
About the LSM theorem

A theorem about ground states of spin Systems .

I. Context : what this theorem is about

Two basic questions about a ground state : is it gqped ? is it unique ?

Let's see what hapens with a few exemples .

• Ising ferromagnet : gapped , twofold degenerale .
• Heisenberg FM : gapless , continuous sots) degeneracy .

(and the same with any continuous sym - broken GS)
Spontaneous

• The 5=12 XY chair : we know it is mapped by Jordan - Wigner onto a

theory of free fermions → unique , gqpless GS .

• Actually the 5=12 XXZ chair is also soluble (cf LSM papa) , idem.

• The other extreme case : the Bethe chair : gain , unique , gapless .

• The AKLT chair G-1 ~Heisenberg) : unique , gapped GS↳ soluble " parent hamiltoniens
"

.

• Shastry - Sutherland (basically À ← AFrangs) : gapped , unique .

• { Majumdar - Ghosh (basically ← AF ) : gqped , Twofold dgenaag .

↳ ( just like AKLT, parent hamiltoniens and the GS is bruit from simplets) .

° RVB state of the F-12 trianguler lattice: gappeds topologieal (4- fold ? ) degenaay .

you cannot réarrange
the singles locallyIndeed :

#Ç## • as to change the"number of-
Crossing either of the red livres

.

* party of the
• Toric code : gapped , topologieal (4- fold) degenerag .

• Kitaev's honeycomb model : gapless , unique . (then gqped phase = toric code) .

• Quantum spin ice : gapless , unique .



With all these exemples ,
it appears that there is a unique , gqped os arly

when the
spin per unit all is 5=1

Car at least am integer) -

moque

this is consistent with Haldane's cgnjehere for spin
chains : {

SE +12 : adopte"
SEN : gqped .

(supported by Ro arguments ) Heisenberg unique

This is the idea of the LSM theorem .

II. Statement of the LSM theorem

A) Without an external field
The grand state of a system of spins with spin S# N pa cuit all

and SÊD conserved (i - e . UA) symmetry ) cannot simultaneoosly

De uriques and Cb) have a fuite gap to all excitations .

the technica season for this will be given in the
"

prof
"

section ,

f now ,
I don't really know of an intuitive justification .

|
But considering this prof is idenhial to that of Luttinger them by Oshikawas
where the lll1) Symmetry is of course a Key ingredient ,

we know this must be vez important .

Nagbe a buter cnderstanding when we discuss parton interpretations !

2) Generalitalion witha to magnetic field
Replace "

seins
"

by
"
S-m ¢☒

"

with m the magnetitaken puit all .

Experimental consequence : magneti 2-ation plateaux .

(here
5-% m

pa
unit
all) Interpretation : having ✗ f-0

↳ - mears that there are

r - excitations with arbitrantyËÎ¥ h
low

energy which can change
the magneti+ation value .

V
So ✗=/0 ⇒ gopless .gap e#-)

Now let's see the prof of the then ( original version)
↳ OshiKawa' s version : wells see

my note about Luttinger
'
I then

.



II. Proof of the theorem in dit .

@ Idla : the opération of e
" ¥ Ci - e. rotation by 0 arandz) is

, by-

assomption , a symmetry of the system .

So if we notate all Ji by the same angle 0 ,
we are stitt in the Gs .

(we amome the GS is unique ,
then show it is gqpless) .

Now the ida is to build a " twisted
"
state

, by rotang spins slowey ,

step by step : then check that this state has vanishing small energy .

Define Û = expf È ¥ ; 5? ) ; it has the effet defined aboie :

ftp.T . .
- FFFF Û_ ÎÎ ÎÎ - -

- * T.TT

It builds a tank which is dilated over the while system length .

• One can check that thanks to this "dilution "
,

the
energy cost varioles .

In fact , one can show 44 UTHU - HH) = OK) . for ix.- Gs .

To do so
,
use Hadamard 's lemma : EAH e-

A
= H + CA

,
H] t Et

,
Et

,XD + . . .

Since K) ie an eigcnstate of H , the Et , H] ton does not contribute .

[A / H] = [ ÊÇ jsj , H ] ✓
"'"Dm
✗ £ [ § jsj , Ç SESÉ the]

I not erigerous :
there

could be nnn
= f- En Oct) Sàsien + hc

.

* change aswell
-

(Indeed
,
$5

may change tj into -j but simuetaneorslg
.

- Gti) into +Gtp)
so the global energy change is orly 0A) . )

This argument uses the UIN sym and wards as wel for any local spin-spin interaction .

[Ai [AMI] ✗ ¥ [ Ç j SÎ . E SàSuis the ] = te fout) Sutsàtn the
⇒ kf1 ÜHU - H (4) = OUN ) 0CEo ) .

This is valid in any dimension ; now , Eo = 0( Ld ) , so
that

our
"dilate kenk

"

state has Vanishing energy orly in D=1
.

We Will see later how OshiKawa ex tends the argument to do, 2 .



• Now we have to check that the state we have bruit is truly f- from
the Gs , we will check UN> 1- 14> .

To do so
,
we with check that UK) has a different eègenstate than H)

for some hermitien observable which commutés with H .

→ chose Î since the system has translational invariance dong I .
That's the same idea as

,
when proving Luttinger's thmiÀ the topologieI pumping .
Û= e" : 4m → 4mm etc

.

4m .- e "em
dit ( sit - f- § Sj

? )
q
,
= @

litt (s-m )
.

Here we have ÜTÎ, Ü = e

which does not yield the same eigenvalues as Î , provided S-m ¢2 .

This concludes the proof of LSM 's them in D=1 .

I. A feu remarks : now deep does itgo ?

A) Mapping spins ⇒ partiels and UC1) symmetry .
- Recale : Abrikossov formions : two species Cip

,
Cie such that

Sit = City Ci , , Si = CE Cip ,
2s? = CfpCir - Citi Cit ,

and a local contraint Çtcip + C? + Ci, = 1- ti

enforced by a UK) gauge theory .

- Here
,
we have a global symmetry .

since SEE is preserved '

this meam À contains anly Stisj and S? combinations
,

this meam a global Uct) symmetry { ctiî → e
" Èiî

.

CI , → e-
"
et ; j

' Therefore (quite intuitive) we can absorb the gauge charge of ,
Sag , the CFL fermions , so that arly the Cfp fermions are charged

Urdu a Utt) gauge field : basically
"

spins
-

up are charged
"

now .



' This explain now come the proof of LSM 's them is so similar

to that of Luttinger's : it is really a them about Changed fermion !

2) Extension .

.
commenswability .

Note that one can apply Û twice
,
there building a " 2- tank " State

.

We this build get another
"

quasi - GS
"

provided that 5m ¢ Hq .

→ we see clearly the line to Luttinger's thm , commenourability etc .

3) Extension to higbee dimensions (↳
- limit already taken)

→ More "

handwavirg
"

arguments without explicit energy evaluation .

¥ : au opeeator Û is exactly the are which you would apply to

canal a flux insertion of 2A from the hamiltonien (but not the evolved states !) .
ie . to>- {Hô >adiabatique µ

,⇒ { UNO
'

)

{ H insertion of 21T
H agarn

-

(
"

gauge droite
"

)
ÙtHÜ

.lt#t1 : the flux insertion is adiabaic , so that if there is a gap
.

)

it sent 140> la GS of H) into Ho
'

) a GS of H
'
.

So
, shifting gange choice : UNO' ) must be a Gs of at till = H .

- RE the LSM proof discussed - the
"

energy
"

CH ëegenvaléé) of UHD .

↳ (it was not am eigenstate)
Here we don't nad that ! actually . . .

• Argument2 : § car Îx) commutés with the hamiltonien allaf-

the flux insertion process , so Ho) and Mo
'

) have the same eigenvalue

urdu À la Îx) : So the argument we used with UNO) in the LSM prof
works identieally with Utd) here .

→ with these "adiabahz arguments
"

,
the then is

"

proved
"

in
any dimension d ! But the role of UA) sym is somewhat hidden .


