(aQlog;(Z)) € 0o0[Z] from §2.7.
Lemma 3.1.5. — Assume that S is an os.-algebra and take a € oy,.

1. o(Ay) = Ara.

2. 7qu<Aa) == 5a€7roLAa/7r-

Proof. — (1) More generally, whenever a,b € oy, we have

Aa([b](2)) = exp(alogpr([b](2))) = exp(ablogi(Z)) = Awy(Z).

Hence ¢(A,) = Au([7](Z)) = Ay, as claimed.
(2) Using the fact that log; is a formal homomorphism from G to the formal additive

group we compute

©(Peo (A Z A(CDZ) ZQXP(QQ logi (¢ @ Z))
¢eby ¢

= Z exp (aQ(logp(¢) + logir(Z2)))
¢

- ( Z Aa(C))A
Cegy

Under the Schneider-Teitelbaum isomorphism s, the group G; corresponds to the group
of characters x of the finite group oy /mpor, and, if { corresponds to x, then A,(¢) =

evaz(x) = x(@), where @ := a + mor. Hence

P(Yca(Ad)) = (Z x(a)> A,.

X
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By column orthogonality of characters of the finite group oz /7, we have Y, x(a) =

70535 = Qlacmo,- Hence using part (1): qp(¥q(As)) = GOacror Da = @Oaero, P(Dasx). Since
@ is injective, we deduce that 1,(A,) = dacro, Na/x as required. ]

Write m := (7, Z) and A := S[Z].
Lemma 3.1.6. — The operators ¢ and Yce on A are m-adically continuous.
Proof. — Since ¢(Z) € (Z), we see that p(m™) C (7, p(Z))" C m" for all n > 0. This
implies the m-adic continuity of .

Suppose first that G; is contained in S. Then the S-linear maps A — A sending F'(Z)
to F'(Z @ () are continuous with respect to m-adic topology for each { € Gy; hence pot)cg
is also m-adically continuous in this case. Let L; = L(G;), a finite extension of L and
let S} = o1, ®,, S. Since oy, is a free or-module of finite rank, S; is still a m-adically
complete and flat op-algebra, so letting A; = S1[Z], we see that ¢ o g : A1 — Aj is
mA;-adically continuous. It follows that ¢ o1, : A — A is also m-adically continuous.

Let n > 0 be given. Since ¢(Z) = Z9 mod wA, we have m?" = (7, Z)1" C (r, Z9)" =
(m,p(2))" = Ap(m™). Therefore m? N p(A) C Ap(m™) N p(A) = ¢(m™) where this
last equation follows from the fact that ¢(A) admits a direct complement in A as a

p(A)-module. However since ¢ o 9¢, is continuous, @pice(m™) C m?" for some m > 0.

Hence

PUca(m™) € m? N p(A) C p(m").
The m-adic continuity of ¥c, now follows from the injectivity of ¢. O
Lemma 3.1.7. — We have ¢"(a,) — 0 in the m-adic topology on A, for any sequence

of elements (a,) contained in ZA.

Proof. — Since ¢(Z) € G we see that p(Z) € Zm. Assume inductively that ¢"(Z) €
Zm™; then ¢"™(Z) € o(Zm") C ¢(Z)m"™ C Zm"™! completing the induction. Write
a, = Zb, for some b, € A; then ¢"(a,) = ©"(Z)p(b,) € Zm™ C m"*! for all n > 0, so
©"(a,) — 0. O

We specialize to the case S = 04, until the end of §3.1.
Proposition 3.1.8. — Let f € DY (o, L) be such that F(f) € O(X)°. Suppose that
Vo (pnig(f)Aa) € 05 Z] for all a € o, and n > 0. Then f € opfor].
Proof. — We will show that |f(1,4m, )| <1 for all a € o, and n > 0.

By [28, Lemma 4.6(4)], we have

f(]-a-l-Tr”OL) = (f(s—a)(lﬂ"OL)'
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The orthogonality of columns in the character table of the finite group oy /7oy implies
that

1
17r”oL n Z Kz
T [n)(2)=0
Hence by ibid., (fd_4)(1zno, ) = ﬁ > f(2)A_u(z). We now observe that
[7"](2)=0
1
— F(2)A_a(2) = ¥y (pig(f)A—a)(0)
T frm)2)=0

Since V] (firig(f)A—a) € 000[Z] by assumption, we have |f(1aixno, )| < 1 for all a € of
and n > 0, as claimed.

Therefore there exists g € o Jor] such that f = g on all 1,4 ,n,,. The function f — g
is zero on all locally constant functions, and hence on all torsion characters, so that it is
divisible by log(1+ Z). Since f — g is bounded and log(1 + Z) is unbounded, this implies
that f = g. m

We can now prove Theorem 1.4.1 from the introduction.
Theorem 3.1.9. — We have A(X) = op[or] if and only if Y, (AL(X)) C AL(X).
Proof. — The forward implication is clear in view of Lemma 3.1.5(1). For the reverse
implication, the given condition means that the image 0,,[Z]%%* of AL(X) = O(X)°
under the bijection (g 0 F1)° from Corollary 2.9.3 is stable under the t,-operator.

Now the result follows from Proposition 3.1.8. m

3.2. The covariant bialgebra of G. — Katz [20, §1] talks about the “algebra Diff(G)
of all G-invariant oy -linear differential operators from O(G) into itself". Because we are
not aware of any place in the literature which adequately deals with invariant differential
operators on formal groups, we will instead use the covariant bialgebra of G which will
turn out to be isomorphic to Katz’s Diff(G).

Definition 3.2.1. —

1. Let Zy @ Zy € or[Z1, Z5] denote the formal group law defining the formal group G.
2. Let U(G) denote the set of all op-linear maps from O(G) = o[Z] to o, that vanish

on some power of the augmentation ideal Zoy[Z]. In other words,
UG) = llnHomoL(O(g)/Z”O(g), o).

We will often use the abbreviation U := U(G).
3. For each f,g € U(G), define the product f - g by the formula

(f - 9)(F(Z)) = (f®9)(F(Z1 & Z»)) forall F(Z) € or][Z].
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4. With this product, U(G) is the covariant bialgebra of G, defined at [17, 36.1.8].
5. For each m > 0, let u,, € U(G) be the unique oy-linear map that satisfies

Un(Z") = 6y forall  n > 0.
6. Let (—,—) : U(G) x O(G) — or, be the evaluation pairing:

(f, F) = f(F).

This covariant bialgebra is also known as the hyperalgebra or the distribution algebra of
G. Note that U(G) is a commutative ring: this follows directly from Definition 3.2.1(3),
as the formal group law Z; & Z5 on the Lubin-Tate formal group G is commutative. We
will now explain the link with Katz’s work, using his notation.

Lemma 3.2.2. —

1. {u, : n >0} is an or-module basis for U(G).
2. Let i > 0 and write (Z1 & Zy)' = 5. XNn,m;i)Z}Z5 for some A(n,m;i) € o.

n,m>0

n+m>i
Then for all n,m > 0 we have

n+m

Uy * Upy = Z A(n,m; k)uy,.
k=0

3. Let s be a variable. The map L[s] — U(G) ®,, L which sends s to u; ® 1 is an
isomorphism of positively filtered L-algebras.

Proof. — (1) This is clear because Z"o0.[Z] = 0, 2" @& Z" o[ Z] for any n > 0.

(2) We compute that for every n,m,i > 0 we have
(tn - Um)(Zl) = (un@um)«zl D Z2)i)

= (un®upm) | D Ma,b;d)Z{Z5 | = AN(n,m;4).
anszin

n+m i
Because Y. A(n,m;k)uy also sends Z* to A(n, m;), it must be equal to wu,, - U,.
k=0
(3) From (2) we see that the or-submodule U(G),, of U(G) generated by {u; : 0 <i < n}

defines an algebra filtration on U(G):

U(g)n : U(g)m - U(g)n-i-m for all n,m > 0.
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The associated graded ring is the free op-module with basis {gru, : n > 0}. Since
7y ® Zy =7y + Zo mod (Zy,Z)? by part (2), we see that for any ¢ > 0 we have

> Anmi)ZY 75 = (7@ Zs)'

=(Zi+2Z) = Y <;>Z?Z;” mod (Zy, Z,)"™".

n+m=1
Equating the coefficient of Z1"Z4™™ shows that A(n,i — n;i) = (;) whenever 0 < n <

n—+m

An,m;n+m) = (
n

) for any n,m > 0.
Hence from (2) we see that the multiplication in gr U(G) is given by
n+m

) g Uyt -
n

The same formulas hold in gr(U(G) ®,, L). Induction on n shows that we have (gru,)" =
n!gru, for all n > 0. Since L has characteristic zero, we see that gr(U(G) ®,, L) is
generated by gru; as an L-algebra. The result follows. O]

We will henceforth identify U(G) ®,, L with the polynomial ring L[s]. Recall the
polynomials P,(Y") € L[Y] from [28, Definition 4.1, which are defined by the following

formal expansion:
exp(Y logpr(Z)) = Z Pn(Y)Z™.
m=0

Lemma 3.2.3. — For every n > 0, we have u,, = P,(u;) inside U(G) ®,, L.

Proof. — The structure constants of Katz’s algebra Diff(G) are the same as the ones in
U(G) by [20, (1.2)] and Lemma 3.2.2(2). So the or-linear map that sends D(n) € Diff(G)
to u, € U(G) is an op-algebra isomorphism. Comparing [20, Corollary 1.8] with [28,
Definition 4.1] shows that D(n) = P,(D(1)) in Diff(G) ®,, L for all n > 0. The result
follows by applying the algebra isomorphism Diff(G) — U(G) established above. O

Of course in the context of affine group schemes, this isomorphism between the algebra
of left-invariant differential operators on the group scheme and the distribution algebra of
the group scheme is the well known ‘Invariance Theorem’, [12, Chapter II, §4, Theorem
6.6].

Next, we consider the action of the monoid oy on the formal group G. The covariant
bialgebra construction is functorial in G: if ¢ : G — H is a morphism of formal groups,
then U(p) : U(G) — U(H) is the morphism of oy-bialgebras which is the transpose to
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the op-algebra homomorphism ¢* : O(H) — O(G) induced by ¢. Using the evaluation

pairing, we have the following formula which defines this action:

(4) {Ul)(f), F) = (f,¢"(F)) forall feU(G),FecO(9)
Definition 3.2.4. — Take a € of.

1. Let [a] : G — G be the action of @ on G.
2. Write a - f := U([a])(f) for all f € U(G).

The or-algebra endomorphism U([a]) of U(G) extends to an L-algebra endomorphism
U(la]) ® 1 of U(G) ®,, L = L[s]. What does this action do to the generator s of L][s]?
Lemma 3.2.5. — We have a-s = as for all a € oy,

Proof. — We know that [a](Z) = aZ mod Z%0;[Z]. Hence

(U(la])(uw1), Z2™) = (uq, [a](Z)") = adp1 = (auy, Z") forall n>0
using Definition 3.2.1(5). Hence a - u; = auy and so a - s = as. O

Corollary 3.2.6. — For each j > i >0 and a € oy, there exists 0;;(a) € or, such that

ww=ﬂw$=i%wm@=§¥MWm

Proof. — 1t follows from Lemma 3.2.5 that the L-algebra endomorphisms of L[s]| given
by s + as preserve the or-subalgebra U(G) C L[s]. Hence a - u; = Pj(as) lies in U(G)
for all @ € or, and all j > 0. But U(G) has {u; : ¢ > 0} as an or-module basis by Lemma
3.2.2(a), so Pj(as) must be an og-linear combination of these u;’s. On the other hand,
P;(s) is a polynomial of degree j in s, therefore so is Pj(as); because deg P; = i for each

i it follows that P;(as) is an L-linear combination of Fy(s),- - , P;(s) only. O

We now introduce a coefficient ring S, which we assume to be a w-adically complete
or-algebra. For every S-module M, let M* := Homg (M, S) be the S-module of S-linear
functionals on M. We will need to work with a larger class of S-linear functionals on
S[Z] than those arising from U(G), namely the continuous ones.

Definition 3.2.7. — We say that A € S[Z]* is continuous if it is continuous with

*
cts

respect to the (m, Z)-adic topology on S[Z], and the m-adic topology on S. Let S[Z]
denote the set of these continuous S-linear functionals on S[Z].

Explicitly A € S[Z]* is continuous if and only if for all n > 0 there exists m > 0 such
that A((m, Z)™) C 7"S.

Consider now the base change U(Gs) := U(G) ®,, S, and its m-adic completion

o —

U(Gs) = limU(G) €., (/7).
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—

Since {u, : m > 0} is an or-module basis for U(G) by Lemma 3.2.2(1), we see that U(Gs)

has the following description:

(5) U/(g\g):{Zamum: amES,nligéoam:O}.
m=0

Here we equip S with the m-adic topology.
Lemma 3.2.8. —

1. The pairing (—, —) : U(G) X or[Z] — oy, extends to an S-bilinear pairing

—

(=, —):U(Gs) x S[Z] = S.

2. For each u € U/(Q\g), the S-linear map (u, —) : S[Z] — S is continuous.
3. The map U(Gs) — S[Z)ks, v (u,—), is an S-linear bijection.

4. The map S[Z] — U(Gs) , F — (—, F), is an S-linear bijection.

Proof. — (1) Let u = § Aty € U(Gs), F = ioj F,Z" € S[Z] and define (u, F) =
m=0 n=0

o

> amkF,,. This series converges in S because a,, — 0 as m — oo and because S is
m=0

assumed to be m-adically complete.

(2) Let n > 0 and write u = § AUy With a,, — 0. Then for some r > 0, a,, € ©"S
for all m > r. Hence (u, —) sen(%_ghe ideal (7", Z") of S[Z] into #"S. Since (w, Z)"*" C
(m™, Z"), we conclude that (u,—) is (m, Z)-adically continuous.

(3) The injectivity of u — (u, —) follows by evaluating on each Z™. Now let A € S[Z]z
and define a,, := A\(Z™) € S for each m > 0. Since A is (m, Z)-adically continuous, for
each n > 0 we can find some r > 0 such that A((w, Z)") C 7™S. Then a,, € ™S for all

m > r which implies that a,, — 0 as m — oco. Hence u := > a,,u,, is an element of
m=0

(@ and (u, —) — A vanishes on S[Z] by construction. Since this difference is continuous
and since S[Z] is dense in S[Z] with respect to the (m, Z)-adic topology, we conclude
that A = (u, —).

(4) Again, the injectivity of F' — (—, F') follows from (u,,, F) = F},. Given an S-linear
map A : U(Gs) — S, let F := § Aun)Z™. Then (up, F) = A u,y,) for all m > 0. Since
the u,, span U(Gg) as an S—monci?le, A= (—,F). O

As an immediate consequence of Lemma 3.2.8, we have the following
Corollary 3.2.9. —

1. For every continuous S-linear o : S[Z] — S[Z] there exists a unique S-linear map

—_—

o U(Gs) = U(Gs) such that

—

(a*u, F) = (u,aF) forall weU(Gs), FeS[Z].
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2. For every S-linear B : U(Gs) — U(Gs) there exists a unique S-linear map B* :
S[Z] — S[Z] such that

—

(u,BF) = (B*u, F) forall weU(Gs), F e S[Z].

We also extend this S-linear pairing to an Sy, := S ®,, L-linear pairing

(=, =) : U(Gs),, x S[Z]1 — Si
which we will use without further mention. Observe that there is a natural oy -linear map
U— (@ for any or-algebra S.
Lemma 3.2.10. — The restriction map @* — Hom,, (U, S) is an S-linear isomor-
phism.
Proof. — Let X\ : m — S be an S-linear map whose restriction to U is zero. Then
in particular A(u,,) = 0 for all m > 0, so A vanishes on all finite sums of the form

> amly, € U(Gs) with a,, € S. These sums are m-adically dense in (@ in view of

m=0
(5), so for any x € U(Gs), A(z) € Oﬁ 7S, Since we're assuming that S is m-adically

n=0
complete, this intersection is zero, so A = 0 and the restriction map in question is injective.

—

Suppose now A\ : U — S is an or-linear map. Using the description of U(Gs) given in

(5), we extend it to an S-linear map X : U(Gs) — S by setting for every zero-sequence
(@) in S

A (gﬂ amum> = gjo Ao M (U ).

Since lign ap,, = 0 in S, the series on the right hand side converges in S because S is
m—0o0

assumed to be m-adically complete. So, X is a well-defined S-linear map extending X. [

3.3. Gal-continuous functions. — Let C%(or, C,) be the C,-Banach space of all con-
tinuous C,-valued functions on oy, equipped with the supremum norm. The unit ball of
this C,-Banach space is the oc,-submodule C°(or, oc, ) of continuous o, -valued functions.
Definition 3.8.1. — A function f € C%or,C,) is said to be Gal-continuous if

o(f(a)) = f(ar(o)) forall a€op,0€GyL.

We write C' := C2,,(0r, C,) for the set of all Gal-continuous C,-valued functions.
Evidently C := C&, (oL, 0c,) = C N C°(or, 0c,) forms an oy -lattice in C.

Lemma 3.3.2. — Let f € C. Thenim f C Lo, and im f C o if f € C.

Proof. — By Definition 3.3.1, we have im f C (C;e” for all f € C', and im f C o%éep” for

all feC. But C;" = L and o%éep” = 0 by Lemma 2.7.2. O
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Lemma 8.3.3. — For each v € U, the function a — K(u)(a) = (u,A,) on oy, is
Gal-continuous.

Proof. — By definition, IC(u) is the composition of p,, : 05, = 0s[Z]* with the restric-
tion of the linear functional (u, —) : 00o[Z] — 0s t0 05[Z]*. This linear functional is
continuous by Lemma 3.2.8(3), so to establish the continuity of IC(u) it remains to show
that f,, is continuous. Since p,, is a group homomorphism, it is enough to show that
it is continuous at the identity element 0 of oy. Let n > 0 and consider the basic open
neighbourhood 1 + (m, Z)" of 1 € 0,[Z]*. Since ¢"(Z) — 0 as n — o0 in 05 [Z] by
Lemma 3.1.7, we can find m > 0 such that ¢ (Z) € (m, Z)". Hence for any a € oy, using

Lemma 3.1.5 we calculate
Anmg — Do = @™ (Ay = 1) € " (Z0xo[Z]) C ¢ (Z)0x[Z] C (7, Z)".

Hence p,, is continuous as required.
Now let o € Gp; since A, € 0,[7Z] is invariant for the *x-action of G, on 0. [Z], we
know that 0(A,) = Ay([7(0)](Z)) = Aur(e) for any a € or. Since u € U, we have for any

a€op
o(K(u)(a)) = o({u, Ag)) = (u,0(Ad)) = (U, Aar(o)) = K(u)(ar(0)).
Hence K(u) is indeed Gal-continuous. O
Definition 3.3.4. —
1. Define the Katz map K : U — C as follows:
K(u)(a) = (u,A,) forany weU,a€ op.
2. Define Ky : U — 00 by K1 = evy oK.
3. Define ¢ : C — C' by the rule
Yo(f)(a) = daero, f(a/m) forall a € of.

The operator ¢¢ : C — C is by definition the restriction of ¥¢ to C.
4. Define p¢ : C' — C' by the rule

vc(f)(a) = f(ma) forall a€ of.

The operator ¢ : C — C is by definition the restriction of p¢ to C.

Using his notation, Katz has already observed [19, p. 99] the following fact.
Lemma 3.3.5. — The map K : U —Cisan or-algebra homomorphism.
Proof. — By the definition of the Lubin-Tate logarithm, we have

logr(Z1 @ Z3) = log(Z1) + logp(Z2)
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from which it follows that for all a € or, we have
A (21 B Zs) = Au(Z1)AL(Z2).

Using Definition 3.2.1(3), we can then compute that for any u,v € U and any a € oy, we

have

K(u-v)(a) = (u-v,84(2)) = (u@v)(Au(Z1 & 22))
= (u@0)(Au(Z1)Au(Z2)) = K(u)(a)K(u)(v).
Hence K(u - v) = K(u)K(v) for all u,v € U and the result follows easily. O

Now we recall the coefficient ring S that was introduced before Definition 3.2.7. Ap-

plying the S-linear duality functor
(_)* = HomOL(_> S)
to the Katz map K : U-=cC gives us the dual Katz map
K*:ct—U"

defined on the space of S-valued Galois measures C* = Hom,, (C,.S). We identify U+ =
Hom,, (U, S) with S[Z] using Lemma 3.2.10 and Lemma 3.2.8(4); then K* : C* — S[Z]
is given explicitly by
(6) (U, K*(N)) = MNP (—92))) forall AeC*,m > 0.
After Lemma 3.1.6 and Corollary 3.2.9 applied with S = oy, we have at our disposal the
dual oy -linear endomorphisms ¢, and ¢* of U.

Lemma 3.3.6. — We have K¢* = ¢cK and K¢, = qck.

Proof. — Let u € Uy, and a € or. Then using Lemma 3.1.5, we have

K(tpca(u))(a) = (bea(u), Ad) = (U, heol(Ba)) = (u, q(Aa))
= q{t, Oacro, Dajr) = Q0acro, K(u)(a/m) = qihe(K(u))(a)
which gives the second equation. The first equation is proved in a similar manner. O
Corollary 3.3.7. — We have K*p§ = K" and K5 = 1",
Proof. — We apply the S-linear duality functor (—)* = Hom,, (—,S) to the equations

from Lemma 3.3.6. Using Lemma 3.2.8, we see that
and similarly,

aK e = (qveK)" = (Kigo)" = caK” = qgK".
Now divide both sides by g. O
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Lemma 3.3.8. — We have ¢,0 K7 = 0.
Proof. — Corollary 3.3.7 gives Y,Kj = ¢, evi = K*Yievi = (eviyK)*. But
evie(f) = ve(f)(1) =0 for any f € C by Definition 3.3.4(3), because d1ero, =0. O

Proposition 3.3.9. — If K is injective and T is surjective, then qker C; C w’éol(ﬁ).

Proof. — In this proof we may assume S = oy. Suppose that evy o/(u) = 0 for some
u € U. Then K(u) is zero on o} because 7 is surjective and because K (u) is Gal-continuous
by Lemma 3.3.3. Hence K(u) = ¢epck(u). But qepc(u) = qe Ko™ (u) = Kipé, 0" ()
by Lemma 3.3.6, so K(qu — &, 9% (w)) = 0. Since K is injective by assumption, qu =
V(" (1) € Yga (D). 0

Proposition 3.3.10. — Suppose that 7 : G, — o] and Ky : U — 0s are both surjec-
tive, and that KK : U — C is injective. Then

Ki:o — S[[Z]]quo

is an S-linear bijection.

Proof. — The image of K* : of, — S[Z] is contained in S[Z]¥=° by Lemma 3.3.8. If

Kx(£) = 0 for some ¢ € of,, then £ o Ky = 0 so £(K1(U)) = 0. But K,(U) = o0y by

assumption, so ¢ = 0. Hence K7 is injective and it remains to prove it is also surjective.
Take some F € S[Z]¥=% and let £ := (—, F) € U/(\gg)* >~ U* be the S-valued og-linear

functional on U given by Lemma 3.2.10 and Lemma 3.2.8(4). Then since tcq(F) =

qwq<F> =0,
0 = (U, Yca(F)) = (Va(u), F) = L(tEn(u)) forall uel.

So, ¢ vanishes on ¢, (U) and hence also on gker K; by Proposition 3.3.9. Since oy, has
no ¢-torsion, we see that ¢ is zero on ker K;. Hence ¢ descends to an S-valued og-linear
functional on U /ker IC;. But this quotient is isomorphic to o, by assumption. So, we
get a well-defined op-linear form 7 : oo, — S such that #(K;(u)) = £(u) for all u € U.
Then

(u, Ki(0)) = 0(Ky(u)) = L(u) = (u, F) forall wel

which implies that F' = KCj(¢) by Lemma 3.2.8(4). Hence K is surjective. O

We make the following tentative
Conjecture 3.3.11. — The map Ky : U = 0y is surjective and the map K : U — C is

injective whenever T is surjective.
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3.4. The largest 1,-stable o,-submodule of o,[Z]. — For brevity, we will write
A= S[7]

in this subsection. The 1,-operator is only defined on A, and it does not preserve A, in
general.

Definition 3.4.1. — Let A¥w™ be the largest S-submodule of A stable under 1.
Remark 3.4.2. — We have AV™ = {F € A:¢7?(F) € Afor all n > 0}.

Lemma 3.4.3. — The image of K* : C* — A is contained in A¥a™®,

Proof. — Let A € C*. By Corollary 3.3.7, ¢/ (K*(\)) = K*((¥¢)"(\)) lies in A for all
n > 0. Now use Remark 3.4.2. O

Clearly, A¥=0 is contained in A¥«™; moreover this last is ¢-stable in view of Remark
3.4.2 and the fact that ¢, o ¢ = 14 by Corollary 3.1.4. Therefore

S+ i o (AquO) C Avaint,
n=0

Our next result makes this relation more precise; first we need some more notation.

Definition 3.4.4. — We have the following truncation operators:

1. s:C—C, given by s(f) = f — f(0)1, and
2.t: A— A, given by t(a) = a — a(0)1.

It will be helpful to observe that tp = ¢t as S-linear endomorphisms of A.

Proposition 3.4.5. — There is a well-defined or,-linear bijection
o0 o0
1e > ¢"t:ord [] AVa=0 —y AVarint,
n=0 n=0

Proof. — Given any (a,), € [[02, A%, Lemma 3.1.7 implies that ¢"(t(a,)) — 0 as
n — 00, because t(a,) € ZA for all n > 0. Hence

(s (@) 5 2+ 3 " (E(an)

n=0

is a well-defined S-linear map v : S @ 10_0[ A¥=0 — A Now A¥sint is a t-stable S-
n=0

submodule of A since ¢,(1) = 1. Because a, € A%=0 this implies that ©"(t(a,)) =
toe"(a,) € t(A¥rint) C A¥aint for any n > 0. Since 1y : A — A is continuous by Lemma
3.1.6 and since AYe™ = {q € A : 3 (a) € ¢"A for all n > 0} by Remark 3.4.2, we
see that A% is a closed S-submodule of A with respect to the (m, Z)-adic topology on

-int

A = S[Z]. Hence the image of v is contained in A¥+™  and it remains to show that 7 is

bijective.



34 KONSTANTIN ARDAKOV & LAURENT BERGER

Suppose that v(z, (a,),) = 0 so that z = — %O: ©"(t(ay)). Since ZA is closed in
n=0
A, this infinite sum lies in ZA. Since SN ZA = 0, we conclude that z = 0. Hence
ap=— Y " (t(an)) € p(A). But ag € A% by definition, and
n=1
AY=0 N p(A) =0

because 1, 0 ¢ = 14 by Corollary 3.1.4. Hence ay = 0. Proceeding inductively on n, we
quickly deduce that a,, = 0 for all n > 0 in a similar manner. Hence 7 is injective.
Now let a € A¥«™™: then by definition, Yo(a) € Afor all n > 0, so we can define

an 1= () — Uy (a) € A.
Since 1,0 = 14 by Corollary 3.1.4, we see that a, € A%~ for all n > 0. Since ty = ¢t,
iown(t(an)) =1 (i) 0" (g (a) — WZ]“(@))) = t(a— " (a)
for any m > 0. Since " 17 (a) = "t (a)) — 0 as m — oo by Lemma 3.1.7,
1(a(0), (a,)a) = a(0) + ta) — lim ™ (0 () =
Hence 7 is surjective. O
Lemma 3.4.6. — For each n > 0, there is a commutative diagram

"
evin

* * s* *
0 C C

- e |

A?/)qZO A¢q—int Az/;q—int )

"
Proof. — To see that the square on the left commutes, we use Corollary 3.3.7:

O ="K ev] = K i evi = K*(evy pe)* = K" evi,

Hence in view of Lemma 3.2.8(4), it remains to show that
(U, K*(8*(N)) = (Um, t(K](N))) forall m >0,\eC.
Since t kills the constant term of a power series in A, we have
(U, t(a)) = Om>1(Um,a) forall a € A.
Now K(u,)(0) = Pp(0) = 610 by [28, Lemma 4.2] and K(ug) = (1) = 1, so
(tm, K*(s7(N)) = A(s(K(um))
= A (tm) = K(tm)(0)1) = dmz1 AK (tm)) = (um, t(L"(A)))-
The result follows. O
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Let co(000) == {(2)a € 1] 0 ¢ lim a, = 0}.
n=0 n o0
Lemma 3.4.7. — Suppose that T is surjective. Then the map

n: C — OL@C()(OOO)

given by n(f) = (f(0), (f(7") — £(0))n) is an op-linear bijection.

Proof. — Recall that any f € C takes values in o, by Lemma 3.3.2. Since 7" — 0 as
n — oo in oy, and since f is continuous, f(7™) — f(0) — 0 as n — 00 in 0. Thus 7 is
well-defined.

Suppose n(f) = 0 for some f € C. Then f(0) =0 and f(7") = 0 for all n > 0. Hence
f(m"7(0)) = o(f(m")) =0 for all 0 € G, so f also vanishes on 7"7(G,) for each n > 0.
Since T is surjective, f vanishes on oLj m"o; U{0} = or, so f = 0. Hence 7 is injective.

To show 7 is surjective, let (z, (znn):fi € o ® ¢(0x) and define f : of — 0o by setting
f(0) = z and f(n"7(0)) := 2z + 0(z,) for all n > 0 and all 0 € G. This makes sense
because T is surjective, and if 7(c) = 7(¢’) for some 0,0’ € G then 0~ 'o’ € ker 7 fixes
0so by Lemma 2.7.2, so ¢/(z,) = o(0710'(2,)) = o(z,) for any n > 0. It is easy to see

that f : o — 0 is Gal-continuous and that n(f) = (z, (2,)»). Hence n is surjective. [

Lemma 3.4.7 allows us to give an explicit description of the space of Galois measures
C*.
Corollary 3.4.8. — Suppose T is surjective. Then
n oL@ [] ok — C*
n=0
is an or-linear bijection.
Proof. — The functor (—)* = Hom,, (—,5) from op-modules to S-modules commutes

o0
with finite direct sums and sends cg(0s) to [ of. Now apply this functor to the iso-
n=0

morphism 7 : C — o1, & ¢(0so) from Lemma 3.4.7. O

Theorem 3.4.9. — Suppose that T is surjective and that Ki : o5, — A%~ is an

isomorphism. Then K* : C* — AYa™t 45 an isomorphism as well.
Proof. — Using Corollary 3.4.8 and Proposition 3.4.5, we can build the following diagram:

*

n

Sa I o, c*
n=0
ol x| -
n=0
S @ 10-0[ A¥e=0 AYq-int
n=0 10 Z ot
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Note that we can write n = evy @(evyn 0s),. Lemma 3.4.6 implies that
K*(evan 0s)" = K*s™evi, = tp"K] = ¢"tK] for any n > 0.

Using P,,(0) = d,,0 again together with (6), we also have

K (1, (0),)) = K (evy(1)) = i’:foevam(Pm(—m)Zm - i Pa(0)Z7 = 1.

So the diagram is commutative. Now n* is an isomorphism by Corollary 3.4.8, and
the bottom map is an isomorphism by Proposition 3.4.5. Since K7 is an isomorphism
by assumption, the vertical map on the left is an isomorphism. Hence K* is also an

isomorphism by the commutativity of the diagram. O
Corollary 3.4.10. — Let S be any m-adically complete o -algebra. The dual Katz map
K*:Cr — S[Z]Ye™

is an isomorphism if T : G — o] and Ky : U — 0y are surjective, and IC : U — C is

injective.
Proof. — Apply Theorem 3.4.9 together with Proposition 3.3.10. [
Remark 3.4.11. — Katz claims on [19, p. 60] that it is easy to show that the map

that he denotes by (x%) on p.59, is injective. In our notation, this map is K*; at least
when 7 is surjective, the proof of Theorem 3.4.9 shows that its injectivity is equivalent
to the injectivity of K}, which is equivalent to ICl((A] )+ L = Ly in view of the proof of

Proposition 3.3.10. We were only able to establish the equality K;(U) = 04 in the case

where L = Q2 by carrying out an explicit computation — see Proposition 3.6.5 below.

3.5. The Newton polygon of A;(Z)—1. — In this section, we obtain some estimates
on v (Pk(2)), k > 1. Recall that d and e and f denote the degree and ramification and
inertia indices of L/Q,, respectively.
Lemma 3.5.1. — If k > 0 and 1 < r < e, then we have an isomorphism of abelian
groups
o /74T op 22 (Z/pFZ) ) @ (Z/pHZ) .
Proof. — Note that po;, = w0, C 7"op since e > r by assumption, so oy /7" oy is
an elementary abelian p-group of order |o/7"or| = p/". Hence, using the elementary
divisors theorem, we can find vy, --- ,v4 € o, such that
o = Zyv1 ®--- D Zyvg and 7o = éZpU,- @ é Ly p;
i=1 i=s+1
for some integer s with 1 < s < d. We deduce that fr = d— s, so s = f(e —r). Since

7**7or = pFr"or, the result now follows easily. O
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Lemma 8.5.2. — In oy /7" "oy, the image of 1 has order p*+i.
Proof. — This can be proved directly as p* - 1 € 7 - 0 # 0 in or, /7* "0y, O
Definition 3.5.3. — Let m > 0.
1. Let &k, = [(m —1)/e], so that m = ek,,, +r with 1 <r <e.
2. Define x,, := ¢™/pFm*1.
3. Define
e 1 e m=l q
_ _ d ym = - - :
R T B | ; phtt pnti(g —1)

For example, o = 1 and 27 = ¢/p. Note that if m = en + r with 1 <r < e, then

e T 1

T =1 (g Op
Theorem 3.5.4. — The vertices of the Newton polygon of A1(Z)—1 (using the valuation
Ur, and excluding the point (0,+00)) are the points (T, Ym) for m > 0.
Proof. — Via the Schneider-Teitelbaum isomorphism « : B(C,) =, X(C,), the zeroes of

the power series

A(Z)—1= i P (Q)Z™ € oc,[Z]

are the z € mg, such that x(z) is an L-analytic character satisfying #(2)(1) = 1. These
characters are torsion®, and correspond to some of the torsion points of the Lubin-Tate
group G. There are precisely ¢" points in G[7™], and the common valuation of each point
z € G\ G[n™ ] is va(2) = 1/q™ (g — 1).

If we write m = ek + r as above, then in view of Lemma 3.5.1 and Lemma 3.5.2 there
are z,, = ¢ /p* ! elements z € G[7™] such that x(2)(1) = 1.

Let ((«],,yr,))o_, be the vertices of the Newton polygon, so that the first vertex is

/
m—1>

(2, y6) = (1,v:(2)) = (x0, o). The slope of the line segment between (z y.. 1) and

(G

k(z) =1, that is 1/¢™ ' (q — 1). Hence 2!, = x,, for all m > 0. Using the definitions of

T and y,,, we have the formula

y! ) is minus the common valuation of the elements of z € G[r™]\ G[7™ ] satisfying

T — o Ty — Tm—1
ym = yo —_ N —_ . e e — Tn_i
¢" Mg —1) " g —1)
which implies that v/, = y,,, for all m > 0. m

®)Suppose that \ : o, — C, is a locally L-analytic character such that A(1) = 1. Then A(a) = 1 for
all a € Z,,. Hence X'(1) = 0. Since A is locally L-analytic, X' is L-linear, and hence X' = 0 so that A is
locally constant, and hence torsion.
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Remark 3.5.5. — Note that y,, — 0 as m — +oo. This is consistent with the fact
that ||A(Z) — 1] = 1.
Corollary 3.5.6. — We have the following formulas for v (Py(Q2)).

1. For all m > 0, we have v (Py, (2)) = Ym.

2. For all n > 0, we have vz (Pyua-1(2)) = 1/p" - v-(Q).

Proof. — Item (1) follows immediately from Theorem 3.5.4. Item (2) follows from item
(1) with m = en. Indeed, z., = ¢*"/p" = p™@~ Y and
e e e e e—1 q 1 e 1
Yen = T o T T T n o an :7 1] u
p=1 p p p ptoptg=1) pr \p—1 q-1

Remark 3.5.7. — If L/Q, is unramified, then item (2) of Corollary 3.5.6 gives all the
valuations of the P,(€2) that can be computed using the Newton polygon. For n > 0, we

get
1 q/p—1
L(Pna-1)(2) =1/p" - v, (Q) = : :
VaP( pr(d )( )) /p U( ) pn_l(p_l) (]—1
Corollary 3.5.8. — Suppose that L = Q,2 and m = p. Then we have
B 1
P g —1)

and if k> 1 and p*~1 < m < p¥, then

1 Pk —m 1 m — ph~
val, (P, (2)) > + = — .
p(Fnli2)) PFHe—1) ¢ MNe—1)  pRe-1) ¢ Hg—1)
3.6. Verifying Conjecture 3.3.11 in a special case. —
Definition 3.6.1. — Fix m > 1.

val, (P, (£2)) forall k>1,

1

1. Let G,, = G[n™] be the finite flat oy -group scheme of 7™-torsion points in the
Lubin-Tate formal group G.

2. Let G/, be the Cartier dual of G,,.

3. Let U(m) := O(G),)) = Hom,, (o[ Z]/{¢™(Z)),0L).

4. Let G’ := colim G/, be the dual p-divisible group to the p-divisible group defined by
the formal group G.

Recall that by Cartier duality — see [32, p. 177] — the period Q € C,, corresponds to a

choice of generator t' € T,G’' = TG’ as an or-module. We recall how this correspondence

works. First, the element

A=Y P(Q)Z" € oc, [ Z]
n=0

gives a compatible system of group-like elements (A;(m))%_; € lo_o[ O(G.m), where Ay(m)
m=1
is the image of Ay in O(G,, o, oc,) = oc,[Z]/{¢™(Z)) under the natural surjective
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homomorphism of oc,-algebras oc,[Z] - O(Gn, Xo, oc,). Since O(G,, X,, oc,) can be
identified with Hom,, (O(Gy, X0, oc,), 0c,), Ai(m) can be viewed as an oc,-linear map
U(m) ®,, oc, — oc, which is in fact an oc,-algebra homomorphism because A;(m) is
group-like. This map is determined by its restriction to U(m); this restriction is an
or-algebra homomorphism ¢, : U(m) — oc, and is therefore an element of G, (C,).
Finally, the multiplication-by-7m-maps G, . ,(C,) — G/,(C,) in the inverse system defin-
ing the Tate module TG’ are induced by the inclusions of or-algebras U(m) < U(m+1),
SOty 1\(m) = tm for all m > 1, and the generator ¢’ € T;:G" is given by ¢’ = (£;,)7_; €
11 G,(C,).
Lemma 8.6.2. — Let m > 1. The restriction of Ky to U(m) C U is equal to t!, .
Proof. — Recall that we have identified U with o.[Z], using Lemma 3.2.8(3). Let
u € U(m) and let @ € U be the corresponding oz-linear map o,[Z] — o, which kills
(¢™(Z)). Then
t (1) = A1(m)(u) = (@, Ar) = K(@)(1) = Ki(a)
and the result follows. O

For each m > 1, let L,, be the finite Galois extension of L contained in L., = (Clge”
defined by Gal(Loo/Ly,) = 711+ 7™oy).
Lemma 3.6.3. — Let m > 1. Then t, (U(m)) C oy, .
Proof. — Let 0 € Gal(Lo/Ly,) so that 7(0) € 1+ n™or. Then by definition of the
character 7, o acts trivially on G/, (C,). In other words, o (¢, (u)) =t/ (u) for all u € U(m)
and hence t/ (U(m)) C LG Ee</Lm) = [~ But U(m) is a finitely generated or-module

so t,.(U(m)) is integral over oy, and is therefore contained in o, ,. O

Recall from Definition 3.2.1(2) that U = U(G) is the covariant bialgebra of the formal
group G.
Definition 3.6.4. — For each m > 1, let U(m)y, := im(U(m) — U /xU).

We will identify Uy, := U/xU with U /U via the natural map U/xU — U/xU and we
regard U(m); as being naturally embedded into U(m + 1).
Proposition 3.6.5. — Suppose that t', (U(m)) = or,, for allm > 1. Then Ky : U —
Oso 1S Surjective.
Proof. — Consider o, := L N 0. Since o, is m-adically dense in 0., to prove that
ICl(U ) contains 0, it is enough to prove that it contains o,. Fix m > 1. By Lemma
3.6.2, the restriction of Ky : U — oc, to U(m) is equal to t;,. Hence by assumption

op, =t (U(m)) = Ki(U(m)), so o, = U oy, is also contained in Ky (U). O
m>1
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~ qg"—1 ~
Lemma 8.6.6. — For each m > 1, we have U(m)+7U = 3 opu, + wU.
r=0

Proof. — Let w € U(m) and let @ : o [Z] — or be the corresponding oy-linear form

g1 ~
which vanishes on (¢™(Z)). Consider v := 4 — Y. u(Z")u, € U. For each r < ¢™, u,
r=0
sends (¢™(Z)) into moy, because p"™(Z) = Z7" mod wor[Z]. Since @ kills (¢™(Z)), we
see that v also sends (™ (7)) into mor. By construction, v is zero on 1,7,--- , Z9" 1.

Since
(7) ol ®orZ & - ®opZ" ' @ (¢"(Z)) = or[ 2],

we conclude that v (o[ Z]) C wor, and hence v = mw for some op-linear form w : o, [Z] —

or. Since v : o, [Z] — or, is continuous for the weak topology on o, [Z], so is w. Hence

~ m—1 ~
w € U and hence 1 € qZ oru, + wU. This shows that C holds.
r=0

For the reverse containment, it is enough to show that u, € U(m) + 7U for each

r=0,...,¢™ — 1. Using (7), define an og-linear form w, : o,[Z] — or which is zero on
(¢™(Z)) and which sends Z° to ;. for each 0 < i < ¢™. Since u, sends (p™(Z)) into 7o,
the same is true of u, — w,. Since u, — w, is zeroon 1, Z, --- , Z9"~1 by construction, we

see that u, — w, sends all of oy [Z] into mor. Hence u, —w, = mv, for some or-linear form
vy : op[Z] — or. Since u, — w, is continuous for the weak topology on or[Z], so is v,.

Because w, is zero on (™ (Z)), it lies in U(m) and hence u, = w,+mv, € U(m)+7U. O

Proposition 3.6.7. — If L = Q,2, then t,(U(m)) = or,, for allm > 1.

Proof. — Fix m > 1. By Lemma 3.6.6, for each 0 < r < ¢ we can find w, € U(m)

such that w, — u, € 7. Set r := p?™~! = pg™~! < ¢™. Note that K;(u,) = K(u,)(1) =

(ur, Ay) = P,(2). Since L = Q,2, Corollary 3.5.8 applied with & = 2m — 1 tells us that
1 1

val,(Ki(u,)) = val,(P,.(2)) = T = =1 =[Ln: L "< 1.

Now mor, = poy, since L = Q,2, so Ky(u, —w,) € IC1(7TI7) C poc, since K, takes values
in oc,. Hence val,(K;(u,) — Ki(w,)) > 1 and val,(K;(w,)) = val,(Ki(u,)) = [Ln, : L]

Therefore Ky (w,) is a uniformiser in L, and the result follows. O]

Now we start to explore the injectivity of K : U — C.
Lemma 8.6.8. — For each m > 1, we have U(m) NnU = 7U(m).
Proof. — Let ¢ = wh € U(m) for some h € U. Then w(h,F) = (rh, F) = 0 for any
F e (¢™(Z)). Hence (h, F) = 0 for all such F' as well, so h € U(m) and g € 7U(m). O

Corollary 3.6.9. — The map O(G, X,, k) = U(m)/7U(m) — U(m)y is an isomor-
phism.
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Since G’ forms a p-divisible group, we have a closed immersion G,, — G/, for each
m > 1. The comorphism of this map O(G),,;) = O(G,,) is the dual of the o.-Hopf
algebra map O(G,,) = O(G+1) induced by ¢ : O(G) — O(G). Using Corollary 3.6.9,
we obtain connecting maps ¢ : U(m + 1), — U(m)y.

Lemma 3.6.10. — The comorphisms ¢y, : U(m + 1), — U(m)y are surjective for all
m > 1.

Proof. — By Corollary 3.6.9, U(m);, is isomorphic as a k-vector space to
O(G!, X0, k) = Homg(O(Gp, X0, k), k).

Since p(Z) = Z% mod mor[Z], we have O(G,, X,, k) = k[Z]/(Z7") and the k-algebra
homomorphism ¢y, : k[Z]/(Z%™) — Kk[Z]/(Z9™*D) which sends Z to Z9 is injective.

Hence the dual map
ok - Homy (K[ Z]/(Z90"*V), k) — Homy (K[ Z] /(Z™), k)
is surjective and the result follows. O

Next we consider an ideal I of Uy and we set I(m) := I NU(m) for all m > 1. We
assume that I is ¢*-stable, in the sense that ¢*(I) C I.

Proposition 3.6.11. — Suppose that I is a p*-stable ideal of Uy such that 1&1 UI((Z:L))k
finite dimensional over k. Then Uy/I = colim % is also finite dimensional over k.

Proof. — Let m > 1 and consider the short exact sequence

18

0— I(m) — U(m)r — U(m)g/I(m) — 0.

Since [ is ¢*-stable by assumption, we get a short exact sequence of towers of finite-
dimensional k-vector spaces. Passing to the inverse limit therefore gives an exact sequence
U(m)
I(m)
By assumption, the term on the right is a finite dimensional k-vector space. We see from
Lemma 3.6.10 that the connecting maps U(m+1)g/I(m+1) — U(m)x/I(m) induced by

©* are surjective. Therefore, for large m, all of these maps are necessarily isomorphisms,

k—>0.

0 — I(c0) :zl'&n[(m)%@nU(m)k—)@n

and hence there exists mg > 1 such that

I(m+1) I(m)

dim for all m > my.

Now the definition of I(m) shows that the natural connecting maps in the opposite
direction U(m)i/I(m) — U(m + 1)x/I(m + 1) is injective for any m > 1. So they are

isomorphisms whenever m > mg. The result follows. O
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Proposition 8.6.12. — Let J = ker K and let I := (J + 7U)/xU be its image in Uj,.
Then I is a p*-stable ideal in Uy, such that dim Uy /I = oc.
Proof. — Since K is an og-algebra homomorphism by Lemma 3.3.5, J is an ideal in U.
Since Ky* = ¢/ by Lemma 3.3.6, this ideal is in fact p*-stable. Hence its image I in
Uy is also p*-stable.

Suppose that h € U and r > 1 are such that 7°h € J. Then K(n"h) = 0 in C, so
K(h) =0 as well. So JNa"U = 7"J for all r > 1. Now consider the short exact sequence

0—J—U—KU) =0,

Equip both U and K(U) with the m-adic filtrations. Then the above shows that the
subspace filtration on J induced by the m-adic filtration on U coincides with the m-adic

filtration on J. Therefore we get a short exact sequence of gr or-modules
0> grJ —grl— grC(U) — 0.

So, if dim Uy/I < oo, then gr U/ gr.J = (Uy/I)[grx] is a finitely generated module over
grog, so gr C(U) is a finitely generated gror-module. The m-adic filtration on C is
separated, hence the m-adic filtration on K(U) is also separated. Therefore K(U) is a
finitely generated or-module by [22, Chapter I, Theorem 5.7]. Hence dim; K(U[1/7]) <
oo. But this contradicts [28, Theorem 4.7]: the space of locally L-analytic Gal-continuous
functions is not finite dimensional over L since it contains the subspace of locally constant

Gal-continuous functions, which is infinite dimensional over L. O

Corollary 3.6.13. — Ifd:=[L:Q,| =2, then K : U — C is injective.

Proof. — By Proposition 3.6.12, I = (ker K+70) /U is a p*-stable ideal in Uy, of infinite
codimension in Uy. Hence I(c0) := @1([ N U(m)yg) is an ideal of infinite codimension
in @U(m)k by Proposition 3.6.11. By [18, Example 2.5.3], the Dieudonné module
M (Gy) associated with the Lubin-Tate formal group Gy, = G X,, k over the perfect
field k has basis {v,V~,---, V4 1y} over the ring of p-typical Witt vectors W(k) for a
certain element v € M(Gy), and satisfies V¢ = p. Hence the Verschiebung operator V
on M(Gy) is topologically nilpotent. Therefore the Cartier dual G;, is connected. Hence
WmU(m)y = O(G' o, k) is isomorphic to k[Xy, -+, Xq-1] by [32, Propositions 1 and
3]. Since d = 2, we conclude that I(co) = 0. Hence I(m) = 0 for all m > 1 and hence
I =0. So ker £ =0 as well. O

Theorem 3.6.14. — Suppose that L = Q2. Then
Ki ol — op[Z2]%=°

is an or-linear bijection.
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Proof. — Since d = 2, we know that 7 is surjective by Lemma 2.6.4. Then K : U — C
is injective by Corollary 3.6.13 and X5 : U — 0 is surjective by Proposition 3.6.5 and
Proposition 3.6.7. Now apply Proposition 3.3.10. [

We can now prove Theorem 1.6.1 from the Introduction. In fact, we prove the following
more general version, from which Theorem 1.6.1 follows as a special case by setting
S = Ok .

Theorem 3.6.15. — Let L = Q2 and let S be a m-adically complete or-algebra.

1. The map K* : Hom,, (C¢, (oL, 0¢,),S) — S[Z] is injective.

2. Its image is equal to S[Z]Va™t.

Proof. — Since d = 2, 7 is surjective by Lemma 2.6.4. By Theorem 3.6.14, the map
Ki 20, — or[Z]¥e=" is an isomorphism. Now apply Theorem 3.4.9. O

4. Integer-valued polynomials

4.1. The algebraic dual of O°(Xk). — Recall from §2.1 that our coefficient field K
is a complete field extension of L contained in C,. Pick a basis {vy,--- ,vq} for oy, as a
Z,-module with v; = 1. We view oy, as a p-valued group with p-valuation w given by

d
w (Z M&) =14 min val,(\;).

-1 1<i<d

Let r be a real number in the range 1/p < r < 1. Recall from [29, §4] that D% ~2*(o,, K)
carries a norm || - ||, given by
(8) 1D dab®[], = sup |dqlrl.
aENd a€eNd

where b; := 6,, — 1 € D% (o, K) for i = 1,--- ,d, b® = b{* ---b5* € DW= (o; K)
and |o] = Ta = a3 + - + aq4 for all @ € N
Definition 4.1.1. — Let 1/p <r < 1.

1. Let D%~ (o, K) denote the completion of D@~ (o; K) with respect to || - ||,.

2. Let Xo(r)x := Sp D&~ (0;, K).

3. Let X(r)x = Xx N Xo(r)x = Sp DE"(or, K), where DE721(o;, K) is the factor

algebra of D% ~31(o;  K) by the ideal generated by

Ug — VU1, U3 — V3U, -+ ,Ug — VU

where u; := log(1 + b;) € DY~ (0;, K).
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As r approaches 1 from below, the K-affinoid varieties X(r)x form an increasing family
of K-affinoid subvarieties of Xx: whenever 1/p < r <1’ <1 we have
(9) 1eX(1/p)xk C- CX(r)g CX()gC--CXx= |J X()x.
1/p<r<1
Here 1 € Xk is the trivial character: the ideal generated by by, - - - , b,.
Lemma 4.1.2. — The completed local ring @; of X at 1 is isomorphic to a power

series ring in one variable b := by over K:
Ox1 = K[b].

Proof. — We have O(Xo(1/p)x) = K{b1/p,--- ,ba/p) = K{u1/p,--- ,uq/p).

Quotienting out by the ideal generated by the elements w; — v;u; shows that
OX(1/p)k) = K(ui/p) = K(b/p). So X(1/p)k is isomorphic to the closed disc of
radius |p| = 1/p with local coordinate b; it is well known that the completed local ring
at b = 0 of such a disc is K[b]. The result follows since 1 € X(1/p)x implies that
Ot = Ox(1/pr = K0 u

Applying the functor O° to the increasing chain of rigid K-varieties (9) and using
Lemma 4.1.2 yields a decreasing chain of ox-algebras
(10) K[t] > O°(X(1/p)x) >~ > O°(X(r)x)
DO(X(rk) DD O%(Xk) D oklor].

Definition 4.1.3. — Let A be an og-subalgebra of K[b] and let m > 0. The m-th
infinitesimal neighbourhood of 1 in A is the image A,, of A in K[b]/b™ ™ K [b]:

o AR KDL
moeT bt K] bt K [b] )
Remark 4.1.4. — This construction respects inclusions and is compatible with varia-

tion in m. More precisely, whenever A C B are two og-subalgebras of K[b], for every

n > m there is a commutative diagram of ox-algebras

A, —— B,
Ay — By,
with injective horizontal arrows and surjective vertical arrows.

Definition 4.1.5. — Let A be an og-subalgebra of K[b] and for each m > 0, let
Ar = Hom,, (A, o0r). The algebraic dual of A is

* L . *
A% :=colim A7 .
m>0
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Lemma 4.1.6. — Let oxfor] € A C B be two ok -subalgebras of K[b] and let n > m >
0.

1. In the commutative square

all arrows are injective.

2. The map B}, — A% is injective.

Proof. — (1) The vertical maps A}, — A’ are injective because A,, — A,, is surjective.

Let C be the cokernel of the map A, — B,. Since A, contains ok[or], which is an

ok-lattice in K[b],, we see that C' is a torsion ox-module. The dual functor (—)* is left

exact, so we have the exact sequence 0 — C* — B! — A*. Since C' is torsion, C* = 0
which shows the injectivity of the horizontal arrows in our diagram.

(2) This follows by taking the colimit over all of the horizontal maps in part (1) above.

O

Thus we see that the connecting maps appearing in the colimit in Definition 4.1.5 are
injective. Applying the contravariant algebraic dual functor (—)%, to the chain (10) and

using Lemma 4.1.6(2) gives us a chain of algebraic duals

O°(X(1/p)k)s C - - C O°(X(r)k)%
C OO(X(T/)K)* c---C OO(.%K)ZO - OK[[OL]]ZO.

o0

We can now calculate the largest one of these, namely the algebraic dual of the Iwa-
sawa algebra o [or], but first we must introduce integer-valued polynomials. Recall the
following notion from [6].

Definition 4.1.7. — A m-ordering for oy, is a subset {ag, a1, ag, ...} of of, such that

(11) Vs (kﬁ(ak - %-)) = inf v, (lﬁ(s - ai)> for all k> 1.

i=0 i=0

Starting from an arbitrary element oy € o, it is possible to construct a mw-ordering
{ap, a1, ...} of oy by induction on k, choosing at each stage oy to minimise the expression
appearing on the right hand side of (11). In particular, m-orderings always exist, but are
far from unique.

Definition 4.1.8. — Let{ayg, a1, ...} be a m-ordering for o.
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1. Define the Lagrange polynomials as follows: fo(X) := 1 and
X — ap)(X —ay) - (X — oy

) o K e (X —an) (X gy

(g — ap)(ag — ar) -+ - (g — ag—1)

2. Suppose that R is an or-algebra which embeds into R, := R®,, L. Then we define

€ L[X] foreach k>1.

the ring of R-valued polynomials on oy, as follows:
Int(or, R) :={g9(X) € R.[X]: g(or) C R}
3. For each m > 0, let Int(or,, R),, denote the R-submodule of Int(oy, R) consisting of
all R-valued polynomials on oy, of degree at most m.

The following result, closely related to de Shalit’s work on Mahler bases [30], explains
why we are interested in these Lagrange polynomials.
Lemma 4.1.9. — The set { fo, f1, f2,...} is an R-module basis for Int(or, R).
Proof. — Tt follows directly from Definition 4.1.7 that v, (fx(s)) > 0 for all s € oy and
all k > 0. Hence fy(or) C o, C R for all k£ > 0 which implies that

(12) Rfo+Rfi+ Rfs+---+Rfn+--- C Int(or, R).

If g € R [X] has degree n and leading coefficient \, then g — (o, — ) - -+ (@, — 1) fu
has degree strictly less than n. This implies that { fo, f1, fo, . . .} generates Ry [X] as an R -
module. Now let g € Int(or, R) and write g = Ao fo+- -+ A\ frn for some Ao, -+, A, € Ry,
as above. Setting X = ag shows that Ay = g(ag) € R since g € Int(oy, R). Assume
inductively that Ag,..., A\;_1 € R for some 1 <t < n. Setting X = a; shows that

At = glow) — Mofolaw) — Mfila) — - — Mo fima (o)

and this lies in R because g(a;) € R and f;(a;) € R for all i. This completes the induction
and shows that we have equality in (12). Taking g = 0 in the above argument also shows
that the sum on the left hand side of (12) is direct. O

Using Lemma 4.1.9, we obtain the following
Corollary 4.1.10. —

1. The multiplication map
Int(or, 01) ®,, ox — Int(or, o)

is an isomorphism, which sends Int(or, 0r,)m®,, 0 onto Int(or, 0 )y, for anym > 0.
2. The Lagrange polynomials { fo(Y),- -+, fm(Y)} associated with a choice of m-ordering

for o, form an ox-module basis for Int(or, 0k )m.

Proposition 4.1.11. — The evaluation map ev : Int(or, ok )m — ok [oL]s, defined by

ev(f(Y))(A) == A(f(Y))
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for all f(Y') € Int(or, 0k )m, A € ok o] is an ox-module isomorphism.
Proof. — This is essentially a complicated-looking tautology, but we try to give the
details.

Note that ox[or]m is an ox-lattice in K[b],,. We can therefore identify ox[or], with
an og-submodule of V' := Homg (K[b], K), a K-vector space of dimension m + 1.
The linear functionals ev(1),ev(Y), -, ev(Y™) are linearly independent in V' because if
S aciev(Y?) =0 then ev(X", ¢ Y")(d,) = X"y c;a’ = 0 for all a € of, and this forces
o = = ¢y = 0. It follows that ev : K[Y],, — V is injective and is therefore an
isomorphism by the rank-nullity theorem.

Hence ev : Int(or, 0k )m — ox[or]?, is injective. However if g € ox[or]?, then by the
above we can find some f(Y) € K[Y],, such that ev(f(Y)) = g. Since 0, € ox[or] for

all @ € o, we see that f(a) =ev(f(Y))(da) = g(d,) must lie in ox for all a € or. O
Corollary 4.1.12. — The map ev : Int(or, 0x) — ok[oL]%, is an isomorphism.
Proof. — This follows immediately from Proposition 4.1.11. O

Proposition 4.1.13. — Suppose that K is discretely valued. Then
O°(Xk)s, = col<i{n O°(X(r)k):

.
Proof. — Since colimits commute with colimits, it is enough to show that for every m > 0,
.

O° (X, = colim O°(X(r)x);

Fix m > 0. Then O°(X(7)k)m form a decreasing chain of ox-submodules of the m + 1-

dimensional K-vector space K [b],,, and all of them contain the ox-lattice ox[or].. Since

m+1

K is discretely valued, the og-module (K /og )™t satisfies the descending chain condition.

Hence there exists ry < 1 such that

(13) O°(X(r)k)m = O°(X(ro)k)m whenever 19 <r <1,

Following an argument of Schmidt [26, proof of Proposition 4.9], we will now show that
O°(Xk)m = O°(X(r0) k) m-

The forward inclusion is clear, so fix some £ € O°(X(70)k)m, choose a sequence of real

numbers ry < r; < ry < --- approaching 1 and consider the K-Banach space
Aj = O(%(Tﬁ)[()

Let ¢; 1 A — K[b],, be the obvious og-linear map. Using (13) we see that the convex

subset
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is non-empty. It was recorded in the proof of [29, Lemma 6.1] that the restriction maps

A;i1 — Aj are compact. We may therefore argue as in [16, Proposition V.3.2] that
o0
e '(€) € O0°(Xk)
=0

is non-empty. Then any element A in this intersection satisfies A, = &, so £ € O°(Xk)m
as required. Hence O°(Xk):, = O°(X(r)k)}, whenever 1o < r < 1, and the result
follows. [

4.2. The matrix coefficients p;;(Y). — Let B¢, be the rigid analytic open unit
disc of radius 1 defined over C,, with global coordinate function Z. There is a twisted
G = Gal(C,/L)-action on O(Bg,) given by F + F o [r(c~")], which induces an L-
algebra isomorphism
e O(X) — O(Bg,)“,

see [28, Corollary 3.8]. Inspecting the proof of this result, we see that it extends naturally
to give a description of O(Xk) for more general closed coefficient fields L C K C C,, as
well:

Lemma 4.2.1. — There is a K-algebra isomorphism
px - O(Xg) — O(Be, )%,

Since O°(B¢,) = oc,[Z], we deduce the following

Corollary 4.2.2. — There is an isomorphism of ok -algebras
pr s O°(Xg) — oc, [2]9%*.

Until the end of §4.2, we assume that {2 is transcendental over K.
Definition 4.2.3. — We call an og-subalgebra R of K[Q]Noc, admissible if P,(2) € R
for all n > 0, and if R is stable under the natural G'z-action on K[Q]Nog, (in particular,
K itself is then stable under G)).
Example 4.2.4. — The algebra K[Q] N oc, is itself an admissible ox-subalgebra of
K[Q].
Proof. — This follows from Corollary 4.2.2 together with [28, Lemma 4.2(5)]. O

Definition 4.2.5. — Let R C K[Q] be an admissible ox-subalgebra.

1. Let K[Q], :={f(R2) € K[Q] : deg(f) < n} for each n > 0.
2. Let R, := RN K[, for each n > 0.
3. {b,(Q) :n >0} C R is a regular basis if

bo(2) =1, and R, = R,_1 B oxgb,() forall n>1.
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Lemma 4.2.6. — Suppose that K is discretely valued. Then a regular basis exists for
every admissible o -subalgebra R of K[Q)] Noc, .
Proof. — Since € is assumed to be transcendental over K, the K-vector space K[, has
dimension n + 1. The restriction of the norm | - | on C, to K[}, turns it into a normed
vector space over K and by Definition 4.2.3(1), R, is contained in the unit ball with
respect to this norm. Since any two norms on a finite dimensional K-vector space are
equivalent — see [27, Proposition 4.13] — it follows that R,, C 7~™0k|[(],, for sufficiently
large m.

Since K is discretely valued, its valuation ring oy is Noetherian and this forces R, to
be a free ox-module of rank n + 1. Because the R,’s form a nested chain, we can now

construct the desired ox-module basis for R by induction on n. O]

Example 4.2.7. — Because ( is assumed to be transcendental over K, Lemma 3.2.2(1)

together with Lemma 3.2.3 implies that ioj ok P, () is isomorphic to U(G) ®,, ok as
n=0

an ogx-algebra. Abusing notation, we will write U := io: 0k P,(Q) until the end of
n=0

§4. Although this conflicts with Definition 3.2.1(2), we Eope that no confusion will
be caused by this abuse of notation. Then U is an admissible subalgebra of K[}, and
{P.(©2) : n > 0} is a regular basis for R: since deg P;(Y) = j, an element f(Q2) of U,
is a K-linear combination of Py(2),---, P,(Q2) lying in U, but {P,(Q2) : m > 0} is an
or-module basis for U so all coefficients of f(€2) must in fact lie in of.

Until the end of §4.2, we assume that

— K is a discretely valued intermediate subfield L C K C C,,
—  is transcendental over K,

— R C K[Q] Nog, is an admissible ox-subalgebra, and

— {b,(Q2) : n > 0} is a regular basis for R.

Lemma 4.2.8. — Take j > 0.
1. There are unique poj(Y),p1;(Y),-,p;;(Y) € K[Y] such that

PYQ) =3 piy (V)10

2. degp; ;(Y) < j whenever 0 <i < j.

3. degp;;(Y) =j.

4. pij(a) € ox whenever a € o, and 0 < i < j.
Proof. — (1) Q is transcendental over K, and {b;(2) : ¢ > 0} is a K-vector space basis
for K[Q)] with degb;(Q2) = i for each i. Hence it is also a K[Y]-module basis for the
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two-variable polynomial algebra K[, Y], so we can find unique p; ;(Y') € K[Y] such that
PAYR) = 3 pis(V)1(9)

where p; ;(Y) = 0 for sufficiently large i. Now P;(s) is a polynomial in s of degree j by

28, Lemma 4.2(3)], so €/ is the highest degree monomial in Q appearing in P;(YQ).

Since deg b;(€2) = ¢, this means p; ;(Y) =0 for ¢ > j.

(2) Since the highest degree monomial in ¥ appearing in P;(Y(2) is Y7, this means
that deg p; ;(Y) < j for each ¢ < j.

(3) The monomial Y7 appears in P;(Y Q) with a non-zero coefficient. This monomial
does not appear in p; ;(Y)b;(2) for any i < j because degb;(£2) = ¢ for all i. So it must
appear in p; ;(Y)b;(€2), and because of (2), this can only happen if deg p; ;(Y) = j.

(4) Let a € or,. We know that P;(af2) € oc, by [28, Lemma 4.2(5)]; in fact, P;(af?) is
an og-linear combination of the P;(2) for 0 < i < j by Corollary 3.2.6, so P;(af?) € R.
Setting Y = a in (1) shows that p; ;(a) € ok, since {b;(2) : i > 0} is a regular basis for
R. O

Theorem 4.2.9. — For each A € D¥"* (o1, K') we have

pr(A) = i ZJ: AMpr,j (V)b ()27

=0 k=0

In the case when A = ¢, for some a € oy, Lemma 4.2.8 implies that

1(da) = in(aQ)Zj = i (ZJ: pi,j(a)bi(Q)) z

=0 =0

co J .
=2 dalpr;(Y)be(0) 27

=0 k=0

which explains where the formula comes from. We will now give a rigorous argument to

show that the formula is valid for any A\ € DL=*"(or, K).

Lemma 4.2.10. — Let t :=log;(Z) be the Lubin-Tate logarithm. Then

px(A) =S AYF/ENQMY for all X € DY (0, K).

k=0
Proof. — We may identify C,[t] with C,[Z], and we write pux(\) = § ¢imt™ for some
m=0
¢im € C,. Then applying [28, Lemma 4.6(8)], we have

(Q719,)*

AYE/RY = {pre(N), YE/RL} = 7= (e (V) (0)

= Q*kcuC forall £>0. O
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Proposition 4.2.11. — Let \ € HomL(L[Y] K). Then in C,[t] = C,[~Z],

Z/\ (Y*/ENQMF = ZZ)\ e (Y))bi(Q) Z7.

k=0 7=0k=0
Proof. — For each k > 0, write t* = ioj dgk)Zj € L[Z]. Substituting this into Lemma
4.2.10 gives -

(14) Z AYE/ENQRE = Z AYF/EDQF Z A 77

k=0 k=0 j=k
:Z(Z k,d] QEA( )) Z’.
j=0

On the other hand, the identity

S P(YO)Z — exn(YOH) = S S k0byh — Ooymkood““
;Jj( )27 = exp( t)—’;ﬁt ;;) Z

together with Lemma 4.2.8 shows that for all j > 0 we have

J
(15) Z k'd]k)QkY’“ PiQY) =3 pii(Y)br(02
k= k=0

Now, the L-linear form A : L[Y]| — K extends to a K[(Q]-linear form K[, Y] — KI[Q].
Applying this extension to (15) gives

Z/{Z' J Z)‘pkj bi(€2).

Substituting this equation into (14) gives the result. O

Proof of Theorem 4.2.9. — Follows immediately from Lemma 4.2.10 and Proposition
4.2.11. O

Definition 4.2.12. — Let R be the og-linear span of {p,,;(Y) : j > k > 0} in the
space I := Int(oy, 0x) of ox-valued polynomials on oy,.

We will see shortly that R does not depend on the choice of regular basis for R.
Corollary 4.2.18. — Let A\ € D* (o, K). Then ux(\) € R[Z] if and only if
AR) C ok.

Proof. — Theorem 4.2.9 tells us that px () belongs to R[Z] if and only if Z Mpr i (Y))br(2) €
k

R for all j > 0. Since {br(2) : £ > 0} is a regular basis, this 1s equ1valent to
Mpr,;(Y)) € o for all j > k> 0. O

Proposition 4.2.14. — Let A\ € Hom (K[Y], K) be such that N(R) C ox. Then there
exists A € pt (R[Z]) € O°(Xk) such that Ny = A.
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Proof. — The twisted Gp-action on C,[Z] preserves R[Z] since we assumed that R C
K[Q] Nog, is Gp-stable in Definition 4.2.3. Therefore R[Z]“=* makes sense.

Define Fy = > 5 Moy (Y)be(2)Z7 € C,[Z]. Then Fy € K[Qf] = C,[Z]%*
=0 k=0

by Proposition 4.2.11 and Fy € R[Z] because A(R) C ox. Hence Fy € R[Z]%<* C
oc, [Z]%%*, so F\ = ug()\) for some A € O°(Xg) by Corollary 4.2.2. In particular,
A € g (R[Z]).

Next, applying [28, Lemma 4.6(8)] we see that for all m > 0,

AMY™/ml) = {px(X), Y™ /ml} = {Fy, Y™ /ml}

- {fj A(Yk/k!mktk,Ym/m!} =AY /ml).

k=0

Since the Y™ /m! span K[Y] as a K-vector space, we have \|xy] = \. O

Recall the isomorphism ev : Int(or, 0x) — ok[or]%, from Corollary 4.1.12.
Theorem 4.2.15. — We have ev(R) = put (R[Z])%.
Proof. — The og-module R contains the ox-submodule of K[Y] generated by {p;,;(Y) :
j > 0} and degp;;(Y) = j for each j > 0 by Lemma 4.2.8(3). Hence R spans K[Y] as
a I-vector space. On the other hand, R, := RN K[Y]<, is contained in Int(or, 0k ),
by Lemma 4.2.8(4), which is a finitely generated ox-module by Remark 4.1.10(2). Since
K is discretely valued, R, is a finitely generated ox-module for each n > 0. So we can
find an ox-module basis {tg,t1, - ,t,, -} for R such that {to,- -+ ,t,} is an og-module
basis for R, for each n > 0. It follows that the natural map R ®o K — K[Y] is an
isomorphism, and we may identify Hom,, (R, ox) with {¢ € Homg (R, K) : ¢(R) C ox}.

Let {t*, : m >0} C Hom,, (R,o0x) be determined by

tr (tn) = 6mpn forall m,n >0.

Then by Proposition 4.2.14, ¢}, extends to some A, € uy (R[Z]) such that Ap| ] = 5.
In particular, we have A, (t,,) = 0 for all m,n > 0.
Now suppose that ¢ € up(R[Z]): C oxloz]:. Then g = ev(h) for some h €

Int(or, 0k )m by Proposition 4.1.11. Since h € K[Y]<,, and since {tg, - ,t,} is a K-

vector space basis for K[Y],,, we can write h = > ¢,t,, for some ¢, € K. But then
g(\) = ev(h)(\,) = Au(h) = ti(h) = ¢, forall n>0.

Since A, € ux'(R[Z]) and g € ux'(R[Z])%,, we conclude that g()\,) € o for all n > 0.

Hence h € 7", oxt, C R and g = ev(h) € ev(R). Hence ui(R[Z])%, C ev(R).

[eo]
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Conversely, take A € pux!(R[Z]). Then A(R) C ox by Corollary 4.2.13 and thus for all
g€ R, ev(g)(\) = A\(g) € ok. Hence ev(R) C it (R[Z])%. O

[e.e]

Corollary 4.2.16. — Let S C R be two admissible subalgebras of K[Q)]. Then R C S.
Proof. — We have pi (S[Z]) C pic (R[Z]), so piil' (R[Z])% € pic (S[Z])% by Lemma
4.1.6(2). Hence ev(R) C ev(S) by Theorem 4.2.15. Hence R C S because ev is an
isomorphism by Corollary 4.1.12. ]

Note that Theorem 4.2.15 implies that the ox-module R depends only on the admissible

subalgebra R and not the particular choice of regular basis {b,(f2) : n > 0} for R.
Lemma 4.2.17. — If X € D' (o1, K), then X € og[or] if and only if we have
AInt(or, 0K)) C 0.
Proof. — Suppose that A\(Int(or, 0x)) C ox. The m-adic completion of [ is naturally iso-
morphic to the ring C%(or, o) of ox-valued continuous functions on or. Since A\(1) C o,
A extends to an og-linear form A CO(OL,OK) — o0 which is automatically contin-
uous. View X as an element of ox[or] = D(op, K). The restrictions of A and of
A € DE(or, K) to K[Y] agree by construction. Since K[Y] is dense in C%"(oy, K), we
conclude that A lies in ok [Jor].

Conversely, if X € oglor] = C%oyr,0k)*, then A\ must take integer values on
Int(oz, 0x) C C%or, oK) O

Theorem 4.2.18. — Let R be an admissible subalgebra of K[Q).

We have ' (R[Z]) = ox[oL] if and only if R = 1.

Proof. — (<=). Suppose that R = I, and take A € ux'(R[Z]). Then A(R) C ok by
Corollary 4.2.13. Since R = I, this means that A\(I) C ox. Hence A € ok [or] by Lemma
4.2.17.

(=). Suppose that R < I. Since K is discretely valued, K /o is an injective cogen-
erator of the category of ox-modules. Hence Hom,, (I/R, K/ok) is non-zero. So there
exists an og-linear map A : I — K such that A(R) C ok, but A(I) € ox. Regard A as an
clement of Homg (K[Y], K); then by Proposition 4.2.14, A extends to some A € O°(Xx)
such that gy = A. Since A(R) C o, using Theorem 4.2.9 we see that px(\) € R[Z].
However, A ¢ o [or] by Lemma 4.2.17 because A(I) € og, so A € ug! (R[Z])\ok[or]. O

We will now see what implications the above general results have for particular choices
of the admissible subalgebra R. Let B = K[Q] Noc, be the largest possible admissible
subalgebra of K[Q2], and let U := § ok P, (2) be the smallest possible one. Recall from
Example 4.2.7 that {P,(Q2) : n > (7)1}:0forms a regular basis for U.

Corollary 4.2.19. —
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1. U =Int(og, ox) if and only if ux (U[Z]) = ox[oL].

2. oxlor] = Ak (%) if and only if B = Int(oy, ok ).

Proof. — (1) This is an immediate consequence of Theorem 4.2.18 with R = U.

(2) Theorem 4.2.18 tells us that B = I if and only if ox o] = pux'(B[Z]). However
wi (B[Z]) = ugt (C,[Z]¢+* N B[ Z]) since ur(O(X)r) is fixed by the twisted G -action
on C,[Z] by Lemma 4.2.1. Hence uy'(B[Z]) = ux (oc,[2]9**) = Ax(X) by Corollary
4.2.2, and the result follows. O

Recall the matrix coefficients o; ;(a) from Corollary 3.2.6.
Lemma 4.2.20. — Let R =U and let b, := P, for eachn > 0. Then

1. pij(Y)=0,;(Y) forallj >i>0, and
2. [a)(Z) = § 0;5(a)Z7 for any a € or,i > 0.
j=i

Proof. — (1) This follows by comparing Corollary 3.2.6 with Lemma 4.2.8(1).
(2) Using Definition 3.2.1(5) and Lemma 3.2.3 we see that (Py(s), Z") = 4, for all

i,k > 0. By Corollary 3.2.6 we have Pj(as) = Ej: okj(a)Py(s). Fix i > 0 and apply
k=0

(—, Z") to this equation: using equation (4) we then have

j . . .
0i5(a) = <Z Ukj(a)Pk(S)»Zz> = (Pjlas), Z) = (F;(s), [a](2)").
k=0
Hence o, j(a) is precisely the coefficient of Z7 in the power series [a](Z)". O

This justifies the definition of the polynomials o; ;(Y") which was given in §1.5. We can
now give the proof of Theorem 1.5.1 from the Introduction.
Theorem 4.2.21. — If A (X) = oL]oL], then Pol = Int.
Proof. — Note that Pol = U, in view of Lemma 4.2.20(1) and Definition 4.2.12. Now
AL(X) = O°(XL), so if this is equal to o [o.], then B = Int(oy, 01) by Corollary 4.2.19(2).
But U C B, so BC U C Int(or, 0r) by Corollary 4.2.16. Hence U = Int(or, 0r) as

claimed. OJ

4.3. Calculating the matrix coeflicients o, ;(Y). — Here we will assume that the

coordinate Z on the Lubin-Tate formal group is chosen in such a way that

00 Zq”
log r(Z) = Z o

n
n=0 T

It turns out that the polynomials P;(s) are sparse: the coefficient of s* in P;(s) is non-zero

only if i = j mod (¢ —1). We will obtain more information about these coefficients; this
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will require developing some notation to deal with this sparsity. The calculations that
follow rest on the following observation.

Proposition 4.3.1. — For every n > 0, we have
Y kot tka

P(Y) = Z kol -« - kgl - wlkit2ketotdka
ko-+qk1+-+qtkq=n

Proof. — If logip(Z) = 32, Z7 /¥ and exp is the usual exponential, then

ijj Py(Y)Z" = exp(Y -logpr(Z)) = [[ exp(Y - 24 /x")

£>0

X0 27ty

>0 k>0

The coefficient of Z" in this product is the sum of Ykot+ka /1. .. [l . glhit2hat-ddka

over all tuples (k, - - , kq) of positive integers such that ko + gk + -+ + ¢?kg=n. O
The following formula for the derivative -+ P, (") will be very useful in the calculations.

Proposition 4.3.2. — For every n > 0, we have diYPn(Y) = Yysom™ " Py (Y).

Proof. — We have P,(Y + Z) = P,(Y) + X7, P;(Z)P,;(Y) by [28, Lemma 4.2(4)].

Hence it is enough to determine which Pj(Z) have a term of degree 1 in them, and what

the corresponding coefficient is in this case. The answer now follows from Proposition
4.3.1. O

We fix m € {0,1,2,--- ,q — 2} from now on. We will use the convenient notation
i:=m+i(g—1) forall ¢>0.
Definition 4.3.3. — For each j > ¢ > 0, we define

o) 0o K_l
Qm(i,j)::{keN“’:Zkgzz', Zke<q 1>=j—i}, and
=1

=0 q—

(m) ._

Tij

i ) SN

- s £=1
KEQm (i,7) <k07 kla k?v Tt

Here (k0§k1%k2§"‘> = ko,k(% is the multinomial coefficient.
Lemma 4.3.4. — We have rj(-T) =1 forall j > 0.
Proof. — If i = j, then the second condition on a vector k € N* to lie in Q,,(4, j) forces
ki = ky = --- = 0 because % > 0 for all £ > 1. But then kg = i = j from the first

(m)

condition, so the formula for rj;-n collapses to give 1. O

Proposition 4.3.5. — Let n = j for some j > 0. Write

Po(s)=> bffn)sk
k=0
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with b € L for k =0,.
1. Wehaveb()—Okaién mod (¢ — 1).

(m)
2. For each 0 <1 < j, we have b£* = 1{ .

Proof. — By Proposition 4.3.1, the coefficient b,(cn) of s* in P,(s), is given by

1
b(") —
k zk: (kolkylky! - - - )mrO-kotLki+2kot-

where the sum runs over all possible sequences k = (kq, k1, ka2, - - - ) of non-negative integers

satisfying the following two conditions:
k0+k1+k2+"':k, and ko+Qk1+q2k2+"':

Of course given any such sequence, necessarily k; must be zero for all sufficiently large ¢
depending only on n and k, and the set of solutions to these equations is always finite,

so the sum of all these fractions makes sense.

Next note that if kg, k1, - - - satisfies these two conditions, then necessarily
=k mod (¢ —1).
This implies part (1). For part (2), let k¥ = i and n = j, and suppose that the non-negative
integers ko, k1, - - - satisfy ko + k1 + - - - = k; then subtracting gives
ko+aki+ ke + - =m+(¢—1)j & (¢— Dk + (> = Dha+--- = (¢ —1)(7 — ).

In this way, we see that Q,,(4,7) is precisely the set of sequences that contribute to the
coefficient of s* in P;(s). This coefficient is then

1 g S
b]gn) — Z — T /=1 — 277‘7 D
Bl oo otk k!

Lemma 4.3.6. — Suppose that j > ¢ > 0. Then T’Z(;n) is the coefficient of ZZ in
log(Z)".
Proof. — Write log;+(Z2)* = 322, d® Z". Then

> PY)Z" = exp(Y logsr(2) = 3 g ok (2)17"

= Z i Z d® zmyk

Equating the coefficent of Z"Y* shows that

1
b/l(c ") = k'dg“ for 1 <j <n.

Applying Proposition 4.3.5(2), we have 7“1(3'1) = 1’!1);2) = dgi). [
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Corollary 4.3.7. — Define polynomials R( (t) € L[t] for 7 >0 by the formula
ji .(m)
Wi
; (2)!
Then for all j > 0 we have Pj(s) = s™ - Rj(»m)(sq_l).
Lemma 4.3.8. — For each j > 1 > 0 there exist 0, ;(Y) € Int(or,0r) such that

J
YS) = ZO’Z'J(Y P
i=0

Proof. — By Example 4.2.7, {P,(Q2) : n > 0} forms a regular basis for the admissible

subalgebra § ok P, () of L[Y]. Apply Lemma 4.2.8 and use the transcendence of Q2 over
n=0

L. O

Of course this is just another way of rephrasing Corollary 3.2.6. We will now see that
the matrix of polynomials (o;;(Y"));; is sparse as well.
Proposition 4.3.9. — Let j > 0 and suppose that 0 < k < j.

1. 045(Y) =0 df k Zm mod (¢ —1).
2. For each i =0,...,j there exists T\""(X) € L[X] such that

1]

o (V) = Y™ r (yety,

Proof. — Using Lemma 4.3.8, we have
J
=Y 04;(Y)Py(s
k=0
Dividing both sides by Y"™s™ we obtain an equality of Laurent polynomials
(16) RY™(ya-tgaty Z Y "o (Y) - 5T Py(s).

The left hand side of (16) is a polynomial in s?~! with coefficients in L[Y]. The Laurent

polynomial s~ Py (s) lies in s*#"™ L[, sl_q] by Proposition 4.3.5. Since
LY @SCL J[s97t, 5179,

looking at the component of the right hand side of (16) that lies in the space
sCL[Y][s?1 s'74] for ¢ € {1,---,q — 2} and then looking at the leading coeffiicent
of s~ Py (s) implies (1).

Using Corollary 4.3.7, we can now rewrite (16) as follows:

J
(17) R™ (ya-lgity =D Y oy, (Y V). RM™ (7).
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Since the left hand side of (17) is now a polynomial in Y¢~! with coefficients in L[s?7!],
we deduce by looking at the right hand side of (17) that the a priori Laurent polynomial
Y~="0;(Y) in Y in fact lies in L[Y97']. Part (2) follows. O

Setting t = 597! and X = Y9!, we deduce the following
Corollary 4.3.10. — The polynomials Rgm) (tX) satisfy

J
R™(X) =Y (X) RI™ ().
=0
Definition 4.3.11. — Consider the following infinite upper-triangular matrices.
1. [r™]; =i for j >4 >0,
(m) _ _(m)
2. T; ' =7,/ (X), and
3. Dx = diag(1, X, X?,--+).
Lemma 4.3.12. — We have the matriz equation

p(m) ) _p L pm)

Proof. — Note that each matrix appearing on the right hand side has infinitely many
rows and columns, but each one is also upper triangular, so matrix multiplication makes
sense. Moreover, as 7’%71) =1 for all j > 0 by Lemma 4.3.4, the matrix (™ is invertible,
with inverse matrix having entries in L.

Substitute the definition of Rﬁm) (t) from Corollary 4.3.7 into Corollary 4.3.10 to obtain

The right hand side is the (¢, j)-th entry of 7(™) . 7(™) The left hand side is the (£, j)-th
entry of Dy - ™. The result follows. O]

The following two results on the coefficients rz(?) are strictly speaking not needed for
the calculations appearing in Appendix A, but they are nevertheless interesting in their
own right.

Lemma 4.3.13. — For each j > 1 > 0, we have

. = qe—lié
(m) i X k(4 0)
T, . = 7'('@—1
J Z . (k?o,k’l,>
keQm(i,5)

ctd,
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Proof. — Let k € Q,,(¢,7). Then Y72, k¢ (%) = j — i, and therefore

ko[ 2=t >tk >tk
ﬂfzzl e(q_1 )-Wi*jzﬂj*i-ﬂ ézzl é-ﬂi*j:ﬂ' Zzzl 1{.
The result now follows from Definition 4.3.3. O

Proposition 4.3.14. — Let j > 1> 0. Then

1. 7=t r§?) € o, and
2. it ri";) = (]fl) mod 77 toy.
Proof. — (1) Note that for every ¢ > 1 we have

ra=t'=t  p_ DDy,
=

= (5)(2__ 1) + (f;)(q — 1)2 4+ 4 (q _ 1)z71.

Thus ay > 0 always. Hence the expression in the big brackets in Lemma 4.3.13 lies in oy.

(2) The exponent of 7 appearing in the term in the sum corresponding to k € Q,,,(i, )
is equal to > ;2 kyay. It follows from the formula for oy established above that a; = 0.
Hence this exponent is a positive multiple of ¢ — 1, unless ky; = 0 for all £ > 2. In this

case, the exponent is 0 and the corresponding term is equal to (jf Z) because in this case

k1 = e§1 que_l =J—1t L

q—1

5. Consequences of the Katz isomorphism

5.1. Equivariant endomorphisms of L.. — Throughout this §, we assume that
L = Q2 and that 7 = p. In particular, L is the completion of L(G[p™]). We recall
the statement of the Katz isomorphism (Theorem 3.6.15): if S is a m-adically complete

or-algebra, then the map
K* : Hom,, (Cou(or, 0c,),S) — S[Z] V™

is an isomorphism. Recall ([19], page 58), that u is said to be supported in of if and
only if u(f) = 0 for all f such that f =0 on o;. We have the following criterion.
Lemma 5.1.1. — A measure p € Hom,, (C&, (oL, 0c,),S) is supported in o} if and
only if ,(K* (1)) = 0.

Proof. — Note that f € C&,(or,oc,) is zero on of if and only if f = ¥¢(g) for some
g € Cqalor,oc,). Indeed, ¥c(g)(a) = 0 if a € of by definition, and if f =0 on o}, then
f=vcpc(f).
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The map K* is injective by Theorem 3.6.15. By Corollary 3.3.7, we have 1, = K*9¢..

Hence K" (1) = 0 & K*95(p) = 0 & Ui(p) = 0 < p(ve(g)) = 0 for all g < pis
supported in o7 . ]

There is the usual Gy, * action on oc, [Z], and on Hom,, (C¢, (oL, oc,), oc,) it is given
by g*(1)(f) = g(u(g~ (1)) = gula — f(r(g)~" - a)) since f is Gal continuous. In
particular, Theorem 3.6.15 applied with S = oc, implies the following.

Corollary 5.1.2. — We have

1. Hom,, (C2,1 (o1, 0c, ), 0c, ) ™ = Ap(X)Vamt.

2. Hom,, (C&, (0}, oc,), oc, )" = Ar(X)¥e=0.

Since L = Q2, the map 7 is surjective. Let I';, = Gal(L(G[p™])/L).

Lemma 5.1.3. — The map CQ, (0}, 0c,) = 0so given by f— f(1) is an isomorphism
of or,-modules.

Proof. — Since d = 2, we know that 7 is surjective by Lemma 2.6.4. Now, if x € o,
let f, € Clu(or,oc,) be given by f,(1) = z and f,(7(g9)) = g(z). Every element of

Cla(0F, 0c,) is of this form. O

Theorem 3.6.15 applied with S = o7, now gives us the following

Theorem b5.1.4. — The map K* gives rise to an or-linear isomorphism o}, ~
OL[[Z]]quO.
Proposition 5.1.5. — The space Hom,, (CZ,, (0}, oc,), oc,)“=* is naturally isomorphic

to the space of It -equivariant or-linear maps 0so — Ooo-
Proof. — If © € o, let f, € C&,(0f,oc,) be as in the proof of Lemma 5.1.3 above. If
p € Hom,, (C&,(0F, oc,), 0c,)*, we define a map T : 0o — 0so by T'(z) = pu(fs). We
have f,+y, = fo + fy, and f,, = af, if @ € of so that T is or-linear. In addition, 7' is
I'-equivariant because p is fixed under the G, *-action. Indeed, ¢(T'(x)) = g(p(fz)) =
1(g(f2)) and g(f:)(1) = g(x) so that g(f.) = fyw). Therefore, g(T(z)) = T(g(x)).
Conversely, a I'p-equivariant op-linear map 7' : 0, — 05 as above gives an element
1 € Hom,, (Cou (0 0c,), 02,)% via pu(f,) = T(x). 0

Combining Corollary 5.1.2 and Proposition 5.1.5, we get the following.
Theorem 5.1.6. — We have EndS" (0s0) = Ar(X)¥=0.
Corollary 5.1.7. — We have A(X) = or[oL] if and only if every ' -equivariant oy -
linear map 05 — 00 comes from an element of o [T'L].
Proof. — We have Az (X) = or[or] if and only if Az (X)¥=° = A(0o}) by Lemma 5.1.9
below. If p € Ap(X)¥=° then by Corollary 5.1.2 it corresponds to an element of
Hom,, (C&..(0}, oc,), oc,)“**. By Proposition 5.1.5, the element p € Az (X)¥=" comes
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from an element v € or[I',]. The element p then corresponds to the image of v in A(o})
via 7. Indeed, if g € 'y, and T is given by = — g(x), then it corresponds to u : f, — g(x)
and g(x) = fz(7(g)) so that = d,. O

Using Corollary 5.1.7, we get the following
Theorem 5.1.8. — We have A (X) = opfor] if and only if every continuous L-linear
and G -equivariant map f : Loo — Lo comes from the Twasawa algebra L ®,, or[T'L].
Proof. — Indeed, by Corollary 2.10.11, A(X) N (L ®,, or[or]) = or[oL]- O

Lemma 5.1.9. — If AL (X)¥=° = A(0}), then AL(X) = or[or].

Proof. — If f € AL(X), then &1 - o(f) € AL(X)"=". So ¢(f) € orfor] and f = vp(f) €

orfoL]- O
The following proposition implies that there are no “Tate trace maps” L., — L or

Lo, — L, (recall that L., is the completion of L(G[p™])).

Proposition 5.1.10. — Let f : Lo, — Lo be a continuous, I'p-equivariant and L-linear

map. If f(Ls) is included in a finite field extension of L, then f(1) = 0.

Proof. — We have logQ € Ly, and (g — 1)logQ =log7(g) if g € I',. Hence

(g —1)f(logQ) = f((g —1)1og Q) = f(log7(g)) = log7(g) - f(1).
Hence if f(1) # 0, then f(log(2) cannot belong to a finite extension of L. O

Note that a similar result was proved by Fourquaux, see for instance [14, Prop 2.2.1].
Proposition 5.1.10 can be strengthened: almost the same proof gives us the following
proposition. Recall that Ly = L, by the Ax-Sen-Tate theorem, see Theorem 1 on page
176 of [32].

Proposition 5.1.11. — Let f : Lo, — Lo be a continuous, I'r-equivariant and L-
linear map. If f # 0, then there exists a; # 0, ag € L(G[p™]) such that f(L) contains
ay log €2 + ag.

Proof. — We have log2 € L, and (g —1)logQ =log7(g) if g € T'y. Take € L(G[p*])
such that f(xz) # 0, and choose (note that f(L,) C L, by the Ax-Sen-Tate theorem)
some n such that x, f(z) € L,,. If g € T',,, then

(g = Df(z-logQ) = f((g — D(x - log Q) = f(x -log7(g)) = log(g) - f ().
Therefore (g —1)(f(x-1logQ) — f(z)-logQ) = 0 for all g € T',,, so that f(z-logQ)— f(zx)-
log 2 € L, by Ax-Sen-Tate.

We can now take a1 = f(z) and a9 = f(z -logQ) — f(x) - log Q2. O

This can be strengthened even further. Let L% denote the vectors in L, that are

locally algebraic for the action of the Lie group I'z.. Let ¢(g) = log 7(g) = log x7(g). The
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set L2 is the set of z € L, such that there exists an open subgroup I', of 'y, and d > 0
and xg = 1,21, ...,Tq € Ly such that g(z) = zg + x1¢(g) + - - - + z4c(g9)? if g € T,.. Note
that technically, these are the locally o-analytic locally algebraic vectors in L.,. However
since L = Q,2, every locally analytic vector of L, is locally o-analytic (see [4]).
Lemma 5.1.12. — We have L8 = L(G[p>])[log €].

Proof. — One inclusion is easy. Now take x € L8 and write g(z) = xo + z1¢(g) + -+ +
zqc(g)? if g € T,. On L8 we have the derivative V : 2 — z; and we know (from the
theory of locally analytic vectors) that V7 (x)/j! = z; for all j. In particular, V(z4) = 0,
so that 24 € L(G[p™]). The element x —x4log® Q is then in L2# and it is of degree < d—1,

which allows us to prove the Lemma by induction. O]

We see that V = ﬁ. For all n, the map V : L,[log Q] — L,[log ] is surjective, and
its kernel is L,,. If f: L, — L is a continuous, ['p-equivariant and L-linear map, then
f(L28) C L¥e. In addition, V = lim,1(g — 1)/c(g) so that foV =V o f.
Proposition 5.1.13. — Let f : Lo, — Ly be a continuous, I -equivariant and L-linear
map. If f # 0, there exists n > 0 such that L, - f(L,[log2]) contains L,[log$?].

Proof. — Take x € L(G[p>]) such that f(x) # 0 and let n > 0 be such that x, f(x) € L,.
We prove by induction on d that L, - f(L,[log 2]) contains L, [log Q]geg<q. In order to do
this, we prove that f(z - log?Q) is a polynomial (in log ) of degree d. The case d = 0
follows from the fact that f(x) # 0. Now assume that the result holds for d — 1. We have

Vi(x-log?Q) = f(z - Vieg? Q) = f(dz - log* Q),

so that f(x -log? Q) is a polynomial of degree d. This implies the claim. O

5.2. The dual of the ring of integers of a p-adic Lie extensions. — Recall that
7 € or, is a uniformiser and kj, := o, /7oy, is the residue field of L. In this §, Lo./L is an

infinite Galois extension with Galois group I' = Gal(Ls/L). We fix a chain
rororo---

of open normal subgroups of I' such that oﬁ r,=1.
n=1
Definition 5.2.1. — Let n > 1.

1. L, := L a finite Galois extension of L with Galois group I'/T,,.

2. 0, is the integral closure of oy, in L,.
3. o}, := Hom,, (0,,01).

4. ky, := o, /m0p,.

5. kY := Homg, (ky,, kz).
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Note that o, and o} are naturally or[I'/T',]-modules, both free of finite rank as an
or-module, and k,, and k are k[T"/T",]-modules, both finite dimensional over k;,.
Remark 5.2.2. — Let n > 1.

1. o} can be identified with the inverse different Dznl sz, of the extension L, /L.
2. Applying the duality functor (—)* = Hom,, (—,0r) to the natural inclusion of or-
modules o0, — 0,41, we obtain a natural connecting map o ,; — o;,. This map is

surjective, because the o,41/0, is a finitely generated and torsion-free or-module.
Lemma 5.2.3. — For each n > 1, there is a short exact sequence of or[I'/T",]-modules
0— o0 o =k’ —0.
Proof. — Let M be an oy-module and consider the complex of or-modules
0— M* =5 M* 24 (M/aM)" =0
where M* := Hom,, (M, o), (M/mM)" = Homy, (M/mM, k) and where na(f)(m +

wM) = f(m)+ mor, € kr. This complex commutes with finite direct sums and is exact
in the case when M = op. So the complex is exact whenever M is a finitely generated
free or-module. If M also happens to be an oy [G]-module for some group G, then the
maps in the complex are op[G]-linear. The result follows when we set M = o,, an

or[I'/T',]-module which is free of finite rank as an or-module. O

We now pass to the limit as n — oc.
Definition 5.2.4. — Recall the Iwasawa algebras A(I') = limor[I'/T",] and (') =
fim ke [T/T,).

1. 0o := colim o, an oy [I']-module.

2. 0, »=limoy, a A(T")-module.

3. koo = colim k,, a kz[I']-module.

4. kY = lgnkx, an (I')-module.
Lemma 5.2.5. — There is a short exact sequence of A(I')-modules

0 — oy — 0% — ki — 0.

Proof. — The short exact sequences from Lemma 5.2.3 are compatible with variation in
n, in other words we get a short exact sequence of towers of A(I')-modules. Applying the

inverse limit functor gives a long exact sequence
0— o, o, = ki — @(1)02.
The lim (1) term on the right vanishes in view of Remark 5.2.2(2), whence the result. [

Remark 5.2.2(2) also implies that the natural maps o}, — o} are surjective.
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Proposition 5.2.6. — The A(T')-modules oo, and o, are faithful.
Proof. — Suppose £ € A(T") kills 0o,. Then its image &, € o[I'/T,] kills 0,. Therefore
&, € L|I'/T,) kills L, = o0, ®,, L. But L, is a free L]I'/T",]-module of rank 1 by the
Normal Basis Theorem. So, &, = 0 for all n > 0 and therefore £ = 0 as well.

Suppose now £ € A(T') kills of,. Then ¢ kills each the quotients o of of . But the
action of A(T") on o factors through o [I'/T,], so the image &, of £ in oy [T"/T",] kills of.

~Y

Since &, also kills o, = (o

*
n

£=0. 0

)*, we deduce from the above that &, = 0 for all n. Hence

Proposition 5.2.7. — Suppose that p t |I'/T|. Then kY is a free ki [T'/T1]-module of
rank 1.

Proof. — The field extension L;/L is tamely ramified by our assumption on |I'/I';|. Now
it follows from Noether’s Theorem on rings of integers in tamely ramified extensions that
01 is a free oy [['/T'1]-module of rank one — see, e.g. [33, Proposition 2.1]. Hence 0;/70;

is a free kr[I'/T"1]-module of rank one, and we can apply Lemma 5.2.3 to conclude. [

Lemma 5.2.8. — Suppose that ' is a p-adic Lie group. Let M = l&nMn be an inverse
limit of a tower of Q(I'")-modules, where each M, is finite dimensional over ky. Then the
natural map on I'-coinvariants
MF — 1£1<Mn>r
is an isomorphism.
Proof. — The Iwasawa algebra Q(I") is Noetherian, so its augmentation ideal J = (I' —
1)Q(T) is finitely generated. Let wuy,---,u, € J be generators and let N be an Q(T')-
module; then
Nr=N/(I'=1)-N=N/JN =N/(uyN + --- +u,N).
In other words, we have the short exact sequence of kj-vector spaces
(18) N7 N N 0.
Applying this to each M,,, we obtain an exact sequence of towers of Q(I")-modules
(’U,17~~ 7u7")

M; — Mn — (Mn)F — 0

where each term is a finite dimensional kj-vector space. The inverse limit functor is
exact on such towers, since they all satisfy the Mittag-Leffler condition. So passing to

the inverse limit we obtain the exact sequence of kp-vector spaces
M7 N s Yim(M, ) > 0,
Comparing this with (18) applied with N = M gives the result. O
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Theorem 5.2.9. — Suppose that

— I is abelian,

— ptIT/Thl,

— I'y is a torsionfree pro-p group of finite rank.
Then o', is a free A(T')-module of rank 1 if and only if the map k1 — kL1 is an isomor-
phism.
Proof. — (<) Note that the connecting maps k,, — k11 in the colimit k., := colim k,
are injective: if x 4+ mo, € k, maps to zero in k,,; then there is y € 0,,1 such that
x = my; but then y € L, No,,1 = 0, and hence x = 7wy € mo,. Under our hypothesis
that k; — k1! is an isomorphism, it follows that for each n > 1, the map kLt — k!, is
an isomorphism. Applying the (—)¥ = Homy, (—, kz) functor, we deduce that for each

n > 1, the map on I';-coinvariants
(kx—i-l)H — (kw\m/)f‘l

is an isomorphism. Now, Lemma 5.2.8 tells us that

(KL)r, = lm(K)r,.
Since the maps in the tower of I'i-coinvariants are all isomorphisms, we conclude that

the natural map of k[['/T";]-modules
(kc\:o)rl - ki/

must be an isomorphism. Now &y is a cyclic k. [I"/T'1]-module by Proposition 5.2.7 and the
ideal JQ(I") generated by the augmentation ideal J of Q(I'y) is topologically nilpotent in
the sense that J® — 0 as n — oo, because I'; is assumed to be pro-p. In this situation we
can apply the Nakayama Lemma for compact A-modules — see [3, Corollary to Theorem
3] — to deduce that kY is a cyclic (I')-module: any lift of a k[I"/T";]-module generator
for kY to kY will generate it as an Q(I')-module.

Now o} /mo’, = kY, by Lemma 5.2.5. The A(T")-module o, is profinite and 7" — 0
as n — oo in A(I'), so applying the Nakayama Lemma again, we conclude that o’ is a
cyclic A(T")-module.

Since o}, is a faithful A(I')-module by Proposition 5.2.6 and since I' is abelian, we
deduce that o’ must be a free A(I')-module of rank 1.

(=) We reverse the argument above. Assume o is a free A(I')-module of rank 1.
Then Lemma 5.2.5 implies that kY is a free Q(T')-module of rank 1. Hence (kY )r, is
a free k[['/T1]-module of rank 1. By Lemma 5.2.8 we have (kY)r, = I&n(kX)pl and

the connecting maps in the tower (k))r, are surjective, with the bottom term being
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(kY)r, = k. Since this is a free k.[['/T]-module of rank 1 by Proposition 5.2.7, the
natural map (kY)r, — k{ from the inverse limit to the bottom term is a surjection
between two free ki[['/T'1]-modules of rank 1. So it is also an isomorphism. Dualising

shows that k; — kL1 is an isomorphism as well. ]

Lemma 5.2.10. — In the situation of Proposition 5.2.9, suppose that o’ is a free
A(T)-module of rank 1. Then L, /L is tamely ramified for all n > 1.

Proof. — Consider the I'),-coinvariants of o} . These coinvariant must be a free rank 1
or[I'/T',]-module by assumption. On the other hand, by construction, there’s a surjective

or[I'/T',]-linear map
(05 )r, = 0},

(see the remark just before Proposition 5.2.6). Both sides are free oy -modules of rank
[L,, : L], so this surjective map must actually be an isomorphism by the rank-nullity
theorem. So, o} is a free rank 1 or[I'/T';]-module. But then using, for example |2,

Lemma 5.4], we see that
0, = Hom,, (0},,01,) = Hom,, [r/r,,1(0},, oL[I'/T',])

must also be a free rank 1 oy [['/T',,]-module. In other words, o, has an integral normal
basis, so by [33, Proposition 2.1] L, /L must be tamely ramified. O

The following result, which may be of independent interest, shows that the hypothesis
that the action map p : Q(I') — Endgr)(kY) is an isomorphism has strong implications
about ramification behaviour in the tower L., /L.

Lemma 5.2.11. — Suppose ' is a torsionfree abelian pro-p group of finite rank, and
that the action map p : QUI') — Endory(kY) is an isomorphism. Assume that I'y =T .
Then L, /L is tamely ramified for all n > 1.

Proof. — Let a € k!! and consider the multiplication-by-a map £, : koo — keo. Since a
is fixed by I" = Iy, this map is Q(I')-linear. By our assumption on p, we can find some
b € Q(T") such that p(b) = a. Now a is algebraic over kz, and p is injective by assumption,
so b € Q(I') must be algebraic over k, as well. Since I' = I'y, the mod-p Iwasawa algebra
Q(T") is a power series ring over ky in finitely many variables. The only elements of
such a power series ring that are algebraic over k; are constants. Hence b € k; and so
a € kr, = ky since I' = I';. Hence k:gg = k;. Now the result follows from Theorem 5.2.9
and Lemma 5.2.10. [

Returning to the setting of §1.7, we have the following conclusion.
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Corollary 5.2.12. — Suppose that L = Q2 and m = p, and let G be the Lubin-Tate
formal group attached to 7. Let T¥T = Gal(L(G[p™>])/L). Then or[Z]¥*=° is not a free
or [T ]-module of rank 1.

Proof. — 1t is well known that L, /L is not tamely ramified for any n > 2. Hence o,
is not a free A(T'YT)-module of rank 1 by Lemma 5.2.10. Since G is self-dual, the tower
L /L coincides with the one defined at Definition 2.7.1(1). The result now follows from
Theorem 1.7.1. ]

5.3. The operator 1) and the span of the P,. — We now turn to some consequences
of the Katz isomorphism for the span of the P,, where P, is the element of C&, (oL, oc,)
given by a — P,(a- Q). The Katz map K* : Hom,, (C&, (oL, oc,), S) — S[Z]%<™ is then
given by i+ 32,50 u(Pn) 2"

Proposition 5.3.1. — The L-span of the P, is dense in the L-Banach space
C(O}al<0L> Cp)'

Proof. — Let W denote the closure of the L-span of the P, in C&,(0r,C,). If W #
C&.,(or,C,), then it has a closed complement in C&,, (o, C,) and we can find a measure
i # 0 that is zero on W (and hence on all of the P,). This is a contradiction. ]

Remark 5.3.2. — There is another proof of this result. Indeed, locally analytic func-
tions are dense in C%(oz,C,) and for locally analytic functions, we have the generalized
Mabhler expansion of [28, Theorem 4.7]. So it is enough to prove that locally analytic and
Gal continuous functions are dense in C2,,(or,C,).

A Gal-continuous function is determined by (f(p™))s, where each f(p") € Ly and
f(0) € L and f(p") — f(0) (see also §§3.3-3.4). We can approximate each f(p™) by an
element of L., and this way, we can show that Gal-continuous locally constant functions
are dense in the Gal-continuous functions. More precisely, given a sequence { f,,} as above
and some k > 0, we have f,, — fo, € pkocp for all n > n(k), so we replace these f, by f,
and approximate the others to within p=*.

We now choose a coordinate X on LT such that [p|ir(X) = pX + X9. The polynomials
P; depend on the choice of coordinate. However, the or-module U, = @& jor, - P; is
independent of the coordinate. Given this choice of coordinate, we have formulas and
estimates for ¢, in [15, §2A].

Lemma 5.3.3. — Ifk > 1, then v, (X*) € L[X])_1.
Proof. — See [15, Proposition 2.2]. O

Let ¢”(A) denote the set of sequences {c, },>o with ¢, € A and ¢, — 0 (with A = of,
or L).
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Corollary 5.3.4. — The map ®(or) — Cla(or,oc,) given by {c;}tiso — Y P is
injective, as well as the same map ®(L) — Ce.(or,Cp).

Proof. — Lemma 5.3.3 implies that for all & > 0, there exists n = n(k) such that
p"X* € o [X]¥ ™. Let p be the corresponding measure. We have u(3 ;5 ¢;P;) = pcy,

hence if 37,50 ¢; P = 0, then ¢, = 0. The second assertion follows from the first. O

Lemma 5.8.5. — If k > 1, then ¢, (p" - 01[X] ) C " op[X] 1.
Proof. — This follows from [15, Proposition 2.2]. ]

Let H, C L[] denote the set of P(£2) such that deg P < n and P(af)) € oc, for all
a € or,. Obviously, U, = & qor, - Pi(Q) C H,. Let p; : Cqu(or, 0c,) — L be the measure
corresponding to X', so that u;(P;) = d;;.
Proposition 5.3.6. — If Q() = X1 ,c;Pi(Q) € Hy, then ¢; € p~ "oy, if i < ¢™.
Proof. — We have Q(Q) € C&, (oL, 0c,). By Lemma 5.3.5, p™ X" € oy [X]¥™ if i < ¢™,
and hence p™p; € Hom,, (C&, (oL, oc,), or) for all 0 < i < ¢™. Hence p™c; € o. O

Corollary 5.3.7. — We have Hy C p’kqu.
Let 1, = p - 1, so that ¥, (o,[X]) C o[ X].
Lemma 5.3.8. — ,(X%*+(@=Y) = X* mod p and 1,(X™) = 0 mod p if m # —1 mod
q.
Proof. — This follows from [15, Proposition 2.2]. O

Corollary 5.3.9. — The map (L) — C&, (oL, C,) is not surjective.
Proof. — By Corollary 5.3.4, it is injective. If it is a bijection, then the continuous dual
of C,(or,C,) is naturally isomorphic to o, [X][1/p] via the map p — 3,50 u(P) X"
However by the Katz isomorphism, the image of this map is or [X]%™[1/p].

Take f(X) =1+ X%+ X" 4.... Lemma 5.3.8 implies that 1,(f) = f mod p and
hence ¢7(f) = f mod p. We therefore have ¢7(f) € p~"f +p " Ho,[X] for all n > 1,
so that f(X) is not in or[X]%™[1/p]. Hence or[X][1/p] # or[X]¥™[1/p]. O

In order to say more using Katz’ result, we need to produce more elements of
o [X]¥rmt. There is o[ X]¥+=°, which contains X* for 1 <i < ¢—2 and pX? !+ (¢—1)
and hence (@1-2X" (0 [X]))® (pX7 1+ (g— 1)), (01 [X]). T £u(X) € (X -0, [X])%rm
and the b, are in or, then Y5000, (fn) € or[X]¥e™* as well (the sum converges
for the weak topology, and %, is continuous for that topology). For example, if
FX) € (X - op[X])¥, then T, #1(f) € 0, [X]*

Remark 5.3.10. — We have

L ¢(X")=0if1<i<g—2and¢+1<i<2¢—3and2¢+1<i<3¢—4
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2. ¥y(1) =1 and ¥ (X7 ') = (1 — q)/p and ¢ (X?) = X

3. y(X?72) =g — 1 and ¥, (X* 1) = X(1/p — 2p) and ¢, (X*1) = X?

4. More generally, 1,(X*) = X1, (X 79) — py), (XFH179)
Lemma 5.3.11. — We have p" X7~ € o [X]¥e™, but not pF~' X7,
Proof. — Recall that 1,(X9 1) = (1 — ¢)/p. This implies that ¢, (1/X) = (X! +
p)/pq(X)) =1/pX. If k> 1, then

k—1 k—1

q i q -1 —1,d/:

( . >‘p=< . )~qk 'p'/i € pFor.
7 71— 1

This implies that o (X7 ') € X7 + p*Xop[X],—1. By Lemma 5.3.5, we have

qu:—l qu . qu:—l qu_lfl .
Pql ) + Pql )) c _|_OL[[X]]1/)q—1nt‘

X p
This implies the Lemma by induction on k. 0

Yo (XTT) = 4 (

Corollary 5.3.12. — There is an h € H in which the coefficient of Px_, is in p~*o}.
Proof. — Let ¢y € Clu(or,Cp)* be the linear form corresponding to X ¢"~1 There
is an f € CQ,(or,0c,) such that ¢ (f) € p~ o} (if it was in p'~* oy, for all f, then
p" ey would be an integral linear form, and we’d have p*~'X ¢"~1 ¢ o [X]¥e ™. This
is not the case by Lemma 5.3.11). By Corollary 5.3.1, the L-span of the P, is dense
in C2,(or,C,). Therefore there is an h € H such that ||f — h|| < p~!. We then have

cpi1(h) € pFor. O

6. Other criteria

We indicate how to prove Theorems 1.8.1 and 1.8.2.

6.1. The Lubin-Tate derivative. — As we said in the Introduction, Theorem 1.8.1
follows from Theorem 1.4.1 and Proposition 6.1.2 below.

Lemma 6.1.1. — The sum Yy w=owW" 8 q¢ if n =0, it is 0 if (¢ — 1) { n, and it is
(g —1)(=p)* if n = (¢ — )k with k > 1.

Proof. — Since [p](T) = pT + TY, the sum is over 0 and the roots of 797! = —p. If \ is
one of the roots, the set of all the roots is {#A},s-1-1. The result follows (for n = 0 it is

a convention). O

Proposition 6.1.2. — Assume that L = Q2 and that m = p. Let \= Q%' /p(¢—1)! €
ot,- If f(Z) € oc,[Z], then oo (f) = X- DT(f) € oc,[Z].
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Proof. — Recall from [20, p. 667] that f(Z ®Y) = X,50Y"P,(0)f(Z). We have
OV (NZ) =1/q Zpj)=o f(Z © w), so that

Sm/’q Z Zw = (1] Z ({p]z Wn) P.(0)f(2).

g [p] () =0 n>0 n>0 \ [p](w)=0
By Lemma 6.1.1, the > w™ for n not divisible by ¢ — 1 are zero, and the ) w™ for
n = (¢ — 1)k are divisible by ¢ except when k = 1. Hence

wwﬁf)—;Qr—DCﬂﬁRzMﬁﬂf)EOQJZH

The proposition now follows from the fact that
84*1 q—1

_ -1 _ —1
-l PP g P -

Pq—l(a> =

6.2. Changing the base field. — We now turn to Theorem 1.8.2. If K is a subfield of
L, we also have a character variety X for K; write X and X;. An L-analytic character
n: o — C; can be restricted to ok, and it is then K-analytic. This gives a rigid analytic
map X, — Xg. This map in turn gives rise to a map res;/x : Oc,(¥x) = Oc,(X1),
which sends bounded functions to bounded functions, and Oy (Xk) to Oy (Xy) for all
closed subfields L ¢ M C C,,.

Lemma 6.2.1. — On bounded functions, resyk : Oé’:p(.’{K) — (’)f{:p(.’fL) is injective.
Proof. — Suppose that f € Oé’;p (Xk) is zero on the restriction to ok of every L-analytic
character of or,. Since ok is a direct summand of oy, every torsion character of ox extends

to a torsion character of o;,. Hence f is zero on all torsion characters of ox. This implies

that f =0 as f is bounded. m

If ;1 is a distribution on og, we define a distribution resy k(1) on oy as follows: if
f € C™(or), we let respx(p)(f) = pu(fl,, ). This is compatible with the above map if
we view elements of Oc,(X) as distributions.
Lemma 6.2.2. — If p is a distribution on ok, whose image under resy k(1) is a mea-
sure on or, then there ezists a measure i on oy such that = fi on LC(0k).
Proof. — Let f be a locally constant function on ox. Since ok is a direct summand in
or, we can extend f to a locally constant function f on oz, in a way that the sup norm
of f on oy is the sup norm of f on o. Since resy, /K (1) is a measure, there exists C' such
that [|resz x(1)(9)|lo, < C - ||gllo, for all locally constant functions g on or. We then

have

(P lloxe = reseyae (1) (Pllo, < C - [1Fllo, = C - [ flloge-
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We can now let (f) = pu(f) for any f € LC(ok). The above estimate shows that fi

extends continuously to C%(ok). O

Proposition 6.2.3. — If O%(X;) = L ®,, Aor), then O} (Xk) = L ®,, Alok).

Proof. — If p € O%(Xk), then u can be seen as a distribution on og, and it gives rise
via resy/x to an element of L ®,, A(or). By Lemma 6.2.2, there is a measure fi on og
such that p = fi on LC(0k). The image of the distribution y# — /i under resy x belongs
to L ®,, A(or) and is zero on locally constant functions, hence resy/x(p — ft) = 0. By

Lemma 6.2.1, u = ji and hence p is a measure on og. O]

Theorem 6.2.4. — If L/K s finite and if A, (X)) = opor], then Ax(Xk) = ox[ok].

Appendix A. An algorithm for whether the o, ;’s span Int(o.,0r)

DrAGOS CRISAN AND JINGJIE YANG

A.1. Introduction. — Let Q, C L C C, be a field of finite degree d over Q,, o, the
ring of integers of L, m € oy, a fixed prime element, and ¢ := |or, /70| the dimension of
the residue field. For an or-submodule S of L[Y] and an integer n, let S,, = {f € S :

deg(f) <n}.
Recall that the polynomials P,(Y) are defined by

exp(Y -log;(Z2)) = i P.(Y)Z".

We choose the coordinate Z such that log;(Z2) = Y32, Tk z4",
Define the upper-triangular matrix (0;5); ;- with entries in L[Y] by

B(Ys) = X o (V)P(s)

By Lemmas 4.3.8 and 4.2.8, we know that o; ;(Y') € Int(or, 0r,) and that deg(o; ;(Y)) <
j. The question that we consider is whether the oj-linear span of {o; ;(Y):0 <7 <j}
equals Int(op,0r). In this write-up we develop an algorithm to check whether
(Int(oL,oL))n is contained in the og-linear span of {o; ;(Y):0<i<j < N} for some

fixed N, where for convenience we require ¢ — 1 | N.

A.2. Theory. —
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A.2.1. Reduction to Ti(f;). — To ease notation, for a fixed a € {0,1,...,q — 2}, we denote
i = a+ (¢ — 1)i. By Proposition 4.3.9(2), there exist upper-triangular matrices Ti(j-)<Y)
such that

(19) iy (V) =Y 79y,

Definition A.2.1. — For a polynomial P(z), we denote by 7, (P) the coefficient of z™
in P.

Definition A.2.2. — Let M be the o-linear span of {o; ;(Y) : 0 < i < j}. For a fixed
a, let M@ be the o -linear span of {JM(Y) 0<i < j}. Let S be the op-linear span
of {r(v):0<i<j}.

Lemma A.2.3. — Let (fb(a))bzo be o reqular basis for S\ — that is, each fb(a) has
degree b. Then, M = Int(op,0r) if and only if for all a € {0,1,...q — 2} and b > 0, we

have

ve(( i) = —wy(a +b(g —1)).

Proof. — For a fixed a € {0,1,...q — 2}, by (19), we have v(0;;(Y)) = 0if s # j
(mod ¢ — 1). So, by definition, M = @i_5 M@,
We write S (Y1) = {f(Y? ) : f € S@}. Equation (19) shows that

M@ —ya. N(@)(yq—l)'

Having chosen a regular basis ( fb(a))bzo, these give rise to regular bases ( fb(a)(qul))
for S(@(ya1).

So, we get regular bases (Y‘I fb(a)(Yq_l)>b>O for M@ and thus a regular basis

(Yo (yety:ae{0,1,...q—2},b> 0} for M.
Then, M = Int(or, o) is equivalent to Vﬂ(vﬁb(q,l)(Y“fb(a)(qul))) = —w,(a+b(g—1)),
which is equivalent to Vﬁ(%(fb(a))) = —wy(a+b(g—1)). O

b>0

Let n = a+b(q— 1), where a,b are integers, with a € {0,1,...¢—2}. The proof above
shows that a polynomial of degree n with m-valuation of leading term equal to —w,(n)
exists in My if and only a polynomial of degree b with the same valuation of leading term

exists in Sj(g/)(q_l). So, the strategy will be to compute regular bases for S](\?/)(q_l).
A.2.2. A formula for Ti(;). — One advantage of this approach is that the matrices
Tl-s(;-)(Y) can be computed quickly. Recall Definition 4.3.3 (where we merely change nota-

tion, calling m by a instead):
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Definition A.2.4. — For each j > 1 >0, let

o = -~ f—1 o
Qa(@,])iz{kQNmizkzzl,zk‘e<q_1>ZJ—Z};
=0 =1

q

(@) _ L S ek
g = ) <ko;kl;...).7r et

keQa(i,5)

Define the upper triangular matrix (D; ;);; of coefficients as follows:
Definition A.2.5. — Let D, ; =il P;(Y).

This does not depend on a. From Proposition 4.3.2, we obtain the following recursion
formula, valid for ¢ > 1:

Dij=Y m"Di1j_¢,
r>0

with the initial conditions being Dy ; = 0o ;.

Now, by Proposition 4.3.5(2) it follows that 7“1(3) = D;;. To tie this back to TZ-(;), we
recall from Definition 4.3.11(3) the notation Dy := diag(1,Y,Y? ...). Then, Lemma
4.3.12 gives 7@ = (r(@)~1.Dy .1 This gives a fast algorithm to compute the matrices

7(9)as the recurrence relation for D allows us to compute (@ easily.

A.2.3. Gaussian elimination over a (discrete) valuation ring. — Let R be a (discrete)
valuation ring and let A be an m X n matrix with entries in R. We define notions of
elementary row operations and row echelon form over R, similarly to the definitions over
a field.

Definition A.2.6. — Given a matrix A as above, the elementary row operations are

as follows.

1. Swap two rows.
2. Multiply an entire row by a unit in R.

3. Add an R-multiple of a row to another row.

Lemma A.2.7. — Performing elementary row operations on a matriz preserves its
R-row span.

Proof. — For each elementary row operation on A, we define an m x m matrix B with
entries in R such that the result of applying the elementary row operation on A is BA.

Observe that in each case, B is invertible, so BA has the same R-row span as A. O]

Lemma A.2.8 (Gaussian Elimination). — Let A be a matriz as above. Assume
that m > n and that A has rank n. Then, one can perform a sequence of elementary row
operations on A to produce an upper-triangular matriz of rank n.

Proof. — We will exhibit an algorithm that puts A in the required form.
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We start with the leftmost column. As A has rank n, there is a non-zero entry on
column 1. Pick the one with minimal valuation and swap rows, so that the entry on
column 0 with minimal valuation is on position (0,0). Let the new matrix be B.

Then, for each row ¢ > 1, subtract Il;T?) X (row 0) from row i. After all of these operations,

the matrix has block form:

Kaed

where * denotes some 1 x (n — 1) matrix, and A’ is an (m — 1) x (n — 1) matrix. Observe
that, as A had rank n and the elementary row operations don’t change the rank, A’ will
have rank n — 1.

Now, we can inductively apply the same procedure to A’. Observe that all row oper-
ations on A’ extend to row operations on the whole matrix that don’t change the block
structure (as the corresponding entries in the first column are all 0’s). By construction,

the end result is an upper-triangular matrix, which has the same rank as the initial matrix
A. m

A.3. Implementation. — We focus on two fields L: the totally ramified extension
Qp(pl/ 4), and the unramified extension of degree d, where we take the prime p, the
degree d, and the cutoff N as input parameters.

Fix a € {0,1,...,q — 2}. First, we compute the matrices (7(*)o<;<;<n/(4-1) following
the method discussed in Section A.2.2. Then, for s = 0,...,N/(¢ — 1) — 1, we will
appeal to the following result to inductively compute a basis (g,E“)’S)
of {7‘1(‘;) 10 <i<j< s}, with each g\ having degree b.
Proposition A.8.1. — Fiz s > 0, and let (3" o<p<s_1 be a basis for the op-span
of {Tz(j) 10<i<j<s—1} such that each ¢\ " has degree b.

Record the coefficients of these polynomials gga)’sfl in s row vectors, and append s+ 1

o<b<s for the or-span

new row vectors obtained from the coefficients of 7% to obtain the (2s+1) x (s+ 1)
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matrix
ys ys—1 1
° * * TS(C?
M
B = o @
* * * Téf;)
% % * Ts(f)LS

with coefficients in L. The o’s are non-zero (where By # 0 because o5 = Y= by Lemma
4.83.8 which by Equation 19 implies that Ts(f’;) =Y?®), so B has rank s+ 1.
Bring the full-rank matriz B to upper-triangular form B’ using Gaussian elimination

over the discrete valuation ring oy, as per Lemma A.2.8. Then

i) we can define the new polynomials ¢{®)*, g(ci)’s, e ,g(a)’s by reading off the first s+1
s s—1 0

rows of B', so that each géa)’s has degree b and (géa)’s)ogbgs form a basis for the
op-span of {7\ 10 <i <j < s}

(ii) for each b =0,...,s — 1, the w-adic valuation of the leading coefficient in the new
polynomial géa)’s is at most that of the old polynomial géa)’s_l,

Proof. — By Lemma A.2.8 the upper-triangular matrix B’ still has rank s + 1, so it

has only non-zero elements on its main diagonal. Hence for each b = 0,1,...,s, the

)7

polynomial gé“ * obtained by reading off the b-th row has degree b. Then of course these

polynomials are linearly independent. Also they are the only non-zero rows in B’, so by
Lemma A.2.7 their or-span is the same as that of the rows of B, which by construction
is precisely the or-span of {Tl(j) :0<1<j < s}, giving (i).

Now fix 0 < b < s — 1, and consider what happens to the b-th column when we reduce

B to B'. Observe that in the proof of Lemma A.2.8, when we operate on the j-th column

a),s—

for j =0,...,s —b—1, as the row for g,E "has a 0 entry in the j-th column, it is

neither chosen to be the pivot row nor altered as we subtract off multiples of the pivot

row. Thus when we operate on the (s — b)-th column to determine the (s — b)-th row and

*~1 must be a candidate for the pivot. But

(a),s—1

the pivot B;_, , , is chosen to have minimal valuation, so vx(7s(g; ) > va(B_y )

column of B’, the leading coefficient of géa)

Now B, ,, = ’yb(glga)’s) by definition, giving (ii). O

For b fixed, it follows that Vﬂ(vb(géa)’s)), s =0b,b+1,... is a non-increasing sequence.
Moreover, as g."”" € 5@ can be written as an oy-linear combination of the f’s and

each fi(a) is of degree i, we must have géa)’s = > o<i<b i fi(a) for some \; € or; by looking
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at the leading coefficient, it follows that
Vw(%(gé“)’s)) > v (( b(a))) > —wy(a+b(g—1)).

These observations motivate us to look at the following
Definition A.3.2. — For n = a + b(q — 1), let so(n) be the minimal s > b such that

9L gcpes satisfies v (1, (gs™")) = —wy(n), if such s exists; otherwise set so(n) = oo.

Then whenever s > so(n) in the computations, we can immediately conclude that the
equality l/ﬂ(%(fb(a))) = —wy(a+0b(¢—1)) in Lemma A.2.3 holds for this n = a+b(q¢—1).

We may thus make a small optimisation: at any stage s, if s > so(a + b(¢ — 1)) for
all 0 < b < d then we can just drop the last d columns when carrying out Gaussian
elimination. Indeed for all s’ > s it is unnecessary to compute (géa)’sl)ogkd as the m-adic
valuation of each leading term has already hit the desired minimum, and to compute the

leading terms of (g{”*")4<p<s we do not need the lower-order terms in the last d columns.

3-adic Eisenstein Extension Field in y defined by x~2 - 3

250 d
3
2007 S
' : :
X X x X X x
L X X3 X XX
150 % X% % X3
S X 338
X X
= o S5 R 2y
R ¥ XXX b XXX XxX
X b X 3
P i i
r X X X X X X
r X x X X X x
50
St T / %
oo wdBE FE ¥ 2K F & o
) S s 0 a0 Tse0 00 700 800

""" 100 200
n=a+b(g—1)

"3,2,800,ram" — so(n) in the quadratic ramified ex-

FIGURE 1. extension =
tension Q3(v/3) for n < 800. Red points are the n’s for which sg(n) > 800.

A.4. Data. — For reference, the computations in Figure 1 took

— 227.04 seconds for D;
— 616.45 seconds for 79 and 616.43 seconds for 7();
— 0.20 seconds for s = 50, 1.89 seconds for s = 100, 6.15 seconds for s = 150, 12.09

seconds for s = 200, etc. for a = 0, and slightly less for a = 1.
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We see that sg(n) — b seems to depend on the p-adic digits of n; we only managed to
prove a special case of this pattern, which we will discuss below. Nonetheless, the data
do suggest that so(n) is finite for every n and hence that Int(or,0r) is spanned by the

0;;'s as an or-module.

A similar pattern emerges for larger p and unramified extensions: see Figures 2 and 3
below.

More data and plots can be found at our GitHub repository https://github.com/

Team-Konstantin/Bounded-Functions-on-Character-Varieties/tree/writeup.

17-adic Eisenstein Extension Field in y defined by x"~2 - 17
120 -

i

o
I
-

60

so(n)—b

40

e oo

e TN
s M
R

R 4

20 -

o  ~so0 1000 150 2000
n=a+b(qg—1)

" 2500 3000

FIGURE 2. extension = "17,2,3216,ram" — sg(n) in the quadratic ramified
extension Q17(v/17) for n < 3216. Note that red points are the n’s for which

s0(n) > 3216 — not enough computation was done to unveil the pattern for the
larger n’s!
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5-adic Unramified Extension Field in y defined by x~3 + x + 1

|

50

§

40

30

so(n) —b

20

10

0o—3

FIGURE 3. extension = "5,3,12524,unram" — sp(n) in the cubic unramified
extension of Q5 for n < 12524. Again, note how the red points — the n’s for
which sg(n) > 12524 — give the illusion of sg(n) — b decreasing.

A.5. Some results. —
Definition A.5.1. — Given a natural number n, let s,(n) be the sum of digits of n in
base gq.

Recall Definition A.3.2:

Definition. — Forn = a+b(q—1), let so(n) be the minimal s > b such that (g )o<v<s
satisfies u,r(%(g,ﬂa)’s)) = —w,(n), if such s exists; otherwise set so(n) = co.

We define the following more intuitive quantity:
Definition A.5.2. — For n = a + b(q — 1), let Cap(n) = a + bsg(n). Alternatively,
Cap(n) is the minimal N > n such that the oz-span of {0, ; : 0 <i < j < N} contains a
polynomial of degree n and w-valuation of the leading term —w,(n).
Here, the equivalence of the two definitions follows from the definition of sq(n).

Let n =a+ b(¢ — 1). Analysing the computational results, we are led to believe that,
if s,(n) < p, then so(n) = b. This is made clear by the following:
Theorem A.5.3. — Let n be a positive integer such that s,(n) < p. Let j = n and
i = sq4(n). Then o;; is a polynomial of degree n, with m-valuation of leading term equal
to —w,(n).

Recall the definition of the polynomials ¢,(Y") from [31]:

VIt = 3 ea(V)t

n=1
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Translating the definition of the polynomials ¢; ;(Y') and using Lemma 4.3.8, we get:

n=1

(Y1) = (Z cn<Y>t") = > o (V)F.
j=i
Using the binomial theorem, this gives:
Oij = > CnyCny - - - Cn,
ni+ns+...4+n;=j

Of course, for i = 1 we obtain oy ; = ¢;. So, the proof of the Theorem 3.1 in [31] shows
that Cap(n) = n for n equal to some power of g. We will extend this result to all n that
have s,(n) < p, where s,(n) is the sum of digits of n, written in base ¢. For this, we need
the following lemma:
Lemma A.5.4. — Let ny,no, ..., n; be positive integers. Then, wy(ny) +wy(n2) +. ..+
wy(n;) < wg(ni+ne+...4+n;). Equality holds if and only if s,(n1)+s,(n2)+. .. +54(n;) =
Sq(n1 +no+ ... +mny), that is, if there is "no carrying” in the sum ny +ng + ...+ n,.
Proof. — Direct calculations show that
n — s4(n)

q—1
Substituting into our inequality, we need to prove

wy(n) =

Sq(n1) + s4(n2) + ...+ 54(ni) > sg(ny +na+ ...+ ny)

which can be checked by direct calculations or by induction. Equality holds in the initial
inequality if and only if it holds here, which is to say there is "no carrying" in the sum

Now, we are ready for:
Proof of Theorem A.5.3.. — Recall that
o= > CnyCny - - - Cn,
ni+no+...4n;=j
where each ¢ is a polynomial of degree at most k, with m-valuation of the leading term
at least —w,(n) (as it is in Int(or, 0r)).

Let’s look at each of the terms ¢, ¢y, ...c,,. As each ¢, has degree at most k, this
contributes to the coefficient of Y* in o;; if and only if deg(c,,) = ni,deg(cn,) =
na, . ..,deg(c,,) = n;. For the moment, assume this is the case. Then, the coefficient of Y
in this product is the product of leading coefficients of the c,,’s, which has m-valuation
at least —(w,(n1) + wy(n2) + ... + wy(n;)). Now, using Lemma A.5.4, this is at least
—wy(ni+ng+...+n;) = —w,(n), with equality if and only if s,(n1)+s,(n2)+. . .+54(n;) =

sq(n) =1, so the n;’s are powers of ¢. That is, the only contribution to the coefficient of



80 KONSTANTIN ARDAKOV & LAURENT BERGER

Y™ in o, ; that has small enough valuation comes from permutations of the unique way of
writing n as a sum of ¢ powers of ¢g. In other words, if n = b.b,_1 ...b1by() is the writing
of n in base ¢, then the only terms that have a possible contribution are obtained when
(n1,na,...,n;) is a permutation of (¢°,¢° ..., ¢*, ..., q"), where each ¢* appears by, times.

But, by [31], when k is a power of ¢, ¢, is a polynomial of degree exactly k, with
m-valuation of leading term exactly —w,(k). So, when (nq,ns,...,n;) is a permutation
as above, the product c,, ¢y, ... c,, is a polynomial of degree n, with m-valuation of lead-
ing term equal to —w,(n). Moreover, as proved before, if (ny,ns,...,n;) is not such a
permutation, the product ¢, c,, ... c,, has the coefficient of Y either 0 or of w-valuation
larger than —w,(n).

As there are (bo,blf...,br) b07b1f---7br
initial assumption on n), the final sum o; ; has degree n, with m-valuation of leading term
—wy(n). O

such permutations, with p ¢ ( ) (because ¢ < p by the

Definition A.5.2 then gives:
Corollary A.5.5. — Letn be a positive integer such that s,(n) < p. Then Cap(n) = n.

A.6. SageMath Code. — (tested on Sage 9.4)

; d
N int (parse[2]) # Cutoff; must be divisible by q-1
s ram = parse [3]

extension = "3,2,100,ram" # Choose the extension to compute with
precision = 1000 # Choose the precision that Sage will use
parse = extension.split(’,’)
p = int(parse[0]) # Prime to calculate with

= int(parse[1]) # Degree to calculate with

# Python imports

from time import process_time
import matplotlib.pyplot as plt
import numpy as np

 # Definitions

NN NN

[S2 S ~SEJV)

" from sage.rings.padics.padic_generic import ResiduelLiftingMap
from sage.rings.padics.padic_generic import ResidueReductionMap
import sage.rings.padics.padic_extension_generic

power = p~d - 1

t_poly =

if ram == "ram":

t_poly = f"x"{d}-{p}"
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else:
# generate poly for unramified case
Fp = GF(p)
Fp_t.<t> = PolynomialRing (Fp)
unity_poly = t~(power) - 1
factored = unity_poly.factor ()
factored_str = str(factored)
start = factored_str.find(" " "+str(d))
last_brac_pos = factored_str.find(")",start)
first_brac_pos = len(factored_str) \
- factored_str[::-1].find("(",len(factored_str)-start)
t_poly = factored_str[first_brac_pos:last_brac_pos].replace(’t’,’x’)

# Define the polynomial to adjoin a root from
Q_p = Qp(p,precision)

R_Qp.<x> = PolynomialRing(Q_p)

f_poly = R_Qp(t_poly)

# Define the p-adic field, its ring of integers and its residue field
# These dummy objects are a workaround to force the precision wanted
dummyl.<y> = Zp(p).ext(f_poly)
dummy?2.<y> = Qp(p).ext (f_poly)

o_L.<y> = dummyl.change (prec=precision)
L.<y> = dummy2.change (prec=precision)
k L = L.residue_field ()

print (L)

# Find the generator of the unique maximal ideal in o_L.
Pi = o_L.uniformizer ()

# Find f, e and g

f = k_L.degree() # The degree of the residual field extension
e = L.degree()/k_L.degree() # The ramification index
q=7pf

# Do linear algebra over the ring of polynomials L[X]
# in one variable X with coefficients in the field L:

L_X.<X> = L[]
S L_Y.<Y> = L[]
3 v = L.valuation ()

# The subroutine Dmatrix calculates the following sparse matrix of coefficients.
# Let D[k,n] be equal to k! times the coefficient of Y"k in the polynomial P_n(Y).
# I compute this using the useful and easy recursion formula
# D[k,n] = \sum_{r \geq 0} \pi“{-r} D[k-1,n-q"r]
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that can be derived from Proposition 4.3.2.

The algorithm is as follows: first make a zero matrix with S rows and columns
(roughly, S is (gq-1)*Size), then quickly populate it one row at a time,

using the recursion formula.

Dmatrix (S8):
D = matrix(L, S,S)
D[0,0] =1
for k in range(1,S):
for n in range(k,S):
r =0
while n >= q r:
D[k,n] = D[k,n] + D[k-1,n-q"r]/Pi"r # the actual recursion
r = r+l
return D

# \Tau"{(m)} in Definition 4.3.11:

def

def

def

TauMatrix (Size, m, D=None):
if D is None:
D = Dmatrix((q - 1) * (Size + 1))
R = matrix (L, Size,Size, lambda x,y: D[m + (gq-1)*x, m + (q-1)*yl)

# Define a diagonal matrix:
Diag = matrix(L_X, Size,Size, lambda x,y: kronecker_delta(x,y) * X7"x)

# Compute the inverse of R:
S = R.inverse ()

# Compute the matrix Tau using Lemma 4.3.12:
Tau = S * Diag * R

return Tau

underscore(m, i):
return m + i*x(g-1)

w_q(n):
return (n - sum(n.digits(base=q))) / (q-1)

compute_s (N, filename=None):
assert N%(q-1) == 0

t_start = process_time ()

D = Dmatrix(N)

t_end = process_time ()

print (£"D matrix: {t_end-t_start : .2f} sec")

sO_s = [-1 for _ in range(N)]
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122

123 for a in range(q-1):

124 t_start = process_time ()

125 Tau_a = TauMatrix(N//(q-1), a, D)

126 t_end = process_time ()

127 print (f"a={a}, Tau matrix: {t_end-t_start : .2f} sec")

128

129 B_old = Matrix(0,0)

130 d =0

131 for s in range(N // (gq-1)):

132 t_start = process_time ()

133

134 # 1. Use the non-zero rows from previous calculations
135 # 2. Add a 0O column to its left

136 # 3. Add rows corresponding to entries from the j_th column of Tau_a
137 B = Matrix(L, 2*s-d+1, s-d+1)

138 B[0,0] = 1 # Tau_als, sl

139 B[1:s-d+1, 1:] = B_old

140 for i in [0 .. s-1]:

141 coeffs = Tau_ali, s].list()

142 B[s-d+1+i, B.ncols()-len(coeffs)+d:] = vector (L, reversed(coeffs[d:.
143

144 # Perform Gaussian elimination

145 i0 = 0

146 ks = []

147 for k in range(B.ncols()):

148 valuation_row_pairs = [

149 (v(B[i,k]), i) for i in range(iO, B.nrows()) if B[i,k] != 0]
150

151 if not valuation_row_pairs:

152 raise ValueError ("B is not full-rank")

153 minv, i_minv = min(valuation_row_pairs)

154 ks .append (k)

155

156 # Swap the row of minimum valuation with the first bad row
157 B[i0O, :], B[i_minv, :] = B[i_minv, :], B[iO, :]
158

159 # Divide the top row by a unit in o_L

160 u = B[iO, k] / Pi~int(e * v(B[iO, k1))

161 B[i0, :1 /= u

162

163 # Cleave through the other rows

164 for i in range(iO + 1, B.nrows ()):

165 if v(B[i, k1) >= v(B[iO, k1):

166 B[i, :]1 -= B[i, k]1/B[iO, k] * B[iO, :]
167

168 i0 += 1
169
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170 d_is_updated = False

171 for b in [d .. s]:

172 n = a + bx(q-1)

173 if v(B[s-b, s-b]) * e == -w_q(n):
1 if sO0_s[n] == -1:
5 sO_s[n] = s
6 else:

if not d_is_updated:
d = b

N =~ = = I

o

1

179 d_is_updated = True

180 B_old = B[:s-d+1, :s-d+1]

181

182 t_end = process_time ()

183 print (f"a={a}, s={s}: {t_end-t_start : .2f} sec", end=’\r’)
184 if filename is not None:

185 with open(filename, ’w’) as f:

186 f.write("n,s0\n")

187 for n, sO0 in enumerate(sO_s):
188 f.write(f"{n},{s0}\n")

189 print ()

190

191 plt.style.use(’bmh’)

192 fig = plt.figure(figsize=(15,6), dpi=300)

193 for n, sO in enumerate(sO_s):

194 if sO != -1:

195 b=n// (qg-1)

196 plt.plot(n, sO-b, ’x’, ¢c=’C0’)

197 else:

198 plt.plot(n, 0, ’x’, c=’Cl’)

199 plt.xlabel(r"$n = a + b(gq-1)3%")

200 plt.ylabel("$s_0(n) - b$")

201 plt.title(str (L))

202 plt.minorticks_on ()

203 plt.grid(which="both’)

204 plt.grid(which="major’, linestyle=’-’, c=’grey’)

06 return sO_s, fig

209 s0_s = compute_s(N);
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