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FunSearch published in Nature by Google DeepMind

FunSearch

Evaluation

Article | Open access | Published: 14 December 2023 Pretrained LLM = —'a

Mathematical discoveries from program search with XX —E=—

large language models Speciicaton N . Now program
| Ciedby4ss | L]~ B -5
Barekatain, Alexander Novikov, Matej Balog, M. .

Bernardino Romera-Paredes &,

Kumar, Emilien Dupont, Francisco J. R. Ruiz, Jordan S. Ellenberg, Pengming Wang, Omar Fawzi, Pushmeet
Kohli & & Alhussein Fawzi &

Nature 625, 468-475 (2024) | ite this article

@ Target 3 combinatorial problems : Cap sets, Admissible sets, and
Online Bin Packing

Paper take-away :

Through a combination of LLM+metaheuristic, possible to generate
interesting heuristics for optimization problems that human did not
think of before.
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Online Bin Packing

Priority heuristic :
In  Object size + array of bins
Out Bins priority

NEXT :

L]
] || Then object scheduled in bin with
maximum priority.
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Online Bin Packing

Priority heuristic :
In  Object size + array of bins
Out Bins priority

NEXT :

L]
BE || Then object scheduled in bin with
maximum priority.

1

Nature paper:

@ LLM (Codey) generates priority
heuristic

@ A genetic meta-heuristic
(island-based) select the priority
heuristics

@ Specificity : job unknown (online) but
follow probability distribution
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Online Bin Packing

TH

9 5559 2 31003 1

Priority
Best Fit -

Priority heuristic :
In  Object size + array of bins
Out Bins priority

Then object scheduled in bin with
maximum priority.

Nature paper:

@ LLM (Codey) generates priority
heuristic

@ A genetic meta-heuristic
(island-based) select the priority
heuristics

@ Specificity : job unknown (online) but
follow probability distribution
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Nature Results

@ Trained on 5 instances of @ = 10.000 inferences to the LLM
the OR-library

@ Evaluated on the 20 others

@ BestFit as the baseline

Weibull(45,3), Bins : 100

Uniform[20,100], Bins : 150

1 def priority_ci14(item: float, bins: np.ndarray)
— — -> np.ndarray:
1 def p”“’b‘i':sj":(‘;zjr}a”) i 2 score - (bins - max(bins))**2 /[ item + bins
ndar‘ray"" Yy P- **2 | item**2 + bins**2 | item**3
- . 3 score[bins > item] *= -1
2 def ?;My‘" LteiTe)ﬁ P 4 score[1:] -= score[:-1]
3 " : 5 return score
4 return 4
5 elif (bin - item) <= 3:
6 return 3 . .
7 elif (bin - item) <= 5: b ll .
] S Weibull(45,3), Bins : 100
9 elif (bin - item) <= 7:
10 return 1. 1 def priority_c13(item: float, bins: np.ndarray)
" elif (bin - item) <= 9: -> np.ndarray:
12 return 0.9 2 score = 1.56 * bins - item - 4 * np.log(
3 elif (bin - item) <= 12: bins) + 0.16
1% return 0.95 3 score[score > item] item * 0.56
15 elif (bin - item) <= 15: 4 return -score
6 return 0.97
7 elif (bin - item) <= 18:
18 return 0.98
19 elif (bin - item) <= 20:
20 return 0.98 . .
2 elif (bin - item) <= 21: Discussion
22 return 0.98 N P N i
3 else: The effectiveness of FunSearch in discovering new knowledge for hard problems might seem
24 return 0.99 intriguing. We believe that the LLM used within FunSearch does not use much context about
2 return "p'fzr,ray‘(,[s‘s\‘ bi’r\sllt;”") (OISl the LLM should instead be seen as a source of diverse (syntactically correct)
ir
L R R D OV VAT e a4 s [0 When further constrained to operate on the
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Uniform Distribution : U([20,100]); capacity 150

1 def priority_ci2(item: float, bins: np.ndarray) -> np.
ndarray:

2 def s(bin, item):

3 if bin - item <= 2:

4 return 4

5 elif (bin - item) <= 3:

6 return 3

7 elif (bin - item) <= 5:

8 return 2

9 elif (bin - item) <= 7:

10 return 1

n elif (bin - item) <= 9:

12 return 0.9

13 elif (bin - item) <= 12:

% return 0.95

15 elif (bin - item) <= 15:

16 return 0.97

7 elif (bin - item) <= 18:

18 return 0.98

19 elif (bin - item) <= 20:

20 return 0.98

21 elif (bin - item) <= 21:

22 return 0.98

23 else:

2 return 0.99

25 return np.array([s(bin, item) for bin in bins])

Figure — c12 heuristic in Nature
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Uniform Distribution : U([20,100]); capacity 150

1 def priority_ci2(item: float, bins: np.ndarray) -> np.
ndarray:

2 def s(bin, item):

3 if bin - item <= 2:

4 return 4 P

5 elif (bin - item) <= 3: priority

6 return 3

7 elif (bin - item) <= s5:

8 return 2

9 elif (bin - item) <= 7:

10 return 1

ul elif (bin - item) <= 9:

12 return 0.9

3 elif (bin - item) <= 12:

u return 0.95

15 elif (bin - item) <= 15:

16 return 0.97

7 elif (bin - item) <= 18:

8 return 0.98

19 elif (bin - item) <= 20:

20 return 0.98

2 elif (bin - item) <= 21: »

4 e 008 7 2 remaining

23 else: Space

24 return 0.99

2 return np.array ([s(bin, item) for bin in bins])

Figure — c12 heuristic in Nature
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Uniform Distribution : U([20,100]); capacity 150

1 def priority_ci2(item: float, bins: np.ndarray) -> np.
ndarray :

2 def s(bin, item):

3 if bin - item <= 2:

4 return 4 jorii

5 elif (bin - item) <= 3: priority

6 return 3
elif (bin - item) <= s5:

] S emy < . "best fit" , never \first fit

9 elif (bin - item) <= 7: ’ | '

10 return 1 ! !

" elif (bin - item) <= o h H

12 return 0.9 ; !

13 elif (bin - item) <= 12: ' H

1% return 0.95 ! !

5 elif (bin - item) <= 15: ! h

16 return 0.97 ! :

7 elif (bin - item) <= 18 Ll ____ JE PR

8 return 0.98 |

19 elif (bin - item) <= 20: Y

20 return 0.98 //

2 elif (bin - item) <= 21: -

2 return 0.98 7 2 remaining

23 else: Space

24 return 0.99

25 return np.array([s(bin, item) for bin in bins])

Figure — c12 heuristic in Nature
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Uniform Distribution : U([20,100]); capacity 150

1 def priority_ci2_simplified(item: float, bins: np.
ndarray) -> np.ndarray:
2 def s(bin, item):
1 def priority_ci2(item: float, bins: np.ndarray) -> np. 3 if (bin - item) <= 7:
ndarray: 4 return capacity - bin
2 def s(bin, item): 5 elif (bin - item) <= 21:
3 if bin - item <= 2: 6 return o
4 return 4 7 else:
5 elif (bin - item) <= 3: 8 return 1
6 return 3 9 return np.array([s(bin, item) for bin in bins])
7 elif (bin - item) <= 5:
8 return 2
9 elif (bin - item) <= 7:
10 return 1 . . . . .
" elif (bin - item) < o Figure — Simplified c12 heuristic
12 return 0.9
3 elif (bin - item) <= 12:
% return 0.95
15 elif (bin - item) <= 15
16 return 0.97
7 elif (bin - item) <= 18
18 return 0.98
19 elif (bin - item) <= 20
20 return 0.98
21 elif (bin - item) <= 21:
22 return 0.98
23 else:
24 return 0.99
25 return np.array([s(bin, item) for bin in bins])

Figure — c12 heuristic in Nature

laume Pallez2 ('CNF Interpretability of LL



Uniform Distribution : U([20,100]); capacity 150

1 def priority_c12_simplified(item: float, bins: np.
ndarray) -> np.ndarray:
2 def s(bin, item):
1 def priority_ci2(item: float, bins: np.ndarray) -> np. 3 if (bin - item) <= 7:
ndarray: 4 return capacity - bin
2 def s(bin, item): 5 elif (bin - item) <= 21:
3 if bin - item <= 2: 6 return o
4 return 4 7 else:
5 elif (bin - item) <= 3: 8 return 1
6 return 3 9 return np.array([s(bin, item) for bin in bins])
7 elif (bin - item) <= 5:
8 return 2
9 elif (bin - item) <= 7:
10 return 1 . . . . .
" elif (bin - item) < o Figure — Simplified c12 heuristic
12 return 0.9
3 elif (bin - item) <= 12:
% return 0.95
15 elif (bin - item) <= 15:
16 return 0.97
7 elif (bin - item) <= 18:
18 return 0.98
19 elif (bin - item) <= 20: 1 def priority_c12_parameterized(item: float, bins: np.
20 return 0.98 ndarray) -> np.ndarray:
2 elif (bin - item) <= 21: 2 def s(bin, item):
22 return 0.98 3 if (bin - item) <= prio_a:
23 else: 4 return capacity - bin
24 return 0.99 5 elif (bin - item) <= prio_b:
25 return np.array([s(bin, item) for bin in bins]) 6 return o
7 else:
8 return 1
9 return np.array([s(bin, item) for bin in bins])

Figure — c12 heuristic in Nature
Figure — Parameterized c12 heuristic
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Uniform Distribution : U([20,100]); capacity 150

[20,100] and ¢ = 150 [20,100] and ¢ = 250 [20,100] and ¢ = 350
1.00 1.00

1.00
101 8 000
.99 0.99
0.98 * g I I = &

0.98 1 0.98
1.00 -
0.96 Q 5 [} ]
c2  cl2_par a2 c12_par cl2  cl2_par
0.99 [40,120] and ¢ = 150 [40,120] and ¢ = 250 [40,120] and ¢ = 350
1.02 2 g g 3
1.000
098 oo E g g 1.000 5 5
- [ ; 0975 4 0srs] © S
097 0.98 0.950 g
c12 €12_par c12 c12_par c12 c12_par
[60,140] and c = 150 [60,140] and ¢ = 250 [60,140] and ¢ = 350
101 g ;
100 T 1.00

Figure — Performance of parameterized 8 iy

c12 for various prio_a and prio_b on the 0'99 E ° ] ey § 0o §
same uniform distribution c12 has been o e d2  cazpar d2 azpr
evolved compared to Bestfit

Figure — Performance of c12 and
parameterized c12 for various

@ On Uniform([x,y]) : uniform distribution
prio_a=x/3
prio_b=x+1
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Weibull Distribution : R =45; A = 3; capacity 100

1 def priority_ci4(item: float, bins: np.ndarray) -> np.
ndarray:
2 score (bins - max(bins))**2 / item + bins**2 | item**2
+ bins**2 [ item**3
3 score[bins > item] *= -1
4 score[1:] -= score[:-1]
5 return score

Figure — c14 heuristic in Nature
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Weibull Distribution : R =45; A = 3; capacity 100

.
Line2:

1 def priority_cis(item: float, bins: np.ndarray) -> np.

ndarray: N , ,
2 score - (bins - max(bins))**2 / item + bins**2 / item**2 _

+ bins*2 | item**3 b) = (b C) b b

3 score[bins > item] *- -1 SCOI‘e( ) = —+ = + —3
4 score[1:] -= scorel:-1] s 5 s
5 return score

Figure — c14 heuristic in Nature

T 2
Remaining bin capacity

Figure — b— scorej;, e, (b) for c =100,
$1=20, S, =50
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Weibull Distribution : R =45; A = 3; capacity 100

.
Line2:

1 def priority_c14(item: float, bins: np.ndarray) -> np.

ndarray: N ) )
2 score - (bins - max(bins))**2 [ item + bins**2 | item**2 _

+ bins*2 | item**3 b) = (b C) b b

3 score[bins > item] *- -1 SCOI‘e( ) = —+ = + —3
4 score[1:] -= score[:-1] S S S
5 return score

Figure — c14 heuristic in Nature

099

098

o
e

<14 shuffie Worsfit

Used bins compared to Bestfit

T 2
Remaining bin capacity

) Figure — c14 and c14_shuffle performance
Figure — b— scorejjpe, (b) for ¢ =100, compared to Bestfit over 1000 instances
$1=20, S =50 of the Weibull distribution
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Weibull Distribution : R =45; A = 3; capacity 100

@ Since fis non-increasing, the
emptiest the bin is and the fullest
the previous bin, the higher its
priority will be

)
Item sizes

Figure — Comparing the behavior of c14
and Worstfit on the Weibull distribution
(sok items)
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Weibull Distribution : R =45; A = 3; capacity 100

q bin
L4 W uses dif od bin

@ Since fis non-increasing, the
emptiest the bin is and the fullest
the previous bin, the higher its
priority will be

Remaining size after fitting item in bin
3 s

40
Item sizes

Figure — Remaining size in the bin used by WF
after fitting the item in the red, green, and
purple cases

Fremsse” ¢_14 heuristic approximate behavior :
Figu re — Comparing the behavior of c14 o !t puts the item in a perfect-fitting bin if
and Worstfit on the Weibull distribution It exists
(50k items) @ Otherwise, it puts the item in the worst

fitting open bin leaving more than 21
remaining space if it exists

@ Otherwise, it opens a new bin
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Weibull Distribution : R =45; A = 3; capacity 100

priority_cl4simplified(item: float, bins: np.ndarray) -> np

.ndarray:

2 m = max(bins)
3 return [-1 if x == m else 1 if x == item else -2 if x-item < 20 else -1/(x-
item) for x in bins]
Figure — Simplified c14 heuristic
1 def priority_cl4parameterized(item: float, bins: np.ndarray) -> np.ndarray:
2 m = max(bins)
3 return [-1 if x == m else 1 if x == item else -2 if x-item < prio_a else -1/(x

-item) for x in bins]

Figure — Parameterized c14 heuristic

@ On Weibull(3.0, 45.0), items of size <20 correspond to 8.4% of the
dataset
@ On Weibull(a,b) :

prio_a = b« weibull_min.ppf(0.084,a)
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Weibull Distribution : R =45; A = 3; capacity 100

(3.0,45) and c = 100 (3.0,45) and ¢ = 200 (3.0,45) and ¢ = 300
1.00 103 g 1125 G}
102 1100
0.99 4
Lo1 1075
0.98 7 1050
100
0.074 T 1025
0.99
1000
0961 © =
4 cl4_par cl4 14 par clé 14 par
(5.0,60) and ¢ = 200 (5.0,60) and ¢ = 300 (5.0,60) and ¢ = 400
106 115 5
10a{
o
Loz 104 110
102
1.00 3 105
1.00
0.98 1 B 1
100
0.98
ool 8 B
4 cl4_par cla <14 par cla 14 par

Figure — Boxplots showing the heuristics performance compared to Bestfit
over 100 instances of 5000 items from various Weibull distributions and
capacity
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Bibliography

@ 485 papers citing "Mathematical discoveries"
@ 45 of them mentioning "bin packing"

@ ~ 10 proposing a novel LLM-evolved heuristic and comparing to
FunSearch

@ 5 give the best heuristic they found for Bin Packing in their
appendix

@ 1 has a critical perspective on the conclusion of "Mathematical
discoveries"
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Another example : Evolution of Heuristics

Evolution of Heuristics: Towards Efficient Automatic Algorithll{ Cite 127
Large Language Model

Fei Liu' Xialiang Tong® Mingxuan Yuan® XiLin' FuLuo® Zhenkun Wang® Zhichao Lu' Qingfu Zhang'

@ Using Chain-of-thoughts to represent the
heuristics

@ = 2.000 inferences to the LLM

Heuristics

def priority_eoh(item, bins):
diff bins-item
exp - np.exp(diff)
sqrt - np.sqrt(diff)
ulti 1-diff/bins
comb - ulti * sqrt
adjust = np.where(diff > (item * 3), comb + 0.8, comb + 0.3)
hybrid_exp = bins / ((exp + 0.7) *exp)
scores - hybrid_exp + adjust
return scores

Boowouswwna

b

b- A
Wmf TS)\/b—S+(O.5 it b>45)

score(b) =

n Herrmann 7 Guillaume Pallez2 ('CNF Interpretability of LL

(b) Evol. of codes (FunSearch)

uIle'uﬂsﬁcsg
=
Pr
o ¥ Thoughe 1) Exploration:

N e b
L4 el FE2

2) Modification:

(c) Evolution of both thoughts and codes (EoH, ours)

ly 8th 2025



Evolution of Heuristics

b b-s

score(b)= ——— +(1- ——)Vb-s+(05if b>4s
(6= ps opebs 0~ 5 VEmsresifb>us)

I scoreqb) for s; = 20
" score(b) for sy = 50

1
1
1
1
1
L
S1 ED) 4% 8 c

Remaining bin capacity
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Evolution of Heuristics

score(b)= ——— . L.
(D=5 +0.7)eb=s — abbf-heuristic(s,B) :
if  existsa bini,s.t. B[i]-s<prio_a,
then best fit
elseif  existsabin i, s.t. B[i]-s > prio_b,
then best fit in those bins
else new bin

I scoreqb) for s; = 20
" score(b) for sy = 50

1
1
1
1
1
L
S1 ED) 4% 8 c

Remaining bin capacity
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Evolution of Heuristics

3 main types of heuristics :

score(b)= ——— . L.
(D=5 +0.7)eb=s — abbf-heuristic(s,B) :
if  existsa bini, st B[i]-s<prio_a,
then best fit
elseif  existsabin i, s.t. B[i]-s > prio_b,
then best fit in those bins
else new bin

I scoreqb) for s; = 20
" score(b) for sy = 50

— abwf-heuristic(s,B) :
if  existsa bini, st B[i]-s<prio_a,
then best fit
elseif  existsabin i, s.t. B[i]—s> prio_b,
then worst fit in those bins

1
1
1
1)
1
1
1
1]
1
! .
: else new bin
1

— abff-heuristic(s,B) :
if  existsa bini,s.t. B[i]-s<prio_a,
then best fit
elseif  exists a bin i, s.t. B[i] —s > prio_b,
Remaining bin capacity then first fit in those bins
else new bin

1
1
1
1
1
L
S1 ED) 4% 8 c
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abX heuristics performance

uniform_20_100_150 uniform_40_120_250 uniform_60_140_350
2 7 1.02 1.02 7o

L

00 o0 17 o
o o ol 098
0.98 1 0.98
0.96 * I% *
0.96 0 O O] po4 0.96 4
— — —
T & 4 an mw an U P P T & & A am am
weibull_3.0_45_100 weibull_5.0_60_300 weibull_7.0_75_500
1.02 1.02 - 1.02

1,00 === ======== 1.00 & -g --------- 1.00 —%——2—% ———————
g 0.98 - ¥ e ag 0981 588

R

T T T T T T T
w4 e emh mmevo st swr s W cla e emh rmeus st st abr w14 e enh rmeun st st s

0.98 -

0.96 -

Figure — abwf, abff, and abbf performance compared to Bestfit over 100
instances of 5000 items from various distributions and capacity
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Conclusion

@ LLM-evolved are indeed (not that easily ?) interpretable and
generalizable

@ Interpretation still need human expertise and understanding of the
problem

@ All the LLM-evolved heuristic ideas can be summarized with one line
heuristics in Python that the LLM did not find

@ The genetic meta-heuristic can be replaced with 2 for-loop ?

@ New ideas or obscure implementation of old ideas?
— Human expert needed to answer the question

@ Would we accept/submit the same paper with the same heuristics that
we can't explain?
— How much Al is part of the acceptance?
— Need of methodology?
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	Weibull Distribution

