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Abstract. — Colmez has given a recipe to associate a smooth modular representation
Q(W) of the Borel subgroup of GL2(Q,) to a F-representation W of Gal(QP/Qp) by using
Fontaine’s theory of (p,I')-modules. We compute Q(W) explicitly and we prove that if
W is irreducible and dim(W) = 2, then Q(W) is the restriction to the Borel subgroup of
GL2(Qp) of the supersingular representation associated to W by Breuil’s correspondence.

Résumé. — Colmez a donné une recette permettant d’associer une représentation modu-
laire (W) du sous-groupe de Borel de GL;(Qp) & une Fp-représentation W de Gal(Q,,/Q,)
en utilisant la théorie des (¢, T')-modules de Fontaine. Nous déterminons (W) explicite-
ment et nous montrons que si W est irréductible et dim(W) = 2, alors Q(W) est la restriction
au sous-groupe de Borel de GL2(Q,) de la représentation supersinguliere associée & W par
la correspondance de Breuil.
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Introduction

This article is a contribution to the p-adic Langlands correspondence, and more specif-
ically the “mod p” correspondence first introduced by Breuil in [Bre03a] which is a
bijection between the supersingular representations of GL2(Q,) and the irreducible 2-
dimensional F,-linear representations of Gq, = Gal(Q,/Q,). In [Col07] and [Col08],
Colmez has given a construction of representations of GL2(Q,) associated to certain p-
adic Galois representations and by specializing and extending his functor to the case of
Fp-representations, we get a recipe for constructing a smooth representation Q(W) of the
Borel subgroup B = B,(Q,) of GLy(Q,) starting from the data of an F,-representation
W of Gq,. In [Ber05], I proved that Colmez’ construction was compatible with Breuil’s
mod p correspondence and as a consequence that Colmez’ lim . D?(-) functor in charac-
teristic p does give Breuil’s correspondence (up to semisimplification if W is reducible).
The proof of [Ber05] is direct when W is reducible (in which case (W) is a parabolic
induction) but quite indirect when W is absolutely irreducible (in which case Q(W) is
supersingular) and one purpose of this article is to give a direct proof in the latter case.
A byproduct of the computations of [Ber05] is the fact that the restriction to the Borel
subgroup of a supersingular representation is still irreducible. This intriguing fact has
since been reproved and generalized by Paskunas in [Pas07] (see also [Eme08]; another
generalization has been worked out by Vignéras in [Vig08]).

In this article, we start by defining some smooth representations of B and we prove
that they are irreducible. After that, we define the representations Q2(W) using Colmez’
functor applied to W and finally, we prove that if dim(W) > 2 and W is irreducible,
then the Q(W) thus constructed coincide with the representations studied in the first
chapter and that if dim(W) = 2, then they are the restriction to B of the supersingular
representations studied by Barthel and Livné in [BL94, BL95| as well as Breuil in
[Bre03a].

Let us now give a more precise description of our results. Let E be a finite extension

of F,, which is the field of coefficients of all our representations, and let

7x 7
K:(p p):BﬂGLQ(Z)
0 Z P

and let Z ~ Q7 be the center of B. If o1 and oy are two smooth characters of Qf
then 0 = 01 ® 02 : (84) — 01(a)oa(d) is a smooth character of KZ and we consider the
compactly induced representation indg, o. Note that the Iwasawa decomposition implies
that B/KZ = GLy(Q,)/GLy(Z,)Z so that indy, o can be seen as a space of “twisted

functions” on the tree of GLy(Q,).
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Theorem A. — If Il is a smooth irreducible representation of B admitting a central

character, then there exists 0 = 0, ® o9 such that 11 is a quotient of indg, o.

This result (theorem 1.2.3) is a direct consequence of the fact that a pro-p-group acting
on a smooth FE-representation necessarily admits some nontrivial fixed points. Assume
now that o,(p) = o5(p) and let A = o1(p) = o5(p) and let 1, be the element of indg, o
supported on KZ and given there by 1,(kz) = o(kz). If n > 2 and if 1 <h <p* ' —1,
let S, (h,o) be the subspace of indg, o generated by the B-translates of

(=AY <é ;n) bfé (h(Pj_ 1)) (é _jf_n) 1,

and let II,(h,0) = indg, 0/Sn(h,0). We say that h is primitive if there is no d < n
dividing n such that h is a multiple of (p” — 1)/(p? — 1) (this condition is equivalent
to requiring that if we write h = e,_1...€e1e9 in base p, then the map i — e; from
Z/nZ to {0,...,p — 1} has no period strictly smaller than n). The main result of §1.3
is that the II,(h, o) are irreducible if h is primitive. In chapter 2, we turn to Galois
representations, Fontaine’s (¢, I')-modules and Colmez’ Q(-) functor. In particular, we
give a careful construction of Q(W) and in theorem 2.2.4, we prove that there exists a
character o such that Q(W) is a smooth irreducible quotient of indy, o by a subspace
which contains S,,(h,o) where n = dim(W) and h depends on W. Let w, be Serre’s
fundamental character of level n. For a primitive 1 < h < p" — 2, let ind(w”) be
the unique representation of Gq, whose determinant is w" (where w = wy is the mod p
cyclotomic character) and whose restriction to the inertia subgroup Zq, of Gq, is given by
W Owrh . - ‘@wﬁnflh. Every n-dimensional absolutely irreducible E-linear representation

n—1

W of Gq, is isomorphic to ind(w") ® x for some primitive 1 < h < p"~! — 1 and some

character x and our main result is then the following (theorem 3.1.1).
Theorem B. — Ifn >2 and if 1 < h < p" ' — 1 is primitive, then
Qind(wy) ® x) = M (b, xw" ' @ x).

After that, we give the connection with Breuil’s correspondence. Our main result con-
necting Colmez’ functor with Breuil’s correspondence is the following (it is a combination
of theorem 3.1.1 for n = 2 and theorem 3.2.6).

Theorem C. — If1 < h <p—1, then we have

. ,GL2(Qp _

lndGLzESp))Z Sym" ! E?
T

where the last representation is viewed as a representation of B.

Q(ind(wh) ® x) ~ a(h, " "x ® x) ~

® (x o det),
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It would have been possible to treat the Galois representations of dimension 1 in the
same way, and therefore to get a proof that Colmez’ functor gives Breuil’s correspondence
for reducible representations of dimension 2 using the methods of this article so that one
recovers the corresponding result of [Ber05] without using the stereographic projection of
[BL95, BL94|. I have chosen not to include this as it does not add anything conceptually,
but it is an instructive exercise for the reader.

Finally, if h = 1 and n > 2, we can give a more explicit version of theorem B. We

define two B-equivariant operators 7'y and 7 on indﬁz o by

T (1,) = pz_l (g {) 1, and T_(1,) = (é 2) 1,

J=0

so that the Hecke operator is T'="T, + T_ and theorem B can be restated as follows.

Theorem D. — We have
indg,(1®1)

Qind(w,) ® x) ~ T+ (<17

® (x o det).

There may be a correspondence between irreducible E-linear representations of dimen-
sion n of Gq, and certain objects coming from GL,(Q,). I hope that theorem C gives a

good place to start looking for this correspondence, along with the ideas of [SV08|.

1. Smooth modular representations of B,(Q,)

In this chapter, we construct a number of representations of B and show that they are

irreducible by reasoning directly on the tree of PGL2(Q,).

1.1. Linear algebra over F,

The binomial coefficients are defined by the formula (1 + X)" = 3., () X" and we

think of them as living in F,. The following result is due to Lucas.
Lemma 1.1.1. — If a and b are integers and a = as...ag and b = by ...by are their
a\  [as aop
b)  \bs bo/)’
Proof. — If we write (1 + X)% = (14 X)%(1+4 XP)® ... (1 + X?")% then the coefficient
of X? on the left is the coefficient of X% X1 ... XP"% on the right. O

expansions in base p, then

Lemma 1.1.2. — Ifk,0 >0 and if
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then ay =0 if k+£<p"—2 and app = (—1)F if k+ 0 =p" — 1.
Proof. — The number ay, is the coefficient of X kY* in the expansion of

p"—1 ”
| XY +XY) -1
S (14 X)Y(14Y) =
XY O+Y) =y T xy) =1

=0
Each term of this polynomial is of the form X*Y*(XY)¢ with a + b+ ¢ = p" — 1 so that
there is no term of total degree < p™ — 2 and the terms of total degree p™ — 1 are those
for which ¢ = 0 and therefore they are the (—1)*X*y»"~1=F, O

= (X +Y+XY)" L

Let V;, be the vector space of sequences (o, ..., xy;n_1) with z; € E. The bilinear map
(-,) : Viy x V;, = E given by (x,y) = Z?igl x;y; is a perfect pairing on V/,.
Let vg,, € V,, be defined by

() 7)

and let Vj,,, be the subspace of V,, generated by vg, ..., Vk—1n.
Lemma 1.1.3. — For 0 < k < p", the space Vi, is of dimension k and Vi, = Vin_pp.

Proof. — Since the first j components of v;,, are 0 and the (j+1)-th is 1, the vectors v;,
are linearly independent and V},, is of dimension k. Lemma 1.1.2 says that (v, v,) =0
if j 4+ ¢ < p" — 2 and this gives us V), = Vjn_, by a dimension count. O

In particular, V;, is the space of constant sequences and V,n_;,, is the space of zero
sum sequences. Note that by lemma 1.1.1, we have (jﬁcpn) = (i) if 0 <k < p"—1sothat
we can safely think of the indices of the = € V,, as belonging to Z/p"Z. Let A : V,, — V,,

be the map defined by (Az); = z,_1 — x;.

Lemma 1.1.4. — If0 < k+ /0 < p", then A* gives rise to an exact sequence

Ak
0— Vk,n - ‘/K—i—k,n E— ‘/E,n - 07

and A*(z) € Vi, if and only if x € Vg,

Proof. — There is nothing to prove if £ = 0 and we now assume that £ = 1. It is clear

that ker(A) =V}, the space of constant sequences, and the formula

i (i-1)_ (i1

m m m—1
implies that A(Vey1.,) C Vi, so that by counting dimensions we see that there is indeed
an exact sequence 0 — Vi, — Vg, 4, Vin — 0. If A(z) € V,, then this implies that

there exists y € Viy1,, such that A(z) = A(y) so that € Viiq, +ker(A) = Viqq,. This

proves the lemma for £ = 1 and for £ > 2, it follows from a straightforward induction. [
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Note that A is nilpotent of rank p™ and therefore the only subspaces of V,, stable under
A are the ker(A*) =V} ,,. Since the cyclic shift (z;) — (z;_;) is equal to Id +A, this also
implies that the only subspaces of V,, stable under the cyclic shift are the V},,.

If a € Z,, then let y, : V;, — V,, be the map defined by p,(z); = z4;.

Lemma 1.1.5. — We have jiq(vpn) — a*vpy € Viy so that if © € Vi1, then u.(x) €

Vk+1,n-

Proof. — We prove both claims by induction, assuming that it is true for ¢ < k —1 (it

is immediate if £ = 0 or even ¢ = 1). Vandermonde’s identity gives us

()= (6 (06 =+ (%) 6)

which shows that Aoy, (v ) —akvk,lm € Vi_1,, by the induction hypothesis and therefore
that g, (vi,) — a*vg, € Vi, by lemma 1.1.4 which finishes the induction. O

Lemma 1.1.6. — Ifx € Vj,, and if 0 <@ < p— 1, then the sequence y € V,,_1 given by

Yj = Tpj+i belongs to V1) /pj+1,n-1-

Proof. — If £ < k — 1 and if we write £ = p|{¢/p]| + €y so that 0 < ¢y < p — 1, then by

which implies the lemma. L]

1.2. The twisted tree
We now turn to B/KZ and the smooth representations of B. If 5 € Q, and 0 € Z, let

(i)

Let A = {a,p™"+ - +a1p~! where 0 < a; < p—1} so that A is a system of representatives
of Q,/Z,.

Lemma 1.2.1. — We have B = [[3.4 5c7 956 - KZ.
Proof. — If (¢%) € B, then with obvious notations we have

a b\  fap® b\ [1 bp~@dyt —c\ (ao cdo) (p* O
0 d/ \ 0 dyp’)  \0 po@ 0 dp 0 p®

which tells us that B = Ugea sczgp,s - KZ since we can always choose ¢ € Z, such that
bp~®dy' — c € A. The fact that the union is disjoint is immediate. n

The vertices of the tree of GLy(Q,) can then be labelled by the § € Z and the § € A.



ON SOME MODULAR REPRESENTATIONS OF THE BOREL SUBGROUP OF GL2(Qj) 7

ht § + 2

ht 0 +1

B .
Part of the tree

If o4 and o3 are two smooth characters o; : Q; — E*, thenlet 0 = 01 ®0y : KZ — E*
be the character o : (¢54) + oy(a)oy(d) and let indy, o be the set of functions f: B — E
satisfying f(kg) = o(k)f(g) if k € KZ and such that f has compact support modulo Z.
If g € B, denote by [g] the function [g] : B — E defined by [g](h) = o(hg) if h € KZg™*
and [g](h) = 0 otherwise. Every element of indy, o is a finite linear combination of some
functions [g]. We make indp, o into a representation of B in the usual way: if g € B,
then (¢gf)(h) = f(hg). In particular, we have g[h] = [gh] in addition to the formula
lgk] = o(k)]g] for k € KZ.

Lemma 1.2.2. — If x is a smooth character of Q) then the map [g] — (xodet)(g)"[g]

extends to a B-equivariant isomorphism from (indg, o) ® (x o det) to indp,(o1x ® ga2)).

Proof. — Let us write [-], and [-|,, for the two functions [-] in the two induced represen-
tations. We then have h[g|, = (x o det)(h)[hg], and

(x o det)(g) " hlgloy = (x o det)(h)(x o det)(hg) ' [hglsy

so that the above map is indeed B-equivariant. O]

Each f € indR, o can be written in a unique way as f = 5.5 (B,0)[gps]. The formula

O 75762 6)

and the fact that o is trivial on (é le) imply that we can extend the definition of a([3, ¢)

to all 8 € Q,. We then have the formula «(3,0) ((§ ) f) = a(B — \p?,0)(f) if X € Q,.
The support of f is the set of gz such that a(8,d) # 0. Let us say that the height of

an element ggs is 0. We say that f € indﬁz o has support in levels nq,...,n; if all the

elements of its support are of height n; for some i. If f € indy, o, then we can either

raise or lower the support of f using the formula ((l)pgl ) 955 = 9p.641-
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If n > 0 let us say that an n-block is the set of gg_j,—ns for j =0,...,p" — 1 and that
the initial n-block is the one for which 3 = 0. We use the same name for the vector of
coefficients a3 — jp=",0) for j = 0,...,p™ — 1 so that an n-block is then an element of
V,, from §1.1.

ht 6 +2

ht 6 +1

ht &

1-block

ht 0 +2

ht 0 +1

ht & @ e 8 ¢ o » 6 e 8
2-block

In the following paragraph, we study some irreducible quotients of indy, ¢ of arithmetic
interest but before we do that, it is worthwhile to point out that all smooth irreducible

representations of B admitting a central character are a quotient of some indg, o.

Theorem 1.2.3. — If 1l is a smooth irreducible representation of B admitting a central

character, then there exists ¢ = 01 ® 0q such that 11 is a quotient of indgy, 0.

Proof. — The group I; defined by

I _ 1+pZ, Z,
r= 0 1+ pZ,

is a pro-p-group and hence IT" # 0. Furthermore, I; is a normal subgroup of K so that
1" is a representation of K/I; = F; x F;. Since this group is a finite group of order
prime to p, we have I[I" = &, IT"=" where 7 runs over the characters of F; x F) and

since Z acts through a character by hypothesis, there exists a character ¢ = 01 ® o9 of
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KZ and v € II such that k- v = o(k)v for k € KZ. By Frobenius reciprocity, we get a
nontrivial map indg, ¢ — II and this map is surjective since II is irreducible. O]

Note that o is not uniquely determined by II: there are nontrivial intertwinings between
some quotients of indg, o for different o.

We finish this paragraph with a useful general lemma. Let 7, = ((1) *11/pk ) and let II be

any representation of B.

12,
Lemma 1.2.4. — Ifv#0¢€ H<0 1 ) and if k > 0 then one of the p* elements

pk—l .
’UEIZ (é)’rg(’l]), ngépk—l
7=0

s monzero and fixed by Ty.

Proof. — If all p* elements above were zero then lemma 1.1.3 would imply that for any
sequence x = (z;) € Vi we would have Z?igl 2,7 (v) = 0 and with z = (1,0,...,0), we
get v = 0. Let ¢ be the smallest integer such that v, # 0. If £ = 0 then 74(vg) — vo = 0
since T,fk =7 € ((1) le) and otherwise 7 (vy) — vy = —v—1 = 0. O

1.3. Some irreducible representations of By(Q,)

Ifn>1land 0 <O<p" —1, let wyy, € indEZ o be the element
p"—1 j 1 .
_ —JP
=3 ()6 7))
]:

so that the initial n-block of wy,, is vgp,.

Definition 1.3.1. — If n>2andif 1 <h <p" ! —1and if 0 = 01 ® 09 is a character
of KZ such that o1(p) = oa(p), let A = o1(p) = 02(p) and let S, (h, o) be the subspace of

indy, o generated by the translates under the action of B of (—A™1)" [(§ )] + whp-1)n-

-2

ht 1

ht 0
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The representations we are interested in are the quotients II,,(h, o) = indy, /S, (h, o)
and the main result of this chapter is that they are irreducible if h is primitive. Before

we can prove this, we need a number of technical results.

If f€indg,oand if 0 <i<n—1,let
fi= > aB,6)lgss)
BEA

6=i mod n

so that f = fo+ fi+--+ fa1.

Lemma 1.3.2. — If f € indy, o then f € Sy(h,0) if and only if fi € S,(h,o) for all
0<t<n—1.

Proof. — We need only to check that if f € S, (h,o) then f; € S, (h,o) and this follows
from the fact that S, (h, o) is generated by elements which have their supports in levels

equal modulo n. O

Let 4,1 ...i1ip be the expansion of h(p — 1) in base p. Note that h < p"~! — 1 implies
that i,_y < p—2. Let hy = iy + Pin_pp1 + - + p* i,_1 so that hy = php_1 + in_p
and ho = 0 and h,, = h(p — 1). Recall that the vectors vy, were defined in §1.1 and let

T = H,@eA,5>o 95,sKZ.

Lemma 1.3.3. — If the support of g € S, (h,0) is in levels > 0, then

(1) g is a linear combination of B¥-translates of (=A™1)" [(§ o )] + wap—1)n
(2) if 1 < k < n, then the k-blocks of level O of g are in Vi, 1.

Proof. — Note first that if (§ §) € KZ, then
p"—1 j 1 P
a c¢ - a c¢ —Jp
@ 5)me-2 06 96 )]
]:
_;;"2—1 J 1 —jp "ad™? a c
=\ [\ 1 0 d

=

e Z () 6 )

and note also that the initial n-block of (1 Jpl n) Wy — Wep 18 in V.
Let us now prove (1). Set B® = {(&%) € B such that val ( ) = val,(d)}. It is enough
to prove that any BC-linear combination of ¢ = (—=A™)" [(§ g )] +wWh(p-1),» Which is zero

in level 0 is actually identically zero. If > (% ZZ ) -(p is such a combination where we

iel
assume for example (using the action of the center) that d; = 1, then the terms indexed
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by 7; and ¢ contribute to the same n-block in level 0 if and only if b;, — b;, € p™"Z, and

we can therefore assume that

a; bl . 7> p’”Zp
(5 a)es= (% 72")

so that we're looking at the initial n-block. The formulas above and lemma 1.1.5 applied
to da~' € ZY show that if g = (§§) € S, then the initial n-block of g - ¢ — o1(a)os(d)y
belongs to Vj(,—1),» S0 that in a linear combination of S-translates of o, the coefficient of
[((1) pQL )} is a nonzero multiple of the coefficient of wy,—1),; if the latter is zero, then so
is the former and our linear combination is identically zero.

Let us now prove (2). The conclusion of (2) is stable under linear combinations of B*-
translates so by (1) we only need to check that if b € BT then the k-blocks of bwy,, ,, are in
Vhe+1,k- If b = Id then the n-block of wy,, ,, is vy, , Which belongs to Vj, 11, by definition.
If we know that the k-blocks are in Vj, 41 then the fact that |hy/p| = hy—; and lemma
1.1.6 imply that the (k — 1)-blocks are in V}, 111 so we are done by induction. Next,
the above formula for (§ §)we, and lemma 1.1.5 applied to da™' € ZY show that the
n-blocks of the (§ ) wp, » are contained in V}, 1, and we are reduced to the claim above.
Finally, ggs- f is f moved up by § and shifted by 5 and the conclusion of (2) is unchanged

under those two operations since the V},,, are stable under the cyclic shift. []

Recall that 7, = ((1) _11/pk) and that a(3,6)(1x(f)) = a(B+p°*,8)(f) so that the effect

of 7, — Id on a k-block y in level 0 is to replace it with A(y).

Lemma 1.3.4. — If the support of f € S,(h,0) is contained in a single k-block with
0 < k < n, then this k-block is in Vj,  and all such elements do occur : wyy € Sy(h, o)
for 0 < €< hy — 1.

Proof. — If k = n then the n-block of 7,,(ws,, ») —Wh,, » 18 Uh, 1., and the set of possible n-
blocks is stable under the cyclic shift so we get all of V},, ,, but not Vj,, 41, since 1L, (h, o) #
0. If some v, occurs as the k-block of some f, wlog in level 0, then forall0 <m < p—1
the (k + 1)-block of Zf:—ol (;;)T,iﬂ(f) is [(O)UM, o (p_l)v&k] and this iS Vpsm k1 since

m m

(@) (7;) = (;;:7;) by lemma 1.1.1. In particular if vy, , occurred then so would vy, | ki1

and we get a contradiction. Conversely, assuming inductively that the second assertion of
the lemma holds for k + 1, this tells us that all [(?)ve, ..., (°.)ves] occur as a (k+1)-

block for pl +m < hyy1 — 1 and by taking m =p — 1 and ¢ < hy, — 1 we obtain vy, and

we are done by a descending induction on k. O

Let us write as above a (n + 1)-block as [by, . .., b,—1] where each b; is a n-block.
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Lemma 1.3.5. — If the support of g € Sy(h,0) is in levels 0, 1, ..., n — 1 then the
(n + 1)-blocks of level 0 of g are of the form

[/‘Lovhn,n + Zo, - - . y Mp—1Uhy,n + Ip—l]v

where x; € Vi, and (po, ..., fip—1) € Viys11-

Proof. — By lemma 1.3.2, we may assume that the support of ¢ is in level 0 and lemma
1.3.3 tells us that the n-blocks of g are in V}, 41, so that each of them can be written
as [V, n + x; where z; € V}, ,. By subtracting from g appropriate combinations of
translates of the wy,, with 0 < ¢ < h, — 1 we get a ¢’ such that z; = 0 for all ¢ and
by subtracting appropriate combinations of translates of (—A7!)" [((1) pon )} + wp,, , from
g we get an element ¢” of S, (h,o) with support in level n and whose 1-blocks are the
—(=A"H™(pto, - ptp—1). Lemma 1.3.3 applied to (g 1/2,n ) g" gives us (po, ..., Hp-1) €
Viit1,1- []

Corollary 1.3.6. — If the support of f € indy, o is in levels 0, 1, ..., n— 1 and if
Tont1(f) — f € Su(h, o), then the n-blocks of level 0 of f are in Vi, 1.

Proof. — Lemma 1.3.5 applied to 7,41(f) — f tells us that the (n+1)-blocks of 7,41 (f) —
f in level 0 are of the form [uovn,n + To,. .-\ Up—1Vh,m + Tp_1] With z; € V} ,, and
(105 -+ - s pp—1) € Viyyrn. If we write f =35 5 a(83,0)[gs,], then the coefficient of [gs] in
Toe1(f) = fis a(B+p™1,0) — a(B,0) so that the n-blocks of 7,,.1(f) — f are given by
(for readability, we omit both § and § = 0 from the notation)

d() a0 () oa(E) o (i) (50
-1

2 1 2 1 1 1 2 p"—1 1 p"
a(w>—a<w) @(W+p7>—@(pn,+1 +p7> Oé(W-i- o >—Oé<pn+1+ pn)

p p—1 P 1 p—1 1 p pt—1 p—1 | p"—1
a(pn+1> _a(pn,+1) a(anrl +p7) _a(pn+1 +p7 R ¢/ T + P -« prT + 5 .

Let vo,...,Yyp—1 be the n-blocks of the (n + 1)-block of f we are considering. By

summing the rows of the above array, we get (recall that a(3) = a(1 + 3))
a(B+E)—a@®) a(p+2)-a(B+) . a@)-a(s+22)
which is A(yg) so that

H
3
L

p—

Ayo) = (WiVh, i + ) = Zﬂiz € Vi

7

Il
=)
<.
I
o

since Zf:_ol pi = 0 because (to, - -, flp-1) € V411 with by +1 =14,_1 +1<p—1 and if
A(yo) € Vi, n then yo € Vi, 11, by lemma 1.1.4. The same result holds for y; by applying

the previous reasoning to 7. (f). O
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Corollary 1.8.7. — If the support of f € indy, o is in levels 0, 1, ..., n — 1 and the
support in level 0 is included in a single n-block and 7,(f)— f € Sn(h, o), then the n-block

of fin level 0 is in Vi, 115.

Proof. — Lemma 1.3.5 applied to g = 7,,(f) — f tells us that the n-block of 7,,(f) — f is
of the form povp, », + xo with xg € Vi, » and (10,0, ...,0) € Vi, 411 so that o = 0 since
hy +1 < p—1. If y denotes the n-block of f then the n-block of 7,(f) — f is A(y) so
that A(y) € Vj, ,, and therefore y € V},, 11, by lemma 1.1.4. O

Ifn>1andif 1 < h < p"—2, we say that h is primitive if there is no d < n dividing n

¢—1). This condition is equivalent to requiring that

such that h is a multiple of (p"—1)/(p
if we write h = e,_1...e1€¢ in base p, then the map i — e; from Z/nZ to {0,...,p — 1}

has no period strictly smaller than n.

Theorem 1.8.8. — Ifn > 2 and if 1 < h < p"' — 1 is primitive, then I1,(h,o) is

irreducible.

Proof — Tt is enough to show that if f € indf, o is such that f # 0 in II,(h, o) then
some linear combination of translates of f is equal to [Id] mod S, (h, o).

Suppose that the support of f is in levels > a. Since (=A™")" [(§ )] + wh,» is an
element whose support is one element of height n and a n-block of height 0, by subtracting
suitable linear combinations of translates of this from f we may assume that the support
of fisin levels a, a+ 1, ..., a +n — 1; multiplying f by some power of (0 p) we may
then assume that the support of f is in levels 0, 1, ..., n — 1. In particular, we have
f € (indg, 0)((1) le) Let sq, S1,...,8,-1 > 0 be such that the support of f is included in
the initial sg-block in level 0, the initial s;-block in level 1, ..., the initial s,_;-block in
level n — 1.

Lemma 1.2.4 applied with £ = n + 1 shows that we may replace f by one of the

;’:)1_1 ()71 (f) so that 7,41 (f) — f € Su(h, o). The support of this new f is included
in the initial max(s;,n + 1 — j)-block in level j for 0 < j < n — 1. Corollary 1.3.6 then
shows that there exists g € S, (h, o) which is a linear combination of ( le )-translates of
(=A"hHm [(épgl )} +wp,, » and of the wy,, for 0 < ¢ < h, — 1 such that the n-blocks of f in
level 0 are the same as the n-blocks of ¢ in level 0. We can then replace f by (é 191,) (f—9)
and the support of this new f is included in the initial max(s;;+1,n — j)-block in level j
for 0 < j < n — 2 and in the initial max(sy — n, 1)-block in level n — 1 if j =n — 1. By
1terat1ng the procedure of this paragraph, we can reduce the width of the support of f
until s, =n—jfor 0<j<n—1.

The modified f coming from the previous paragraph satisfies 7,,(f) — f € S,(h, o) and
its support is included in the initial (n — j)-block in level j for 0 < j < n — 1. Corollary
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1.3.7 then shows that there exists g € S,,(h, o) which is a linear combination of (| 9 )-
translates of (—A~1)" [(61)91 )} + wp,, » and of the wy,, for 0 < ¢ < h,, — 1 such that the
n-block of ¢ in level 0 is the same as the n-block of f in level 0. We can then replace f by
((1) 191,) (f — g) and the support of this new f is included in the initial (n — j — 1)-block
inlevel jfor 0 <7< n—1.

The modified f coming from the previous paragraph satisfies 7,,_1(f) — f € Spn(h,0)
and its support is included in the initial (n — j — 1)-block in level j for 0 < j < n —1
and the k-block xj of f in level n — k — 1 is in Vj, 41 by applying lemmas 1.3.2, 1.3.4
and 1.1.4. By lemma 1.3.4, we can subtract elements of V}, ; from z; without changing
the class of f in II,(h,0) so we can assume that each xj is a (possibly 0) multiple of
Up k- £ 0 <m < p—1, let Uy, be the operator defined by Uy, (f) = Zf:_g (:n)T,?L(f) as
in the proof of lemma 1.3.4. At level n — 1 — k it has the effect of turning vy, , into
Vhyo1+m—in 1 k41 SiNCE hpy1 = phy + 4,1 and (i,) (;) = (;f:;b) If we choose m such
that m — i, 1 < 0 and m — i, 1 = 0 for at least one value of k, then U, (f) is
made up of (k + 1)-blocks in level n — k — 1 and we can get rid of all those for which
m — i,_g—1 < —1. This allows us to lower the number of nonzero blocks of f unless
m = i,_j_1 for all the corresponding nonzero blocks. In this case we lower f by one level
and if there is a block in level 0 we send it to level n before lowering f by subtracting an
appropriate multiple of (—=A~1)" [( h an )} + wp,, - By iterating this procedure (replacing
f by U, (f) and lowering a possibly modified f), we can reduce the number of nonzero
blocks of f until our procedure starts cycling.

If this is the case then there exists some d dividing n such that at some point f has
nonzero blocks exactly in levels n — 1 — ¢d for 0 < ¢ < (n/d) — 1 and the map r — i, is
then also periodic of period d. If d = n, then we are done. If d < n, then I claim that
hq is not divisible by p — 1. Indeed, we have h(p — 1) = hq(p" — 1)/(p® — 1) since r + i,
is periodic of period d, and if p — 1 divides hy then h is not primitive. If a € Z; is such
that @ is a generator of F;, then piq(ver) — a%m € Vi by lemma 1.1.5. This implies
that oa2(a™) (§9) f — f has at least one fewer block (the top one) and is nonzero (the
block of level n — 1 — d is not in S, (h, o)), so that we can iterate again our procedure of
the previous paragraph (replacing f by U,,(f) and lowering a possibly modified f) until

d = n so that f becomes equivalent to an element supported on only one point. O

Remark 1.3.9. — We have I1,,(h,0) ® (x o det) ~ I1,,(h, 01X ® o2X) by lemma 1.2.2.
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2. Galois representations and (p,I')-modules

In this chapter, we construct the (¢, I')-modules associated to the absolutely irreducible
E-linear representations of Gq, and then apply Colmez’ functor to them in order to get

a smooth irreducible representation of B.

2.1. Construction of (¢, I')-modules

Let C, be the completion of Qp and let E* = m Oc, be the ring defined by
Fontaine (see for example §1.2 of [Fon94)]). Recall that if 2,y € E*, then

(zy)? = 2Dy and  (z+4)@ = lim () + y(i+j))pj

J]—00

and that ET is endowed with the valuation valg defined by valg(y) = val,(y(©@). If
we choose once and for all a compatible system {(yn}n>0 of p™-th roots of 1 then ¢ =
(1, G2, -+ 2) € E+ and we set X = — 1 and E = E*[1/X] so that by §4.3 of [Win83],
E is an algebraically closed field of characteristic p, which contains F,(X)*®P as a dense
subfield. Given the construction of E from C,, we see that it is endowed with a continuous
action of Gq,. We have for instance g(X) = (1 + X)Xl — 1 if g € Gg, so that Hq, =
ker Xcyer acts trivially on F, (X)) and we get a map Hq, — Gal(F,((X))*?/F,(X))) which
is an isomorphism (this follows from the theory of the “field of norms” of [FW79], see for
example theorem 3.1.6 of [Fon90]). We also get an action of I' = Gq,/Hq, on F,(X)).
If W is an F,-linear representation of Gq, then the F,((X))-vector space D(W) =
(Fp(X)** ®p, W)™ inherits the frobenius ¢ of F,((X))*? and the residual action of T.

Definition 2.1.1. — A (¢,I')-module over F,(X)) is a finite dimensional F,((X))-
vector space endowed with a semilinear frobenius ¢ such that Mat(p) € GL4(F, (X))

and a continuous and semilinear action of I' commuting with .

We see that D(W) is then a (¢, I')-module over F,(X)). If E is a finite extension of
F,, we endow it with the trivial ¢ and the trivial action of I' so that we may talk about
(¢,T')-modules over E((X)) = E®y, F, (X)) and we then have the following result which

is proved in §1.2 of [Fon90] and whose proof we recall for the convenience of the reader.

Theorem 2.1.2. — The functor W +— D(W) gives an equivalence of categories between

the category of E-representations of Gg, and the category of (¢,I')-modules over E((X)).

Sketch of proof. — Given the isomorphism Hq, ~ Gal(F,(X))*?/F,(X)), Hilbert’s
theorem 90 tells us that H} (Hq,, GLa(F,(X)*®)) = {1} if d > 1 so that if W

discrete
is an F,-linear representation of Hq, then

F, (X)) @p, W o (F,((X))*)dm)
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as representations of Hq, so that the F,((X))-vector space D(W) = (F,(X))**@p, W)
is of dimension dim(W) and W = (F,,(X))*? ®F,(x) D(W))*=".

If D is a (¢, I')-module over F,,(X)), then let W (D) = (F,(X))*" Qr,(x) D)¥=". If we
choose a basis of D and if Mat(¢) = (ps;)1<i,j<dim(p) in that basis, then the algebra

A= FP((X» [X17 e Xdlm sz] 1<]<d1m D)

is an étale F,((X))-algebra of rank p™®) and W (D) = Homp, (x)—algebra( A4, Fp((X))*P)
so that W (D) is an F,-vector space of dimension dim(D).

It is then easy to check that the functors W +— D(W) and D — W(D) are inverse
of each other. Finally, if £ # F, then one can consider an E-representation as an F-
representation with an E-linear structure and likewise for (i, I')-modules, so that the

equivalence carries over. O

We now compute the (p,I")-modules associated to certain Galois representations. If n
is an integer > 1, choose m, € Q, such that 72" ~! = —p. The fundamental character of
level n defined in §1.7 of [Ser72], w, : Zq, — F; is given by wy(g) = g(m,) /T € F; for
g € Lq,. This definition does not depend on the choice of 7, and shows that w, extends
to a character Gq . — F,.. With this definition, w, is actually the reduction mod p of
the Lubin-Tate character associated to the uniformizer p of the field Q.

In order to describe the (¢, I')-modules associated to irreducible mod p representations,
we need to give a “characteristic p” construction of w,. Let w = w; be the mod p
cyclotomic character and let Y € F,((X))*P be an element such that Y®"~1/(?=1) = X
If g € Gq,, then fo(X) = w(g9)X/g(X) depends only on the image of g in I'. Since
fo(X) € 14+ XF,[X], the formula f;(X) makes sense if s € Z,,.

p—1
Lemma 2.1.3. — If g € Gq,. then g(Y) =Yuwl(g Ve TH(X).

Proof. — Recall that X € Et = lim O, is equal to & — 1 where € = ((;);>0 and where
{¢pi }j>0 is a compatible sequence. If J = 1, pick m, ; € Oc, such that

p"—1

T Jl :ij—l

If g € Gq,u, then g(Gy — 1) = [w(9)(Gy — 1) f; ' ({w — 1) where we also write fy(X) for
[w(9)]X/((1+ X)Xevald) — 1) € 1 + XZ,[X] and so there exists wy, ;(g) € F5 such that
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where [-] is the Teichmiiller lift from F. to Q.. The map g +— w, ;(g) is a character of

ngn which does not depend on the choice of 7, ;. In addition, we have

(G —1)P = (G = 1) - (1 +0(p'7)) ifj>1,
(=1t =—p-(1+0(p""))

so that w? = wp; if j > 1 and wy, 1 = w,. This also tells us that we may choose the m, ;

n,j+1
so that 7 ;1 /mn,; € 1 +p'/POg,. If we write Y = (y1) € lim Og,, then we have y@ =

pJ
n,i+j

so that if g € Gq,., then

lim; , m since the 7, ; are compatible in the sense that m, ., /m,; € 1+ p'/?O¢,

(i) = :
g(y‘ ) = [wni(g)] - Hm (fy 7" (es — 1)),

_p=l ~
and therefore we have g(Y) =Yw?(g)fy * ' (X) in E. O
If 1 < h < p"—2is primitive, the characters w?, wP" ... ,wgn_lh of Zq, are pairwise

distinct. Let py be the unramified character sending the arithmetic frobenius to A™* (so

that later when we normalize class field theory to send the geometric frobenius to p then
a(p) = A).

Lemma 2.1.4. — FEvery absolutely irreducible n-dimensional E-linear representation of

Gq, s isomorphic (after possibly enlarging E) to (indgg” wh) @ py for some primitive
pn

1< h<p"—2 and some X\ € E*.

Proof. — If W is such a representation then by §1.6 of [Ser72|, we may extend E so
that W’IQp splits as a direct sum of n tame characters and since W is irreducible, these
characters are transitively permuted by frobenius so that they are of level n and there
exists a primitive & such that W = @ 'W; where Zq, acts on W; by W™ Since wy,
extends to Gq . each W; is stable under Gq , which then acts on it by wﬁihxi where y; is

an unramified character of Gq . The lemma then follows from Frobenius reciprocity. [

IfXe F; is such that A" € F)\, let W\ = {a € F, such that o?" = A\~"a} so that W, is
a Fn-vector space of dimension 1 and hence a Fj-vector space of dimension n. By com-
posing the map Gal(Q}' (m,)/Qp) — F X Z with the map F % Z — Endg, (W)) given by
(2,0) — m! (where m, is the multiplication by x map) and by (1,1) — (a — ao”) we get
an n-dimensional F-linear representation of Gq, which is isomorphic to (indgzzn WY @ iy
after extending scalars and whose determinant is w7 u% so that if \* = (—1)"~! then
the determinant is w”" and we call ind(w?) the representation thus constructed; it is then
uniquely determined by the two conditions det ind(w”) = w" and ind(w") 7, = e

since (indgg”n W @y, = (indggpn wh) @ py, if and only if we have A\ = A1
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Corollary 2.1.5. — FEvery absolutely irreducible n-dimensional E-linear representation
of Gq, 1s isomorphic to ind(w?) @ py for some primitive 1 < h < p™—2 and some \ € F;
such that \™ € E*.

Theorem 2.1.6. — The (p,T')-module D(ind(w!)) is defined over F (X)) and admits
a basis €y, . . ., en_1 i which y(e;) = £ (X)W E-D/C" Ve if 4 € T and p(e;) = ej41 for
0<j<n—2and p(e,_1) = (—1)"LXP=Degy.

Proof. — Let W be the F,-representation of Gq, associated to the (y,I')-module de-
scribed in the theorem. If f = X"y A ... A e, 1, then o(f) = f and (f) = w(y)"f
so that the determinant of W is indeed w" and therefore we only need to show that the
restriction of Fyn @, W to Iq, is W Gwl' & - - & w?" ' To clarify things, let us write
Ff,n for F,» when it occurs as a coefficient field, so that ¢ is trivial on Fg,

If we write Ff,n ®r, Fp(X))*P as 11— Fp(X)*®P via the map z ® y > (0*(x)y) where

o is the absolute frobenius on Ffjn, then given (x, ..., 2, 1) € [[1—g Fp(X))*®?, we have
p((20, -, 2n-1)) = (@(xn-1),0(0), -, P(Tn-2))
9((zo, ..., wn1)) = (9(0), - - -, 9(Tn-1)),
if g € Gq,. (but not if g € Gg,). Choose some a € F,((X))*® such that o”"~' = (—=1)""!
and define
vg = (@Y™ 0,...,0) - eq+ (0,0?YP" ... 0)-e;4+---(0,...,0, apnlepnflh) Cep_1
o1 = (0,aY",...,0) o+ (0,0,aPYP" . 0)-er + - (@ YPR 0, 0)  en s

Vp1 = (0,...,0,aY") - eq + (a?YP"0,...,0) - ey +---(0,. .. ,0,ap”_1Yp"_lh70) ey 1.

The vectors vy, . . ., v,_1 give a basis of Ff,n ®r, (Fp(X)*P®r,(x)D(W)) and the formulas
for the action of ¢ imply that ¢(v;) = v; so that v; € Fin ®r, W. The formulas for the
action of I' and lemma 2.1.3 imply that g(v,;) = w,’:pl_jvj if g € Zg, which finishes the
proof. O

2.2. From Galois to Borel
If a(X) € E(X)) then we can write

p—

a(X) = (14 X)ay(X7)

in a unique way, and we define a map ¥ : E(X)) — E(X)) by the formula ¢(a)(X) =
ap(X). A direct computation shows that if 0 < 7 < p— 1 then (XP"+") = (—=1)"X™. If

D is a (¢,I')-module over F((X)) and if y € D then likewise we can write y = Z?;é(l +
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X)o(y;) and we set ¥(y) = yo. The operator ¢ thus defined commutes with the action
of I' and satisfies (a(X)¢(y)) = () (X)y and ¢ (a(XP)y) = a(X)P(y).

If W = ind(w?) ® x with x = w*uy, where from now on A € E*, then theorem 2.1.6
above implies that the (¢,I')-module D(W) is defined on F((X)) and admits a basis
€0, - -+, en1 in which y(e;) = w(y) £, (X)W P=D/E" Ve, if v € T and p(e;) = Aejyy for
0<j<n—2and p(en_1) = (—1)" ]AX D¢y Since w® ™V *™D = we can always
modify h (and x accordingly) in order to have 1 < h < (p" —1)/(p — 1) — 1 so that
h(p—1) < p™ — 2. Recall that i,_; .. .77 is the expansion of h(p — 1) in base p and that
hi = ipn_g + Pip_ps1 + -+ p* Y, so that hg = 0 and h,, = h(p — 1).

Lemma 2.2.1. — If f; = X"e; and a(X) € E(X)), then we have

AP (a(X) X)) fim ifj=1,

w<04(X)fj) = {A‘l(—l)"_lw(oz(X)Xio)fnl ij = 0.

Proof. — 1f j > 1, then we can write a(X)f; = A 'a(X)X"p(e;_1) and since h; =

phj_1 + t,—;, we have

P(a(X)f;) = A X (X)X ey = A p(a(X) X ™) fi.

which finishes the proof. O

Corollary 2.2.2. — The E[X]-module D¥(W) = &"_E[X] - f; is stable under ¢ and
the map v : D*(W) — D¥(W) is surjective.

Proof. — Lemma 2.2.1 implies that D#(W) is stable under 1. Furthermore, the formula
P(XPFT) = (=1)"X™ for 0 < r < p — 1 implies that the map a;(X) — ¥(a;(X)Xn—)
is surjective for j > 1, as well as the map ag(X) — 1(ag(X)X™), which implies that
¥ : DYH(W) — D¥(W) is surjective. O

A quick computation shows that if y € D*(W) then ¥"(X~'y) € D¥(W) so that our
D#(W) coincides with the lattice defined by Colmez in proposition 11.4.2 of [Col07] by
item (iv) of that proposition. We now define Colmez’ functor (see §III of [Col07]):

lim D¥(W) = {y = (yo, 1, . ..) with y; € D¥(W) such that ¢(y; 1) = i for all i > 0},
v
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and we endow this space with an action of B (using the same normalization as in [Ber05|

which differs by a twist from the normalization of [Col07])
z 0)
0 z) Y
1 0 ;
((0 p]> ' 3/>i =vij =V (y:);

= 7-1(4;), where 7,1 € I'is such that Xeya(V.-1) =a ' € Z%;

p)

(o )
(o)

We then define Q(W) = (linw D¥(W))* so that Q(W) is a smooth representation (see
h—1,2
X

— ¢j((1 + X)piﬂzyiﬂ), for i + 7 > —val(2).

§2.3 for a proof of this) of B whose central character is w . Denote by 6, the linear

form on D*(W) given by
‘90 : OC(](X)fO + 4 anfl(X)fnfl — aO(O).

If y = (yo, y1, - - .), then we define 6 € Q(WW) to be the linear form 6 : y — 6y(yo).
Lemma 2.2.3. — If (&%) € KZ, then (24) -0 = w" ' (a)x(ad)b.

Proof. — We have

since piy(a) = pr(d) because (¢5) € KZ so that x(a) = x(d)w*(ad™t). O
For 0 < k < n, recall that hy = i, g + Pin_gi1 + -+ p* Lin_1 so that h, = h(p — 1).

Theorem 2.2.4. — The linear form 6 s killed by

V2

e () (5 )
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Proof. — Using the definition of the action of B on liinw D*(W), we get

(“”Mn -3 () (5 7) 9) v

=0
p"—1 j
= o) <3t (3 (T )@ X))
— \h(p—1)
and this is equal to 0 for obvious reasons if yo = «;(X)f; with ¢ # 0 so that we now

assume that yo = ag(X) fy. Lemma 1.1.2 implies that

pt—1 .
> (h( ]_ 1)> (14 X)) e xP'~hn=l 4 xp"=hn B[ X7,
=0 NP

and the fact that p* — hy+i,_o = p(p*~! — hy_1) for 1 < £ < n together with the formulas
of lemma 2.2.1 and the fact that ¢(X?™*") = (—1)"X™ then imply that

n - J Iy = (—1)"" "\ "« mo U
v (Z (h(p—1)>(1+X) o(X)fo)—( D" A a0(X) fo - mod XDH(W),

=0

which proves our claim. O

2.3. Profinite representations and smooth representations

In this paragraph, we prove that (W) is a smooth irreducible representation of B if
dim(W) > 2. In order to do so, we recall a few results concerning profinite represen-
tations and their dual. Let G be a topological group and let X be a profinite E-linear
representation of G where E is as before a finite extension of F),. Let X* be the dual of

X, that is the set of continuous linear forms on X.
Lemma 2.3.1. — The representation X* is a smooth representation of G.

Proof. — If f € X*, then the map (g,x) — f(gx — z) is a continuous map G x X — F
and its kernel is therefore open in G' x X so that there exists an open subgroup K of G
and an open subspace Y of X such that f(ky —y) = 0 whenever k € K and y € Y. Since
X is compact, Y is of finite codimension in X and we can write X =Y & &;_, Ex;. For
each 7 there is an open subgroup K; of G such that f(kz; — x;) = 0 if & € K; and this
implies that if H = K NN{_,K; then f(hx —x) = 0 for any x € X so that f € (X*)¥
with H an open subgroup of G. n

Lemma 2.3.2. — If X is topologically irreducible, then X* s irreducible.

Proof. — 1If X = liinie ; X; where each X, is a finite dimensional E-vector space, then

a linear form on X is continuous if and only if it factors through some X; and hence
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X* =lim__ X/ so that (X*)* = (lim_ X7)* =lim X, = X. If A is a G-invariant
—iel =t —iel Tt ——iel

subspace of X* then ker(A) = Nyep ker(f) is a G-invariant closed subspace of X which

is therefore either equal to X or to {0}. If it is equal to X then obviously A = {0} and if

it is equal to {0}, then the fact that (X*)* = X implies that no nonzero linear form on

X* is zero on A so that A = X*. O

The representation lim y D*(W) is a profinite representation of B since Df(W) =~
E[X]4™W) and we have the following result (see also proposition 1.2.3 of [Ber05]).

Proposition 2.3.3. — The representation QW) = (h;nw D¥*(W))* is a smooth irre-
ducible representation of B if dim(W') > 2.

Proof. — Lemma 2.3.2 shows that it is enough to prove that lim v D¥(W) is a topologically
irreducible representation of B, and lemma II1.3.6 of [Col07] asserts that any closed B-
invariant subspace of lim " D¥(W) is of the form lim " M where M is a sub-E[X]-module
of D¥(W) stable under ¢ and T' and such that ¢ : M — M is surjective. Since D(W)
is irreducible, M is a lattice by proposition I1.3.5 of [Col07] applied to E((X)) ®pgpxy M
and item (iv) of proposition 11.4.2 of [Col07] implies that such an M contains X - D*(W)
and the formulas of lemma 2.2.1 imply that ¢(X f;) € E* - f;_; if i,,_; # p — 1. Since
h(p—1) # p™ —1, at least one of the 4,_; is # p — 1 so that M contains one f; and hence
all of them by repeatedly applying 1. O]

3. Breuil’s correspondence for mod p representations

In this chapter, we show that the representations constructed in chapter 1 are the same
as the ones arising from Colmez’ functor applied to n-dimensional absolutely irreducible
representations of Gq,. We also show that if n = 2, then these representations are the

restriction to B of the supersingular representations of GLy(Q,) predicted by Breuil.

3.1. The isomorphism in dimension n

By corollary 2.1.5, every absolutely irreducible n-dimensional E-linear representation
W of Gq, is isomorphic (after possibly enlarging E) to ind(w]!) ® x with 1 < h < p* — 2
primitive and x : Gq, — E* a character. Furthermore, W V@D 56 we can
change h and y in order to have 1 < h < (p" —1)/(p — 1) — 1 which implies that at least
one of the n digits of h in base p is zero. The intertwining ind(w”) ~ ind(w?") implies
that we can make a cyclic permutation of the digits of h without changing ind(w”") and

if we arrange for the leading digit to be 0, then 1 < h < p"~! — 1.
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Theorem 8.1.1. — If W = ind(w!) @ x withn > 2 and 1 < h < p"~ ! — 1 primitive,
then QW) ~11,,(h, o) with 0 = xw" ' ® x.

Proof. — By lemma 2.2.3 and Frobenius reciprocity, Q(W) is a quotient of indf, o with
o = xw" 1 ® x, the map being given by > 558, 0)gps] = D 550(8,0)gss - 0. This
map is surjective (since it is nonzero and Q(W) is irreducible by proposition 2.3.3) and
bearing in mind that (p(;" pql) acts by A\?", theorem 2.2.4 implies that its kernel con-
tains (—A71)" [(épgl )} + Wh(p-1),» and hence S, (h,0), so that we get a nontrivial map
II,,(h,0) — Q(W). Since I1,,(h, o) is irreducible by theorem 1.3.8, this map is an isomor-

phism. O

Note that we can define two B-equivariant operators T’y and 7_ on indg, o by

—_

p—

Tollah=)_lg(§1)] and T-([g))=[g(o3)]

.
Il
=)

so that the “usual” Hecke operator is T' =T, +T_. It is easy to see that theorem 3.1.1
applied with h = 1 simply says that
indi, (1 ® 1)

Q(ind(wy,) @ x) ~ T+ (<) ® (x o det).

ht 6 +1
s
ht &
T, r T T
ht 0 +1
.
ht &
T

3.2. Supersingular representations restricted to By(Q,)

We now explain how to relate the representations Ily(h, o) to the supersingular repre-
sentations of [BL95, BL94, Bre03a]. Recall that if 7 > 0, then Sym” E? is the space

of polynomials in # and y which are homogeneous of degree r with coefficients in F,
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endowed with the action of GLy(Z,) factoring through GLy(F),) given by (%) P(z,y) =
P(azx + cy,br + dy) and that we extend the action of GLy(Z,) to an action of GLy(Z,)Z
by (82) P(z,y) = P(z,y). We now assume that 0 <r < p— 1.

Lemma 3.2.1. — The “restriction to B” map

resg : indg Gl gp)z Sym” E? — indg, Sym” E?

18 an isomorphism.

Proof. — This follows from the Iwasawa decomposition GLy(Q,) = B - GLy(Z,). O

(Z

Let T be the Hecke operator defined in [BL95, BL94]. Let [g,v] € 1nd g Sym” E?
be the element defined by [g,v](h) = Sym"(hg)(v) if hg € GLy(Z,)Z and [g,v](h) =0
otherwise, so that h[g,v] = [hg,v] and [gk,v] = [g, Sym" (k)v] if k € GLy(Z,)Z.

Lemma 3.2.2. — We have
=ity = § 250 (81) 1L, (=4)'a] fi<r
(|1 = J .
S {(52) Ly)+ 308 (51 L () ii=r
Proof. — See §2.2 of [Bre03b]. O

The group KZ acts on 2" € Sym” E? by w” ® 1 so that we get a nontrivial injective
map indy,w” ® 1 — indy, Sym” E2.
Proposition 3.2.3. — The map
indy, (W ® 1) _ indp, Sym" E?
T(indg, Sym”™ E2) Nindg,(wr ® 1)  T(indg, Sym” F2)

s an isomorphism.

Proof. — The map above is injective by construction, and the representation to the
right is generated by the B-translates of [1,y"] since the (1 ZF) translates of y" generate
Sym” E2. Lemma 3.2.2 applied with i = 7 shows that [1,y"] € T(indy, Sym” E?) +

indg,(w" ® 1) so that the map is surjective. O

Lemma 3.2.4. — Ifr > 1, then T(indy, Sym” E?) Nindg,(w" ® 1) is generated by the

B-translates of

{T([l " y) for0<i<r—1,
T, DY [( ) ,y"])  where (/\0,...,)\p_1) € Vﬁl

Proof. — Lemma 3.2.2 above implies that 7'([1, 2" "y]) € indg,(w" ® 1) ifi <r—1 and

hence likewise for the B-translates of those vectors. We therefore only need to determine
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when a vector of the form T'(3"_ [ba, Aay”]) belongs to indp,(w” ® 1). If v is a vector
V=) 55 Zf:_ol N35il0p—151p-1i8,Y"] (nOte that A = ]_[f;ol p~tA+ p~li), then we have

p r —1)p—1 ,
T(v) = Zgﬂ,é—i-l T </\B,6,0[((1) 0;111) YA+ /\6,6,}7—1[((1) v plzf) ) Y ]) )
8,

so that by lemma 3.2.2, the set of vectors v such that T'(v) € indg,(w” ® 1) is generated

by the B-translates of the vy = 327~ )\i[(é’;__lf) ,y"] such that T'(vy) € indg,(w" ® 1).

Lemma 3.2.2 shows that this is the case if and only if 70 Ni[(§ 1), "] € indR,(w" ® 1)
and so if and only if 3>P~) \;(iz 4+ y)" € E - 2" which is equivalent to (Ao, ..., A\y_1) € Vi
since the vector space generated by the sequences (0%, 1¢,...,(p— 1)) for 0 </ <r—1
is V.1 (here 0° = 1). Finally, we multiply the resulting vy by (6’2). O

Lemma 3.2.5. — Ifr =0, then T(indy, (1 ® 1)) is generated by the B-translates of
10 ~ (v
pJ
(6 p)ls > (b 1)
J:

and if r > 1, then T(indp, Sym” E?) Nindy,(w" ® 1) is generated by the B-translates of

p—1 .
> (5 1)

Jj=0

for (Mo, ..., Ap—1) € Vi1 and of
p—1 p—1 N Pl .
e r t N\ r
S i L+ 3 g ({; 1) () (3 {) 1,7),
' =0 —0

where (pio, . .., pip—1) € V5.

.

Proof. — Since indg,(1 ® 1) is generated by the B-translates of [1,1], the space
T(ind,(1®1)) is generated by the B-translates of T'([1,1]) = (4 9) [L, 1]+Z§;3 (54)[1,1]
which proves the first part.

If » > 1, then lemma 3.2.2 tells us that T([1,2"'y']) = Z?;& (59) [1, (=j)'a"] for
7 < r—1 and that

(Sl 1) = St S ) S ()01

The condition (p, .. ., pp—1) € V; implies that 3070 pi[(§1),y"] = 07y psd”[1,27] and

we are done by lemma 3.2.4. O
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Theorem 3.2.6. — If 1 < h < p— 1, then we have an isomorphism of representations
of B
. 1GL2(Qp) h—1 72
ind P, Sym' T B
Iy(h,0) ~ L2 (Zy)7 ® (x o det).

T(indg; 25, Sym" ™ E?)
Proof. — First of all, we have
(indgizg:))z Sym"™! E?)/T ~ (indg, Sym"~! E?)/T
by lemma 3.2.1, so we work with the latter space. We can twist both sides by the inverse
of y odet so that 0 = w" ' ® 1 by remark 1.3.9. Given proposition 3.2.3, all we need to
check is that if
T(h,o) = T(indg, Sym" ™ E?) Nindg, o,

then T'(h, o) contains Sy(h, o). The space generated by the vectors (Ao, ..., A\p—1) € Vi1
and by (0"t 1"=1 .. (p — 1)"71) is V},; so that by lemma 3.2.5, T'(h, o) contains all of
the elements

S i 1+ S 7]

;Mﬂ [ 2.2 pvi (g T :
with p € V,_py11 and v € (=1)""Yh — Dlop_y1 + Vi1 If we take p; = (p__i) and
v; = (h—1)!(7/7), then the fact that

(p _—Zh) (_hj—_11> - (p(h - Zl)i J: 12 - h) - (/;(];j—_lé)

shows that T'(h, o) contains Sy(h, o). O

List of notations

Here is a list of the main notations of the article, in the order in which they appear.
Introduction: Gq,; B; E; K; Z; primitive h; Zq,; T4; T}
§1.1: Vi wini Vi A5 fha;

§1.2: gp5; 0; indy, o3 [g]; (B, 0); support; level; n-block; initial n-block; Ip; 74;
§1.3: weps As Su(h, 0); (b, 0); dg; hiy BY;

§2.1: EY; E; 5 X; Hq,; I D(W); was w; iy ind(w]);

§2.2: ¢; QW); 6;

63.1: Ty; T

§3.2: Sym'(E?).
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