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Abstract. — Let E be a field of characteristic p. The group Z, acts on E((X)) by a-f(X) =
f((1+ X)* —1). This action extends to the X-adic completion E of UnsoBE(XY/?P"). We
show how to recover E((X)) from the valued E-vector space E endowed with its action
of Z;. To do this, we introduce the notion of super-Holder vector in certain E-linear
representations of Z,. This is a characteristic p analogue of the notion of locally analytic
vector in p-adic Banach representations of p-adic Lie groups.
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Introduction

Let p be a prime number, and let £ be a field of characteristic p. Let E = F((X)), and
let E be the X-adic completion of U,>E(X"/?")). Note that if E is perfect, the field E
is perfectoid. The group Z)x acts on E by (a- f) (X) = f((1 + X)* — 1). This action
extends to U, E( X)) by (a- f) (XYP") = f((1 + X¥?")® — 1), and by continuity to
E. The question that motivated this paper is the following.

Question. — Can we recover U, 5o E(X/P")) or even E((X)) from the data of the valued

E-vector space E endowed with the action of Z;?

In characteristic zero, it is possible to answer an analogous question by using Schneider
and Teitelbaum’s theory of locally analytic vectors in p-adic Banach representations of
p-adic Lie groups. For characteristic p representations, there is no such theory. One of
the main contributions of this article is to introduce a characteristic p analogue of locally
analytic functions and vectors.

Let M be an E-vector space, endowed with a valuation valy, such that valy (zm) =
valy(m) if x € E*. We assume that M is separated and complete for the valy/-adic
topology. For example, we will consider M = E or E with the X-adic valuation. We
say that a function f : Z, — M is super-Hoélder if there exist constants A, € R such
that valy (f(z) — f(y)) = p* - p* + p whenever val,(z —y) > i, for all z,y € Z, and
1 2> 0. These super-Holder functions are the characteristic p analogue of locally analytic
functions Z, — Q,. We prove an analogue of Mahler’s theorem for continuous functions
f +Z, — M, and give a characterization of super-Ho6lder functions in terms of their
Mabhler expansions. This is a characteristic p analogue of a theorem of Amice.

Assume now that I' is a group that is isomorphic to Z, via a coordinate map ¢, and
that M is endowed with an E-linear action of I' by isometries. We say that m € M is a
super-Holder vector if the orbit map z — ¢ !(z) - m is a super-Hoélder function Z, — M.
This definition is a characteristic p analogue of the notion of locally analytic vector of a
p-adic Banach representation of a p-adic Lie group. We let M " denote the space of
super-Hélder vectors for a given constant A as in the definition above. We also let Ms!
denote the set of super-Holder vectors in M. Our main result is a complete answer to
the question above. Consider M = E, endowed with the action of I' = 1+ p*Z, for k > 1
(or k > 2if p=2).

Theorem. — For all n > 0, we have EOT# Ze)shk—n — p( x1/v"))
In particular, Esh = U@oE((Xl/p” ).
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The main ingredients of the proof of this theorem are some simple computations in
E[X], as well as Colmez’ analogue of Tate traces for E.

We give several applications of our main result. First, we compute the perfectoid
commutant of Aut(G,,), namely the set of u € Ex>0 guch that u o, = v, o u for
all a € Zy,
Lubin-Sarkis on the classical commutant of Aut(G,,), we prove that such a u is of the

where 7,(X) = (1 + X)* — 1. Using our main theorem, and a result of

form ~,(X?") for some b € ZX and n € Z. Next we study (p,')-modules over E. We
prove that the action of I" on a (¢,I')-module D is always super-Hélder, and deduce
that (E @ D)™ = (UpsoE(X'/7"))) ®g D. This allows us to extend our computation
of super-Hoélder vectors to the finite extensions of F,((X)) provided by Fontaine and
Wintenberger’s theory of the field of norms. We finish this article with a computation
that suggests that the theory of super-Holder vectors could have some applications to the

p-adic local Langlands correspondence.

Acknowledgements. We thank Juan Esteban Rodriguez Camargo for asking LB the
question that motivated this paper, as well as Christophe Breuil, Daniel Gulotta, Gal

Porat and the referee for their comments and questions.

1. Super-Holder functions and vectors

In this section, we define super-Hoélder functions Z, — M and super-Holder vectors
in M when M is a representation of a group isomorphic to Z,. We prove an analogue
of Mahler’s theorem for continuous functions Z, — M, and give a characterization of

super-Holder functions in terms of their Mahler expansions.

1.1. Super-Holder functions. — We keep the notation of the introduction. Let M
be an E-vector space, endowed with a valuation valy; such that valy,(zm) = valy,(m) if
x € E*. We assume that M is separated and complete for the valy-adic topology. For
example, we will consider M = E[X] with the X-adic valuation.

Let CY%(Z,, M) denote the space of continuous functions f : Z, — M.

Definition 1.1. — We say that f : Z, — M is super-Holder if there exist constants
A\ p € R such that valy (f(z) — f(y)) = p* - p' + u whenever val,(x — y) > i, for all
z,y € Zy,and 7 > 0.
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We let HM(Z,,, M) denote the space of functions such that valy (f(z)—f(y)) = p*p'+p
whenever val,(x —y) > i, for all z,y € Z, and i > 0, and HNZ,, M) = U,er HM(Z,, M)
and H(Z,, M) = Uyer HN(Z,, M).

For example, if M = E[X] with valy; = valx, then [a — (1 + X)?] € H"*(Z,, M).
Indeed, (1+ X)* — (14 X)*? = (14 X)*(1 — (14 X*")") € XP'E[X] if i > 0.

Remark 1.2. — The space H*(Z,, M) is closed in C°(Z,, M).

Remark 1.3. — If a: Z, — Z, is an isometry, then f : Z, — M belongs to HM(Z,, M)
if and only if f o« € HM(Z,, M)

Proposition 1.4. — Suppose that M is a ring, and that valy (mm') > valy(m) +
valyr(m’) for allm,m’ € M. If c € R, let M, = M ¥m=>e,
L If f € HM(Zy, M.) and g € HM(Z,, My), and & = min(u + d,v + ¢), then fg €
HM(Zy, Morq).
2. If \, u € R, then HM(Z,,, My) is a subring of C°(Z,, M).
3. If X € R, then HNZ,, M) is a subring of C°(Z,, M)
4. Ifd > 1, we see GL4(M) as a subset of the valued E-vector space My(M). If\,v € R
and Q € HMZ,, GLy(M)) are such that valy/(det Q(x)) < v for all x € Z,, then
Q7' € HNZ,, GLg(M)).

Proof. — Items (2) and (3) follow from item (1), which we now prove. If z,y € Z,, then

(fo)(x) = (fo)ly) = (f(x) — f(¥)g(x) + (9(z) — g(y)) f(y),
which implies the claim. We now prove (4). If d = 1, then

Q) - QW)
which implies the claim. If d > 1, we can write Q7! = fco(Q) - det(Q)™!, and the claim

results from (3), and (4) applied to d = 1. O

Remark 1.5. — Take u € X + X?FE[X], and let u°™ be u composed with itself n times.
Sen’s theorem ([Sen69], theorem 1) implies that valx (u®”" (X)—X) > p* if k > 0, so that
valy (u®® — u®) > p' if val,(z — y) > i. This implies that the map Z-, — X + X2F[X],

given by n — u°", extends to a super-Holder function on Z,,.

1.2. Super-Holder vectors. — We now assume that M is endowed with an E-linear
action by isometries of a group I', where I' is isomorphic to Z,, via a coordinate map c.

If m € M, let orb,, : I' = M denote the function defined by orb,,(a) = a - m, so that

1

orb,, oc™* is a function Z, — M.
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Definition 1.6. — Let MMM denote the set of m € M such that orb,,oc™! €
H (Zy, M), and let MT"* and M™" be the corresponding sub-E-vector spaces of
M.

This definition should be seen as a characteristic p analogue of the locally analytic
vectors of a Banach representation of a p-adic Lie group, as defined in §7 of [ST03]. The
requirement that I' acts by isometries is the analogue of the condition that the norm be

invariant.

Remark 1.7. — We assume that I' acts by isometries on M, but not that I' acts con-
tinuously on M, namely that I' x M — M is continuous. However, let M°" denote the
set of m € M such that orb,, oc™! : Z, — M is continuous. It is easy to see that M"* is
a closed sub-E-vector space of M, and that T' x M — M is continuous (compare
with §3 of [Eme17]). We then have M C M eont,

Lemma 1.8. — We have m € MW if and only if valy (g -m —m) > p* - p* + pu for
all g € T such that c(g) € p'Z,.

Proof. — Since I' acts by isometries, we have valy;(hg-m — h-m) = valy(g-m —m) for
all g,h €T O
Lemma 1.9. — The space MMM s q closed sub-E-vector space of M.

Lemma 1.10. — Ifk >0 and I" = ¢ Y (p*Z,), then g — c(g)/p" is a coordinate on T”,
and MF—sh,)\ — MF’—sh,)\—&-k'

Proof. — 1t is clear that MThA ¢ MU-hA+k - Conversely, let C = {1,...,pF —1}. If
m € MUsbAMEE ot 1 = minggyeo valy(h-m —m). If g € T\ IV, we can write g = gih
with ¢(h) € C and g € I". We then have g-m —m = (gx, - h-m — gx-m) + (gx - m —m)
so that valy/(¢g - m —m) > min(u, v).

This implies that m € M8 with g/ = min(p, v) — pF+. O

In particular, the space M"" does not depend on the choice of open subgroup IV C T,
and we denote it by M*h.

Proposition 1.11. — Suppose that M is a ring, and that g(mm’) = g(m)g(m’) and
valyr(mm') = valpy (m) 4 valy (m') for all m,m’ € M and g € T.

1. If v € R and m,m' € M"sPAr ) Mvalv=v then m - m! € MTshrnto.

2. If m € MUsthAey M then 1/m € MT-shAp—2valy (m)
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Proof. — Ttem (1) follows from prop 1.4 and lemma 1.8. Item (2) follows from

g(1> 1 _m—g(m)

m

m g(m)m

]

Remark 1.12. — One can extend the definition of super-Hélder vectors to the setting
of a p-adic Lie group G acting by isometries on a valued E-vector space M as follows
(the details are in our paper Super-Hélder vectors and the field of norms). Let P be a
nice enough open pro-p subgroup of G. We say that m € M is super-Hélder if and only if
there exists A, n € R and e > 0 such that valy (g -m —m) > p** + 1 whenever g € P,
for all 7 > 0. Juan Esteban Rodriguez Camargo pointed out to us that there is a similar
purely metric characterization of locally analytic vectors for a p-adic Lie group acting on

a Banach space.

1.3. Mahler’s theorem. — In this section, we prove a characteristic p analogue of
Mabhler’s theorem for continuous functions Z, — Q,. We then give a characterization of
super-Holder functions in terms of their Mahler expansions. If z € Z, and n > 0, then
(i) € Z, and we still denote by (Z) its image in F,,.
Theorem 1.18. — If {m,},>0 is a sequence of M such that m, — 0, the function
f+Z, = M given by f(z) = Y=o (i)mn belongs to C°(Z,, M). We have m, =
(—1)" o (=1)1(7) (i) and inf.ez, valy(f(2)) = infozo vala (m,).

Conversely, if f € C°(Z,, M), there exists a unique sequence {m,(f)}ns0 such that
my(f) = 0 and such that f(2) =Y ,50 <z>mn(f)

Proof. — Our proof follows Bojanic’s proof (cf [Boj74]) of Mahler’s theorem. The first
part of the theorem is easy: f is continuous since it is a uniform limit of continuous func-
tions, and if f(2) = X ,50 (Z)mn, then valy,(f(2)) = inf, 5o valps(m,,). The fact that m,, =
(—=1)" ?:O(—l)i(’?)f(i) is a classical exercise, given that f(k) = Z?:o (I;)m] forall k > 0,

7

and it implies that valy;(m,,) = inf.cz, valy(f(2)) for all n. In order to show the converse,
it is enough to show that if f is continuous and m,(f) = (—1)" ?:0(—1)1'(7)]“(2'), then

)

my(f) — 0. Indeed, the functions f and z — 3,5 (Z)mn( f) are then two continuous
functions on Z, with the same values on Z, so that they are equal.
We now show that m,,(f) — 0. If s > 0, there exists ¢ such that if val,(x —y) > t then

valy (f(x) — f(y)) = s, as f is uniformly continuous. Take n > p' and write n = ¢p’ +r



DECOMPLETION OF CYCLOTOMIC PERFECTOID FIELDS IN POSITIVE CHARACTERISTIC 7

with 0 <7 < p' and ¢ > 1. Writing ¢ = a + jp', we get
p'-1

N="% s

a+ jpt) flatip).

As we are in characteristic p, Lucas’ theorem implies that (a it ) = (2) (?), so that:

mn<f>:§< ()(z p(%)s a+Jp))

As ( 1 _o(—1) )) f(a) = 0, and valy/(f(a + jp*) — f(a)) = s for all j, we get that
ValM(mn(f)) sifn > pt. u

We now give a characterization of super-Hélder functions in terms of their Mahler

expansions.

Proposition 1.14. — If f € C%(Z,, M), then f € HM(Z,, M) if and only if for all
i >0, we have valy (m,(f)) = p* - p' + u whenever n > p'.

Proof. — Take f € C°(Z,, M) such that valM(mn(f)) p* - p' + pu whenever n > p'.
Recall that if @ € Z, and i > 1, then for all j < p’ we have (j) (“+p ) inF, Ifz€Z,
and 7 > 1, then

esso-gran(( ) ()= () ()

Since valy (m,(f)) = p* - p' + u whenever n > p', the formula above implies that
valy (f(z+p') — f(z)) = p* - p + p. Tterating this, we get that valy,(f(z + kp') — f(x)) >
pr-p+ p for all k € Z>y. By continuity, this implies that valy (f(y) — f(x)) = p* - p' + p
for all x,y € Z, such that val,(y — z) > i.

Assume now that f € H**(Z,, M). We prove that for all : > 0 and n > p’, we have
valy (mn,(f)) = p* - p'+ p. Fix i > 0 and take a € {0,...,p" — 1}. Define a function g on
Z, by g(z) = f(a+p'z) — f(a). By hypothesis, we have valy/(g(2)) = p* - p’ + u for all z.

This implies that valys(m,(g)) = p* - p* + p for all n. We now compute m,,(g). We have

-5 () ()

=2 ()= o= 2 (o

nzp
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since a < p* — 1. If we write n = ¢t + p'¢, with 0 < ¢t < p — 1 and ¢ > 1, then
(aﬂh) = (? (Z . This implies that

=Y ¥ @ (6) Mol f),

t=0 ¢>1

which gives my(g) = fi:f)l (?) Myypie(f) for all £ > 1. This now implies that

p'-1
a .
valy (Z <t>mt+pi€<f)) >pt o+
=0

forall ¢ > 1 and a € {0,...,p'—1}. The matrix ((§)) _ i

coefficients. Hence for a given ¢ > 1, the above inequality implies that valy (Mg pie(f)) =

is unipotent with integral

prpi+pforalla e {0,...,p"—1}. Writing n > p’ as n = a+p'l, we get valy (m,(f)) =
p* - pt+ p for all n > pl. 0

Remark 1.15. — Let WM*(Z,, M) denote the set of f € C°Z,, M) such that
valy (m,,(f)) = p*n + p for all n > 0.
Prop 1.14 implies that W**(Z,,, M) C HM(Z,, M) C WA"1#(Z,, M).

Prop 1.14 and remark 1.15 strengthen the analogy between our definition of super-
Holder functions and the classical theory of locally analytic functions. Indeed, if f :
Z, — Q, is a continuous function, and if f(z) =, (2) my,(f) is its Mahler expansion,
then by a result of Amice ([Ami64], see corollary 1.4.8 of [Col10]), f is locally analytic
if and only if there exists A\, u € R such that val,(m,,(f)) = p*-n+ u for all n > 0.

Remark 1.16. — Daniel Gulotta pointed out to us that Gulotta (in §3 of [Gul19]), as
well as Johansson and Newton (in §3.2 [JN19]), had defined a generalization of locally
analytic functions, for functions valued in certain general Tate Z,-algebra. When p = 0

in the algebra, their definition is equivalent to our definition of super-Holder functions.

2. Decompletion of cyclotomic perfectoid fields

Let E* = E[X]. For n > 0, let Ef = E[X'P"], so that E* = EJ. Let EX, = U,»0E;
and let ET be the X-adic completion of Ef. We denote by E, E,, E., E the fields
E*[1/X], EX[1/X], EX[1/X], E*[1/X] respectively. The ring E* is the ring of integers
of the field E = E*[1/X]. If E is perfect, then E is perfectoid.
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2.1. The action of Z;. — The group Z; acts continuously by isometries on each Ef
by the formula a - X'/?" = (1 + X/?")2 — 1. This action is compatible when n varies,

extends to the fields E,,, and extends by continuity to E* and E.

Remark 2.1. — If E = F,, then E is the tilt of Qp/(/;o) (see §3.3 for more details).
The group I' = Gal(Q,(j1p=)/Qp) is isomorphic to Z* via the cyclotomic character Xcyc,

and acts on B by g(f) = Yeye(9) - f-

Ifk>1 (or k>2if p=2),let Ty = 1+ p*Z,. The natural coordinate on I}, is given

by 1+ pFa — log,(1 + pFa)/p*. Tt differs from the coordinate 1 + p¥a — a (which is not

a group homomorphism) by an isometry. By remark 1.3, the definition of (E*)I+-shAn

does not depend on the choice of one of those coordinates, and we use 1 + p*a — a.
Proposition 2.2. — We have E;f = (E;})lwshkh=n0,
Proof. — We have (1 + X/P")1+p"0 — (1 4 X1/P") . (14 XP""7") 50 that

valx ((1+ Xl/pn)HpHib — (14 X7 = ph

This implies that X'/?" € (E})l»sh*=n0 The claim now follows from prop 1.11 and
lemma 1.9. [l

Taking n = 0 in prop 2.2, we find that E[X] = E[X]'"*"* Let E = E*[1/X].
Corollary 2.3. — We have E = EV+shk,
Proof. — This follows from prop 2.2 and prop 1.11. O]
Proposition 2.4. — Ifc >0, then E[X]'*sbk+e c B[XP].
Proof. — Take f(X) € E[X]. There is a power series h(Y, Z) € E[Y, Z] such that
fTY+2Z)=fY)+Z-f(Y)+ 2% WY, 2).
If m > 0, this implies that

FL+ X)) 1) = (X + XP" (1 + X))
= F(X)+ XP"(1+ X) - f/(X) +0O(X%™).

If f(X) ¢ E[XP], then f/(X) # 0. Let u = valx(f'(X)). The above computations imply
that valx((1 +p™™) - f(X) — f(X)) = p"™* + p for i > 0. This implies the claim. O

Corollary 2.5. — We have (EL)Vwshh—n = Ef.
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Proof. — Take f(XY?") € (EL)'*sM " where f(X) € E[X]. Since valx(hP) = p -
valy(h) for all h € ET, we have f7"(X) € (EL)+shktm—n where f7"(X) € E[X] is
fP(X) = f(XYP"Y" If m > n+ 1, then prop 2.4 implies that f7"(X) € E[X?], so
that f(X) = g(X?), and f(X/?") = g(X'/?"""). This implies the claim. O

2.2. Tate traces. — We recall some constructions of Colmez (see §8.2 of [Col08]). For
m > 0let I, = p~™ZNI0,1), and let I = U,,1,,,. Note that ifi € I,,, then (1+X)’ € E}.

Lemma 2.6. — The elements (1 + X)', i € I,,,, form a basis of B over Eg .

Proof. — See lemma 8.2 of [Col08]. Colmez works with £ = F,, but the proofs are the

same with arbitrary coefficients. O

Proposition 2.7. — Any f € ET can be written uniquely as ;c;(1 + X)'a;(f), with
a;(f) € B, and a;(f) — 0. Moreover, valx(f) — 1 < inf;c; valx(a;(f)) < valx(f).

Proof. — See props 4.10 and 8.3 of [Col08]. O
In particular, for all i € I, the map E* — EJ, given by f — a;(f) is continuous.

Proposition 2.8. — There exists a family {T,,}n>0 of continuous maps T, : Et — Ef
satisfying the following properties:

1. The restriction of T, to B is the identity map.

2. We have T,,(f) — f as n — +oc.

3. We have valx(T,,(f)) = valx(f) — 1 for all n.

4

. Fach T,, is Z; -equivariant.

Proof. — If f =3 ic;(1+X)'a;(f), let T,,(f) = Sier, (1+X)'a;(f). With this definition,
the first property is immediate. The second and third one follow from prop 2.7.

For the last one, observe that if i € I and g € Z, then g- (14 X)* = (1 + X)¥ so
g-(1+X)? can be written uniquely as (14 X))@, ,(X) with o,(i) € I and u; 4(X) € E{.
The map o, induces a bijection from I, to itself for all m. Take f € E*, and write
f = Y1+ X)la;(f). We have g- f = Sic;(1 4+ X)Wy, ,(X)(g - ai(f)), so that
To(g- f) = Sier, (14 X)W, o(X) (g - ai(f)) = g - Tu(f). o

2.3. Decompletion of E. — We now prove that E=* = E... More precisely, we have

the following result.
Theorem 2.9. — We have EF+sth=—m — B for allm > 0, and E* = E.

Proposition 2.10. — If f € (ET)'+0A0 then T,(f) € (Ej)TwshAn-1,
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Proof. — It g € Ty, then g(To(f)) = Tn(f) = Tn(g(f) — f) so that

valx (9(Tn(f)) = Tn(f)) = valx (Tn(g(f) — f)) = valx(g(f) — f) =1
by prop 2.8. This implies the claim. O

Proof of theorem 2.9. — Take f € (ET)'ssbh=m By prop 2.10, we have T,(f) €
(E)Feshk=m for all n > 0. By coro 2.5, T,(f) € E} for all n. Since T,,(f) — f as
n — 400, we have f € Et.

Hence (E*)Tsshk=—m — B+ and this implies the theorem by prop 1.11. O

3. Applications

We now give several applications of the fact that ES* = E.

3.1. The perfectoid commutant of Aut(G,,). — In this section, we assume that
E =F, Ifa e ZX let v(X) = (1+X)*—1 € F,[X]. Note that if f € E, then
a-f=forq, Ifue E" issuch that valy(u) > 0, the series 7, o u converges in E*. If
u = ,(X?") for some b € Z* and n € Z, then u oy, =y, 0o u for all a € Z.

Theorem 3.1. — Ifu € E* is such that valx(u) > 0 and uo~, = v, 0u for all a € Zy,
then there exists b € Z5 and n € Z such that u(X) = ~v,(X?").

Recall that a power series f(X) € F,[X] is separable if f/(X) # 0. If f(X) € X -F,[X],
we say that f is invertible if f'(0) € F,
composition (denoted by o). We say that w(X) € X -F,[X] is nontorsion if w*"(X) # X

for all n > 1. The following is a reformulation of lemma 6.2 of [Lub94].

which is equivalent to f being invertible for

Lemma 3.2. — Let w(X) € X + X?-F,[X] be an invertible nontorsion series, and let
f(X) € X -F,[X] be a separable power series. If wo f = fow, then f is invertible.

Lemma 3.3. — Ifu € E* is such that valx(u) > 0 and uwo~, = v, 0o u for all a € Zy,
then u € (E*)™.

Proof. — The group Z, acts on E* by a-u = 107,, so we need to check that the function

a + 7y, o u is super-Holder. This is clear since v,(u) = >,51 (Z) u™ and valy(u) > 0. O

Proof of theorem 3.1. — Take u € ET such that valx(u) > 0 and u o5, = 7, o u for all
a € Z;. By lemma 3.3 and theorem 2.9, there exists m > 0 such that u € E;}. Hence
there is an n € Z such that f(X) = u(X'/?") belongs to X - F,[X] and is separable.
Take g € 1+ pZ, such that g is nontorsion, and let w(X) = 7,(X) so that uow = wou.
We also have fow = wo f. By lemma 3.2, f is invertible. Since f o7, = v, o f for all
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a € Z, theorem 6 of [LS07] implies that f € Aut(G,,). Hence there exists b € Z)* such
that f(X) = 7,(X). This implies the theorem. O

3.2. Decompletion of (p,T')-modules. — Let [';, = 1 + p*Z, with k > 1, as in §2.1.

Let M be a finite-dimensional E-vector space with a continuous semi-linear action of I'j.
Proposition 3.4. — There is an E* -lattice in M that is stable under T'y.

Proof. — Choose any lattice My of M. The map 7 : ['y x M — M is continuous, so there
is an open subgroup H of Ty and an n > 0 such that 7—'(M;") contains H x X" M .
In particular, h(m) € X "M, for all h € H and m € M. Since H is open in the
compact group I, it is of finite index, and there exists d > n such that g(m) C X~9¢M;
for all g € ', and m € M. The space M+ =3 ., g(Mg") is an ET-module such that
My € M* C XM, so that M+ is a lattice of M. It is clearly stable under T'y. O

Choosing such an E*-lattice in M defines a valuation valy; on M, such that I';, acts on
M by isometries. We make such a choice, and we can therefore define M*®" and MT#shA
as in definition 1.6. We say that the action of I'; on M is super-Holder if M = M.

Lemma 3.5. — The space M " does not depend on the choice of T'j,-stable lattice of
M. If X < k then MT¥0 45 sub-E-vector space of M.

Proof. — The first assertion results from the fact that if we choose two ET-lattices M
and M3 in M, then there exists a constant C' such that |val; —valy| < C.

Next, recall that by coro 2.3, E = El+sh* If ;m € M f € E, and g € Ty, then
g(fm) — fm = g(f)(g(m) —m) + (g(f) — f)m, so that fm € M*"* by lemma 1.8. [

Lemma 3.5 implies that M*" is a sub-E-vector space of M. We say that a basis of M

is good if it generates a lattice that is stable under I'y.

Proposition 3.6. — Take A\ < k and fiz a good basis of M. We have M = MrsbA if
and only if the map Ty — M, (E"), given by g — Mat(g), is in H*(Tx, M,,(ET)).

Proof. — We fix a good basis (my,...,m,) of M, and work with the corresponding
valuation valy; on M. By lemma 3.5, we have M = M0 if and only if m; € M rshA
for all j. We have g - m; = >, Mat(g); jm; by definition of Mat(g). Hence if g, h € 'y,
then g-m;—h-m; = Y1 (Mat(g); ; —Mat(h); ;)m;. This implies that if £ > 0 and p € R,
then valy(g - mj — h-mj) = p** + p if and only if valx(Mat(g) — Mat(h)) = p*** + pu.
This implies the claim. O
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If M is a finite-dimensional E-vector space with a semi-linear action of I'y, then EQg M
is a finite-dimensional E-vector space with a semi-linear action of T'y. If M is super-
Holder, there exists mg = mg(M) > 0 such that M = MTrshk=mo

Proposition 3.7. — If M is super-Holder and m > mo(M), then (E Qg M)T+shk=—m —

Proof. — By the same argument as in the proof of lemma 3.5, we see that for m > my,
(E @g M)T+shh=m s g sub-E,,-vector space of E ®g M. The space (E ®@g M)Trshk-m
contains M, and therefore also E,, ®g M. This proves one inclusion.

We now prove that (E ®@g M)Fstk=m c B @g M. Fix a good basis (my, ..., m,) of
M, the corresponding valuation valy; on E ®p M ,and m = my. Take x =37, o;m; €
E ®g M and write g(z) = X", fi(g)m;. We have z € (E ®g M)'=MF=m if and
only if f; € H*™(T',E) for all i. In addition, g(z) = > 9(x;) Mat(g);m;. Hence
£+ g~ ¥, g(x) Mat(g);; belongs to H* ™[, E) for all 5. We have g(z,) =
S0 fi(g)(Mat(g)™")e;. By props 3.6 and 1.4, [g — g(z¢)] € HF (T, E) and therefore
x, € Elsshik—m — B for all /. O

Corollary 3.8. — If M is super-Hdlder, then (E ®g M)™ = E,, ®g M.

The field E = E((X)) is equipped with its action of Z* and with the E-linear Frobenius
map ¢ given by ¢(f)(X) = f(XP). Let I' = I'y, with &k > 1. A (¢,I")-module D over E
is a finite-dimensional E-vector space, endowed with commuting, semi-linear actions of
¢ and I', such that the action of I" is continuous and such that Mat(yp) is invertible (in

any basis of D).
Proposition 3.9. — If D is a (o,T')-module over E, then D = DI+shk,

Lemma 8.10. — If{ > 1 and \,u € R, then HM(Ty, M,,(ET)) is a ring, that is stable

under .

Proof. — The first claim follows from prop 1.4. The second one follows from the fact
that if M € M,,(E"), then valx(¢(M)) > valx(M). O

Proof of of proposition 3.9. — Choose a good basis (di,...,d,) of D. We can replace
(dy,...,d,) by (X?dy, ..., X?d,) for some s > 0, and assume that P = Mat(p) € M,,(ET).
Take r > 1 such that X"P~* € X M,,(E"). Let G, be the matrix of g € I'. By continuity
of the map I' — GL,(E™), g — G, there exists ¢ > k such that for all g € Ty, we have
valy (G, —Id) > r. Write G, = Id+X"H, with H, € M,,(E™).
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By definition of r, we have X"g(P)~! € X M,,(E¥), so that if Q, = X"»~Vg(P)~!, then
Q, € X M,(E"). The commutation relation between ¢ and I'y gives Pp(Gy) = G,9(P)
for all g € I';. Therefore, Po(Id+X"H,) = (Id+X"H,)g(P), so that

Pg(P)™ —1d= X"(Hy — Pp(Hy)Qy).
This implies that Pg(P)™! —1d € X" M, (ET). Let

f(9) = Hy — Pp(Hy)Qy = X" (Pg(P)™" —1d) .
Recall that Qg, f(g) € M,,(E™) for all g € I'y, and that (compare with (4) of prop 1.4)
Qy = X" Vg(P)t = X" Vg("co(P))g(det(P) )

and
f(g) = X" (Pg('co(P))g(det(P)™") —1d).
By props 1.11 and 2.2, and lemma 3.10, there exists ¢ € R such that g — @, and
g+~ f(g) belong to H*(T'y, M,,(E*)).
Let fo = fand for i > 1, let f; : Ty — M,,(E") be the function

g Po(P)- @ H(P) - ¢'(f(9)) - " (Qg) -+ 9(Qg) Qs
Since P € M,(ET), lemma 3.10 implies that f; € H*(I'y,, M,(ET)). In addition,
val(@,) > 1, 50 that valx (¢ (Qy) -+ 9(Q0)Qs) > (0 — 1)/(p — 1). Hence Spug fi
converges in H*(T'y, M,,(E")), and we let T'(f) be its limit.
We have T'(f)(g) = H,. This implies that g — H, belongs to H**(I's, M,,(E")), and
hence so does g — Gy = Id +X"H,.
We therefore have D = DT 50 that D = D'*MF by lemma 1.10. [

Corollary 3.11. — IfD is a (p,I')-module over E, then (EQg D)8 — B @D
form = 0.

We now prove the following result, which generalizes prop 3.9. Note that the underlying

constants are not as good as in the case of a (¢, [')-module.

Proposition 3.12. — If M is a finite-dimensional E-vector space with a continuous

semi-linear action of T'y, then M = M®".

Proof. — Choose a good basis of M. Let f(g) denote the matrix of g € I' in this basis.
If £ > 1, there exists k > ¢ + 1 such that f(g) € Id +X?" M, (E*) for all g € 1 + p*Z,.
Write f(g) =1d +X?" H. The cocycle formula gives

flg") = Id+X" H)Ad +g(X* H)) - - (Id +¢* {(X*" H)).
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Prop 2.2, with n = 0, implies that gm(XpeH) = X7 H mod X*" forall 0 < m < p— 1.
Hence f(g?) = (Id+X? H)? mod X?*. This implies that f(g?) = Id +X*""" H? mod X7
so that f(¢?) = Id mod X?™"" since k > £+ 1.

Since (1 + p*Z,)? = 1+ p**t1Z,, the above computation implies by induction on i that
f+p"Z,) C Td+XP"" M, (E*) for all i > 0.

This implies that M = M"+%40 by lemma 1.8. O

Corollary 3.13. — Let N be an E-vector space, with a compatible valuation and a

semi-linear action of 'y by isometries. Let N'™ denote the set of x € N that belong to a

finite dimensional E-vector space stable under 'y, in analogy with classical Sen theory.
Prop 3.12 implies that N ¢ N*". In particular, if N = E, then E™ = Esh = E_.

3.3. The field of norms. — Let K be a finite extension of Q,. Let K,, = K(j,») and
let Koo = Up>0K,. The field of norms of the extension K (y,)/K is defined and studied
in [Win83]. It is the set of sequences {z, }n>0 where z,, € K, and Nk, ./, (Tni1) = 2n
for all n > 0. This set has a natural structure of a field of characteristic p whose residue
field is that of K, (§2.1 of ibid), which we denote by Ex. If K = Q,,, then Eq, = F, (X)),
where X = {x,}n>0 with x, =1 — (n for n > 1. When K is a finite extension of Q,,
Ex is a finite separable extension of Eq, of degree [K : (Qp)s) (§3.1 of ibid).

Let I' = Gal(K/K), so that T'g is isomorphic to an open subgroup of Z via the
cyclotomic character Xcw. The group I'x acts naturally on Eg, and if g € 'k, then
g(X) = (14 X )xevel9) — 1. Let ¢ : Ex — Eg denote the map 5 — y”. Let Ex denote the
X-adic completion of U,>op " (Eg). In particular, EQP = E in the notation of §2, and
E is the tilt of Ky (§4.3 of ibid and §3 of [Sch12]).

Lemma 3.14. — We have o "(Ek) = E,, ®g Ex for all n, and Ex = E o Ex.

Proof. — The extensions E,,/E and Eg /E are linearly disjoint since the first is purely
inseparable and the second is separable. By comparing degrees, we get the first claim. It
implies that E®gEx — Ef is surjective, and the second claim follows, since [E K E] =
[Ex : E] = [Kw 1 (Qp)eo]- [

Corollary 3.15. — We have E3} = U090 "(Ex).

Proof. — This follows from lemma 3.14 and coro 3.11, as Ex is a (¢, 'x)-module over
E, and Un>0()0_n(EK) =FE. Qg Ex. ]
Remark 3.16. — In characteristic zero, K. is a p-adic Banach representation of 'y,

and by theorem 3.2 of [BC16|, K, is the space K 12 of locally analytic vectors in Ko
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3.4. The p-adic local Langlands correspondence. — We now prove a result that
suggests that the theory of super-Holder vectors could have some applications to the
p-adic local Langlands correspondence. In order to avoid too many technicalities, we
consider only the simplest example. Recall that if f € E*, there exist fo,..., f,-1 € ET
such that f = 3270 o(fi)(1 + X)". We define ¥(f) = fo. The map ¢ : Et — E* has the
following properties: ¥(fy(h)) = hy(f) if f,h € ET and Y og=gov if g € Z.

Let M = lew E* be the set of sequences m = (mg,my,...) with m; € E* and
Y(miy1) = m; for all i > 0. The space M is endowed with an action of Z) given by
(g-m); = g-m; and the structure of an ET-module given by (f(X)m); = @' (f(X))m;.
Following Colmez, we could extend these structures to an action of the Borel subgroup
B2(Q,) of GL2(Q,) on M, and this idea is an important step in the construction of the
p-adic local Langlands correspondence. The representation M is then the dual of most
of the restriction to By(Q,) of a parabolic induction. However, we don’t use this here.

Let valy be the X-adic valuation on M: valy(m) is the max of the n > 0 such that
m € X"M. The space M is separated and complete for the X-adic topology, although
this is not the natural topology on M (the natural topology is induced by the product
topology 1£1 ’ E* C [TE". The action of Z; on M is not continuous for the X-adic
topology: M # M in the notation of remark 1.7).

We have an injection i : E* — M, given by i(f) = (f, o(f), ©*(f),...).

Proposition 3.17. — We have M'+0F = j(ET).

Proof. — Recall that if m € M and f(X) € E, then (f(X)m); = ¢/(f(X))m; for all
J = 0. We have valx(p?(f(X))) = p/ valx(f(X)). In particular, if m € M #sb* then
m; € (ET)Teshmi - The results of §2.1 imply that m; € @/(ET). If m; = ¢J(f;), the
1-compatibility implies that f; = fo for all j > 0. This implies the claim. O

A generalization of prop 3.17 to representations of By(Q,) obtained from (¢, I')-modules
using Colmez’ construction shows that using the theory of super-Holder vectors, we can
recover the (¢, I')-module giving rise to such a representation of B2(Q,). One of the main
results of [BV14] is that every infinite dimensional smooth irreducible E-linear repre-
sentation of By(Q,) having a central character comes from a (¢, I')-module by Colmez’

construction. Is it possible to reprove this result using super-Hélder vectors?

References

[Ami64] Y. AMICE — “Interpolation p-adique”, Bull. Soc. Math. France 92 (1964), p. 117-180.



DECOMPLETION OF CYCLOTOMIC PERFECTOID FIELDS IN POSITIVE CHARACTERISTIC 17

[BC16]
[Boj74]

[BV14]

[Col08]
[Col10]
[Emel7]
[Gul19)]
[IN19]
[LS07]
[Lub94]
[Sch12]

[Sen69]
[ST03]

[Win83]

L. BERGER & P. CoLMEz — “Théorie de Sen et vecteurs localement analytiques”,
Ann. Sci. Ec. Norm. Supér. (4) 49 (2016), no. 4, p. 947-970.

R. BoJANIC — “A simple proof of Mahler’s theorem on approximation of continuous
functions of a p-adic variable by polynomials”, J. Number Theory 6 (1974), p. 412-415.
L. BERGER & M. VIENNEY — “Irreducible modular representations of the Borel sub-
group of GL2(Qj)”, in Automorphic forms and Galois representations. Vol. 1, London
Math. Soc. Lecture Note Ser., vol. 414, Cambridge Univ. Press, 2014, p. 32-51.

P. CoLMEZ — “Espaces vectoriels de dimension finie et représentations de de Rham”,
Astérisque (2008), no. 319, p. 117-186.

P. CoLMEZ — “Fonctions d’une variable p-adique”, Astérisque (2010), no. 330, p. 13—
59.

M. EMERTON — “Locally analytic vectors in representations of locally p-adic analytic
groups”, Mem. Amer. Math. Soc. 248 (2017), no. 1175, p. iv+158.

D. R. GuLoTTA — “Equidimensional adic eigenvarieties for groups with discrete se-
ries”, Algebra Number Theory 13 (2019), no. 8, p. 1907-1940.

C. JoHANSSON & J. NEWTON — “Extended eigenvarieties for overconvergent coho-
mology”, Algebra Number Theory 13 (2019), no. 1, p. 93-158.

J. LUBIN & G. SARKIS — “Extrinsic properties of automorphism groups of formal
groups”, J. Algebra 315 (2007), no. 2, p. 874-884.

J. LUBIN — “Nonarchimedean dynamical systems”, Compositio Math. 94 (1994), no. 3,
p. 321-346.

P. SCHOLZE — “Perfectoid spaces”, Publ. Math. Inst. Hautes Etudes Sci. 116 (2012),
p. 245-313.

S. SEN — “On automorphisms of local fields”, Ann. of Math. (2) 90 (1969), p. 33—46.
P. SCHNEIDER & J. TEITELBAUM — “Algebras of p-adic distributions and admissible
representations”, Invent. Math. 153 (2003), no. 1, p. 145-196.

J.-P. WINTENBERGER — “Le corps des normes de certaines extensions infinies de corps
locaux; applications”, Ann. Sci. Ecole Norm. Sup. (4) 16 (1983), no. 1, p. 59-89.

LAURENT BERGER
SANDRA ROZENSZTAJN



