
p
Afew surprising applications of number theory 1in condensed matter physics;

at a very basic level because the speaker is very ignorantactually.

I. Tamireffect (that one is quite popular
· Here let's justconsider

the d=1 version of the calculation.

EnE Elasticity =((E (78)- * (x)]
=># =Ewm(atan+) where w=
Ground state

enugy:EnIWEn = ? Bem.

· Mmaticalsolutions:

↳ Pedestrian one:
-M

E=Emme = -ein
=
-8 =1 - 2 +0(x) =?

Then leap of faith:this te depends on the regularitation a
therefore it's not physical. Let's keep this is which looks nice.

↳ "Official"one:zéta-regularization.
Def:(S)=EMS for ReCs)> 1.
Its analytic continuation to ¢ is unique (Igness) andIE1)=-it
Argumentby Hawking (1977): "The generalized zeta function
can be expressed as a Mellin transform of the kernel of the
heat equation.

" Looks convincing but Idon'tunderstand.



↳ Physical(?) one:here we are suring the vacuum term 1
2

fou all dicte modes of the box, with km-m and c=
Now, outside of the box, there are modes too, butthey are continuous.

D

=>Eoutside =IdrTrct. which obviously is infinite.
I

However Enfoutside-ETCm-SdrEncrite.
Use the Euler-Raclaun formula:
Eaf(a) =Gyx)dx + (f(36) - f((a)).
-a)(f-,)

Here we have to assure an inspecifical regularit,Jx=0. Edesiratives)
=>DE=-*=-

· Note:Bo=1, B,=, B2= I, B =6, B6 =iz, etc, Bap=0.
are the Bernoallinumbers -

They verify B= -m[H-m) and Ben=A 5(em).

That's nice butalso quite cryptic.

#crystals (there will be number theory atthe end!).

infiniteCone possible) def:I setof points with dibedal I'm symmetry,
which also hastelsymmetry (inthe pere that

from every gantit looks
the same) so ithas a semis group structure

and can be called a latice, butit's nota crystalline lattice because it

does nothave a finite unitall thatrepeats itself.



Ex:take a square lattice, and ateach point, paste another

square lattire thatis tilted at45%. (with origins thatcoincide).

This setis dense in the plane.I · (Indeed a subgroup of (,t is either

dense or 02, and I+I cannot be

an a because V is irrational.)... So there is no sense of a unit cell.

·tallrestriction theorem:the only dihedral symmetries
thata crystalline lattice an have are D2, D3. By and D6.

Roof:Since the lattice is periodic, with a finite mitall, there
is a lattice vector of minimal length;let's call iti

Then, all the i=gu, fou I-Dm, are lattice rectors as well.

So let's see whatthis looks like:

n=2,n =4 = M =3, m=6:

T a /j

There are the cases thatwork. And new eg n=
5:

Ys/FThe black vector belongs to the latine,
however it is shouter than i. Contradiction.

(Andfor m37, it's even more obviors:14-all (IIIl cleanly).

->Structures thathave Do symmetry fou Ne453047, +o5
are quystals.

In fact, an alternative definition requires the lattice tohave a
trandation group instead of semigloup, therefore Niren).



[Now, question:for a givete differentpossibilities? 7
Here use a more restrictive def of a quasicrystalline oflactice:

We are looking for a structure thatis stable by addition and
ifold rotation, and I much thatthere is a "generating vector"-

I i such that any latte vector can be decomposedas

E =EGRhowwith GEN and RN =rotation by 4.

A The case where allsuch combinations belong to the lattice
i.2. ENGEGRw/ GENY, is the "tririal" N-lattice.

The example Igave in the previous page is
the N=8 trivial cabe.

-> Are there arelations? (and how many?) -Sac RN?

Idea:describe vectors in the plane as complex numbers.
The rotation **=4.In this language, EN =2.
We wantESN=Sr=> Swisan ideal of En. integan-creff' polynamial of

Now, for any zer, the setzEN is an ideal;butit'sjusta

deformation of En. This is called a preideal and we wanttoignore them.

So the problem is:how non-principal ideals of En are there?many

E 1)Again, if there are di- EN such that SN=SN 3
then Si and Si are exialentideals, we have to quotient.



3 pages

↑
Ashort, clear, funny paper with a very provocative style.

So N=46 is the first
nontrivial case. The two

nonequivalentnamprincipal
ideals of Rys areI 2446 +* 46
where B =I (1+is).

One has to check thatBe 4x= 4[3] with 5=e2in146.

It turns outthat

The reader who cannot enjoy the proof can atleastenjoy the joke. N

I
So overwhelminglycs b/:
- only a finite (small) set
of integens N have hive

- other is have hi vers large.

Also a few nice comments:

⑱

Also a cute footnote at
the end of the preface
of abook:



#. Elliptic functions and bosonization
·Bosonization in d=1 (from S. Sachder's books)

↳ Startfrom a theory fornight-handed fermions:Hr=-iVSdx
40x4x).

Expand in Formier moder, ↑x =x)ex
with in. 4m)-don'

choose antiperiodic
E boundary conditional

=>Hr =(2-1) intm + est.
-
TVF

The partition function is Ep =1,(+ yen-2 y
=e
I

↳ One can bosonize: Curtthe filled FS)
X 1Q|

Astate with charge Q has
energy F , (em-1) =Q2

Then generate all possible states with bosonic particle-hole excitations:

HB =2 +Emb for a given a sector.

Then the partition function is Eis=(, yer)*.
↳ Ile:physically we wantEp=EF. Is it true?

One can check the firsttermes (for an arbitrary yec in gact):

4+27-y(1 +13)2 -94)(1 +45241 -y6)... =1 +2y +24+...

Incroyable! On devait de la magic!



· Solution:this is a major resultin analytic number theory.
It is known as the Jacobi triple product; according toWikipedia
it's a bit more general:for two complex numbers se and

y,

-(-x2m)(1 +x2y2)(1+e2m-

y-2) =ade gam

(and so for our problem we jostneed the case x=r, y= 1).

Avery
nice elementary proof in a 2-page paper:

i4m- +2i+mZ
· Jambi function:OCzit) =* e z,K.

n= -D

It has alsonts of fascinating properties which I don'tunderstand.

Don(z,t) =0(=+,t)

0(7,y) =eiπ(z
++(4)0(z+42,t) &TonC0,"+ Q0,5" =0l0,".

This is the Jacobi identity, which defines the Fermetcave of
degree 4 and more generally these auxiliary &functions are
useful tobuild modular farms.
I'm just repeating whatWikipedia told me, obviously.

staytuned! We're notdone with these yet.



IV. The Poisson sommation formula
· It's a formula of Founier analysis (and distribution theory:

+A
- i24Ut

for any function gst), whose FT is (r)=1dtg(t) e I

one has:g(n) =g(x)I
↳ In signal processing, itshows directly thatthe FT of the Dirac comb
is the Dirac comb itself.

to iTm2

↳ Remember the theta function?M(t) et 0(0,t) =Ee
m=

- x

choose g(x)=etect whose Itis gly)=e*32,
and the Poisson formula yields: [R(t) =Vx(()]a=4.
which tells as thatch is a modellan form or stig like that.

More explicitly:* exp(- +in4) =4) (4-2xp)2).M=-x
Calso use Itez+1 periodicity(

· Application:classical XY chain ark.a quantum rotor (from S.Sachder).
-

↳ ->Starting paint:Ft = -KMeMets continuum
FE =jat).

n (3=2ka)crotor with angle Yel
To compute de desatoretopologiesfor every et

" spin wave"(L) =Y(0).
=>5-3/exp(d)--3/2 well-known path integral

=2T5Th.

↳ Now take a quantum rotor, # = -D0Y02:
Solve F4=E4: eigenstates Ym)=eimt me4, enegies Em = xm2.

Thus Zar=mEe- xmYT=RCP/T).

↳Quantum-classical correspondence:identifying5* We expect Exy= Zam.
-

This is true! Thanks to the duality" formula ER(1.



· Similar butmore involved: fordmengaresFradkafield theres
Cefs:from Chailain& Lubensky and Itzyleson & Drouffe - thendeal

2d

Partition function of the XYmodel:TE*(e cosse:-es) I
Idea:approximation ecosce(

~E-exp(-(y-zam)).
and using the above explicit formula we obtain the Villain action:

z =1 exp(+imitij)ilnemi
j

EFinally I My.
Ma-My yieldsame marms)
=- Mjj

divergenuless -b

-> The Poisson summation formula has been used to turn

the XY model on a lattice intoa gaussian model on the dual latte.

Them I'm not are why we couldn'thave done this all earlier,
butpeople recommend to apply the Poisson formula a and time.

One than gets:Z= Emy (04 exp5Ma-45) exp(2iTEMaYa).
Then introduce the Green's function,

- EsaGrab)Mb

Gujaet sonEnpotential in 2d.
To sumarize:

PSF PSF

T Xy - Villain -3 Gaussian-
Conlamb gas Ilow-I dual GaussS

One can understand the me variable as a vortex charge, Iguess.
To be honest, we've made a few delours butperhaps itwas useful
because all these reasonings are pervative in the literature
aboutlattic gauge theories etc in the 180s and 190s.

Mality:the Poisson formula as a way to obtain dualities.


