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Background on Weak KAM Theory on Lagrangian systems
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(M, g) is a compact Riemannian manifold.
If (x,v) € TM, with x € M and v € T M, we set

IVilx = v &x(v, v).

If v : [a, b] = M is a piecewise C! curve, its g-length £(7) is
defined by

b
60) = [ ) .

The distance on M is the Riemannian distance obtained from the
Riemannian metric, namely

d(x,y) = igffg(v),

where the inf is taken on all curves v : [a, b] — M, with
v(a) = x,v(b) = y.
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A Tonelli Lagrangian is a C? function
L: TM — R, (x, v) — L(x,v), that satisfies:
(i) (C? convexity in speed) For every (x,v) € TM, the second
partial derivative 92/0v2L(x, v) with respect to v is positive
definite.

(i) (Uniform Superlinearity)

L(x,v)

Iviix

— 400, uniformly in x, when [|v||x — +o00.

This second condition is equivalent to:
(ii") For every K > 0, we can find a finite constant C(K) such that

L(x,v) > K|v|x + C(K), for every (x,v) € TM.
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The action I(7) of the piecewise C! curve 7 : [a, b] — M is
b
JCERIOS
a
For t > 0, we define hy : M x M — R by

he(x,y) = inf /0 L(7(s),4(s)) ds,

where the inf is taken on all curves v : [0, t] — M, with

7(0) = x,v(t) = y.
This h¢(x, y) is the minimal action needed to go from x to y in
time t.

Definition (Mafié Potential)

For ¢ € R, the Mafié potential ¢ : M x M — [—o0, +o0] is
defined by

dc(x,y) = inf he(x,y) + ct.
teR
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Definition (Peierls Barrier)
The Peierls barrier h€ is defined by

c T
h (Xay)_ltlmigghf(xvy)_‘_(:t'

Hence ¢c(x,y) < he(x,y), for all x,y € M.
Proposition
1) There exists a unique constant c[0] € R such that ¢. = —oo,

for ¢ < c[0] and ¢ is everywhere finite, for ¢ > c[0].
This constant c[0] is called the Mafié critical value. It satisfies:

— inf L(x,0) < c[0] < —inf L.
xeM ™
= —o0, for ¢ < c[0],

2) We have h® = { = +o0, for c > c[0],

finite everywhere, for ¢ = c[0].
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Definition (Aubry set)
For ¢ € R, the (projected) Aubry set o7, is defined by

. = {x € M| h(x,x) = 0}.

Proposition
e = for ¢ # c[0] and o] # 0
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When you look at the definition of ¢, as the inf in t of the hy 4 ct
and the definition of h¢ as the liminf of the hy + ct as t — +o0o, it
seems impossible to get h¢ solely from the knowledge of ¢.. As we
will see, a 20 years old idea due to Antonio Siconolfi to obtain the
(projected) Aubry set </c[q) from ¢ g}, will allow us not only to
obtain ] from the sole knowledge of ¢ g}, but we will also
obtain the Peierls barrier and the weak KAM solutions (or viscosity
solutions).
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Theorem

The familyTf,t > 0 has a common fixed point if and only if

c = c[0].

The (viscosity) solutions of H(x, dyxu) = c are precisely the
common fixed points of the Tf,t > 0.

Moreover, for every x € X, the function hl(x,-) is a (viscosity)
solution of H(x, dyxu) = ¢[0].
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Definition (¢-subsolutions)
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We will denote by .Z,(¢), the set of ¢-subsolutions.
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Hence, since ¢ is finite everywhere, the inequality above implies
either inf;c; uj = —o0 or inf;c; u; finite everywhere. In this last
case the inequality above shows that inf;c; u;j is a ¢-subsolution.
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In the sequel of this work we will assume that X has at least two
points.
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(i) ¢ < ¢" < ¢, for all n > 0.
(i) ¢>(x,x) > ¢(x,x) >0, for all x € X.
(iii) For all x,y,z € X, the Peierls barrier ¢>° satisfies
¢ (x,2) < 9™(x,y)+0(y, 2) and $>(x, z) < ¢(x,y)+9>(y, 2).

Therefore ¢p>° satisfies the triangle inequality

o7 (x,2) < 9™ (x,y) + ¢>(y, 2).

(iv) Either ¢>° = +o0 or ¢*° is finite everywhere.

(v) The Peierls barrier > is continuous, when it is finite
(everywhere).
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The Aubry set o7 (¢) of ¢ is defined by

A (¢) = {x € X | $™(x,x) = 0}.

The subset <7 (¢) is always closed since ¢ is continuous.
Of course, the Aubry set o7 (¢) set can be empty.

Theorem
For a given x € X, the following statements are equivalent:

(i) x € &(9);
(ii) there exists n > 0 such that ¢"(x,x) = 0;
(iii) for all n > 0, we have ¢"(x, x) = 0.

Theorem
The Aubry <7 () is non empty if and only if the Peierls barrier ¢p>°
is (everywhere) finite.



Proposition If either x or y is in </ (¢),



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < ¢°, for every n > 0,



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢°°(x,y) < ¢(x, ).



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢),



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢), then
@"(x,x) =0, for every n > 0.



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢), then
@"(x,x) =0, for every n > 0. Moreover

P"(x,y) = ¢"0(x, y) < ¢"(x,x)+0(x,y) = ¢(x,y), for every > 0.



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢), then
@"(x,x) =0, for every n > 0. Moreover

P"(x,y) = ¢"0(x, y) < ¢"(x,x)+0(x,y) = ¢(x,y), for every > 0.

If we take the sup over all the n > 0,



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢), then
@"(x,x) =0, for every n > 0. Moreover

P"(x,y) = ¢"0(x, y) < ¢"(x,x)+0(x,y) = ¢(x,y), for every > 0.

If we take the sup over all the n > 0, we obtain

P (x,y) < ¢(x,y).



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢), then
@"(x,x) =0, for every n > 0. Moreover

P"(x,y) = ¢"0(x, y) < ¢"(x,x)+0(x,y) = ¢(x,y), for every > 0.

If we take the sup over all the n > 0, we obtain

¢®(x,y) < 8(x, y).
The case y € /() is similar. O



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢), then
@"(x,x) =0, for every n > 0. Moreover

P"(x,y) = ¢"0(x, y) < ¢"(x,x)+0(x,y) = ¢(x,y), for every > 0.

If we take the sup over all the n > 0, we obtain

¢®(x,y) < 8(x, y).
The case y € /() is similar. O

Theorem  If the Peierls barrier ¢*° is finite everywhere,



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢), then
@"(x,x) =0, for every n > 0. Moreover

P"(x,y) = ¢"0(x, y) < ¢"(x,x)+0(x,y) = ¢(x,y), for every > 0.

If we take the sup over all the n > 0, we obtain

¢®(x,y) < 8(x, y).
The case y € /() is similar. O

Theorem  If the Peierls barrier ¢*° is finite everywhere, then, for
every x,y € X, there exists z € o7 (¢)



Proposition If either x or y is in </ (¢), then

¢ (x,y) = d(x,y) = ¢"(x,y), for every n > 0.

In fact, since ¢ < ¢ < @™, for every n > 0, it suffices to show
that ¢>°(x,y) < ¢(x,y). Suppose that x € &7(¢), then
@"(x,x) =0, for every n > 0. Moreover

P"(x,y) = ¢"0(x, y) < ¢"(x,x)+0(x,y) = ¢(x,y), for every > 0.

If we take the sup over all the n > 0, we obtain

¢®(x,y) < 8(x, y).
The case y € /() is similar. O

Theorem  If the Peierls barrier ¢*° is finite everywhere, then, for
every x,y € X, there exists z € o/ (¢) such that

P™(x,y) = ¢*(x,2) + ¢™(z,y).
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Since x € 47 (¢), we have ¢"(x,x) = 0, for every nn > 0. Hence
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which indeed shows that u is a solution at x € 27(¢). O

It is useful now to recall that
B(x,y) = ¢"(x,y) = ¢90Y)(x,y), for all x,y € X and 0 < < d(x,y).

In fact ¢(x,y) < ¢"(x,y) < ¢?¥)(x, y), because ¢ is
non-decreasing in 7. It remains to show that

¢ (x,y) < ¢(x,y). This results from the fact that the chain
(x,y) satisfies £4(x,y) = d(x, y), which yields

(bd(x,y)(x’y) < C¢>(X7y) = ¢(X,Y)-
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Proposition 1) For every xo € X, the function ¢(xo,-) is a
¢-solution at every x # xg.

2) Therefore, if xo € (@), the function ¢(xo, ) is a ¢p-solution
(everywhere on X).

3) If for a given xg € X, the function ¢(xo, ") is a ¢-solution en X,
then xo € /().

For 1), fix such an x # xg. Since ¢(xo,x0) = 0, we have

#(x0, x) — P(x0, x0) = ¢(x0, x). Since as we saw above

B(x0, x) = ¢90¥)(xg, x), we obtain

d(x0,X) — B(x0, x0) = B(x0, x) = 900 (xg, x).

Therefore, the function ¢(xp, -) is a ¢-solution at x, because
d(xp,x) > 0 for x # xo.

2) follows from 1) and the fact that a ¢-subsolution is a ¢-solution
at every point in <7().
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#(x0, X0) — d(x0,y) = ¢"(y, x0),
or equivalently
?(x0,y) + ¢"(y,x0) = 0.
Thus
0 = B(x0, ¥)+8"(y, %) > "0 (x0, x0) > ¢"%(x0, x0) > B(x0, X0) = O.

Therefore ¢"(xp, x9) = 0. Since 1 > 0, we indeed obtain
x0 € (). [
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If the Peierls barrier ¢*° is finite, then, for every x € X, the
function ¢>°(x,-) is a ¢-solution (everywhere on X ).

We already saw that ¢>°(x,-) is a ¢-subsolution.

Suppose that y € X is fixed. We must show that ¢>°(x,-) is a
¢-solution at y. By a property of ¢ given above, we can find
z € 4/ (¢) such that

P2 (x,y) = ¢ (x,2) + ¢™(2,y).
Hence
P (x,y) — ¢%°(x,2) = ¢™°(2,y) > ¢"(z,y), for every n >0,

which implies the equality, because ¢>°(x, ) is a ¢-subsolution. [
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Theorem Ifu: X — R is a ¢-solution (on all of X), then for
every x € X, we can find y € X such that
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Corollary
The ¢-solutions are stable by uniform convergence.
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Suppose that the u, : M — R are ¢-solutions that converge
uniformly on X to v : X — R. Fix x € X. Let us show that v is a
¢-solution at x. By the Theorem above applied to u,, for each n
we can find y, € X, such that

Un(x) = un(yn) = &> (yn, x).

Extracting if necessary, we can suppose y, — y. Since the
convergence u, — u is uniform and ¢°° is continuous, passing to
the limit, we obtain

u(x) — u(y) = ¢ (y, x).

Therefore u is a ¢-solution at x. O
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The next Corollary is well-known for Tonelli Lagrangians.
Corollary If u: X — R is a ¢-solution, we have

u(x) = yei,?f( 5 u(y) + o(y, x).

Since u is a ¢-subsolution, we have u(x) < u(y) + é(y, x). Hence
taking the inf on y € 27(¢), we obtain

u(x) < yeigj( 5 u(y) + o(y, x).

To show the equality u(x) = inf,c4) u(y) + ¢(y, x), we apply
the Theorem above to find yp € <7(¢) such that
u(x) = u(yo) + ¢>(v0,x)
> u(yo0) + ¢(y0,x)

> inf
Z Jnf) u(y) + oy, x)

> u(x). O



