A ;(em S0rQuSIY awhco)v\on& o{) norbne thassg
I ondenvec vk (D\(\j T
0‘{2 Ca \/bfa boyic Qﬂ.\l& %—(w (’,Q/\Q /AKXGJ’(U\ R Vu& [a(\o(a,v\\ N‘_(h\a%

v

T. The Cogimir e:{&ck (hat ong i cTuLEQ vagu\ch\>
® ‘HUUL /(akrg A'USJF Cbﬂ%%chl\ J\'QN?— Cl:ﬁ_ Vergion %‘(’Q\L mﬁ,wea}n‘o./\.

ﬁ/\/ﬁ eimw f"" [ QY - $Q5 |

= Q Zwm(o%thu\) whaw 0 = %J%

GCroond state e/\uaa y 51’ _
© Ma’r\f\uvmh@-Q %Mms:

25 5m
L oo \ el Dot s 5
& = +O(x)

Thwan me Qg \fng{\,; Hg é—z Japewﬂo on tha ﬁ.&?uﬁwutabm «
tQ\wu;(M Ys neh Qb\gw&. Lek}  lecp iR ._% whidh  (poleg na.

L, * ﬁgmaﬂ“wm 2ol - uguldatc sakivn.
Dgﬁ J()= Z e g Re(d> 4
Ts am\a%\‘\( (mhnuahon o € s wuqe (Tqaw) and 364)_ -
Aqowaent by Hawlarg (4a0). © The gomatalived 2éha
cwm‘ecuqne%ed ah o Mell fhaM@va\ e{t&rz leesnld %fﬁw_
heab %lahon. N Looks rvinung bt = don't undantamd. .



Ly (Pv\a?\'ccﬂ (7-) Ons- L\C(c We GAL /JU(rrvm\'\(:l he vawom tom %
fa)/\ a0 &A&ﬂﬁc ooy :fbeu box/ with , - "T_Z’L and C:‘}g]\

Now, culecly of t&ambox, Burg ane. Amodss oo bul o ong continuous.

— €. o = _(dl) Tv ciz : Whda o\ovcous\(j N R\%\mjve.-
Hou)mu € Cougida = % JZ»TCM ’Ofdu fZLw—co %
U(—e t&ﬂ %’ OQQLQLARY\ qCV?VV\U\QQ\ :

S o~

S - [pon e 2B - %)
= F(ff - £

Mm-a
_ f0e) = Bep (@R (0.

(7.9

- 2 p=1 P!
Hee we Yove to ohurne. Om c)/‘?(ﬁciércci na_ﬁu.ow%a’ﬂoﬂ {(90) :fO\
B 7o 1 T (ardd all s ~ dorivalives)
2 _ c
> L=-F2"F=-F T
Z) ( p>0
(] '\YO_{;Q,; Bo:l) 'B/:E(\I gz’:—és—)BLf:?O’ %:cfrz‘d_c, (BZ»P‘”:O

ane the Rernculi Nomabens -
Dy Bc omfUn)  ond B - €T 2Gm!
'(L\(Lﬁ V) g)a > = M I(A m) B, = $em)
\ CZW)Z,“
Thats nie buk also ciuiba eryptic.

. CGluasirynolg (thae will he aumvloen H\Qua ot to and )

(e Posﬁ\ou) d££: ir\J{)N\'&Q gekag Peimts with diediadl i, Ummvd( g,
Wi o wan o lakionel 4Jmme\aa Gnla e ok
%@/\N\ every ot & Qooln tha sams)) o ithas o @emd Srap Yeudua
ad on % oded o Rabhia, louk &' ok o cyralions Lakie. oecawes
dws not wove o fike ik Wl Gat ropats ibgelf.




El(_'- Jcodze 78 ML\J&AL ﬂﬂ.uf&) WV\O\ a}c €&ce\ ?m‘f\k, noote. a/vxote\.(l/\
/Aatoaw_ lobou. ok < Llted o 43’ . (ot origny ok @nede).
é/' _— Thg sk @ dense in the plana -
/J’«#\wla (Tndedd a wtjzwo“o % R, iz athen

® Xy

danse or 2Z, o 2+ Z  cwonnol ke
o &2 lecause VZ s 5((a\\'o}\a_,0_>

2o thae r\ogmkogawl% 78

« G ﬂﬁaﬂgﬁl\a p\r\Lc NQA)U‘J»C.\TOA #Q\eorem\: e @N\LLOL OLL\Q&MQ %jm\m\e\ﬁiu
ok o crgstatina  folhe am Hove ang Dy Dy, Dy ond g -
?@ﬁs Swe W Latine i< 'P:JIIO&IL‘ Wit o ;[ML&Q wik o, tRue
R o fothe vccﬁmra:t Animne L «QIW\XW\) Aob's 00 ™ -
- f

Tb\ao\) al the Ucaa/ {M af— Dn, ae fothia vedrs  ad well .
o bs po vhek R ols Mee .

m=2, m=4 - M3 m=6-
A u

- T ~ o

u”l u \Z,, 0 7 U,

e G> G> ) U
Thee ars the oun Rrakt worle . And nod Q,d m=5: J} >
The acle vedor belongs, o e Lthia, Y

((

Muu Ik 3 ‘&m&m J\Tll\l:M w- Gontnadichon.

CAnd i&/\ N2, kS ewn more daioos: | U -0 < (T ceeouiﬁﬁ_

—  Shudu et hove D \zdrrww\ekr{[ ircm N e (st [71+r>~(
ey V- o]uwc/\:}&rclo -

( I ac,%l an alto notive da{(m&}\‘or\ realwiruu the labhs o ave a
e ation 3/\60[) i Stead ojl) maqu@\ ﬁwcg./\.ﬂ_ N R eVe\{\r) ]




(even)
[Ww)) O\Ous\\”on: {Mo. 6‘“/@(\ N' V\g_,) Wany du'.{u.ey\k @S&'\\m&‘l&?]
; g b |
Here uwge o mmane neotnichive def ag o o’ua/a{cras\a&cwz & Lobitee -
lA]eaw_ &o'a\’g favLa Abwc\‘w)ﬂ JCQ\QJC 8 thalfa V)(-J addifon  anndL
'@ufa@l mokation,  and /N b ok Qe < a “M vechsr

W ch\ ’(.Q\ok Ma [wﬂilz_ vedor Z o be obwoxeo\ OA
= N - P .
chcﬂ’%"” wth Ge N and Ry = nototon vy ZTR

[N o s B8 i Gmlordas o to G Lattas,
l-e.ZNd’fe{ gq, Q}jm\ C?.enslt LR e Sanel” N lattis
mw()m Iaou/e in ha pasneos o e 8 tuual e .
> A e oer cdudons? Camd\(\ewm\aﬂg?)-” Sy 4y ?

Tdea: deadoe  vedoes 0 tha Pﬁcm&cu tomdlx nasroes

The sotabon € =K. Tn thit lonpuoge, 2 = Z[€)

e wark Zy- 8 £ 8 - Sy andeffz, . Nl e S
Nowd, {mwvg ze 2 | Hu 20y & andoad , bub &S ot a
dﬁ‘fwmu\\‘or\ B%Z& This § eed o YWJ ard we amt to grore Hum.

W te“?"w“’“"‘ how g ron-praveipal iclaalle 0£Z\, on. e ?

<l!5 Aan, f Boaan | € 4 nd Qat 37— BT >
Hhaa N and L e eﬁuauaﬂ(wvt iMO/ We have (o ciuoéiem{;_

Thus the number of distinct classes of reciprocal lattices
with N-fold symmetry is the number of distinct classes
of equivalent ideals in Zn. This number, hy, is called
the class number of the cyclotomic field Qu, and has
been and continues to be the object of much computa-
tional effort.
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To answer to whether a general N-lattice is equivalent
to Zy for arbitrary N is this: Overwhelmingly no; but
for all practical purposes, yes. There are only 29 even
values of N for which there is a single class of N-lattices;
but among these are all values of N up to including
N =44,

The only cases in which there are just two classes of
N-lattices are N=56 and N =78.% There are just three
classes only for N =46, 52, and 72.° When there is not a
unique N-lattice, things can be rather bizarre. The num-
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which can easily be checked numerically, or given an ele-
mentary analytical proof'® (which, however, this paper is
too short to contain.)

1We are grateful to Keith Dennis for showing us how to do
this.
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In general the situation is quite horrendous. Although
the number is finite for any N,'' even for as “‘reason-
able” a number as 128, there are 359057 distinct N-
lattices. There are more than a hundred million distinct
158-lattices, more than ten billion distinct 178-lattices,
and Ay grows astronomically as NV gets still higher.

Alvo o few nie onmaments -
|\

The tacit assumption that there is
only one class of N-lattices for general N was the only
fallacy in a sensational “proof” of Fermat’s last theorem,
announced by Lamé and avidly pursued by Cauchy in
1847. It was Kummer who discovered the multiplicity of
46-lattices, dashing cold water on these hopes.'?

It is splendid and remarkable that this enormous but
(for physicists) arcane branch of number theory, de-
veloped in an effort to prove Fermat’s last theorem,
should contain precisely the structures needed to formu-
late and answer one of the most fundamental crystallo-
graphic questions raised by the discovery of quasicrys-
tals.
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"lan Stewart and David Tall, Algebraic Number Theory
(Chapman and Hall, London, 1979), Theorem 9.7, p. 165.

12Gee Harold M. Edwards, Fermat's Last Theorem
(Springer-Verlag, New York, 1977), for a delightful historical-
ly oriented introduction to cyclotomic fields.
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* For the second printing, which we prepared in May 1995, we have corrected
a few misprints, and added some references to Chapters 3 and 12. The only
significant modification of the text takes place in Chapter 3, page 234, and
reports on the recent progress made by Wiles on the Taniyama-Weil conjecture,
which provides a proof of Fermat’s celebrated “Last Theorem”.
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SHORTER NOTES

The purpose of this department is to publish very short papers of an unusually
elegant and polished character, for which there is normally no other outlet.

A SIMPLE PROOF OF JACOBI'S TRIPLE
PRODUCT IDENTITY

GEORGE E. ANDREWS

Bellman remarks in [1, p. 42] that there are no simple proofs
known of the complete triple product identity

However the two identities of Euler,

are rather easily established [1, p. 49]. It does not seem to have been
noticed that Jacobi’s triple product identity follows simply from
Euler’s identities.

1. R. Bellman, A brief introduction to theta functions, Holt, Rinehart and Winston,
New York, 1961.
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