
Journal club : Luttinger's theorem
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. Brief remindu : Fermi liquide
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o Free fermions : GG "»=

letro

Np = 2 § §d¥, Qfpiwëw
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without interactions
KF

= 2 § ④ C- Ep+ µ) = Ê! ✗ Volais
.

Not a surprise
(Pauli exclusion principle) .

q
easy :
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✗

• Interading fermions : all the vernal sheff with Dyson's equation , etc ,
and Gcpiw> = iw.gg?p--#ziygepf.enegy → Re : energy shift↳ Im : decay rate .

AÇK)
. long - lived qps .

pq , y
Assome there is Stilla FS

,

i. e : ç

f-
"

size of • 7 Ep such that Im ECÊ, E.rs -µ) = O EI

/JÉ the 9PM
"

• 7kf Cor more generally a surface) such
that G-

"

(kf , Ef - µ ) =O
and changes signE- le

between inside /outside the surface .

In particular , Ep = EEP + ReE (ler, EF-µ) define the surface .

Noah question : what is the size of this Fs
? I.e : is the Kp with

interactions

the same as without
interactions ?

Annuel ( Luttinger's then) : it remain the same .

↳ vol(FS without interactions )↳ This looks quite bourg .

= vol (Fs with
interactions) .

↳ But actually voy interesting sonatines (e.g. HFD .



II. Main idea of the
"historical" demonstration

G-Ip ,
iw) = iw - EÊ +µ - Ecpiw) ) - IG dgwcth.rs)

iqtwlnGCpiiwt-G-igd-aw-zcp.in

Quasipartiales' population :

tro NB : by definition , Nap= Ng .

"

Nqp = 2 § !dtf-GCpiweiw.lt
tro

=
2 § fdqgeiw-ottiad-wlnGCpiiw-icdd-wzcp.in}
ueafjj-I-O-f-ptpe-REEQ.E.IT
-

↳ goal : show that/this -0 .

→ Luttinger's then witwer , provided that the second term Camels .

since we Will have Nqp = 2@¥→ Vol (FS with interactions) .

Key idea : there exists a fundional ŒWTGJ
" Luttinger- Ward

such that :

(i ) Zcpiw>= ¥¥Ç?_pw, _

and Cii) OIL-GCpiiwtirit-OIEGCP.in] :
"Ward condition"

then
, fdg-GCp.info?#p?-.o,--P-fdy--0G-wcpiw ¥Ê⇒

?
0

ÊÉ[pied /
f-w

Questions that remain :
properties of ln , actually .

→ Does this Ew indeed exist ?

* "G depends upon the anaeghz

| SI = ° → lance-2inch- { )
→ what does the "Ward condition"

T
mec physically ? µ

- = _ = - lit



II. Construction of ŒWEGI .

Recall : expansion of the self - energy : consider ¥-€ interactions for instance .

⑤
= (a)

Ecpiw>=
,

+ + + + +

= "

j (d) = (b) (e) ⑧ (f) !
= (a)

+ + + .
. .

y →
" skeleton diagram

' '

Epico) = Som (skeleton digrams where go is rgplaced by g) .

Define : EG] = 12 + te + f- Ë + ¥ + . .

FÉ) TÉ where → = G
,
not Go -

(NB there is a close relationship between OIEG] and the energy
fonctional of the electrum liquid - see e.g .

Giuliani
, Vignale) .

And are can check that
, by construction

, Ecp , ico)=
SGCp , iw)

'

As for the Ward condition :

Physically , actually quite obvious, iw→ iw +il just

shifts the origin of energies , so EEN ,

which is vez much

like the total
energy of the liquid , is canserved up to a est .

Mathematicae
grever more

Obvious : in ŒEG] = + + -
- -

,

all the fermion hoops are closed ,
which meam that one integrated

to

over fdw , so obviously EEN is invariant urdu a shift of w .

- •
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About UA) Symmetry and the Ward condition

→ Starling point : L = § Ctp (¥ + § - µ) Cpr + Interactions .

One "

impliùt
"

ashimphan of the FL theorg is the conservation of
-

particle number by the interactions (cf adiabatic concept) .

Ie . global { Cps ↳ Cpoei
-0

"1) Symmetry : Cpt, ↳ §, e-
io

lewes L invariant
(including the Interactions) .

.

→ Consequence : time - dependent ya) gym
Cpr E) ↳ Cpr (E) e

il

{ cptrk-i-sctp.cc> e- '"c-larves L invariant up to a skiffle x gauge transfo " .

Thus Gcpiiw) = feint(Tcp (E)Cpt,»> with the new Salt L
E and new measure Cobu. invar .)

↳ /eiwtltcpa-eidtcptcoD-GCp.io + ir) .

→ There is a set of correlation fonctions which are
conserves by this transformation (basically all the

"

gauge
- invar

.

quantités mdep - of µ ) .

The conservation laws are the Ward identities .

There is are such law for ETG] .

⇒ OIL-GCpiwD-OI-GCp.iwt.ir)] is then understood
as a Word identify for the global K1) symmetry
of the FL lagrangien -

Luttinger's theorem

Number conservation ⇒ Volume conservation

f- Ward identify →
Sym . of the Lagrangien Sym . of the corrélations .



I
- Qvestionsthatremainedunanswered conduction electrons

Physis of the Kondo lattice :
local moments résonance"

Ü
""" " " "Mt"
Kondo lattice

(pee
electrons

✗ ~ chemical potential for the

À
" " exe moments

i i
,

Dg = gap opened by the resonance

l
'

µ=
chemical potential of the

K conduction dehors .

KÊ ÛF
• KÊ :

" small
"
Fs of the free electrons ; Max / ÂÊ→Î light

• Tcp :

"

large
" FS of the renarmalized fermions . Ma large : heavy fermions .

Beit Luttinger's -1hm tells vs that the FS volume should be conserved '
.

→ is this a Breakdown of Luttinger them ?

The Kondo effet is known to be nonperturbative Ceg . je = ☐e- ¥
e-demi"

J T
L couponing .

→ is Luttinger's them True perturbatives Kondo temperature
conduction bandwidth

but faits nonperturbativeG ?

→ or is there a nonperturbative prof of the theorem ?

Note about LSM :

"

equivalent
"
to Luttinger in ID (see other papa by mo.)

cf Jordan -Wigner and the XXZ chair .

Mapping to fermions tenteradirg as son as Jre to) with filling
u = ma + { shows the Equivalence .

( And LSM actually generalize this to SENTI , with a- ma +s) .



VI. A Gerg) brief reminder : Aharonov-Bohm effect

MOI Particle construired to more dong a ring .

☒= E)

o-tl-j-mcp-ieAJ-J-mfiho-o.tl#.-5Eigenlpnch-ons:4m--¥,

ein? nez . ; eigenvalues : En = 21m (m+ ¥55
mn E ma n: -1 Spectral flow : fake E→ Eo .

This taken H ↳ t'= Enfin£+ç¥, + 1)
.

07¥ and yn +> +n' = En e- iËÆ e-E- Êtoqn
- 1

.

= e- ton = 4m- n

such thatH' '
*

VI. The proof by Oshihawa

• Main idee : recycle an argument about the LSM theorem in dimension D .

Tate a System of size ↳ × .
.
-

✗ ↳ with periodic b.c. (
"

D -dim tore
"

)
.

Then insert a flux alang axis xp ,
in the gouge A

,
=
€ /4- ,

adiwbatically from = o to ☒= OIO . ¥140) .- E-No)
This Evolues HCŒO) ↳ HCŒ)

, and the g.s . Ma> ↳ HÉ>

and the remordu hereabou tells vs that H (Eo)Mo
'
) = E- thé>

.

→

Now imagine there is a autray Û such that UH (E) le
"

= Hco) .

Then
,
HCOJÛIYÔ> = ÛHCOIO>Hé> = Eo Ûlqé> .

↳ inI
,
UCOKË

So we've shown that in the gauge choice where H is fixed ,/ | insertion of a flux # seras 1%)→ Utô> .

→ in the case ofI,
E 21T2.

"
notwow. 44mi = En quite boring?* Indeed

,
LT for (VI) States × ¥1 partiale on the ring
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• flow does are build Û ?
C
,
↳ e

i# 4
ç

, ,Action of the flux insertion upon partiels : { et" ↳ e- izn-x.lk CI
,
,

'

r
, o⇒ chose Û = expEEÎÇ?Mr:o) .

One can cheek it fakes Ucnru
"
↳ G. o and U Ctr

,
,
U
"
n Ct

r
,
r Independent tg .

As long as H G) is built out of C! and Cs ,

it entures UHC#du" = HG) .

→ generator of transe . ; Tx = ei
Px

.

• Momentum transformation : one had Paths) = Poilu» (✗ = Xp)
(ahumphzn of the FL : translation sym .

is not broken) -

Since [HŒ??] = 0 Œ
,
Petya> = pépé) as we@ . →

Vey different fromI :
that's because ,

Bret one can check Û^ëÂeÛ = eike exp ( i 2¥ çm,,)
PÊ +2F ±

¥
'

* (at first sight
) .

Thus e
""
UNE>= Ûë

À
Ho

'

> ei¥, Emir = exp (iPâti"Ê Entouré)

⇒ FxlUt4oD-_Px-21T@hlz-.LDpaiiclenumber per cnit cell .

• FL hypothesis : there are NÉ quasipaixlesoaupy.mg VÉ!
ŒPN
↳ . . . LD

NB this is very different from the
"historicalprof

"
: we do not use the

adiabatic concept heading to Pqp =fe ,
but instead we define a- qp as

the " unit of malter
"

Occupy Mg a cuit volume of the FS .

⇒
= LÉ .

Put more clearly : | lutte
: we know NÊ? NÊ ; now show

VÊ
'

Oshikawa: we know 'VÉ'

¥ ,
= ¥, ;

now show NÉ= NE .

now this is

→ similarAnd minimal cooplèng tells ces that k
,
→ h + et, = kit 2*14 . to I .

Thus Dpx = NÉ? ¥1 • And recale this is also 2+0 ↳ - -
- ↳ -

• Identification : 2¥( NÉ? ÉTÉ,)= 2# ✗ integer (
since momentum
is defined mod 21T)

PIÉTINERAI , NÉ- v4 - - -↳ = Liz . - -↳ ✗ integer .

⇒ ¥Ë☐ - u = n-cz.lu#ingeisthm
m = number of filled bands .



VII. The Kondo lattice : Oshikawàs bold more = ÇÎ Ès Cjp
I

Now fake Hu = - Ç. t.jctirc.gr + UÇMirna + JE JY §. .SLÊÎit
and a fictitious , spin- dependent , flux insertion ÇÎ→ ÇÇÎ exp(E)izitoerks] .

"

And OshiKawa write "
we must now use Up = exp ( i2¥ ? xdmr.pt S? )) .

( the result being 2¥Ç→ -✓= 2N, 5 consistent with the HFL theory) .

But this meam that immunity , he consider that the flux insertion
must also fake SÉ → SÊET

""""↳

; ie.
that somehow

,

the local

qubits §. are charged urdu the same UA) as the electrons . why ?

IX. . why should pins become fermions ?
Hao come that la-dited spins can

"

put more fermions into the FS
" ?

(1) Back to Anderson's model .

Conduction electrons Cfes coupled to a located orbital % .

À
c.d
= ÇÀ ctercuo + (k d! Go the)) t Ç Endo + Undp nad -

and recale that 2nd_ ardu perturbation theory : II.d↳ À
K

where ÛK = § Ç, CE fer + 2 Je Îd . ÎdE-⇒ Ô = position of d

ÉE d? Ep dpÔta ± ÛT .
⑤ = à

→ The fact that If are charged like the conduction electrons

fin, IEED from
their being the spin of the d- electron .



(2) Fractionalite the spin

there's somethang fishy in the previous argument: we are not
supposed to know that our spins §. are thou of hidden d.electrons .

"

Oshihawàs theorem " should hold for any qubit Îj . eren a nucleuspin !

Solution : assume that thequbit § , regardless of its physico nature ,

is fractionalited into fermions ,
i. e . write §. = fjj-qpfj.PT

" fichtioos
"

fermions
and the contraint fis = 1 tri → UH

jauge
.

Back to the Kondo lattice : d-with density p , ft with density 1- .

À me
-

€

7T
-

TTT
° Hu = § Epcptocpr + ¥ ? CIEP cip.si

-¥- $1! -0K$-Ha-µ f

→ Hybridation % Cip fitp fi, with
group Utt) ✗ UN>gauge

.

→ Now our ft fermions are either localitéd d- electrons
,
on

some land of localized fictitioos fermions ,
and inboard they

are charged onder a Clot)gauge ensuring there is one fermion per site .

→ Eon : Orly the et fermions au mobile , and they have

density p → where does the large heavy FS come from ?
I of density ltp -
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when does the FS actually become large?

hyb = (cfpfjpkfjtag.sn) with gauge group UH? ✗ 611} .

• First case : Vjp = ( Cjp fjp ) f-0 Spontaneous sym . breaking .

→ UH? × cette broken down to UCI) .

(Note Ctjpfjps corresponds to a onglet formation ,
B. T . )

Both d-and ft are charged onder the remaining lll1) .

The GS is a Slater determinant of (c, f) .

with density p+1 .

This is the Kondo physis ie .

what Oshikawawanted to achieve .

• Second case : Vjp = O and U(1)
c ✗ UCA )f romains Unbroken .

Then §. is not charged like the conduction electrons, the Gs is
( Slater (c))✗(Slater(f )) and the FS density is p .

It seems bering at first right , maybe that's whg Oshikawa

did not mention this case .

NB actually there is some interesting physio there CRY aihiality ,

- - -)

That's all folks I.


