LOCAL CONSTANCY FOR THE REDUCTION MOD p OF
2-DIMENSIONAL CRYSTALLINE REPRESENTATIONS

by

Laurent Berger

Abstract. — Trreducible crystalline representations of dimension 2 of Gal(Q,/Q,) are all
twists of some representations Vj ,, which depend on two parameters, the weight & and
the trace of the Frobenius map a,. We show that the reduction modulo p of Vi, is a
locally constant function of a, (with an explicit radius), and a locally constant function of
the weight k if a, # 0. We then give (for p # 2) an algorithm for computing the reduction
modulo p of Vi 4,. The main ingredient is Fontaine’s theory of (¢, T)-modules, as well as
the theory of Wach modules.

Contents
Introduction. ... ... 1
1. Crystalline representations and Wach modules........................ 4
2. Local constancy with respect toa,............. ... ... ... ... 6
3. Local constancy with respect to k.......... ... ... . 7
4. The algorithm for computing the reduction........................... 8
5. Identifying mod p representations.................. ... ... .. 11
References. . ... 11
Introduction

Let p be a prime number, and let £ be a finite extension of Q,, with ring of integers
Op, maximal ideal mg, uniformizer 7g, and residue field kg. If £ > 2 and a, € mg, let
Dy ., be the filtered p-module given by Dy ,, = Fe; @ Eey, where:

Dy, ifi<0,
and Fil'Dyo, = ¢ Fe; if1<i<k—1,
0 if i > k.

o(er) = p" ey

(es) = —e1 + apes
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By the theorem of Colmez-Fontaine (théoréeme A of [CF00]), there exists a crystalline
E-linear representation V ,, of Gal(Qp /Q,) such that Dcris(kaap) = Dy q,, Where Viia, 18
the dual of V. ,,. The representation V} 4, is crystalline, irreducible, and its Hodge-Tate
weights are 0 and k — 1. Let T' denote a Gal(Qp /Qy)-stable lattice of V;, , and let Vk,ap
be the semisimplification of T'/wgT. It is well-known that Vk@p depends only on V;q,,
and not on the choice of T

We should therefore be able to describe Vi, in terms of k and a,, but this seems to
be a difficult problem. Note that it is easy to make a list of all semisimple 2-dimensional
kg-linear representations of Gal(Qp /Qp): they are either direct sums of two characters
(after possibly extending scalars), or they are absolutely irreducible, and are then twists
of the representation ind(wj) for some 1 < 7 < p (ind(wj) is the unique irreducible repre-
sentation of Gal(Q,/Q,) whose restriction to inertia is wj ® w}", and whose determinant
is w”, where wsy is the fundamental character of level 2 and w is the cyclotomic character).

If 2 < k < p, then the theory of Fontaine-Laffaille gives us Vy, = ind(wi™'). If
k=p+1,ork>p+2anduv,(a,) >|(k—2)/(p—1)], then theorem 4.1.1, remark 4.1.2
and proposition 4.1.4 of [BLZ04] show that V;wp = ind(ws™'). For other values of k
and a,, we can get a few additional results by using the p-adic Langlands correspondence
(see [BGO9| or conjecture 1.5 of [Bre03|, combined with [Ber10]), or by computing
the reduction in specific cases, using congruences of modular forms (Savitt-Stein and
Buzzard, see for instance §6.2 of [Bre03]). However, no general formula is known or (at
the time of writing) even conjectured.

Our first result is that for a fixed k, the map a, — Vk,ap is locally constant with
an explicit radius, and that if we view k > val,(a,) as an element of the weight space
@n Z/p" (p —1)Z, then for a fixed a, # 0, the map k Vkﬁap is locally constant.

Let a(r) =3, [7/p" ' (p—1)], so that for example a(k — 1) < [(k — 1)p/(p — 1)*].

Theorem A. — If val,(a, — a,) > 2-val,(a,) + a(k — 1), then Vg = Vi,

The fact that Vlaap is a locally constant function of a, had been observed by many
people (Colmez, Fontaine, Kisin, Mézard, Paskunas, ...). The novelty in theorem A is
the explicit radius. The proof uses the theory of Wach modules, and consists in showing
that if one knows the Wach module for V} ,,, then one can deform it to a Wach module
for Vi, if a,, is sufficiently close to a,. By being careful, one can get the explicit radius
of theorem A (this method is the one which is sketched in §10.3 of [BB04)).

Theorem B. — If a, # 0 and k > 3 - val,(a,) + a(k — 1) + 1, then there exists m =
m(k,a,) such that Vo = Via, if K >k and k' —k € p™~'(p — 1)Z.
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The main result of [BGO09] shows for example that if 0 < val,(a,) < 1 and if k #
3 mod p — 1, then Vk,ap depends only on £ mod p — 1. The proof of theorem B consists in
showing that the representations V} ,, occur in the families of trianguline representations
constructed in §5.1 of [Col08] and §3 of [Chel0]. The restriction a, # 0 is essential, since
the conclusion of theorem B fails for a, = 0. In this case, the corresponding weight space
is quite different: see [Ber09] for a construction of a p-adic family of representations
which interpolates the V.

Our second result is an algorithm, which can be programmed, and which, given the
data of £, and a, mod 7, for n large enough, will return V;wp. This algorithm is based on
Fontaine’s theory of (¢, I')-modules (see A.3 of [Fon90]), and its refinement for crystalline
representations, the theory of Wach modules (see [Ber04]). In order to give the statement
of the result, we give a few reminders about the theory of (¢, ')-modules for kg-linear
representations. Let I' be a group isomorphic to Z; via a map x : I' = Z;. The
field kg (X)) is endowed with a kg-linear Frobenius map ¢ given by ¢(f)(X) = f(X?),
and an action of I' given by 7(f)(X) = f((1 + X)X —1). A (p,I')-module (over
kg) is a finite dimensional kg ((X))-vector space, endowed with a semilinear Frobenius
map whose matrix satisfies Mat(¢) € GL4(kg(X))) in some basis, and a commuting
semilinear continuous action of I'. By a theorem of Fontaine (see A.3.4 of [Fon90]), the
category of (y,I')-modules over kg is naturally isomorphic to the category of kg-linear
representations of Gal(ap /Q,). The group I' is topologically cyclic (at least if p # 2), so
that a (¢, ')-module is determined by two matrices P and G, the matrices of ¢ and of
a topological generator v of I" in some basis. In the sequel, we denote by rep(P, G) the
kg-linear representation attached to the (p,I')-module determined by P and G.

If f(X) € Op[X], set o(f)(X) = f((1 + X)? — 1) so that in particular, ¢(X) = XQ
where Q = ((1+ X)? —1)/X, and let I act on Op[X] by n(f)(X) = f((1+ X)X(W —1).
Assume from now on that p # 2, so that the group I' is topologically cyclic, and let
v be a topological generator of I'. We write v, = 4?1, so that x(v;) is a topological
generator of 1 + pZ,. If G is the matrix of v in some basis, then the matrix of ~; is
Gy =G (G) - "7%(G).

Definition. — Let W, (n) be the set of pairs of matrices (P,G), with P,G €
My (Og[X]/ (7%, 0(X)*)), satisfying the following conditions:

L Pp(G) = G(P);

2. G =IdmodX;,

3. det(P) = Q*! and Tr(P) = a, mod X;

4. II(Gy) = 0 mod Q, where II(Y) = (Y — 1)(Y — x(71)*71).
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If (P,G) € Wy, (n), then we denote by P and G two matrices in My (kg[X]) which are
equal modulo ¢(X)* to the reductions modulo 7 of P and G (note that in kg[X], we have
©(X) = XP). They then satisfy the relation Po(G) = Gy(P) mod (X)*, and in propo-
sition 4.1 below, we prove that we can modify G modulo X* so that Py(G) = Gv(P),

and that the resulting representation rep(P, G) does not depend on the modification.

Theorem C. — Ifn > 1, then Wy o,(n) is nonempty, and there exists n(k,a,) > 1 with
the property that if n = n(k,a,), and if (P,G) is the image of any (P,G) € Wy, (n),
then rep(P,G)* = Vz,ap.

This theorem suggests the following algorithm. Choose some integer n > 1; since the
set Ma(Op[X]/ (7%, ¢(X)*)) is finite, we can determine all the elements of Wy, (n), by
checking for each pair of matrices (P, G) whether it satisfies conditions (1), (2), (3) and
(4). For each pair (P, G) € Wy, (n), we compute rep(P, G)*. If we get two different kp-
linear representations from W, (n) in this way, then we replace n by n + 1; otherwise,
n = n(k,a,) and Vz,ap = rep(P,G)*. The theorem above ensures that the algorithm
terminates, and returns the correct answer. The proof of theorem C is a simple application
of the theory of Wach modules. It would be useful to have an effective bound for n(k, a,),
and theorem A is probably an ingredient in the determination of such a bound.

In order to implement the algorithm, we need to be able to identify rep(P, G) given P
and G, and one way of doing so is explained in §5 (another approach is being developed
in Jérémy Le Borgne’s PhD thesis). The implementation itself should be rather straight-
foward, once we have a library of routines for working with (¢, I")-modules. However,
the algorithm as it is given here is quite crude, and can certainly be improved, so as to
have a reasonable running time for small values of p and k. Note finally that it is easy

to modify the algorithm so that it works for p = 2.

1. Crystalline representations and Wach modules

Let I' be the group defined in the introduction and let Ag be the mg-adic completion of
Og[X][1/X], so that Ag is the ring of power series f(X) =Y _, a, X" with a,, € O and
a_, — 0 asn — +o0o. The ring Ag is endowed with an Og-linear Frobenius map ¢ given
by ¢(f)(X) = f((1+ X)? — 1) and an action of I" given by n(f)(X) = f((1+ X)XM —1)
for n € I'. An étale (¢, I')-module (over Og) is a finite type Ag-module D endowed with a

neZ

semilinear Frobenius map such that ¢(D) generates D as an Ag-module, and a commuting
semilinear continuous action of I'. By a theorem of Fontaine (see A.3.4 of [Fon90]),
the category of étale (o, I')-modules over Of is naturally isomorphic to the category

of Op-linear representations of Gal(Q,/Q,). We denote the corresponding functor by
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D — V(D), and the inverse functor by V +— D(V). If we restrict this equivalence
of categories to objects killed by mg, then we recover the equivalence described in the
introduction.

An effective Wach module of height A is a free Og[X]-module N of finite rank, with a

Frobenius map ¢ and an action of I', such that:

1. Ag ®0,1x1 N is an étale (o, I')-module;
2. I acts trivially on N/XN;
3. N/@*(N) is killed by Q", where ©*(N) is the Og[X]-module generated by ¢(N).

If N is a Wach module, then we can attach to it the E-linear representation V(N) =
E ®0, V(Agr ®0,x1 N). We can also define a filtration on N, by Fi/ N = {y € N such
that p(y) € @’ - N}, and the E-vector space F ®o, N/XN then has the structure of a
filtered ¢-module. By combining proposition I11.4.2 and theorem I11.4.4 of [Ber04], we
get the following result.

Proposition 1.1. — If N is an effective Wach module of height h, then V(N) is crys-
talline with Hodge-Tate weights in [—h; 0], and Des(V(N)) ~ E ®o, N/XN.

All crystalline representations with Hodge-Tate weights in [—h; 0] arise in this way.

The matrix of ¢ gives a well-defined equivalence class in My(E ®p, Og[X]), and we
have the following result, which follows from §III1.3 of [Ber04].

Proposition 1.2. — If N is an effective Wach module, then the elementary divisors (in
the ring E ®o, Op[X]) of the matriz of v are the ideals generated by Q" , ... Q" , where
hi,...,hq are the opposites of the Hodge-Tate weights of V (N).

Recall that Z,[X]/Q ~ Z,[¢,]. The Q,({,)-vector space E®p, N/QN is endowed with
an action of T', and by propositions II1.2.1 and III.2.2 of [Ber04], we have the following.

Proposition 1.3. — IfN is an effective Wach module, if V(N) is the attached represen-
tation viewed as a Qp-linear representation, and if n € T is such that x(n) € 1+pZ,, then
there exists a basis of Q, ®z, N/QN over Q,((,), in which the matriz of n is diagonal,
and whose coefficients on the diagonal are the x(n)", where hy, ..., hy are the opposites
of the Hodge-Tate weights of V(N).

If V(N) is an FE-linear representation of dimension d, with Hodge-Tate weights
hi, ..., hg, then the Hodge-Tate weights of the underlying Q,-linear representation are
the integers h;, each counted [E : Q,] times; in particular, [T, (11 — x(71)*) = 0 on
E ®p, N/QN where 7; = 4771,
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2. Local constancy with respect to q,

In this section, we give a proof of theorem A. The main idea is to deform a Wach

module, and in order to do this we need to prove a few “matrix modification” results.

Lemma 2.1. — If Py € My(Og) is a matriz with eigenvalues X # p, and if 6 = X\ — p,

then there exists Y € Ma(Op) such that Y~ € 6 My(Op) and Y 'RY = (3 9).

Proof. — The matrix P, corresponds to an endomorphism f of an E-vector space, such
that f preserves some lattice M. Let v and w be two eigenvectors for the eigenvalues
A and g, such that v and w are in M, but not in wgM. If x € M, then we can write
x = av + pw, so that f(x) = alv + Spw. Solving for awv and Sw shows that they belong
to 7M. The lemma follows by taking for Y the matrix of {v, w}. O

Corollary 2.2. — Ifa >0 and € € Og are such that val,(e) > 2val,(6) +«, then there
exists Hy € p* Ma(Opg) such that det(Id +Hy) = 1 and Tr(HyFy) = €.

Proof. — Ify € Op,let Hy=Y (y 7?”) Y1 so that det(Id +Hy) = 1 and Tr(HyPp) = y0.

v~y
If val,(y) > val,(0) + o, then Hy € p* My(Op), so that we can have Tr(HyFy) = ¢ with
y € Op as soon as val,(e) > 2val,(0) + a. O

Recall that ~ is a topological generator of I'. If » > 1, then

val, (1= x(y)(1 = x(71)*) -+ (1= x(3)") = a(r).

The following two propositions already appear in §10.3 of [BB04].

Proposition 2.3. — If G € Id+X My(Og[X]) and k > 2 and Hy € p**=1 My(Op),
then there exists H € My(Og[X]) such that H(0) = Hy and HG = Gy(H) mod X*.

Proof. — Write G = Id+XG; 4+ ---. We prove by induction on r > 1 that there
exists H, € p*k=0=2() My (Op), such that if we set H = Hy + XH, + -+ X" 'H_y,
then HG = Gvy(H) mod X*. Looking at the coefficient of X" in the equation HG =
Gv(H) mod X*, we see that H, is uniquely determined by Hy, ..., H,_;, and that (1 —
x(Y)") H, € pk=D=el=) M,(Op), which completes the induction. O

Proposition 2.4. — Let G € Id +X My(Og[X]) and P € My(Og[X]) satisfy det(P) =
Q"1 and Po(G) = Gy(P).

If Hy € p** Y My(Opg), then there exists G' € I1d+X My(Og[X]) and H €
My (Op[X]) with H(0) = Hy such that if P = (Id+H)P, then P'o(G") = G'y(P').
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Proof. — Let H be the matrix constructed in proposition 2.3, and let G, = G, so that
we have G}, — P'o(G)y(P)™t = X*R, € X*My(Og[X]). Assume that j > k and that

we have a matrix G; such that
G~ Plo(Gr(P) = XTR, € X MAO[X]).
If S; € Mg(Op), and if we set G, = G’ + X S;, then
1= Plo(Gl)y(P) ™ =G = Plo(G)y(P) ™ + X7S; = PXIQSjy(P) ™
= X/(Rj + 8; — Q" P'S;Q" (P 7Y,

and we can find S; such that R; + S; — Q7 *1P'S;Q 1y (P")~1 € X My(Og[X]), since
the map S +— S —p/~*1P(0)- S (Q* 1v(P")71)(0) is obviously a bijection from My(Ox)
to itself. By induction on j > k, this allows us to find a sequence (G);=, which converges
for the X-adic topology to a matrix G’ satisfying P'o(G’) = G'y(P’). O

Proof of theorem A. — The representation Via, is crystalline, with Hodge-Tate weights
0 and —(k — 1). By proposition 1.1, we can attach to it an effective Wach module Ny o,
of height k — 1. If we choose a basis of N, , and denote by P and G the matrices of ¢
and v € T, then Py(G) = Gy(P). In addition, G € Id +X My(Og[X]), det(P) = Q¥ 1,
det(P(0)) = p*' and Tr(P(0)) = ap. If a, € Op satisfies val,(a, — a},) > val,(aZ —
4p* 1 + a(k — 1), then corollary 2.2 applied to ¢ = a, — ap, and proposition 2.4, give
us matrices P’ = (Id+H)P and G’, which define a Wach module N’ coming from a
crystalline representation V.

The matrix of ¢ on Deis(V’) is P'(0), and has determinant p*~' and trace af,. Since
Id +H is invertible, the matrices P and P’ are equivalent, and proposition 1.2 implies
that the filtration on De;s(V”) has weights 0 and —(k — 1). This shows that N’ = Nkar -
If val,(a, — al,) > val,(a) — 4p" ') + a(k — 1), then the matrices P’ and G’ are congruent
modulo 7 to P and G so that V;m; = Via,-

Finally, note that val,(a2 — 4p*~') = 2val,(a,) if val,(a,) < (k —1)/2, and that if
val,(a,) > (k—1)/2, then the main result of [BLZ04| actually gives a better radius than
2val,(a,) + a(k —1). O

3. Local constancy with respect to &

In this section, we give a proof of theorem B. The idea is to show that V} 4, is a point
in one of the families of trianguline representations constructed by Colmez in §5.1 of
[Col08]. We start by briefly recalling Colmez’s constructions, referring the reader to

Colmez’s article for more details.
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Let R denote the Robba ring with coefficients in £. If 0 : Q' — E™ is a continuous
character, then one defines a 1-dimensional (¢, ')-module R(d) by R(6) = R - es where
w(es) = d(p)es and y(es) = d(x(7))es. Given two characters 0, and dy, Colmez constructs
non-trivial extensions 0 — R(d;) — D — R(d2) — 0, and under certain hypothesis
on ¢; and s, the 2-dimensional (¢, I')-module D is étale in the sense of Kedlaya (see
[Ked04]), and therefore gives rise to a p-adic representation V' (d1, d2), by using Fontaine’s
construction. These representations are the trianguline representations of [Col08] (note
that if 9,6, " is of the form z° with ¢ > 0 or |z|2 with i > 1, then there are several
non-isomorphic possible extensions, and one needs to introduce an L-invariant; in this
case, we always take £ = 00).

If y € EX, let p, : Q) — E* be the character defined by u,(p) = y and /Ly’z; = 1.
Let x : Q; — E* be the character defined by x(p) = 1 and x(z) = = if z € Z). The
following result follows from the computations of §4.5 of [Col08].

Proposition 3.1. — Ify € mg is a root of y> —a,y+p*~1 = 0, such that val,(y) < k—1,
then V (jugs 1)) = Vi

We now recall Colmez’s construction (completed by Chenevier) of families of trianguline
representations. Recall first that there is a natural parameter space 2~ for characters
6 : QF — E*. Denote by 6(z) the character corresponding to a point z € 2. The
following proposition is proposition 5.2 of [Col08] (if 6,0, ' (p) & p%) and proposition 3.9
of [Chel0] (for the general case).

Proposition 3.2. — If §; and dy are two characters as above, then there exists a neigh-
bourhood % of (01,02) € X%, and a free Oy-module V of rank 2 with an action of

Gal(Q,/Qp), such that V(u) = V(01(u), d2(u)) if u € % .

Proof of theorem B. — Let k be such that k — 1 > val,(a,), and let §; = pio, and 6, =
[0, X ", so that V (61, 05) = Ve it fay
val,(p*"1/a,) > 2-val,(a,) + a(k — 1), then V (4, 8,) = V;ap. Proposition 3.2 implies the
existence of a neighbourhood % of (§1,d,) € 272, such that V(8;(u), d2(u)) is constant
on % . By applying this to 6; = i, and dp = 1y /apxl’k/, this implies that there exists m
such that VZ',% = V,:’% if ¥ >k and ¥ — k € p™ ! (p — 1)Z, which finishes the proof of
theorem B. ]

by proposition 3.1. Theorem A implies that if

4. The algorithm for computing the reduction

We start by giving a proof of the main technical result which is used in order to justify

that it is enough to work with truncations of (¢, I')-modules.
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Proposition 4.1. — If 1 < n < 4oo, and if P and Gy are two matrices in
My(Og/m2[X]), such that det(P) = Q1 x unit, and G}, = [dmodX, and Pyp(Gy) =
Gry(P) mod o(X)*, then:
1. there exists G € My(Op/m%[X]) such that G = Gy mod X* and Pp(G) = Gv(P);
2. if P' and G' are two matrices, equal to P and G modulo p(X)* and X* respectively,
and satisfying the same conditions as P and G, then rep(P’',G") = rep(P, Q).

Proof. — We start by proving (1). Since det(P) = QF! x unit, the same is true of
det(y(P)) and hence we have Q¥ 1v(P)~t € My(Op/m:[X]). We can therefore rewrite
the equation Pp(Gy) = Gyy(P) mod o(X)* as

G — Po(Gr)y(P)™" € X*QMy(Op/m3[X]),

since this is true after multiplying by Q*!, and Q is not a zero divisor in O /m%[X].
Assume that j > k and that we have a matrix G, such that
Gj = Pp(Gj)(P)™ = X'R; € X! My(Op/m5[X]).
If S; € My(Op/7%) and if we set G411 = G; + X7S;, then
Gir1 = Po(Gi)y(P)™ = Gj = Po(Gy)y(P)™! + X78; = PX7QSjy(P) ™!
= X/ (R; + 85 — QM PS;QFy(P) 7,

and we can find S; such that R; + S; — Q7 F1PS;QF1v(P)™! € X My(Op/m%[X]),
since the map S — S — p!*1P(0) - S - (Q*1v(P)~1)(0) is obviously a bijection from
M4(Og/7}) to itself. By induction on j > k, this allows us to find a sequence (G;),>x
which converges for the X-adic topology to a matrix G satisfying (1).

In order to prove (2), we start by showing that there exists a matrix M €
GL4(Og/mr[X]), such that M1 P'p(M) = P. We have by hypothesis P’ = P+p(X)*S,
and hence P’ = (1 + X*R)P with R = SQ*P~!. By induction and successive approxi-

mations, we only need to show that if P’ = (1 4+ X?R;)P with j > k, then there exists
T; € My(Op/m) such that (14 XIT;) ' P'o(1 + XIT;) = (1 + X/ R;41)P. We have

(1+X'T)™" - (1+X'R;) - P- (1 + X'T))
=1+ X/ (R, = T; + Q"' PT;Q"'P~1) + O(X?)) - P,
and the claim follows from the fact that the map 7'+ T — p/ = **1P(0) - T - (Q*1P~1)(0)

is obviously a bijection from M,(Og/7%) to itself. In order to prove (2), we are therefore
reduced to the case P = P’. We now prove that in this case, we actually have G' = G. If
we set H = G'G™!, then the two equations Po(G) = Gy(P) and Pp(G') = G'y(P) give
Pp(H) = HP, with H = IdmodX*. Let Hy = H and set H,, ., = Pp(H,,)P~'. Since
H = Id mod X*, we can write Hy = Id +X*71¢"(X) Ry and an easy induction shows that
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we can write H,, = Id+X* 1o™(X)R,,, with R,, € My(Og/7%[X]), so that H,, — Id
as m — 4o00. The equation Po(H) = HP implies that H,, = H for all m > 0, so that
H = 1d, and we are done. O

We now give a proof of theorem C, which we recall here. Remember that p # 2.

Theorem 4.2. — If n > 1, then Wy, (n) is nonempty and there exists n(k,a,) > 1
with the property that if n > n(k,a,) and if (P,G) is the image of any (P,G) € Wy q,(n),
then rep(P, G)* = V;ap.

Proof. — The representation Vk’f% is a crystalline representation, with Hodge-Tate
weights —(k — 1) and 0. By proposition 1.1, there exists an effective Wach mod-
ule Ng,, of height k& — 1, with the property that V(Ny,,) ~ Vi, . If P and G
are the matrices of ¢ and « in some basis of N,,, then they satisfy the equations
Pp(G) = Gy(P) and G = Idmod X by definition. The determinant of V7, "is Y71, so
that det(P) = Q' x u with u € 1+ XOg[X]. The map v — ¢(v)/v from 1+ XOg[X]
to itself is a bijection and since p # 2, every element of 1 + XOg[X] has a square root.
We can therefore modify P (and G accordingly) so that det(P) = Q*~1. The fact that
DcriS(kaap) = Dy, = £ ®0, Nia, /XNy, implies that Tr(P) = a, mod X. Finally, by
proposition 1.3, the operator (y1 —1)(v1—x(71)"™") is zero on E®o, N, o,/ QN q,, S0 that
if G1 = GY(G) - 4*72(G) and TI(Y) = (Y — 1)(Y — x(71)*~Y), then II(G;) = 0 mod Q.
This shows that the images of P and G in My(Og[X]/ (7}, o(X)¥)) belong to Wi, (n)
for all n > 1, and hence that W, (n) is nonempty.

We now prove the existence of n(k,a,). There are only finitely many semisimple kp-
linear 2-dimensional representations of Gal(Qp /Qp) so that, if for infinitely many n there
exists (P,G) € Wy, (n) whose image (P,G) satisfies rep(P,G)* # Vzvap, then there
exists some semisimple kg-linear 2-dimensional representation U # V;;ap of Gal(Q,/Qp),
which arises from (P, G) € Wy q,(n) for infinitely many n’s. By a standard compacity
argument (recall that the Wy, (n) are finite sets), this implies that we can find a compat-
ible sequence (P, G,)n>1 with each term “reducing mod 7wg” to U. The matrices P, and
G, converge to P and G in My(Og[X]), and P and G still satisfy conditions (1), (2), (3)
and (4) of the definition of W} ,,(n), since these conditions are continuous. In particular,
conditions (1), (2) and the first part of (3) imply that P and G define a Wach module,
which then comes from a crystalline representation V. Condition (3) then implies that
Deris(V) o~ Dia, as p-modules, while condition (4) along with proposition 1.3 implies
that the Hodge-Tate weights of V' belong to {0; —(k—1)}. The fact that Des(V') ~ Dy 4,
implies that the sum of the weights is —(k — 1), so that Deys(V) ~ Dy, as filtered



LOCAL CONSTANCY FOR SOME CRYSTALLINE REPRESENTATIONS 11

¢-modules, and hence V' ~ V/* . But then U = Ve = Vz,ap, which is a contradiction.

This shows the existence of n(k,a,) and finishes the proof of the theorem. ]

5. Identifying mod p representations

If P and G are two matrices in My(kg[X]) such that det(P) = @Q* ! x unit and
G =1d mod X and Pyp(G) = Gv(P) mod ¢(X)k, then by proposition 4.1, there is a well-
defined kg-linear representation rep(P, G) attached to P and G. In this section, we give
a crude but effective method for determining rep(P, G).

Recall that if V is a kg-linear representation of Gal(Q,/Q,), then by B.1.4 of [Fon90]
there is a kg[X]-lattice D (V') inside D(V'), which is stable under ¢ and the action of
I', and such that any other such lattice N satisfies N € Dt (V). If M is the matrix of
a basis of N in a basis of DT(V) then det(¢|N) = det(¢|DT(V)) - p(det(M))/ det(M).
In particular, if det(p|N) is Q%! x unit then det(M) divides X*~1. The algorithm for

determining rep(P, G) is then the following:

1. make a list of all the kp-linear 2-dimensional representations of Gal(Q,/Q,);

2. for each of them, compute P and G, the matrices of ¢ and v on D*(V), to precision
ka+k71.

3. make a list of all the M~1Pp(M) and M~1G~y(M) for the finitely many M €
M, (kp[X]/XPE+E=1) such that det(M) divides X*!

Step (2) is an interesting exercise in (g, I')-modules. For example, if V' = ind(w}) with
1 <7 < p, then D*(V) has a basis in which Mat(p) = ( 2, =*""). The corresponding
matrix of v can then easily be computed.

Note also that in step (3), we need to multiply by M !, so that the precision drops from
XPrtk=l o XPF = (X )*. This procedure gives a complete list of all possible (P, ), along
with the corresponding representation. Given a pair (P, G), the representation rep(P, Q)

can then be determined by a simple table lookup.
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