IRREDUCIBLE MODULAR REPRESENTATIONS OF
THE BOREL SUBGROUP OF GL,(Q,)

by

Laurent Berger & Mathieu Vienney

Abstract. — Let E be a finite extension of F,,. Using Fontaine’s theory of (¢, I')-modules,
Colmez has shown how to attach to any irreducible E-linear representation of Gal(Q,/Qp)
an infinite dimensional smooth irreducible E-linear representation of B2(Q,) that has a
central character. We prove that every such representation of B2(Q,,) arises in this way.
Our proof extends to algebraically closed fields E of characteristic p. In this case, in-
finite dimensional smooth irreducible E-linear representations of B2(Q,) having a central

character arise in a similar way from irreducible E-linear representations of the Weil group

of Q.
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conjectured by Breuil, can be constructed using Fontaine’s theory of (¢, I')-modules, in or-
der to obtain representations of By(Q,,), the upper triangular Borel subgroup of GL2(Q,),
from 2-dimensional representations of Gal(Q,/Q,). In this article, we determine com-
pletely which class of representations of By(Q,) can be constructed by applying Colmez’s
method to irreducible mod p representations of Gal(Q,/Q,) of any dimension.

Let E be a finite extension of F,. If V' is a finite dimensional E-linear representation
of Gal(Q,/Q,) and if x is a smooth character of Q, then Colmez’s functor “@w DA(-)”
allows us to construct a smooth representation (V) = (lim . DA(V))* of the group
B2(Q,), having x as central character. Our first result is the following (see theorem 4.2

and remark 4.3 of [Viel2b]).

Theorem A. — If E is a finite field, and if 11 is an infinite dimensional smooth irre-
ducible E-linear representation of B2(Q,) having a central character x, then there exists
an irreducible E-linear representation V. of Gal(Q,,/Q,) such that IT = Q, (V).

Our proof extends to representations with coefficients in an algebraically closed field
E of characteristic p. The theory of (¢, ')-modules is then less satisfactory, but one can

still carry out Colmez’s construction and prove an analogue of theorem A.

Theorem A’. — If E is an algebraically closed field of characteristic p, and if I1 is an
infinite dimensional smooth irreducible E-linear representation of Ba(Q,) having a central

character x, then there exists an irreducible E-linear representation V' of the Weil group
of Q, such that II = Q, (V).

This extension of theorem A depends on the following result, which (following a sug-
gestion of Colmez) extends Fontaine’s theory of (¢, I')-modules to algebraically closed

coefficient fields of characteristic p.

Theorem B. — If E is an algebraically closed field of characteristic p, then there is a
natural bijection between the set of irreducible E-linear representations of the Weil group
of Q, and the set of irreducible (¢, I')-modules over E((X)).

This bijection, which is compatible with the usual theory of (¢, T')-modules, does not
seem to extend to reducible objects if F is not an algebraic extension of F,,.

In order to prove theorems A and A’, we need to “invert” Colmez’s construction V
(@w D*(V))*. This was done in some cases by Colmez (see §IV of [Col10b] as well as §4
of Emerton’s [Eme08]) and in much greater generality by Schneider and Vignéras (see
[SV11]). Our method is similar. The finiteness result that we need in order to conclude

is provided by Emerton (see [Eme08]).
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Note that if F is a field of characteristic different from p, then determining the smooth
irreducible representations of B9(Q,) is a much easier problem (see for instance §8 of
[BHO6] for the case £ = C). Likewise, it is a simple exercise to determine the finite

dimensional smooth irreducible E-linear representations of By(Q,).

Notation. — The letter F stands for a field of characteristic p. Throughout this article,
E is given the discrete topology. We let B = By(Q,) and write Gq, for Gal(Q,/Q,). We
define a map n : Gq, — Z as follows: if g € Gq,, then the image of ¢ in Gal(F,/F)) is
Frobg(g) where Frob, = [z — 2?]. The Weil group of Q, is Wq, = {g € Gq, such that
n(g) € Z} and Iq, denotes the inertia subgroup of Gq, .

In order to retain the spirit of the lectures given at the LMS Durham Symposium, we
explain the idea of the proofs of some of the technical results that are taken from other

papers, in order for this article to be more easily readable by newcomers to the subject.

1. (¢,I')-modules and (¢, I')-modules

In this section, we recall the definition of (¢, I')-modules and (¢, [')-modules and we
explain how these objects are related to each other.

The ring E[X] is given the X-adic topology, for which it is complete, and the field
E(X)) = Up=0X "E[X] is given the inductive limit topology when necessary.

The rings F[X] and E(X)) are equipped with a continuous Frobenius map ¢ given
by (¢f)(X) = f(XP?). Let I stand for the group Z, the element of I' corresponding
to a € Z; being denoted by [a]. The rings E[X] and E((X)) are also equipped with
an action of I, given by ([a]f)(X) = f((1 + X)* — 1). This action is continuous and

commutes with ¢.

Definition 1.1. — A (¢,I')-module is an E((X))-vector space D of dimension d,
equipped with a semilinear Frobenius map ¢ : D — D whose matrix in some basis

belongs to GL4(E((X))), and a continuous semilinear action of I' that commutes with .

Exzample 1.2. — 1f § : Q) — E* is a continuous character, then we define F((X))(d)
as the (p,T')-module of dimension 1 having es as a basis, where p(es) = d(p)es and

[ales = 0(a)es. Every (¢, T')-module of dimension 1 is then isomorphic to E((X))(d) for a
well-defined character  : Q; — E*.

If a(X) € E(X)), then we can write a(X) = 525(1 4+ X )7ay;(X?) in a unique way,
and we define a map ¢ : E((X)) — E(X)) by the formula ¢ (a)(X) = ag(X). A direct
computation shows that if 0 < r < p — 1 then ¢(XP"") = (=1)"X™.
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If Dis a (p,I')-module over E((X)) and if y € D, then we can write as above y =
Z?;(l)(l + X)) p(y;), and we set ¥ (y) = yo. The operator ¢ thus defined commutes with
the action of I and satisfies ¥ (a(X)p(y)) = ¥ (a)(X)y and ¥ (a(XP)y) = a(X)¥(y) (in

particular, it is a left inverse of ¢).

Definition 1.3. — A (¢,T')-module is an E[X]-module M of finite type, equipped with
an E-linear map ¢ : M — M such that ¢(f(X?)y) = f(X)¥(y), and a continuous
semilinear action of I' that commutes with ). We say that
1. M is surjective if ¢» : M — M is surjective;
2. M is non-degenerate if ker(v) : M — M) does not contain an E[X]-submodule (in
other words: if y € M satisfies ¥(f(X)y) = 0 for all f(X) € E[X], then y = 0);

3. M is irreducible if it has no non-trivial sub-(¢, I')-module.

Note that an irreducible (¢, T')-module is surjective and non-degenerate. It is also

torsion-free unless it is finite-dimensional over F.

Theorem 1.4. — If D is a (p,I')-module, then D contains a surjective sub-(1,T)-
module M such that D = E((X)) ®gpxy M. In addition,

1. if D is irreducible of dimension > 2, then M is uniquely determined;
2. if D is of dimension 1, and we write D = E(X))(0), then either M = E[X] - es or
M= X"1E[X] - e;5.

Proof. — This is proved in §I1.4 and §I1.5 of [Coll0a] if £ is a finite field, and more
generally in §4.3 of [Viel2a]. Note that if D is of dimension 1, then the existence of M
and the fact that either M = E[X]-e; or M = X' E[X]-e; are both simple exercises. In
general, Colmez constructs both a smallest and a largest such sub-(1, I')-module, denoted
by D" and Df respectively. He then proves (see corollary 11.5.21 of [Col10a] and theorem
4.3.50 of [Viel2a]) that if D is irreducible of dimension > 2, then Df = DF, O

Definition 1.5. — We denote by M(D) the surjective (¢,I")-module attached to an
irreducible (¢,T")-module D (if D is of dimension 1, then we take M(D) = E[X] - e5), so
that our M(D) is Colmez’s DF.

Theorem 1.6. — If M is a surjective (1, I')-module that is non-degenerate and free over
E[X], then there exists a compatible (¢,I")-module structure on D = E(X)) ®ppxy M.

Proof. — Let D = E((X)) ®grx; M and let D be D but with the F((X))-vector space
structure given by f(X) -y = f(X?)y so that Disan F (X))-vector space of dimension
pd. Let v; : D — D be the map y — ¢((1 + X)y), so that v; : D — D is a surjective
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linear map. Its kernel is therefore of dimension pd — d and N = N?_} kert); is an E(X))-
vector space of dimension at least pd — (p — 1)d = d. The non-degeneracy of M implies
that v : N — D is injective, so that dimN = d and ¢ : N — D is bijective.

Let ¢ : D — N C D denote its inverse. It is easily checked that ¢ and I' give rise to a
(¢, I')-module structure on D, compatible with the (¢, I')-module structure on M. O]

We finish this section with a technical result on regularization by Frobenius. Let R be

a ring equipped with an automorphism ¢, which is extended to R[X] by ¢(X) = X?.

Lemma 1.7. — If P € GLy(R[X]), then there exists a matriz M € GL4(R[X]) such
that M~ Pp(M) = P(0) € GLq(R).

Proof. — This is a standard result, which is proved by successive approximation: if there
exists a matrix M; € GLq(R[X]) such that M; 'Po(M;) = P(0) + B,X* + O(X*!) with
P, € My(R) and if Q; = P,P(0)™!, then

(1+X'Qi) "M P p(M;(1+ X'Qy)) = P(0) + O(X"™),

so that one can set M;, = M; - (1 + X'Q;) and take M = lim;_, o, M;. O

2. Construction of (GGalois representations

In this section, we recall Fontaine’s equivalence between (¢, I')-modules and represen-
tations of Gq, over finite fields. After that, we explain how to extend this equivalence to
irreducible representations of Wgq, over algebraically closed fields.

Let Eq, = F,((X)) and recall that if K is a finite Galois extension of Q,, then there
exists a finite extension Ex of Eq, attached to it by the theory of the field of norms (see
[Win83] and A3 of [Fon90]), and that Gq, acts on Ex. For example, Gq, acts on Eq,
by g(f(X)) = f(IXeya(9)](X)). We have Eq) = Uk/q,Ex and if Hq, denotes the kernel
of Xeyel : Gq, = Z,;, then the map Hq, — Gal(Eg’ /Eq,) is an isomorphism.

If £ is a finite field and if D is a (¢, T')-module over E((X)), then V(D) = (EQ’ ®r,(x)
D)#=! is an E-vector space and the group Gq, acts on V(D) by the formula g(a ® y) =
g(a) ® [Xeyea(9)](y). This way, we get a functor from the category of (¢, I')-modules
over E((X)) to the category of E-linear representations of Gg,. The following theorem is
proved in §1.2 of [Fon90].
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Theorem 2.1. — If D is a (¢,I')-module over E((X)), then V(D) is an E-vector space
of dimension dim(D), and the functor D +— V(D) gives rise to an equivalence of cate-
gories between the category of (p,I")-modules over E((X)) and the category of E-linear

representations of Gq, .

Proof. — We give a sketch of Fontaine’s proof. Assume first that £ = F, and let D be
a (¢, I')-module over F,(X)). If we choose a basis of D and if Mat(¢) = (pi;)1<i,j<dim(D)
in that basis, then the algebra A = F,(X))[X1,. .., Xamm)]/ (X} — X pij Xi)1<j<dim(D) 18
an étale F,((X))-algebra of rank p@™®) and V(D) = Homp, (x)—atgebra (4, F,(X))*P) so
that V(D) is an F,-vector space of dimension dim(D).

Given the isomorphism Hq, ~ Gal(F,(X))*?/F,(X))), Hilbert’s theorem 90 tells us
that Hieere(HQ, GLa(Fp(X)*P)) = {1} if d > 1. If V is an F,-linear representation
of Hq, then F,(X)*P @p, V =~ (F,(X))*)4m(") as representations of Hq, so that
the F,((X))-vector space D(V) = (F,(X)*P ®p, V)" is of dimension dim(V) and
V = (F,(X)* @r,(x) DV))*,

It is then easy to check that the functors V +— D(V) and D +— V(D) are inverse of
each other. Finally, if £ # F, then one can consider an E-linear representation as an
F,-linear representation with an E-linear structure and likewise for (¢, I")-modules, so

that the equivalence carries over. O

For example, if § is a character of Q) then the representation arising from E((X))(9)
is the character of Gq, corresponding to 0 by local class field theory.

If £ is not a finite extension of F,, then theorem 2.1 above may well fail. Suppose for
instance that £ = Fy(t) and that D = E((X))(0) where 6(p) = ¢ and 0|z = 1. This
(¢, I')-module “should” correspond to the unramified character of Gg, sending Frob, to
t~1, but there is no such character because the map n — ¢t~ does not extend to Z. There
is however such a character of the Weil group Wq, of Q, and in the rest of this section,
we construct a bijection between the set of irreducible representations of Wq, and the
set of irreducible (¢, I')-modules over E((X)), for any algebraically closed field E.

Assume for the rest of this section that F is an algebraically closed field of character-
istic p. We first explain how to attach an irreducible (¢,I')-module over E((X)) to an
irreducible E-linear representation of Wq,. If A € E*, let uy : Wq, — £ denote the
character defined by g — A7"9). Take n > 1 and let w, : 1q, — F; be one of Serre’s
fundamental characters of level n (see [Ser72]). If h € Z is not divisible by any of the
(p* —1)/(p? — 1) for d < n dividing n (we then say that h is primitive), then let ind(w?)
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be the unique irreducible representation of Gq, whose restriction to Zq, is @fz_olwﬁih and
whose determinant is w”.
The representation ind(w!) is actually defined over F,, as we now show. Let W = {a €

F, such that o*" = (—1)""!a} so that W is a Fy.-vector space of dimension 1 and hence

a F-vector space of dimension n. Choose 7, € Qp such that 77" ~! = —p. By composing
the map Gal(Q'(m,)/Q,) = F% x Z with the map FX, x Z — Endg, (W) given by

(x,0) = m! (where m, is the multiplication by = map) and by (1,1) — (a — a?), we
make W into an n-dimensional F-linear representation of Gq,. We leave it as an exercise
to check that W = ind(w").

Proposition 2.2. — If V is an irreducible n-dimensional E-linear representation of
Wa,, then there exists h € Z and A € E* such that V = (E ®p, ind(w?)) ® .

Proof. — The proof is the same as in §2.1 of [Ber10al: by §1.6 of [Ser72], V|z, splits
as a direct sum of n tame characters and since V is irreducible, these characters are
transitively permuted by Frobenius, so that they are of level n. Therefore, there exists
a primitive h such that V = @?;01% where Zq, acts on V; by wgih. Since w,, extends to
Gal(Q,/Q,»), each V; is stable under the Weil group of Gal(Q,/Q,~), which then acts on
V; by wﬁihxi where y; is an unramified character. The lemma then follows from Frobenius

reciprocity. O

Definition 2.8. — To V = (E @y, ind(w?)) @ p,, we then attach the (p,I')-module
D(V) having a basis e, ..., e,—; in which [a](e;) = (aX/[a](X))"?'®=D/¢" e, if a € Z
and p(ej) = ejy1 for 0 < j < n—2and p(e, 1) = (=) IAnX ~hP=De,.

Different choices of h and A can give rise to the same representation V', but we can
check that the (¢, I')-module D(V') thus defined depends only on V. Indeed, if A\ € F,,,
then (E @, ind(w!)) @ pa extends to Gq, and the (¢, I')-module above is the extension
of scalars of the one given by Fontaine’s construction, by the results of §2.1 of [Ber10al].

We now explain how to attach an irreducible representation of Wq, to an irreducible
(¢, I')-module over E((X)). Let F be a field that is complete for a discrete valuation val(-)
and endowed with an automorphism ¢, such that val(p(y)) = p-val(y) (in the sequel, we’ll
have F' = E((Y)) where Y = X and val = valy). Let F{¢} denote the non-commutative
ring of polynomials in ¢ with coefficients in F. If P(p) = ag+ a1+ -+ a," € F{p},
then the Newton polygon NP(P) of P is the convex polygon whose support consists of the
points ([k], val(az)) where [k] = (p* — 1)/(p — 1). The slopes of NP(P) are the opposites
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of the slopes of the segments of the polygon. If P(¢) = ag+ a1p + -+ - + an™ € F{p},
and if y € F, then P(¢)y = aoy + ar1p(y) + -+ + an" (y) "

Lemma 2.4. — If P(y) € F{p} is isoclinic of slope s, and if y € F satisfies val(y) =,
then P(p)y is isoclinic of slope s — (p — 1)r.
Proof. — We have val(*(y)ay) = p*val(y) + val(ax) so that

val(p*(y)ax) — val(¢/ (y)a;) _ val(ay) — val(a;)
(k] =[] (k] =[]

+(p—1)r.

Proposition 2.5. — If P(p) € F{p} is irreducible, then it is isoclinic.

Proof. — See §2.4 of [Ked08] as well as §3.2 of [Viel2a]. We give a sketch of the proof.
Let F'{¢©*!'} be the space of polynomials in ¢ and ¢~1. Since  : F' — F is not necessarily
invertible, F/{x*!} is not a ring, but it is a left F{p}-module. If r € R and P € F{p*'},
let val,(P) = min;ez(val(a;) + r[i]). Using successive approximations, we can show that
if R € F{p*'} and r € R are such that val,(R—1) > 0, then there exists P € F{¢} and
Q € F{p '} such that R = PQ. Using this factorization result, we can now prove that
if P € F'{¢} and NP(P) has a breakpoint, then P can be factored in F'{y}. O

Note that in general, if P = P, P, then the set of slopes of NP(P) is not the union of
the sets of slopes of NP(P;) and NP(P,).

We denote by valyx the X-adic valuation on Eg, by Ef the ring of integers of Ex for
valy and by kg the residue field of Ex (it is the residue field of K (pp~)).

Proposition 2.6. — If D is an irreducible (p,T")-module over E(( X)), then there exists
a finite extension K of Q,, such that Eg ®rq, D has a basis in which Mat(p) belongs to
GLq4(kx ®r, E).

The kx ®@r, E/-module generated by this basis depends only on D, and in particular it
is stable under the action of Gq, given by g(a ® y) = g(a) ® [Xeya(9)](y)-

Proof. — Let us first show that the kx ®g, E-module generated by such a basis is unique.
If M € My(Ex ®gq, E(X)), then let valx (M) be the minimum of the valuations of the
entries of M.

If Ex ®gq, D admits two bases in which Mat(p) € GL4(kx ®¥, E), then let P, and
P, be the two matrices of ¢ and let B € GLy(Ex ®gq, E(X))) be the change of basis
matrix. We then have P, = B™'Pip(B) so that ¢(B) = P;'BP,. This implies that
valx (p(B)) = valx(B) so that valx(B) = 0, and hence B € My(E% Org, E[X]). The
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same argument applied to B! shows that B € GL4(E}; Oy E[X]). If we write B =
By + C where By € GLy(kx ®p, E) and valy(C) > 0, then the formula o(B) = P, BP,
implies likewise that valx(C') = 400 so that C' = 0. The kg ®p, £-module generated by
these two bases is therefore the same.

We now show the existence of such a basis. We can assume that D is irreducible
as a p-module; indeed, if M is an irreducible sub-p-module of D, then we can write
D =3Y",7(M) with v; € I'. We can assume that n is minimal, so that the sum is direct
and the existence result for D follows from the result for each of the ¢p-modules ~;(M).

If m € D is non-zero, then it generates D as an E((X)){¢}-module since D is assumed to
be irreducible. Let P(y) be a non-zero polynomial of degree dim D such that P(¢)(m) =
0. If P(y) were reducible, then this would correspond to a non-trivial sub-p-module of
D so that P(y) is irreducible and by proposition 2.5, P(¢) is isoclinic. If s is the slope of
P(¢p), then there exists a finite extension K of Q, and an element y € Ej of valuation
s/(p —1). Lemma 2.4 shows that if we replace m by ym, then the resulting polynomial
Q() is isoclinic of slope 0. This implies that there exists a basis of Ex ®Eq, D in which
Mat(¢) € GLq((kx ®p, E)[Y]). Lemma 1.7 now implies that there exists a basis of
Ex ®gq, D in which Mat(yp) € GL4(kx ®r, E), which is the sought-after result. O

Let D be an irreducible (¢,I')-module over E((X)), and let K be as above. Since E
is algebraically closed, we have kx ®p, E = E" with n = [kg : F,]. We denote by
7, : E" — E the projection on the k-th factor. Let Vi (D) be the E"-module generated
by the basis afforded by proposition 2.6. This module is stable under Gq, which acts
by kx-semilinear automorphisms. We define an action of Wq, on Vi (D) by p(9)(y) =
©~™9(g(y)). This action is now E"-linear, and commutes with ¢. In particular, Vi (D) =
mVk(D)®--- @7, V(D) and (7, V(D)) = w1 Vi (D) (with 7,41 = m1) so that all the
representations 7, Vi (D) are isomorphic. We let V(D) = m Vg (D).

Proposition 2.7. — The representation V(D) defined above is irreducible.

Proof. — Note that ¢" gives rise to an endomorphism of V(D). Since FE is algebraically
closed, ©" has an eigenvalue ), and the space V(D)¥"=* is stable under Waq,, so that it
contains an irreducible sub-representation W of Wq, .

The ki ®p, E-module M =W @ (W) & --- & ¢" (W) is then a subspace of Vx (D),
which is stable under Wq, and ¢, so that it is also stable under Gq, and ¢. The space
Ex ®p, M is then a sub-(p,I')-module of Ex ®gq, D that is stable under ¢ and Gq,.
By Galois descent (see for instance proposition 2.2.1 of [BCO08)), Ex ®, M comes by
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extension of scalars from a sub-(¢, I')-module of D. If D is irreducible, then M = {0} or
M = Vg (D) and hence V(D) is irreducible. O

Theorem 2.8. — The two constructions V — D(V) and D — V(D) defined above are
inverse of each other and give rise to dimension preserving bijections between the set of

irreducible E-linear representations of Waq, and the set of irreducible (¢, I')-modules over

E(X)).

Proof. — The fact that dimensions are preserved is clear from the constructions. The
fact that the two constructions are inverse of each other is a tedious but straightforward

exercise. O

3. Topological representations of profinite groups

In this section, we first gather some results about topological E-vector spaces and
duality, which generalize Pontryagin’s theorems to certain E-vector spaces (see §I1.6 of
[Lef42]). After that, we look at continous representations of certain topological groups.

Recall that E is a field that is taken with the discrete topology. A topological E-vector
space V' is said to be linearly topologized if V' is separated (Hausdorff) and if {0} has a
basis of neighborhoods that are all vector spaces. For example, the discrete topology on V'
is a linear topology. We denote by Vecgisc(E) the category whose objects are the E-linear
vector spaces with the discrete topology, with continuous linear maps as morphisms.

We say that an affine subspace W of a linearly topologized E-vector space V' is linearly
compact if every family {W;},c; of closed affine subspaces of W having the finite inter-
section property has a non-empty intersection. Linearly compact affine spaces generally
enjoy the same properties as compact topological spaces (see (27) of §I1.6 of [Lef42]).
For example, a linearly compact subspace of V' is closed in V, its image under a contin-
uous linear map is linearly compact, and a product of linearly compact spaces is linearly
compact. A finite dimensional discrete E-vector space is linearly compact. If V' is linearly
compact and if W is a closed subspace of V', then W is open in V if and only if it is of
finite codimension.

We say that an E-vector space is of profinite dimension if it is an inverse limit of finite
dimensional discrete E-vector spaces. For example, E[X] with the X-adic topology is of
profinite dimension. Such a space is then linearly compact and conversely, by (32) of §11.6
of [Lef42], linearly compact spaces are profinite dimensional. We denote by Veccomp(F)
the category whose objects are the linearly compact FE-vector spaces, with continuous

linear maps as morphisms.
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If V is a topological vector space, we denote by V* its continuous dual. This space
is given a linear topology by choosing as a basis of neighborhoods of {0} the set {E+}x
where E runs through all linearly compact subspaces of V', and E+ = {f € V* such that
f(v) =0 for all v € E}.

Theorem 3.1. — The duality functor V — V* gives rise to equivalences of categories
Vecqgise(E) = VeCeomp(E) and Veccomp(E) — Vecgisc(E).

Moreover, the natural map V- — (V*)* is an isomorphism.
Proof. — See (29) in §I1.6 of [Lef42]. O

We now turn to group representations. Let G be a topological group and let Vec§,.(F)
and VeccGomp(E) denote the categories of continuous FE-linear representations of G on

either discrete or linearly compact spaces. If V' is a representation of GG, then V* is a

representation of G, with the usual action given by (¢f)(v) = f(g'v).

Proposition 3.2. — If V € Vec§.(F) or V € VecS . (F) is topologically irreducible,

comp
then so s its dual V*.

Proof. — If W is a closed subspace of V* stable under G, then let W+ = {v € V such
that f(v) = 0 for all f € W}. The natural map W+ — (V*/WW)* is an isomorphism by
theorem 3.1. Moreover, W+ is a closed subspace of V, that is also stable under G, so
that either W+ = {0} and W = V* or W+ =V and W = {0}. O

Assume now that G is a topologically finitely generated profinite group (in this article,
we only need the case G = Z,). Denote by V(G) the sub-E-vector space of V' generated
by the elements (g — 1)v where g € G and v € V.

Proposition 3.3. — IfV € VecC (E), then V(G) is a closed subspace of V.

comp

Proof. — Let ¢1,..., g, be elements generating a dense subgroup G’ of G. The subspace
(g; — 1)V is the image of a linearly compact subspace by a continuous linear map and
is hence linearly compact. This implies that V(G') = > ,(g; — 1)V is linearly compact
and therefore closed in V.

If v € V, then the image of G’ under the map g — (g — 1)v is contained in V(G') and,
since G’ is dense in G and V (G’) is closed in V, the image of G is also contained in V' (G’)
so that V(G) = V(G') and V(G) is closed in V. O

Note that the same is trivially true if V € Vec§,.(E). We set Vg = V/V(G).

Proposition 3.4. — If V € Vec§(E) or V e VecS  (E), then (VE)* = (V*)q.

comp
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Proof. — 1If f € V*, then f(gv) = f(v) for all ¢ € G and v € V if and only if f is zero
on V(G). This implies that (V*)¢ = (Vz)*. Replacing V by V* in this formula and

dualizing gives us the proposition. O]

Let E[G] = lim  E[G/N] denote the completed group algebra of G, where N runs

through the set of open normal subgroups of G.

Proposition 3.5. — IfV € VecS (E) or V € Vec§,.(E), then V is an E[G]-module.

comp

Proof. — If V € Vec§,.(F), then this is immediate, so assume that V & Vecgmp(E). The

space V' is a projective limit of finite dimensional E-vector spaces. We first show that if

V € Vec®

comp (£), then V' is a projective limit of finite dimensional E-linear representations

of G. Tt is enough to prove that if W is an open subspace of V', then it contains an
open subspace stable under G. By continuity, for each ¢ € G, there exists an open
neighborhood H, of g in G and an open subspace W, of V' such that H, - W, C W. By
compacity of G, there exists gi,...,¢, € G such that G = Hy,, U---U H,, and if we set
X =W, Nn---NW,, then X is an open subspace of W and G - X C W. The vector
space generated by G - X is then open in W and stable under G.

Since V' is a projective limit of finite dimensional E-linear representations of G by the

above, and since each of them is an F[G]-module, then so is V. ]

We now assume that G' = Z,, so that a choice of a topological generator of Z, gives
rise to an isomorphism E[G] = E[X]. The following result is a variant of Nakayama’s

lemma.

Theorem 3.6. — If V € Veceomp(E) is a topological E[X]-module, then V is finitely
generated over E[X] if and only if V/XV is a finite dimensional E-vector space.

Proof. — The fact that if V' is finitely generated over E[X], then V/XV is a finite
dimensional E-vector space is immediate, so let us prove the converse.

Let vy, ..., v, be elements of V' that generate V/XV over E, and let W be the E[X]-
module generated by vy, ..., v,. The E-vector space W is linearly compact, and therefore
so is V/W. In addition, (V/W)/X = {0}. It is therefore enough to show that if V' €
VecCeomp(E) is a topological E[X]-module such that V/XV = {0}, then V = {0}.

Let U be an open subspace of V. By continuity, there exists an open subspace W of
U and ko > 1 such that X*W C U if k > ky. Since W is open, it is of finite codimension
in V and there exists vy,...,v, € V such that V. =W + Ev; + --- + Fv,. For each 1,
there exists k; such that X*v; € U if k > k;. If k > max(ko,...,k,), then X*V C U.
But X*V =V so that the only open subspace of V is V itself and hence V = {0}. [
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4. Colmez’s functor

In this section, we recall Colmez’s construction of representations of B = By(Q,)
starting from Galois representations (see §III of [Coll0a]).

If M is a (¢, I')-module, then we denote by Jim y M the set of sequences {my, },cz where
m, € M and ¢(mn41) = m, for all n € Z. Let x : Q; — E* be a smooth character. We
endow lﬁn “ M with an action of B in the following way

It is straightforward to check that these formulas give rise to an action of B, and make
@ " M into a profinite dimensional topological representation, M itself being separated
and complete for the X-adic topology (warning: the normalization for the central charac-
ter is the one chosen in §1.2 of [Ber10b] and it differs from the one in §2.2 of [Ber10a]).
Note that if My and M, are two (1, I')-modules, and there is a map M; — My, then there
is a map @le —>1'&an2.

Proposition 4.1. — If X is a closed subspace of@w M stable under B, then there exists
a surjective sub-(1,I')-module N of M such that ¥ = @w N.

Proof. — This is lemma II1.3.6 of [Col10a]. We recall the idea of the proof: if Ny is the
set of m € M such that there exists x € ¥ with m = x;, then Colmez shows that N, is a
(¢, T)-module that is independent of k and that we can take N = Ny. ]

Theorem 4.2. — If ¥ is an infinite dimensional topologically irreducible subrepresen-
tation of T&nqbl\/l for some (¢, T')-module M, then there exists a (¢,T')-module N that is
irreducible and free over E[X], such that ¥ = @w N.

Proof. — Let M, denote the torsion submodule of M. We then have an exact sequence
@w Mior — l'glw M — l'&lw M/M;e,. If the image of X in l'glw M/M;o, is non-zero, then
we have reduced to the case where M is torsion-free.

Otherwise, ¥ injects in @ " Mo, and M, is a finite dimensional FE-vector space.
Proposition 4.1 shows that ¥ = @ y N where N is a finite dimensional E-vector space.
Since ¢ : N — N is surjective, it is injective, and then I'an N = N so that X itself is a

finite dimensional E-vector space.
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We can therefore assume that M is torsion free. Let M be such that ¥ injects in I&n " M,
with M torsion free, surjective and of minimal rank. If N is a sub-(¢, I')-module of M,
then the same argument as above shows that X injects in either 1&1 ¢N or 1£1 v M/N.
This implies that the rank of N is equal to the rank of M, so there exists n > 0 such
that X™M C N. Repeatedly applying ¢ shows that XM C N. Since M/X is a finite
dimensional F-vector space, there is therefore a smallest M such that ¥ injects in lﬁn “ M,
and this M is then irreducible. O]

If V is an irreducible representation of either Gq, (when E is a finite field) or Wq, (when
E is an algebraically closed field), then by the results of §2, we can attach to it a (¢, T')-
module D(V') and then by definition 1.5 an irreducible (¢, I')-module M(V') = M(D(V)).
Let x be a smooth character of Q). The space m . M(V) is of profinite dimension
and gives rise to a continuous representation of B, which is topologically irreducible
by proposition 4.1. Its dual Q, (V) = (1&1 » M(V))* is therefore a smooth irreducible
representation of B, with central character xy. We finish by recalling a result of [Ber10b]
to the effect that €2, (V') determines x and V.

Proposition 4.3. — If Vi and Va are irreducible and Q,, (V1) is isomorphic to Q,,(V2)

as representations of B, then x1 = x2 and Vi = V5.

Proof. — This is proposition 1.2.3 of [Ber10b] in the case that E is a finite field, and
the proof is similar if E is algebraically closed. We recall the main ideas: since yx is
the central character of Q,(V), it is immediate that x; = x2 so we need to show that
if there is an equivariant map f : l.&an(Vl) — l'glw M(V3), then Vi = V4. Let pry, :
@w M — M denote the map {m, }nez — mg. If n > 0, let K, be the set of elements m
of 1'&%} M(V1) such that pr,(m) = 0 for k& < n. The module K, is a closed sub-E[X]-
module of @w M(V1) that is stable under ¢ and ', and ¢ (K,,) = K,,+1. This implies that
pry o f(K,) is a sub-(¢, I')-module of M(V3). Since M(V3) is irreducible, we have either
pro o F(Ky) = {0} or pryo F(K,) = M(Va). In addition, (pry o f(Ky)) = prg o f(Ks)
and pry o f(K,) = {0} for n > 0 by continuity, so that pr, o f(K,) = {0} for all n > 0.
This implies that pr, o f(m) depends only on my.

The map mg +— pry o f(m) from M(V}) to M(V,) is therefore a well-defined map of
(1, I')-modules, which is non-zero because f is an isomorphism. By proposition I1.3.4 of

[Col10a], it extends to a map D(V;) — D(V3) so that D(V}) ~ D(V32) and V; ~ V. O
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5. Representations of B,(Q,)

In this section, we prove that every infinite dimensional smooth irreducible represen-
tation of B having a central character is of the form , (V') for some V' and x. We start
by studying representations of B. Let Z = {a - Id, a € Q } be the center of B, and let

7x 7
K= BQ(Zp) = ( Op Z§> .
p

e(2 )

Let A = Upsi{amp™ 4+ -+ ayp™' where 0 < a; < p — 1} so that A is a system of

If €Q,and d€Z, let

representatives of Q,/Z,. The following is lemma 1.2.1 of [Ber10a].
Lemma 5.1. — We have B = [1gca 5ez 95,5 - KZ.

If o1 and o9 are two smooth characters o; : Q; — E*, thenlet 0 =01 ® 0y : B— E*
be the character o : (&4) + o1(a)oz(d) and let indi,o be the set of functions f: B — E
satisfying f(kg) = o(k)f(g) if k € KZ and such that f has compact support modulo Z.
If g € B, denote by [g] the function [g] : B — FE defined by [g](h) = o(hg) if h € KZg™!
and [g](h) = 0 otherwise. Every element of indj,0 is a finite linear combination of some
functions [g]. We make indp o into a representation of B in the usual way: if g € B,
then (gf)(h) = f(hg). In particular, we have g[h] = [gh] in addition to the formula
[gk] = o(k)]g] for k € KZ.

Theorem 5.2. — If 11 is a smooth irreducible representation of B having a central char-

acter, then there evists 0 = oy ® 0y such that 11 is a quotient of indg,0.

Proof. — This is theorem 1.2.3 of [Ber10al; we recall the proof here. The group Ij

defined by
I <1+pzp Z, )
0 1+ pZ,

is a pro-p-group and hence IT" # 0. Furthermore, I; is a normal subgroup of K so that
[T is a representation of K/I; = F; x F;. Since that group is a finite group of order
prime to p, we have II'* = @, IT*=7 where 7 runs over the characters of F; xF ) and since
Z acts through a character by hypothesis, there exists a character o of KZ and v € II
such that k- v = o(k)v for k € KZ. By Frobenius reciprocity, we get a non-trivial map

indy,o — II and this map is surjective since II is irreducible. O]
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Note that if p is a character of Q, that is trivial on Z7, then indg o ® oop™t =
indp, 01 ® 0. We can therefore assume that oy(p) = 1, which we now do.

Write 0 = 01 ® 05. By lemma 5.1, each f € indg,o can be written in the form

f = peasez (B,9)[9s,]-
Definition 5.3. — Let s : indp,0 — E be the map

S Z O‘<B>6)[9ﬁ,5]'_> Z a(ﬁ,é).

BEASEZ BEASEZ

Note that if o = 1 ® 1, then indp,o is the set of functions with finite support on the
set of the vertices of the Bruhat-Tits tree, and s is then the “sum of the values” function.

The following lemma results from a straightforward calculation (recall that oo(p) = 1).
Lemma 5.4. — The map s : indp,0 — E(0) is B-equivariant.

Let BT and B~ denote the monoids

7075 7 75 Z
p —
S ) e (S

and let (indy,0)* denote the set of elements of indk,o with support in B*. Since

pla b\ (1 pbd7'\ [a O\ (p* O
0 d) \0 p™ 0 d/\0 p*)’
(indg,0)* is the set of f =Y a(B,6)[gss] with § <0 and 8 € p~°Z,/Z,.

Lemma 5.5. — If y = Ypcasez a(B.0)gss) € (indgzo)t, then y € ((§1) —1d) -
(indg,0) " if and only if Yges (B,6) = 0 for all § < 0.

Proof. — We have (1) [95.] = [9p+p-2] s0 that
X > alB,0)lgssl = D (a(B-p°,8) —alB,0))lgss]-

BEA,OEZ BEANEZ

Since 3 € p~°Z,/Z,, the lemma follows from the fact that the image of the map (x;);

(21 — 2;); from EZ/PZ to itself is the set of sequences (z;); with 3 z; = 0. O

Write F' = (g (1)) and X = (}1)—1d so that A = F[X] is the completed group ring of

( é le) and let A{F'} be the non-commutative ring of polynomials in F' with coefficients
in A, where FX = XPF. If Il = indi,0/R is a quotient of indp,0, let IIT denote the
image of (indp,0)* in II. The space IIT is then a left A{F}-module, as well as a torsion
A-module (since II is smooth). Recall (see §3 of [Eme08]) that an admissible A-module

is an A-module M that is torsion and such that MX=° is finite dimensional.
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Proposition 5.6. — If M is a finitely generated left A{F'}-module that is torsion over
A, then M is admissible as an A-module if and only if the quotient M /XM is finite

dimensional over E.
Proof. — This is proposition 3.5 of [Eme08]. O

Lemma 5.7. — The map (indR,0)* — E[F] given by

> alB,0)gssl = Y (Z (3, —n)) ha

BEABGLO n>0 \BeA

(which arises from “retracting the building to the appartment”) gives rise to an isomor-
phism of A{F}-modules (indy,0)" /X = E[F].

Proof. — Tt is straightforward to check that the given map (indg,0)t — FE[F] is a
surjective map of A{F}-modules. Its kernel is X - (indg,0)* by lemma 5.5. O

Lemma 5.8. — The A{F}-module (indg,0)* is generated by [Id].

Proof. — The fact that if n > 0, a,d € Z; and b € Z,, then [(p’(;a Z)] belongs to the
A{F}-module generated by [Id] follows from the formula

-6 )G )6 Y

Theorem 5.9. — If T1 has no quotient isomorphic to E(c), then the A-module TIT is

admissible.

]

Proof. — By proposition 5.6 above (Emerton’s theorem), it is enough to show that IT* is
finitely generated over A{F'} and that II" /XTI is a finite dimensional E-vector space.
The finite generation follows from the fact that IIT is a quotient of (indy,o)*, which is
generated by one element over A{F'} by lemma 5.8.

Let R = (indg,0)* N R. We have an exact sequence of A{F}-modules R*/X —
(indy,0)* /X — 11t /X — 0. By lemma 5.7, we have an isomorphism of A{F}-modules
(indg,0)*/X = E[F]. Since any non-trivial quotient of E[F] is finite dimensional over E,
it is enough to show that R* has non-trivial image in (indg,0)*/X. If this was not the
case, then we would have Rt C X - (indg,0)*. Lemma 5.5 shows that X - (indg,0)" C
ker(s) where s is the map of definition 5.3. If y € R, then Fy € RT for n > 0 so that
R C ker(s) and therefore by lemma 5.4, there is a surjective map Il — E(o). O
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Proof of theorems A and A’. — Let Il be an infinite dimensional smooth irreducible rep-
resentation of B having a central character. By theorem 5.2, we can write IT = indfy,0/R
and by theorem 5.9, II" is an admissible E[X]-module. Its dual M = (IT")* is therefore
a linearly compact topological E-vector space, and an E[X]-module by proposition 3.5.
In addition, the space of coinvariants M/ XM = Mgz, is finite dimensional by proposition
3.4. By theorem 3.6 (Nakayama’s lemma), M is finitely generated over E[X].

Since II" is a representation of BTZ, its dual M is a representation of B~Z. We define
a (1, I')-module structure on M as follows: we know that it is a finitely generated module
over E[X] and we set 1(m) = (ég) m and [a](m) = ((1) a91) mif a € Z).

If f:1I — E is an element of IT*, let f,, denote the restriction of (épon) f to ITt.
The map f — {f.}nez gives rise to an equivariant map I1* — JHm . M. Since IT* is
irreducible by proposition 3.2, theorem 4.2 applied to ¥ = II* gives us a free irreducible
(¢, I')-module N such that IT* = @nw N. Theorem 1.6 now says that N = M(D) for
some irreducible (¢, I')-module D so that IT* = Jim . M(D). Theorem 3.1 finally says that
IT = (@ . M(D))* which proves theorems A and A’ by the bijections constructed in §2
(theorem 2.1 if E is a finite field and theorem 2.8 if E is algebraically closed). O

Remark 5.10. — Theorem A’ and proposition 2.2 imply that if £ is algebraically
closed, and II is an infinite dimensional smooth irreducible representation of B having a
central character, then there exists an infinite dimensional smooth irreducible F,-linear
representation Iy of B having a central character, and a smooth character y : B — E*,
such that Il = (E ®p, 1) ® p.

In particular, we can apply the same methods as in [Ber12] in order to prove that
in fact, every smooth irreducible representation of B over an algebraically closed field

necessarily has a central character.
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