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Introduction



Subexponential time

Theorem (Lipton and Tarjan, ’79)
Finding a maximum independent set in pla-

nar graphs can be solved in 2O(
√
n) time.

Theorem (Lipton and Tarjan, ’79)
Any planar graph has a balanced separator

of size O(
√
n), and thus treewidth O(

√
n).

Remarks:

• tight under the ETH ;

• motivation for treewidth.
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Unit disk graphs

Definition
A unit disk graph is the intersection graph of unit disks on the plane.

Example

Definition
A unit ball graph in Rd is the intersection graph of unit balls in Rd .
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Subexponential time

Theorem (De Berg et al, ’18)
Finding a maximum independent set in unit disk

graphs can be solved in 2O(
√
n) time.

Motivates dense analog of treewidth:

• P-flattened treewidth (De Berg et al, ’18);

• tree-α(G ) (Dallard et al, ’24).

Maximum Indep. Set

Dominating Set

Hamiltonian Path

 2O(n1−1/d)

2-Subcoloring
}

2O(n1−1/(d+1))

Maximum Clique

Clique Cover

}
2O(n)
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2-subcoloring

Definitions :

• A 2-subcoloring of a graph G is a partition of V (G ) into V1,V2 such that G [Vi ] is

a disjoint union of cliques for all i = 1, 2

• 2-Subcoloring : Given a graph G , does G have a 2-subcoloring ?

Example

Proposition
A graph G is a disjoint union of cliques if and only if it is P3-free.
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Previous works

• Albertson et al. ’89 introduced subcoloring.

• Fiala, Jansen, Le & Seidel ’03

2-Subcoloring is NP-complete for ∆(G ) ≤ 4

even for triangle-free planar graphs.

• Broersma et al. ’03

2-Subcoloring is NP-hard on comparability graphs.

• M. and Watrigant ’25

2-Subcoloring remains NP-hard on unit disk graphs.
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Previous work on 2-subcoloring

Unit disk graphs “look like” planar graphs with large cliques

Planar graph

χ ≤ 4

Unit disk graph

χs ≤ 7

Question: Does 2-Subcoloring problem exhibit the square-root phenomenon on

unit disk graphs? 7/16



Subexponential algorithm for

2-subcoloring



The case of 2-Subcoloring

• Does 2-Subcoloring problem exhibit the square-root phenomenon on unit disk

graphs?

• The framework of (de Berg et al ’18) does not work.

• 2-Subcoloring is NP-complete on

unit disk graphs of bounded height.

• If the framework of (de Berg et al ’18)

applies, it should be polynomial.
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A win/win theorem

Two informations :

1. If α(G ) 6 k , then 2-Subcoloring can be solved in time 2O(k) · nO(1)

(Kanj et al, ’18).

2. If tw(G ) 6 k , then 2-Subcoloring can be solved in time 2O(k) · nO(1)

(Fiala et al, ’03).

Can we find a win-win ?

Theorem (M., Watrigant ’26)

For any n-vertex intersection graph of similarly-sized β-fat objects in Rd , there exists

a set X ⊆ V (G ) such that:

1. |X | = O(n1−1/(d+1)) ;

2. for any connected component C of G − X, α(G [C ]) = O(n1−1/(d+1)).
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Proof

Proof. Let D = {(xv , yv )}v∈V (G) the centers and fix p ∈ N
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Proof

Proof. Let D = {(xv , yv )}v∈V (G) the centers and fix p ∈ N

X

• X = X0 ∪ Y0, |X | 6 2n
p

• Any connected component C of G − X fits

in a square p × p

• α(G [C ]) = O(p2)

Area = p2 and Area > α(G [C ])π
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Proof

Proof. Let G be a unit disk graph, and p = n1/3

X G − X

• |X | 6 2n
p = 2 n

n1/3
= 2n2/3

• For every connected component C of G − X , α(G [C ]) = O(p2) = O(n2/3)
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Algorithmic framework

Theorem (M., Watrigant ’26)
For any n-vertex unit disk graph G, there exists a set X ⊆ V (G ) such that:
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The 2-Subcoloring problem can be solved in time 2O(n1−1/(d+1)) on n-vertex in-

tersection graphs of β-fat similarly sized fat objects in Rd .

Remark

• The framework also applies to a problem called Two Sets Cut-Uncut,

introduced in (Bentert et al, ’2023).

• It motivates the definition of a new graph parameter, the α-modulator number. 12/16



α-modulator number

Definition
Given a graph G , the α-modulator number of G , denoted α-mod(G ) is the minimum

integer k such that there exists X ⊆ V (G ) such that :

1. |X | 6 k ;

2. for any connected component C of G − X , α(G [C ]) 6 k.

vc α
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tree-α

FPT
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paraNP-hard

Parameterized complexity

of 2-Subcoloring.
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Lower Bound



Matching Lower Bound

Theorem (M., Watrigant ’26)

The 2-Subcoloring problem can be solved in time 2O(n1−1/(d+1)) on n-vertex in-

tersection graphs of β-fat similarly sized fat objects in Rd .

Theorem (M., Watrigant ’26)
Under the Exponential Time Hypothesis, there is no algorithm solving the 2-

Subcoloring problem in time 2o(n
1−1/(d+1)) on:

• unit ball graphs in Rd ;

• n-vertex intersection graphs of β-fat objects in R2.

weak square-root phenomenon
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Reduction sketch

`1 ∨ `2 ∨ `3

• Reduction from a variant of 3-Sat with n

variables and m = O(n) clauses.

• Each vertex of a gadget is labelled by a

literal ` ;

• A red gadget checks a clause ;

• The root blue gadget checks consistency

between the same literal ;

• The vertices labelled by ` only appears in

its root-clause path.

How many vertices in total :

≤
∑
` literal

RL` = O(m ·
√
m) = O(n

3
2 )
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Future research

• Developing this framework for other problems

• Developing the associated parameters α-mod and α-lw
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Parameterized complexity

of 2-Subcoloring.
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