
About the SYK model

I. Motivation : non- Fermi liquides
A) Some expérimental signatures of a Fermi liquid :

• Specific heat : Cv = Ézkstglo) (equi to that of the freeElectron
gas)= that least to the arder 1- 1)

.

• Gndudivity :

↳ Wiedemann . Franz law : ftp. =L = # kf-2 : charge and energy
carriers are the same

.

↳ Bloch . Gùneikn formula :

pet> = pas -1 A NI!Î→d"
where m = 2,3 , 5 for FL interactions , s- d scattering and Eph
scattering . respectiez .

Rt: that's "

just
"

Drude
, f- m⇒ ,

with it given by| the RPA qprox t' = Im where it? can be

another A fr-5) or a d-electron (nés) ara phonon (ne) .

→ These are prédictions which can be Tested
.

In some expriment , deviation from these behau.ae
.

↳ theory of non - Fermi liquides .

2) Some theoretical ideas

• In a Fermi liquid , the propgator becomes ✓ qp weight

Gcpiiw) = iw.fp-zpiwy-iw-ZP-c-p-l-G.noe.cp.in)



As long as Zp -1-0 , there are quasipartiels hence
a FL .

(NB eren when Zp = o ,
it alg meam that electrons are not good gpe ,

but there can stile be other qps
- of the Luttinger liquid) .

• Quasi partiele lifetime en a FL : consider a Fl with qp repulsion U;
then estinate the qp lifetime K at an energy

E close to the Fs

using Fermi's golden mile .
It reads :

DGDG des f14) (tfkDU-fksD-UE-g.is✗ {¥Î%
,

"

.

Je = %?a.Ï
(✗ gamin ' f"'"'

"

In a FL , Equilibration taken a long time .

"

↳This is the usual argument for Ihe stability of the FL .

(However there is a loophole : it does not depend or dimensionality d .

But we know that in d--1 the FL becomes instable -
→ look @ Resto !

• Density of manybody states : fake a FL with single - pairle energies Lci } .

Then the
manybody energy is E= FÉ Mi Ei with Mi = 0,1 (fermiers) .

Î-
Dos (E )

(a) the energies rory over -E, and there are

roughly 2N states in this region , so

level spacing ~ 2-
N

: High-T region .K" (b) Very few states (typiiallg 0111) populated ,
hence lipaduy - 11N : the q¥Et .

level[ (b) → A Fermi liquid has a many body spacing ~ MN .

The SYK model protides an exactly solvable model where there
are noq-pswl.atsource (so it is "more NFL than the TLL

" )
.



I Technica background :
disordered metal

→ Use random matrices to model mesoscopie transport .

Starling point : [H = tg Ë cticj - µ ? ci}
random matrix Gaussian) :

mears : disorder average →=o
, t.it#=-E(diudjetdildjk ) .

( standard method from the Audy of spin glanes etc) .
:-( ij

Diagrammatic representation : tijct.ci =

; ;

Green's function :

• ti j q
tile •

t tej

Gij = +Ëi + i j + - -
-

÷
=D =D

Great simplification corner from disorder averqing :
, .

and no
" loose ends

"

:

'
- ' '

i. ÉYN etc .

i i (number of
quantum dots)

Eren greatee simplification armes from the large@ expansion :

let's look at the 4- th arder term :

.

.

.

-
-
- - -

-

.

.

.
-4N

.

.
- Élu

:
-ÊN;i = Ii-iii ti iü

+ iÏÏË?÷, ( humainindices : input )
N

The lost diagram is GOGH) gogo negligible cost the others .

So : self - energy : Iii = § ¥ Gjj = EGII . E. = .

{
Gciw) = iw+µ÷iw) ⇒ pas= - ¥ Imcdw)=¥«J4t?¥ .

Ect) = E Gct )

J
" ' (µ absorbe

d)

j'
a band of

and this is easily solved . fermions
→metal .



NB : an important feature is the time - dependence of GCT ) at long I .

Fastest way : assume GH) ~ Mex .

⇒ Ect) - Yt"

⇒ Eciw) = / de Ë
"

EN ~ W
"'
⇒ Gin)~ w1-

& ⇒ Gct) ~ c-
&-2

SE d-1 < 1 Et [G)= µ
hence : [GH) - ^ /t] → a signature of a Fl

from a random matrix model

F- 0
,
lUqÏ=U

?

II The SYK model
-

Its a model of pine interaction : µ =¥ Ça U@ooCtactpC.C)
)̂ Diagrammatic solution .

-

µ ?CES .

Same reasoning as previously :

G- = + o + I.ÉTÉ +0 + . . .

xp UN"2

Similar ly ,

all diagramme with
" line crossing

" vanish in the Nsx Limit .

We have : ECE ) = - U
?ÔC⇒GET) .

2) Some qualitative features of the solution . ✓
Plus : Dos

• It describes a g¥ phase : indeed, assume Im GG)=0 kWc- [AD
.

Since Glu)= w.fm , this is equivalent to Im Ecw)= 0 .

But because of energy conservation ata vortex, this impolies Imawt-ov-wc.ES/J,3D)
.

- . . etc : one can have Gas # 0 only if ED : gapless phase .

• Now to check it is not just a metal , find the long -I Decay of GH) .

Assume GCT) - 1/toi
.
⇒ Ect) ~ Mt

"
⇒ Eiw) - W

""

⇒ Gciw) ~ W
1-34

SE 3×-1<1 est Eco) =µ
⇒ "⇒ ~ t

""
hence : [Gct) ~ 1)pz]

→ shower decay of correlation @ long time than in a metal
→ NFL .



3) Exact solution of the problem
and we consider orly the Singular• Recall Gciw) = iw+µiw ) contribution where Z dominate

Gciw) Esingiw) = -1 . ( in the denominaher .

Rewrite the Înew
"

problem we have to solve :

p

(*, { § DE Ising (Tritz )
G (Ets ) = - SCI - T} )

Ising (I , Tz ) = - U
?

Tritz ) G (Tz ,
I
,)

• It tons out that this problem has an exact solution :

[GCZ) = Apg , A = e-
i""
( it /à os (20-1)

"" e- ]
where a is a parameter fixed by the filling .

[ (that's @ F-0) .

(NB this is an qproximate solution of the
" true" problem for #« U) .

• We want to know Q -

= f- J CIG = GÉO) → trow does one do that?

Method : rewrite it as in the proof of Luttinger's them
,
then a series

of clever tricks , and the result : Q = f- - ¥ - Sink
'

.

Also denote e
#E sinc?4+0) ( or E parameterte pairle -hole=

¥4.03
'

dis ne
pancy)

• Important feature : Gct) ~ {
- e

"ENTI" ? T » 1N

+ e-
"Titi" IK - YU

.

does net depend on U @ long homes .

Thus the Typical dissipation time can arly be tp =#test
↳ "

Planchon metal" : information propagates d- maxi-Cd .

(can bemade rigorous,↳
"

No quasipartiale whatsoever
"

: now proved ! Lieb - Robinson etc) .

o the solution at fuite T also exists !

A.G.& O-
P. found it by recycling result from multi-channel Kondo etc ,

and their ansatz appeared to yield a correct solution !



(&garage)

4) Reparameterizationvsymmetn.es
• The low - energy problem (*) has a full Diff (R ) sym - group :

c- = after)
leavers the problem¥6Ca F2) = ( f

'

(a) ftrz)]
"" Ôcrr

,r) invariant .

[ (Ertz) = [ f
'

(Ei) f
'

crz)]"" Ê (Ie ,Tz)

(
There is also a UA) gauge invariance Gctaitz) → GÉ GLEE))which had to be there /cf Luttinger} thm .

E GEN E

ER est
• In particular ,

the conformationnel I = ¥ ton ( ITTO)

gives the finite -T solution from the to one !

Thus
,
the

"miracle " of A.G.& QP
. cormes from this Diff (R) hidden

Symmetry .

• Now
,
recale the solution we found : (here ,

0=0:E and to for simplicity)

Gad (Tritz) d /Fitz)"" and Igoe (Ei Tz) ✗ la - Tz)
- 312

.

This has a much smaller sym . grp .
than (A) !

Actually it is anly SLCZ
,R) ,

i. e- flot = %fb-a.ad.be = 1 .

Hence the gaptessness (
"

reparametuization soft modes " ) .

(Of course not goldstone : fermion:c , and notquasipartiels) .

5) F-0 entropy .

1- energy
O

Ide : fake free fermions with chan . pot . d'µ ; they have §q§g- e-
0¥

.

And hear we
,

have §§ = e
"E.

(cf prev page) 80 : µ - µ = - 21TET] + corrections .

Maxwell : 0¥ = - f- %
,

=P LITE -

↳ ¥0 : breaks the 3rd law of thermoDynamics .

Eren Stranger : So = ftp.nos = 2T{Qdq {(g) =/0 (and actually there is
a formule)

↳ low- energy level spacing ~ e-
NC

: that's # quasiparticle physis .

=/ 112 tout still
. . .


