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1. Aim and contents of the course (C.B.)

1.1. Aim of the course. — In 1998, M. Harris and R. Taylor ([25]), and slightly later
G. Henniart ([26]), proved the celebrated local Langlands correspondence for GL,, (see
the course of Bushnell-Henniart for the case n = 2, which was known much earlier).

Let p be a prime number and K, F two finite extensions of Q, with E “big” (in
particular containing K). Recently, Schneider and Teitelbaum introduced a theory of
locally analytic and continuous representations of p-adic groups such as GL,(K) over
E-vector spaces (see their course and also [20]).

The aim of this course is to present some ongoing research on the (quite ambitious)
project of looking for a “Langlands type local correspondence” between, on the one
hand, some continuous representations of Wy := Weil(Q,/K) on n-dimensional E-vector
spaces and, on the other hand, some continuous representations of GL,,(K) on infinite-
dimensional E-vector spaces (although what we are going to study here is rather micro-
scopic with respect to such a programme!). Here and throughout, F will always denote
the coefficient field of the vector spaces on which the groups act. For some technical
reasons, we will keep in this course E finite over @, but will always tacitly enlarge it if

necessary (which explains the above “big”).

Example 1.1.1. — The case n = 1 is just local class field theory. Let Wi — E*
be a continuous 1-dimensional representation, then, using the (continuous) reciprocity

isomorphism Tr 1 Wi = K> we deduce a continuous representation K* — E*.

We would like to extend the case n =1 to n > 1. One problem is that the category of

p-adic ( = continuous) finite dimensional representations of Wy or G := Gal(Q,/K) is
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BIG, even for n = 2. Fontaine has defined important subcategories of p-adic representa-
tions of G called crystalline, semi-stable and de Rham with crystalline C semi-stable C
de Rham. They are important because they are related to algebraic geometry. Moreover,
these categories are now well understood. Therefore it seems natural to first look for
their counterpart, if any, on the GL,-side.

In this course, we will do so for n = 2, K = Q, and crystalline representations. As in
the ¢-adic case (i.e. the usual local Langlands correspondence), we will have an “F-semi-
simplicity” assumption. We will also need to assume that the Hodge-Tate weights of the
2-dimensional crystalline representation are distinct. Finally, mainly for simplicity, we
will also add the small assumption that the representation is generic (which means that
we do not want to be bothered by the trivial representation of GLy(Q,); the non-generic
cases behave a bit differently because of this representation). If f is an eigenform of weight
k > 2 on I'|(N) for some N prime to p, then the p-adic representation py |G@p of Gg,
associated to f is known to be crystalline generic with Hodge-Tate weights (0, k — 1) and
is conjectured to be always “F-semi-simple” (and really is if k& = 2), so these assumptions
should not be too restrictive. The case of equal Hodge-Tate weights correspond to weight
1 modular forms, that we thus disregard.

Our basic aim in this course is to define and start studying some p-adic Banach spaces
endowed with a continuous action of GLy(Q,), together with their locally analytic vectors.
These Banach will be associated to 2-dimensional “F-semi-simple” generic crystalline
representations of Gg, with distinct Hodge-Tate weights. Independently of the quest for
a “p-adic Langlands programme”, we hope that these Banach spaces will also be useful in
the future for a “representation theoretic” study of the Iwasawa theory of modular forms
(see e.g. the end of §9.2).

1.2. Why Banach spaces?— We will focus on Banach spaces rather than on locally
analytic representations, although there are some very interesting locally analytic vectors
inside the Banach (and we will study them). In order to explain why, let us first recall,
without proof, some results in the classical ¢-adic case, due to M.-F. Vignéras.

Recall that, if £ is any prime number and F is a finite extension of Q;, an F-Banach
space is a topological E-vector space which is complete with respect to the topology given

by a norm (we don’t specify the norm in the data of a Banach space).

Definition 1.2.1. — Let G be a group acting E-linearly on an E-vector space V. We
say a norm | - | on V is invariant (with respect to G) if |g - v| = |v| for all g € G and
velV.
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Definition 1.2.2. — Let G be a topological group. We call a unitary G-Banach space
on E any E-Banach space 11 equipped with an E-linear action of G such that the map
GxIl =TI, (g,v) —g-v (veTl, g € G)is continuous and such that the topology on 11

18 given by an invariant norm.

Unitary GG-Banach spaces on F form an obvious category where the morphisms are the
continuous F-linear G-equivariant maps.

Now, let us assume ¢ # p so that K is p-adic and F is (-adic.

Definition 1.2.3. — A smooth representation of GL,,(K) on an E-vector space m is said

to be integral if there exists an invariant norm on m (with respect to GL,(K)).

It is easy to see that the absolutely irreducible smooth integral representations of
GL, (K) are exactly those absolutely irreducible smooth representations of GL,,(K) that
correspond, under the classical local Langlands correspondence, to those F-semi-simple
(-adic representations of W that extend to Gy (recall that an ¢-adic representation of
Wy on a finite dimensional E-vector space is the same thing by Grothendieck’s f-adic
monodromy theorem as a smooth representation of the Weil-Deligne group on the same
vector space).

Let 7 be a smooth integral representation of GL,,(K) on an E-vector space and let | - |
be an invariant norm on 7. Then the completion of 7 with respect to | - | is obviously
a unitary GL,(K)-Banach space on E. Conversely, let IT be a unitary GL, (K )-Banach
space and denote by m C II its subspace of smooth vectors (i.e. vectors fixed by a compact
open subgroup of GL,(K)). Then 7 is obviously a smooth integral representation of
GL,(K).

Theorem 1.2.4 (M.-F. Vignéras). — The functor Il — w that associates to a unitary
GL, (K)-Banach space its subspace of smooth vectors induces an equivalence of categories
between the category of unitary GL,(K)-Banach spaces on E which are topologically of
finite length and the category of finite length smooth integral representations of GL, (K)
on E. An inverse functor m +— Il is provided by the completion with respect to any

invariant norm on w. Moreover, length(Il)= length(r).

In particular, all the invariant norms on an integral representation 7 of finite length in-
duce the same topology (in fact, Vignéras has proved that the lattices {v € 7 | |v| < 1}
for an invariant norm |-| are always finitely generated over Op[GL2(Q,)], and thus
are all commensurable). Moreover 7 is irreducible if and only II is topologically irre-
ducible. Thus, we see that the classical local Langlands correspondence can be refor-

mulated as a correspondence between (F-semi-simple) ¢-adic representations of Gx and
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unitary GL,(K)-Banach spaces on finite extensions of Q, that are topologically abso-
lutely irreducible. Hence, we could work with Banach spaces in the f-adic case, although
everybody agrees that smooth representations are much more convenient to handle than
Banach spaces. But we know, thanks to Th.1.2.4, that it wouldn’t make any difference.

We look for an analogous picture in the p-adic case, i.e. where E' is a finite extension
of @, and where the smooth vectors inside the unitary Banach spaces are replaced by the
locally analytic vectors. However, there is no straightforward generalization of Th.1.2.4
because:
1) a strongly admissible locally analytic representation of GL,(K) on E (see the course
of Schneider and Teitelbaum) can have infinitely many non-equivalent invariant norms
(ex: one can prove this is the case for the locally algebraic representation Sym 2E? @
Steinberg of GLy(Q,) if k£ > 2)
2) thanks to a theorem of Schneider and Teitelbaum ([34]), we know that if II is a
unitary GL, (K)-Banach on F that is admissible (as a representation of some compact
open subgroup) with locally analytic vectors 7, then length(II) < length(w) (in fact,
unitarity is useless here). However, in general, this is only a strict inequality (ex: the
continuous Steinberg is topologically irreducible whereas the locally analytic Steinberg
has length 2).

So it seems natural in the p-adic case to rather focus on Banach spaces since the number
of Jordan-Holder factors is smaller. Also, in the crystalline GLy(Q),)-case, we will see that
the unitary GLg(Q,)-Banach spaces are somewhat closer to the Galois representations

than their locally analytic vectors.

1.3. Some notations and contents. — Here are some notations we will use: p is a
prime number, @ an algebraic closure of the field @, of p-adic rationals, Zp the ring of
integers in Q,, F, its residue field and Gg, the Galois group Gal(Q,/Q,). We denote by
€ : G?ﬁ — Z5 the p-adic cyclotomic character, unr(z) the unramified character of Q
sending p to z (whatever x is), val the p-adic valuation normalized by val(p) = 1 and
|| = W the p-adic norm. The inverse of the reciprocity map Q; — G& is normalized
so that p is sent to a geometric Frobenius. In particular, for x € Q), we have () = z|z|
via this map. We let B(Q,) C GL2(Q,) be the subgroup of upper triangular matrices.
We will loosely use the same notation for a representation and its underlying E-vector
space. We will use without comment basics of p-adic functional analysis ([30]) as well as
Schneider and Teitelbaum’s theory of locally analytic representations and the structure
theorem of locally analytic principal series for GL2(Q,) ([31],[32]).

Here is a rough description of the contents of the course.
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In lectures 2 to 5, the first author will introduce Fontaine’s rings B..;s and Bgr and
will define crystalline and de Rham representations of Gg, using the theory of weakly
admissible filtered modules (this restricted setting will be enough for our purposes). He
will give the explicit classification of F-semi-simple crystalline representations of Gq, in
dimension 1 and 2 (in higher dimension, it becomes more involved). Then he will give
a second construction of crystalline representations of Gg, using the theory of (¢,I')-
modules and he will describe the non trivial links between p-adic Hodge theory and
(p,I')-modules. He will then introduce and study the Wach module of a crystalline
representation of Gg, (a “smaller” module than the (p, I')-module). These Wach modules
will be useful in the sequel for the applications to GLa(Q,).

In lectures 6 to 9, the second author will define and start studying the unitary GL2(Q,)-
Banach spaces associated to 2-dimensional crystalline representations of Gg, satisfying
the above assumptions (genericity, F-semi-simplicity and distinct Hodge-Tate weights).
He will first introduce the necessary material on distributions and functions on Z,, (func-
tions of class C”, tempered distributions of order r, etc.) and will then turn to the
definition of the unitary GL2(Q,)-Banach space II(V') associated to the (2-dimensional)
crystalline representation V. When V' is reducible, II(V') is admissible, has topological
length 2 and is split (as a representation of GL2(Q,)) if and only if V is split (as a
representation of Gg,). When V' is absolutely irreducible, it seems hard to prove any-
thing on II(V') directly. For instance, it is not even clear in general on its definition that
II(V') # 0. To study II(V) for V irreducible, one surprisingly needs to use the theory of
(¢, I')-modules for V. More precisely, in that case we prove that there is a “canonical”

(modulo natural choices) E-linear isomorphism of vector spaces:

b

(lim D(V))" =~ TI(V)*

¥

where D(V') is the (¢, I')-module attached to V', ¢ : D(V) — D(V) is a certain canoni-
cal surjection (that will be described), b means “bounded sequences” and IT(V)* is the
Banach dual of II(V'). Such an isomorphism (i.e. the link with (¢, I')-modules) was first
found by Colmez ([16]) in the case V is irreducible semi-stable non crystalline (and was
inspired by work of the second author [10], [11]) but we won’t speak of these cases here.
The left hand side of the above isomorphism being known to be non zero, we deduce
II(V)* # 0 and thus II(V) # 0. The left hand side being “irreducible” and “admissible”
(what we mean here is explained in the text), we also deduce that II(V') is topologically
irreducible and admissible as a GL3(Q,)-Banach space. It is hoped that this isomorphism

will be also useful in the future for a more advanced study of the representations II(V),
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e.g. of their locally analytic vectors and of their reduction modulo the maximal ideal of
E.

Finally, in the last lecture, the first author will state a conjecture (contained in [9])
relating the semi-simplifications of II(V') and V' modulo the maximal ideal of F and will
prove in some cases this conjecture using his Wach modules and previous computations
of the second author.

We didn’t include all the proofs of all the results stated or used in this text. But we
have tried to include as many proofs, or sketches of proofs, or examples, or references, as
our energy enabled us to. We apologize for the proofs that perhaps should be, and are

not, in this course.

2. p-adic Hodge theory (L.B.)

The aim of this lecture is to explain what crystalline representations are and to classify
them (at least in dimensions 1 and 2). Let us start with a p-adic representation V|
that is a finite dimensional E-vector space endowed with a continuous linear action of
the group Gg,. For the time being, we will consider the underlying Q,-vector space of
V' and p-adic representations will be Q,-vector spaces. We want to single out certain
subcategories of the category of all p-adic representations. There is a general strategy for
cutting out subcategories of the category of p-adic representations. Suppose that we are
given a topological Q,-algebra B which is equipped with a continuous linear action of
Gg,. We say that V' is B-admissible if B ®q, V = B"™%() as B[Gg,]-modules. The set
of all B-admissible representations is then a subset of the set of all p-adic representations.
Furthermore, if B is equipped with extra structures which commute with the action of
Ggq, then Dp(V) := (B®g,V)“® inherits those structures and provides us with invariants
which we can use to classify B-admissible representations. In this lecture, we will define
a ring of periods B.;s which has two extra structures: a filtration and a Frobenius map
. Hence, a B-admissible representation V' gives rise to a filtered ¢-module Ds(V)

and we will see that one can actually recover the representation V' from D.;s(V).

2.1. Some rings of periods. — Let C, be the completion of @p for the p-adic topology
and let

E= <h_m (Cp - {(l’(o),l‘(l), T ) ’ (x(i+1))p - ‘T(Z)}7
x—xP

and let E* be the set of o € E such that () € O¢,. If z = () and y = (y®) are two

elements of I~E, we define their sum = + y and their product xy by:

(z4y)P = lim (204 + y(iﬂ‘))pf and  (zy)V = 2@y®,

Jj—+o0
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which makes E into a field of characteristic p. If z = ()50 € E, let vgp(z) = v, ().
This is a valuation on E for which E is complete; the ring of integers of Eis E.

Let € = (€?) € E* where €® = 1 and ¢ is a primitive p'th root of 1. It is easy to
see that F,((e — 1)) C E = E*[(e — 1)"!] and one can show that E is a field which is
the completion of the algebraic (non-separable!) closure of F,((e — 1)), so it is really a
familiar object.

Let At be the ring W (E*) of Witt vectors with coefficients in E+ and let

BT =AT[1/p]={ > p"[ui), v €ET}
k> —o0
where [z] € A* is the Teichmiiller lift of z € E+. The topology of A* is defined by taking
the collection of open sets {([T]*, p")A* }unso as a family of neighborhoods of 0, so that
the natural map J[JE" — AT which to (x)), assigns 3_ p¥[z;] is a homeomorphism when
E* is given its valued field topology. This is not the p-adic topology of 1&*, which makes
the map (zx)x — > p¥[xx] homeomorphism when E* is given the discrete topology.
The ring B* is endowed with a map 6 : B+ — C, defined by the formula

9< Z pk[ﬁck]> _ Z pkw;(f)-
k>>—o00 k> —oc0
The absolute Frobenius ¢ : Et — E* lifts by functoriality of Witt vectors to a map
¢ : Bt — BT. It’s easy to see that (3 plai]) = S p*[a}] and that ¢ is bijective.

Recall that ¢ = (€0);50 € E* where ¢ is as above, and define 7 = [¢]—1, m, = [¢!/?]—1,
w=7/m and ¢ = p(w) = ¢(7) /7. One can easily show that ker(d : A — Oc,) is the
principal ideal generated by w.

Here is a simple proof: obviously, the kernel of the induced map 6 : E+ — Oc,/p
is the ideal of z € E* such that vg(r) > 1. Let y be any element of AT Kkilled by 6
whose reduction modulo p satisfies vg(y) = 1. The map y&* — ker(0) is then injective,
and surjective modulo p; since both sides are complete for the p-adic topology, it is an
isomorphism. Now, we just need to observe that the element w is killed by 6 and that

2.2. The rings B.;; and Bgr. — Using this we can define Byr; let IB%;{R be the ring
obtained by completing B* for the ker(#)-adic topology, so that
By = im B/ (ker(6))".

n

In particular, since ker(f) = (w), every element z € B; can be written (in many ways)

as asum r = ::E) Tow™ with z,, € B*. The ring B is then naturally a Q,-algebra. Let
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us construct an interesting element of this ring; since 6(1 — [¢]) = 0, the element 1 — [¢]

is “small” for the topology of B}, and the following series

400 n
=S (1 —1d)
n
n=1
will converge in B, to an element which we call t. Of course, one should think of ¢ as

t = log([¢]). For instance, if g € Gg,, then

g(t) = g(log([e])) = log([g (e, e, - )]) = log([*?)]) = e(g)t

so that ¢ is a “period” for the cyclotomic character ¢.

We now set Bqr = Bz [1/t], which is a field that we endow with the filtration defined
by Fil' Bag = ¢'B;. This is the natural filtration on Bag coming from the fact that B,
is a complete discrete valuation ring. By functoriality, all the rings we have defined are
equipped with a continuous linear action of Gg,. One can show that IB%ngp = Qp, so that
if V is a p-adic representation, then Dgr(V) = (Bqr ®g, V)% is naturally a filtered
Q,-vector space. Note that dimg,(Dgr(V)) < d = dimg, (V') in general.

Definition 2.2.1. — We say that V' is de Rham if dimg, Dar(V) = d.

If V is a de Rham representation, the Hodge-Tate weights of V' are the integers h such
that Fil ™" Dar (V) # Fil™"*! Dgg (V). The multiplicity of h is dim Fil ™" Dag (V') / Fil™"*! Dgr(V)
so that V' has d Hodge-Tate weights.

One unfortunate feature of BJ; is that it is too coarse a ring: there is no natural
extension of the natural Frobenius ¢ : B* — B* to a continuous map ¢ : Bl — By
For example, if 5 € ET is an element such that 5© = p, then 0([p*/?] — p) # 0, so
that [p'/?] — p is invertible in B, and so 1/([p*/?] — p) € Bjy. But if ¢ is a natural
extension of ¢ : BY — BT, then one should have o(1/([p/?] — p)) = 1/([5] — p), and since
0([p) —p) = 0, 1/([p] — p) ¢ Blz. One would still like to have a Frobenius map, and there
is a natural way to complete B+ (where one avoids inverting elements like [*/?] — p) such
that the completion is still endowed with a Frobenius map.

Recall that the topology of B+ is defined by taking the collection of open sets {([7]*, p")§+}k7n20

as a family of neighborhoods of 0. The ring B is defined as being
w" ~_ . .
Bl = {Z vy where a,, € B is sequence converging to 0},
n>0

and B = B [1/1].
One could replace w by any generator of ker(6) in A*. The ring B injects canonically
into BdR (Bj;is

with the induced Galois action and filtration, as well as with a continuous Frobenius ¢,

is naturally defined as a subset of IB%:{R) and, in particular, it is endowed
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extending the map ¢ : B* — BF. For example, ©(t) = pt. Let us point out once again

that ¢ does not extend continuously to Bgg. One also sets B = NS (B

rig cris) .

Definition 2.2.2. — We say that a representation V' of Gg, is crystalline if it is Beyis-

admaissible.

Note that V is crystalline if and only if it is @;{g

talline representations live in finite dimensional Q,-vector subspaces of Bes, stable by

[1/t]-admissible (the periods of crys-
¢, and so in fact in NF25p" (BE,)[1/t]); this is equivalent to requiring that the Q,-vector
space

Deris (V) = (Beris ®g, V)9 = (B, [1/1] ©g, V)%
be of dimension d = dimg, (V). Then Ds(V') is endowed with a Frobenius ¢ induced by
that of Beis and (Bar ®q, V)9% = D4r(V) = Deis(V) so that a crystalline representation
is also de Rham and D.s(V) is a filtered Q,-vector space.

If V' is an E-linear representation, then we can do the above constructions (of Des(V)
and Dgr(V)) by considering V' as a Q,-linear representation, and then one can check
that Deis(V) and Dgr (V') are themselves E-vector spaces and that: (1) ¢ : Deis(V) —
Deis(V') is E-linear (2) the filtration on Dgag (V') is given by E-vector spaces. The Hodge-
Tate weights of V are then by convention taken to be with multiplicity dimpg Fil™" Dag (V)/ Fil™"*! Dgg (1
and so V' has dimg (V') Hodge-Tate weights.

Remark: one can also define a ring By, and study semistable representations, but we

will not do so in this course.

2.3. Crystalline representations in dimensions 1 and 2. — [t is not true that
every filtered p-module D over E arises as the D, of some crystalline representation
V. If D is a filtered p-module of dimension 1, and e is some basis, define ¢y (D) as the
valuation of the coefficient of ¢ in that basis. Define ¢y (D) as the largest integer h such
that Fil" D # 0. If D is a filtered p-module of dimension > 1, define tx(D) := ty(det D)
and ty (D) := ty(det D). Note that if D = Ds(V'), then tg (D) is minus the sum of the
Hodge-Tate weights. We say that D is an admissible filtered p-module if ¢ty (D) =ty (D)
and if for every subspace D" of D stable under ¢, we have ty(D’) —ty(D") > 0.

One can prove that if V' is a crystalline representation, then the filtered p-module

Deis(V') is admissible and conversely, Colmez and Fontaine proved the following (cf [17]):

Theorem 2.3.1. — If D is admussible, then there exists a crystalline representation V'
of Gq, such that Deis(V) = D. The functor V + Dgis(V) is then an equivalence of
categories, from the category of E-linear crystalline representations to the category of

filtered p-modules over E.
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This allows us to make a list of all crystalline representations: we just have to make
a list of all possible admissible filtered p-modules. We will now do this in dimensions 1
and 2. Let D = D¢;s(V) be an admissible filtered p-module.

If dimg(D) = 1 we can write D = E - e where p(e) = p"Xe with A € O3, and if h is
the Hodge-Tate weight of V, then Fil™"(D) = D and Fil™"™ (D) = 0. The admissibility
condition in this case is nothing more than n = —h. We can then explicitly describe the
representation V. Let py be the unramified character of Gg, sending o to A. One can
then check that V = e"uy. If A =1 and £ = Q,, then V = £ is called Q,(n) and it
has the following property: if V is a de Rham representation with Hodge-Tate weights
hi,--- , hq, then V(n) := V ®q, Q,(n) has Hodge-Tate weights hy +n,--- ,hg +n. The
representation V' (n) is called a twist of V.

If dimg(D) = 2 we can once again make a list of the possible D’s. However, we won't
be able to make a list of the corresponding V’s because in general, it’s very hard to give
“explicitly” a p-adic representation. This is why the theory of filtered ¢-modules is so
useful.

Given a crystalline representation V', we can always twist it by a suitable power of the
cyclotomic character, so that its Hodge-Tate weights are 0,k — 1 with £ > 1, so now we
assume this. Suppose furthermore that the Hodge-Tate weights of V' are distinct, so that
k > 2, and that ¢ : D — D is semi-simple (as we said in the introduction, we’re only
interested in those cases).

We can then enlarge E enough so that it contains the eigenvalues of ¢, which we will
call ! and 7!, We then have D = Ee, @ Feg with ¢(e,) = a'e, and p(eg) = S tep.
If « = 3, we choose any basis of D.

We have ty (D) = —(k — 1) and tx(D) = — val(a) — val(3) so if D is admissible, then
val(a) 4+ val(3) = k — 1. But this is not the only condition. The filtration on D is given
as follows: Fil' D is D if i < —(k — 1), it’s a line A = E§ if —(k —2) <4 < 0 and it’s
0 if i« > 1 (by definition of the Hodge-Tate weights). Note in particular that ¢y (e,) and
ty(es) are both either —(k — 1) or 0.

The admissibility condition says that —val(a) = ty(en) > tu(eq) > —(k — 1) and
similarly for val(3). This implies that (kK — 1) > val(a) > 0 and (k — 1) > val(5) > 0.
Suppose that val(8) < val(a) (switch a and [ if necessary). There are three cases to

consider.

1. 0 < val(B) < val(a). If 0 were e, or eg, then A would be a sub-p-module of D and
the admissibility condition says that — val(a)) or — val(3) should be > ty(d) = 0
which is a contradiction. Therefore § cannot be e, nor eg. In particular, this implies
that oo # 3. We can then rescale e, and eg so that § = e, + eg.
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2. val(f) = 0 and val(or) = (k—1). Then ¢ can be eg or (up to rescaling as previously)
eqa+es. Suppose it is e, +e3. Then Ee,, is a subobject of D which is itself admissible,
so it corresponds to a subrepresentation of V' so that V' is reducible. It is however
non-split, because D has no other admissible subobjects.

3. val(8) = 0 and val(a) = (k — 1) and § = eg. In this case, D is the direct sum of the
two admissible objects Ee, and Feg and so V' is the direct sum of an unramified

representation and another unramified representation twisted by Q,(k — 1).

As an exercise, one can classify the remaining cases (when k£ = 1 or ¢ is not semisimple).
Finally, note that in the special case a + 3 = 0, it is possible to give an “explicit”
description of V.

To conclude this section, we note that if V' is a representation which comes from a
modular form, whose level N is not divisible by p, then V is crystalline and we know
exactly what Dg.s(V) is in terms of the modular form. This makes the approach via

filtered p-modules especially interesting for concrete applications.

3. (¢,T')-modules (L.B.)

In this lecture, we will explain what (¢, I")-modules are. The idea is similar to the
one from the previous lecture: we construct a ring of periods and we use it to classify
representations. In this case, we can classify all p-adic representations, as well as the Gg,-
stable Opg-lattices in them. The objects we use for this classification (the (¢, I')-modules)
are unfortunately much more complicated than filtered ¢-modules and not very well
understood. In the next lecture, we will explain the links between the theory of filtered
w-modules and the theory of (¢, [')-modules for crystalline representations.

Once more, we will deal with Q,-linear representations and then at the end say what
happens for E-linear ones (the advantage of doing this is that we can avoid an “extra

layer” of notations).

3.1. Some more rings of periods. — Let us go back to the field E which was defined
in the previous lecture. As we pointed out then, E contains F,((e — 1)) and is actually
isomorphic to the completion of F,((e—1))*#. Let E be the separable closure of F,,((¢—1))
(warning: not the completion of the separable closure, which by a theorem of Ax is
actually equal to E) and write Eq, for F,((e — 1)) (the reason for this terminology will
be clearer later on). Write Gg for the Galois group Gal(E/Eg,) (a more correct notation
for Gg would be GE@p but this is a bit awkward).

Let U be an F,-representation of Gg, that is a finite dimensional (=d) F,-vector space

U with a continuous linear action of Gg. Since U is a finite set, this means that Gg acts
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through an open subgroup. We can therefore apply “Hilbert 90” which tells us that the
E-representation E ®g, U is isomorphic to E¢ and therefore that D(U) := (E ®g, U)® is
a d-dimensional Eq,-vector space and that E @, U = E ®g, D(U). In addition, D(U)
is a p-module over Eg,, meaning a vector space over Eg, with a semilinear Frobenius ¢
such that ¢*D(U) = D(U).

It is therefore possible to recover U from D(U) by the formula U = (E ®g,, D(U))?~"

and as a consequence, we get the following standard theorem going back at least to Katz:

Theorem 3.1.1. — The functor U — D(U) is an equivalence of categories from the

category of Fy-representations of Gg to the category of p-modules over Eq, .

Now let Ag, be the p-adic completion of Z,[[X]][1/X] inside A where we have written
X for m = [¢] — 1. We can identify Ag, with the set of power series >.° ;X" where
a; € Zp and a_; — 0 as i — oo. The ring Ag, is a Cohen ring for Eg,. In particular,
Bg, = Ag,[1/p] is a field and we let B denote the p-adic completion of the maximal
unramified extension of Bg, in B so that A = BN A is a Cohen ring for E.

Let T be a Z,-representation of Gg, that is a finite type Z,-module with a continuous
linear action of Gg. We can lift the equivalence of categories given by theorem 3.1.1 to get
the following one: the functor 7' +— D(T) := (A ®z, T)%® is an equivalence of categories
from the category of Z,-representations of Gg to the category of ¢-modules over Ag,.

Finally, by inverting p we get:

Theorem 3.1.2. — The functor V — D(V) := (B ®q, V)¢ is an equivalence of cate-
gories from the category of Q,-representations of Gg to the category of étale p-modules

over Bg, .

Notice the appearance of “étale” in the last statement. We say that a ¢-module D over
Bg, is étale if we can write D = Bg, ®a, Do where Dy is a p-module over Ag, (which
includes the requirement ¢*Dy = Dy).

This way, we have a convenient way of studying representations of Gg using p-modules
over various rings. In the next paragraph, we will answer the question: what does this
have to do with representations of Gg,? The answer is given by an amazing construction

of Fontaine and Wintenberger.

3.2. The theory of the field of norms. — Recall that we have chosen a primitive
p"th root of unity €™ for every n. Set F, = Q,(¢™) and F,, = U,>oF,. The Galois
group I'g, of I, /Q, is isomorphic to Z, (by the cyclotomic character). In this paragraph,
we will explain a striking relation between Hg,, the Galois group of Q,/F,, and Gg the
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Galois group of E/Eq,. Indeed, Fontaine and Wintenberger proved that we have a natural
isomorphism Hg, ~ Gg. We will now recall the main points of their construction.

Let K be a finite extension of Q, and let K, = K(e™) as above. Let Ny be the
so that Nk is the set of

sequences (z(@, 2z ... ) with 2" € K,, and Nk, r, , (™) = 2™~V If we define a ring

set (h_mn K, where the transition maps are given by Nk, /i

n—17

structure on Ny by

(:cy)(”) = 2™y and (x + y)(”) = lim Nk, /K, (37("””) + y("+m)),

m—-400

then N is actually a field, called the field of norms of K../K. It is naturally endowed
with an action of Hg. Furthermore, for every finite Galois extension L/K, N /N is
a finite Galois extension whose Galois group is Gal(L./K), and every finite Galois
extension of Ny is of this kind so that the absolute Galois group of Ny is naturally
isomorphic to H.

We will now describe Ng,. There is a map Ng, — E which sends (™) to (y™) where
y™ = lim(z"*™)P" and it is possible to show that this map is a ring homomorphism
and defines an isomorphism from N, to Eqg, (the point is that by ramification theory,
the Nk, /K, , maps are pretty close to the x + 2P map). As a consequence of this
and similar statements for the N’s, we see that there is a natural bijection between
separable extensions of Ng, and separable extensions of Eg,. Finally, we get out of this
that Hg, ~ Gg.

Let us now go back to the main results of the previous paragraph: we constructed an
equivalence of categories from the category of Z,-representations of Gg to the category of
p-modules over Ag, and by inverting p an equivalence of categories from the category of
Q,-representations of Gg to the category of étale p-modules over Bg,. Since Hg, ~ Gg,
we get equivalences of categories from the category of Z,-representations (resp. Q,-
representations) of Hg, to the category of y-modules over Ag, (resp over Bg, ).

Finally, if we start with a Z,-representation or Q,-representation of Gg,, then what we
get is a p-module over Ag, (resp over Bg,) which has a residual action of Gg,/Hg, ~ I'g,.
This is an étale (¢, ')-module: it is a module over Ag, (resp over Bg,) with a Frobenius
¢ (required to be étale) and an action of I'g, which commutes with ¢. Note that on Ag,,

we have
e(X)=o(le] -1 =([]-1)=1+X)" -1
and also

YX) =1 = 1) = (€] = 1) = (1+ X)) - 1.
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Theorem 3.2.1. — The functors T — D(T') and V — D(V') are equivalences of cate-
gories from the category of Z,-representations (resp. Qp-representations) of Gg, to the

category of étale (p,I")-modules over Aq, (resp over By, ).
This theorem is proved in [23], in pretty much the way which we recalled.

Example 3.2.2. — For ezample, let V = Q,(r) = Q, - e,. The restriction of V' to Hg,
is trivial, so the underlying p-module of V is trivial: D(V) = Bq, - e, and ¢(e;) = e,.
The action of I'g, is then given by v(e,) = () e,. In the lecture on Wach modules, we

will see non-trivial ezamples of (p,T')-modules.

To conclude this paragraph, note that if £ is a finite extension of Q,, and V is an
E-linear representation (or 7" is an Og-representation) then D(V') (resp D(T')) is a (¢, I')-
module over E®q,Bg, (resp Op®z,Aq,) and the resulting functors are again equivalences

of categories.

3.3. (¢,I')-modules and the operator ). — Let I/ be a p-adic representation of Gg,
and let T" be a lattice of V' (meaning that T is a free Z,-module of rank d = dimg, (V')
such that V' = Q, ®z, T and such that T is stable under Gg,).

In this paragraph, we will introduce an operator ¢ : D(T) — D(T') which will play a
fundamental role in the sequel. Note that ¢ : B — B is not surjective, actually B/¢(B)
is an extension of degree p of local fields, whose residual extension is purely inseparable.

This makes it possible to define a left inverse 1 of ¢ by the formula:
1

P(V(@) = Tra/pm) ()
and then some ramification theory shows that ¢(A) C A. Obviously, ¥(¢(z)) = x and
more generally (Ap(x)) = 1(A)z, and also ¢ commutes with the action of Gg, on B.
Therefore, we get an induced map v : D(T) — D(T) which is a left inverse for ¢. One
can give a slightly more explicit description of ¢. Given y € D(T), there exist uniquely
determined yq, - - -, y,—1 such that y = Zf:_g ©(y;)(1 + X)" and then 9 (y) = yo. Finally,
if y = y(X) € Ag,, we can give a slight variant of the definition of 1:

Pl == 3 91+ X~ 1)
nP=1
The Z,-module D(T)¥=! will be of particular importance to us. It turns out to be
of independent interest in Iwasawa theory. Indeed, it is possible to give explicit maps
hl . D(T)¥=' — HY(F,,T) for all n > 0, and these maps are compatible with each
other and corestriction (meaning that corg,,,/r, oh, . = hj,) so that we get a map

D(T)¥=' — lim H'(F,,T) and this map is, by a theorem of Fontaine, an isomorphism.
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The Zy[[I'g,]]-module Jim H(F,,T) is denoted by H{, (Q,,T) and is called the Iwasawa
cohomology of T'. Explaining this further is beyond the scope of the course, but it is
an important application of the theory of (¢, I')-modules. One use we will make of the
previous discussion is the following: for any 7', D(T)¥=! # {0} (see corollary 9.2.3 for
another application). Indeed, in Iwasawa theory one proves that H{, (Q,, T) is a Z,[[I'g, ]-
module whose torsion free part is of rank rkg, (7).

Note that in a different direction, Cherbonnier and Colmez have proved that D(T')¥=!
contains a basis of D(T') on Ag,. We see that therefore, the kernel of 1 — ¢ on D(T) is
rather large. On the other hand, Cherbonnier and Colmez have proved that D(T")/(1—1)
is very small: indeed, if V' has no quotient of dimension 1, then D(T")/(1 — ) is finite
(and so D(V)/(1—1) = 0). The reason is that we have an identification D(T)/(1—1) =
HE,(Q,, T). We will use this to prove the following proposition due to Colmez which will

be useful later on:

Proposition 3.3.1. — Let V' be an E-linear representation such that @@Qp V' has no
quotient of dimension 1. If P € E[X], then P(¢) : D(V) — D(V) is surjective.

Proof. — By enlarging E if necessary, we can assume that P(X) splits completely in £
and so we only need to show the proposition when P(X) = X — « with a € E. There

are several cases to consider:

1. o= 0. In this case for any z € D(V'), we can write x = ¢)(p(x)).

2. vy(a) < 0. In this case, we use the fact that D(7') is preserved by ¢ so that the
series (1 —a™ ') =1+ a1+ (a7 ')? + -+ converges and since (p — a)™! =
—a (1 — a7 'y)~t we're done.

3. vp(a) > 0. By the same argument as the previous one, (1 — ap)™! converges on
D(V). If x € D(V), we can therefore write p(z) = (1 — ap)y and taking ¢, we get
r=(¢—ay.

4. vy(a) = 0. Let p, be the unramified character sending the frobenius to . Then
D(V)/(¥—a) = D(V & pa)/(1—1) and as we have recalled above, D(V ® p)/(1—
) =0if QTP ®gq, V has no quotient of dimension 1.

]

4. (p,I')-modules and p-adic Hodge theory (L.B.)

In this chapter, we study the link between p-adic Hodge theory (the theory of B
and Bqr) and the theory of (p,I")-modules. The latter theory provides a very flexible
way of studying p-adic representations, since to describe p-adic representations, one only

needs to give two matrices over Bg, (one for ¢ and one for a topological generator of I'g,
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(which is procyclic if p # 2)) satisfying some simple conditions (which say that ¢ and

I'p, commute and that ¢ is étale).

4.1. Overconvergent representations. — In order to link p-adic Hodge theory and
the theory of (¢, I')-modules, we will apply the usual strategy: construct more rings of
periods. Let z € B be given and write z = > ks oo PMl] with zy € E. Note that if
y € E, then [y] € B but still, there is no reason for the series z = >, p"[xy] to
converge in B, because the z;’s could “grow too fast” (recall that E is a valued field).

We will therefore impose growth conditions on the x;’s. Choose r € R and define

—1
b —up(ay) — +0}.

Bi" = {z € B, z = Z prlan], k+
k> —o0
If 7, = p"1(p — 1) for some n > 0, then the definition of Bt boils down to requiring
that > o pkx,(gn) converge in C,, which in turn is equivalent to requiring that the
series @ "(x) = > 4o D" [xi/pn] converge in B;. For example X € B for all r’s and
(X)) = [V/P"] — 1= eMet/P" — 1 € Bl;.

Let Bt™ = B NB and let Bf = U,oB"". This is the subring of elements of B which are
“related to Bqr” in a way. We say that a p-adic representation V' of Gg, is overconvergent
if D(V) has a basis which is made up of elements of D'(V) = (B ®q, V). If there
is such a basis, then by finiteness it will actually be in D™ (V) = (B ®q, V)" for r
large enough.

We therefore need to know which p-adic representations are overconvergent, and this

is given to us by a theorem of Cherbonnier and Colmez (cf [12]):
Theorem 4.1.1. — Any p-adic representation V' of Gq, is overconvergent.

This theorem is quite hard, and we will not comment its proof. For de Rham repre-
sentations, one can give a simpler proof, based on the results of Kedlaya.

If V is overconvergent and if there is a basis of D(V) in D' (V), then DI"(V) is a
B&: = (BF)He-module. Warning: ¢(B"") ¢ Bf?" so one has to be careful about the
fact that DT (V) is not a ¢-module. In any case, we need to know what IB%(T@: looks like.
The answer turns out to be very nice. A power series f(X) € Bg, belongs to B(T@: if and
only if it is convergent on the annulus 0 < v,(z) < 1/r (the fact that f(X) € Bg, then
implies that it is bounded on that annulus). In particular, one can think “geometrically”
about the elements of ]B%j@; and this turns out to be very convenient.

Given r > 0, let n(r) be the smallest n such that p"~!(p — 1) > r so that " (z) will
converge in B, for all z € B and n > n(r). We then have a map ¢ : DI"(V) —
(Biz ® V)% and the image of this map is in (Bj; ® V)@ if n > n(r). This is used by
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Cherbonnier and Colmez to prove a number of reciprocity laws, but it is not enough for
our purposes, which is to reconstruct Des(V) from DT(V) if V is crystalline.
We do point out, however, that

Proposition 4.1.2. — If V is de Rham, then the image of the map ¢~ : D" (V) —
(Bir @ V)% lies in F,((t)) ®g, Dar(V) and so if V is an E-linear de Rham representa-
tion, then the image of the map ¢~ " : D"(V) — (Bl @ V)% lies in (E ®q, F,((t))) @k
Dar(V).

This will be used later on.

2. A large ring of periods. — In this paragraph, we take up the task of recon-
structing Deis(V) from DT(V) if V is crystalline. For this purpose, we will need a few

o0

more rings of periods. Let IB%L; o, Pe the ring of power series f(X) =3~

i
oo @i X" Where

a; € Q, and f(X) converges on the annulus 0 < v,(z) < 1/r (but is not assumed to be
bounded anymore). For example, ¢t = log(1 + X) belongs to IB%LgQ but not to IB%(B; Let
Bllg Q = T>OIB%L’; Q- Note that this ring is often given a different name, namely R, .
It is the “Robba ring”. As Colmez says, Rq, is its “first name” and leg@ is its “last
name”. Similarly, let ]B(T@p = U">0B<B; = (B")%. The first name of that ring is S(ap.

The main result which we have in sight is the following:
Theorem 4.2.1. — IfV is a p-adic representation of Gg,, then

(Blao, 1/ @5 D'(V))

is a p-module and as a p-module, it is isomorphic to Des(V). If V is crystalline, then

Tgp

in addition we have
Tgp
By, [1/1] Sg, (Bliq,[1/f] 85 DI(V)) " =Bl q,[1/8 85 D'(V).

The proof of this result is quite technical, and as one suspects, it involves introducing
more rings of periods, so we will only sketch the proof. Let us mention in passing that
there are analogous results for semistable representations.

Recall that DT(V) = (Bf ®q, V)" and that Dess(V) = (B mg[l/ﬂ ®q, V) as we
have explained in paragraph 2.2. The main point is then to construct a big ring IB%rlg

which contains both B (and hence B) and ]B%Ig This way, we have inclusions

1) Das(V) € (Blyl/) 2o, v)

Qp

2 (Blug, 1/ ®5p D'0)) € (Bl[1/f &g, V)
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We then need to prove that these two inclusions are equalities. There are essentially
two steps. the first is to use the fact that all the above are finite dimensional Q,-vector
spaces stable under ¢ and that ¢! tends to “regularize” functions (think of the fact that
o(BI") = BI"?). The “most regular clements” of ]ﬁiig are those which are in I@Ig which
explains why inclusion (1) is an equality.

For inclusion (2), we first remark that
(Bl[1/1] ®q, V)"er = Bl o [1/1] @ s, DI(V),

where ]B%“g @ (Bilg)H@P and in a way, the ring B! rig,Q, 15 the completion of U,,>op~ (Biig@p)

in IB%Lg. Inclusion (2) then becomes the statement that:

g, Tg,

(Blug, [/l @y DIV)) " = (Blyo, 1/l @5y DI(V)) ™,
and the proof of this is a “gp—decompletion” process, similar to the one used by Cherbon-
nier and Colmez to prove that all p-adic representations are overconvergent, and about

which we shall say no more.

4.3. Crystalline representations. — In the previous paragraph, we explained the
ideas of the (admittedly technical) proof of the facts that if V' is a crystalline representa-

tion, then
Tg,

Deass(V) = (Bl 0, [1/1] @5

, D)

and
Blig0, [1/] ®g, Deris(V) = Bl g, [1/8] @5y D'(V).

In this paragraph, we will explain one important consequence of this theorem, namely
that p-adic representations are of finite height. First, let us explain what this means. Let
AT = A* N A and BT = B N B. since B C B*, we have a natural map B+ — Bz and
the rings BT are “even better behaved” than the B™"’s. In addition, they are stable under
. We say that a p-adic representation V' is of finite height if D(V') has a basis made of
elements of D*(V) := (BT ®q, V)"%. This last space is a module over By, and one can
prove that ]B%@p = Q, ®z, Zy[[X]] which is indeed a very nice ring. We will explain the
proof of Colmez’ theorem (cf [13]):

Theorem 4.3.1. — Every crystalline representation of Gq, is of finite height.

This means that we can study crystalline representations effectively using Q, ®z,
Z,[[X]]-modules which we will do in the next lecture.

Recall that Cherbonnier and Colmez have proved that D(V)¥=! contains a basis of
D(V). The strategy for our proof that if V' is crystalline, then V is of finite height is to
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prove that if V is crystalline, and S is the set
S = X) QO(X)a 902(X)7 T

then D(V)¥=! C (B[S~ ®q, V)"%. This will show that D(V) has a basis of elements
which live in (B* ®q, V))""e. This proof is due to Colmez; there is a different proof,
due to the first author, which relies on a result of Kedlaya. We will use the fact (due to
Cherbonnier) that D(V)¥=! C (BT ®q, V).

For simplicity, we will assume that ¢ is semi-simple on D.;s(V), and we will consider
V' as an FE-linear crystalline representation, where E contains the eigenvalues of ¢ on
Deis(V). Suppose then that De(V) = @F - e; where ¢(e;) = a; 'e;. If z € DY(V), then
we can write v = ) x; ® ¢; with ; € E ®q, ]B%Lg’(@p[l/t] and if ¢(z) = x then, since 9
acts by ¢! on Deys(V), we have z; € (E ®q, BLngp[l/t])w:l/ai.

Let B

rigv@p
unit disk. The first name of that ring is R&p By an argument of p-adic analysis,

be the ring of power series f(X) =}, a; X" which converge on the open

which we will give in paragraph 4.4, we can prove that for any o € E, we have (E ®q,

Bl o, [1/1)"= = (E &g, ng,@,,[l /t])¥=*. We conclude that 1~)(1/)w=1 C B, o,[1/t] ®q,
Deyis(V). Finally, BY, o C B, so that we have D(V)¥=" C (B}, [1/t] ®q, V). Let us

recall that D(V)¥=! C (B' ®g, V)"e. This means that the periods of the elements of
D(V)*=! live in B

rig
rings) that B, [1/t] N Bf C B[S~']. Indeed, one should think of B, as “holomorphic

rig
(algebraic) functions on the open unit disk” and of B as “bounded (algebraic) functions

on some annulus”. The statement that IE%;';g[l Jt]NBT C BT [S~!] then says that a function

which is both meromorphic with poles at the €™ — 1 and bounded toward the external

[1/t] N BT and one can easily prove (using the definition of all these

boundary is the quotient of a bounded holomorphic function on the disk (an element of
B*) by ©"(X*) for k,n large enough. Therefore, V is of finite height.

In other words, the (¢,I')-module of a crystalline representation has a very special
form: one can choose a basis such that the matrices of ¢ and v € I'g, have coefficients
in B (in E ®q, BY, if V is E-linear).

4.4. Eigenvectors of ). — In this paragraph, we investigate further the action of
the operator ¢ on certain rings of power series. The goal is to explain the proof of the

following proposition:

Proposition 4.4.1. — If a € E*, then:

(E ®q, Bliyq, [1/1)"=" = (E ®q, Bf, o, [1/6])*=".

rig,Qp
Proof. — Since (¢t~ "f) = p"t=")(f), it is enough to prove that

(E ®q, Bl )™ = (E ©q, Bl )™

rig,Qp
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whenever v,(a) < 0 (if we are given f such that (f) = af, then ¥(t"f) = p~"a - t" f so
to make v,(a) < 0 we just need to take h > 0) To avoid cumbersome formulas, we will
do the case E = QQ, where the whole argument already appears.

Recall that we have the following rings of power series: B;qng and IB%Lg’Qp and IB%(TQP and
Bap = Q, ®z, Zp[[X]] and Bg, as well as Ag, and A&p = Z,[[X]]. Note that each of these
rings is stable under ¢. Let Ag be the set of f(X) = > a; X" € Ag, such that a; = 0 if
i > 0 (this is not a ring!) so that Ag, = Ay ® A and let By = Ag [1/p].

Let us first prove that ¢(Ag ) C Ag . To see this, recall that ¢ = ¢(X)/X =1+ [¢] +

-+ [e]P~! so that if £ > 1, then ¥(q") is a polynomial in [¢] of degree < ¢ — 1 (since
Y([€']) = 0 if p ti and [€/?] otherwise) and so ¥(q%) is a polynomial in X = [¢] — 1 of
degree < ¢ — 1. We'll leave it as an exercise to show that its constant term is p*~! (this

will be useful later). Now observe that

(X = v(d'/o(X)") = X"0(d"),

so that (X %) € Ag, and consequently ¢(Ag ) C Ag .

If fe ]B%Iig@p then we can write f = f~ + f* with f* € ]B%;Eg@p and f~ € Bg,- In
order to prove our main statement, and since ¥ commutes with f — f*, we therefore
only need to study the action of ¢ on By . But since ¢(Ag ) C Ag , 1 cannot have any

eigenvalues a with v,(a) <0 on By , so we are done. O

Exercise: using this, determine all the eigenvalues of ¥ on B@p N IB%TQP.

4.5. A review of the notation. — The point of this paragraph is to review the
notation for the various rings that have been introduced so far. There are some general
guidelines for understanding “who is who”. The rings Byr and B..;s do not follow these
patterns though.

Most rings are EX or Af or BX. An “E” indicates a ring of characteristic p, an “A” a
ring of characteristic 0 in which p is not invertible, and a “B” a ring of characteristic 0
in which p is invertible.

The superscripts are generally + or 1 (or nothing). A “+” indicates objects defined on
the whole unit disk (in a sense) while a “{” indicates objects defined on an annulus (of
specified radius if we have a “t,r”) and nothing generally indicates objects defined “on
the boundary”. A “4+” also means that X = 7 is not invertible. So a “” indicates that
X is invertible but not too much (as on an annulus).

The subscript “rig” denotes holomorphic-like growth conditions toward the boundary,
while no subscript means that we ask for the much stronger condition “bounded”. The

subscript “Q,” means we take invariants under Hg,.
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A tilde “7” means that ¢ is invertible (eg in the algebraic closure E of Eg,) while no
tilde means that ¢ is not invertible (eg the separable closure E of Eq, ).

Finally, as we said, Bqr and B;s do not follow these patterns, in part because they are
not defined “near the boundary of the open disk” like the other ones. It is better to use
the ring IE%Ig[l /t] than the ring B..;s which is linked to crystalline cohomology but has no
other advantage. The notation By,

by some authors (with inconsistent notation).

is consistent with our above explanations. Note that

this ring is also called B,

5. Crystalline representations and Wach modules (L.B.)

This lecture will be a little different from the previous three: indeed we have (finally!)
defined all of the period rings which we needed and constructed most of the objects which
describe, in various ways, crystalline representations. It remains to construct the Wach
module associated to a crystalline representation V', and then to prove some technical
statements about the action of ¥ on this module, which will be crucial for the applications

to representations of GL2(Q,).

5.1. Wach modules. — Recall from the previous lecture that if V' is a crystalline
representation, then it is of finite height, meaning that we can write D(V') = Bg, ®%p
D*(V) where D (V) = (B* ®g, V)" is a free B = Q, ®z, Z,[[X]]-module of rank d.
If V is an E-linear representation, then we have that D*(V') is a free E®q, By, = E®o,
Og[[X]]-module of rank dimg (V). Once again, we will deal with Q,-linear representations
in this chapter and at the end explain how everything remains true for F-linear objects
in an obvious way.

The starting point for this paragraph is that all crystalline representations are of finite
height, but there are finite height representations which are not crystalline (for example:
a non-integer power of the cyclotomic character). Wach has characterized which repre-
sentations V' of finite height are crystalline: they are the ones for which there exists a B@p—
submodule N of D* (V') which is stable under I'g, and such that: (1) D(V) = Bg, ®%p N
(2) there exists r € Z such that I'g, acts trivially on (N/X - N)(r).

Suppose that the Hodge-Tate weights of V' are < 0. One can then take r = 0 above and
one can further ask that N[1/X] = D" (V)[1/X]. In this case, N is uniquely determined
by the above requirements and we call it the Wach module N (V') associated to V. It is
then stable by ¢. So to summarize, the Wach module N (V') associated to V' satisfies the

following properties:

Proposition 5.1.1. — The Wach module N(V) C D(V') has the following properties if
the weights of V are < 0:



TOWARDS A p-ADIC LANGLANDS PROGRAMME 23

1. itis a B&p—module free of rank d
2. it is stable under the action of I'g, and I'g, acts trivially on N(V)/X - N(V)
3. N(V) is stable under .

Suppose that the Hodge-Tate weights of V' are in the interval [—h; 0] and let ¢*(N(V))
be the B&p—module generated by ¢(N(V)). One can show that N(V')/o*(N(V)) is killed
by (¢(X)/X)". Recall that we write q for the important element ¢(X)/X.

Note that the Wach module of V(—h) is simply X"N(V)e_; (here e; is a basis of
Q,(1) and e, = eP¥). If the Hodge-Tate weights of V are no longer < 0 it is still
possible to define the Wach module of V' by analogy with the above formula: we set
N(V)=X"T"N(V(—r))e, where r is large enough so that V' (—r) has negative Hodge-Tate
weights. This obviously does not depend on the choice of 7. The module N (V) C D(V)
is then stable under I'g, and I'g, acts trivially on N(V')/XN(V) but N(V') is no longer
stable under . What is true is the following:

Proposition 5.1.2. — If in prop 5.1.1, the Hodge-Tate weights of V' are in the interval
[a; b] with b not necessarily < 0, then o(X°N(V)) C X°N(V) and X°N(V) /(X N(V))
is killed by ¢"~®.

We finish this paragraph with a few examples. If V' = Q,(r) then N(V) = X _’”]B%aper
which means that N (V) is a Bap—module of rank 1 with a basis n,. such that p(n,) = ¢~"n,
and 4(n,) = (7(X)/X)"=(y)n, if 7 € T,

Suppose now that V' is the representation attached to a supersingular elliptic curve
(with a, = 0), twisted by Q,(—1) to make its weights < 0. This representation is
crystalline and its Hodge-Tate weights are —1 and 0 (and the eigenvalues of ¢ on Des(V)
are p'/?). The Wach module N (V) is of rank 2 over B&p generated by e; and ey with
@(e1) = gey and (ez) = —ey. The action of v € I'g, is given by:

log® (1 + X) log™ (14 X)
T () A T ()

€2

where 2n+1 2n
log+(1+X):H90—(Q) and log_(1+X):H(’p—@,
w0 P nso P
so that t = log(1 4+ X) = X log™ (1 + X)log™ (1 + X).
Finally, we point out that if V is an E-linear representation then N(V') is a free

E ® Og[[X]]-module satisfying all the properties given previously.

5.2. The weak topology. — Until now, we have largely ignored issues of topology,
but for the sequel it will be important to distinguish between two topologies on D (V).
There is the strong topology which is the p-adic topology defined by choosing a lattice T
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of V and decreeing the p*D(T) to be neighborhoods of 0. This does not depend on the
choice of T'. Then, there is the weak topology which Colmez has defined for all p-adic
representations V', but which we will only define for crystalline ones, using the Wach
module. Choose a lattice T in V' and define the Wach module associated to 1" to be
N(T)=N(V)ND(T). One can prove that N(T') is a free Z,[[X]]-module of rank d such
that N(V) = Q, ®z, N(T).

For each k > 0, we define a semi-valuation v on D(T') as follows: if x € D(T) then
ve(z) is the largest integer j € Z U {+o00} such that x € XIN(T) + p*D(T). The weak
topology on D(T) is then the topology defined by the set {v4}x>o of all those semi-
valuations. Remark that the weak topology induces on N(T') the (p, X)-adic topology.
The weak topology on D(V) is the inductive limit topology on D(V) = UpsoD(p~*T).
This does not depend on the choice of T. Concretely, if we have a sequence (v,), of
elements of D(V'), and that sequence is bounded for the weak topology, then there is a
Gg,-stable lattice T" of V' such that v,, € D(T') for every n > 0 and furthermore, for every
k > 0, there exists f(k) € Z such that v, € X f®N(T) + p*D(T).

In lecture 8, we will use the weak topology on D(T).

5.3. The operator v and Wach modules. — In this lecture, we assume that V is
a crystalline representation with > 0 Hodge-Tate weights. The goal of this paragraph is
to show that

Theorem 5.3.1. — If V is a crystalline representation with > 0 Hodge-Tate weights
and if T' is a Gg,-stable lattice in V', then

»(N(T)) € N(T)
and more generally, if £ > 1, then
Y(XTEN(T)) € p" ' XIN(T) + X “FIN(T).

Proof. — Say that the weights of V are in [0, h]. We know that o(X"N(T)) C X"N(T)
and that X" N (T)/¢*(X"N(T)) is killed by ¢". Ify € N(T), then ¢" X"y € p*(X"N(T)) =
©(XM)p*(N(T)) and since by definition ¢"X" = (X") this shows that y € ¢*(N(T))
and therefore N(T') C ¢*(N(T)). If y € ¢*(N(T)) then by definition we can write
y = > yip(ni) with y; € Op[[X]] and n; € N(T) and ¥(y) = > ¢ (yi)n; € N(T). This
proves that ¢(N (1)) C N(T).

Now choose y € N(T') and ¢ > 1. Once again, since N(T') C ¢*(N(T)), we can write
y = Y yip(ng) with y; € Op[[X]] and n; € N(T) so that (X ~"y) = > (X yi)n..

Therefore, in order to prove that

Y(XTIN(T)) € p I XTIN(T) + XTFIN(T),
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it is enough to prove that
(X TOR([X]]) € pTIX T OR[[X]] + X OR([X]],

which we did in §4.4. O

5.4. The module D°(T). — The goal of this paragraph is to explain the proof of the

following proposition:

Proposition 5.4.1. — If V is crystalline irreducible and Q, ®q, V' has no quotient of
dim1 (e.g. V is absolutely irreducible), then there exists a unique non-zero Q,-vector sub-
space D°(V') of D(V') possessing an Zy-lattice D°(T) which is a compact (for the induced
weak topology) Zy,[[X]]-submodule of D(V') preserved by 1 and T'g, with ¢ surjective.

If V has a quotient of dim 1, then such an Z,[[X]]-module exists but is not unique. For
example, if V = Q,, the we can take either Q, ®z, Z,[[X]] or X 'Q, ®z, Z,[[X]]. If V
is not crystalline, it still exists (this is a result of Herr) but in our case, the situation is
greatly simplified if we assume V to be crystalline. Indeed, in this case D°(V) is free of
rank d over Q, ®z, Z,[[X]].

Proof. — First, we’ll prove the existence of such a module. Suppose that the Hodge-
Tate weights of V' are in [—h;0]. We can always twist V' to assume this, because the
underlying p-module of D(V') is unchanged by twists. Choose a Gg,-stable lattice 7" in
V. Our assumption implies that N(T") C ¢*(N(T)) and that ¢*(X"N(T)) C X"N(T) as
we’ve seen previously. As a consequence, (N (T)) C N(T) and X"N(T) C (X "N(T)).

Consider the sequence
X"N(T), $(X"N(T)), v*(X"N(T)),- -

It is increasing and all its terms are contained in N(T"). Since Z,[[X]] is noetherian, this
implies that the sequence is eventually constant, and so there exists mg such that if m >
mg, then Y™ Y X"N(T)) = ™(X"N(T)). One can then set DY(T) = ™ (X" N(T))
and DY(V) = Q, ®z, D}(T). This proves the existence of one module D{(T) (and
the associated D?(V)) satisfying the conditions of the proposition. Before we prove
the uniqueness statement, we want to set D°(V) to be the largest such module and
first we need to prove some properties of those modules satisfying the conditions of the
proposition.

Suppose therefore that some module M (V') satisfies the condition of the proposition,
that is we can write M(V) = Q, ®z, M(T) with ¢ : M(T) — M(T) surjective and
M (T) compact in D(T) for the induced weak topology. This last property means that
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for any k > 0, there exists f(k) such that M(T) ¢ X TR N(T) + p*D(T). Recall that
in proposition 5.3.1, we’ve proved that if f(k) > 1, then:

WX TEN(T)) c p! WX TEN(T) 4 XTOHN(T).
Since (M (T)) = M(T'), we have
M(T) = ¢™(M(T)) C p"UB=DxXx=I®E N(T) 4 X TEFN(T) 4+ p* D(T)

and if m is large enough, we finally get that M(T) C X f®+IN(T)4p*D(T). What this
shows is that we can take f(k) =1 for all k > 0 and so M(T) C X *N(T) + p*D(T) for
all k > 0 which implies that M(T) C X' N(T). Therefore, any such M(T) is contained
in Nyse™ (X IN(T)).

On the other hand, if we set D°(T) = N,>0™(X ' N(T)), then obviously D°(T)
satisfies the conditions of the proposition, and it contains D?(T) constructed previously
so it is certainly non-zero, and D°(V) is therefore a free Eép—module of rank d contained
in X"IN(V).

Any other M (T) satisfying the conditions of the proposition is included in D°(T). If
M(V) was a free By -module of rank < d, then we would have a submodule of N(V')
stable under 1) and I'. One can prove that it would then have to be stable under ¢ (this
is easy to see in dimension d = 2, less so in higher dimensions) and this would correspond
to a subrepresentation of V', which we assumed to be irreducible. Therefore, any such
M(V) is a Bg -module of rank d contained in X' N (V).

Recall that by proposition 3.3.1, for any polynomial P, the map P(¢)) : D(V) — D(V)
is surjective. By continuity, we can find a set 2 C D(T") bounded for the weak topology
and ¢ > 0 such that P(¥)(2) D p*D%(T). This means that for any k& > 0, there exists
f(k) such that

p'DO(T) = y™(p"'D°(T)) C ¥™ o P()(XTHIN(T) + p*D(T))

for all m > 0, and just as above this proves that p’D°(T) C P(¢) X 'N(T) and then
that

PDYT) C P(Y) Nuzo 0™ (XTIN(T)) = P(¢)(D(T)),

so that ¢ : D°(V) — D°(V) is surjective.

We now prove the uniqueness of an M (V') satisfying the conditions of the proposi-
tion. By the previous discussion, D(V)/M (V) is a finite dimensional Q,-vector space
stable under ¢ and such that the operator P(¢) is surjective for all P € Q,[X] which is
impossible unless D°(V) = M (V). O
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5.5. Wach modules and D.;s(V). — We end this lecture with two ways of recovering
Dis(V') from the Wach module N (V) of a crystalline representation V.

Let V' be a crystalline representation. Recall that N(V) C D(V) is not necessarily
stable under ¢, but that in any case ¢(N(V)) C N(V)[1/q]. We can define a filtration
on N (V) in the following way: Fil' N(V) = {x € N(V), ¢(x) € ¢ N(V)}. The results of
5.1 show that if the weights of V' are in [a;b], then Fil™® N(V) = N(V).

Note also that since X and ¢ = ¢(X)/X are coprime, we have a natural identifica-
tion N(V)/X - N(V) = N(V)[1/q]/X - N(V)[1/q] and we endow N(V)/X - N(V) with
the induced filtration from N(V'), and the Frobenius induced from N(V)/X - N(V) =
N(V)[1/q]/X - N(V)[1/q]. This makes N(V)/X - N(V) into a filtered ¢-module. The
main result is then (see [5, §II1.4]):

Theorem 5.5.1. — The two filtered @-modules N(V)/X - N(V) and Des(V') are iso-

morphic.

We shall now prove a technical result which will be used later on. Suppose now that
the weights of V are > 0. We’ve seen that both N (V') and X !N (V) are stable under 1,
so we get a map ¢ : X 'N(V)/N(V) — X 'N(V)/N(V).

Proposition 5.5.2. — If we identify X 'N(V)/N(V) with Des(V) by the map X 1y —
Y, then the map v : X *N(V)/N(V) — X 'N(V)/N(V) coincides with the map =" :
Dcris(v> - Dcris<v)~

Proof. — Indeed, given y € N(V), choose z € N(V)[1/q] such that y — p(z) € X -

N(V)[1/q]. We then have ¥(y/X) = ¥(p(2)/X 4+ w) with w € N(V) and ¢(p(2)/X) =
z/X so that ¥ (y/X) =2z mod N(V)[1/q]. O

Now, we will give a different relation between D.,s(V') and N(V'). Recall that we have

an isomorphism

Bl o,[1/1] ®q, Deris(V) ~ B, ¢

1/ @y DI(V)
and in particular an inclusion

N(V) € DY(V) C B, q,[1/1] ©q, Derss(V).
One can then prove that:

Proposition 5.5.3. — If V' is crystalline, then
N(V) C B, g,[1/t] ®g, Deris(V),

and
B0, [1/1] ®pr N(V) = B0, [1/t] ®a, Ders(V).
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Furthermore, if the weights of V' are > 0, then

N(V) C B, o, ®q, Daris(V).

Exercise: work out explicitly all the above identifications for the Wach modules given
at the end of 5.1.

6. Preliminaries of p-adic analysis (C.B.)

We give here some classical material of p-adic analysis which will crucially be used in
the coming lectures. The results can be found in [28], [14], [29] or any treatise on p-adic

analysis. Thus, we do not provide most of the proofs.

6.1. Functions of class C". — Fix E a finite extension of Q,. We have extensively
seen in Schneider and Teitelbaum’s course what a locally analytic function f : Q, — E
is. Let 7 be an element in R*. Here, we study the larger class of functions f : Z, — E

which are of class C". For f : Z, — E any function and n € Zx, we first set:

i=0
Definition 6.1.1. — A function f : Z, — E is of class C" if n"|a,(f)| — 0 in RT when

n — +00.

Of course, if f is of class C", then it is also of class C* for any s < r. Functions of class
C? are functions f such that a,(f) — 0 in F, which can easily be seen to be equivalent to
f continuous (see e.g. [15],5§V.2.1). Hence, a function of class C" for r € R is necessarily

at least continuous. Moreover, one can write ([15],§V.2.1):

) ) = :zzanm ()

z(zfl)---('zfnJrl) .

where z € Z, and (7) := The E-vector space of functions of class C"
is a Banach for the norm |f], := sup, ((n + 1)"|a,(f)|) which contains locally analytic
functions on Z,, hence also locally polynomial functions. We denote this Banach by

C(Z,, E).

Theorem 6.1.2. — Let d be an integer such that r — 1 < d, then the E-vector space of
locally polynomial functions f : Z, — E of degree at most d is dense in C"(Z,, E).

This theorem is a consequence of the Amice-Vélu condition as will be seen in §6.2
(Cor.6.2.7).
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We now state results on the spaces C"(Z,, E) when r = n is in Z>, (although this is
actually probably a useless assumption for some of the results below).
Forn € Zsg and f : Z, — F any function, define f"(z, hy,--- , hy,) : Zpx(Z,—{0})" —

E by induction as follows:
=) = f(2)

=2 4 hy, by, 1) — (2 by, By
F by, ) N ! ]2 A GV 23

Theorem 6.1.3. — A function f : Z, — E is of class C" if and only if the functions fl

for 0 < i < n extend continuously on Z]’fl. Moreover, the norm SUPO<i<nSUP(z py ohy) ezt |fW(z, by,

is equivalent to the norm | - |,.

See [15],8V.3.2 or [28],554. Note that, in particular, any function f of class C" admits

a continuous derivative f’:= fl1(z,0).

Theorem 6.1.4. — Assume n > 1. The derivative map f — f' induces a continuous
topological surjection of Banach spaces C"(Z,, E) — C"Y(Z,, E) which admits a contin-

uous section.

Note that, with our definition, it is not transparent that f’ € C"~!(Z,, E) (and indeed,
this requires a proof). We refer to [28],8§78 to 81. The topological surjection obviously

follows from the existence of a continuous section. Let us at least explicitly give such a
section P, : C""YZ,, E) — C"(Z,, E):

+o0 n—1 ;
@ (2 .
Pof(z) = : <1]),(Zj+1 —z)™"
== (¢ + 1)!
where z; := {;& aptif 2 = > a;p' with @, € {0,--- ,p—1}. The fact P"f € C"(Z,, E)

if f € C" Y (Z,, E) is proved in [28],§81. The fact P™ is continuous is proved in [28],§79
for n =1 and in [29],§11 for arbitrary n.

By an obvious induction, we obtain:

Corollary 6.1.5. — The n-th derivative map f — f™ induces a continuous topological

surjection of Banach spaces C"(Z,, E) — C°(Z,, E) which admits a continuous section.

Let d be an integer such that d > n. We have already seen that the closure in C*(Z,, E)
of the vector subspace of locally polynomial functions of degree at most d is C*(Z,, E)

itself (Th.6.1.2). We we will need an analogous result when d < n:

Theorem 6.1.6. — Assume n > 1 and d < n. The closure in C*(Z,, E) of the vector
subspace of locally polynomial functions of degree at most d is the closed subspace of
C"(Z,, E) of functions f such that f@1) = 0.
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This is proved in [28],868 for n = 1 (and d = 0) and in [29],§8 for n and d arbitrary.

6.2. Tempered distributions of order r. — We let Rz be the Robba ring of power
series with coefficients in F converging on an open annulus and R} C R be the subring
of power series converging on the open (unit) disk. We thus have R} = {>/% a, X" |
a, € E, lim,|a,|r™ = 0V r € [0,1[} that we equip with the natural Fréchet topology
given by the collection of norms sup,,(|a,|r™) for 0 < r < 1. We start by recalling Amice’s

famous result:

Theorem 6.2.1. — The map:

+oo
z
4 ( )X”
() ! )
induces a topological isomorphism between the dual of the E-vector space of locally analytic
functions f : Z, — E and R}.

We now fix r € RT.

Definition 6.2.2. — We define the space of tempered distributions of order v on Z, as
the Banach dual of the Banach space C"(Z,, E).

People sometimes also say “tempered distributions of order < r”. A tempered dis-
tribution of order r being also locally analytic (as C"(Z,, E) contains locally analytic
functions), the space of tempered distributions of order r corresponds by Th.6.2.1 to a

subspace of R.

Definition 6.2.3. — An element w = Y10 a, X" € RY is of order r if n™"|a,| is

bounded (in RT ) when n varies.
The following corollary immediately follows from Def.6.1.1 and (3):

Corollary 6.2.4. — The map (4) induces a topological isomorphism between tempered
distributions of order v and the subspace of R}, of elements w of order r endowed with

the norm |w|, := sup,,((n + 1)""|a,|).

Let o be a locally analytic distribution, that is, an element of the dual of the FE-
vector space of locally analytic functions f : Z, — E. If f : Z, — E is a locally
analytic function which is 0 outside of a + p"Z, (a € Z,, n an integer), we use the
convenient notation [ . ., f()p(z) == p(f). For any r € RT, we denote |u|, :=
sup, ((n+1)7"| fzp (?)u(2)]) € RT Uoco. We define another norm |, as follows:

/ )

|l := supyez, 5UD; ez 0"V € R* U oo.
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Lemma 6.2.5. — The two norms | - |, and | - |, are equivalent (when defined).
Proof. — We are going to use an intermediate norm. For w = ;fo amX™ € RE,
define:

Jwl! == sup, (p""sup,,(|an[z]1]) € R* Uoo

where [] is the largest integer smaller than J%. Then one can prove that there exists

c1,co € RY such that ¢jfw|, < |w|, < cy|wl], (this is purely an exercise in Rj: see
[15],Lem.V.3.19 and note that |[Z]!] is p~ @17 up to a bounded scalar). If |u| = |w]”

when w is the Amice transform of y, it is thus enough to prove that | - |
|- |.. Fix n € Zs¢ and let:

. 1s equivalent to

llys = P SUPuez, SUDjez.,

/Hpnzp (Z];a>jﬂ(z)
lulrs = p_WSUPmGZM(‘“((;) {g]%)

(so that |u], = sup, |ul., and |u|, = sup,|ul,,). Note that one can replace a € Z, by
a € {1---,p"} in the definition of |u|.,,. One can prove that each function () [2%]! can
be written as a (finite) linear combination of the functions 1q4,nz, (Zp;na)] (for j € Zxo
and a € {1---,p"}) with coeflicients in Z,. Conversely, one can also write the function
lotprz, ('sz—n“)j as an (infinite) linear combination of the functions (?) [[%]! with coefficients
in Z, converging toward 0 (see [15],§V.3.1). This implies that |ul;,, is in R* if and only
if [ul,, is in RY and, if so, |ul..,, = |ul.,- Likewise with ||, and |u[,. This finishes
the proof. n

Lemma 6.2.6. — Let p be a linear form on the space of locally polynomial functions
f[:Z, — E of degree at most d € Z>(. Assume there exists a constant C,, € E such that
Va € Z,, ¥j € {0,--- ,d} and ¥n € Zsy:

(5) | - e curion
a+p"Zy

If d > r — 1, there is a unique way to extend p as a locally analytic distribution on Z,
such that |u|,. € RY (i.e. is bounded).

Proof. — We give the idea of the proof in the case d = 0 and r < 1, leaving the technical

details and the general case (which is analogous) to the reader. We will first define
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fa—i—anP(z — a)’u(2) by induction on j. For j =1 (it is known for j = 0), we have:

/a+p(nzzp— a)u(z) = Z /b+pn+(lzzp_ a)u(z) = Z /b+pn+(1ZZ_ b)u(z) +

b=a(p™) b=a(p™)
YVomaf p= % 3 [ oo
b=a(p™) b+p"+1Zp ) e=b(pnt1) P 2Ly
PO Y I.CE Z(b—co/ pe) =
=a(p™) c=b(pntl) et 2Ly b=a(p™) brp Ly
We have
(b . C)/ M(Z) c pn-l—lcrup—r(n—&—Q)OE _ p(n—i—l)(l—r)p—rCMOE
+pn+2zp
and ( fb Lz, Hu ) p~"C,Op. Decomposing again ¢ + p"*?Z,, we see

that we get a converging sum of terms indexed by N of the type pV [ LNz, wu(z) €
N(1—r)
p

the type fa+pN+1Zp(Z —a)pu(z). Since fa+pN+1Z,,(Z — a)p(z) must be p-adically very small
if 1 extends thanks to the condition |u[; € RT (which in particular implies [, v g, (z—

p"C,Op with N growing together with a remainder which is a sum of terms of

a)p(z) € |pl.p™N VI 0g), we immediately see that we can canonically extend u on
locally polynomial functions of degree at most 1 by setting [ +pnzgz —a)u(z) :=the above

converging sum. Replacing (z — a) by (z — a)?,

etc., an easy induction shows that pu
extends in a similar way to all locally polynomial functions and by continuity to all
locally analytic functions and moreover that |u|. € R*. Unicity also follows obviously

from the above decomposition and the condition ||, € R*. O

The condition (5) in Lem.6.2.6 is sometimes called the “Amice-Vélu condition”.

Corollary 6.2.7. — 1) When d > r — 1, the subspace of locally polynomial functions
f:Z,— E of degree at most d is dense in C"(Z,, E).
2) Let v be as in Lem.6.2.6 with d > r — 1, then pu uniquely extends as a tempered

distribution on Z, of order r.

Proof. — 1) If it is not dense, there exists a non zero p which is tempered of order r and
vanishes on locally polynomial functions of degree at most d. Because of Lem.6.2.6,
vanishes on all locally polynomial functions, hence in particular on (;) for any n, hence
i has 0 as Amice transform which is impossible by Th.6.2.1 since p # 0. 2) The unicity
follows from 1) and the existence follows from Lem.6.2.6, Lem.6.2.5 and Cor.6.2.4. [

Assuming Th.6.1.6 and using Th.6.1.3, one can also prove that, when r is a positive

integer and d < r, any linear form g as in Lem.6.2.6 extends uniquely to a continuous
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linear form on the closed subspace of C"(Z,, E) of functions f such that f (d+1) = (. We

leave this as an exercise to the reader.

7. Crystalline representations of GL»(Q,) (C.B.)

We define and start studying unitary GL2(Q,)-Banach spaces II(V') associated to the
2-dimensional crystalline representations V' of Gg, as in the introduction. When V' is

reducible, we prove that I1(V') is admissible of topological length 2.

7.1. Preliminary Banach spaces. — Let V' be a crystalline representation of Gg,
on a two-dimensional F-vector space with distinct Hodge-Tate weights. Replacing V/
by V ®g " for some n € Z, we can assume that the Hodge-Tate weights of V are
(0,k — 1) with & € Z, k > 2. Assuming moreover that V' is F-semi-simple, i.e. that
the Frobenius ¢ on De,;s(V') is semi-simple, we have seen in Lecture 2 that there are two
elements «, 5 € Op such that a # 3, val(f) < val(a), val(a) + val(8) = k — 1 and
Deis(V) = D(a, 3) = Ee, ® Eeg with p(e,) = a™te,, ¢(es) = f7tes and:

1) V absolutely irreducible: val(a) > 0, val(8) > 0, Fil'D(a,8) = D(a,f) if i <
—(k—1), FiI'D(a, B) = E(eq +e3) if —(k —2) <i <0 and Fil'D(a, 3) = 0if i > 0,

2) V reducible and non-split: val(a) = k — 1, val(8) = 0, Fil'D(a, 3) = D(a, B) if
i < —(k—1), Fi'D(a, 8) = Eleq + e5) if —(k —2) <i <0 and Fil'D(a, 8) = 0if i >0,

3) V reducible and split: val(a) = k — 1, val(3) = 0, Fil'D(a,8) = D(a, ) if
i < —(k—1), Fi'D(a,8) = Beg if —(k —2) <i <0 and Fil'D(a, 8) = 0if i > 0.

The genericity hypothesis alluded to in the introduction just means that we moreover
want « # pf. Note that D(«, §) ~ D(f3, «) when val(«a) = val(f3).

We define now preliminary GL2(Q,)-Banach spaces B(«a), B(3), L(«a), L(3) and, when
val(a) =k — 1, N(«).

Let B(a) be the following Banach space. Its underlying E-vector space is the vector
space of function f : Q, — E such that f |z, is of class C**®) and (apB~")"=) k=2 f(1/2) |,

can be extended as a function of class C*(®) on Z,. As a vector space we thus have:

(6) B(a) = C™(Z,, E) ® C™ (L, B), [ [ ® fy



34 LAURENT BERGER & CHRISTOPHE BREUIL

where, for z € Z,, fi(z) := f(pz) and fo(2) := (app~!)1) k=2 f(1/2). Hence B(a) is a

Banach space for the norm:

[£1 = Max(] fil cvaren, | fallerarca)
We endow B(«a) with an E-linear action of GLy(Q,) as follows:

(7) (i g) (F)(2) = o lad=bo) (g1 jall-esta) (o 4 a)k—2f<

and to check that this action induces a continuous map GL2(Q,) x B(a) — B(a) is a

dz—b)
—cz+a

simple exercise that we leave to the reader (recall that by the Banach-Steinhaus The-
orem (see [30]) it is enough to check that the map GL2(Q,) — Hompg(B(«a), B(«)) is
continuous, where the right hand side is endowed with the weak topology of pointwise
convergence). Likewise, we define B(3) with a continuous action of GLy(Q,). Note that

we have a continuous GLy(Q,)-equivariant injection:

(8) LA(a) = (Indg?@?")unr(a*) ® a:k_2unr(pﬁ_1)>an — B(a)
given by:
) (1 GLa(@,) — B) = (€ @ n( 'y 1))

where the left hand side is a locally analytic principal series in the sense of Schneider and
Teitelbaum ([31]) with left action of GL2(Q,) by right translation on functions. We thus
see that the Banach B(«) is nothing else than:

cval(a) y

“ (Indggg:)@p)unr(a_l) ® xk_Zunr(pﬁ_l))

We have analogous properties with B(3) and LA(() by interchanging o and (3.

When val(a) = k — 1, let N(a) € B(a) be the closed E-vector subspace of functions
f such that fl(kfl) = fékil) = 0 (k — 1-derivative) so that we have an exact sequence of
Banach spaces:

(10) 0 — N(a) — B(a) — C%Z,, E)* — 0

where the third map sends (f1, f2) to ( fl(k_l), fZ(k_l)). Note that this is well defined since
f1 and f; are C*~! on Z,, (the topological surjection on the right follows from Cor.6.1.5).
Now, let us look at the action of GLy(Q,). When xi, x2 are two characters on Q with

values in Of (i.e. two integral characters), we denote by:
GL co
(IndB((SIE?p)Xl ® Xa2)

the Banach of continuous functions h : GLy(Q,) — E such that:

() 9) = x@ns@nts)
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equipped with the topology of the norm [A[ := Supcqr,z,)|h(g)| and with an action of
GL3(Q,) by right translation. It is easily seen to be a unitary GL2(Q,)-Banach. We can
also describe this Banach as before using (9) in terms of continuous functions f : Q, — E

satisfying a certain continuity assumption at infinity.

Lemma 7.1.1. — Assume val(a) = k — 1 (hence val(3) = 0), then the map f — f*=Y
induces an ezact sequence of GLo(Q,)-Banach spaces on E:

0 — N(a) — B(a) — (Indgﬁéigp)xk_lunr(a_l) ® x_lunr(pﬁ_l))co — 0.
Proof. — This is a standard and formal computation which is the same as in the locally

analytic context and that we leave to the reader. Note that the characters in the right

hand side parabolic induction are Op-valued. O

Let L(a) (resp. L(f)) be the following closed subspace of B(a) (resp. B(/3)): it is the
closure of the E-vector subspace generated by the functions 27 and (apfs=')"G=9)(z —
a)¥=277 for a € Q, and j € Z, 0 < j < val(a) (resp. 0 < j < val(3) with the convention
L(B) = 0 if val(f) = 0). The reader can check using (7) that L(«) (resp. L(()) is
preserved by GL2(Q,). In order for L(a) (resp. L(5)) to be a subspace of B(a) (resp.
B(f3)), it is enough to check (using (6) and up to a translation on z):

Lemma 7.1.2. — For 0 < j < val(a), the function z — (apB~1)Va=) k=277 45 of class

Cvall@) op Z,. Likewise interchanging o and 3.

Proof. — Fix j as in the statement and let f(2) := (apB~!)"*)2F=2=7 which is easily
seen to extend to a continuous function on Z, by setting f(z) = 0 (look at the valuation
of f(z) for z # 0). Let fy be the zero function on Z, and, for n € Z, n > 0, consider
on Z, the functions f,(z) := (apB~1)"a=) k=27 if val(z) < n and f,(2) := 0 otherwise.
It is clear that f, is of class C*(®) on Z, since it is locally polynomial. If we can prove
that f,11 — f, — 0 in C*()(Z,, E) when n — +oo, we deduce that Y>>0 (f11 — f,) €
Cvl)(Z,, E) since C™(®)(Z,, F) is complete. But this function is clearly f (as can be
checked for any z € Z,). If B is any Banach space, we have a closed embedding B — (B*)*
(see [30],Lem.9.9), hence, to check that the sequence (f,+1 — fn)n converges toward 0 in
B, we can do it inside (B*)*. It is thus enough to prove that for any tempered distribution

p on Z, of order val(a), we have:

oy (st (2) = ful2)a(2)
sup

— 0 when n — +o0.
© ”N“val(oz)
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But:

(Fora(2) = fa@Dulz) = (aps™) (| #7uz) = ()
J. . /.

e ||,u ”:;al(a) —1pn(2val(a)—k+2)pn(k—2—j—val(a)) Op

using that val(a) + val(8) = k — 1 and that u is of order val(«) (see §6.2). This implies
pr(an(z) — F())(z) € Culitlvarey” P @ =D O hence the result since j < val(a).
[l

If val(a) = k — 1, note that the functions f in L(«) give rise to pairs (f1, fo) with zero
(k —1)-derivative, hence L(a) C N(«) € B(«) in that case. If val(a)) < k—1, the authors
do not know how to prove directly that L(«) is distinct from B(«).

7.2. Definition of II(V) and first results. — 1) Assume V absolutely irreducible,
or equivalently 0 < val(a) < k — 1. Then we define:

(V) == B(a)/L(a)

with the induced action of GLy(Q,). We will prove in the next lectures that II(V) is

always non zero, but this will use (¢, I')-modules.

2) Assume V is reducible and non-split. This implies val(a) = k — 1 and val(3) = 0.
We define again:
(V) := B(a)/L(ax) # 0
with the induced action of GLy(Q,). By Lem.7.1.1, we have an exact sequence:
N(a)
L(a)
We will identify below the Banach N(«)/L(«).

— (V) — (IndGL2(Q”) lunr(a ) @ o tunr(pBsT )) 0.

(11) 0— B(Oy)

3) Assume V is reducible and split. This implies val(o) = k — 1 and val(3) = 0. Then

we define:

(V) = B(3) @ (In d(B;(L(S Ur) k= hunr(a _1)®m_1unr(pﬁ_1))co

- (IndGL2 Q”)unr(ﬁ )®xk’2unr(pa’1))c &)
_ _ —1\\C°
(ndgg! 7ot Munr(a™) @ o~ (™)

In that case, II(V') can also be written:

0

(I a¢ Q(Qp unr(ﬁ’l)®5k’2unr(pk’1a’1))c fas

B(Qp)
(IndGLQ(Q”) unr(p" o)) ® e tunr(871))

B(Qp)

0
(e ¢
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where one can see some symmetry (Ind ) ) 1@ x2)< & (Indg(LQf:)@p)é)@ ® e x1)

We will now try to “justify” these deﬁnltlons, or at least explain where they are coming
from. We also start studying H(V)

Let 7(a) := Sym" ?E? @ Ind )unr( ') @ unr(pB~!) (the parabolic induction
is here the usual smooth one): W(a) is an irreducible locally algebraic representation of
GL3(Q,) in the sense of D. Prasad (see appendix to [32]). Likewise, we define 7(3) :=
Sym*?E? @ In dg(%é ?“’ unr(87') @ unr(pa~'). There are closed GLy(Q),)-equivariant
embeddings 7(a) — LA(a) (resp. w(8) — LA(()) identifying the source with the
subspace of functions f : Q, — E such that f |z and (apB~ Lyval(2) 2h=2 £(1 / 2) |z, (resp.
(Bpa~1)¥l&) k=2 f(1/2)|z,) are locally polynomial functions on Z, of degree at most k —2
(using (9)). Moreover, the usual intertwining operator between smooth generic principal

series induces a GL(Q))-equivariant isomorphism:
(12) I:7(a) ~7(pB).
See (24) and (25) later in the text for an explicit description of I.

( Phinr(a!) @ unr(pBY is natural

Remark 7.2.1. — The smooth principal series Ind
to introduce here since it is exactly the smooth representatlon of GL2(Q,) that corre-
sponds under the local Langlands correspondence (slightly twisted) to the unramified

representation of Wg, sending an arithmetic Frobenius to = matrix of ¢! on

D(a, B).

Theorem 7.2.2. — 1) Assume val(a) < k—1 (hence val() > 0) then B(a)/L(«) (resp.
B(B)/L(B)) is isomorphic to the completion of w(«) (resp. w((3)) with respect to any Op-
lattice of () (resp. w(B)) which is finitely generated over GL2(Q,).

2) Assume val(a) = k—1 (hence val() = 0) , then N(«)/L(«) (resp. B((3)) is isomorphic
to the completion of w(«) (resp. w([3)) with respect to any Og-lattice of w(«) (resp. w(3))
which is finitely generated over GLy(Q,).

a 0
0 B

Note that we don’t know a priori in 1) that such a lattice exists in 7(a) or 7(3). In
case not, the statement means B(«)/L(a) = 0 = B()/L(). Before giving the proof of

Theorem 7.2.2, we mention the following four corollaries:

Corollary 7.2.3. — Assumeval(a) < k—1, then B(«)/L(«) and B(5)/L(3) are unitary

GL3(Q,)-Banach spaces and we have a commutative GL2(Q))-equivariant diagram:

B(a){L(@) = B(ﬂ)T/L(ﬁ)

@) = w(8)

where I is the intertwining operator of (12).



38 LAURENT BERGER & CHRISTOPHE BREUIL

Proof. — The statement follows from Th.7.2.2 together with the fact that the isomor-
phism I obviously sends an Og-lattice of 7(«) of finite type over GL2(Q)) to an Og-lattice
of m(B) of finite type over GL2(Q),). O

We will see later on that B(«)/L(«) and B(3)/L(3) are topologically irreducible and

admissible.

Corollary 7.2.4. — Assume val(o) = k — 1, then we have a commutative GL2(Q))-
equivariant diagram:
N(a)/L(e) ~ B(f)
T T
nl0) = ()
where I is the intertwining operator of (12). Moreover, N(a)/L(«) is a topologically
irreducible admissible unitary GL2(Q))-Banach and B(«)/L(«) is an admissible unitary
GL3(Q,)-Banach of topological length 2 which is a non-trivial extension of the Banach

(Indg2 P anr(0 ) @ o tune(p3) by the Banach N(a)/L(a) = B(5).

Proof. — The first part follows from Th.7.2.2 as previously. The unitary GL2(Q,)-

Banach B(f3) is admissible and topologically irreducible. The admissibility is true for

0
In dGLz Qp)Xl ® X2) with integral y; and follows from the fact that re-

O
striction of functions to GLs(Z,) induces an isomorphism with (Ind X1 ® XQ) ,

the dual of which is F ® (Og[[GL2(Z,)]] ®ousz,)) Or) (the map B(Z ) — Op be-

any Banach (

ing (8 Z) — X1(a)x2(d)) which is obviously of finite type over E ®o, Og[[GL2(Z,)]]
(this proof is extracted from [33]). The irreducibility can be proved as follows: if B
is a closed non zero GL(Q))-equivariant E-vector subspace in B(f), then B is also
admissible and B* # 0 by the density of locally analytic vectors (see Schneider and
Teitelbaum’s course). But the locally analytic vectors in B(3) are just LA(3) hence
() C B since 7(f) is the unique irreducible subobject of LA(3). But w(3) is dense
by Prop.7.2.2, hence B = B(f3). This proves the statement on N(a)/L(«). The proof
that B(«a)/L(«) is admissible of topological length 2 is analogous. The exact sequence
is non-split because the analogous exact sequence with locally analytic vectors is non-
split thanks to Cor.7.2.6 below (and the structure of locally analytic principal series for
GL3(Q,)). Finally, let us prove that B(a)/L(«) is unitary. We will use the fact that the
surjection B(«)/L(a) — (Indg(L&()@p k= tanr (o) @ o~ tunr(pB~ ))CO admits a continuous
section (not GLy(Q,)-equivariant of course). This follows from (6), (10) and the fact
that, for any positive integer n, the n'-derivation map C"(Z,, E) — C%(Z,, E) admits a

continuous section (Cor.6.1.5). Thus, as a Banach space, we can write B(«)/L(«) as

(13) B(B) ® (Indgg&?”)ﬂ_lunr(a_l) ® x_lunr(pﬁ_l))c

0
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Since the matrix <(1) 2) acts continuously on B(«)/L(«), replacing the unit ball B(3)°

of B(B) by p"B(3)° for a convenient integer n, we can assume, using (13) and the
fact that the two Jordan-Hélder factors of B(«)/L(a) are unitary, that the unit ball of
B(a)/L(a) is preserved by ((1) g) and GL(Z,), hence by GLy(Q,) using the Cartan

decomposition and the integrality of the central character. O]

Corollary 7.2.5. — Assume val(a) < k—1 and B(a)/L(«) # 0 (this fact will be proved

later on), then we have a continuous GLa(Q),)-equivariant injection:
LA() ©r(a) LA(B) — (B(e)/L(a))™

where m(«) embeds into LA(B) via the intertwining (12).

Proof. — We have a continuous equivariant injection LA(«) — (B(a)/L(a))* by (8) (it
is injective since, otherwise, 7(a)) would necessarily map to zero and we know this is not
true because of Th.7.2.2). Likewise with 3. The corollary then follows from Cor.7.2.3. [

Because of Cor.7.2.6 below, I am tempted to conjecture that the injection in Cor.7.2.5 is
actually a topological isomorphism. The statement of Cor.7.2.5 (without the description
of the completion of w(a) as B(«)/L(«)) was also noted in [19],Prop.2.5.

Corollary 7.2.6. — Assume val(a) = k — 1, then we have a topological GL2(Q))-

equivariant isomorphism:
LA(a) &x(a) LA(B) = (B(a)/L(e))™
where 7(a)) embeds into LA(() via the intertwining (12).

Proof. — Since all the Banach in (11) are admissible by Cor.7.2.4, a theorem of Schneider
and Teitelbaum tells us that we have an exact sequence of locally analytic representations

from the sequence (11):

B(a
(14) 0 — LA(B) — (ﬁ)
where we have used (N(«)/L(a)™ ~ B(3)* ~ LA(). But we also have a continuous
GL2(Qy)-equivariant injection LA(a) — (B(«)/L(a))* as in Cor.7.2.5, hence a contin-
uous GLy(Q,)-equivariant map LA(a) @r) LA(S) — (B(a)/L())™. To prove it is a

topological bijection, note that from the exact sequence of locally analytic representa-

an

N (Indg?&()@p)xk_hnr(a_l) ® 2" unr(pf )™ — 0

tions:

0 — m(a) = LA(a) — (Indgg“éigp)xk_lunr(a_l) ®z tunr(ps))™

— 0,
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we deduce an exact sequence similar to (14) with (B(a)/L(a))* replaced by LA(a) ®r(a)
LA(f)), together with an obvious commutative diagram between the two exact sequences.

]

Proof of Th.7.2.2: Note first that the completion of 7(«) doesn’t depend on which
lattice of finite type is chosen (if any) since all these lattices are commensurable and
thus give rise to equivalent invariant norms. Moreover, this completion is also the
same as the completion with respect to any Opg-lattice finitely generated over B(Q,).
Indeed, any Opg-lattice of finite type over GL2(Q)) is of finite type over B(Q,) since
GL(Q,) = B(Q,)GL3(Z,) and the GLy(Z,)-span of any vector in m(c) is finite dimen-
sional. Conversely, one can check using the compacity of GLy(Z,) that any Og-lattice of
finite type over B(Q,) is contained in an Opg-lattice of finite type over GLy(Q,) (and is
thus commensurable to it). If 7(a) admits an Og-lattice preserved by B(Q,), then one

can check that the following Og-submodule:

k—2 k—2
> 0p[B(Q)]2"1z,+ > Ou[B(Q,))(aps ™)™/ 1g, 4z,
j=0 Jj=0

(viewing m(a) as embedded into LA(«)) is necessarily an Og-lattice of 7(a) which is
finitely generated over B(Q,). If m(a) doesn’t admit any Og-lattice preserved by B(Q,),
then one can check that the above Og-submodule is the E-vector space m(«). The dual

of the sought after completion of 7(a) is thus isomorphic to:

(15) {nem(a)” | Vg €B(Q),¥j€{0, -k =2} |u(g('1z,)) <1
and |p(g((apf™1)"™P 2 1g,2,))| < 1} o, E-.
Granting the fact that the central character is integral, we can even take g € ((1) 8§>
)
in (15). For f € m(a), seeing f as a function on Q, via (9), we write pr f(z)u(z)
instead of u(f) in the sequel. A short computation then gives that the conditions in

(15) are equivalent to the existence for each p of a constant C), € E such that Va € Q,,
Vje{0,--- ,k—2} and Vn € Z, n > val(a) if a # 0:

(16) [ o) e Guro,
a+pnZy

(17) / (CBYyE ()2 u(z) e Ot D0,
Qp—(atpnzy) B

where [, f(2)u(z) = pr f(2)1y(2)u(z) for any open U C @Q,. Let us now first assume
val(a) < k — 1. From (16), we deduce (modifying C, if necessary):

AP\ val(z—a 925 n(val(a)—j
(18) / (SEYE ()2 () € Cup DOy,
(a4 1Zp)—(a+p77y) D
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Writing Q, — (a + p"Z,) = Q, — (a + p"'Z,) U (a + p"~'Z,) — (a + p"Zy,), using (18) for
the right hand side and decomposing again Q, — (a+p"'Z,) = Q, — (a+p"?Z,) U (a +
p"*Z,) — (a+p"'Z,), we see by induction that er(Hp%) (%’)Val(z_a)(z —a)k2 I p(2)
for 7 > val(«) is uniquely determined and that (17) for j > val(«) is a consequence of
(16). Furthermore, we see by the same argument that (17) for j = val(«) (if val(«) is a
positive integer) and all a follows from (17) for j = val(a), @ = 0 and from (16) (develop
(z — a)k=277 when n < 0). Moreover, we know by Lem.6.2.6 that (16) for j > val(a) is
a consequence of (16) for j < val(a). Hence, (16) and (17) are equivalent to: (16) for
Jj < val(a) and a € Q, + (17) for j < val(a) and a € Q, + (17) for j = val(«) and
a=0. Any p € m(a)* is equivalent to the data of a pair (ui, pe) where, if f € w(a),
Jo, ) = Joy S=)n(2) + f, (0931 F(1/2)ps(2). Assuming J < val(a), we
then see by an easy computation (left to the reader) that [(16) for j = val(a) + (16) for
j <val(a) and a € Q; + (16) for j < val(a), @ = 0 and n > 0 + (17) for j = val(«)
and a = 0 + (17) for j < val(a), a = 0 and n < 0] is equivalent to u; and po satisfying
condition (5) of Lem.6.2.6 with r = val(a) and d = k — 2. Hence p; and po are in fact
tempered distributions on Z, of order val(«) by Cor.6.2.7. Thus we can integrate any
function in B(«) against p, in particular the functions of L(«). By making n tends to
—00, we see that (16) for j < val(a) and @ = 0 implies u cancels the functions 27 € L(«).
By making n tends to +oo, we see that (17) for j < val(a)) implies p cancels the functions
(%)Val(z_a)(z—a)k*%j € L(a). Now, the reader can check that y; and us being tempered
of order val(«a) together with these cancellations is in fact equivalent to (16) for j < val(«)
and a € Q, + (17) for j < val(a) and a € Q, + (17) for j = val(«r) and a = 0. This gives
a GLy(Q,)-equivariant isomorphism between the dual of the completion of m(a) in (15)
and (B(«)/L(a))*. A closer examination shows that this is a topological isomorphism
of Banach spaces and thus (B(«)/L(a))* is a unitary GL2(Q,)-Banach space. Using
the closed embedding B(a)/L(a) — ((B(a)/L())*)*, we see that the GLy(Q,)-Banach
B(a)/L(«) is unitary since it is closed in a unitary GLy(Q,)-Banach. This means that the
canonical map m(«) — B(a)/L(«) induces a continuous GLy(Q),)-equivariant morphism
from the completion of m(«) (with respect to any finite type lattice) to B(«)/L(a). This
morphism is, as we have seen, an isomorphism on the duals for the strong topologies,
hence also for the weak topologies (using the theory of [33]). By biduality, we finally
get 1) for B(a)/L(a) and also for B(8)/L(() by interchanging o and $. The proof
of 2) is similar (and actually simpler since we only have to deal with j < val(«)), the
only difference being that here, the conditions (16) and (17) only allow you to integrate
functions in N(«) against p (see the end of §6.2).
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8. Representations of GL,(Q,) and (¢,I')-modules I (C.B.)

We now focus on the study of II(V') when V' is irreducible. Quite surprisingly, this will
crucially use the (¢, I')-module D(V') associated to V. We define here a topological space
(lim D(V))b and give a first explicit description of it using the Wach module N(T')

P
associated to a Galois lattice in V. We then give preliminary results on distributions on

. : b :
Qp naturally arising from ((h_mw D(V)) via Amice transform.

8.1. Back to (¢,I')-modules. — Let V be as in case 1) of §7.1, II(V) as in §7.2 and
D(V') be the (¢,I")-module associated to V' in §3.1. Recall that we have defined in §3.3 a
map ¢ : D(V) — D(V') which is a left-inverse of ¢ (and hence a surjection). Define the

following E-vector space:

((h_mD(V))b = {(Vn)nezsy | n € D(V), ¥(Vny1) = Un, (Vn)n a bounded sequence in D(V')},
¥

(recall that bounded means bounded for the weak topology which was defined in §5.2).
We equip the above space with the following structures:
1) a left Og[[X]]-module structure, by s((v,)n) := (¢"(8)vn)n, if s € Og[[X]]

2) a bijection ¥ given by ¥((vn)n) := (¥(vn))n
3) an action of I' given v((vp)n) := (YVn)n-

The aim of this lecture and the next one is to prove a “canonical” topological isomor-

phism:

Theorem 8.1.1. — Assume that V' is absolutely irreducible. There is an isomorphism
of topological E-vector spaces (for the weak topologies on both sides):

(lim D(V))" ~ TI(V)*
P

such that the action of ((1) 2) on IL(V)* corresponds to (v,)n — (¥(vn))n, the action of

((1) ZQ;) to that of T' ~ 7.5 and the action of (é Zf) to the multiplication by (1+ X )%».

Such an isomorphism was inspired by an analogous isomorphism due to Colmez in the
case V' is semi-stable non crystalline ([16]).

Before proving this theorem, we will need to establish a number of preliminary results.
Let T" be a Gg,-stable lattice in V. First of all, because V' is assumed to be crystalline,
we can write D(T') = Ag, ®z,x)) N(T') where N(T) is the Wach module which we have
constructed in §5. This is a free Og[[X]]-module of finite rank and thus it is equipped with
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the (p, X)-adic topology. The first result which we will need in order to prove theorem
8.1.1 is the following one:

Proposition 8.1.2. — Let T' be a G, -stable lattice in a crystalline, irreducible repre-
sentation V with Hodge-Tate weights 0 and r > 0 and let <li_m¢ N(T) denote the set of
-compatible sequences of elements of N(T'). Then the natural map:

(lim N(T)) ®o,, E — (lim D(V))"
P P

s a topological isomorphism.

Proof. — The main content of this proposition is the explicit description of the topology
of D(V') in terms of N (7") which we have given in §5 and its interaction with ¢). Recall that
for each k > 0, we define a semi-valuation v on D(T') as follows: if x € D(T) then v(x)
is the largest integer j € ZU{+o0} such that z € XY N(T)+p*D(T). The weak topology
on D(T) is then the topology defined by the set {vj}i>0 of all those semi-valuations.
The weak topology on D(V) is the inductive limit topology on D(V) = UpseD(p~T).
Concretely, if we have a sequence (v,,),, of elements of D(V'), and that sequence is bounded
for the weak topology, then there is a Gg,-stable lattice T of V' such that v, € D(T)
for every n > 0 and furthermore, for every k£ > 0, there exists f(k) € Z such that
v, € X F®N(T) + p*D(T). Recall that we have proved (cf. Th.5.3.1) that if V is
crystalline with positive Hodge-Tate weights, and ¢ > 1, then:

Y(XTEN(T)) C p" L XN(T) + X VN(T)
by iterating this m times we get:
YMXTEN(T)) € pm VX TIN(T) + X~ UN(T).

Choose k > 0 and ¢ > 2 such that v, € X “N(T) + p*D(T). Since v, = ™ (Vp1pm) for
every m > 1, we see that v, € p™ " DX~ !N(T) + X~ “VN(T) + p*D(T) for all m and
by taking m large enough we get that v,, € X "V N(T) 4 p*D(T) so that if £ > 2 then
we may replace it by £ — 1. Hence, for every k > 0, we have v, € X ' N(T) + p*D(T).
This being true for every k, we get v, € X ' N(T'). We will now prove that v, € N(T)
if V' is irreducible (it is in fact enough to assume that the p-module D.;s(V) has no
part of slope 0). Indeed, both X 'N (V) and N (V) are stable by ¢ and we have seen
in proposition 5.5.2 that the map ¢ : 7 'N(V)/N(V) — 7 'N(V)/N(V) coincides,
via the identification 77 *N(V)/N (V) = Deis(V) given by 7='z — T, with the map
© ' Deis(V) = Deis(V). If Degig(V) has no part of slope 0, then ¢~ (z) — 0 as
m — oo and so for every / there exists m such that Y™ (X ' N(T)) C p’X ' N(T)+N(T).
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Consequently, we have v, € N(T') for all n > 0. To finish the proof of the proposition,
note that lim N(7') is compact and that the map:

: . b
Jim N(T) — (Jim D(T))
P P
is a continuous isomorphism, so that it is a topological isomorphism. The proposition

follows by inverting p. O]

Next, recall that in Prop.5.5.3 we have seen that if V is a crystalline irreducible rep-
resentation whose Hodge-Tate weights are > 0, then we have an injective map N(T') —
Rép ®q, Dais(V). Now let V' = V.i(D(c, 3)), V irreducible. Given a sequence (v,), €
(h_mw N(T) we can write v, = Wq, ®€q+ws, Qes. Recall that we write RY; for EQq, Rap.

Proposition 8.1.3. — Given (v,), € ((hﬂ¢ N(T)) ®o, E, the sequences (Wan)n and
(wp.n)n of elements of Ry, defined above satisfy the following properties:

1)V n >0, wa, (resp. wgy) is of order val(a) (resp. val(B)) and ||[Wan|lvai@) (Tesp.
|wg.n||lvai(s)) is bounded independently of n

2)¥n>0andV¥ m > 1, we have

9" (Wan ® €a + Won @ €5) € FIl'(Qy(p1pm) ®q, E)[[t]] ®£ D(a, 5))

3) vVn > 1; w<wa,n) = Oé_lwa,nfl and w(wﬁ,n) = 6_1wﬁ,n71-

Proof. — We can always change T in order to have (v,), € hﬁw N(T') which we now
assume. Let ¢, : N(T) — R}, be the map which to 7 = 2, ® e, + 75 @ e assigns x,.

To prove that ¢, (N(T)) is of order < val(«), we use the following characterization of
elements of order r in R}, Recall that R}, is included in a larger ring R := Ny (BL,,)
on which ¢ is a bijection and which has a topology defined by the family of semi-norms
|- ||p where D runs over all closed disks of radii < 1. Fix one such closed disk D = D(0, p)
of radius p < 1. We say that f € R}, is of order r if the sequence {p~™" |l f|p} is
bounded independently of m. We can then define || f||p, := sup,,(p™"™" |l¢ " fllp). The
norms || - ||p, (which depend on the choice of D) are equivalent to the norms || - ||, defined
in §6.1. Indeed, if D, has radius r, then [~ f|lp, = [ fllp ,,» and one recovers the
definition of order as “order of growth”.

Now if x € N(T') and = = x, ® e, + 5 @ e then:
v (@) = M@)o @ ea 0 M (1) 0T @ eg
and the set of ¢ ™(x) is bounded for any || - |p norm (because v € A*[1/X]| ®z, T)
so that the sets {¢ ™ (x,)a™™} and {p " (xp)F ™} are both bounded. It thus follows
that z, is of order val(a) and xg of order val(3). We have proved that the image of ¢,

is made up of elements of order val(a) and it is bounded in the || - ||vaia) norm because
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N(T) is an Og[[X]]-module of finite type. The same holds with 3 in place of a of course.
For the second point, we use the fact that v, € N(T') so that for all m > 1 we have
¢~ ™(vn) € B ®q, V. On the other hand by the results of §4.1 (see Prop.4.1.2) we have

0 ™(vp) € (Qp(ppm) g, E)((t)) ®p D(a, 3) and therefore:

o™ (va) € (Bir @0, V) N (@) @0, E)((1)) ©5 D(a, )
= FI (@ (1) ®q, E)((1)) @£ D(e. B)).

Since the weights of the filtration on D(«, ) are negative, we can replace (Q,(jpm) ®q,
E)((t)) by (Qp(ppm) ®q, E)[[t] in the Fil’. Finally, the third point is obvious since
V1 = Y(v,) and 9 acts as @1 on Deis(V). n

Proposition 8.1.4. — Conwversely, if we are given two sequences (Wan)n and (Wgpn)n of
elements of Ry, satisfying properties 1)-3) of Prop.8.1.3 and if we set v, = Wan @ €4 +
W, @ eg, then (vy,), € (limw N(T)) ®o, E.

Proof. — Tt is enough to show that there exists a lattice T such that v, € N(T') because
condition 3) of Prop.8.1.3 ensures that the sequence (v,), is 1¥-compatible. Choose any
lattice U. By the results of §4 and §5 (more specifically proposition 5.5.3), we know that
v, € RE[L/1] Gopqxy N(U).

Condition 2) of proposition 8.1.3 then implies that v, € RE[1/X|Qo,x) N (U), because
the filtration condition for m > 1 is equivalent to an order-of-vanishing condition at
e™ — 1, and implies that v, € RE[W™ 1 (q)/t] ®opxy N(U). By using this for each
m > 1, we get that v, € RE[1/X] ®o,qxy N(U).

The -compatibility allows us to get rid of the denominators in X. Finally, condition
1) tells us that there exists ¢ independent of n such that v, € p~*N(U) so we can take
T=p"U. O

It is important to notice that the map ¢ : N(T') — N(T) is not surjective. Recall that
we have in particular proved in Prop.5.4.1 the following result (we actually proved more,
and we proved it for Q,-linear representations, but as usual the E-linear result follows

immediately):

Proposition 8.1.5. — IfV is crystalline absolutely irreducible, then there exists a unique
non-zero E-vector subspace D°(V') of D(V) possessing an Og-lattice D°(T) which is a
compact Og[[X]]-submodule of D(V') preserved by ¢ and T with 1) surjective.

In fact, as we saw, the lattice D°(T) is of finite type over Og[[X]]. The following
corollary will be used in §9.3 to prove the irreducibility of II(V') (for V irreducible):
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Corollary 8.1.6. — Let M C (li_m¢ N(T) be a closed non zero Og[[X]]-submodule which
is stable by 1, v~=! and T, then:
M @o, E = (lim N(T)) ®o, E = (lim D(V))".
(] ()

Proof. — Note first that since lim N(T') is compact, so is M (being closed in a compact
set). For m € Zso, denote by pr,, : (li_mw N(T) — N(T), (vy)n +— v, and define
M,, = pr,,(M). As M # 0, there exists m such that M,, # 0. Using that M is
stable by v and v ~!, it is straightforward to check that M,, doesn’t depend on m and
we denote it by M. Via M = Mj, it is an Og[[X]]-submodule of N(T") (necessarily of
finite type since N(T') is) stable by I' and ¢ and such that ¢ is surjective. Moreover,
the canonical map M — (li_mw M is easily checked to be an isomorphism since M is
both dense in (h_mw M and compact (the density follows from M = pr,, (M) ¥V m). Doing
the same with (h_m¢ N(T), we find another (finite type) Og[[X]]-submodule M° of N(T)
containing M stable by I' and 1 with 1 surjective and such that (h_mw N(T) = (li_mw MP.
By Prop.8.1.5, we have thus M ®¢, E = M° ®0, E and there exists a € E* such that
M c M° C aM. Hence, we have (lim M) ®o, E ~ Qhﬂ¢ M®) ®o,, E which finishes the
proof. O

8.2. Back to distributions. — Recall from §6.2 that p — > 7, (Z)p(z)X™ gives
a bijection between R and “E-valued” locally analytic distributions on Z, (some people
write “u — pr( 1+ X)*u(2)”) which induces a bijection between elements of R}, of order
r and tempered distributions of order r. We will need the following easy lemma (we leave

its proof to the reader):

Lemma 8.2.1. — If w € RE corresponds to u, then ¥(w) € R}, corresponds to the
unique locally analytic distribution ¢(p) on Z, such that:
f@0(p)(z) == | f(z/p)u(2)
Zp pZp

for any locally analytic function f on Z,.

We have an analogous lemma for tempered distributions of order r and functions of
class C" (as one easily checks that 1 preserves elements in R}, of order r). In particular, if
(#tn)nezs, 18 a sequence of tempered distributions on Z, of order r such that ¥ (jin 1) = fin,
we can define a linear form p on the E-vector space LPol.j;_» of locally polynomial

functions f : Q, — E with compact support of degree less than k£ — 2 as follows:

REICEY IR CTCEY EEIATNG
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where N € Z is such that supp(f) C p~"Z,. One readily checks using Lem.8.2.1 that
it doesn’t depend on such an N.

Let (vp)n = (Wan®eq+ws,,Q€5), € @¢ N(T))®o, E. Recall this means (Prop.8.1.3
and Prop.8.1.4):
1) Vn > 0, wa, (resp. wgy,) is of order val(a) (resp. val(f)) and |wa,|vaia) (resp.
|wg,n|vai(s)) is bounded independently of n
DV 12 0,Ym 2 1, ¢ (Wan @ o+ w0 @ €5) € F((Qplpm) B, B[] @5 Dla, )
IVn>1, Y(wen) =a  wan1, Y(ws,) = B wsn 1.

Lemma 8.2.2. — Let w,, wg € RE, m € N and pi,, pg the locally analytic distributions

on Zy, corresponding to we, wg. The condition:
P (wa ® €q + wp @ eg) € FI°((Qy(p1pm) ®q, E)[[t]] @1 D(a, B))

18 equivalent to the equalities:

o [ PGuale) = 7 [ G2

P P

for all j €{0,---  k—2} and all primitive p™-roots (ym of 1.

Proof. — Here (. is considered as a locally constant function Z, — FE (enlarging E is

necessary). Fixing (,m a primitive root of 1, we have:
PT(X) = (G @D — 1= (G @ (" = 1) + G @11

in (Q,(ppm) ®q, E)[[t] (see previous lectures). Writing w, = Y ;% ;. X* and wy =

% 3:X?, the condition on Fil” is equivalent to:

a™ Z i ™(X)'eq + ™ Z Bip™™(X)'eg €
(Qu(ppm) ®q, B)[[t]](ea + e5) & (€7 = 1) (Qp(ppm) R4, E)|[t]]ea)

noting that e'/?" — 1 generates gr'(Q,[[t]]) = Q,f. Assuming E contains Q,(im), we

have:

@P(:upm> ®Qp E = E
Qp(ppm)—E

and writing the binomial expansion of ¢ ™™ (X)? = ({ym(e/?" — 1) + (pm — 1)?, a simple

calculation gives that the above condition is equivalent to the equalities:

(19) a ZOO () @ -1 = ﬁmfﬁ (}) @ -1
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for j € {0,--- ,k — 2} and all primitive p™-roots (,m of 1. Using o; = fzp (%) a(z) and

the elementary Mahler expansion:

()5 =2 ()e-()

i=j
we obtain:

X (i X2\ (i

a; | . m— 1) :/< ()() m—li_j>az
Yoo -0 = [ (X (5) ()@ -7t
= =)
_ 2\ ..
- i (‘)cpmua(@
zZ, \J

and likewise with 3; and ug. Using (19), we easily get the result. O

For n € Zsg, let i, be the tempered distribution on Z, of order val(a) associated
to a"Wa,. We have ¥(fa,n) = ftan—1 for n € N and can thus define p, € LPol;, ,
(algebraic dual of LPol.x_2) as before:

20 [ omae) = [ (o)

Likewise with § instead of a. By Lem.8.2.2, we have that condition 2) above on (wa n, Wg .5 )n

is equivalent to:

(21) o / HConttan(z) = F / 3 ign(2)

P Zp
for j €{0,--- ,k—2}, n>0and m > 1.
Fixing embeddings Q — C, Q — Q, and using the identification Q,/Z, = Z[1/p]/Z,

we can “see” 2™ in @p for any z € Q).
Corollary 8.2.3. — Condition 2) above is equivalent to the equalities in @:
. val(y) .
[ = (3™ [ s
p~NZp 5 p~NZp
forj€{0,--- k—=2}, y€Qy and N > val(y).

Proof. — This follows from (20) and (21) noting that the algebraic number e27/?" is a

primitive p¥N v2®)_root of 1. O

9. Representations of GL,(Q,) and (¢,I')-modules II (C.B.)

We still assume V' absolutely irreducible as in §7.1. The aim of this section is to

construct a topological isomorphism (lim D(V))® ~ II(V)*, more precisely a topological
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isomorphism:

(lim N(T)) ®o, £ = (B(8)/L(B))"-
¥

We then deduce from this isomorphism that II(V') is non zero, topologically irreducible
and admissible. These three statements were conjectured in [9] and [10] (and already
known in some cases by a “reduction modulo p” method, see [9] and Lecture 10). We
also deduce a link with the Iwasawa cohomology H{, (Q,, V) of V.

9.1. The map II(V)* — (limy, D(V))P. — We first construct a map from (B(8)/L(3))*
to the space ((hﬂw N(T)) ®o, E. Note that any f in m(«) or 7(5) which has compact
support as a function on Q, via (9) is an element in LPol. ;5. Recall that [ : 7(a) ~ 7 ()

is the intertwining operator of (12).

Lemma 9.1.1. — Let jiq, g € LPol ;5. The following statements are equivalent:
1) For j €{0,--- ,k -2}, y € Q) and N > val(y), we have:

L val(y) L
(22) / AP (2) = (ﬁ) / 212 5(2).
p~NZp ﬁ p~NZp

2) For any f € m(a) with compact support (as a function on Q, via (9)) such that
I(f) € m(B) has compact support (as a function on Q, via (9)), we have:
8

23 fEnae) = 1= [ 1DEmalo)
Qp pB Qp
Proof. — Note that o # 3 and «a # pf (see §7.1) hence the constant in (23) is well

defined and non zero. Recall the intertwining I°™ : Indg(LQfS)@p)unr(a‘l) ® unr(pf~t) ~

Indg(L&?p)unr(ﬁfl) ® unr(pa~!) is given by:

(24) ™ (h) = (g — /@ p ( (? ;1> g)dm)

where dx is Haar measure on Q, (with values in Q C E). In terms of locally constant

functions on Q, via (9), we thus get:

(25) P fe <z — / (apB™ )@ f(z 4 2V de =

P

[ Gpaty e 4y ).

P

This is in fact an algebraic intertwining. This means that we shouldn’t bother too much
about convergence problems in pr (Bpa—1)v2l@) f(z + z)dx since, in fine, we can always
replace the infinite sums around 0 or —oo by well defined algebraic expressions in Spa~!.
Let j € {0,--- ,k —2} and f; : Q, — E be a locally constant function with compact

support such that 15" (f;) also has compact support. Let fj be the usual Fourier transform
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of f; which is again a locally constant function on @Q, with compact support. Recall

x) = pr fi(2)e7?™*dz and f;(z f@ f] )e* ™ dz (see the end of §8.2 for e~2m*)
where dx, dz is Haar measure on @p. The fact that I°™(f;) has compact support is
casily checked with (25) to be equivalent to f;(0) = 0 (for |z| > 0, we have I(f;)(z) =
(Bpa1)valz f fj r)dr = (Bpa~t)vall )fj(())). Let N € N be such that f; and I°™(f;)

have support in p~VZ, and such that f]- vz, = 0. For z € pNZ,, we have:

o

HERE) = = [ G+ e

= 2 / (Bpa~")vi@ ( / f(y)e2imvteto) dy) dx
PNy Qp—pNZp

— / f‘j(zg)eZiwzy (/ (6pa1)val(x)€2i7ra:yd$> dy
Qp—pNZp p~Nip

Decomposing p~NZ, = p™NZ W p "M ZX 11 -- -, a straightforward computation yields
for N > val(y):

. oo . . 1—& o\ val(y)
/ (ﬂpa—l)val(ac)ehﬂ'xydx _ Z (ﬁpa_l)y_ 6227rxydl, — . P; (E)
p T a

p~NZp =N Ly
hence:
| 1—p—ﬁ e aywl)
(26) 1 fi)(z) = —2 fiyem=(S) "y
1-2 Jo,—pvz, B
for 2 € pNZ, and I(z7f;)(z) =0 otherw1se. Likewise, we have:
(27) A fy(z) = / fi(y)# vy
Qp—pNZp

for z € p™NZ, and 27 f;(z) = 0 otherwise. Note that (26) and (27) are in fact finite sums
over the same finite set of values of y (as f]- is locally constant with compact support).
Replacing (27 f;)(z) and 27 f;(2) in (28) below by the finite sums (26) and (27), we then
easily deduce that the following equalities for various f; as above with support in p~VZ,:
29 [ aEseme =2 [ )

pN7Z, pNZ,

1-8

(&7

are equivalent to the equalities in 1) (final details here are left to the reader). This finishes

the proof. n

Let pg € (B(B)/L(B))* C m(B)*. Define a sequence of locally analytic distributions on

L, (18,N)Nezs,, as follows:
fEman() = [ f0"2nalo)
Zp p~NZp

One obviously has 9 (ugn) = pgn—1 by Lem.8.2.1.
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Lemma 9.1.2. — The distributions ugn are tempered of order val(3) and |8~ g, N sy
is bounded independently of N (see §6.2 for the definition of this norm).

Proof. — The fact that pgy is tempered of order val(() is easy and left to the reader.
Going back to the proof of Th.7.2.2, we know that s satisfies in particular (16) and (17).
Hence, fora € Z,, 0 < j <k —2 and n € Z>y:

g / (e aYpsn(z) = BNpN / (= — pNaYps(2)
a+p"Zy p~Na+pn— NZp

Cﬂﬁp—Nval( )pN]p(n N)(j—val(B )OE

c C’Mﬁpn(j_Val(ﬁ))OE.

m

For any locally analytic distribution x4 on Z, and any r € R such that r < k— 1, define:

/ o G,

An examination of the proof of Lem.6.2.6 shows that the norms | - |,

fact equivalent (see also [15],§V.3.6). This implies:

Il s = SUP ez, SUD; e o0, p-2y5UPnez P "

and | - |;, are in

16" s 5 larcs) < elB™ o nliaan < €lClusl

for a convenient constant ¢ € R™T. O

By Cor.7.2.3, the intertwining I : w(a) ~ () extends “by continuity” to an inter-
twining I : B()/L(a) ~ B(8)/L(6) and we define:
B

o= 7—2-ngo 1 € (B(a)/L(a))"
pB

By restriction to LPol. o, jo and ug define elements of LPol, , satisfying (23) by
definition, hence (22) by Lem.9.1.1. As in Lem.9.1.2, p, gives rise to a bounded sequence
of tempered distributions pt y on Z,. From Cor.8.2.3 and Lem.9.1.2, we get that Amice
transform produces from (114, n) N and (pg n) N & sequence (Vn )y = (Wo N@€a+ws NReER) N
satisfying conditions 1), 2), 3) before Lem.8.2.2, hence (vy)n € (}an N(T)) ®o, E. This
defines a linear map (B(5)/L(3))" — (‘h'mzﬁ N(T)) ®o, E. The continuity follows from
the fact that the function “Amice transform” from the space of tempered distributions
of order r on Z, with norm smaller than 1 endowed with the weak topology of pointwise
convergence to the subspace of R}, of elements w of order 7 such that |w|, < 1 endowed
with its compact topology induced by that of R}, is a topological isomorphism. Final

details here are left to the reader.



52 LAURENT BERGER & CHRISTOPHE BREUIL

9.2. The map (limy D(V))> — II(V)*. — We now construct a map from ((hﬂw N(T))®o,
E to (B(B)/L(5))*. Let (vp)n = (Wan @ ea+ws,,Reg), € ((h_mw N(T))®0, E and define
tto and pg as in §8.2. They are elements of Pol?, , satisfying (22) by Cor.8.2.3, hence
(23) by Lem.9.1.1.

Lemma 9.2.1. — There is a unique way to extend pug and ji, as elements of respectively
B(B)* and B(«)* such that for any f € w(a) (seen as a function on Q, via (9)):
_ B8
(29) fEale) = 1 [ 1DEmalo)
Qp pB 7N
Proof. — An easy computation using (25) gives:
X 1-— 1 . . val(z)
(30) 1) = Th1e+ (%) (1-1,)
; goe) val(z) ; 1— 117 j pﬁ val(z)
(31) () 1-1s)) = 21+ 57 () 0 - 1),

Since pr 21z, j1a(z) and f@p 2117, p1(z) are well defined, we see using (29) and (30) that

/ PO 1 )us(2)

(07
P

is uniquely determined. Then, using (31) (and (29)), we see that pr b2 (%)Val(z)(l —
1,2,)1a(2) is also uniquely determined. Omne readily checks that this defines unique
extensions of pg and p, as linear forms on respectively m(3) and m(a). To check that
ws is in fact in B(B)*, it is enough by Cor.6.2.7 to check that the relevant Amice-Vélu
condition (as in Lem.6.2.6) is satisfied by us on each copy of Z, via (6). We already know
it for the first one since wgy is of order val(). For the second one, a straightforward
computation via the definition of f, in (6) (exchanging « and ) shows that we have to
find a constant C,, € £ such that:

val(z) . . )
(32) / (p_ﬁ) 21— az)pg(2) € Cﬂﬁp"(J_"al(ﬁ))(’)E
a—1+pn72val(a)zp (0

fora e Z,— {0}, 7 € {0,--- ,k — 2} and n > val(a), and:

val(z) . .
(33) / (%) K s(2) € Cuﬁp”(J’Val(ﬁ))OE
Qp—p~"Zp

for j € {0,--- ,k —2} and n € Z>o. From condition 1) before Lem.8.2.2, we know there
exists C,,, € E such that 5=V fa+pnzp(z —a)pgn(z) € Cpupi=¥B Oy for a € Z, and
N.n € Zso. For a € Q, let u, := p*@a~t € ZX. By (20), the left hand side of (32) is
equal to (up to a unit in Op):

pﬁ —val(a) . val(a —9_j j
(_) p(J k+2)val(a) 2k2 J(Z - Ua>],ulﬁ,val(a)<z>
Uqg+

(07 pnfval(a) Zyp
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and we see, writing 27277 = (2 — u, + u,)* %77 = ... and using the above bound with
N = val(a), that it belongs to:

C#Bp(val(a)—Val(,B)—l)val(a)p(j—k+2)va1(a)pval(ﬁ)val(a)p(n—val(a))(j—val(ﬁ)) O

E
which is exactly C,,,p"U~"B)Oy using val(a) + val(8) = k — 1. This proves (32). To

prove (33), one uses the equality (similar to (30)):

pﬂ val(z) o . o
<E> I = 1yng) = p MI(ZFPL,ap) —
1

together with (29), the equalities:

pn/ z’“*Q*j,ua(Z) = p(jkﬂ)n/ ZkiQijNOz,ﬂ(’Z)
p~"ZLp z

a)n/ k—2—j (N (—kt2)n k—2—j
— 2 pug(z) = (—) p 2 g (2)
<pﬁ P "2y P L ’

and the fact o™ fzp 2572701 (2) and 7" fzp 2F=273 115 ,(2) are bounded independently

of n. The proof that p, extends as a distribution on B(«) is similar. O

By Lem.9.2.1, we have a continuous injective map ((h_mw N(T))®o, E — B(B)", (Wan®
€o + Wan @ €g)n, — s (the continuity follows as in §9.1 from the continuity of Amice
transform and the injectivity is straightforward using Lem.9.2.1). With the action of
GL3(Q,) deduced from (7) on the dual B(f)*, it is an easy and pleasant exercise on
Amice transform that we leave to the reader (using e.g. the formula pr(l + X)*u(z)) to

check that the induced action of ( ) on (lim N(T))®e, E is indeed as in Th.8.1.1.

1 Z,
0 Q)
In particular, it preserves (h_mw N(T).

Lemma 9.2.2. — The distribution uz € B(3)* defined in Lem.9.2.1 sits in (B(3)/L(3))*.

Proof. — The non zero compact Og-submodule of B(/3)* which is the image of hﬁw N(T)

is preserved by the action of B(Q,) since ! Z’; generates 1 Qﬁ and the central
0 Q, 0 Q

character is integral. Let:

n(B)° = {f en(s). | fmi) € Op ¥ e Lmzvm} .
P ¥

We have that 7(8)°C 7(3) is thus preserved by B(Q,). By [30],Lem.13.1(iii), we also
have that 7(3)° ®e, F = m(8) (using that B(3)* — m(8)* and thus that lim N(T) is
bounded inside 7(3)*). By the same proof as for Th.7.2.2 (using that any u € (li_mw N(T)



54 LAURENT BERGER & CHRISTOPHE BREUIL
is such that V g € B(Q,), V f € 7(8)°, |u(g(f))| < 1), we deduce that any u € B(3)*
which is in the image of lim N(T') cancels L(3). Whence the result. O

By Lem.9.2.2, the above continuous injection ((li_mw N(T)) ®o, E — B(5)* takes val-
ues in the subspace (B(3)/L(5))*. It is easily checked that this map is an inverse to
the previous one (§9.1), thus finishing the proof of Th.8.1.1. In particular, we have an

isomorphism:

o )
D(VY*=! = ((lim D(V))*) "~ ~ 1i(vy\O 7).
P

Using Fontaine’s canonical isomorphism (see e.g. [15],84.3):

(34) Hy,,(Qy, V) = (lim HY(Gal(Qy/Qy (1)), T)) ®o0 B = D(V)*!

n

for any Galois lattice 7" in V', we deduce the quite surprising corollary:

Corollary 9.2.3. — We have an isomorphism of Og[[Z)]]-modules:

o )
z
13y (@, V) = 1)\ P
where the Op[[Z,]]-module structure on the left hand side is coming from the action of T

and on the right hand side from the action of <(1) ZQX>
p

When V is reducible (as in 2) and 3) of §7.1), it is not true that we have an isomorphism
(lim D(V))> ~TI(V)* (although it is “almost true”). But if a # p*~! and 3 # 1 (which

always holds if V' is coming from a modular form by the Weil conjectures), one can prove
1 0 )
VA
that there is still an isomorphism of Op|[Z]]-modules Hy, (Q,, V) ~ II(V)* <O P/

9.3. Irreducibility and admissibility. — We deduce from Th.8.1.1 that, for V irre-

ducible as before, II(V') is non zero, topologically irreducible and admissible.
Corollary 9.3.1. — The Banach B(a)/L(«) and B(3)/L(3) are non zero.

Proof. — This follows from ((hﬂw D(V))P # 0 which follows from D(V)¥=! # 0 which
follows e.g. from (34). O

Corollary 9.3.2. — The Banach B(«)/L(«) and B(3)/L(3) are topologically irreducible.

Proof. — Assume there exists a (necessarily unitary) GLy(Q,)-Banach V together with
a GL2(Qp)-equivariant topological surjection B(«)/L(er) — V. We can find norms on
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the two Banach such that we have a surjection of unit balls (B(«)/L(a))® — V°. By

duality, we get a GL3(Q),)-equivariant continuous injection of compact Og-modules:
Homo,, (V", Op) — Homo, ((B()/L())", Op).

We have seen that (h_mw N(T) is a compact Og-lattice of (B(«)/L(a))* which is preserved
by B(Q,). Hence, multiplying by a scalar in E* if necessary, we get a continuous B(Q,)-
equivariant injection of compact Og-modules Home, (V°?, Of) — hﬁw N(T). ItV #£0,
Cor.8.1.6 together with the translation of the action of B(Q,) in terms of ¢ and I imply
Homp, (V°, Og)®FE = (B(a)/L(«))*, which implies B(«)/L(a) = V. Hence B(a)/L()
(and B(3)/L(B) by Cor.7.2.3) is topologically irreducible. O

We see from the previous proof that B(a)/L(«) and B(8)/L(/3) are even topologically

irreducible as B(Q,)-representations.
Corollary 9.3.3. — The Banach B(a)/L(«) and B(3)/L(3) are admissible.

Proof. — We don’t know if the compact Og-module (h_mw N(T) is preserved by GLy(Z,)
inside

(lim D(V))* = (B(a)/L(a))",
(]

but we can replace it by M := ﬂQGGLQ(Zp)gQiimw N(T)) C (li_mw N(T) which is a non zero
compact Og[[X]]-submodule as in Cor.8.1.6 (since it is easily checked to be preserved
by B(Q,) using the Iwasawa decomposition of GL2(Q,)). Note that there are now two
natural structures of Og[[X]]-module on M : the first is the one already defined and the

second is:
0 1 01
(A v) € Op[[X]] x M +— (1 O> A (1 0) v.
Equivalently, the first is such that multiplication by (1 + X)Z» corresponds to the action

of <(1) Zip ) and the second is such that multiplication by (1 + X )% corresponds to the
0

action of ! . We have seen that M = (li_mw M (see proof of Cor.8.1.6) with M of

(2, !

finite type over Ogl[[X]], M C N(T) and v surjective on M. Let pr, : M — M be the
projection on the first component and define N := Ker(pry) € M. The map N +— M,
v pro( (1) (1)> v) is injective: if v maps to 0, its associated distribution p € B(a)* ~

Cvl(Z,, B)* @ C*™)(Z,, E)* (see (6)) is zero on both copies of C*(®)(Z,, F) hence is
zero in (B(a)/L())*. Thinking in terms of distributions again, we also see that A is
an Og[[X]]-module for the first structure but only a ¢(Og[[X]])-module for the second
structure (recall from (7) and Th.8.1.1 that multiplication by ¢(1+ X) = (1 + X)? on

distributions correspond to the change of variables z — z+p on functions). Moreover, for
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this second action, the above injection N' < M is p(Og[[X]])-linear. Since M is of finite
type over Og[[X]], hence over o(Og[[X]]), we thus get that the ¢(Og[[X]])-module N for
the second action of p(Og[[X]]) is of finite type. Now fix elements (e1, - - , e,,) € M (resp.
(fi,+, fn) € N) such that pry(e;) (resp. f;) generate M over Og[[X]] (resp. N over
©(Og[[X]])). Let v € M. There exist Ai,- -+, A\, in Og[[X]] such that v — > \je; € N.

Then there exist g, -, p, in 9(Og[[X]]) such that v—=> Nie; = > ((1) (1)) 1 <(1) (1)) fi-

Since the \; correspond to the action of elements in the group algebra of <(1) Zip ) and the

0 1 01 . . 1 0
(1 0) i (1 O) correspond to the action of elements in the group algebra of (pr 1) ,

we see in particular that M is of finite type over the group algebra of GLy(Z,), whence
the admissibility. O]

10. Reduction modulo p (L.B.)

In the (-adic case (¢ # p), Vignéras has proved that one can reduce the classical local
Langlands correspondence over Q, modulo the maximal ideal of Z, and thus obtain a
new correspondence between semi-simple representations over F, ([36]).

It is tempting to do the same here with V' and II(V'). That is, for any V" as in §7.1, we
have associated a non zero unitary admissible GLy(Q,)-Banach IT1(V'). Let II(V)? C TI(V)
(resp. T" C V') be any unit ball (resp. any Opg-lattice) which is preserved by GL2(Q,)
(resp. Gg,). In this last lecture, we want to state and prove some cases of a conjecture

relating the semi-simplification of II(V)° ®o, F and the semi-simplification of T'®¢, Fp.

10.1. Statement of the conjecture. — In order to state the conjecture, we need to
make lists of some 2-dimensional ]]Tp—representations of Gg, and of some Fp—representations
of GL2(Q,).

Let us start with those of Gg,. Let w be the mod p cyclotomic character seen as a
character of Q' via class field theory, and let 411 be the unramified quadratic character
of Q. We write I, for the inertia subgroup of Gg,. Let ws : I, — EX be Serre’s funda-
mental character of level 2 and for s € {0,--- ,p}, let ind(w3) be the unique (irreducible)
representation of Gg, whose determinant is w® and whose restriction to the inertia sub-
group of Gal(Q,/Q,2) is wi ®wh®. We know that as r runs over 0,...,p— 1 and as 1 runs

over all characters n : Q) — F,”, the representations p(r,7) := (ind(w})) ® 7 run over all
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irreducible 2-dimensional E—representations of Gg, and that the only isomorphisms are:

p(rym) =~ p(r,nu—1)
p(rym) = p(p— 1 —r,nw")
p(r;n) = p(p —1—rnwp_1)
Now, we turn to representations of GLy(Q,). For r € {0,---,p — 1}, let Sym'F,

denote the natural representation of GLy(Z,) acting through GL4(F,) which we extend
to GL(Z,)Q," by sending p to 1. Let

GLy(Q
ind Lo ( Sym

be the E—Vector space of functions f : GLQ(QP) — Sym”]FTD2 which are compactly sup-
ported modulo Q) and such that f(kg) = Sym"(k)(f(g)) with the left action of GL2(Q,).
For r € {0,--- ,p—1}, and A € F,,, let

w(r,\,n) == [(mdgti% a3 . Sym'F, ) J(T — )\)} ® (n o det),

where T is a “Hecke operator” which corresponds to the double coset
« (1 0
GLy(Z,)Q, 0 p GLy(Z,).

Those representation are irreducible, and all smooth irreducible E—representations of

GL2(Q,) having a central character are given by (see [1],[2],[8]):

1. nodet where n: Q) — EX is a smooth character.

2. the Sp ® (n o det) where Sp is the “Special” representation.

3. the 7(r, A\, n) where n : Q) — EX is a smooth character and r € {0,--- ,p— 1} and
NeF,\ {-1,1}.

When A # 0, the m(r, A, ) have no non trivial intertwinings (unless A = +1, in which

case there are some “easy” ones, see [2]) and when A = 0, the only isomorphisms are:
m(r, 0,m) = 7 (r,0,np-1)
w(r,0,n) ~m(p—1—r0,nw")
77(7“70777) = ﬂ-(p T707nw’r1u—1)‘

This certainly suggests that there is a correspondence between the representations p
of Gg, and the representations m of GL2(Q,). More precisely, we define the following

“correspondence” ([8]):
Definition 10.1.1. — If A =0, then

m(r,0,m) < p(r,n)



58 LAURENT BERGER & CHRISTOPHE BREUIL

and if X # 0, then
ss 9 -1 r4+1, \ss unr()‘il)wwrl 0
rr AR a3 =l et o (T 0 ey
where unr(A) is the unramified character sending Frobenius to \, ss denotes the semisim-

plification and [x] is the integer in {0,--- ,p — 2} which is congruent to x mod p — 1.

On the other hand, we have associated in the previous chapters a unitary representation
II(V) of GL2(Q,) to a crystalline representation V' of Gg,. Let V' mod p denotes the
semisimplification of T/pT where T is some Galois invariant lattice of V and let II(V)
be the semisimplification of II°(V)/p where II°(V) is some GLy(Q,)-invariant unit ball
of TI(V').

Conjecture 10.1.2. — The representation II°(V) /p is of finite length (so that TI(V) is
well-defined) and TI(V') corresponds to V. mod p under the correspondence of definition
10.1.1.

One application of this conjecture is that it is in principle easier to compute II(V') than
to compute V' mod p given D..s(V). Note that using [2] and the definition of II(V),
this conjecture is easily checked to be true when V' is reducible. We thus only consider
V irreducible in the sequel.

For a, € E with positive valuation, let Vj,, be the crystalline representation with
Hodge-Tate weights (0, k — 1) such that DcriS(kaap) = Dja, = Ee; @ Eey where:

( ) k—1 Dk,ap if 4 < 07

€1) = e .

{90( 1) _ i _E and Fil'Dp,, = Fe;  if1<i<k—1,
p(ea) = —er + ape ; o

In the notation of the previous lectures, we have V;,, = V(«a,3) where a and 3 are
the roots of the polynomial X? — a,X + p*~! = 0. The description with k and a, is a bit
more convenient for computations associated to Wach modules.

It is possible to compute I1(V;,,) “by hand” for small values of k and one deduces from
10.1.2 some predictions for what Vj ., mod p should be. Indeed, we have the following

theorem (see [9, théoreme 1.4]):

Theorem 10.1.3. — Suppose that val(a,) > 0.
1. If2<k<p+1, thenI(Vy,,) = m(k — 2,0,1).
2. If k=p+2 and p # 2, then
(a) if val(a,) < 1, then Il(Vyq,) = m(p — 2,0,w) ~ 7(1,0,1).
(b) if val(ap) > 1, then II(Vyo,) = m(p — 2, A\, w)* @ 7(p — 2, A", w)™ where \* —

(a,/p)A+1 = 0.
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Ifp+3<k<2pandp#2, then
(a) if val(a,) < 1, then IL(Vjq,) = 7(2p — k, 0, wF17P) ~ 7(k — 1 — p,0,1).
(b) if val(a,) = 1, then I(Via,) = m(k — 3 — p, A\, w)* & m(2p — k, A7, wh=17P)
where A = (k — 1)a,/p.
(c) if val(ay) > 1, then II(Vy,,) = m(k — 3 — p,0,w).

In the remainder of this chapter, we will prove some of the formulas for V;,, mod p
which are predicted by the above theorem (via Conj.10.1.2). In particular, we will explain

the proof of the following theorem:

Theorem 10.1.4. — 1. Ifk <p+1, then V;,, mod p= ind(wi=1.
2. If k=p+2 and val(a,) > 1 then

View, mod p=unr(v—1)w @ unr(—v —1)w.

3. Ifp+3<k<2p—1andval(a,) >1 then Vi, mod p=ind(w; ).

When a, = 0, one can explicitly describe Vj in terms of Lubin-Tate characters and
so we can also describe Vi o mod p for all k. When £ < p, then the theory of Fontaine-
Laffaille gives us an explicit description of V;,, mod p regardless of the valuation of a,
and the theorem is then straightforward. Our method of proof for theorem 10.1.4 is to
show that once we fix k, then if we vary a, a little bit, V4, mod p does not change.
In order to do this, we compute the Wach module associated to Vi, as explicitly as

possible.

10.2. Lifting D¢s(V). — In this paragraph, we’ll explain the general strategy for
constructing the Wach module N (V') attached to a crystalline representation V' if we are
given the filtered p-module Ds(V). Recall from theorem 5.5.1 in §5.5 that N(V)/X -
N(V) is a filtered p-module isomorphic to Dgs(V). Furthermore, the functor V' —
Deyis(V) is fully faithful, so if we can construct some Wach module N such that N/ X -N =
D¢is(V), then we necessarily have N = N(V).

Note that both the p-module structure and the filtration on N/ XN depend solely
on the map ¢ : N — N and not at all on the action of I'g,. Furthermore, given an
admissible filtered p-module D, it is easy to construct a ¢-module N over Og[[X]] such
that N/XN = D. The problem then is that it is very hard in general to find an action
of I'g, which commutes with .

Therefore, in order to construct the Wach module N (V') starting from D.;s(V'), one
has to find a “lift” of ¢ which is such that we can then define an action of I'g, which will

commute with that lift. I do not know of any systematic way of doing this in general.
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If a, = 0, then we can carry out this program easily enough and the resulting Wach
module was given in §5.1 when k& = 2. Let us generalize it to arbitrary & > 2. The Wach
module N (V%) is of rank 2 over ]B%&p generated by e; and e; with op(e;) = ¢F ey and
¢(ez) = —e1. The action of v € I'g, is given by:

o logt(14x) \*!
e = (7(10g+(1 +X>>) “

v(e2) = ( log™(1 +X))))kl )

y(log™ (1 + X
where - )
log"(1+ X) = H £ ) and log (14 X) = H L4 (q)’
n>0 p n>0 p
as previously.
10.3. Continuity of the Wach module. — One can also think about the above

constructions in terms of matrices. Given a Wach module N, we can fix a basis and let
P e M(d, Bap) be the matrix of Frobenius in that basis. The problem is then to construct
an action of I'g,, that is for every v € I'g,, we need to construct a matrix G € GL(d, Bép)
such that Po(G) = Gy(P). In practice we need do this only for a topological generator
7 of I'g, (which is procyclic for p # 2).

In this paragraph, we use this approach to show that if we know a Wach module N
and we “change” P slightly, then this defines another Wach module. More to the point,

we have the following proposition:

Proposition 10.3.1. — Let N be a Wach module and let P and G be the matrices
of ¢ and v € Tq,. Define a(r) = vy(1 — (7)) - (L —e(y)?)-- (L —e(y)"). If Ho €
M(d,pa(’“_l)*CA&p) with C' > 0, then there exists H € M(d, pCAép) such that if we set
Q = (Id+ H)P, then the p-module defined by the matriz Q admits a commuting action
Of FQp‘

The proof of this rests on the following technical lemma:

Lemma 10.3.2. — If N is a Wach module and if G € GL(d, A&p) is the matriz of
v €lg,, and if Hy € M(d,pa(k*1)+cA6p) with C' > 0, then there exists H € M(d,pCAap)
such that:

1. H= Hy mod X.

2. (Id + H)"'Gy(Id+ H) = G mod X*1.

The idea of the proof of proposition 10.3.1 is then that if P,G are the matrices of
¢ and v on N, then the lemma above and the fact that Pp(G) = G~(P) imply that
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G—(Id+ H)Po(G)y(P(Id+ H))™* =0 mod X*! and one can then construct a matrix
for -y by successive approximations starting from G (see [7, §3.1] for more details).

The proof of lemma 10.3.2 is also by successive approximations and we sketch it below.

Proof. — If we write explicitly the condition (2) of the proposition, then we get:

(Id+XG+X2Got+ - )y Ho+ X Hi+- -+ ) = (Hy+ X Hi+- - )Id + X G+ X2Go+- - +)

and bearing in mind that v(X") = &(7)" X" mod X"*! we can solve the above equation
mod X" in r successive steps. The first is to find Hy such that (1—e(v))H; = G1Hy—HG,
so that

H, € M(d,pa(k_ch_””(l_E(”))Aap).
The second is to find Hs such that (1 — e(vy)?)Hs = (some Z,-linear combination of
products of Gy, Gy, G, Hy, Hy) so that

H, € M(d, pa(k—1)+0—vp(1—8(7))—%(1—8(7)2)A6P)'

Eventually, we get Hy, -, Hyp_; € M(d,pCA@) and we can then set H = Hy + X H;, +
cee - XFUH L ]

We can then apply proposition 10.3.1 to the matrices

0 -1 0 0
P = (qkl 0 > and Hy = (—ap 0)

to get a Wach module Ny ,, as soon as the valuation of a, is large enough, and a straight-
forward computation shows that Ny, /X Nj,, is then isomorphic to DcriS(kaap).
An explicit computation of a(k — 1) and some refinements of the computations above

specific to this case then give us the proof of theorem 10.1.4.

Remark 10.3.3. — To conclude, let us point out that using the description of II(V)*
with (o, T)-modules given in the previous lectures, we can prove that TI°(V')/p is of finite
length in general and we can also prove conjecture 10.1.2 in many cases, including all the

cases when T [pT is irreducible (forthcoming work).
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