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Abstract — Based on the mechanics of the Euler equation at short time, we show that a Recent-
Fluid-Deformation (RFD) closure for the vorticity field, neglecting the early stage of advection of
fluid particles, allows to build a 3D incompressible velocity field that shares many properties with
empirical turbulence, such as the teardrop shape of the RQ-plane. Unfortunately, non-Gaussianity
is weak (i.e., no intermittency) and vorticity gets preferentially aligned with the wrong eigenvector
of the deformation. We then show that slightly modifying the former vectorial field in order to
impose the long-range—correlated nature of turbulence allows to reproduce the main properties
of stationary flows. Doing so, we end up with a realistic incompressible, skewed and intermittent
velocity field that reproduces the main characteristics of 3D turbulence in the inertial range,

including correct vorticity alignment properties.

Copyright © EPLA, 2010

Introduction. — Fully developed turbulent flows are
omnipresent in Nature (e.g., meteorology) and engineer-
ing (e.g., combustion). Despite an apparent complexity,
it turns out that these flows exhibit universal statistical
properties such as the Kolmogorov k~%/3-law observed
on the power spectrum [1] and the intermittent nature
of longitudinal and transverse velocity fluctuations [2].
Modern developments of experimental and numerical facil-
ities [3,4] have furthermore underlined the peculiar and
universal geometry of turbulence.

From a mathematical viewpoint, our knowledge of
Navier-Stokes and Euler equations is still poor and this
makes the situation far from clear if we look for a relevant
model of turbulent flows. Indeed, one can prove the exis-
tence of dissipative solutions of Euler equations and the
associated inertial dissipation process has been studied [5].
As a consequence the introduction of viscosity is not the
only way we have to build realistic model of turbulent
flows. Some progresses have been achieved recently in
the understanding of the universality of the small scales
of turbulence by studying the Lagrangian dynamics of
the velocity gradient tensor A;; = 0ju;, where u denotes
the velocity (see [6] and references therein). While this

(2) E-mail: 1aurent.chevillard@ens-lyon.fr

approach takes completely into account the local inter-
actions governing the dynamics of A, it requires closures
for both the pressure Hessian and viscous term. As far
as we know, provided closures miss at least partially the
non-local nature of pressure [6]. An alternative approach
would be devoted to consider the spatial distribution of
the vectorial velocity field. Very few theoretical works
have focused on this difficult, although important, aspect.
Nonetheless, it has been shown that taking into account
numerically the short-time advection of fluid particles for
all scales of motion allows to build a realistic velocity field
that shares many properties with empirical turbulence [7].
Unfortunately, incompressibility has to be imposed at
every scale, leading to a complicated construction method
of this field, making it not fully explicit. Another route
would be devoted to directly proposing a wide class of
intermittent vectorial fields [8]. But the main limitation
of such models is that the distribution law of the veloc-
ity increments is symmetric, so that (following the 4/5
Kolmogorov law) such fields do not exhibit energy dissi-
pation. As is discussed in [8], it appears that it is a very
intricate issue to construct an incompressible random field
with dissymmetric increments and non-zero dissipation.
This issue is the subject of the proposed article and while
in the symmetric case explicit analytical calculations can
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be performed, they are out of reach in the present case
and consequently we make use of numerical simulations
to study the model.

In this letter, based on former works [6,8], we propose
a stochastic method to build an incompressible, skewed
and intermittent velocity field. This method is motivated
by the early stage mechanics of the Euler equation during
which vorticity is stretched by the local deformation,
whereas early advection by the large-scale velocity
is neglected. We will see that such a Recent-Fluid-
Deformation (RFD) closure [6] leads to an incompressible
differentiable velocity field which reproduces well-known
facts of empirical turbulence, namely the teardrop shape
of the RQ-plane and a skewed probability density function
(PDF) for the longitudinal gradients. Unfortunately, it
is shown numerically that this field is not skewed in the
inertial range, leading to vanishing mean-energy transfer
through scales, and furthermore, alignment properties of
vorticity deviate from empirical findings. We then show
that a slight modification of this field, inspired by the
multifractal phenomenology, is able to reproduce the
main properties of stationary turbulence.

Recent-fluid-deformation closure. — Let us now
introduce a flavor of Euler dynamics in the picture. The
Euler equation writes

Ju
T (u-V)u=-Vp, 1)
V.-u=0.

It is classical to introduce the vorticity field w(t,x)=
V Au(t,x), and take the curl of (1) to eliminate the
pressure and get the Beltrami equation

Ow _ (Vu)w — (u- V)w,

2

ey (2)
which together with the system VAu=w and V-u=0
gives a closed equation in w(t,x). If vorticity vanishes at
infinity, the solution of this system is given by the classical
Biot-Savart formula:

1 X—y

Aw(t,y)dy. 3)
In what follows, we shall suppose that we have a smooth
solution of the system (2), (3) with initial data wy.
Then, it will be convenient to introduce the associated
Lagrangian flow X(¢,x) defined by the ordinary differen-
tial equation % =u(t,X(t,x)) and X(0,x) = x. Using
X(t,x), it is easy to see that (2) then writes w =
(Vu)w(t,X(t,x)) or equivalently

dw(t,X(t,x))

T =Sw(t, X(t,x)),

(4)
where S is the deformation rate tensor defined by the
splitting of the tensor Vu into antisymmetric and
symmetric parts: Vu:%w/\.—i—S. Let us now focus

on the short-time evolution of the system (4). Since we
suppose that the solution is regular, we can linearize (4)
in the neighborhood of zero, replacing thus S by Sg (the
strain associated to the initial vorticity wq), which gives

()

using the fact that X(¢,x) ~x + tug(x). In a first step, we
will neglect the advection of the vorticity by the velocity
field and only consider the stretching of the vorticity by
the initial strain tensor Sy, which gives, at time ¢,

w(t,x) ~ e!Sowy(x — tug(x)),

1 X—y

dr | [x—y[?

u(t,x) =~ NS W (y)dy.  (6)
Starting with the Biot-Savart formula, classical calcula-
tions [9,10] give

_ 3 (y—0o)@|[(y — o) Awo(a)]
So(y) —SWP.V./{ "
(marmelow o,

where the integral is understood as a Cauchy Principal
Value (P.V.) and ® the tensor product, i.e. X ® y = z;y;.
Now, it is tempting to introduce in formula (6) a random
field wy which is divergence-free, homogeneous, isotropic,
Gaussian and with K41 scaling, that is formally [§]

X—=y
x —y|5tEt

where dW (y) = (dWi(y),dWa(y),dWs(y)) is the stan-
dard vector white noise on R®. A more straightforward
way to do this is to take for wy(y) the white noise dW (y)
and only change to appropriate values the exponents of
the denominators in the kernels giving u(x) (jJx—y|™®
is replaced by |x —y|~(2373)) and So(x) (x—y|™® by
|x —y|=?, with =2+ % + %) Notice that now, the inte-
gral in the modified (7) is no more a principal value. These
considerations lead finally to define the random field:

wo(x) = ANAW (y),

1 _
ult,x) == [ Y erlx—y) AeS AW (y),
S
(8)
with
3 y—o)®|(y—o) NdW(o
So(y):—/ ( )3 ( g (o))
8w ly —ole
y—o)ANdW(o)|®(y —0o
o e P )
ly —ole
where, in order to get mathematically well-defined

integrals, we have introduced both a large-scale cut-off
¢r(x —y) in the definition of u and Sy, and a small-scale
regularization e: |x|e =0, * [x| (* stands for the convolu-
tion product), where 6 is a radially symmetrical function,
such that [p; 0(x)dx =1 and 0.(x) = 50(x/e) [8].
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Numerical study. — We would like now to study
the statistical properties of the velocity field defined by
eq. (8). Analytical formulas are difficult to obtain, thus
we will focus on numerical simulations. To do so, one has
to choose the short time scale t = 7. It is easy to check that
the variance of the matrix Sy (defined as (tr S2)) goes to
infinity as the small-scale parameter e goes to zero. So we
take for 7 the local normalizing value 7= (tr S2)~'/2, in
the spirit of the RFD closures provided in ref. [6].

The simulation is performed in a 1-periodic box with
N3 collocation points. The infinitesimal volume is given
by dV =dz3, with dz=1/N. We choose as a regu-
larizing function and large-scale cut-off the isotropic
normalized ~ Gaussian  function ¢ (x)=0,(x)=
(=%5)3/% exp(—6|x|?/L?). This allows to compute analyti-
cally the regularized norm of a vector x, useful for numer-
E2

2

ical purposes: |x|. = \/667676% + (x| + o) erf( \/i‘x‘),
with erf the error function. The small-scale cut-off is
chosen as e=2dz and the large one as L=1/2. The
kernels of the form x/|x|? entering in eq. (8), with
a= % + % or a = [, are estimated in the physical space in
a periodic fashion. White-noise components dW;, of zero
mean and of variance dV, are generated in the physical
space using a standard random Gaussian generator.
Convolution products are then performed in the Fourier
space. The matrix exponential is evaluated at each point
of space using a Padé approximant with scaling and
squaring [11]. We choose N =128, 256, 512. Results are
displayed in fig. 1.

In fig. 1(a), we represent the longitudinal and transverse
velocity gradient PDFs for the N =512 case. We see
indeed that the longitudinal PDF is skewed, but not
the transverse one (for symmetry reasons). To further
characterize the structure in scale of this velocity field,
we represent in fig. 1(b), the dependence on the scale
¢ of the skewness S = ((6u)®)/((6,u)?)/? and flatness
F = {(6,u)*)/{(0pu)?)? of the velocity increments d,u =
u(z +£) —u(x), in both the longitudinal (open symbols)
and transverse (filled symbols) cases. We see that S
vanishes and F' is consistent with a Gaussian process (i.e.
F =3) in the inertial range. This means that the weak non-
Gaussianity observed on the velocity gradients does not
survive in the inertial range for the velocity increments.
To further characterize the local structure of this field, we
represent the joint probability of two important invariants
of the velocity gradient tensor, namely Q = f%tr(AZ) and
R=—1tr(A%). This so-called RQ-plane has been exten-
sively studied experimentally and numerically (see [3,4] for
comparisons). As in empirical data, the RQ-plane is elon-
gated along the right tail of the Vieillefosse line, showing
predominance of both enstrophy-enstrophy produc-
tion (upper-left quadrant) and dissipation-dissipation
production (lower-right) regions. Finally, an important
non-trivial property of 3D turbulence is the preferential
alignments of vorticity with the intermediate eigenvector
of the deformation [3,4]. We represent in fig. 1(d), the
probability density of the cosine of the angle between

~
[

~

o

-4

log P(du)

-0.1

-0.2

(c)

2 1 0 1 2 0 05 1
R cos(8)

Fig. 1: Numerical simulations of the process given in (8).
(a) PDF of longitudinal (solid line) and transverse (dashed
line) velocity gradients for the N =512 case. (b) Skew-
ness (S) and flatness (F) of longitudinal (open symbols)
and transverse (filled symbols) gradients for the three
resolutions: N =128 (O), N=256 () and N =512 (9).
(¢) Contour plots of the logarithm of the joint proba-
bility of the two invariants of A (N =512 case) non-
dimensionalized by the average strain Q* =Q/(S;;Si;) and
R*=R/(S8:;S:;)*/?. The thick line corresponds to the zero
discriminant (Vieillefosse) line. Contour lines correspond to
probabilities 10™*,1072,1072,107%, 1. (d) PDF of the cosine of
the angle 6 between vorticity and the eigenvectors of the strain
(see text) associated to three eigenvalues A1 (dash-dotted line),
A2 (solid line) and As (dashed line).

vorticity and the eigenvectors ey, of the deformation
0= (w,ey,) with A <Xa<A3. We first see that the
vorticity is preferentially orthogonal to ey,, as in empir-
ical data [3]. It has been observed that the vorticity gets
preferentially aligned with ey,, as modeled in [6]. We see
in fig. 1(d) that the opposite is observed in our synthetic
field, namely, vorticity gets preferentially aligned with
ey,. In the following, we will see that including multi-
fractality will allow us to predict, among other features,
correct alignments.

Including multifractality. — In the first part, we
have deformed at short times a K41 incompressible
Gaussian field by the deformation part of the Euler flow.
As we have seen, such a velocity field (eq. (8)) is not
intermittent and moreover, velocity fluctuations are not
skewed in the inertial range, i.e. there is no mean-energy
transfer across scales. A first idea would be to iterate
the construction of this field several times and look for a
fixed point if it exists. Preliminary simulations indicate
that iterating this construction makes intermittency
grow, although it is not clear if the obtained field is scale
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invariant and still, vorticity alignments are not correct
(data not shown). An interesting development would be
to apply this construction at each scale of the flow, in the
spirit of ref. [7]. This remains to be explored. Anyway, at
this stage, we are missing a basic property of turbulence,
namely the existence of long-range correlations. Indeed,
the Russian school showed that the dissipation field is
correlated over the large integral length scale of the
flow, as it has been found experimentally (see [12] and
references therein). Similar observations have been made
on the acceleration in Lagrangian turbulence [13-15]:
acceleration is correlated over the Kolmogorov time scale,
whereas its magnitude is correlated over the integral
time scale. In particular, it has been proposed in [13]
a multifractal random walk able to reproduce this very
peculiar property. We propose in this part a generalization
of this 1D intermittent model of turbulence consistent
with the vectorial field structure of Eulerian turbulence.
Following previous works [16-21], it has been proposed
in [8] general ideas leading to intermittent vectorial fields
that reproduce the correlation structure of the dissipation
field. The main underlying idea behind building up an
intermittent (scalar or vectorial) field is to take the
exponential of a noise correlated logarithmically over a
large scale L. For turbulence, a way to achieve this is
to consider incompressible homogeneous, isotropic and
intermittent velocity fields of the form
Caw(y),

-y
*77/90[/ 3+2
|X Y|
(9)

where the scalar field X, (y) is defined by the following
scalar product:

A eXE(Y)7

y—o
A —
ly—ol<L |y — a2

Xe(y)= dW'(e).  (10)

Here, the vectorial white noises dW and dW’ are inde-
pendent. The constant C, is chosen such that the velocity
field converges to a non-trivial field u as e goes to zero [8].
It can be shown rigorously that this vectorial field is inter-
mittent with structure function exponents, i.e. ML (|r|) =
(|(u(x+r)—u(x))- ﬁ|q> ~ |r|<qL in the longitudinal case
and MqT(|r\) ={(|(u(x+r)—u(x))A ﬁ|q> ~ |r|CqT in the
transverse one, behaving as a quadratic function of the
order ¢, namely CqL = C;F =q/3—27\%q(q—2). The free
parameter \ entering in the definition of the scalar field X,
(eq. (10)) is called the intermittency coefficient. It can be
easily shown in the limit e < |y| — 0 that (X(y)X(0)) ~
4722 In(L/|y|). We are indeed taking in the model given by
the formula egs. (9) and (10) the exponential a Gaussian
noise correlated over the integral length scale L in a loga-
rithmic fashion. Unfortunately, at this stage, for symmetry
reasons, the velocity increments do not exhibit asymmetry
and thus, their skewness vanishes for any scale. However,
it is proposed in [8] another compressible version of this
velocity field that is shown to provide skewness as soon

the very same noise dW entering in eqgs. (9) and (10) was
used in the construction. It still remains to build up an
incompressible and skewed intermittent velocity field that
reproduces furthermore non-trivial geometrical properties
such as the asymmetry of the RQ-plane and the align-
ments of vorticity with the eigenframe of the dissipation.
To do that, one has to consider, as is suggested by the
early time advection of fluid particles (eq. (8)), the expo-
nentiation of a tensor field instead of a simple scalar field.
Motivated by the RFD approach of the first part of this
article and the explicit intermittent velocity field shown
in egs. (9) and (10), we choose to modify directly the field
given in (8) in order to get a multifractal velocity field. To
do so, one needs to introduce this unknown intermittency
parameter A and to change the exponent (3 entering in
the associated strain So of (8) to 3=3/2+2=7/2 in
order to impose logarithmic long-range correlations over
the integral length scale L. Accordingly, we consider the
incompressible field:
= oy ==Y
I 7y
dm x—yld T

. (x) = S aw (y),

(11)
where S is a tensorial Gaussian log-correlated noise,
inspired by (8) and (10), of the form

- \/E/\ /ly—alsL [(

Ny -o)ndW(o) s

ly—al?

y—o)®[(y—0o)NdW (o))
ly —ol!?

(y—d)].

(12)

It can be shown that, for instance, the diagonal com-
ponents correlation is of the form (S11(y)S11(0)) ~
%3\2 ln(L~/|y|) and, for off-diagonal components,
(S12(y)S12(0)) ~2X%In(L/|y|) in the limit €< |y|— 0.
In the tensorial case, calculations are difficult and the
velocity field (11) is expected to be asymptotically
multifractal [8] with a quadratic structure exponent, i.e.
for the longitudinal case 9%CL/0¢* = —cA®. A rigorous
derivation of the constant c is still missing; we will present
in the following that numerics show that (¥~ 1 and c~ 1
(see the flatness in fig. 2(b) and the discussion of fig. 3).
The intermittency coefficient A is chosen as A\? = 0.025 on
empirical grounds [22,23].

Numerical results. — We display in fig. 2 the results
of simulations of the process given by (11) with resolutions
N =256, 512, 1024. We first see in fig. 2(a) (respectively,
(b)) the typical continuous shape deformation of the
longitudinal (respectively, transverse) velocity increments
PDF's characteristic of intermittency and turbulence (see
refs. [22,23]). The dissymmetry of PDFs in the longi-
tudinal case should be noted. In fig. 2(c), the obtained
R@-plane is realistic of a fully developed turbulent flow.
We reproduce in fig. 2(d) the skewness and flatness of
velocity increments. First flatness values are much bigger
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Fig. 2: Numerical results of the process given in (11). PDFs
of longitudinal (a) and transverse (b) velocity increments dou
(N =1024), scales £ are logarithmically spaced between dz and
L. (c¢) RQ-plane, as in fig. 1(c), for N =1024, contour lines
correspond to probabilities 1072%,1072,107*5,107*,1075,
1. Scale dependence of the skewness (S) and flatness (F') of
the velocity increments, as in fig. 1(b): N =256 (O), N =512
() and N =1024 (O). (e) PDF of the cosine of the angle
between vorticity and the eigenvectors of the strain ey, (top)
and ey, (bottom) for the three resolutions. The arrows indi-
cate increasing N. (f) PDF of the cosine of the angle 6 between
vorticity and the eigenvectors of the strain as in fig. 1(d) for
N =1024.

than in the first case and large length scales are populated
by intermittency. A rough power law is obtained of slope
—0.1 showing that ¢~ 1 in the longitudinal case (see also
the following discussion of fig. 3). In the same spirit, skew-
ness of longitudinal increments is non-zero at any scale in
a realistic way. Finally, let us focus on the alignment prop-
erties of vorticity. In figs. 2(e) and (f) various PDFs of the
cosine of the angle between the vorticity and the eigen-
frame of the deformation are displayed. We see that as the
resolution N increases (fig. 2(e)), the vorticity gets prefer-
entially aligned with the intermediate eigenvector, whereas
it gets uncorrelated with the direction of the eigenvector
associated to the most extensive eigenvalue. In fig. 2(f)
is reproduced the alignments properties with the three
eigenvectors of the deformation of the N =1024 case,

(a) (b)
12 12
9 9
2o 6 £ o 6
S S
) )
2 o S o0

(c)

0
£ -2
= o 4
éf.\]
[
(=)
2

-8

-10

-6 -4 -2 0 o 1 2 3 4 5 6

10g2(]/L) q
Fig. 3: Intermittent characteristics of the process given in (11)
for the N =1024 case. (a) (respectively, (b)) Relative behav-
ior of the longitudinal M[ (respectively, transverse M, )
structure functions with respect to the corresponding third-
order moment MZE (respectively MT ). The orders considered
are represented with different symbols: O (¢=2), O (¢=4),
A (¢=5) and O (¢=6). Straight lines correspond to a least-
square fit procedure. Curves are vertically arbitrary shifted
for clarity. (c) Scale dependence of the corresponding third-
order structure function M% /o® (lower curve) and MY /o®
(upper curve), with ¢ = 2(u?). The dashed line corresponds to
a unit slope line. (d) Corresponding sets of exponents CqL (O)
and Qf (O) assuming that the third-order structure functions
behave as a linear function of the scale in the inertial range,
in both the longitudinal and transverse cases. The dashed line
corresponds to the K41 prediction {4 = ¢/3 and solid curves to
quadratic fits (see text).

which is realistic of a turbulent flow. We can see here
that including the multifractal phenomenology into the
linearized form (eq. (8)) allows to predict surprisingly
both skewness and peculiar alignments of vorticity. A full
theoretical explanation of these numerical results is still
missing, some analytics in this direction would help to
understand these facts. Let us now focus precisely on the
intermittent nature of this velocity field, in particular on
a possible difference between longitudinal and transverse
velocity increments.

On the one hand, the turbulence model proposed
in eq. (11) depends on a single free parameter A, the
intermittency parameter. On the other hand, two types
of intermittency can be identified on a vectorial field,
namely the longitudinal and transverse ones. From both
experimental and numerical flows, these two types of
intermittency seem to be different (see refs. [24,25] and
references therein). As we mentioned, an exact derivation
from the model of the corresponding longitudinal C(f and
transverse Cg sets of structure functions exponents is still
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missing mainly because of the difficulty to deal with the
tensorial nature of the matrix exponential. In order to
precisely quantify these sets of exponents, we provide a
standard fit procedure of the behavior in scale of the struc-
ture functions, in a relative fashion in the spirit of ref. [26].

In figs. 3(a) and (b), we perform a least-square fit of the
relative high-orders longitudinal and transverse structure
functions. This gives access to both the longitudinal CqL
and transverse C;F sets of exponents, assuming for the
third-order structure a linear behavior with the scale £ =
|r|. We indeed see in fig. 3(c) that in a first approximation,
ME and MT behave as a linear function of the scale.
In the sequel, we will thus take C3L T 1, this could
be exactly imposed if the exponent %4—% entering in
eq. (11) is slightly changed. The corresponding structure
functions sets of exponents are reproduced in fig. 3(d).
One can see that transverse velocity fluctuations are more
intermittent than the longitudinal ones, as has been seen
in experiments and numerical simulations [24,25]. The
solid curves of fig. 3(d) are quadratic functions of ¢: (7 =

(% + %CL’T)\Q)q—cL’T)\Qg. Following the fit procedure
formerly described, numerics show that ¢“~1 and ¢’ ~
1.4, demonstrating numerically that transverse velocity
increments are more intermittent than longitudinal ones.
These results are consistent with the ones obtained from
closures of the dynamics of the velocity gradients [27].

Conclusion and final remarks. — As a conclusion,
based on prior works [6,8], we have built an incompressible
skewed intermittent velocity field that reproduces the
main characteristics of 3D fully developed turbulence
in the inertial range. This includes several non-trivial
geometrical properties (RQ@-plane and the preferential
alignments of vorticity), a non-vanishing skewness of the
longitudinal velocity increments and a realistic inter-
mittent picture of longitudinal and transverse velocity
fluctuations. The model provided in eqgs. (11) and (12)
can thus be seen as a stochastic representation of the
fields described by Kolmogorov and Obouhkov [28,29].
To do so, we included the multifractal phenomenology to
the Euler mechanics at short time. Several remarks can
be made at this stage. First, this theory contains a free
parameter A chosen to be consistent with experimental
findings. It would be very interesting to find constraints
able to lead to a direct determination of A. In this work we
make use of some well-known facts, like RFD closure and
intermittency, to build a rather realistic stationary model
of turbulent velocity field. But we make no use of the very
dynamics of the system. We may imagine that such a field
is close in some sense to an invariant measure for Euler or
Navier-Stokes dynamics and that this would help us to fix
the value of the unknown parameter A. Hence, time corre-
lations and energy (or enstrophy) budgets are not, at this
stage, predicted. Finally, this model could also help in the
understanding of the physics of the pressure Hessian [6,30].
We leave these aspects for future investigations.

) 3k Xk

We thank B. CASTAING, Y. GAGNE and K. GAWEDZKI
for fruitful discussions, S. G. ROUX for numerical advices
and the PSMN (H. GILQUIN) for computer time.

REFERENCES

[1] KoLMOGOROV A. N.; Dokl. Akad. Nauk SSSR, 30 (1941)
301.

[2] FriscH U., Turbulence (Cambridge University Press,
Cambridge) 1995.

[3] TSINOBER A., An Informal Introduction to Turbulence
(Kluwer Academic Publishers, Dordrecht) 2001.

[4] WALLACE J. M., Phys. Fluids, 21 (2009) 021301.

[5] DucHON J. and ROBERT R., Nonlinearity, 13 (2000) 249.

[6] CHEVILLARD L., MENEVEAU C., BIFERALE L. and
ToscHl F., Phys. Fluids, 20 (2008) 101504.

[7] RosALEs C. and MENEVEAU C., Phys. Fluids, 18 (2006)
075104.

[8] ROBERT R. and VARGAS V., Commun. Math. Phys., 284
(2008) 649.

[9] CONSTANTIN P., STAM Rev., 36 (1994) 73.

MAJDA A. and BERTOZZI A., Vorticity and Incompress-

ible Flow (Cambridge University Press, Cambridge) 2002.

MoLER C. and VAN LoaN C., STAM Rev., 45 (2003) 3.

12] MoNIN A. S. and YacrLom A. M., Statistical Fluid

Mechanics (MIT Press, Cambridge) 1975.

MORDANT N., DELOUR J., LEVEQUE E., ARNEODO A.

and PINTON J.-F., Phys. Rev. Lett., 89 (2002) 254502.

YEeuNG P. K., Phys. Fluids, 9 (1997) 2981.

15] MORDANT N., CRAWFORD A. and BODENSCHATZ E.,

Phys. Rev. Lett., 93 (2004) 214501.

MANDELBROT B. B., in Statistical Models and Turbulence

(La Jolla, CA), Lect. Notes Phys., Vol. 12 (Springer,

Berlin) 1972, p. 333.

[17] KAHANE J.-P., Ann. Sci. Math. Québec, 9 (1985) 105.

SCHERTZER D. and Lovejoy S.; J. Geophys. Res., 92

(1987) 9692.

BENzI R., BIFERALE L., CRISANTI A., PALADIN G.,

VERGASSOLA M. and VULPIANI A., Physica D, 65 (1993)

352.

BAcry E. and Muzy J.-F., Commun. Math. Phys, 236

(2003) 449.

ScuMmITT F. G. and CHAINAIS P., Eur. Phys. J. B, 58

(2007) 149.

CASTAING B., GAGNE Y. and HOPFINGER E., Physica D,

46 (1990) 177.

CHEVILLARD L., CASTAING B., LEVEQUE E.

ARNEODO A., Physica D, 218 (2006) 77.

Camusst R. and BENzI R., Phys. Fluids, 9 (1997) 257.

GoTOH T., FUKAYAMA D. and NAKANO T., Phys. Fluids,

14 (2002) 1065.

BenzI R., CILIBERTO S., TRIPICCIONE R., BAUDET C.,

MassaloLl F. and Succr S., Phys. Rev. E, 48 (1993) R29.

CHEVILLARD L. and MENEVEAU C., C. R. Mec., 335

(2007) 187.

KoLMOGOROV A. N., J. Fluid Mech., 13 (1962) 82.

OBOUKHOV A. M., J. Fluid Mech., 13 (1962) 77.

Lutat B., HOLzZNER M. and TSINOBER A., J. Fluid

Mech., 641 (2009) 497.

and

54002-p6



